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Abstract

In this article we focus on instantaneous traffic flow optimization on a roundabout using
a macroscopic approach. The roundabout is modeled as a concatenation of 2 X 2 junctions
with one main lane and secondary incoming and outgoing roads. We consider a cost func-
tional that measures the total travel time spent by drivers on the roundabout and compute
its gradient with respect to the priority parameters at junctions. Then, through numerical
simulations, the traffic behavior is studied on the whole roundabout. The numerical ap-
proximations compare the performance of a roundabout for instantaneous optimization of
the priority parameters and fixed constant parameters.

Keywords: Traffic flow, roundabout, scalar conservation laws, gradient-based optimiza-
tion.

MOS subject classification: 90B20; 35L65; 49J20

1 Introduction

The origins of macroscopic traffic low models date back to 1950’s, when the seminal works of
Lighthill and Whitham [I9] and Richards [2I] proposed a fluid dynamic model for vehicular traffic
flow on an infinite single road, commonly denoted as LWR. This model has been extended to
road networks by several authors in most recent years, see [3] [6], [8, [I1] and references therein. In
the network setting, one-dimensional hyperbolic systems of conservation laws are also an efficient
framework for modeling gas pipeline flow [1], data networks [7], and supply chains [I3]. These
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models have also been utilized for the optimization of vehicular traffic flow on road networks
through various approaches, see for example [3| 4] [16], 20]. Optimal control of traffic flow on
networks have been investigated by different authors using different optimization techniques;
detailed presentation and analysis can be found for example in [I4] and reference therein.

Hyperbolic conservation laws may be nonlinear and lead to non-convex or non-linear formu-
lations of the corresponding optimization problem. In such cases fewer optimization techniques
exist for the discretized version of the problems than for convex problems. One approach is to
approximate the system with a relaxed version in order to use efficient linear programming tech-
niques. The linearization approach was used in [12] for optimal ramp metering using Godunov
discretization scheme.

However, nonlinear optimization techniques such as gradient descent method can be applied to
the descretized system without any modification to the underlying dynamics. Gradient descent
is a first-order optimization algorithm which gives no guarantee for finding a unique global
minimum in general.

The idea of instantaneous control has been discussed in [15] for the optimization of traffic flow
problems on road networks. The purpose is to minimize large storage requirements arising from
the network structure and the strong coupling of adjoints and state equations by generating a
sequence of optimal control problems of reduced dimension. In this article, rather than generating
a sequence of sub-optimal control problems, we compute the gradient of the cost function at each
time step t" to obtain the optimal priority parameters. We apply the procedure to minimize the
total travel time across a roundabout. Modern roundabouts are now considered as an alternative
traffic control device that can improve safety and operational efficiency at intersections when
compared to other conventional intersection controls, usually for traffic flow management or to
improve safety [9]. Roundabouts can be seen as particular road networks and can be modeled
as a periodic concatenation of junctions. We consider a roundabout with arbitrary m incoming
and m outgoing roads, m € N, which are described as a concatenation of m 2 x 2 junctions
with two incoming and two outgoing roads. In particular, each junction has one incoming main
lane, one outgoing main lane and a third link with incoming and outgoing fluxes. The third
road is modeled by a buffer of infinite capacity for the entering flux and with an infinite sink
for the exiting one. The main lane evolution is described by a scalar hyperbolic conservation
law, whereas the buffer dynamics is described by an ordinary differential equation (ODE) which
depends on the difference between the incoming and outgoing fluxes on the link.

The article is structured as follows. In Section 2 we describe the mathematical model for
the roundabout and the governing equations. In Section 3 we present the solution of the Rie-
mann problem at junctions. Section 4 details numerical approximations and states the update
procedure. In Section 5 we describe the optimization problem of ODE-PDE constrained system
and the formulation of the instantaneous flow optimization. Section 6 is devoted to numerical
simulations. Finally we give conclusions in Section 7.

2 Mathematical Model for the Roundabout

In this work we consider a roundabout joining m roads, m € N, m > 2, as illustrated in Figure

m



Figure 1: Sketch of the roundabout considered in the article.

A roundabout can be seen as an oriented graph in which roads are represented by arcs and
junctions by vertexes. Each link forming the roundabout is modeled by intervals I; = [x;_1, z;]
CR,z;_ 1 <wz;,i=1,2,...,m. Junction J; is located at x = x; for i =1,2,...,m.

I; KJ\ Iy

/\y\
T Tit1

Figure 2: Sketch of a roundabout junction.

To recover the behavior of the roundabout periodic boundary conditions are introduced on
the main lane such that x,, = x¢. Each junction is composed of a main lane and by two links
representing a lane with incoming flux (r;) and a lane with outgoing flux (ri11), see Figure
The evolution of the traffic flow on the main lane segments is given by the scalar hyperbolic
conservation law:

Oipi +0uf(pi) =0, (t,x) eRT x1I;, i=1,2...,m, (2.1)

where p; = p;(t,z) € [0, pmax] is the mean traffic density, pmax the maximal density allowed on
the road. The flux function f : [0, pmax] — RT is given by following flux-density relation:

pos if0<p<pc,
— frnax .
f(p) 7(pmax - P) lf pc S p S pmaxa
Pmax — Pc
max
with v the maximal traffic speed, p. = the critical density and f™® = f(p.) the maximal
v
max
flux value. We define the congested flow speed as: wy = i for p. < p < pmax- Through-
Pmax — P.

C
out the paper, for simplicity, we will assume ppax = 1 and vf = 1. Figure [3] shows an example
of flux function satisfying the hypotheses. For the theory of scalar hyperbolic conservation laws
we refer to [2].
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Figure 3: Flux function considered.

The incoming lanes of the secondary roads entering the junctions are modeled by buffers of
infinite size and capacity. The evolution of the queue length of each buffer is described by the

following ODE:

d .
ﬁli:an—%“ teRT, i=1,2...m, (2.2)

where [;(t) € [0, +oo[ is the queue length, F® the flux entering the lane and 7,, the flux exiting
the lane. The outgoing lane is considered as a sink that accepts all the flux coming from the
roundabout. No flux from the incoming lane is allowed to turn back on the outgoing stretch of

the same road.
The Cauchy problem to solve is then:

Owpi +0uf(pi) =0, (t,x) € RT x I

d .

L) = Fin — . R+

S () = Fi" — o, tERY, (2.3)
pi(0,2) = p? x €1,

1;(0) = lio

for i = 1,2...,m, where p; o(x) are the initial densities on I; and ;¢ the initial lengths of
the buffers. This will be coupled with an optimization problem at the junctions that gives the
distribution of traffic among the roads.

We define the demand d(F;", ;) of the incoming lane for the secondary road, the demand function
0(p;) on the incoming roundabout segment at each junction, and the supply function o(p;) on
the outgoing main lane segment at each junction as follows:

ACF, ) { ﬁ;x(F;n,ygax) ¢ 3823 (24)

op) = { ;ﬁﬁi? i 25;;;; v (2.5)

) ={ J6) rndt 29

for i = 1,2,...,m, where 4% is the maximal flow on the incoming lane r;, i = 1,2,...,m.

Moreover, we introduce 3; € ]0, 1[ the split ratio of the outgoing lane ; 1, and its flux Veiga (t) =
Bf(pi(t,0=)),i=1,2...,m.



Definition 1 Consider a roundabout as in Figure[l A 2m-tuple
(pirli)iz1,..m € [ [ C° RT; L' N BV(R)) x [[WH(RT;RY)
i=1 i=1
is an admissible solution to if

1. p; satisfies the Kruzhkov entropy condition [17] on (RT x I;), that is, for every k € R and
for all p € CLR x ), t > 0,

Jor J7.(pi = kIO + sen (pi — k) (f(pi) — [ (k))Duip)dadt
+ f]l. lpio — klp(0,2)dz >0; i=1,2,...,m. (2.7)

2. f(pi(t,zi=)) + e, (t) = f(pig1 (b, @i+)) + ey, (B), i =1,2,...,m.

3. The outgoing flux f(pit1(t,z;+)) is mazimum subject to

Flpia(t,ai4)) = min (1= B)0(pilt =) + d(F (0, L(0), o (pina(t,xi4) ), (28)
and 2
4. 1l; solves for almost every t € RT.

Remark 1 A parameter g; €]0,1[ is introduced to ensure uniqueness of the solution, that is, g;
is a priority parameter that defines the amount of flux that enters the outgoing mainline from
each incoming road. In particular, when the priority applies, q;f(piy1(t,T;41/2—)) is the flux
allowed from the incoming mainline into the outgoing mainline, and (1 — q;) f(pi+1(t, Tit1/2—))
the flux from the onramp.

3 Riemann Problem at Junction

In this section we recall briefly the construction of the Riemann solver at a junction following [g],
with modification on I'; in order to meet priority conditions on the roundabout. We define the
Riemann Solver at junction by means of a Riemann Solver RSy : [0, 1] — [0, 1]?, which depends
on the instantaneous load of the buffer I. For each [, the Riemann Solver RSy(p:, pit1) =
(pi, Pi+1) is constructed in the following way. For each i = 1,...,m, we fix ¢; € [0,1] and
proceed:

1. Define I'; = f(pi(t, #;—)), Liv1 = f(pixa(t, i4)), e, = 7, (1);
2. Consider the space (T, I'y,) and the sets O; = [0,5(p;)], O, = [0, d(F™,1)];

qi

3. Trace the lines (1 — G;))I'; + Iy, =Tip1; and I'y = ———————
=) " =)= 5)

Ly
4. Consider the region

0= {(T0.T.) € 0rx O (1— BT+ T, € [0, T} (3.1)

Different situations can occur depending on the value of I';;1:



e Demand-limited case: I';;1=(1 — £3;)8(p;) + d(F*,1).

We set Ty = 0(p;), Ty, = d(F™,1) and Ti11 = (1 — 3:)d(p:) + d(F/™, 1), as illustrated in
Figure [4j(a)|

e Supply-limited case: T';;1 = 0(pit1)-

We set @ to be the intersection point of (1—8;)I';+I;, =41 and I'; = U)qﬁ
— 4 — Pi
If @ € €, we set (Ty,T,) = Q and T4, = Ty, see Figure if Q@ ¢ Q;, we set
(I;,I),)=S and I';41 = I';41, where S is the point of the segment Q;N(T;,T'y,) : (1 — BT + Ty, =i
. qi .
closest to the line I'; = ————T,, see Figure 4| C
(1—=q)(1 - B) )

I,,.

T I
Diy1=1—=6) + Ty,
J— qi
= T
3o 500
Q
Pivi=(1-8)Ts + T,
d(F™ 1) I, d(Fin 1) r,,
(a) Demand-limited case (b) Supply-limited case: intersection inside €;
T I

Fipi=0Q-8)Ti+Ty,

Fip1=1-6)T+ Ty,

d(F", 1) I, d(Fin,]) I,

(c) Supply-limited case: intersection outside €;

Figure 4: Solutions of the Riemann Solver at the junction.

We define the function 7 as follows, for details see [10].

Definition 2 Let 7:[0,1] — [0,1] be the map such that:



o f(7(p)) = f(p) for every p € [0,1];
o 7(p) # p for every p € [0,1]\ {pc}.

Theorem 1 Consider a junction J; and fix a priority parameter q; €]0,1[. For every p?, p?H €
[0,1] and 19 € [0,+o00] there exists a unique amdmissible solution (p;(t, ), piy1(t,x),l;(t)) sat-
isfying the priority (possibly in an approzimate way). Moreover, there exists a unique couple
(pis pir1) € [0,1]2 such that

o AT (D) 1] i 0 < pf < pe, N
and
R [0, pe] if 0<plyy < pe, R -
i € . i =T141. 3.3
pist { (01 U0, 7 (o0 ) if pe < oy < 1, Fpiv1) =Tipa (33)

For the incoming road the solution is given by the wave (p?, p;), while for the outgoing road the
solution is given by the wave (ﬁi+1,p§)+1). Furthermore, for almost every t > 0, it holds

(pi(t,xi—), piv1(t, xi+)) = RSy, 1) (pi(t, xi—), pig1(t, zi+)).

For the proof we refer the reader to [g].

4 Numerical Approximation

To compute approximate solutions, we adapt the classical Godunov scheme to our problem with
some adjustment due to the presence of the buffer as detailed in Section We use the following
notation to define a numerical gride in (0,T) X [zg, Ty]:

o z;,,i=0,...,m, are the cell interfaces;

e [, = x; —x;_1 represents the length of each segment of the roundabout and At is the time
step, to be defined according the CLF stability condition below;

o t" =t""1 4+ At, n € N are the time grid points.

4.1 Godunov Scheme at Junctions

In this work we consider the distance between two adjacent junctions of a roundabout as the fixed
space grid size of the Godunov discretization and junctions as cell interfaces. This is because
each link of the roundabout is reasonably short to fit the scheme discretization. In this setting,
on the main road of the roundabout we set

il At

Pt = o — = (F —FEMT), i=1,2,...,m, (4.1)

where . _— i
E T =F" (pf piteas ais iy F™)

K2 7

n,+ _ n,+ .
F2y =F2 (ﬂ?fup?aQi—1,li—1,Fi‘31),

i=1,2,...,m. (4.2)

The fluxes F;ﬂf and F)" stand respectively for inflow I'; and outflow fH_l at junctions J;_1
and J; on the main road of the roundabout.



Under the Courant-Friedrichs-Lewy (CFL) condition [I§]

At < IIliIli Lz

- )\max

(4.3)

where A™®* = max{vy, wy}. This condition ensures that waves origination at an interface do not
cross other interfaces before At.

4.2 Computing Buffer Length From ODE

We consider the buffer evolution described by ([2.2) to compute the queue length on the secondary
road of a roundabout. At each time step t” = t"~! + At we update the new value of the queue
length as follows:

1. If F® > ~,,, the buffer length is increasing and we set
an (F;“ - %i)At, i=1,2,...,m. (4.4)

2. If Fi" < ,,, the buffer length is decreasing and we set

- n
fi=—t  yyn 4.5
T (4.5)
the time at which the buffer empties.
iif ot < g
B = (B ) At =12, m; (4.6)

i, if £; < ¢, At = —t" and ["*! = 0.

4.3 Adapted Godunov Scheme

We detail here the scheme used for numerical computations. We update the values of optimal
priority parameter depending on the situation at junction of a roundabout as detailed in Section
and the state variables as follows:

Algorithm 1: State variable update procedure
1. Input: states at time t™: (pF,1")i=1,....m-
2. Output: states at time ¢t"*1: (p?“,lf“)i:l ,,,,, .

(a) If £; > t"T1 or £; < ¢ Vi: set t"T! = " + At and update the density on roundabout
with Godunov fluxes at junctions

Aty .
p?+1=p?—f(Fi”’ —F{if), i=1,2,...,m,

and the buffer lengths at junction J; of the roundabout with:

= AR - ), i=12,0m,



(b) If t» < &; < t"™, 3i € {1,2,...,m}: set t""* = #;, and At = t"T1 — ¢"; update the
density on the roundabout with Godunov fluxes at junctions

. L AL .
ot == S Ep) L i=120m,

7

and the buffer lengths

R L (F;“—%i)&, i=1,2,....m.

This Algorithm takes as inputs the states p*, and [} at time-step n for all roundabout links
and on the incoming secondary roads and returns the states advanced by one time step.

Below, we explicit Fin’jE and +,, based on different cases of Riemann Solvers at junction. The
situation at junctions can be demand-limited or supply-limited. Both cases are detailed.

(a) Demand-limited case at junction J;: (1 — 3;)0(p}) + d(F/™, 1) < o(p 1)

?

In this case we set I'; = 6(p;_1) and ~,, = d(F", ;). From this it is evident that those who
demand to enter the junction can assess it without restriction. Hence,

F"T = (1= B)o(p}) + d(F{™, 17 (4.7)
and at the instant time ¢", the flux at the left side of the junction reads as

E = 5(o1). (48)

(]
Besides, the dynamics of buffer length at the entrance of the roundabout is governed by:

d . .
=) = Fr — d(Fm 1
dt 3 () 1 ( 10 ’L)’

which gives ) )
= 4 (FM = d(F, 1)) At (4.9)

?

(b) Supply-limited case at Junction J;: (1 — 3;)8(pl") + d(F™, 1) > o(p?, )

We calculate the flux at the right hand side of the junction as

Fz’n7+ = O'(p?+1), (410)
while on the left side it becomes
6(pi) if 1 > ¢; > min{1,Q5},
qi n . i . I
Flr:g _ ?&o(pﬂ_l) if max{0,@Q%} < ¢; < min{l, @4}, (4.11)
n o) —d(Fin, )
O’(pz-‘rl)l _B(‘ i z) ifOSq,- < max{(),Qll},
where )
. o) —d(Em I ) 1—5;)0(p%
Qzl _ O'(pz+1) — ( 7 z) and le _ ( Bn) (pz ) (412)
U(le) U(Pi+1)



As in the previous case the dynamics of the buffer length is governed by
F" = (o(p?) = (1= B:)é(py))  if 1 > ¢; > min{1,Q%},

= S = (1= g () if max{0, Q}} < g < min{L, @3},
Fz_in _ d(FZ_in7 Im) if 0 < ¢; < max{0, Qzl}a

dt

which integrating yields

B+ (B = (o(pfy) — (1= B)d(pp))) At if 1> g; > min{1, Q3},
= S (B = (= a)ol) At it max{0, Q1) < g < min{1, @3,
I+ (Fiin — d(Fim, l?)) At if 0 < ¢; < max{0,Q%}.
(4.13)

5 Instantaneous Optimization of ODE-PDE Constrained Sys-
tem

We are interested in determining discrete instantaneous optimal priority parameters ¢! = ¢;(t")
to minimize total travel time on the roundabout on a fixed time interval [0, T, expressed by the

cost functional mo m .7
OEDY / / p(t,x) dwdt+ / 1;(t) dt. (5.1)
=170 JLi i=1 70

Above, ¢ : [0,T] — [0,1]™ is the time dependent vector of control variables. We select in-
stantaneous optimal control approach to minimize the total travel time on the networks of the
roundabout under consideration. Given a time step At (to be replaced with A¢ when needed)
compatible with the CFL condition , we introduce the instantaneous cost functional J" at
time t" given as:

J(q) = AtiLip?“ + Atil?“
=1

i=1

= ALY [Lipy — At (F" = FY)] (5.2)
i=1

HAEY [+ At (F -],

i=1

where the dependencies of Fi”’ﬂE and 7, on ¢; are expressed by — in the demand-limited
case and by (£.10)-(4.13) in the supply-limited situation. Within this framework, we treat both
demand and supply-limited cases at junctions. In the computation of the gradient, we con-
sider each cases based on the situation at the corresponding junction of the roundabout. The
optimization problem thus writes

min J"(q). 5.3
onin (@) (5.3)
Note that in our case the cost functional J™ is piecewise linear with respect to ¢;, i = 1,...,n.
Straight forward computations give
Bi 2 . . . .
o ., o(pl )ALt <0 if ¢; € [max{0, @7}, min{1, Q5
iy = L) maxf0, Qi) minfL Q1]
oq; .
@ 0 otherwise,

10



where Q%, Q% are given by (4.12)). J" is decreasing on the interval [Q, Q3] and consequently the
values of optimal priority parameter attained at @Q%. Therefore, any choice of ¢; > min{1, Q}},
1=1,...,m solves , resulting in the same flow dynamics. The role of the priority parameters
is to force the priority to neither impose insufficient flows nor send excess vehicles than the
carrying capacity of the main link of the roundabout. The optimal parameter values are used
to update the priority variables ¢;* which adjusted for each iteration n to produce local optimal
solution that satisfies the given target.

6 Numerical Tests

In this section we detail the results obtained through numerical simulations for a roundabout
modeled as a concatenation of four 2 x 2 junctions with two incoming and two outing roads as
depicted in Figure 5]

Figure 5: Roundabout considered for numerical simulations.

We represent the roundabout under consideration as:

e 5 roads forming the roundabout: Iy, I, I3, I4, I, with I; and I5 linked with periodic bound-
ary conditions;

e 4 roads connecting the roundabout with the rest of the road network: 4 incoming and 4
outgoing lanes.

We analyze the cost functional introduced in Section [5| In particular, we want to compare
the effectiveness of instantaneous optimal choices of the priority parameters given by ¢; = Q5%,
i=1,...,m, with respect to fixed constant parameters. For this, we compute the corresponding
value of the discretized functional

nrt m nrt m

J@) =AY > Lipptt Ay Yt (6.1)
n=0i=1 n=0i=1
with ¢ : [0,7] — [0,1]™ is piecewise constant on [t",t"*1[, n = 0,...,ny,where we set t¥ = 0

and t"7T+1 =T

11



6.1 Simulation Characteristics

Below, we present the choice of simulation parameters. The numerical approximation of the
hyperbolic conservation laws that describe the evolution of densities for each road of the round-
about is made using the adapted Godunov scheme described in Section The time step is
determined by the CFL stability condition with coefficient equal to 0.5. Periodic boundary
conditions are imposed on the left and on the right of the computational domain. The ODE is
discretized using an explicit Euler first order integration method. The roundabout traffic evo-
lution is simulated on a time interval [0,7T], with T = 30, long enough to attain a stabilized
situation.

At initial time ¢t = 0, we assume that all the links and the buffers are empty, and we impose
F;™ £ 0 at each junctions. For the simulations, we consider pmas = vy =1, f"% = p, = 0.66,
L; =1 and %, = 0.65 for all i = 1,...,4. Finally, for each value of the fixed control parameters
we study 6 x 6 simulation cases based on different values of the flux F;™ and ;. For each of
them we perform two simulations:

1. Instantaneous optimal priority parameters: We use ¢; = Q%, i = 1,...,4 in Algo-
rithm 1 to compute the corresponding value of (6.1)).

2. Fixed optimal priority parameters: In this case, the priority parameters ¢; are kept
fixed with the same constant values for all junctions in each simulation cases. Then, as in
case 1, we apply Algorithm 1 to compute the state variables on each links of the roundabout
and the buffer lengths and the corresponding total travel time on the roundabout.

6.2 Simulation Results

We run simulations for the values of F;® and 3; as given in Tables 1-6. Then we compute the
difference between total travel time obtained with different fixed ¢; and the optimal ¢}*. That is

TTTF — TTTO

TTTD =
TTTF

where TTTF stands for the value of (6.1)) corresponding to fixed ¢;, TTTO represents total travel
time with optimal ¢* and TTTD for their difference. Tables 1-6 report the gain percentage in
total travel times to compare the effectiveness of our approach.

in

gECl 01| 02 0.3 0.4 0.5 0.6
0.2 | 0% | 47.42% | 36.86% | 29.44% | 24.42% | 20.66%
03| 0% | 0% | 54.12% | 43.42% | 36.08% | 30.52%
04 | 0% | 0% | 69.87% | 57.42% | 47.68% | 40.36%

0.5 | 0% 0% 0% 71.07% | 59.3% | 50.11%
0.6 | 0% 0% 0% 0% 70.75% | 59.76%
0.7 | 0% 0% 0% 0% 81.68% | 68.92%

Table 1: Improvement in total travel time using instantaneous optimal parameters compared to
fixed constant parameter ¢; = 0.2,i=1,...,4.
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in

gEIl 01| 02 0.3 0.4 0.5 0.6
0.2 | 0% | 47.3% | 36.76% | 29.38% | 24.15% | 20.35%
03 | 0% | 0% | 54.04% | 43.24% | 35.72% | 29.99%
04 | 0% | 0% | 69.72% | 57.23% | 47.19% | 39.57%

0.5 | 0% 0% 0% 70.63% | 58.4% | 48.92%
0.6 | 0% 0% 0% 0% 69.01% | 57.2%
0.7 | 0% 0% 0% 0% 0% 0%
Table 2: Percentage gained in total travel time using instantaneous optimal parameters compared
to fixed constant parameter ¢; = 0.3, =1,...,4.
SEM 01| 02 0.3 0.4 0.5 0.6

0.2 | 0% | 47.19% | 36.6% | 29.14% | 23.74% | 19.94%
0.3 | 0% 0% 53.7% | 42.95% | 34.97% | 29.32%
04 | 0% 0% 69.22% | 56.51% | 45.75% | 38.29%
0.5 | 0% 0% 0% 69.11% | 55.36% | 45.86%
0.6 | 0% 0% 0% 0% 0% 0%
0.7 | 0% 0% 0% 0% 0% 0%

Table 3: Percentage gain in total travel time using instantaneous optimal parameters compared
to fixed constant parameter ¢; = 0.4,7=1,2,...,4.

in

g 01| 02 0.3 0.4 0.5 0.6
0.2 | 0% | 46.94% | 36.25% | 28.36% | 23.07% | 19.38%
03 | 0% | 0% | 53.04% | 41.49% | 33.55% | 28.02%
04 | 0% | 0% | 67.41% | 52.97% | 42.27% | 35.03%
0.5 | 0% 0% 0% 0% 0% 0%
0.6 | 0% | 0% 0% 0% 0% 0%
0.7 | 0% 0% 0% 0% 0% 0%

Table 4: Percentage gain in total travel time using instantaneous optimal parameters compared
to fixed constant parameter ¢; = 0.5, =1,2,...,4.
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in

gECl 01| 02 0.3 0.4 0.5 0.6
0.2 | 0% | 46.22% | 34.95% | 27.02% | 21.91% | 18.33%
0.3 | 0% | 0% | 49.42% | 37.67% | 30.12% | 24.96%

0.4 | 0% 0% 0% 0% 0% 0%
0.5 | 0% 0% 0% 0% 0% 0%
0.6 | 0% 0% 0% 0% 0% 0%
0.7 | 0% 0% 0% 0% 0% 0%

Table 5: Percentage gain in total travel time using instantaneous optimal parameters compared
to fixed parameter ¢; = 0.6, =1,2,...,4.

in

BN 0.1 0.2 0.3 0.4 0.5 0.6
0.2 | 0% | 43.23% | 30.99% | 23.7% | 19.07% | 15.87%
0.3 | 0% 0% 0% 0% 0% 10%
0.4 | 0% 0% 0% 0% 0% 0%
0.5 | 0% 0% 0% 0% 0% 0%
0.6 | 0% 0% 0% 0% 0% 0%
0.7 | 0% 0% 0% 0% 0% 0%

Table 6: Percentage gain in total travel time using instantaneous optimal parameters compared
to fixed constant parameters ¢; = 0.7,i=1,2,...,4.

As indicated in Tables 1-6, the percentage gain in total travel time is nul in the case of
demand-limited and both approaches give the same value. However, as the traffic inflow increases
on the incoming secondary road at the entrance of the roundabout, a sensible percentage gain
is observable for different fixed constant ¢; and optimal ¢;, as illustrated in the above tables.
These situation corresponds to supply-limited cases on the main lane of the roundabout. This
shows that, when a large population of vehicles remains on the main road of the roundabout, the
instantaneous optimal choice of priority parameter increases the performance of the roundabout
compared to different fixed values of ¢;.

For the fixed priority parameters greater than Q% at each junction both approaches take the
same values. This is due to the fact illustrated by Figure [dc|in Section [3] That is, the junction
solution is approximated by the point on the feasible set. Furthermore, as the values of the fixed
parameters ¢; decreases, the instantaneous choice of optimal parameter shows better performance
in increasing traffic throughput. Compared to small fixed priority parameters, larger fixed values
are better in optimizing traffic flux on the network portion.
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Comparison between TTT with optimal g and fixed q =0.4
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Figure 6: Comparison between the total travel times obtained with optimal choice of ¢; and fixed
q; = 0.4, for different values of incoming flux and splitting ratio.

In Figure [6] we plot the values of total travel time obtained by both approaches as a function
of the incoming flux F;'" for different values of splitting ratio 8; for the whole roundabout. The
legend indicates different simulation cases.
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Figure 7: Density at T' = 30 (left), buffer lengths (middle) and optimal priority parameter (right)
evolution on the time interval [0, 30].

Figure [7] illustrates sample density, buffer length and optimal priority profiles for different
inflows from the secondary incoming road of a roundabout at junctions during the simulation
time interval [0, 30].

7 Conclusion

In this paper, we present an instantaneous traffic flow optimization approach on a roundabout
using scalar conservation laws. We first discretize the hyperbolic PDE via the Godunov scheme
and the ODE using an explicit Euler first order integration method. We compute the gradient
of the cost functional that measures the instantaneous total travel time at each time step t"”
and find the optimal priority parameters. Numerical tests are conducted for a roundabout
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with four incoming and four outgoing roads. The simulation results show that gradient based
instantaneous optimal choice of the priority parameters produces beneficial results in improving
the performance of the roundabout compared to the fixed choice of priority parameters. In the
case of fixed priority parameters, larger fixed values are better in optimizing traffic flux on the
main lane of the roundabout relative to smaller values.
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