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REDUCTION OF THE RESONANCE ERROR IN NUMERICAL
HOMOGENIZATION II: CORRECTORS AND EXTRAPOLATION

ANTOINE GLORIA AND ZAKARIA HABIBI

Abstract. This paper is the follow-up of [I8]. One common drawback among numer-
ical homogenization methods is the presence of the so-called resonance error, which
roughly speaking is a function of the ratio %, where p is a typical macroscopic length-
scale and ¢ is the typical size of the heterogeneities. In the present work, we make a
systematic use of regularization and extrapolation to reduce this resonance error at
the level of the approximation of homogenized coefficients and correctors for general
non-necessarily symmetric stationary ergodic coefficients. We quantify this reduction
for the class of periodic coefficients, for the Kozlov subclass of almost periodic coeffi-
cients, and for the subclass of random coefficients that satisfy a spectral gap estimate
(e.g. Poisson random inclusions). We also report on a systematic numerical study in
dimension 2, which demonstrates the efficiency of the method and the sharpness of
the analysis. Last, we combine this approach to numerical homogenization methods,
prove the asymptotic consistency in the case of locally stationary ergodic coefficients
and give quantitative estimates in the case of periodic coefficients.

Keywords: numerical homogenization, resonance error, effective coefficients, correc-
tors, periodic, almost periodic, random.
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2 A. GLORIA AND Z. HABIBI

1. INTRODUCTION

Numerical homogenization methods are designed to solve partial differential equations for
which the operator is heterogeneous spatially at a small scale. Such problems arise in
many applications such as diffusion in porous media or composite materials. By numer-
ical homogenization, we mean that we compute not only the mean field solution of the
heterogeneous problem, but also the local fluctuations, which may be important in many
applications. In the recent years, two main types of methods were introduced: methods
which rely on homogenization to reduce the complexity of the problem (see [4], [26] 27],
[10, @], and [16] e.g.), and methods which rely on the structure of the solution space inde-
pendently of homogenization structures (see [31] [32] 33], [25], [5]). Both approaches are
nonlinear in the sense that the vector space in which the solution is approximated depends
on the operator itself.

In this article we focus on methods based on the homogenization theory. More precisely, we
shall address the following prototypical scalar linear elliptic equation: for some 1 > ¢ > 0,
find u. € H}(D) such that

~V-AVu. = f. inD, (1.1)

on a domain D with f. € H~!(D). Here, the spatial dependence of the operator is en-
coded in the function A., whose frequencies are of order £e~!. Academic examples are of
the form: A (x) = A(%), with A periodic, almost periodic or stationary in an ergodic sto-
chastic setting. More realistic models can be of the form: A.(z) = A(z, ), where A(z,)
may be periodic, almost periodic or stationary for all x € D, provided some suitable
cross-regularity holds (see [2 8] e.g.). In all these examples, ¢ refers to the actual length-
scale of the heterogeneities. Numerical homogenization methods suffer from the so-called
resonance error, which is roughly speaking related to scale separation. Since this error
often dominates the error due to discretization (see for instance [Il, Section 4] for a related
discussion), its reduction is one of the biggest challenges in numerical homogenization of
linear elliptic PDEs. For general coefficients this was successfully achieved in [33] and
[25]. Yet the price to pay is the “oversampling” size (see below for details). In the present
contribution we take advantage of homogenization structures (such as stationary ergodic
coefficients) to reduce the resonance error without increasing significantly the oversam-
pling size. The aim of this paper is to introduce a general method which is consistent
with homogenization and successfully reduces the resonance error in three main academic
examples of heterogeneous media: the class of periodic coefficients, the Kozlov subclass
of almost periodic coefficients, and the class of random coefficients that satisfy a spectral
gap inequality (e.g. random Poisson inclusions).

To this end we shall improve the approach proposed in [I8] (and further developed in
[21]) to reduce the resonance error, and extend it to the approximation of correctors,
which are the central objects of the homogenization theory. This will allow us to combine
this method of reduction of the resonance error with standard numerical homogenization
methods. Some of the results were announced in [20]. The starting point in [I8] is the
effective computation of

¢ Apomé = M(( + Vo) - A€+ V0)), (1:2)
2



REDUCTION OF THE RESONANCE ERROR II 3

where £, & € R?, ¢, ¢/ are solutions (in a suitable sense) of

~V-AE+Ve) = 0 in R%,

V- AE+VY) = 0 mR (1)
and A* denotes the transpose of A, and where M(-) is the average operator on R%:
M(E) := liminf E(x)dx, (1.4)

Rtoo Qnr

with Qg := (=R, R)?. Such quantities are well-defined in periodic, almost periodic and
stochastic homogenization, in which case the liminf in (4] is a limit (see [29] e.g.). The
naive approach to approximate (L2)) consists in replacing ¢, ¢’ by ¢r, ¢, weak solutions
in H}(QRr) of
~V-AE+Vér) = 0 inQr
VA V) = 0 in Qg

and the average on R% by an average on Qr, which yields the approximation Ag of Apom:

€ AR = (€4 Vo) AWE + Ton(a))dr (15)
R
In the case of periodic coefficients A, it is elementary to show that
’AR — Ahom’ ,S Ril. (16)

This is what we (slightly abusively) called resonance error in [18], in line with the classi-
cal resonance error originally introduced in [26] and that concerns the approximation of
Vo, V¢ by Vg, Vg, see below for more details. To reduce this error, we have intro-
duced the following alternative to approximate Apom. Let ¢7 g, ¢/T, r be the unique weak

solutions in H}(Qg) of

T '¢rr—V-Al+Vérr) = 0  inQg,
T l'¢pp—V- A +Vpp) = 0  inQg,
where T > 0 controls the importance of the zero-order term and R > 0 is the size of the

finite domain (Qr. The homogenized coefficients are approximated by taking the filtered
average

§ Anpil = /Q (€ + Vo p(@) - Al)(€ + Vorp@)ps(@)dr, (L)

where py, is a smooth averaging function (whose properties will be detailed later on, see
Definition [B]) compactly supported in Q7 = (—L, L)¢, L < R, and of total mass 1. Then,
as showed in [I8, Theorem 1] for symmetric coefficients (the general case will be treated
here), for

o T = L?*(log L)%,

o R = %L,
and an averaging function of order at least 3, we have for periodic coefficients

|A7.r., — Ahom| S R™*(log R)®, (1.8)

which is much better than (L@). This approach also yields improvements over the naive
approach in the case of random independent and identically distributed coefficients for
discrete elliptic equations, see [19]. Yet, it is not clear in general whether the approximation

(L7) remains uniformly elliptic for all values of the parameters, which is an issue of
3



4 A. GLORIA AND Z. HABIBI

importance in practice. In this contribution we shall show that a variant of (7)) ensures
the a priori uniform ellipticity of the approximation when the coefficients are symmetric
(without changing in a quantitative way the convergence properties) and that Richardson
extrapolations of Vér g, V¢’T7 r With respect to T' further reduce the resonance error.

Let us now go back to the original problem (1), and show how the method introduced
in [I8] can be used to reduce the “classical” resonance error in the numerical solution of
(LI). We first assume that A. satisfies a homogenization property, that is there exist
uniformly elliptic (not necessarily constant) coefficients Ao such that the solution w.
of (LI and its flux A.Vu. converge weakly in H'(D) and in L?(D), respectively, to the
unique weak solution upem in H} (D) of

-V - AvomVuprom = f inD (1.9)

and to the homogenized flux Ayom Vunom, respectively, for all suitable f. Such a homoge-
nization property typically takes place when A, is the combination of a smooth function
and an oscillating part at scale ¢ > 0. Unfortunately, Apon, is not explicit in general.
Its approximation is one part of numerical homogenization — the other part being the
approximation of the local fluctuations of Vu,.

A very general approach consists in averaging out the equation at a “mesoscale” p > e.
More precisely, for all p > ¢ >0, let A, be defined by

ﬂAmux;:f (€ + V8, (2,9) - Ac)(E + Vydpe(w.p))dy,  (110)

DNB(z,p)

where for all z € D, B(x, p) is the ball centered at 2 and of radius p, and y + ¢, . (z, ), N;ﬁ (z,y)
are the weak solutions in H} (D N B(x, p)) of

—vy : As(y)(g + vyﬂ;p,e(xay)) = 0 in DN B(m,p),

i 1.11
V, A@)E + Vydyexv) = 0 inDNB(a.p) —

An approximation of upem is then given by the weak solution u, . in Hol (D) of
-V-A,.Vu,. = f inD. (1.12)

In particular (see [20] for the linear case, and [16] for nonlinear operators), we have
lim li ~ Upom — 0, 1.13
il [|up. = thom [ (p) (1.13)

thus ensuring the consistency of the approach in the framework of the homogenization
theory (the only assumption is that A. H-converges towards Apom,). We may also ap-
proximate the local fluctuations of Vu. on D N B(z, p) by the function y — C: ,(z,y) :=

2?21 <fDmB($ ») Viup,g(y/)dy’> quzp@,i(x,y), where ép,m denotes the solution of (LITI)
for ¢ = e; (elements of the canonical basis of R?). We then have the following result (see

[16, Theorem 2], and [19] in the linear case):

1

lim lim Vu —C. (z,v)*d : _.
pl0 €10 <]€DHB(LP)| =(v) &p( y)| y)

For periodic coefficients, the argument of the limit above is of order \/%: this is the

resonance error originally introduced in [26]. By partitioning D into subdomains of size

p, this allows one to reconstruct a consistent approximation of the fluctutations of Vu,.
4



REDUCTION OF THE RESONANCE ERROR II 5

In the case of periodic coefficients, for both the approximation of u. by u., and the
approximation of Vu. by C; ,, the error is controlled by the discrepancy between V(]EW
and V¢(Z) (where ¢ is the classical periodic corrector), which is why we use the term
“resonance error” for both quantities. The main difference between (LI2]) and (ITJ) is that
A, does not oscillate at scale €, which is a big advantage for the numerical practice. In
order to make use of the strategy of [I8] recalled above for the computation of homogenized
coefficients (and for approximations of local fluctuations), we change variables x ~» ¢!z

to make the oscillations of A. be of order 1. Formula (IL.I0) now turns into

A= o, €T a) AGE Vadpeleidy (119

5

where A(y) := Ac(z +ey), and y = ¢,(7,9), 8, .(2,y) € H} (% NB(0,£)) are the
weak solutions of

_vy : A(y)(£ + qubp,g(ﬂ:,y)) =
=Vy - A W)(E + Vyd, o (2,9) =

in D=2 1B (0,2),

in 22N B(0,2). (1.15)

0
0

It is then clear that (I.I4]) can be seen as the approximation (L) of some homogenized

coefficients Apom. In particular, if A is periodic, the error |A,. — Apom| scales as %, and

1
(meB(O 2) \Vype(x,y)— Vy¢(y)|2) ? scales as \/% (with ¢ the periodic corrector). To
reduce these resonance errors, techniques such as oversampling have been introduced (see

e.g. [13], [10]). In particular, a variant of ((LI4)) is

1
¢ Ape(a)t = / €+ V6),)- AW)E+ V)it (v)dy,
pel?) f¥03(075)ﬂp,e(y)dy %mB(o,g)( pe) - AW pettpe(y)
(1.16)
where p,. is an averaging function with support compactly included in B (0, g) and

of total mass 1 (we still divide by the mass of p,. because we could have B (O, f)) #*
% NB (07 g)) Although this method does not change the scaling % of |Ape — Ahom| in

the periodic setting, it may reduce the prefactor of the error (the multiplicative con-
stant in front of %) It also improves the approximation of the corrector itself, and

NI

(JCMmB(o 2) \Vyope(x,y) — Vy(b(y)]2) scales as £ provided 1. does not charge the

boundary of £ —~NB (0, 5); see [17, Tables 3.1 & 3.2] for elementary numerical examples.
In general however, it is not clear under which conditions on A, and p, . the coefficients
A, ¢ defined in (LIG) are uniformly elliptic. In order to circumvent this difficulty, reduce
the resonance error, and obtain convergence rates valid for any coefficients A., Henning
and Peterseim introduced in [25] an original oversampling approach which amounts to
solving a problem of type (LII) with an additional orthogonality constraint on a domain
of size p|1n p| instead of p. One expects this method to be optimal in general in the sense
that for some coefficients A., the size p|lnp| of the “oversampling region” cannot be re-
duced. It is however not clear at all in the analysis of [25] whether the size can be reduced
for specific coefficients which enjoy homogenization properties. A similar achievement is
obtained in [33] by Owhadi, Zhang and Berlyand, and the same remark applies on the

oversampling size. Progress in that direction is related as much to homogenization as to
5




6 A. GLORIA AND Z. HABIBI

numerical analysis of linear elliptic PDEs. The aim of this article is to introduce a numeri-
cal homogenization method for the restricted class of locally stationary ergodic coefficients
with the following three properties:

(1) the approximation of the homogenized coefficients is unconditionally uniformly el-
liptic for symmetric coefficients (there is a subtility for non symmetric coefficients);

(2) the resonance error can be quantified and is reduced, both for the approximation of
homogenized coeflicients and for the approximation of fluctuations of the gradient
of the solution;

(3) the oversampling size remains of order p.

We conclude this introduction by a quick presentation of our method. Let u,. be a
bounded averaging function. For all ¢ € Ll(% NnB (0, g)), set

1
Whauy. = Joz2rp(0,2) oe(y)dy /Dme(o,g)w(y)M pe(y)dy.

We replace (ILI6]) by
51 . AT,k,p,a(x)g
= <(£, + VQS/T,]@,;@ - <V¢’,T7k,p,5>x,ﬂp7£) ’ A(y)(f + V¢T,k,p,e - <V¢T,k,p,€>mﬂup’s)> )

Z',Hp,s

(1.17)
where T' > 0 is a parameter, k € N, ¢1 5o, &7 pe are Richardson extrapolations (with
respect to T) of the unique weak solutions ¢7.1 ¢, ¢ pe € H} (% NB(0,%) > of the
regularized cell problems

T or1pe — V- A€+ Vor1,e) = 0 in2z2nB(0.),
T ¢p1p.— V- A" (€ + V¢T71,p,6) = 0 in==*nNB (Ov 5) ’
Then, if A is uniformly elliptic, then Aty ,. is uniformly elliptic as well, and we may
approximate upom by the weak solution uzy , . in H& (D) of
- v : AT7k7P7€vuT7k7P7€ - f' (1'19)
Likewise, one may approximate Vue in L*(D N B(0, p), pipedx) by y Crep(T,y) =
Zf-lzl (Viur g pe) e VyOT kpe,i(x,€y), where ¢ . ; denotes the solution of (LIF]) for
§ = €;.
From the analysis point of view, the first natural question concerns consistency: under
which assumptions on A, does the convergences

(1.18)

[un

TTgo%w 151% Iz ke = thomll (o) = 07TTLIOIT;¢O Efg (Vite = Orecp(@,))3,,.

hold? Can we obtain convergence rates in function of T', k, p, €7 The last question is

related to the discretization of this approach and its relation with standard numerical
homogenization methods.

The article is organized as follows. We recall in Section 2] standard results on stochastic
homogenization, and introduce a method based on regularization and extrapolation to
approximate homogenized coefficients and correctors. We provide two proofs of the con-
sistency of the approximations in the stationary ergodic setting: one using spectral theory

(limited to symmetric coefficients) and another one relying solely on PDE arguments (to
6



REDUCTION OF THE RESONANCE ERROR II 7

treat nonsymmetric coefficients as well). We obtain in addition optimal quantitative esti-
mates for the class of periodic coefficients, for the subclass of almost periodic coefficients
satisfying a Poincaré inequality, and in the subclass of random stationary coefficients sat-
isfying a spectral gap estimate (including random Poisson inclusions). In Section Bl we
devise computable proxies for these approximations, prove sharp estimates on the approx-
imation error, and display the results of numerical tests in dimension 2 on both symmetric
and nonsymmetric periodic and almost periodic coefficients. The numerical tests confirm
the interest of the method and the sharpness of the analysis. An interesting output of the
analysis (confirmed by the numerical tests) is that correctors are easier to approximate
in practice than homogenized coefficients (essentially because there is no average to com-
pute). In Section @] we finally show how the regularization and extrapolation method can
be combined with standard numerical homogenization methods, and prove the asymptotic
consistency for locally stationary ergodic coefficients. If the coefficients are in addition pe-
riodic, we give a quantitative error analysis based on Section [2] and Section Bl which shows
that the resonance error is drastically reduced.

We make use of the following notation:

e d > 2 is the dimension;

e For all D open subset of R?, |D| denotes its d-dimensional Lebesgue measure, Il D
the integral on D, and fD is a notation for ﬁ fD;

e Q:=(-1,1) Qr = (—R,R)?, Bg(x) :=={y € R?: |z — y| < R}, Bg := Bg(0)
for all z € R and R € R™;

e A* denotes its transpose of a matrix A;

e H} (Q) denotes the closure in H(Q) of smooth @Q-periodic functions with zero
mean;

e < and 2 stand for < and > up to a multiplicative constant which only depends on
the dimension d and the constants a, 3 (see Definition [l below) if not otherwise
stated;

e When both < and 2 hold, we simply write ~;

e we use > instead of 2 when the multiplicative constant is (much) larger than 1.

2. CORRECTORS, HOMOGENIZED COEFFICIENTS, AND RICHARDSON EXTRAPOLATION

2.1. Stochastic homogenization. We first recall some standard qualitative results, which
will be used in the core of the article and whose proofs can be found in [34].

Let (2, F,P) be a probability space (we denote by (-) the associated expectation). We
shall say that the family of mappings (6.),cra from € to Q is a strongly continuous
measure-preserving ergodic translation group if:
e (0.),crae has the group property: 6y = Id (the identity mapping), and for all
z,y € RY, Opty = 0 0 0y;
e (0.),cra preserves the measure: for all z € R and every measurable set F € F,
0. F is measurable and P(6,F) = P(F);
o (0.),cpra is strongly continuous: for any measurable function f on 2, the function
(w, ) = f(Byw) defined on Q x R? is measurable (with the Lebesgue measure on
RY);
e (0.),cra is ergodic: for all F € F, if for all z € RY, §,F C F, then P(F) € {0,1}.

7



8 A. GLORIA AND Z. HABIBI

Definition 1. For all d > 2, f > a > 0, we define M3 as the set of d x d real matrices
such that for all £ € R9,

£-AE > algf, |Ag] < Bl
and Miyﬁmthe subset of symmetric matrices of M,g. O

Let 0 < o < B < 00, and let A € L*>®(2, M,3). We define the stationary extension of A
(still denoted by A) on R? x Q as follows:

A (z,w) = Alz,w) = A(O,w).

Homogenization theory ensures that the solution operator associated with —V - A(Z,w)V
converges as € > 0 vanishes to the solution operator of —V - AoV for P-almost every w,
where Apom is a deterministic elliptic matrix characterized as follows. For all £,¢&" € R4
with [¢'| = |€| = 1, and P-almost every w,

¢ Apomé = 1{21%10 , (€ + V¢ (z,w)) - Az, w) (€ + Vo (x,w))dz

= (€ + V) A+ V) 0)), (2.1)

where ¢ : R x @ — R is the primal corrector in direction ¢ € R? defined as the unique
Borel measurable map such that ¢(0,-) = 0 almost surely, V¢ is stationary, (V¢) = 0,
and such that ¢(-,w) € HL (R?) is almost surely a distributional solution of the corrector
equation

— V- A(z,w) (€ + Vo(z,w)) = 0in RL (2.2)
Likewise ¢’ is the dual corrector in direction ¢ € R¢ defined as the unique Borel measurable
map such that ¢’(0,-) = 0 almost surely, V¢’ is stationary, (V¢') = 0, and such that
¢'(-,w) € HE _(R?) is almost surely a distributional solution of the dual corrector equation

loc

— V- A*(z,w)(€ + V¢ (z,w) = 0in R% (2.3)
The proof of existence and uniqueness of these correctors is obtained by regularization,
and we consider for all T' > 0 the stationary solutions ¢, ¢ with zero expectation of the

equations
T ¢r(x) = V- A@)(§ +Vor(z)) = 0inR?,
T (x) — V- A*(@)(€ + Velp(a) = 0in R
Indeed, as proved in [24 Lemma 2.7], for all A € L>®°(R¢, Mp), the regularized corrector
equations admit unique solutions ¢r, ¢/ in the class of functions v € Hlloc(Rd) such that

sup / (v + |Vo|?)dz' < oo. (2.5)
zeR4 J By (z)

(2.4)

Furthermore, the solutions ¢, ¢/ satisfy the uniform a priori estimate
_ d

SWserd [ (o) (T 7107 + [Vor[)da’ S VT,

_ d

SUDP,cRd fBﬁ(x)(T 1@25{,%—% |V¢£f|2)dx’ < VT

Note that the existence of regularized correctors does not require any assumption on the
coefficients A besides uniform boundedness from below and above. In the case when A
is a stationary field, the associated random fields ¢, ¢/, of solutions are stationary, and
in addition the defining equations have an equivalent form in the probability space, to

which we can apply the Lax-Milgram theorem. This formulation requires the definition
8
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REDUCTION OF THE RESONANCE ERROR II 9

of a differential calculus in the probability space: the differential operator V; (for i €
{1,...,d}) has a counterpart in probability, denoted by D; and defined by

o f(Ohew) — F)
Dif(w) = 1}1% o .

These are the infinitesimal generators of the d one-parameter strongly continuous unitary
groups on L?(€) defined by the translations in each of the d directions. These operators
commute and are closed and densely defined on L?(Q). We denote by H(£2) the domain
of D = (Dy,...,Dyg). This subset of L?(2) is a Hilbert space for the norm

1£13, = (DY + (£2).

Since the groups are unitary, the operators are skew-dual so that we have an integration
by parts formula: for all f,g € H(Q)

(fDig) = —(gDif).

The equivalent form of the regularized corrector equations for stationary coefficients is as
follows:
T71¢T( ) (0)(§ + D(bT( )) = 0, (2 7)
T16/,(0, ) - D A*(O)(S’ +D¢1(0,-)) = 0, '
)¢

which admit unique weak solutions ¢7(0,-), ¢ (0,-) € H(2), that are such that for all

P € H(Q),

<T71¢T(07 )w + D% - A(O)(f + D¢T(07 ))> = 0, (2 8)
(T~¢7(0,-)¢ + Dy - A*(0)(¢' + D7 (0,-)) = 0. '

One may prove using the integration by parts formula that D¢7 (0, -), D¢/ (0, -) are bounded
in L2(Q) and converge weakly in L%(Q) to some potential fields ®, & ¢ L?(2,R%). Us-
ing the spectral representation of the translation group we may then prove uniqueness
of the corrector ¢, ¢’ (which are such that Vo¢(z,w) = ®(0,w), V¢ (z,w) = @'(0,w)
under the ergodicity assumption), see [34]. Note that whereas we have Vor(z,w) =
Dor(0,0,w), Ve (z,w) = D¢h(0,0,w) for all T > 0, ¢, ¢" are not stationary fields and
D¢(0,-), D¢’ (0,-) are not a well-defined quantities a priori (except typically in the periodic
setting), only Vo, V¢ are.

We recall that the case of periodic and almost periodic coefficients can be recast in this
stochastic framework up to randomizing the origin of the periodic cell. In particular, for
Q-periodic coefficients, we then have #(Q) = H}..(Q), and the expectation is replaced
by the spatial average on ). We conclude by an example of random coefficients we shall
more specifically consider in this article: Random Poisson inclusions. By the “Poisson
ensemble” we understand the following probability measure: Let the configuration of
points P := {z, }nen on R? be distributed according to the Poisson point process with

density one. This means the following

e For any two disjoint (Lebesgue measurable) subsets D and D’ of R? we have
that the configuration of points in D and the configuration of points in D’ are
independent.

e For any (Lebesgue measurable) bounded subset D of RY, the number of points in
D is Poisson distributed; the expected number is given by the Lebesgue measure
of D.

9



10 A. GLORIA AND Z. HABIBI

With any realization P = {x,, },en of the Poisson point process, we associate the coefficient

field A via ' -
Al) = a if xzel,, B% () "
B else

This defines a probability measure (-) on © by “push-forward” of Poisson measure.

2.2. Approximation of homogenized coefficients and correctors. The starting
point in [I8] is the observation that the solutions ¢r, ¢y € HE (R?) of (Z4) can be
approximated on a bounded domain @ by the weak solutions ¢7 g, ¢IT, R E H}(QR) of

T o r—V A+ Vorp) 0 in Qg,
Tl g — V- A +Verp) = 0inQg,

up to an error which is of infinite order measured in units of R_\/—%;. This is in contrast to

(2.9)

the correctors ¢, ¢’ for which the approximation using homogeneous Dirichlet boundary

conditions yields a surface term of order }%. Since we have easy access to a proxy for

é1, ¢, a natural question is how to approximate the gradients V¢, V¢’ of the correctors
and the homogenized coefficients Ay, using ¢r, ¢/ instead of ¢, ¢’. In [I§], the following
approximations are considered in the case of symmetric coefficients A:

Vo~ Vor, £ Apomé ~ & Aré == (({ + Vor) - A({ + Vor)) .
In the case of symmetric periodic coefficients, it is shown that <|V¢ — V¢T|2> ~ T72
and |Ar — Apom| ~ T72. An explicit family of higher-order approximations {/NlTJﬁ}keN
has then been introduced in [2I] based on spectral theory which satisfies for symmetric

periodic coeflicients ‘AT,k — Apom| ~ T~2¢. More precisely, the first three approximations
of Apom are given by:

£-Ara€ = ((E+Ver) A
- Arp€ = ((E+Vor) A

+577 (971 ),
€ Arat = {(6+Vor) A€+ Vor) - 2T (¢h) — 87 (%)

—§T <¢T> + gT ! <¢T¢T> - —T <¢T¢T>

+13OT <¢%¢%>'

These results have two drawbacks:

E+Vor)),

(
€+ Vor) - 877" (¢F) — 217" (6% )

Sl

e Approximation of homogenized coefficients: It is not clear how to extend the
definition of /~1T7k to nonsymmetric coefficients;

e Approximation of correctors: The approximation of V¢ by Vér yields an L%(Q)
error which saturates at 7.

The aim of this section is to propose approximations of V¢ and Ay, that reduce these
drawbacks. As noticed in [23], the family {flﬂk}keN can be seen as extrapolations of Ap
wrt T in spectral space (noting that 7' — Ap is a smooth function of T for T > 0).
The main idea of this section consists in approximating the corrector ¢, ¢’ by Richardson

extrapolations of ¢, ¢/
10



REDUCTION OF THE RESONANCE ERROR II 11

Definition 2 (Richardson extrapolation of regularized correctors). Let A € L>®(R%, M,3)
be some coefficients. For all T > 0, £,& € R?, we consider the regularized primal and

dual correctors ¢r, ¢l € Hﬁ)C(Rd) in directions &, &', unique distributional solutions of

(Z2) satisfying 23]). The families {¢7k tren, {¢) , }ren of Richardson extrapolations are
defined by the following induction: ¢71 = ¢, ¢IT,1 = ¢, and for all k € N,

1

ﬁ@kgbéﬂk — 0T k)- (2.10)

O

AT g1 = (2%por 1 — DTk, T g1 =

2k —1

We may define approximations of the homogenized coefficients associated with the Richard-
son extrapolations of the regularized correctors:

Definition 3 (Approximation of homogenized coefficients). Let A € L>®(R%, M,z) be
some coefficients. For all T > 0, £, & € RY, we let {O1k ken, {1 }ren be as in Defini-
tion 2, and we define the family {A7 }ren of approximations of the homogenized coeffi-
cients by

¢ Arpé = M((E' + Vi) - A€+ Vory)).

In the case of stationary ergodic coefficients A, Definition [3] makes sense and we have
¢ App€ = (€ +Vor,) A€+ Vore)) .

In the following paragraph we show, using elementary PDE arguments, that the approx-
imations V¢ry, Vér, and Aty are consistent with Ve, V' and Apem in the case of
stationary ergodic coefficients, in the limit 7" 1 4oc0.

2.3. Asymptotic consistency.

Theorem 1. Let A € L™®(Q, M) be stationary ergodic coefficients, ¢,¢’ be the primal
and dual correctors in directions €,& € R, |¢'| = |€] = 1, and Apom be the homogenized
coefficients. For allk € N and T > 0, let ¢, ¢, and Ary, be as in Definitions[2 and [3.
Then,

lim (IVéry = VoF*) =0, lim (Vg = V&) =0, lim [Ars — Auom| = 0.
u

Proof. As we shall see in Step 1, it is enough to prove that
dim (€ + Vor) - A€+ Ver)) = (£+Ve) - A+ Vo). (2.11)

Step 1. Proof that (ZI1]) implies the claim.
We start with the approximation of the correctors. Because ¢rj, ¢, are defined by

extrapolations, it is enough to prove the claim for ¢r, ¢%.. We only address ¢r. From the
uniform ellipticity of A, the map L?(Q,R%) > ¥ s (T - A(O)W)é is equivalent to the norm
[ l2(,re)- Hence, since Vér(0) converges weakly to V(0) in L*(Q,RY) as T 1 oo, it
converges strongly to V¢ (0) in L?(Q,R) if and only if

Jim (Vor AVPr)E = (V- AVS)? .
11

NI



12 A. GLORIA AND Z. HABIBI

The latter is a consequence of (Z.I7]) and of the weak convergence of Vor to V¢ as follows:

(Vor-AVér) = €+ Vér) - A+ Vér)) — (Vor - AL) — (€ - AVor) — (€ - A€)
{6+ V) A+ V) — (V- AE) — (€ AVE) — (€ AL)
= (V- AVg).

The strong convergence in L?(Q2,RY) of V7 (0), Ve, (0) to V¢ (0), V' (0) trivially im-
plies the convergence of A7y to Apom.

Step 2. Proof of (2.11]).
Since the coefficients are stationary, we can rewrite the regularized corrector equation for
¢7 in the probability space, the weak formulation of which yields with test-function ¢7:

T~ (¢7) + (€ + Dor) - A(0)(€ +Dor)) = (£ A(0)(€ + Dor)) . (2.12)

On the one hand, since D — V¢(0) weakly in L?(Q)? (the convergence of the whole
sequence and the uniqueness of the limit are consequences of ergodicity),

(€-A(0)(€ +Dor)) = € Apomé. (2.13)

lim
T1oo
On the other hand, by the weak lower semicontinuity of quadratic functionals,
lim inf (€ + Do) - AQ)(€ +Dor)) = (€ +V(0)) - A(0)E + V(0))) = € - AnomE.-
(2.14)
The combination of (ZI3]), (ZI4]), and (2I2]) then yields by non-negativity of 71 <¢%>
jl—‘lTrgo <(§ + D(bT) ’ A(§ + D¢T)> =¢- Ahom§7
as desired. O

Remark 1. This elementary result seems to be new in the case of non-symmetric coeffi-
cients. For symmetric coefficients it was proved by Papanicolaou and Varadhan in their
seminal paper [34] using spectral theory, see Subsection Note in particular that the
proof of Theorem [ yields the following result:

lim 77! (¢7) = lim 771 (¢7) = 0.
i 17 (68) = T (09
This convergence is much stronger than the a priori estimates

(63) ST, (¢3) ST,

associated with (2.4]) for generic coefficients A. They are consequences of ergodicity. [

Before we turn to quantitative results we discuss the uniform ellipticity of Ay, which is
a rather subtle issue.

Proposition 1. Let A € L>(Q, M,g) be stationary ergodic coefficients, let ' =§ € R?,
&' =1&] =1, and for all k € N and T > 0, let ¢7 1, ¢ ) and Ary be as in Definitions [2
and[3. Then,

€ Art = Z{(E+ Vor) A+ Vor) + 1 (€4 Vo) - A+ Vo)

—1
+ (= 6h)), (15)

1
2

12



REDUCTION OF THE RESONANCE ERROR II 13

and for all k > 1,

§-Ar g€ = % (€ +Vorpi1) - A€+ Vorest)) +% ((E+Vrp) - AE+Vr,))
+ (2" T (Orp41 — S (BT k1 — Prgsr — bk + D7p)) - (2.16)

In particular, when A is symmetric, Aty is uniformly coercive for all k € N and T > 0,
whereas when A is non-symmetric, Ar is coercive for all T > 0 but Arj may have an
ellipticity defect for k > 1. O

Remark 2. We can bound the possibly negative correction in (2.I6]) as follows

) (Srkar — D11 (BTka1 — Prprs — bk + S 4))
S (2’”1T)_1< sup  (¢2)+  sup <¢92> )

kT <7<2k+1T kT <7<2k+1T

which vanishes both in the limits T' T oo and k& 1 co. As soon as we have a good control
of the L?-norms of the regularized correctors wrt T, this crude estimate yields a useful
control of the ellipticity defect (say, when <¢%> is bounded). When correctors are not
well-behaved, extrapolation is not expected to improve the convergence rates so that the
approximation Ap is sufficient (and unconditionally uniformly elliptic). O

Proof of Proposition [1. We start with the proof of (ZI5]) and then turn to (2.1G]).
Step 1. Proof of (2.15]).
By the regularized corrector equation for ¢,
((€+ Vo) - A€+ Vor)) = ((§+ Veor) - A(§ + Vor)+{(Ver — Vér) - A§ + Ver))
= ((+Vor) A€+ Vor) — T~ (67 — ér)ér) -

Likewise, by the regularized corrector equation for ¢/,

(€4 V) - A€+ Vo)) = ((€+ Vo) - A€+ Vor))+((Vér — Ver) - A€+ Ver))
= ((€+ Vo) - A€+ V) — T (b1 — o)) -
The half sum of these identities yields ([2.15]).

Step 2. Proof of (2.10]).
We proceed in a similar way for (ZI0). As we shall show by induction in the proof of

Theorem B] below (cf. (Z38)),

T prpi1 — V- A+ Vorgi) = T 'dory,

so that

((E+ VT ji1) - AE+ Vorksn))
= ((E+Vori) - A+ Vorus)) + (Vo7 — Vorsr) - A€+ Voreir))

= (€4 Vorps1) - A€+ Vore)) = T (Bt — orhs1) (@141 — Gork)) -
13



14 A. GLORIA AND Z. HABIBI

Likewise,

((€+ V¢’T,k+1) CA(E+ Vorpe))
= <(f + VQS/T,qul) : A(£ + ng,T,k+1)> + <(V¢T,k+1 - VQS/T,kH) : A*(£ + V¢,T,k+1)>

= (€ +Vorir1) - A€+ Verii1)) = T (D141 — ) (Prass — $or)) »
so that the half sum of these identities yields

<(£ + V‘JS/T,kH) CA(EH+ V¢T,k+1)>
= % (E+Vorpsr) A+ Vorps)) + % ((E+ Ve psr) A€+ Vi)

1, -
+ §T (@11 = O 1) (DT k11 — Pgys — Gork + Sorp)) s
which we rewrite as (2.I6]) using the definition of the Richardson extrapolation. u

2.4. Poincaré-type inequalities. In this paragraph we introduce two types of Poincaré’s
inequality in the probability space L?(£2) that will allow us to turn Theorem [l quantitative
in the following two paragraphs. Consider a function X of the field A seen itself as a map
from R? to M. We call “horizontal” the derivative of X with respect to changes of A
obtained by shifting the map along the directions of R%. We call “vertical” the derivative
of X with respect to changes of the values of A in M,z in some spatial region of R?. We
shall use Poincaré’s inequalities for both types of derivatives.

We start with Poincaré-type inequalities for the horizontal derivatives in L?(£2), which are

nothing but {D;};=1 4. As usual, we say that D satisfies a Poincaré inequality if for all
X € H(Q) such that (X) =0, we have

1X L2 () = (X?) < (IDX[*) = DX 12(0)- (2.17)
This inequality holds for periodic coefficients (in which case it reduces to the Poincaré-

Wirtinger inequality on the torus). We can weaken this inequality by strengthening the
norm of the RHS, and ask that for some sy > 0,

1Xz20) S DX ||ms0 (), (2.18)
where )
DX || grso (@) = (X(=A)*X)z,

—/A = —D-D is the Laplacian on L?(Q) (whose fractional powers can be defined by the
spectral theorem). Although it is not yet clear, this inequality holds true for a subclass of
almost periodic coefficients (in which case 2 is a high-dimensional torus), see [30].

We turn now to the Poincaré-type inequality for the vertical derivatives. We say that the
coefficients satisfy a Poincaré inequality (or a specral gap) for the Glauber dynamics if
there exist 0 < p, ¢ < oo such that

(X2) < %/Rd<(osc,4|3[(z) X>2> dz, (2.19)

0SCA|p, ., X = sup X(A) - i inf  X(A).

where
A:A‘Rd\Be(z) |Rd\Be(z)

Such an inequality holds for Poisson random inclusions, see [24].
14



REDUCTION OF THE RESONANCE ERROR II 15

It is not surprising that these Poincaré inequalities allow us to obtain quantitative esti-
mates for our approximation methods. Indeed, they also allow one to quantify the error in
the first two terms of the two-scale expansion, cf. [6] and (ZIT) for periodic coefficients,

[30] and (28] for a class of almost periodic coefficients, and [22] and ([219]) for random
coefficients (in the context of discrete elliptic equations).

The last two paragraphs of this section are dedicated to the proof of quantitative results for
the approximation of the homogenized coefficients and of the correctors by regularization
and extrapolation. We start with an approach based on spectral theory, which makes more
intuitive the roles of the Poincaré inequalities (2.I7) and (2I9]). This approach is however
limited to symmetric coefficients. We then present a second approach which solely relies
on PDE analysis and allows one to cover the case of non-symmetric coefficients under any

of the three assumptions (ZI7)), (ZI8)), and (ZI9]).

2.5. Quantitative results via spectral theory. Spectral theory has played an impor-
tant role in the theory of stochastic homogenization of self-dual operators since the seminal
contribution by Papanicolaou and Varadhan [34]. In this paragraph, we assume that A is
a stationary ergodic field of symmetric coefficients, and shall prove a spectral representa-
tion for the quantities in Theorem [l This will allow us to turn Theorem [ quantitative
for coefficients satisfying (2.I7) or (2.19). To this end, let us recall the spectral theory
introduced in [34].

Let £ =—D- A(0)D be the operator defined on H(2) as a quadratic form. We denote by
L its Friedrichs extension on L?(Q2). This operator is a nonnegative self-dual operator, so
that by the spectral theorem it admits a spectral resolution

L= [ AG@N).
R+

Proposition 2. In the context of Theorem[d, if A € LOO(Q,MZyﬁm), we have

T72k
[e— 2 ~ N
(IVors— Vol T i), (2.20)
T—Zk
Arp — A ~ NG S EmEo 2.21
| A, hom | /]R+ T +)\)2kdea()\), (2.21)

where ey denotes the projection of the spectral resolution G of L = —D - A(0)D onto the
local drift defined by d := D - A(0)§ € H(Q)', that is, ex([0,v]) = [; (0G(dN)d). O

Combined with the integrability property [g. %dea()\) < oo proved in [34] (this is also a
direct consequence of Remark [[land of the monotone convergence theorem), Proposition 2]
combined with the Lebesgue dominated convergence theorem, yields an alternative proof
of Theorem [ for symmetric coefficients.

Proof of Proposition[d. We split the proof into three steps.

Step 1. Reformulation of (2.20).
15



16 A. GLORIA AND Z. HABIBI

Let 7 > T > 0. By ellipticity and the spectral theorem,
(IVor —Vorl*) S ((Vor —Veéz) - A(Vor — Vor))

1 1 2
B /R+ A(T—l A Ty )\) dea(3)

B (T~ —T—1)2) .
- /R+ (T-1 + \)2(T-1 +A)2d°w'

Since, as proved in [34],

/]R+ “dey(\ (2.22)

this implies by the Lebesgue dominated convergence theorem that V¢r(0) is a Cauchy
sequence in L2(§)), which therefore converges to V¢(0) strongly in L?(£2) (and not only
weakly). Let now ¢ : Rt — R be a continuous function such that () < 1 and set
U :=(L)d. Then, by the spectral theorem, on the one hand,

(IVIP) £ (VT AVY) = - Xp(A)?deo (N) < oo,

and on the other hand,
1 2
(VT = Voz) - A(VY - Vo)) = /w (e - m) dea(N).

Combined with the convergence of V¢ (0) to Vg (0) in L?(Q) as T 1 oo and the Lebesgue
dominated convergence theorem, this turns into:

R+ )\ 0 ’ ’
¢7,1 . Hi Hi 7)\ 1/}171(A) T_ )\7

and define by induction for all £ € N,

1
T,Z)T,lc—f—l : RJF — RJr, A= T,Z)T,k—f—l()\) =

S (2"ark () — Yri(V)-

These functions are continuous and satisfy 7 5 (A) S 1 1 (where the multiplicative constant
depends on 7" and k). By definition of the Rlchardson extrapolation of the regularized
corrector (cf. Definition ), we also have ¢7 ) = ¢r 1 (L£)0 for all T > 0 and k € N. Finally,
by ellipticity,
(IVors = VoI*) S {(Vors — Vo) - A(Vork — Vo)) < (IVérk — VoI,

so that it enough to estimate the Dirichlet form to prove ([Z20). We shall prove that for
all T >0, ke N, and A > 0,

1 1 1

= —prp(N) = 27Dk . 2.24

A ?) AT (2 T) =1 + N) (224)
The desired estimate (220)) will then follow from the combination of (2.23]), (2.24]), and
[2.22)) — the latter to prove the equivalence in terms of scaling and not only the upper
bound.

Step 2. Proof of (2.24]).

16



REDUCTION OF THE RESONANCE ERROR II 17

We proceed by induction. For k =1, ([2.24]) reduces to

1 1 1 1
_ )\:7——:T_17.
VN = Ty oS ANT-1+))
Assume that ([2:24]) holds at step k& € N. Then,
1 1 1
L A = 9—zk(k=1) o)k
_ gk T'4+ A o—Lk(k—1)p—k 1
(@FT) =1 + A ML ((2T) =+ )
T-'+X /1
A 2.2
(2T)~1 + A <)\ wT”“(w (2.25)
Hence the induction rule for 97 ;41 and (Z24)) at step k € N yield
1 2k 1 1 /1
1~ YY) = o1 (X - 1/12T,k+1()\)) BT (X - TZJT,kH()\))
@) 1 /1 T-1+ )
= — (= - M m=—F—-1
2k —1 (A vri( )) <(2kT)—1 + A >
1 1
= o—kp=1(= SR
<)\ W’f“)) (2FT)=1 4+ X
@2 at step k 9= Sh(k+1)p—(k+1) 1 ’
MTLo((2T) 7+ )
as desired.
Step 3. Proof of (2.21]).
Recall the weak form of the corrector equation for ¢: For all ¥ € H(),
(D¥ - A(0)(§ + V(0))) = 0, (2.26)
and since Vo7(0) — V¢ (0) strongly in L2(2,RY), we also have
(Vo-AE+ Vo)) = 0. (2.27)

By symmetry of A and (Z26]) & ([Z27)) we then have for all ¥ € H(2),

(€ +DW) - A0)(§ +DW)) — (£ + V) - A€+ V9))
= (DY = Vg(0)) - A0)(€ + DW)) +{(§ + V(0)) - A0) (DY — V(0))

symmetry (DT — V(0)) - A0)(€ +DW)) + (DT — V(0)) - A0)(€ + Vp(0))

(€ +V9(0)) - A(0)(DY = V(0))) — (DY = V¢(0)) - A(0)(€ + V(0)))
= (DY —V(0)) - A0)(DY — V¢(0))) -

Estimate (Z2I)) then follows from the definition of A7) and 220) by taking ¥ = ¢74(0)
in this identity. O

)
)
(20 & (Z2T)

Let us now show how Proposition [2] allows one to turn the consistency result of Theorem [II

quantitative if we assume (2.17) or (2.19]).
17



18 A. GLORIA AND Z. HABIBI

In the case when (ZI7) holds (namely for periodic coefficients), the elliptic operator £
is not degenerate and has a spectral gap: there exists p > 0 such that the non-negative
measure e, satisfies e;((0, 1)) = 0. Hence, for all k € N

1 <1 ez,

Fh(A) = Fh(A) S op+1<oo,
R+ A po A

which makes the estimates of Proposition [2] explicit in T' (see Theorem [] below for the

precise statement for general non-necessarily symmetric periodic coefficients).

In the case when the coefficients satisfy (2I9]), the operator £ is a degenerate elliptic
operator which does not have a spectral gap. Obtaining quantitative estimates is then
much more subtle. In [24], Otto and the first author obtained the following bounds on the
associated spectral measure. With the notation of Theorem [, we say that the spectral
exponents are at least (7y1,72) € RT x RT if for all 0 < A < 1,

ea([0,A]) < A" (log”? (A1) +1). (2.28)
By [24], Corollary 2], (219) implies that
2<d<6: =241 =0,
d=6: v =4, v =1, (2.29)
d>6: v =4, vo = 0.

From these estimates of the spectral exponents, one may deduce the following error esti-
mates for the regularization and extrapolation methods.

Theorem 2. Let the symmetric coefficients A € LOO(Q,MZme) satisfy (ZI9), and let

Apom be the associated homogenized coefficients. Let € € R? be a fized unit vector and let
¢ be the corrector in direction §. For all’T >0 and k € N, let ¢, be the extrapolation of
the regularized corrector of Definition[d, and Ay, be the approzimation of the homogenized
coefficients of Definition [3. Let k(d) := [2] (where [:] denotes here the smallest integer
larger or equal to). Then for all d > 2 and for all k' > min{k(d),2}, we have

2<d<6 : T%,
(Vo7 —Vo[*) < d=6 : T“ibgT, (2.30)
d>6 : T7°.

Likewise, for all k' > min{k(d), 2}

2<d<6 T*%,
|AT k' — Anom| S d=6 : T 3logT, (2.31)
d>6 : T3

In the estimates above, the multiplicative constant depends on k', next to o, 3, and d. [

Remark 3. In the case of discrete linear elliptic equations on Z% with coefficients that
satisfy a discrete version of ([2I9) (e.g. independent and identically distributed coeffi-
cients), Neukamm, Otto, and the first author proved in [23] the following optimal values
of the spectral exponents: (% +1,0) for all d > 2. In particular, this can be used to prove
the following optimal estimates for the regularization and extrapolation method in this
discrete setting: For all k' > k(d),

d
(IVérp — VI | Ar s — Apom| < T72.
18



REDUCTION OF THE RESONANCE ERROR II 19

We believe that these estimates hold as well in the case of continuum equations for coef-
ficients satisfying ([2.19)). O

Remark 4. In view of Remark Bl Theorem [ is optimal in terms of scaling for d =
2,3,4,5,6 up to a logarithmic correction in dimension d = 6. In particular, this implies
that for dimensions of interest in practice (say, d = 2 and d = 3), k¥’ = 1 is enough to
reach the optimal scaling and Richardson extrapolation does not generally reduce the error
further for random coefficients that satisfy ([2.19) (as opposed to ([ZIT)). O

Proof of Theorem[4. Theorem 2 is a direct consequence of Proposition [[l and of [24]. The
fundamental theorem of calculus and Fubini’s theorem imply that for all f € C1((0,1]),

1

1 11 o
| ey = = [ @i+ 1) [ e

A=0
1
= F'(Nea([0,A]) dX + f(1)ea([0,1]). (2.32)
=0
Used with f(\) = m and combined with Proposition [Tl this yields for all ¥’ € N
(Vore—of) 5 [ ool
’ ~ R A(T—1 4+ X2 °
1 T2k —2K'
< — d
< | smrmmia+ [ Sde
(Z32)& @222) 1 T2 op

We then appeal to [24, Corollary 2] in the form of ([229)), and assume that 2k’ +1 > v
(which yields the definition of k(d)). According to (Z29]), 71 > 2, so that we have in that
case

20 & 22 e S ,
2 —2k g —2k
<|V¢T,k/ - V¢ > S T /0 (T—1 + \)2k+2-m dA+T

< T+l log% T,
which yields the claim. O

2.6. Quantitative results via PDE analysis. In this paragraph we address the quanti-
tative analysis for non-necessarily symmetric coefficients satisfying (Z17), [ZI8]), or (2.19]).
We start with ([217]).

Theorem 3. Let A € LOO(Rd,.Mag) be periodic non-necessarily symmetric coefficients
(so that they satisfy 2IT)), and let Anom be the associated homogenized coefficients. Let
£,¢ € RY be fized unit vectors, and denote by ¢, ¢ € Hrl)er(Q) the periodic corrector and
dual corrector in directions §,&', respectively. For all T > 0 and k € N, let ¢p, and ¢/T7k
be the associated regularized correctors of Definition[2, and Aty the approximations of the
homogenized coefficients of Definition[d. Then, we have

IV (o1 — D)lr2() IV D7k — D )llr2@) ST, (2.33)
and

| Anom — Azl ST, (2.34)
19



20 A. GLORIA AND Z. HABIBI

where the multiplicative constants depend on k, next to «, 3, and d. ]

Before we turn to the proof, let us emphasize that the only noteworthy feature of periodic
coefficients in this context is the validity of the Poincaré inequality (2.17]), and we could
have stated Theorem [3] under the assumptions that the coefficients be stationary and
satisfy (2I7]) (which essentially reduces to the case of periodic coefficients).

Proof. We split the proof into two steps.

Step 1. Proof of (2.33)).
We only prove the estimate for ¢r ). We first claim that ¢r ), satisfies for all k& € N the

equation

T o141 — V- A+ Vorg) = T dor. (2.35)
We proceed by induction. For k = 1, this follows from a direct calculation. Assume (235])
holds at step k. Then, by the induction assumption for ¢7 ;41 and 2k+1¢2T7k+1, we have

T 911 = V- A+ Voren) = T ¢arp,
T (2 porps1) — V- ARFE+ V2 o, 1) = 26T N gury,
so that the definition (2I0) of the Richardson extrapolation at step k + 1 yields

N ok 1
T! <72k+1 — 1¢2T,k+1 ~ o] 1¢T,k+1) — V- A+ Vorire)

R 2" 1
- (2k+1 — 1¢4T,k - ok+1 _ 1¢2T,k)a

that is, using the identity 2k+211€_1 = zfﬂil — 2;1:1__21]6,
T ' hi2— V- Al + Voriio)

T71
= S S —] ((ZkH — 2oz k1 + 28 burs — <752T,k>

@I at step kT
S = (@ = 29 gumi + (2 — Dorina )

= T~ $or t1,
as claimed.
From equation (Z35]) we deduce that

T Horpir —¢) = V- AV(¢r i1 — ¢) = T~ (bark — ¢)- (2.36)

Testing this equation with test-function ¢r 11 —¢, integrating by parts and using Poincaré’s
inequality on H}..(Q) then yields

IV(¢rps1 — D2 S T HIV(d2re — D)llz2(Q)-
This proves (233]) by induction, starting with the elementary energy estimate

IV(or1 — D2y S T olrz)llors — dllrz)

combined itself with Poincaré’s inequality.

Step 2. Proof of (2.34]).
20
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The proof is similar to Step 3 in the proof of Proposition 2 We recall the weak form of

the corrector and dual corrector equations: For all ¥ & Héer(Q)

/V\II-A*(fl—{—ng/) =0, /V\II-A(£+V¢) = 0. (2.37)
Q Q

For all U1, ¥y € H.,(Q), we then have using (237) once with ¥ = ¥; — ¢ and A* and

once with ¥ = ¥y — ¢’ and A:

][ (€ + V) - A(E + V) - f (€ + V) - A€ + V)
Q Q
— f (Vs — V') - A€ + V) + f (€ + V) - AV, — Vo)
Q Q

= ][ (VUy —V¢') - A(E+ V) + ][ (VU — Vo) - A* (€ +V¢)
Q Q

R (T, V) A+ V)~ f (V- V9) - A+ )
Q Q

_ ]2 (VU — V') - AV, — V).

Hence (Z34) follows from (Z33) by taking U1 = ¢r; and ¥y = ¢/, in the identity
above. O

We turn now to the case of coefficients satisfying (2.I8]), and consider a subclass of almost
periodic coefficients introduced by Kozlov in [30]. We start with a definition.

Definition 4 (Kozlov class of almost periodic coefficients). Let N € Nand I' = {7/ }1<j<n
be a finite set of vectors 47 € R? such that there exist s > 0 and C' > 0 for which

i I ¢ > |0 2.38
min [y &) = I (2.38)

for all ¢ € 74\ {0}. We say that the coefficients A are in the Kozlov T-class of almost
periodic coefficients if all the entries of A are trigonometric polynomials with Fourier
exponents in I, that is, such that [A(x)]y = Zjvzl cjrrexp(iy? - ) for some coefficients
Cjkl (k‘,lE {1,...,d}). ]

Remark 5. A standard Diophantine condition shows that if {7,];}13]5 N,1<k<d are alge-
braic, then (Z38)) holds for the exponent sy =

of any rationally independent basis over Z of {Vi}lﬁjﬁ N O

———— where N}, denotes the cardinal
maxlgkgd Nk

Theorem 4. Let A € L=°(R?, Map) be in the class of Kozlov almost periodic coefficients,
and let Apom be the associated homogenized coefficients. Let &, & € R? be fized unit vectors,
and denote by ¢, ¢’ the associated corrector and dual corrector in directions £,&', respec-
tively. For allT > 0 let ¢, ¢!y be the associated regularized correctors of Definition[d, and
Ar be the approximation of the homogenized coefficients of Definition[3 Then, we have

M(|Véry — Vo), M|V, — V22 ST, (2.39)
and

| Anom — Azl ST, (2.40)
21



22 A. GLORIA AND Z. HABIBI

where the multiplicative constants depend on k, next to o, 5, the class I, and d. ]

Remark 6. As we shall see in the proof of Theorem [, the correctors and regularized
correctors are smooth and the estimate (239]) can be strengthened to:

sup |[Vory, — Vo|,sup [V, — V¢'| ST (2.41)
Rd ]Rd ’
]

Proof of Theorem[§] In order to prove Theorem [l we first recall how Kozlov defines cor-
rectors in [30] and show how to adapt the proof of Theorem Blin this setting.

Step 1. Kozlov’s construction of correctors.

When the coefficients are in some I'-Kozlov class of almost periodic coefficients, one can
take as Q a (M = Zzzl Ni)-dimensional torus ITp;, where Ny is as in Remark [ and
extend A as a map A : Iy — Mgyp. As shown in [30, Proof of Theorem 1 and Proof
of Theorem 4], any smooth periodic function 1/ on IIj; defines a smooth almost periodic
function ¢ on R? (in the sense of Besicovitch) by the diagonal restriction

w(yla"wyd) = 1/’(3/17 7y17"' 7yd7"' 7yd)'
—_— —
N1 times Ny times

Conversely, the differential operators V; on R? translate by the diagonal restriction into
differential operators D; on IIys. The regularized corrector equation then turns into: find
¢ € HJ. (Ilr) such that

T —D-A(€ +Dop) = 0in Iy,
Note that H!, (IIj;) does not coincide with H(IIy;) since we use standard differential

er
operators {V?}izl,___7M on I1,; to define Héer(HM) whereas we use the differential operators
{Di}i=1,....q to define H(IIps). We first solve the corrector equation in the Hilbert space
H([py) = {3 € L2(Iyy) : fHA{ |Dy|? < 0o}. We shall then show a posteriori using elliptic
regularity that the regularized corrector ¢ belongs to HpY. (Ilys) uniformly in 7' (and
even to C*(II,;)). By construction of A and D, the coercivity of A yields the following
coercivity estimate

J— J— _ _2 J—
<£T¢T7¢T) > 71! ¢T+/ Dér|*.
115V; 115V;

L2(I1p)

Using in addition the bound

[ owad < ([ woe)”

we deduce from the Lax-Milgram theorem the existence of a unique weak solution in
H(IIpr) of the regularized corrector equation, and the a priori estimate

HDETH%P(HM) +T_1H$TH%2(HM) N (2.42)

where the multiplicative constant is independent of T'. Now comes the regularity argument.
On the one hand, Garding’s inequality yields for all s > 0 and € L?(IIy),

(arerd®) 2 a@IDBlh, — @D, (243
22
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where A is the Laplacian in RM (and the constants 0 < ¢1(s),c2(s) < oo depend on ).
With ¢ = ¢, the L?(ITp)-norm of the first term of the LHS is bounded as follows:

I(=2) Lrérllrzm,y = 1(=2)D - Al e,y < Al S 1 (2.44)
since A is smooth. The combination of (Z43]) and ([Z44) then yields by Cauchy-Schwarz’
inequality

A sty B 201y > €1 (6Dl 3y — 25 DBr 2o,y (2:45)

On the other hand, since I' is as in Definition l, we have the following weak Poincaré
inequalities (cf. [30, Proof of Theorem 4]): for all s > s¢ and all 1) € L?(IIys) such that

fHM T;Z) =0,

DV sty = el mrs=so 11, ): (2.46)
which we shall use for ¢ in the form
IDGr[ oo (r1y) = clldrllizy,)- (2.47)

Inserting (2.47) into (245]) for s > s¢ and using Young’s inequality to absorb the LHS in
the RSH lead to

1 1 N\2,—0 — 12 IO EC
5 (=) T 1y + (81080l > =5 Doy

2\¢ey/c1(s)

Combined with the a priori estimate ([2.42]), this yields for all s > sg

HDaTHHS(HM) S 17
and therefore by Garding’s inequality (240]) again, for all s > 0,

o7l S 1,

where the multiplicative constant depends on s but not on 7. This proves in particular
that ¢r is smooth and that the limit ¢ of ¢5 as T 1 oo exists and defines a function of
class C*°(Il)s) (uniqueness of correctors is standard). The associated diagonal restrictions
¢ and ¢ are therefore smooth almost periodic functions.

Step 2. Quantitative estimates.

The quantitative estimates are now elementary consequences of Step 1 and of the algebra
of the proof of Theorem Indeed, since ¢, anf ¢ are smooth periodic functions, their
Richardson extrapolations satisfy the following version of (236]): for all K € N and 7" > 0:

T‘l@mﬂ —¢) —D-AD(¢7 g — @) = T_l(azT,k — ). (2.48)
As for Theorem Bl we proceed by induction. We shall first prove that for all s > 0,
HaT _EHHS(HM) S Tﬁla (249)

where the multiplicative constant depends on s but not on 7. We start with Garding’s
inequality for s > sg, that we combine with the a priori estimate

/H D@ ~9) - AD@r -7 < -1 [ 3G -9
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to get
T4l g2 (1,0 |07 — Bl conyy = (=D Lr(@r — ). 07 — )
> —E)H%SmM) —02(5)\|D($T—$)Hi2(nm

- 5)”%{3(%) - 02(5)T_1H5T - $HL2(HM)H$”L2(HM)7

up to changing co(s) in the last line. We then appeal to the weak Poincaré inequality
([246]) and use that s > s¢ to turn this estimate into

B _ 1
ID(Or = Ol < 5

Since we have proved in Step 1 that ¢ is smooth, this yields (ZZ9) for all s > 0 by ([244]).

L2(I1y)
ID(ér
ID(ér

S

c1(s)
> c(s)
)

(Tl rr2e 11ap) + c2(8) T Dl 2011, )

We now turn to the induction argument proper, and assume that at step k € N, for all
s >0,

= = —k

o7 — Ol S T77, (2.50)
where the multiplicative constant depends on s but not on 7. Arguing as above and
starting from (2.48]), we end up with the estimate

||D(5T,k+1 — ) 25 (1) <

1 o _ o _
Cl(s)c(T Y bors — Dl g2s 11,y + c2(8)T Y ors — Dl r2(1ar))s

from which the induction hypothesis at step k + 1 follows.

Since (Z50) holds for all s > 0, the same estimate holds for the C*(I1);)-norms by Sobolev
embedding. This completes the proof of ([2:41]) by using the diagonal restriction (which is
continuous from C*(ITy;) to C*(RY) for all k € RY).

The results for the homogenized coefficients then follow from the same calculations as in
Theorem [3, based on the approximation of the correctors. ]

We conclude with the case of non-necessarily symmetric coefficients that satisfy (2.19]).
As proved by Otto and the first author in [24] Theorem 2 & Proposition 2]:

Theorem 5. Let A € L*™(Q2, Myg) be stationary random coefficients satisfying (Z.I9),
and let Apom be the associated homogenized coefficients. Let &, & € R? be fized unit vectors,
and denote by ¢, ¢’ the associated corrector and dual corrector in directions £,&', respec-
tively. For all T > 0 let ¢, ¢l be the associated regularized correctors of Definition [3,
and Ar be the approximation of the homogenized coefficients of Definition [3. Then, for
all d > 2, we have

2<d<4 : T 2,

(IVor — Vol*) , (IVéy — V' |*) < d=4 : T 2logT, (2.51)
d>4 : T2
Likewise,
2<d<4 : T %,
|Ar — Apom| < d=4 : T 2logT, (2.52)
d>4 : T7?
O
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These results are less precise for d > 4 than in the case of symmetric coefficients consid-
ered in Theorem 2l We could push the arguments used in [24] to obtain the corresponding
results for non-symmetric coefficients. However, in view of Remark [l Theorem [l is suffi-
cient for our purposes since higher-order Richardson extrapolations do not reduce further
the error in general for coefficients satisfying (2.19)) in the dimensions d = 2, 3 of practical
interest.

3. NUMERICAL APPROXIMATION OF HOMOGENIZED COEFFICIENTS AND CORRECTORS

The aim of this section is to introduce numerical approximations of correctors and
homogenized coefficients based on the regularization and extrapolation method introduced
in Section In order to make this method of any practical use one has to make the
different quantities at stake computable and control the approximation errors: this is the
objective of the first subsection. The last two subsections are dedicated to a systematic
numerical study of the method, which illustrates both the interest of the approach and the
sharpness of the analysis. More precisely, Subsection [3.2] displays results of numerical tests
for symmetric periodic and almost periodic coefficients, whereas Subsection B3] treats non-
symmetric periodic and almost periodic coefficients. For random coefficients, we refer the
reader to the numerical study of the discrete elliptic equations with random conductivities

in [19] and [14].

3.1. From abstract to computable approximations. As recalled in the introduction,
the motivation to use the regularization approach is the observation that the solution
¢r € Hi (RY) (which exists for any A € L*(RY, M,p) and is unique in the class of

loc

functions that satisfy (2.3])) of
T ¢r —V - A+ Ver) = 0in R?

is much easier to approximate on bounded domains than the solution ¢ € H _(R?) (whose

existence is only known to hold under structure assumptions, e. g. almost-sure existence
in the stationary ergodic case) of

V- A+ V¢) = 0in R%
This fact relies on the exponential decay of the Green function associated with the operator
T-!'—V-AvV.
In particular, this observation takes the following general form which holds for any coef-
ficient field A.

Theorem 6. Let A € LOO(Rd,Mag), € € R? be a unit vector, and ¢ be the associated
reqularized corrector of Definition[2 For all R, we let ¢1 r € Hol(QR) be the unique weak
solution of: for all ¢ € H}(Qr),

/Q T "érp+ V- A€ + Vérg) = 0. (3.1)

Then there exists ¢ > 0 depending only on «, and d such that for all 0 < L < R with
R~R—L>\T, we have

R—L
\Vorr — V¢T|2 < RdTexp —c
. (-7

). (3.2)

O
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26 A. GLORIA AND Z. HABIBI

Remark 7. In the case of periodic coefficients, we proved in [I8, Theorem 3.1] that ([B.2])
can be upgraded to

/ Vorr = Vor S Rdﬁexp(—cR_L). (3.3)

QL \/T

The same estimate holds for almost periodic coefficients of the Kozlov class. ]

Remark 8. By definition of Richardson extrapolation, in the context of Theorem [6] and
Definition [2, we have for all & € N:

— R—-L
/ Vorur— Vory> S R2F ' Texp (—c (3.4)

L \ /2k—1T)'
In the case of periodic coefficients or almost periodic coefficients of the Kozlov class, this
estimate can be upgraded, as in Remark [1 to

R—1L
\V -V 2 < RIV2k—1T exp (— c——=).
/L IVorir — Vorel” S p( /—Qk—lT)

Combined with Theorem [B]for periodic coefficients and with Theorem [l for almost periodic
coefficients, this yields in particular:

(3.5)

R—-L
_ 2 « pdp—2k dy/ok—1 _
/QL Vorer—Vo|” S LT + RWV2H1Texp (- ¢ = ). (3.6)

O

Before we turn to proof of Theorem [G], let us make some comments on the approximation of
homogenized coefficients. Unlike correctors, homogenized coefficients are averaged quanti-
ties. In particular, in order to make the approximations Ar of Definition (3] computable,
one needs to approximate both the extrapolation ¢, ¢/, of the regularized correctors
and the averaging operator M itself. Since we have alread7y addressed the approximation
of the corrector in Theorem [6] it only remains to approximate the averaging operator on
domains Q. As recalled in the introduction, a first possibility is to replace M by the
average on (. This yields however a very slow convergence for correlated fields, as the
periodic example shows: If £ is a periodic (non constant) integrable function, then

1 1
~ = g~
QLl Jo, L

In order to enhance the convergence rate, we have introduced in [I8] a filtered average,
inspired by the work by Blanc and Le Bris in [7].

IM(E) (3.7)

Definition 5. A function p : [-1,1] — R* is said to be a filter of order p > 0 if p is
continuous, even, non-increasing on [0, 1], and satisfies
(i) € CP=H([=1,1]) NWP2((=1,1)),
(i) f*, plw)de = 1,
(iit) p®)(=1) = p®)(1) = 0 for all k € {0,...,p — 1}, but not for k = p.
O

Remark 9. For p = 0, the conditions (i) and (iii) are empty. The average on [—1,1] (as

used in ([B.7) in the multidimensional version) is a filter of order 0. O
26
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Then, we may replace the average on Q, by the filtered average with filter uy, : Q, — RT
given by

d
ML((L-) = LidHM(Lill'i),
i=1
where 2 = (z1,...,24) € R This yields the following formula for the computable ap-
proximation of Ap in directions &,& € R? and on a box Qr with average on Qy:
& A rryS = /Q (& + VT k() - A@)(€ + Vorr(@))pr(z)de. (3.8)
L

We shall also use a variant of this definition, for which we can show the a priori uniform
ellipticity for symmetric coefficients (see in particular Step 1 of the proof of Theorem [1I
below):

& Ar gLy = / <§, + ngénk,R(x) - <V¢ITJ€7R>;LL)

Qr

A@) (& + Voryn(@) = (Vorunr),, )u(@)de, (3.9)
where for all ¢ € LY(Qy),

V), = o Y(z)pr(z)de.

The following general convergence result holds:

Theorem 7. Letd > 2, A € L>®(Q2, Myg) be stationary ergodic coefficients, £,& € R? be
unit vectors, and ¢, ¢ . be the associated Richardson extrapolations of the regularized
corrector and dual corrector for T >0 and k € N, c¢f. Definition[d Then for all p € Ny,

o & ARt = & AT g E = & AT,

almost surely, where Arj g1, and AIT,I@R,L,p are as in B9) and BI), and Ary as in
Definition [3. O
Proof. We split the proof into two steps.

Step 1. Proof that A’ RLp — ATk
By Remark [} it is enough to show that almost surely

fm (€4 V(@) A@E + Vorala)un()de = € Arse

L
We shall prove the claim for any stationary function ¢ € LllOC (RY) that satisfies the uniform
bound sup,.cpd pr(w) |Y(x)|dx < oo for some p > 0 (recall that ¢rj, satisfies ([2.0])). For all

t € n((0,1]), set 171 (8) = {z € Q| (x) < t} and Ly (1) := {La |z € Q and pu(z) <
t}. By definition of pg, this is a connected set. Integrating along sub-levelsets of p, we
can then rewrite the ur-average as

11(0) 4
(W), :/ L / : (x)dxdt.
0 Lpy ()
27
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For all 0 < t < pu(0), the ergodic theorem then yields

i 27 [ w(e)ds = ur (OIM)
Lﬂll(t)

Ltoo

almost surely, where |u7!(t)| denotes the 1-dimensional Lebesgue measure of i’ (t).
Hence, the claim follows from the Lebesgue dominated convergence theorem and the iden-

tity [ i) de = 1.
Step 2. Proof that Arp rrp — ATk
In view of Step 1, it suffices to show that

lim ATkRL —A/ = 0.
L,R—LTOO| s Ry 4, L, p T,k‘,R7L7p|

By definition of Ary r 1, and A%, 5, » the claim follows if

li =0
Lam (Vérer),, =0,

which, by Remark

(Vorr),, —(Vork),,

we may prove in the equivalent form of

R—-L
VT

S V(1) e (e

élTrglo <V¢T’k>ﬂL = 0. (3.10)

But this follows from Step 1 and the fact that V¢ has vanishing expectation:
%ITI?O (Vork),, = (Vorg) =0 (3.11)
almost surely. O

In the case of periodic coefficients we may turn this qualitative convergence result quan-
titative:

Theorem 8. Let d > 2, A € L®(R% Mgg) be periodic coefficients, u be a filter of order
p >0, keN, and Anom, Ark.RLp and AIT,I@R,L,p be the homogenized coefficients and
their approzimations B9) and (B8], respectively. Then in the regime R?> > T > R,
R>L~ R~ R— L, there exists ¢ > 0 depending only on o, and d such that we have

R—-L
%ﬁﬁ)*“”

where the multiplicative constant depends on k and p next to «, 8, and d. O

_ _ 1
| A7 kR, Lp — Anom s |AT ke kL p — Abom| S L™PT+T72% 4+ Th exp (—c

Proof. The estimate for |A/T,k, RLp— Apom| is a direct consequence of the combination of
Theorem Bl Remark B, and [I8, Theorem 3.1]. It only remains to prove that the estimate
for |Ar k. r,1p— Anom| is a consequence of the estimate for \Aﬁf kR, L7p_Ahom‘- By definition
of Aﬁﬂ K RL.p and A7y r 1, and an elementary energy estimate, it is enough to prove that
in the desired regime of R, L, T,

—(p+1) 1 . R—-L
| (Vonal,, | & 270+ Them (~e 7).
By Remark ® this follows from
—(p+1
|<V¢T,k>%| <L (p+ )7
28
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which is itself a consequence of [I8, Lemma 3.1] since M(V¢r) = 0. O

A similar result holds for the Kozlov class of almost-periodic coefficients.

Theorem 9. Let d > 2, A € L®(R%, M,g) be in the Kozlov class of almost periodic
coefficients for some set of Fourier modes I'. Let p be a filter of order p > 0, k € N, and
Anom, AT k.R.Lp and A'TJ% RLp be the homogenized coefficients and their approximations
B3) and BR), respectively. Then in the regime R> > T > R, R> L ~ R~ R— L, there
exists ¢ > 0 depending only on a, 8 and d such that we have

_ _ 1 R—-L
| A7 kR, L.p — Ahoml, |A£f,k,R,L,p—Ahom| < LD =2k L Tdexp <_672k—1T> , (3.13)

where the multiplicative constant depends on k and p next to o, 3,1 and d. ]

Proof. The proof is similar to the proof for periodic coefficients. The only difference comes
from the fact that we cannot directly appeal to [I8, Lemma 3.1] to quantify the convergence
of averages. The argument is however very similar. Since the corrector aT,k is periodic on
the high-dimensional torus Il;, it can be expanded in Fourier series:

M
Syt um) = Y crr(l)exp(i Y Liwjy)),
ZEZ]\J ]:1
where I, = Hj]\/il[O, 27w;) (note that ¢ 7(0) = 0). Since ¢, is smooth uniformly w. r. t
T, we have
> lllerr@)] S 1, (3.14)
lEZ]M
where the multiplicative constant depends on k£ but not on 7. To make the diagonal
restriction explicit we introduce M functions v; : R? — R which map x to the component
vj(x) of & which corresponds to the restriction of y;, so that we have for z € R,

¢rk(@) = drp(i(z), .. va(@)).

We may then turn the Fourier expansion of ETJﬁ into an expansion for ¢ :

M
dra@) = Y crr()exp(i Y Lwvj(x)),
leZJVI ]:1
which is absolutely convergent by (B.I4]). Similar results hold for the dual regularized
corrector. We need both to average the energy and the gradient of the corrector and dual
corrector. In terms of Fourier expansion, we therefore have to control terms with coeffi-
cients |l||ci,7(1)| for the gradient of the correctors and terms with coefficients |l|QCi7T(l) for

the energy. Since both series are summable on ZM by ([B.I4), it is enough to prove that

M M
ZSZEI <eXp(ileijj('))> —M(exp(ig ljwj‘yj(.))> < [+,
) = 1739 J=1

which simply follows from p integrations by parts, as in the proof of [I8 Lemma 3.1]. O

In the random setting one cannot expect to have an almost sure quantitative convergence
result. The combination of Remark 8 and [24) Theorem 1 and Remark 2.5] yields:
29
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Theorem 10. Let A € L>®(Q, M,p) be stationary random coefficients satisfying (219),
let p be a filter of order p > 1, and Apom and A/T,I,R,L,p be the homogenized matriz and

its approzimation (L) respectively, where R> > T 2 R and R > L ~ R~ R— L. Then,
there exists ¢ > 0 and q > 0 depending only on a, 5 and d such that we have

o\ 1 R—-L _d|d=2 : logL
<‘A£AF71,R7L7p — Apom| >2 < VTexp <—c VT +Lms d>2 : 1
d=2 T,
3
d=3 : T 2
) 3.15
tlaza T 2logT, (3.15)
d>4 T2,
where the multiplicative constant depends on p, next to «, 8, and d. ]

Remark 10. Since k = 1, we drop the subscript & in this remark. The triangle inequality
combined with energy estimates yields for all 1 <7 <d

N[

<(§/ : (AT7R,L,p - Ahom)§)2> S <(§/ : (A'/T,R,L,p - Ahom)§)2>%

+ (1 (Vora),, P+ 1{(Vorg),, 2+ (Vora),, [*+(Vorr), ')

We only address the corrector (the estimates for the dual corrector are similar). On the
one hand, by the energy estimate fQR \Vérr| S RY, one has

R
[(Véra), [* S 1(Vorm),, (7).

On the other hand, by Remark [§]

NI

[ (Vorn—Vor),,

R—-L
< VTex (—c > ,
and by a simplified version of the string of arguments that leads to [24] Theorem 1], we
can prove that for all 1 < j <d
var [5,. d=2 : logL

V(ﬁTML:| = var [5" o, ¢TV,UL] S L d>2 - 1

QL
in the desired regime of L and T'. Hence, the same estimate as (8.15)) holds for Ay g 1,. O

Remark 11. Note that the convergence rate does not depend on the order of the filter
provided it is at least of order 1 (the only fact used in the proof is that p is smooth and
vanishes at —1 and 1). This is due to the fact that the result is not almost-sure. O

We conclude this subsection with the proof of Theorem [6 which is a generalization of
the corresponding result for symmetric periodic coefficients, see [20], to any coefficients
A € L®(R%, M,p).

Proof of Theorem[@. The argument relies on the exponential decay of the Green function,
Caccioppoli’s inequality, and the uniform a priori estimate (2.6]).

For the main properties of the massive Green function and their proofs, we refer the
reader to [24] Definition 2.4]. In particular, for all A € L>(R?%, M,z) and all T > 0, the
30
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Green function Gr(-,y) is for all y € R? the unique distributional solution in W1 (R%),
continuous on R?\ {y}, of the equation

TﬁlGT('Iay) - V:B : A(x)vaT(xay) = (S(,I - y)
The following pointwise bound holds uniformly wrt A: For all |x —y| = VT,

1 T —

Arguing by density in ([B.2]), one may assume by a standard regularization argument that
A is smooth, so that ¢ and ¢7 r are smooth on Qg by elliptic regularity. By assumption
there exists v ~ 1 such that R — L > 2yv/T. By definition of ¢7 and ¢1,R, We have

{ T ¢r —¢rr) —V-A(Vér —Vérg) = 0  in Qg
¢r —¢r.R = ¢r on IQg.

Set ¢1 = XgiST where x € C®(Qp,RT) is such that x|ag, = 1, X|QRﬂ\/T = 0, and
Vx| S VT . Since ¢ satisfies [Z8) and ¢; vanishes on Qp_,y7+ We have

l#1Z2(0n) S (R, Vo172 0, = IXVOT + 0rVX 210, S R¥©IWT.

(3.17)
The function
¢2 1= ¢ — ¢1.R — P1 (3.18)
is smooth and satisfies the equation
T ¢y —V-AVhy = —T'¢1+V-AV¢r in Qg (3.19)
o2 = 0 on 0QR. '

Let Grr: Qr X Qr — RT be the Green function associated with the operator (T-'-v.
AV) on Qg with homogeneous Dirichlet boundary conditions. Since the RHS of (319 is
smooth, the Green representation formula yields

bo(z) = /Q (=T261 (1) G, y) + VCr.r(w,y) - A(y)Ver (y))dy.

By Cauchy-Schwarz’ inequality, this turns for all x € Qr, C Q R—2+/T 0tO

N

p2(z)] S T lenll2om </Q GT,R(907y)2dy>

Qwa\/T

IVl ( /
@\ Jomo

To control the first RHS term of (820]), we appeal to (816l and to the maximum principle
in the form of 0 < G r < Gp. For the second RHS term of ([B20), we use in addition
Caccioppoli’s inequality. Let n : Qg — RT be such that ,’7|QR\QR—~/\/T =

1
2
\VGT,R(%y)\zdy) +(3.20)
R—VT

L, 77|QR—%W\/T =0,

and |Vn| < \/T_l, and test the equation for Gr g(z,-) with n?Gr g(z,-) € H}(Qr). This
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yields after integration by parts

0 = 1’1/2 n*(y)Gr.r(, y) dy + g VGrr(z,y) - A)V(n(y)*Grr(z,y))dy

N TI/Q P)Grate)’dy+ | V)G ate) - AW 06)Gratu)dy

-/, Gr,r(z,y)*Vn(y) - A(y)Vn(y)dy.

Hence, by uniform ellipticity of A,
| NwGrr@ )Py S [ Grate.y?ITaw)Pdy,
Qr Qr
that is,

VGrp(e,y)2dy < T / G gl y)2dy. (3.21)
QR\QR_%Wﬁ

We insert ([B2]) into ([B20]), appeal to BI6) and BIT), and use that for all x € Q41
and y € Qr \ QRig\/\/—, we have |z —y| 2 R — L, so that
2

/QR\QR,Y\/T

NI

_ —1
6@ S T bilziom + VT IV 20m) / Gl y)2dy
Qr\Qp_ 3,7

(snw ~ R-L
S WVINT e (et )
R-Y R-L R—-L
— ﬁ(R—L)d*1 Nia exp(—cﬁ)
R—%NR VTexp (- cR—\;;), (3.22)

where ¢ is a positive constant which may change from line to line but does not depend on
T, L, and R. Hence,
R — L)

VT
Another use of Caccioppoli’s inequality, this time for ¢, (recall that the RHS of (BI9)
vanishes identically in Q) Rny ﬁ), yields by definition (BI8]) of ¢2 and since ¢; vanishes on

Qr:

/ ¢o(x)?dz < ROTexp (—c
Qr+1

[ ¥r—orm@tds = [ Vol s | ot

L

R—-L
77

as desired. ]
32

< RT exp ( —c




REDUCTION OF THE RESONANCE ERROR II 33

3.2. Numerical tests for symmetric coefficients. We display the results of three
series of numerical tests. In the first paragraph we treat the case of a discrete elliptic
equation on Z¢ with periodic coefficients. The advantage of this example is that there
is no additional approximation error besides the machine precision since the problem is
already discrete. This allows us to explore the behavior of the method for large R, which
is not possible for a continuum equation due to necessary discretization of the periodic cell
(the total number of degrees of freedom becomes rapidly very large). We then address two
examples of a continuum equation: periodic and almost periodic coefficients. As expected
from the analysis point of view, what we observe empirically for discrete elliptic equations
is representative of what is observed for continuum elliptic equations. The conclusion is
as follows: Whereas the first error term 7~2% of the RHS of (B.6) in Remark [ seems to
be dominant in the regime of moderate R, the RHS of (813]) in Theorem [§is dominated
for moderate R by the error term L~ due to the averaging process, regardless of the
error-term in 7~ 2%, This tends to show that numerical homogenization methods which
only rely on approximations of the corrector (and not on the approximation of homogenized
coefficients) may be likely to perform better in terms of the resonance error (at least when
the ratio R = £ is only moderately large).

For numerical tests on random coefficients, we refer the reader to [19) [I4], where a sys-
tematic study of numerical methods for discrete linear elliptic equations with random
coefficients is conducted. These tests confirm the sharpness of (the discrete version of)
Theorem [ (as well as other quantitative results) and the superiority of our method over
the naive approach (for essentially the same computational cost).

Before we turn to the tests proper, let us make precise the filters we use. The func-
tions pl, ..., u*, pu® are filters of order 1,...,4,00 on the interval [0,1], the constants
Kl,...,K4, Koo are such that the total mass is 1 on [0,1]. The filters on [—1, 1] are then
obtained by translation and dilation.

tg% 0,
§<t§g 3(3t — 1),
p(t) =k p<t=g L
5 <t<3 3(2 — 3t),
2<t oz
t§§ 0,
Lat<s © (3t—1)%
2(8) = i g.l_ _1\2
e (t) = ko g<t§3 ©og — 18(t—3)%,
s<t<s ¢ (3t—2)
2
§<t 0.
t§§ 0
§<t§g (3t —1)3,
pi(t) = k3 IS E ot 1390 - 5+ 1458 ( — 5
§<t§§ (2—3t)3,
Z<t 20
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FIGURE 1. Periodic cell in the discrete case

tg% 0
§<t§g (3t — 1)4,
ptt) = ry g<t§g = — 2L(t — 1)2 +2268(t — $)* — 157464(t — 3)S,
d<t<$ ¢ (3t—2)4
2<t oz
tg% 0
1 1
L) = koo 3<t<3 exp(—(t l)(%—t))’
2<t 2 0

3.2.1. Warm-up example: Discrete periodic coefficients. Consider the discrete elliptic equa-
tion

—V* A+ V) =0 in 72, (3.23)
where for all u : Z> — R,
| u(z+er) —u(z) () u(z) —u(x —eq)
Ve = [ 1T o) (o }  Vula) [ un —ulem e ],
and
A(z) := diag[a(z,x + e1),a(z, z + e2)]. (3.24)

The matrix A is [0,4)2-periodic, and sketched on a periodic cell on Figure[ll In the example
considered, a(x,z + e;1) and a(x,x + e3) represent the conductivities 1 (light grey) or 100
(black) of the horizontal edge [x,z + e;] and the vertical edge [z, + es] respectively, cf.
Figure [[l The homogenization theory for such discrete elliptic operators is similar to the
one of the continuum setting (see for instance [35] in this two-dimensional case). Likewise,
the analogue of Theorem [8 holds, and our aim is to investigate the behavior of the error in
the regime of R large. By rotation invariance the homogenized matrix Ayqm is a multiple
of the identity. It can be evaluated numerically (note that we do not make any other error
than the machine precision). Its numerical value is Apom = 26.240099009901 . . . .

We have considered the first two approximations formulas A’T717 R.L.co and A’T727 R.L.oo of
Apom, cf. B8], as well as the naive approximation A’oo’l’ R.Loo (where ¢oo.r € HE(QR) is
the solution of B for T" = oo, that is, without zero-order term). In all the tests, for
Ap i pppand Ap, pp o we have taken the following parameters:

e zero-order term 1" = 1—%,
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e filter of order p = co with L = %.

This yields the following theoretical predictions according to (the discrete counterpart of)
Theorem

’Ahom_A:)o,l,R,L,oo’ S Rila ’Ahom_A/T,l,R,L,oo’ g R72= ’Ahom_A/TQ,R,L,oo‘ S R74-

The numerical tests have been performed up to R = 100 periodic cells per dimension (that
is 400 points per dimension, 1.610° degrees of freedom). They confirm the theoretical
predictions, as can be seen of Figure @l Yet, for & = 1 and even more for k = 2, the
theoretical predictions are only attained for very large R. Indeed, recall that Theorem
provides more details on the error: for all p € Ny,

| Ahom — /T,k,R,L,oo| < CpR_(p+1) + CRR™% + CkR% exp(—cV2 k1 R)

where C), 1 0o as p T 0o. In the tests, the last error-term is negligible and only the first two
error-terms are observed. In particular, the error due to averaging is super-algebraic for
large R but may be dominant for moderate R. This is indeed what we observe on Figure 2l
For A 1,R 1,00 the error due to the approximation of the correctors dominate for all R
so that the error curve is a straight line of slope —1 (this is the naive approach combined
with averaging). For A7 r 1 0o and A1 R 1.0 however, for small R, both errors coincide
and seem to decay super-algebraically — this is the averaging error — until they cross a
straight line of slopes —2 and —4, respectively, when the systematic error “R™2F” starts
dominating. This illustrates that, due to averaging, the computational approximation
of the homogenized coefficients can be effectively much slower than the computational
approximation of the correctors for moderate R (which is the regime of interest), although
the asymptotic error (for large R) is the same.

Last, let us comment on the computational cost of the methods. The cost is proportional to
the extrapolation order k of the method since it requires the approximations of k correctors
when the homogenized matrix is a multiple of the identity. Hence the computational cost
for the approximation of A7y g1, is exactly k times the computational cost of the naive
approximation A 1 g 1,0. Likewise for the correctors ¢7; r and ¢oo 1,R-

3.2.2. Symmetric periodic example. We come back to the continuum setting addressed in
sym

this article, and consider the following coeffients A : R? — M af
Alz) = 2 + 1.8sin(27x;) N 2 + sin(27zg) 1d,
24 1.8 cos(2mxzy) 2+ 1.8cos(27mzy)

used as benchmark tests in [28]. In this case, a ~ 0.35, § ~ 20.5, and Apoy, ~ 2.751d.
The value of Apom can be approximated on a single periodic cell with periodic boundary
conditions to any order of precision. We have considered the first two approximation
formulas A7 1 rrp and Aro r1p Of Anom, cf. ([B3). In all the tests, we have taken the
following parameters:

(3.25)

e zero-order term 1 = %’
e filters of order p = 3,4 with L = %_

Theorem [§ then yields

A1 R L0 — Avom| S R |AT1RL3 — Anom| < B2, |Ar2r13 — Ahom| S R
(3.26)
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® © @ ‘Without term of order 0
* o 02:
0'_ - <>slopeB1
-1 slope R2
-] —— slope R™*
_3_
—~ 4+
Q: 4
~— -5
W .
S -6
o0 ]
3 ]
_8_
-9
_10_
4 \\ <>
-11+ . <><>
4 \\\ (o)
-12- %
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logi(R)

FIGURE 2. Symmetric discrete periodic example ([8.24). Bound on R —
E(R) == |A7 kR, 1,00 — Ahom| for (T, k) = (00, 1), (1—%, 1), (1—%, 2), log-log scale
(slopes —1, —2, and —4).

Likewise, (3.0 in Remark [ yields:

%/ \Vérir— Vo> < R (3.27)
QL2

The numerical tests have been performed with FreeFEM++ [I5] and R ranges from 3
to 60. The results for the approximation of the correctors are in perfect agreement with
(B27)), which describes correctly the decay, even for moderate R, see Figure Bl Note that
there are two different behaviors for the naive approach whether oversampling is used or.
Without oversampling, the error is given by £(R) := fQR |V¢oo1,r — Vo|? and takes into
account the boundary layer: it is of order R~!. With oversampling, the error is given by
E(R) = fQR/G |Véoo1.r — VP|?, and the boundary layer is discarded: it is of order R™2.
For the homogenized coefficients however, the theoretical predictions of ([3.20]) are only met
for larger R: for smaller R, the averaging error dominates. This can be seen on Figure @]
which displays the errors |Aos 1., 1,0 — Anom| (naive approximation: no zero order term,
no filtering but oversampling with L < R), |A71.r.1.3 — Ahom|, and |A72 r 1.3 — Ahom|-
The naive approximation yields better results for small R because of the large error due
to filtering. As in the discrete case, the errors for £k = 1 and k = 2 are “super-algebraic”
and coincide until they cross the straight lines of slopes —2 and —4, respectively, when
the systematic error R~2* dominates. With respect to the tests in the discrete case,

there is an additional feature: the overall error displays periodic oscillations, especially
36
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& Without term of order 0
& Without term of order 0,p =0

RS
‘X@Oo
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0.4 0.5 0.6 0.7 0.8 0.9 1 11 12 1.3 14 15 16 1.7 18

10g10(R)

FIGURE 3. Symmetric periodic example [B.25). Bound on R — E(R) :=
fo, |Vboo1,r — VO, and on R = E(R) := JCQR/G \Vorkr — Vo|? for
(T, k) = (00, 1), (%, 1), (WR(VQ)’ log-log scale (slopes —1, —2, —2, and —4).

for k = 2. Whereas the systematic error 7~2¥ decays monotonically (as illustrated on
Figure Bl), the averaging error does not: when L is a multiple of the period, the error
gets smaller, whence the periodic modulation in L. For k = 1, the order of magnitude of
these oscillations vanish as R gets larger (and the averaging error becomes negligible wrt
the systematic error). Indeed, the periodic modulation is still there but the systematic
error T~2% ~ R=2 dominates the averaging error L~ ™1 ~ R~ so that this effect is not
relevant asymptotically. For k = 2 and p = 4, although the averaging error is of order L~°
whereas the systematic error is of order 7=% in Theorem 8], the averaging error for R < 60
is still a non-negligible part of the overall error (of the same order as the systematic
error). To further illustrate this fact we have plotted on Figure [l the approximation
errors |Ar2r 1,3 — Ahom| and |Ar2 R 1.4 — Anoml|, the difference of which is only due
to the averaging function: for p = 3, the averaging error is of order L= ~ T~% and the
oscillations due to averaging are of the same order as the systematic error for all R whereas
for p =4, L7° < T~* and the oscillations are smaller wrt to the systematic error as R
gets larger. Again, these tests illustrate the fact that the computational approximation of
the homogenized coefficients can be much slower than the computational approximation
of the correctors for moderate R, due to averaging.

In terms of complexity, the computational cost of the approximation of A7y r 1, is ex-
actly k-times higher that the computational cost of the approximation of A 1 g 1,0 since
the approximation of A7y g1, requires the approximation of kd correctors whereas the
naive approximation requires the approximation of d correctors for symmetric coefficients.
Likewise for the correctors ¢r 1 r and ¢oo 1,R-
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o ¢ o Without term of order 0
o o ok=lp=3

14 e o of=2r—4

slope R~2

slope R™*

FIGURE 4. Symmetric periodic example (B.25). Bound on R — E(R) :=

‘AT,k,R,L,p - Ahom‘ for (T7 k7p) = (007 170)7 (WR()v 173)7 (%7274)7 log_log
scale (slopes —1, —2, and —4).

o o ok=2p=3
o o ok=2p=4
slope R4

FIGURE 5. Symmetric periodic example [3.25). Bound on R — E(R) :=

‘AT,Q,R,L,p - Ahom‘ for (T7 p) = (%7 3)7 (WRO74)7 IOg—IOg scale (Slopes _4)
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3.2.3. Symmetric almost periodic example. We turn now to an almost periodic example
and consider the following coefficients:

Alz) = <4 + cos(2m (1 + x2)) + cos(2mV/2(w1 + 32)) 0 )
0 6 + sin?(27x1) + sin?(27v/221) )’
(3.28)
which are of Kozlov class. In this case, o > 2, § < 8, so that the ellipticity ratio 4 = g
is much smaller than in the previous two examples (100 and 60, respectively). On the
one hand, this makes the homogenization procedure easier, and we expect approximation
errors to be much smaller. On the other hand, in the almost periodic setting, we have
no easy access to the homogenized coefficients (as opposed to the periodic setting where
Apom 1s given by a cell formula), so that one needs a reliable error estimator. Since the
coefficients are of Kozlov class, Theorem [ and Remark [0 imply that for all £ € N,

A g — Apom| < T2,
sup [Vore — Vol < T
Rd

~

In particular, for all ¥’ > k, the triangle inequality then yields:
Az g — Apom| < T2 4 |Apy — A,
sup[Vory, — Vo < T +sup|Vory — Vol
R R

Hence, provided |[A7y — Arp| 2 T2+ the quantity |Ar — Ar | is an estimator for
|A7 1, — Ahom|. This allows us not to bias the test with some arbitrary guess of Apom. We
have considered the first two approximations formulas A7 r 1, and Aro g1, of Anom,
besides the naive approximation A 11,0 (no zero-order term, no filtering), and taken
k' = 3 as a reference for the homogenized coefficients. In all the tests, we have taken the
following parameters:

_ R
e zero-order term T' = 75,

e filter of order p = 4 with L = %.
We then have by Theorem

A1 RL0 — Aom| S R P+R 4 |Awirro— Ararral,
|Ar1 pra— Anom| S R P+ R+ |Arirria— Arsrral
<

|AT2 R 1.4 — Ahom| RP°+ R+ |Aroprs— Ars R4l

where the error-term R~ is due to averaging (cf. p = 4) and the second error-term due
to the systematic error (for k' = 3). The choice of the filter p = 4 minimizes the error
due to averaging (which is expected to be of higher order than the systematic error for
k =1,2). Note that the chosen estimator for |Arj g 14 — Anom| is not very sensitive to
the averaging function since the same averaging function is taken both in A7y g 1.4 for
k=1,2 and in A7 3 4 — this is not the case for the estimator of A 1,r,1,0 — Ahom|-
This explains why there are not many oscillations on Figure [@ (besides for small R) for
|AT kR4 — Anom| (Where the errors for £ = 1 and k = 2 decay at the predicted rates
R~? and R™*, respectively), whereas they are oscillations for |Aso 1 r.1.0 — Ahom| (which

decays at the predicted rate R™! as well).
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For the approximation of correctors, recall that for k > 0,

sup|Vor, — Vo| $ T
R

Since the difference of Vo and Vo g on Qp /o is of infinite order in terms of % by
Theorem [6] this turns with 7' = WRO and L = % into

][ IVorer— Vo[> S R,
Qr/2
which we confront to the results of numerical experiments in the form of
][ Vorwr— Vorwrl® S R (3.29)
Qr/2
for 3 =k’ > k = 1,2. Without zero-order term, we still expect
][ Véoo1,r — Vormrl> S R (3.30)
Qr/2

since oversampling is implicitly taken into accound here (cf. L/2 < R) and we discard
the boundary layer (this estimate is however not proved). On Figure [l we obtain a
monotonic decay with the expected convergence rates —1, —2, and —4. In this example,
it is not clear that the approximation of correctors is better than the approximation
of homogenized coefficients. However, as mentioned above, the estimator [Ary g4 —
Arsrral for |[Ar g r 14 — Anom| is not very sensitive to averaging (since they have the
same averaging function) and the averaging part of the error is mostly in the term R™?,
which we did not represent.

In terms of computational cost, the approximation of A7 g1, is again k£ times more
expensive than the approximation of A 1. r,0. Likewise for the correctors ¢r ) r and

gboo,l,R-

Remark 12. Although the convergence rates are the same in this almost periodic example
and in the periodic examples of the previous paragraphs, the observed errors are smaller
for this almost periodic example. The difference lies in the ellipticity contrast (that is, the
ratio of the two best ellipticity constants), which is expected to play a significant role in
the prefactors of the estimates since it quantifies the nonlinearity of the homogenization
process (the closer to 1 the ellipticity contrast, the smaller the prefactors). As already
emphasized, the ellipticity contrast is less than 4 in this almost periodic example whereas
it is 100 and 60 in the two periodic examples.

3.3. Numerical tests for non-symmetric coefficients. The tests, expected errors,
and results are similar to those of the symmetric setting.

3.3.1. Non-symmetric periodic example. We consider the following coefficients:

2+41.8sin(2mx1) 2+sin(2mx2) .
A _ [ 218 cos(mi) + 2+1.8005(27r2:1:1) 2 + sin(2mzq) cos(2ma2)
( ) - 2+41.8sin(27x1) + 2+sin(2mx2)

-2+ sin(27rm1) COS(27T.%'2) 2+1.8 cos(2mza) 2+1.8 cos(2mx1)

(3.31)

In addition to the naive approximation, we take L = %, T = WRO? and filters of orders

p = 3,4. As expected, Figures [8 and [@ are in agreement with the theoretical predictions
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o o o Without term of order 0
o o ok=lp=4
0 o © ok=2p=4
slope R~2

slope R™*
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FIGURE 6. Symmetric almost periodic example (328). Bound on R
S(R) = ‘AT,k,R,L,p - Ahom’ for (T7 k7p) = (007 17 0)7 (WR()v 17 3)7 (%7 27 3)7
log-log scale (slopes —1, —2, and —4).

T T T T T T T T T T T T T 1
0.4 0.5 0.6 0.7 0.8 0.9 1 11 12 1.3 14 15 16 1.7 18

10g10(R)

FIGURE 7. Symmetric almost periodic example (828). Bound on R
S(R) = fQR/G ‘V(bT,k,R - V¢T,3,R‘2 for (T7 k) = (0071)7(%7 )7(WRO7 )7
log-log scale (slopes —2, —2, and —4).
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& Without term of order 0
& Without term of order 0,p =0
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FIGURE 8. Non-symmetric periodic example ([B3I). Bound on R
5(R) = fQR ’v¢oo,1,R — V(b’z and R — 5(R) = fQR/S ’V(ﬁT,k’R — V(ﬁ‘Q

for (T, k) = (00, 1), (WRO,l)7 (%,2)7 log-log scale (slopes —1, —2, —2, and
—4).

for (k,p) = (1,3),(2,4):
]é IVérir— Vo> < R, |Arkrrp— Abom| S R,
L2

and

_ 2 < —1 _ < —1
Ehnt] Y s Lyt by Ly O ~Y
][ Voo, = VoI S R, |Acc1,RL0 — Anom| S R
Qr

for the naive approximation. When oversampling is combined with the naive approxima-
tion (that is, discarding the boundary layer), we expect a better rate for the approximation
of correctors (although there is no rigorous proof)

][ Véoo1,r— Vo> < B2
Qr/2

3.3.2. Non-symmetric almost periodic example. We consider the following coefficients:

—2 + sin(27xy ) cos(2mw2) 6 + sin?(27x1) + sin?(27v/221)
(3.32)
In addition to the naive approximation, we take L = %, T = WROv and a filter of order

p = 4. The results are similar as for the symmetric case and Figures [[0 and [[1] show that
42
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o o o Without term of order 0
o o oh=lp=3
o o of—2r—4

2

slope R~

slope R™*
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FIGURE 9. Non-symmetric periodic example ([B3I). Bound on R
S(R) = ‘AT,k,R,L,p - Ahom’ for (T7 k7p) = (007 17 0)7 (WR()a 17 3)7 (%7 27 4)7
log-log scale (slopes —1, —2, and —4).

for k=1,2,

][ Vorur — Vérsel® S R, |Arirrs — Argrosl S R
Qr/2

and

][ Voorr—Vérsrl> < R |Awirrio— Arsrrs S R
Qr/2

for the naive approximation. Since in this comparison, oversampling is implictly used
(since L/2 < R) for the naive approach, the estimate for the corrector is pessimistic and
we rather expect (although there is no rigorous proof)

][ \Vooor1,r — Vérsr|* S R72
Qr/2

In terms of complexity, the case non-symmetric coefficients is slightly different than the
case of symmetric coefficients. Indeed, the approximation of Ar . g 1., requires the approx-
imation of 2kd correctors (kd regularized correctors and kd regularized dual correctors)
whereas the naive approximation does not require the approximation of the dual correc-
tors stricto sensu, so that the approximation of At gr 1, is 2k more expensive than the
naive approximation. For the approximation of the correctors ¢ 1 r and ¢ 1, g, the ratio
remains k.
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FIGURE 10. Non-symmetric almost periodic example ([B32). Bound
on R — g(R) fQR/S ’V(ﬁT,ng — V¢T,3,R’2 for (T,k) =

(00, 1), (WRO? 1), (%,2)7 log-log scale (slopes —2, —2, and —4).

o o o Without term of order 0
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FIGURE 11. Non-symmetric almost periodic example ([332). Bound
on R — g(R) = ‘AT,k,R,LA — AT,3,R,L,4‘ for (T,]{),p) =

(00, 1,0), (%, 1,3), (%,2,4)7 log-log scale (slopes —1, —2, and —4).
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4. COMBINATION WITH NUMERICAL HOMOGENIZATION METHODS

The aim of this last section is to show that the regularization and extrapolation method
to approximate homogenized coefficients and correctors can be used to reduce the reso-
nance error in standard numerical homogenization methods. Following [I6] 17] we first
introduce a general analytical framework and prove the consistency in the case of locally
stationary ergodic coefficients. We then recover variants of standard numerical homog-
enization methods after discretization. We conclude the presentation by a quantitative
convergence analysis in the case of periodic coefficients.

4.1. Analytical framework. Let A, : D x Q — M,z be a family of random diffusion
coefficients parametrized by € > 0. We make the assumption that A. is locally stationary
and ergodic (and assume some cross-regularity).

Hypothesis 1. There exists a random Carathéodory function (that is continuous in the
first variable and measurable in the second variable) A : D x R? x Q — M,z3, and a
constant x > 0 such that

e For all x € D, the random field A(CE, -,-) is stationary on R? x Q, and ergodic;
e (cross-regularity) A is k-Lipschitz in the first variable: for all z,y € D, for almost
every z € R%, and for almost every realization w € €,

|fl(m,z,w) - A(yazaw” < K|x - y|;

e For all x € D, for and all € > 0, and for almost every realization w € 2,

Ac(z,w) = Az, g,w)

almost surely.

Under Hypothesis [l A. H-converges on D to some deterministic diffusion function Aygpy, :
D — Mg almost surely, which is x-Lipschitz and characterized for all z € D and £, ¢ €
R? by

¢+ Apom(@)6 = (€' + V' (2,0,) - A(x,0,-)( + Vo(2,0,))

where ¢(z,-,-), ¢ (x,-,) are the corrector in direction & and dual corrector in direction
€', respectively, associated with the stationary coefficients A(z,-,-) (x is treated as a
parameter). The proof is standard: by H-compacteness, for almost every realization, A.
H-converges up to extraction to some limit A*. Using the locality of H-convergence and the
fact that A is uniformly Lipschitz in the first variable, one concludes that A*(z) = Apom (z)
almost surely. Note that if we weaken the cross-regularity assumption from Lipschitz
continuity on D to continuity on D, the result holds true as well — although the proof of
the homogenization result is more subtle, see [8] Theorem 4.1.1].

The combination of the regularization and extrapolation method with the analytical frame-
work of [16], [I7] yields the following local approximation of Apgpy,.

Definition 6. Let p : Rt — [0, 1] have support in [—1,1] and be such that fil,u = 1.
For all p > 0, let p, : R?¢ — R* denote the p-rescaled multidimensional version y —

p¢ Hle w(yi/p) of v (the support of which is in @Q,). For all 6 > 1, p> 0,7 >0, k > 0,
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and ¢ > 0, we denote by Ai}k pe i D — M4(R) the function defined by: For all £,¢" € RY
and for x € D,

op,e
€A, (2)€ = / (€ + Py (Vo025 (2, 1))
QuNT_D

CAc( )€+ Ppa (Vi) (2, 9)p(y)dy,  (4.1)

where T_, D := {y € R*|y +z € D}, vgf) ,’:, v/ gf) ;f are defined by Richardson extrapolations

of the unique weak solutions vﬁ}p v 6Tp £ in H}(Qsp N T_yD) of

(T<) 150 (2,y) = V- Ac(a +9)(€ + Vi (@) = 0, (42)
(Te2) "W (2,y) — V- Az +y)(€ + Vo' (@,y) = 0,

and P, is the projection on p,-mean free fields of LQ(QP NT_.D): for all ¢ € LQ(Q,, N
T_.D),
1

prﬂT_xD 1o(y)dy

Ppa() ==~ /Q v (4.3)

Remark 13. In ([&I) we use Pp,x(Vyvgf;f)(x, -) instead of simply Vyv%,’f(x, -) (as pre-
sented in [20]). As we shall see, this has the advantage to ensure that A5T7 k,p,e D€ uniformly
elliptic for symmetric coefficients, while it is still consistent with the homogenization the-
ory of locally stationary ergodic coefficients, and still reduces the resonance error.

The scaling of the zero-order term in (42]) may be surprising since it makes the zero-
order term diverge as € | 0. It is however natural, as can be seen on the case of periodic
coefficients: if A.(y) = A(y/e) with A periodic, the change of variables y = ez turns ([4.2])
into the equation

T 'w(z) = V- Az +2)(E+ Vuw(z) = 0,
T ' (2) = V- A*(x 4+ 2)(¢ + Vu'(z)) = 0,

which is of the form of (2.9). This shows in particular that it is crucial that € be the
“actual lengthscale” of the problem, and not an abstract parameter, which, in this locally

random case, is encoded in the assumption A.(z) = A(z, 2).
Under Hypothesis [l the following convergence result holds:

Theorem 11. Let D be a domain with a Lipschitz boundary. For all € > 0, let A, satisfy
Hypothesis[Q, and for allp >0, >1,T >0, and k € N, let A5T,k,p,e be as in Definition[d.
Then, for almost every realization, there exists a regime of parameters (T 1 0o, p | 0, | 0)
for which Ai},k,p,a is uniformly elliptic on D, and for all x € D,

lim sup lim sup lim sup | A%, p.e(T) = Apom(z)| = 0. (4.4)
Ttoo pl0 el0 o

The limit in T in (&4) is uniform in p for all x at positive distance from 0D. In particular,
we also have for all 1 < p < o0

lim sup lim sup HAg’,k,p,s - AhomHLI’(D) = 0, (45)
pd0, 710 €l0
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where the order of the limits between p and T is irrelevant. In addition, if A. is symmetric,
then there exists v > 0 depending only on D such that Ai}kpa € L>®(D,Myp) with

o =ya and B =241 + §%)3.

Remark 14. For symmetric coefficients, Theorem [[1] ensures that A5T,k, pe 18 uniformly
elliptic for any values of the parameters. For non-symmetric coefficients however, we
have no a priori uniform ellipticity result in general. Under any of the three quantitative
assumptions (ZI7), 2I8), and (2I9]), one may quantify the difference between AéT,k, pie
and Aypom and thus deduce the uniform ellipticity of A5T7 kopie from that of Apom under mild
conditons on the parameters. For general coefficients, we can only give some information
on the approximation Ai}vl’ pie of Apom, relying on the uniform ellipticity of A7 proved in

Proposition [[l by using Theorem [B and the Lipschitz continuity of A in the slow variable.
For the approximations Agﬂ,k,’ pe with & > 1 of Apom, we are not able to provide any
additional information in general.

From this theorem, one may directly deduce the convergence of the numerical homoge-
nization method:

Corollary 1. Under the assumptions of Theorem [I1], for almost every realization there
exists a regime of parameters (T 1 co,p | 0,e | 0) such that Ai}k pe U uniformly elliptic,

and for all f € H~Y(D) the unique weak solution u%  _ € HY(D) of

T,p,e
é )
-V AT,k,p,evuT,k,p,s = f (46)
satisfies
lim sup lim sup ||uf}7k,p’8 — Unom |51 (p) =0 (4.7)

pl0,T1oo  £l0

almost surely, where upom € Hol (D) is the unique weak solution of
-V Ahomvuhom = f
As a consequence of H-convergence we also have that

lim sup lim sup Hu‘sﬂk’p,e — Ue|lp2(py = 0 (4.8)
pd0,TTo0  €l0

almost surely, where ug is the unique weak solution in H& (D) of
-V -AVu, = f.
The order of the limits in p and T is irrelevant in (1) and (L3]).

As mentioned in the introduction, by numerical homogenization we mean not only the ap-
proximation of the mean-field solution but also the approximation of the local fluctuations.
These are the object of the following corrector result.

Definition 7. Let H > 0, Iy € N, and let {Qpu ;}icp,1,] be a covering of D in disjoint
subdomains of diameter of order H. We define a family (Mp) of approximations of the
identity on L?(D) associated with Qg ;: for every w € L?(D) and H > 0,

Iy
MH,i<w>=f w, My(w) = Mii(w)lgy .
Qu,iND i=1
A7
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Let 6 > 1 be as in Theorem [I] and for all i € [1, I], set
Qi = {z € R d(z,Qp,) < (6 — 1)H}.
6,H,i

With the notation of Corollary [I, we define the numerical correctors v, pie associated

with u . p,e 38 the unique weak solution in HY(QY ;N D) of

46,H, o,H,
(T6 ) 17T k,i,ﬂ, v . Ag (MHZ(VUTk pz—:) + V’}/Tk ip €> = 0, (49)

which generates 'yT . k' _ for all & > 1 by Richardson extrapolation, cf. Definition 2l We
then set for all k' € N and for all 1 < < Iy,

6,H,i 2
Vuln o = Ma(Vud, lan.no + (VA3 lom.np € L (Qui N D),

and finally define the numerical corrector

o0,H,i
Tkk e E :VuTkk/,pleHsz

Remark 15. For the definition of the numerical corrector, the extrapolation parameter
k' needs not be the same as the extrapolation parameter k used for Agﬂ,k,’ e Indeed, as
shown in Paragraph in the case of periodic coefficients, it makes sense to take k' = 2k
in terms of scaling.

The following numerical corrector result holds:

Theorem 12. Under the assumptions of Corollaryldl, the corrector of Definition[7 satisfies

for all k' € N,

. . §,H
limsup limsup HVUE — CT,k K ope

pl0,Tto0,HIO  €]0
almost surely, where the order of the limits in p,T", and H is irrelevant.

P (4.10)

We first prove Theorem [I1] and then turn to the proof of Theorem

Proof of Theorem [I1l. We split the proof into three steps, and assume w. 1. 0. g. that
I€] = || = 1. In the first step we prove that A‘;T,,% p,e i uniformly bounded for general
coefficients, uniformly coercive on an open set of the parameters provided ([£4]) holds, and
uniformly coercive if the coefficients are symmetric. Steps 2 and 3 are dedicated to the

proof of (£.4]).

Step 1. Uniform ellipticity of AT fopre-
We start with the uniform boundedness. Since P, is the L?(Q, N T_,D)-projection on
p-mean free functions, for all ¢ € L?(Q, N T-,D),

/ (o2 W)tip )y < / Gy dy. (4.11)
Q,NT_D QuNT_»D

By uniform ellipticity of A; and Young’s inequality,

1
¢ Aésr,k,p,e(CU)ﬂ < 55 0D £+ P, g;(Vv5p, )(m,y)|2,up(y)dy
pl U —g

1
+§5 & + P, (V' pe)(x’ y)|2:“p(y)dy-
Q,NT-D
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Both terms of the RHS are similar and we only treat the first one. Expanding the square,

the cross-terms vanish identically by definition of P, ;, and we are left with

/ €+ P (V25 () Py () dy
QoNT_oD

g )
= IS\Z/MT Dup(y)der/QHT D\ Py (Vili ) (@, y) P 1o (y) dy.
P -z P —x

By (4I1)) and by definition of j,, we have by an a priori estimate

Lo IRV Py = [ (Pule o Vo)) Pagla)dy
Q,NT_.D Q,NT_,D

= / 1€ + Vo (2,9) Prp(y)dy < 0%¢* =04 (4.12)
Q,NT_.D

This proves that
€ A pe(@)€] S

We turn now to the uniform coercivity for symmetric coefficients. By regularity of the
domain D, there exists v > 0 such that for all x € D,

/Q C mz (4.13)
pMNT—z

By uniform ellipticity of A, and then expanding the square, we obtain

C M@ 2 o[ e B Py
pl L —x
= Pmwdra [ BT @) Paly)
QpNT—3D QspNT—o D

1
—{—20[5 : Pp,x(vaPj]f)(x’ y)/‘p(y)dy
QpNT_oD

=

@I13) 9
> o]t = ya

We conclude by the uniform coercivity for non-symmetric coefficients provided (£.4]) holds.
By the regularity of D, for all 6 > 1, there exists a Lipschitz constant ks such that
T A% kopie is kg-Lipschitz on D uniformly w. r. t T, k, p, . Recall that Aygp, is uniformly

coercive, say with constant o/. Choose j small enough so that rsv/dp < iO/, and consider
a finite set of points {z;};cr such that D C Uje;Qp(x;). By [@4), for all i € I there exists
a regime of parameters (say a diagonal extraction) with p < p for which |ATk pel@i) —

Apom ()] < 4a Since the set [ is finite, one can take the intersection, which proves there

1
exists a global regime of parameters for which AT kopie is 5a'-coercive on D.

Step 2. From local ergodicity to ergodicity.
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In this step we introduce a proxy flgﬂ’kv pel) for Agﬂ’kv p,c(2) which is uniformly close to
AS pe(@) in p, and for which we can use the results of Section 2l For all 2 € D, we define

Ag’,k,p,s(x) by:
€A, (2)€ = / (€ + Ppoa (V') (2, 1)
Q,NT_D

Az, Tt

Y
)€ + P (Vo) (2, ) ptpdy,

where w;’? (), W 5Tp i (z,-) are (for k > 1) the Richardson extrapolations of the unique

weak solutions wi’s (z, ), u)“STp’1 (z,") € H}(Qsp N T_yD) of

r+y

(Te?) il (2,y) — V- A(w, —=) (€ + Vyuwlfy (z,y) = 0,

(=) () = V- A%, T+ T ) = 0.

We shall prove that

5 is
‘AT,k,p,s(m) - AT,k,p,e(x)‘ S (4.14)

uniformly in x, T, €, the randomness, and where the multiplicative constant depends on
k next to «, 8 and d. We rewrite the difference as

5, : (Ag’,k,p 5( ) "4Tl~<:,p7 ( ))5

- / (€ + Ppa(Vy025) (@) - Acle + 5)(E + Poa (Vy02) 2 9)itp (1) y
Q,NT_D

_/ (€ + Poa(Vyw' %) (2,9)) - Al 22N (€ 4 Ppoa (Vi) (2, 9)) 1 (9)dy
QpNT_ 2D

CEI) &+ Py (Vo) 0) )y

r+y

- / (3 + Pz (Vy v/5p, )(x,y))fl(x,
QpNT_oD

- / (& + PV /¥ @,9) - A, “22) (€ + By (V,0llE) (@, )y (9)dy
QNT_»D

/ Ulép,
+ /Q € P )
+

(A +y) — A, T € + Pou (V402 (2,9) 1o (y)dy.

Using that

NI P R N TR e
)‘ - ]A(x—i—y, e )—A(.%'7

Az +y) — Az, ) < klyl, (4.15)

that [¢'| = |¢] =1, and the estimate (£I2]), we may bound the third term of the RHS:

/Q €+ Pl D) )

) (€ 4 Py (Vo032 (0, 1) ito () .

< kpd? < p. o (4.16)

(As(z +y) — Az,
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We now turn to the first two terms, which we write in the form

/ (& + Py (V0% ),9)) - Al S22 (€ 4 P (V0000 (0, ) itp (y)dy
QpNT-D €

r+y

_/Q - D(gl + vax(vyw'%}:)(aﬁ, y)) - 121(35, )€+ Pp,x(vyw%}:)(x, y))up(y)dy

5p, 5p,
— / Pmm(vyv'Tf; - Vyw'T’jkE)(x, )
Q,NT_.D

r+y

Az, )€ + P (Vyugi) (@, )t (y)dy

5 9
4 / (€ + Py (Vo025 (2, 1))
Q,NT_D

op, op,
)Pp,r(vaTf)ks - Vwa’f,f)(x, Y)p(y)dy,

so that by the continuity of P,, on L*(Q, NT_,D) and using (@IZ), it enough to prove
that

e

Sp, Sp,
/Q . |VyUTf)k€($,y) - Vwa[jks(%y)de <P (4.17)
6pm —x

in order to deduce (£I4]) from ([AI0) (the argument for the dual correctors being similar).
By definition of the Richardson extrapolation, this estimate directly follows from the
Lipschitz bound (£I5) and an energy estimate on the equation satisfied by vf}p F(z,) —

5 b
wT[,)f(x? )

_ ~ x +
(Te2) " (o (2, y) — Wil (2,y)) — V, Az, 22

Sp, 5p,
WV (v (2,y) — Vywds (2, y))

2 )V, 0205 (2, y).

= Vy (Ae(z +y) — A(xa
Step 3. Limits p [ 0, T'1 co and ¢ | 0.
For all z € D, there exists p(z) > 0 such that Qs5, NT_,D = Qs), for all p < p(x). Assume
that Q5,NT_,D = Qs,. In that case, the change of variables z = £ allows one to interprete

fli}k pa(ac) as the approximation “Ary g 1p(z)” of Apom(x) defined in B3] (with Az, )
in place of A(-)), with the parameters

R = 55, L= g, and p € No. (4.18)

By Theorem [1 we then have the almost sure convergence

lgig Ag“,k,p,e(x) = AT,k(x)7 (419)

where z is seen as a parameter, and flgk(m) is associated with the stationary coefficients
y — A(z,y). Note that the limit does not depend on p, as expected by stationarity of
A(z,y) in y.

Theorem [I] allows one to take the limit 17" 1 oo, which yields for all x € D,

%le Apj(x) = Apom(). (4.20)
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Since for all z € D, p(x) > 0 (where the function p is defined at the beginning of this
step), the combination of (£14]), (£19), and ([@20) shows that for all z € D

lim sup lim sup lim sup | A5, pe(®) = Apom(z)| = 0,
Ttoo  plO el0 T

and concludes the proof of (4.

Note that for any domain D compactly included in D, inf__pp(z) > 0. If p <p(x), the
limit flﬂk(az) of 1215T7k7 ’, .(x) as € | 0 exists almost surely and does not depend on p. Hence,
for all z € D, if p <'inf _p p(x) we thus have using (LI9) and (£14),

limsup [A ., (%) = Anom(2)] < lim[AT ;. ,o(2) — Anom(2)]
cl0 el0
: 0 10
Hlimsup |A7 ., (2) = AT (2))]
el0
< |AT,k(x) — Apom ()] + p,
and the uniformity of the convergence in T' w. r. t. p <inf _5p(z) follows.

We prove conclude this step with the proof of {3)). For all p > 0, set D, :={z € D|p <
p(z)}. Since D has a Lipschitz boundary,

lim D\ Dp] = 0. (4.21)
pl0

Let 1 < p < oo. By the uniform boundedness of Ay, and A% kope and the definition of
D,, we have

limisoup HA%R%E — Apom||zr(py < limisoup ”A’(},k,p,s — Apomll L (D,)
& =

+ hmf(]up HAg“,k,p,e - AhomHLP(D\DP)
e

Pt 1
S Ak — Anomllzepy + o+ D\ Dylr,  (4.22)

and the conclusion follows from (£21), (£20]), and the Lebesgue dominated convergence
theorem. O

Corollary [Mlis a consequence of Theorem [[T] (using in particular (£.22))) and of the following
lemma:

Lemma 1. Let (Ap, ho)hy ho>0 e uniformly elliptic for all hy,hy small enough, A €
MOéB(D)’ and (fhl,h2)h1,h2>0’ IE€ H_l(D) be such that fh17h2 — fin H_l(D) as hi,hy 10O
(in any order), and

e forallz e D, hmh1¢0 1imh2¢0 Ahl,h2 (3:) = A(x),

o There exist two bounded functions g1, g : RT x D — RT such that for all x € D,
limp 0 g1 (2, h) = limp_y0 g2(z, h) = 0, and for all hy > 0 there exists a measurable
subset Dy, of D such that limp, o |D \ Dp,| = 0 and such that for all x € Dy, and
all hy >0,

| Ay o (2) — A(2)| < g1z, h1) + g2(z, ha).
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Then the unique weak solution up, n, € H (D) of
=V - Apy by VU by = fry hs
converges in H(D) as hy,ha | 0 to the unique weak solution u in HL(D) of
-V - AVu = f,
and the order of convergence of hy and hsy is irrelevant.

Proof of Lemma [l Substract the weak forms of the two equations tested with the admis-
sible test-function up, p, —u € H§(D). This yields

/ v(uhl,hz - u) : (Ahl,hzvuhl,hz - Avu) - <fh1,h2 - f7 Uhy,hg — u)
D

where ('7')H*1(D)7H3(D) denotes the duality pairing between H1(D) and H{}(D). We

rewrite this equation in the form

H-1(D),H} (D)’

/ v(uhl,hQ - u) ’ Ahl,hQV(uhl,M - u)
D

(4.23)

Using the ellipticity of Ay, p,, Cauchy-Schwarz’, Young’s, and Poincaré’s inequalities, this
turns into

19 s — 0220y S /D V- (An iy — AVl + [ fae — Fli-1 ().

- /D Vlunhe = u) - (A = A)Vu+ (f’”’h2 =y unne = u) H-Y(D),HY(D)’

By assumption, the second term of the RHS goes to zero as hi, he | 0. It remains to treat
the first term. We split the integral into two terms:

[ 190 (s = A%l = [0 Qs = OVl [ [Tu (A - AV
D Dy, D\Dp,
< [ IVuPlonte.m) + aeta) +26 [ vl
D D\Dhg

The first term of the RHS converges to zero as hi,hy | 0 by the Lebesgue dominated
convergence theorem, while the second term converges to zero as hg | 0 because | D\ Dy, | |
0 and Vu € L?(D). This concludes the proof of the lemma. O

The proof of Theorem[I2] which is rather long and technical, is somewhat counter-intuitive:
Although we expect the regularization and extrapolation method to enhance the conver-
gence, our proof rather shows that the method does not worsen the convergence of the
standard method based on Dirichlet boundary conditions (without regularization and ex-
trapolation) analyzed in [16]. The proof has essentially two parts: first we prove the
numerical corrector result with the standard approximation of the corrector, and we then
prove that the difference between that approximation and the one with regularization and
extrapolation vanishes in a suitable sense. For the first part, the main idea is to use Tar-
tar’s correctors on each element Qp; N D of the partition of D, pass to the limit in ¢ first,
and then in H. The second part of the proof makes crucial use of the ergodic theorem
and of Theorem [II
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Proof of Theorem [I4 We divide the proof into four steps.

Step 1. Standard corrector result.
For all 1 < ¢ < Iy we define ’yf” as the unique weak solution in H&(QHJ N D) of

— V- A Mg (Vupom) + VY1) = 0, (4.24)

that we extend by zero on D\ Qp,; as a function of H}(D). We then define the following
variant of Tartar’s corrector:

Iy
H . Hji
co = g Vu',
=1

where Vul" € L*(D) has support in Qp,; N D and is given by

Vuf’i = (MH(VUhom) + vaf,i) 1QH’Z.OD. (4.25)
The aim of this step is to prove that almost surely
lim i -c = 0. 4.2
lim Iim [ Vue — C:7l2(p) = 0 (4.26)

As we shall see this result is deterministic and follows from H-convergence.

By ellipticity of Ag,
HVUE - CEH%%D) S /D(VUE - Cg{) 'As(vus - Cg{)
— / V. - A:Vu, +/ cH. A veH
D D

IH IH
- Z/ Vue - A Vullt — Z/ Vull'. A Vu.. (4.27)
i=17D i=17D

We first argue that

Iy
55%1318; /D Vull' . A.Vu, = /D Vihom - Anom V hom- (4.28)
Since 2 € HZ (D), this term takes the form
IH IH
Vit avue =3 (£.40) /M Vithom) - AV
;/D o ; P2 ) ws oy oy * A (Vithom) - AV

using the weak form of the defining equation for u.. On the one hand, since A.Vu, —
Apom Vtnem weakly in L2(D, Rd) by homogenization and My converges to the identity on
L*(D,RY),
limlim [ My (Vupom) - A:Vue = / VUhom * Anom VUhom- (4.29)
Hi0l0 Jp D
On the other hand, homogenization ensures that %H i ) Vg)’fn weakly in H&(QH,i N D)
(and therefore weakly in H}(D)) almost surely, where Wﬁ)’; is the unique weak solution in
H}(Qm,iN D) (extended by zero as a Hi (D) function on D\ Qp ;) of

-V Ahom(MH(vuhom) + V’Y}{{)}Zn) = 0.
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Since Apom is k-Lipschitz, for all € Qu; N D, |Ahom () — Mpi(Anom)| S kH. Hence, an
energy estimate yields

/ v,.)/hom Ahoqu/hom - / vf)/hom AhomMH(vuhom)
Qn,ND QuiND
= ([ ) - Mt o) Mo (Vo)
Qmu,iND

4 / VA (Apom — Mir(Anom)) Mt (Vitnon)
QH sz

Hi
S RH |Vl 22(@u.00) IV hom | 12 (@ .0D)

since fQH .AD Vyg)’; = 0 and Mp; is a contraction. Setting W{{)m = ZZ 1 VholeHsz €
HZ (D), this implies by Poincaré’s inequality

H10

Il (o) S HVinomllz2(py) = 0, (4.30)
so that
In
%ﬂ%lelﬁ} <f’ ) Hoy D) <f,7hom)H oo = ° (4.31)

Estimate (£28]) then follows from ([@.29) and (@3T]).

Next, we prove that

H
lim lim Ve - A Vull' = / Vthom * Ahom Vthom- 4.32
H]0 |0 ; /D € e e D hom hom V Uhom ( )

By compensated compactness on each Qp;, Vue - AEVuf’i converges in the sense of
distributions to Vunem © Anom (Ma,i(Vthom) + Vyg)’;). To upgrade this convergence into
a weak convergence in L'(Q H,i), we need to prove that Vu, - AEVuf’i is equi-integrable,
which follows itself from the uniform boundedness of Vu, - AEVugH’i in L9(Qp,;) for some

q > 1. The latter is a consequence of Meyers’ estimate, which ensures that V%H " s
uniformly bounded in LY(Qg ;) for some ¢ > 2. Hence,

H
lim Z/ Vg - Agvuf’i = / Vhon - Ahom(MH(vuhom) + ’Yﬁm)?
el0 —1JD D

from which ([E32)) follows by convergence of My to the identity on L?(D) and (30).

We finally turn to the first two terms of the RHS of (£27)). Since H-convergence implies
the convergence of the energy, we have

lim/ Vu, - A-Vu, = / VUhom * Anom VUhom- (4.33)
el0 Jp D
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Likewise, for all 1 <i < Iy,

lim (MH(vuhom) + V’Yf’l) : Aa(MH(Vuhom) + V’Yf’l)
0 JQp,inD

- / (MH(vuhom) + V’Yhom) Ahom(MH(vuhom) + V’)’}i’;),
QH iND
so that by summation over i and defining 77 := ZZ 1 75 ‘e H(D),

lim | (M1 (Vithom) + VALY - Ac (Mg (Vunom) + VA2)
D

~ / (M (Vttnom) + Vo) - Apom (Mt (Vitnom) + Vaf).
D

Since My converges to the identity on L?(D) and 4l  converges to zero in H!(D), this
implies in particular

lim lim (MH(vuhom) + VPYEH) : Aa(MH(Vuhom) + V’Yf) = / Vuhom : Ahomvuhom-
H|0€l0 Jp D

(4.34)
The combination of (£27), (£28]), (£33]), and ({34]) yields ([A26]).
Step 2. First auxilary numerical corrector and reformulation of (ZI0).
In view of (£26]), it enough to prove that almost-surely for all £’ € N,
limsup limsup HCTk Kope Cg{HLQ(D) = 0. (4.35)

T1oo,H,pl0  €l0
We introduce the auxiliary numerical corrector C’%IZ, € L?(D,R%) defined as follows. The
function gta 0,H,i . is associated with upem as the unique weak solution in H, 1(@ i D) of

(Te?) gl = v - AL (MHZ(VuhomHvﬁff ;) =0, (4.36)

and we define 'y%IZ,’ia for all ¥’ > 1 by Richardson extrapolation, cf. Definition 2l We then
set for all &’ € N and for all 1 <37 < Iy,

VU(STIZ/Z = MH(VUhom)’QHﬁD + (V'YTk' )’QHZ pelL’ (Qu,i N D),

and finally define the numerical corrector
Iy
6H 6,H,i
CT,k',a = Z vuT K e 1Qu-

Substracting the equations (€3] and ([£34]) for 7T k. | e and 7T 1es respectlvely, yields the
following energy estimate

8,H, 8,H, s ) 2
IVYZ e — V'YT15Z”L2(Q<;“0D) S Qi N DIIMpi(Vury pe = Vunom)[”,  (4.37)
so that, using that My is a contraction on L?(D,R%),

5. H
HCT,k,Lp, T15||L2(D) ||vuTkpa vuhomHL?(D)
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By definition of the Richardson extrapolation this yields for all &’ € N,
o,H 6, H §
”CT,k,k',p,e - CT,k/,e”LQ(D) S HVUT,k/,p,e - Vuhorn”LQ(D)7
and therefore by Corollary [T}

6
lim sup lim sup HCTk K ope C:ﬂ,llg{/,a‘|L2(D) =0, (4.38)

Ttoo,pl0  €l0

uniformly with respect to H, and almost surely. Hence, the claim (£35]) follows from
(£38]) provided we prove that almost-surely

lim 1 O " = 0. 4.
poim 0[O e = O ll2(p) = 0 (4.39)

Step 3. Further auxiliary numerical correctors and reformulation of (4.39).
Forall 1 <i < Iy, fix some arbitrary z; € Qg ,; and set for all z € QH@’ ei(w) == Az, 2).

The approximation of A. by A.; on Qp,; (and @ Hl) allows us to appeal to the results we
proved in Sections 2l and B for stationary coefficients. The error we make by replacing A,
by A.; is then controlled using the Lipschitz condition in Hypothesis [l

We introduce the auxiliary numerical correctors C' C;f, € L*(D,RY) associated with
A, as follows. The functions %H " and ﬁ%?’; are the unique weak solutions in Hol(Q HiND)
and H&(Q‘}Li N D), respectively, of

-V Aa,i <MH,i(vuhom) + vﬁ’f”) =0, (4'40)

(Te?)~ 1%?]1{; VA <MH,z(Vuhom)+V7prf;> =0, (4.41)

and W%IZ,Z is defined for all ¥’ > 1 by Richardson extrapolation of 7%11{2, cf. Definition 2

We then set for all ¥ € N and for all 1 <14 < Iy,
Vit = Mp(Vunon)|Qunp + (V’?f’i)!QHmD € L*(Qu;iN D),
V~5TIZ'Z = My (Vtnom)|Qy,nD + (VWT K e )|QHmD € L*(Qu,; N D),
and finally define the numerical correctors

Iy

_ ~H,i ~6,H,i
= E Vi 1Qu nD; Tk’,e E:VUM 1@y nD-
i=1

From ([A24]) and (£40]) on the one hand, and (£30) and ([£41]) on the other hand, we infer
that

—V ANV =) = =V (A — A)(Mp(Vubm) + VAP in QN D,
and
— 6,H,i ~0,H,i 6,H,i ~0,H,i
(Te?) 1(7T le — 7T,1,e) -V AEV(VT le — 7T,1,e)
=~V (Aei — A) (M (Vunow) + VAR in Q3,0 D,
57



58 A. GLORIA AND Z. HABIBI

so that energy estimates combined with the fact that /Nl(, -) is k-Lipschitz with respect to
its first variable yields

IV = VA e npy S (RH)* Qi N DI Mizi(Vunom )|,
V70 = VA e nmy S (W)@ 0 DIMiri(Vanom) P
from which we deduce, using that Mj; is a contraction,
ICE = Cll2py S H|Vnomllr2(p)s

5, H ~6,H
HCTW,E - CTJQ’,EHLQ(D) S HHVuhomHL?(D),

~

uniformly in €, T, k', and the realization. To prove ([£39)) it is therefore enough to prove
that almost surely

1 M ~5H ’*H
T He T =0 4.42
poim 0[O e = O llz2(p) = 0 (4.42)

Step 4. Proof of (4.42)).
Define JH = {1 <i < IH]Q%JHD # Q‘;{’i} and JI = {1 <i<1Iy,id¢ JI}. Tt suffices
to prove that

. . ~0,H ~H o
oo 1670 = C 2w, pann = 0 (4.43)

) W AGH  AH _
18 BB IO e = O 20, ppam = 0 (4.44)

We start with the proof of (£43]). Energy estimates based on (£40) and (£41]) show that

~6,H ~H ~0,H ~H
||CT,]<;/75_CE ||L2(DI’7UZ,€J{-1QH7Z') S ||CT,]<;/,5||L2(DI’7UZ,€J{-1QH7Z') + HC&‘ HLQ(DmUieJlHQHJ)
S IMu(Vunom)ll2(0nu,_nQu) < VUbom|l2(oru,_ Qi)
1 1

uniformly in 7" and €. Since the measure of the domain of integration D N U, J{{Q Hi
vanishes as H | 0 and since Vuyom € L%(D), estimate (ZZ3)) follows.

We turn now to ([@Z4), which, by ellipticity of A, is equivalent to

. . ~6,H ~H (A0 H A HN
TTig,I}fwl;ﬁ)l 2 /QH (Crpe =€) AcilCrp . - C21) = 0.
icJi .

By expanding the square it is enough to prove the following four statements for all i € JI*

almost surely:

11?01 CH.AL,CH = Myi(Vunom) - Anom (i) M i(Vtnem), (4.45)
€ QmH,i

lalﬁ)l é%,g,s ’ As,iéaH = MH,i(VUhom) ’ Ahom(xi)MH,i(vuhOm)’ (4‘46)
Qmu,i

lim lim CH.ALCHY = Mpi(Vunom) - Anom (21) M i (Vitnom), (4.47)
TToo €l0 Qi o

. . ~0. ~0
lim lim CT{;I, e’ A57Z‘CT’IZ, e = MHJ(Vuhom) . Ahom(xi)MH,i(Vuhom). (4.48)
TTOO ei(] QHyZ' sV oy sV
o8
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Identity (4.45]) follows from the convergence of the energy associated with the homogeniza-
tion of (A40) and the fact that the associated homogenized coefficients are constant (with
value Apom (i), since on Qp i, Ae,i is given by the stationary coefficients z — /Nl(xz, 2)).
From Theorem [7, we learn that almost surely

. ~5.H =5, H
Eﬁ)l 0 Cri e AciCrh . = Mui(Vunom) - A (i) Ma,i(Vinom),
H,i
where A ;s (z;) is the approximation of the homogenized coefficients associated with the
stationary field x +— A(x;,z) of Definition B Estimate (448]) is now a consequence of
Theorem [II
We conclude with the proofs of (4.46]) and ([@.47). By Meyers’ estimate, on each Qp,

C;Ilj, is uniformly bounded in LI(Qp ;) for some ¢ > 2, so that CH A“C%IZ, and
CT K A, ZC’ are equi-integrable in L' (Qx ). Combined with compensated compactness,

it is therefore enough to prove the following almost sure weak convergences in L?(Q H.i» R%):
~ ~0.
AciCH = Apom (€)M i(Vtnon),  Cith . = Mpi(Viho),
~5 -
AciCPlY . = Avom (@) Mpi(Vtmom),  CH = My (Vo).
The first and fourth convergences are a consequence of homogenization, which implies the
weak convergence of the fluxe and of the gradient of the solution. For the second and
third convergences, recall that on Qp;, C;’I:, V’y%lz,z + My i(Vupom). Denote by
b . € HL (R?) the Richardson extrapolations of the unique solution 5/%7175 € HL (R?)
of
(T€ ) 7T1 e~ V- A(l"z, )(MHz(Vuhom) + Vir,a e) =0 inRY
satisfying (Z3). By 34) in Remarkl& we then have (after rescaling by ¢):
~0, H i ~1 2 H 1
VY2 — VA e | §Texp(—c(5—1)—7>.
J oS ¢ VaFIT

On the one hand, VWT K e Weakly converges to zero as € | 0 if and only if VVT K e weakly
converges to zero. But the latter is a consequence of the ergodic theorem since by construc-
tion Vﬁ% ke 18 the e-rescaled version of the gradient of the corrector, which is stationary
and the expectation of which vanishes. This proves the fourth convergence. On the other
hand, this also implies that the weak limits as € | 0 of Aevié%f/;lf,g and Ac ;(Mp;(Vunom) +
V’yiT’k,,a) are the same. By the ergodic theorem, A, ;(Mpi(Vunom) + V'VTJC,,&) weakly

converges to <fl(m,~, V(M (Vihom) + V’?T,k71)>, so that

lim CI . ACot = MH,i(Vuhom)-<f1(a:i,-)(MH7l-(Vuhom)+VWT7;§,1)>.
E\LO QHz

By Theorem [, VA7 1 converges strongly to V4 (the gradient of the corrector associated
with A(z;,-) in direction My ;(Vupem)) in L2($2). Hence
%ITI?O Mpi(Vunhom) - </~1($i, V(M (Vihom) + VﬁT,k,1)>

= Mpyi(Vunom) - Anom (i) Mp,i(Vihom ),

which shows the third convergence, and concludes the proof. ]
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4.2. Discretization of the analytical framework. In this paragraph we discuss a
possible way to discretize the analytical framework introduced in this section. We only
present the “direct approach”, which allows us to obtain a new variant of the HMM
(see [10, [ @, I1],[4] for the original method) with regularization and extrapolation. In
particular, we shall prove the almost-sure convergence of this numerical approximation
under Hypothesis[Il Note that in [16] [I7) 20] we have also introduced a “dual approach”,
which allows one to recover variants of the MSFEM (see [26] 27, [13] 28] [3, 12]). We defer
the analysis of the dual approach, which is more technical and requires additional ideas,
to a subsequent contribution.

In order to solve ([6]), one has first to approximate the coefficients A‘sT fopre- Let £ € RY. For
all x € D, denote by Vj,(x) a family of dense subspaces of H&(Q(;p NT_,D), and consider
the Galerkin approximation vgp,’:h(x, -),v’gqp;fh(x,-) of vgp,f(ﬂ:,-),v’gqp}f(x,-) in Vj(x) (cf.

Definition [@]), and, following (4.1), set:

¢ A (@)E = /Q €+ BV @)

Ac(x )€+ P (Vyurfic) (@.9)p(y)dy,
where P, is as in (@.3)).

Remark 16. Since A is Lipschitz- continuous in its first variable, Apom is Lipschitz-
continuous as well, and we can replace AT kop, (z) for x € D such that Q;,NT_,D # Qs, by

the value Asz’p’a(x ) at a point 2’ such that Q5,NT_» D = Qs, and such that [z —2'| < p
(which is possible since D has a Lipschitz boundary). The convergence analysis is similar
and this allows one to avoid possible boundary layers on Qs N7T_, D, at the expense of the
regularity of Apom.

The same argument as in Step 1 of the proof of Theorem [[1] shows that the approxima-
tion Ag:fz’ pie of A%h pe 18 uniformly elliptic for symmetric coefficients (for non-symmetric
coefficients, the discretization yields an additional error term which is uniform). Let now
Vi be a family of dense Galerkin subspaces of H} (D), and denote by uT k e the Galerkin

approximation in Vi of the weak solution ui}’};ﬁ pe € H (D) of
V- ATIC% vuThm =/

which exists and is unique by the uniform ellipticity of AT kope As a first convergence
result we have:

lim  limlim ||uT kH

Ttoo,p,HL0 L0 hlO PE uhomHHé(D) = O’ (449)

where the order of the limits in T, p, H is irrelevant. Indeed, by the triangle inequality,

I S.h,H

8,h,H S5,h
UT kpe — uhomHHg(D Ju

)
UT e Tk,p,eHHl +HuTlcpe UT,k,p,eHHg(D)

s
+ [T g pe — uhom||Hg(D)-
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Combined with Céa’s lemma and the triangle inequality, the first RHS term is estimated
as follows:

ughH—audh || < inf [t~
T,k,p,e TkpellHy(D) ~ oy, Pk pe = VHIHG(D)
< o,h

) )
||UT,k,p,5 - uT,k,p,eHH(}(D) + HUT,k,p,e - uhom”Hg(D)

+v;2€H [[uhom — UHHH(}(D)

so that we have
o,h,H 6,h 4 é
||UT7/§,,),5 - uhomHHg(D) < 2HUT,k7p7g - UT,k,p,eHHg(D) + 2HUT,k,p,e - uhomHHg(D)

i unom — vy ).

The first RHS term vanishes as h | 0 by Galerkin approximation, the second RHS term
converges to zero by Theorem [T1], whereas the last RHS term vanishes as H | 0 by Galerkin
approximation as well: ([£.49]) follows.

We turn now to the numerical correctorfl. For clarity we denote by H;p the discretization
parameter of the Galerkin subspaces Vy, of Hg(D), and denote by ugﬂlzlgz the Galerkin

approximation of uf}’lz pie in Vy,. We then follow the strategy of Definition [1 to introduce
the desired numerical corrector. Let Hy > 0, Ip, € N, and let {Qmyitic[1,r,,] be a
covering of D in disjoint subdomains of diameter of order Ha. We denote by (Mp,) the

family of approximations of the identity on L?(D) associated with Q Ho,i- Let 6 > 1 be as
in Theorem [[1] and for all i € [1, I,], set

Qi = {z € R |d(, Quy i) < (6 — 1) Ha}.
For all i € [1,Ip,], let V; g, be a family of dense subspaces of H&(Q‘}{M N D). With the

notation of Corollary [l we define the functions ﬁgi];]l{lp’f” and ﬁ%lzll’gi’l as the unique

weak solutions in H&(be ;N D) of

2\—1x6,h,Hi,Ha,i 0,h,Hy ~0,h,H1,Ha,i _
(TE ) 7T,k,1,p,e -V A5 <MH2,i(vuT,k,p,e) + vVT,k,l,p,e ) - 07 (450)
2 —1~5,H1,H2,i . 5,H1 ~5,H1,H2,i _
(Tg ) 7T7k717p7€ B v ’ A€ (MHQ’Z(VUTJC7P7€) + vWT,k,l,p,E > - 0' (4'51)
0,h,Hy,Ha i 8,h,Hy

We then define the numerical corrector VT k1, pe associated with Ug y e BS the Galerkin

approximation in V; g, , of ’)’%712’,1;’7 2" in H&(Q%N- N D). The functions 7%,};97,k'177p7 2" and

ﬁ%g;ﬁ;g are obtained for all ¥’ € N by Richardson extrapolation, cf. Definition We

also set for all £/ € N and for all 1 < i < Ip,,

"’57H 7H 7‘ P— 57H "’57H 7H 7‘ 2
vuT,k,lk/,j,sz = Mp, (VUT,k,lp,s)|QH2,iﬂD + (VVT,]C71]€/7P27;)|QH2,MD €L (QHQJ' N D),
6,h,Hy,Haji 6,h,H 6,h,Hy,Hj i 2
vuT7k,k/17p7€2 ? = MH2 (vuT7k,p,1€)’QH2,imD + (V’YT,k,k/tp; Z)‘QHQ,'LOD € L (QH27i N D),

IThe number of sub/super-scripts may not ease the reading, and we encourage the reader to simply
consider Hy = H2 = p everywhere — although we shall need all the parameters in the proof.
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and finally define numerical correctors

IH2 IH2

~0,H1,Ho ~§,Hq,Ho,i 0,h,H1,Hy | __ 8,h,H1,Ho,i

Criirge = D Vg gilQmunn:  Criins = D Vugiln 2 oy, . (4.52)
=1 =1

Our second result is the following almost sure convergence:

. . . d,h,Hy,H
lim lim lim ||C770 0 2 — Vue||r2(py = 0 4.53
Troop B traso L A | TR e ellz2o) = 0. (4.53)
where the order of the limits in T, p, Hy, Hy is irrelevant. In particular, one may take
p = Hy = Hy in practice.
By the triangle inequality,
0,h,H1,Ho 0,h,H1,Ho ~0,H1,Hz
HCT,k,k’,p,e _vu‘fHLQ(D) < HCT,k,k’,p,e _CT,k7k’7p75||L2(D)
~0,H1,Ho 0,H> 0,H>
+HCT,k,k’,p,5 - CT,k,k’,p,EHLQ(D) + HCT,k,k’,p,s - vUSHLQ(D)’

where C%IZ%C, 5, is the corrector of Definition [7] (with Hy in place of /). We start the anal-

ysis with the first RHS term. Note that C;’Z’gl;? depends doubly on h: once through the
Galerkin approximation in V; g, 5, and once through the approximation M HQ,i(Vufp’foZ}a)

0,Hy ; ; A 6.hHyy _ A 6,H :
of Mp,i(Vugy!, ). Since limpjo Mp, (Vugy L) = Mp,(Vug', ) and since the solu-

tion of (£50) depends continuously on MHN-(VUESF’IZIZL) in H&(be ;N D), the Galerkin
approximation 'y%};’[,;l,l’p?’l converges to ’)/;I,;IIIC,H;; in H&(Q‘;{Q ;N D) as h | 0. Hence,

OO HLH2  A0,HHo

ll'g,IOlH T,k,K ,p,e T7k‘,k’,p,5HL2(D) = 0.

We continue with the second term, which measures the error between the corrector associ-

: 5 : : 0,Hy : : ~0,h,H1,Ha,i
ated with UT g pe and the corrector associated with Ug g e Since the solution YTk b e

of (10) depends linearly in H&(Q‘SHM. N D) on MH2(Vu%IZIp .), and Mp, is a continuous
linear map on L?(D), we have

~0,H1,H. 6,H: 6,H 8
HCTJg,lk/,pQ,g - CT7k,2]§/,p,5HL2(D) S HvuT,k}p75 - VuT,k,p,a”L?(D)-
By Theorem [l this second term converges uniformly to zero wrt to Hs. For the third
and last RHS terms we finally appeal to Theorem This concludes the qualitative con-
vergence analysis of the HMM with regularization and extrapolation under Hypothesis [l

4.3. Numerical analysis for periodic coefficients. In this last paragraph we make
the qualitative convergence analysis of the HMM with regularization and extrapolation
quantitative for periodic coefficients. The choice of the periodic coefficients allows us to
combine our quantitative analysis of Sections 2l and ] with quantitative two-scale expan-
sions. In particular, in order to complete the analysis in the case of random Poisson
inclusions, we would need a quantitative two-scale expansion, which is not yet known to
hold (see however the recent progress in that direction for discrete elliptic equations [22]).

Theorem 13. Let A € Mg be periodic coefficients. Let f and D be smooth enough so
that the solution upem € H& (D) of the associated homogenized problem

-V Ahomvuhom = f
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is in W3%°(D). Fiz § > 1. Let Vi be a Pl-finite element subspace of Hi(D) of dimension
Iy associated with a tessellation Ty of D of meshsize H > 0. For every element T ; of Tw,
let T}y, ;, be a tessellation of T};i N D of meshsize h > 0 with TI‘;Z. ={z e R?|d(z,Ty,;) <
(0 —1)H}, and let Vi, be the associated PI1-finite element subspace of Hl(Tgl N D).
For all k € N, all filters of order p > 0, T > 0 and € > 0, we denote by ATkHe the
(piecewise constant) approzimation of ATka on Ty (cf. @J)) obtained as follows. For
all 1 < i < Iy such that Tg C D, we define ATkHe’TH,i as the approzimation (&I,
with ng in place of QHZ and Vg i in place of HO(Q D). If 1 < i < Iy is such that
TI‘S{Z ¢ D, we follow Remark[18 and set ATk:Hs’THz = A kHz—:‘TH] for some 1< j < Iy
such that TI‘; C D and d(Th,;,Tu;) S H. For § = % T = ; and p > 2k — 1, we then
have ,
S5.h
|AT7/€,H,5 — Apom| S g) (4.54)
Denote by u%ﬂ,e the Galerkin approximation in VH of
S.h 8,k B
_V'AT,k,H,ev Tk,He — [

We have s
5,h 2%
HuT,k,Hs uhOmHHl(D) S HA+ (H) + <—) . (4.55)

€
0,h, H 8,h,Hy ,H. . .
Let C7y - denote the numerical corrector Cpy; k,lp = defined in ([A52), for the covering Tu

of D and with p = Hy = Hy = H and k = k'. We have

yrintk) (4.56)
O

Estimates (£54]), ([455), and (£56]) are the best estimates available in the literature in

terms of the resonance error £ for a numerical homogenization method with an oversam-
pling of fixed size § > 1 (taken 2 for the reasoning). Note that estimate (A56) may be
overly pessismistic due to our currently poor understanding of the boundary layer.

S H h 3
IVue = Criclliomy S Ve+ H+ -+ (5

Remark 17. For problems without boundary, say on the whole space with a zero order
term of magnitude 1, the following improved versions of the estimates of Theorem [I3] hold
for coefficients that are periodic or in the Kozlov class of almost periodic functions:

h

€\ 2k 2
‘ATkHe Apom| S (ﬁ) +(g>,

67h £ 2k h 2
|ug s e — tnoml g1 (rey < H+(ﬁ) 4+ (g> ,

h €k
Hvuf—chaHLQ(Rd S 6+H+g+(ﬁ)’

the proofs of which are left to the reader (for almost periodic coefficients, the two-scale
expansion on the whole space corresponding to (£58]) with € on the RHS is proved in [30]
in this context).

Proof. We split the proof into three steps.

Step 1. Proof of (4.54]).
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By Theorem Bl and a standard Galerkin approximation result, we have for all 1 <i < Iy
such that T};i cD,

ohoo < (S (e (Hog (- ! /E) (ﬁ)Q
‘AT,k,H,e Anom| < (H) + (H) + (5) exp CW - + )
Since Apom is constant on D (and not only Lipschitz), this also yields for those 1 < i < Iy

such that T};i ¢ D,

5h €2k | ()2
| ATk t1.e = Anom| S (E) + (g) :

(If Apom were Lipschitz and non-constant, there would be an additional term of order H in
this estimate.) This proves ([{.154]), recalling that p+ 1 = 2k and neglecting the exponential
term.

Step 2. Proof of (4.55]).
Estimate ([£55) is a direct consequence of ([E54]) and of the regularity of upem € H?(D).
Indeed, let vﬁ}’f; 5. be the weak solution in H}(D) of

Sh Sh B
-V AT,k,H,eva,k,H,e =/

We then appeal to (£23)) in the proof of Lemma [Il which takes the form

d,h 5,h
[Vtunom — VUT7]§,H75HL2(D) S HAT,k,H,a = Anom|| oo (D) [ Vtthom | 22 (D) -

Combined with ([@354), this yields
5,h 2k h\2
IVthom — Vois 1 2oy S (o)™ + (—) . (4.57)
Finally, by Céa’s lemma and the triangle inequality,

8,h < 8,h 8,h 8,h
ug g e = womllr oy < Nugy e = vk mllm o) + 1075 e = whomlla (o)

A

inf o —vgy g ey + 109 1o — thomll a1 (py
ot Tk, Hoe Tk, Hie

. 5h
< inf |lvg — unoml a1 (D) + 2[V7 L g o = UnomllH1 (D),
vg EVy [

so that (£55) follows from (£57) and a Galerkin approximation result.
Step 3. Proof of (4.50)).

Let denote by ¢! the periodic corrector associated with A in direction e;. On the one
hand, we have the following quantitative two-scale expansion:

d
Hvue — VUupom — Z Viuhoqubi(eil')HLQ(D) 5 \/g (458)
i=1
On the other hand, the combination of (£57]) with RemarkBand a Galerkin approximation
result yields for all 1 < ¢ < [y such that TI‘;Z- Cc D,

d
i — o,h,H
||Vuhom + Z viuhomv¢ (6 1') - CT,k,E H%Q(TH,i)
i=1
h

S5,h h €k 2
S Taaal (1M (Vo = Vulh g )1+ 2 + H+ (5) +2) ) (459)
64
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and

d

| Vhom + Z Vitthom V@' (e71) — C%’]}C’EH%Q(TH’Z,)

i=1
€
H
otherwise (on such elements T ; the resonance error remains a priori of order %). The
combination of (LE]]), (£57), and (L60) on Ny (0D) := {x € D|d(xz,0D) < H} and
(£59) on D\ Ny (0D) then yields the desired estimate ([4.56]), and also the interior estimate

S.h h h\2
il (1M1 o(Vithom = Vel g )|+ 2+ H+ —+ 2 ) (4:60)

§,hH h N
IVue = Crylzowiony S VE+H+—+ ()

in the spirit of Remark [I7 O
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