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DYNAMIC PROGRAMMING AND ERROR ESTIMATES
FOR STOCHASTIC CONTROL PROBLEMS WITH
MAXIMUM COST

OLIVIER BOKANOWSKI, ATHENA PICARELLI, AND HASNAA ZIDANI

ABSTRACT. This work is concerned with stochastic optimal control for a
running maximum cost. A direct approach based on dynamic program-
ming techniques is studied leading to the characterization of the value
function as the unique viscosity solution of a second order Hamilton-
Jacobi-Bellman (HJB) equation with an oblique derivative boundary
condition. A general numerical scheme is proposed and a convergence
result is provided. Error estimates are obtained for the semi-Lagrangian
scheme. These results can apply to the case of lookback options in fi-
nance. Moreover, optimal control problems with maximum cost arise in
the characterization of the reachable sets for a system of controlled sto-
chastic differential equations. Some numerical simulations on examples
of reachable analysis are included to illustrate our approach.

AMS subject classifications: 49J20, 491.25, 66M15, 35K55

Keywords: Hamilton-Jacobi equations, oblique Neuman boundary condi-
tion, error estimate, viscosity notion, reachable sets under state constraints,
lookback options, maximum cost.

1. INTRODUCTION

Consider the controlled process X, (-) solution of the stochastic differen-
tial equation

{ dX(s) =b(s, X(s),u(s))ds + o(s, X(s),u(s))dB(s) selt,T] (1.1)
X(t) == ’

(where u € U denotes the control process). We are interested in an optimal
control problem where the cost function is given by :

vz, = 5|0 (XE(T), max a6 (5)) | (12)

s€t,T]
and the value function is defined by:

;= inf . 1.
v(t, 2) = inf J (¢, 2,u) (1.3)
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2 O. BOKANOWSKI, A. PICARELLI AND H. ZIDANI

This problem arises from the study of some path-dependent options in fi-
nance (lookback options). Another application of control problem with
maximum running cost comes from the characterization of reachable sets
for state-constrained controlled stochastic systems (see section .

The main contributions to the study of this kind of problems can be found
in [4] and [IT] (see also [26] for the stationary case in the framework of clas-
sical solutions). In these works the dynamic programming techniques are
applied on the LP-approximation of the L°°-cost functional , using the
approximation:

a\/b:(ap—i-bp)% (for p — o),

for any a,b > 0, where a V b := max(a,b). Then a characterization of
the auxiliary value function v (see definition ) as solution to a suitable
Hamilton-Jacobi equation is obtained as limit for p — oco. A fundamental
hypothesis in order to apply this approach is the positivity of the functions
involved.

In our work, a direct derivation of a Dynamic Programming Principle for
the function v gives an alternative and natural way for dealing with the
maximum running cost problems under less restrictive assumptions. By this
way, the optimal control problem is connected to the solution of a HJB
equation with oblique derivative boundary conditions. Here, the boundary
conditions have to be understood in the viscosity sense (see [27]).

The second part of the paper is devoted to numerical aspects. First, a
general scheme is proposed to deal with HJB equations with oblique deriva-
tive boundary conditions. Then, a convergence result is proved by using the
general framework of Barles-Souganidis [10] based on the monotonicity, sta-
bility, consistency of the scheme (a precise definition of these notions, in the
case of HJB equations with oblique derivative boundary condition, is given
in section {4.1)). Secondly, we focus on the fully discrete semi-Lagrangian
scheme and we study some properties of the numerical approximation.
Semi-Lagrangian schemes for second order HJB equations (in the general
form of Markov chain approximations) have been first considered in the
book [32]. In the framework of viscosity solutions, semi-Lagrangian schemes
for first order HJB equations have been studied in [20]. Extensions to the
second order case can be found in [35] 19, 23 24]. In our context, the nu-
merical scheme that will be studied couples the classical semi-Lagrangian
scheme with an additional projection step on the boundary. For this par-
ticular scheme, we derive a rate of convergence, generalizing in this way the
results already known for general HJB equations without boundary condi-
tions. More precisely, an error bound of the order of hl/4 (where h is the
time step) is obtained for Lipschitz (unbounded) cost function. The activity
related to error estimate for numerical approximations of nonlinear second
order degenerate equations dated back few years ago with [30, BI] where
some useful techniques of "shaking coefficients" were introduced, and then
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mollifiers were used to get smooth sub-solutions. These ideas were later used
extensively by many authors [6] [7, 8] [14].

The paper is organized as follows: Section [2] introduces the problem and
some motivations. In particular it will be shown how it is possible to con-
nect a state-constrained reachability problem to an optimal control problem
associated to a cost functional of the form . Section |3|is devoted to the
characterization of the value function by the appropriate HJB equation. A
strong comparison principle is also stated. In Section [] the numerical ap-
proximation is discussed and a general convergence result is provided. The
semi-Lagrangian scheme is presented in Section [.2] and the properties of
this scheme are investigated. Section [p| focuses on the study of error esti-
mates. Finally some numerical tests are presented in Section [f] to analyse
the relevance of the proposed scheme.

2. FORMULATION OF THE PROBLEM

2.1. Setting and preliminary results. Let (2, F,P) be a probability
space, {F¢,t > 0} a filtration on F and B(-) a Brownian motion in R? (with
p>1).

Given T > 0 and 0 < ¢t < T, the following system of controlled stochastic
differential equations (SDEs) in R? (d > 1) is considered

dX(s) =b(s, X(s),u(s))ds + o(s, X(s),u(s))dB(s) selt,T]
X(t) ==,
where u € U set of progressively measurable processes with values in U C
R™ (m > 1), U is assumed to be a compact set. The following classical
assumption will be considered on the coefficients b and o:
(H1) b : [0,T] x RE x U — R? and o : [0,T] x RY x U — R¥P are
continuous functions. Moreover, there exist L, L, > 0 such that for
every z,y € R4t € [0,T],u € U:

|b(ta$au) - b(ta y7u)’ < Lb|x - y|7 |J(t’$’u) - U(t7y7u)| < L0'|x - y|

(2.1)

We recall some classical results on (2.1)) (see [39]):

Theorem 2.1. Under assumption (H1) there exists a unique Fy-adapted
process, denoted by X{,(-), strong solution of (2.1). Moreover there exists a

constant Cy > 0, such that for anyu €U, 0 <t <t < T and z,2' € R?

E| sup | X/ (0) - Xt (0| < CRla - (2.2a)
Ot t’] ]
E| sup |X{(0)— Xp,(0))"| < C3A+af?) |t—1| (22b)
Ot t’] ]
u 2 2 2 /
E [ sup |Xt7$(9) — < Co(1+|z|%) t—=t].  (2.2¢)
0e(t,t’] ]
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Consider two functions 1, g such that:

(H2) ¢ : R* xR — R and ¢ : R — R are Lipschitz functions. Their
Lipschitz constants will be denoted by L, and L, respectively.

In this paper we deal with optimal control problems of the form

(t,z) = inf E [q,z) (X,ffz(T),smax g(Xfo(s)))] . (2.3)

ueU €t T]

Under assumptions (H1) and (H2), v is a Lipschitz continuous function in
1

r and a 5-Holder continuous function in ¢ (by the same arguments as in
Proposition [2.2| below). In order to characterize the function v as solution of
an HJB equation the main tool is the well-known optimality principle. The
particular non-Markovian structure of the cost functional in prohibits
the direct use of the standard techniques. To avoid this difficulty it is classical
to reformulate the problem by adding a new variable y € R that, roughly
speaking, keeps the information of the running maximum. For this reason,

we introduce an auxiliary value function ¥ defined on [0, 7] x R? x R by:

t.2.9) = inf B |0 (XE(T) max oK) V)| 2

)

The following property holds:

I(t,x,g9(x)) = v(t, z), (2.5)

so from now on, we will only work with the value function ¥ since the value

of v can be obtained by ([2.5) .

Proposition 2.2. Under assumptions (H1) and (H2), ¥ is a Lipschitz con-
tinuous function in (x,y) uniformly with respect to t, and a %-H()'lder con-
tinuous function in t. More precisely, there exists Ly > 0 (Ly depends only
on Cy, Ly, Lg) such that:

1
[9(t,2,y) — (', 2", y)| < Lo(lz — 2’| + [y —¢/| + (L + |z])]t — [2),
for all (z,y), (z',y) € R and for any t <t € [0,T).

Proof. Let be t <t' < T and z, 2’ € R Notice that the following property
holds for the maximum

[(aVd)—(cvVd)|<|la—c|VI]b—d.

Then, the inequalities (2.2)) yield to:

}ﬁ(taxay) —ﬁ(t,fl,’/,y){ < Ksup E | sup |Xzfz(3) _XZJ,J:’(S)‘ < KCO|:Z:_‘7:/|
uelU s€t,T]
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for K = Ly(Lg +1). In a similar way, we obtain

[9(t, z,y) —9(t',z,y)| < Lysup E

= }Xgm(T) - #,I(T)‘ + Lg sSup ‘XZI(S) - :E’ +
u

s€(t,t']

Ly sup | X (s) - zf,X;z(t/)@)\]
se(t! T ’

< K'(1+|)|t— t’\%

for a positive constant K’ > 0 that depends only on Ly, Ly and Cy. The
L.-Lipschitz behavior in the variable y is immediate. We conclude then the
result with Ly = KV K’V Ly, O

2.2. Summary of the main results. The first important theoretical result
is contained in Theorem where it is established that ¥ is a viscosity
solution (in the sense of Definition of the following HJB equation with
oblique derivative boundary conditions

—09 + H(t,z, D0, D29) =0 in [0,T) x D
-0, =0 on[0,T) x 0D (2.6)
T, x,y) = ¢(x,y) in D

for a suitable choice of the domain D C R*1,

Theorem [3.4] states a comparison principle for , adapting the result
of [25] to parabolic equations in unbounded domains. Thanks to this result,
1 is finally characterized as the unique continuous viscosity solution of the
HJB equation.

Starting from Section [d] the numerical aspects will be discussed. A numer-
ical scheme for the approximation of ¥ will be proposed. Theorem [.1] gives
a general convergence result under hypotheses of stability, consistency and
monotonicity.

Error estimates for the semi-discrete semi-Lagrangian scheme are inves-
tigated in the Theorems [5.4] and [5.5] while the rate of convergence for the
fully discrete scheme is given in Theorem [5.6]

2.3. Motivations.

Reachability for state constrained control systems. A first motiva-
tion comes from the reachability analysis for state-constrained stochastic
controlled systems. Let C C R? be a target set, and let K C R be a set
of state constraints. Let d¢ (resp. di) denotes the Euclidean distance func-
tions from C (resp. K). The aim is to characterize and compute the backward

reachable set RS’K defined by

REN = {x € R?, Ve >0, Ju. € U such that

Bld, (X(5(T)] < = and Bl d (X5 (6)] < e
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Remark 2.3. Straightforward calculations yield to the following formulation:

Rf”c = {:1: € R, Ve > 0,3u. €U, Eld, (Xi2(T)) v max d, (X;'5(s))] < 5}.

se(t,T]
(2.7)
Indeed, this is easily deduced from the following inequalities:

B[ de (X150 | VB | e d, 0615069 < B[ de(XE5D) v o d (25000

<E [dc(Xt“;(T))} + IE'[ max d,. (Xf;(s))] .
’ s€t,T] ’
Many works in the literature have been devoted to the reachability anal-
ysis for general stochastic controlled systems, we refer to [2, B]. Stochastic
target problems arising in finance have been also analysed [37, [I7]. Here,
we suggest to characterize the reachable sets by using the level set approach
introduced by Osher and Sethian in [36] in the deterministic case. At the
basis of this approach there is the idea of considering the set RS’K as a level
set of a continuous function defined as the value function of a suitable op-
timal control problem. Recently, the level-set approach has been extended
to deal with general deterministic optimal control problems in presence of
state constraints, see for example [12 [I]. The level set approach can be
also extended to the stochastic setting by considering the following optimal
control problem:

Tt.2) 1= inf B |do(Xp(T) V max d (X1 (9)|. (2.8)
Then the following equivalence can easily be proved
Theorem 2.4. Under assumption (H1), for every t > 0, we have:
x € th’lc <~ v(t,x) = 0. (2.9)
Proof. The result follows immediately from Remark O

In view of Theorem the reachable set RtC’K can be characterized by
means of the value function of a control problem with supremum cost in
the form of (2.3), with functions g and ¢ defined by: g(z) := di(z) and
Y(x,y) :=de(z) Vy.

Lookback options in finance. Another interest for computing expectation
of supremum cost functionals is the lookback options in Finance. The value
of such an option is typically of the form

~ _ 7sz r(s)ds
3(t,z) =E|e w(XT,erél[%]g(Xe))) 7

where Xy (the "asset") is a solution of a one-dimensional SDE (2.1, g(z) =
x, r(-) is the interest rate, and v is the payoff function. Here the option
value depends not only on the value of the asset at time T but also on all
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the values taken between times t and T'. A detailed description of this model
can be found in [38]. Typical payoff functions are ¥ (x,y) = y — x (lookback
floating strike put), ¥(z,y) = max(y — F,0) (fixed strike lookback call),
Y(z,y) = max(min(y, E) — x,0) (lookback limited-risk put), etc., see [38, [5]
(see also [4] for other examples and related american lookback options).

3. THE HJB EQUATION

In all the sequel, we will use the abbreviation a.s. for almost surely. Also,
almost every will be abbreviated as a.e.. The abbreviation usc (resp. lsc)
will be used for upper semi-continuous (resp. lower semi-continuous).

3.1. Dynamic Programming. The aim of this section is to characterize
the value function ¥ defined by ([2.4]) as the unique viscosity solution of an
HJB equation. Let us define the process

Vil (0) = maxg(Xi,(s) V. (3.1)

then the optimal control problem ([2.4) can be re-written as
9(t,,9) = infE [y (X1, (), Vi, (T)]. (3.2)

Stochastic optimal control problems with running maximum cost in the vis-
cosity solutions framework have been studied in [4, 1I]. The arguments
developed in that papers are based on the approximation technique of the
L*°-norm and they only apply if ¢ and g are positive functions. Here, we
derive the HJB equation directly without using any approximation. For
this, the first step is the Bellman’s principle that we state in the following
theorem.

Theorem 3.1 (Dynamic Programming Principle). Under hypothesis (H1)
and (H2), for all (t,x) € [0,T)xR? and all family of stopping times {6%,u € U}
independent of Fy with values on [t,T):

0t 2,9) = InfE [9(0", X1, (0°), Vi, (0)] (3.3)

A proof of Theorem [3.1] can be obtained by adapting the same arguments
developed by Bouchard and Touzi in [18], thanks to the fact that the couple
of variables (X{',(-), Y% ,(+)) satisfies the following fundamental property

< Xi'a(s) ) _ [ Moxp0©) .
u u i
Y;‘,,a:,y(s) YG,X;‘,Z(G),XQ’,‘Ly(ﬁ)(S)
for any stopping time 6 with ¢ < 6 < s < T. In our case the proof is

even simpler than the one of [I8] thanks to the uniform continuity of ¢
(Proposition [2.2)).
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3.2. Hamilton-Jacobi-Bellman equation. Theorem [3.1]is the main tool
for proving next result that characterizes ¥ as a solution, in viscosity sense,
of a HJB equation with oblique derivative boundary conditions. Set

D= {(z,) € ™|y > g(x) } = Epigraph(y), (3.4)
where D is the interior of D.

Theorem 3.2. Under assumptions (H1) and (H2), 9 is a continuous vis-
cosity solution of the following HJB equation

—0y9 + H(t,z, D9, D>9) =0 in[0,T) x D (3.5a)
—0,0 =0 on [0,T) x 0D (3.5b)
N, x,y) = ¢Y(x,y) in D (3.5¢)
with 1
H(t,z,p,Q) := 21615 {—b(t,x,u)p — §T7‘[O'O'T] (t,x,u)Q} . (3.6)

(In all the paper D, D? denote respectively the first and second order deriva-
tives with respect to x.)

Before starting the proof we recall the definition of viscosity solution for
problem (3.5) (see [21] and the references therein for a complete discussion
on weak boundary conditions).

Definition 3.3. A usc function 9 (resp. lsc function ¥) on [0,7] x D is a
viscosity sub-solution (resp. super-solution) of , if for each function
¢ € C12([0,T] x D), at each maximum (resp. minimum) point (¢,z,y) of
9 — ¢ (resp. ¥ — ) the following inequalities hold

—0yp + H(t,z, Dy, D2p) < 0 in [0,7) x D
min (—dup + H(t, z, Dy, D2p), —0yp) <0 on [0,T) x 9D
min (E - ¢7 _81580 + H(ta €T, DQZSO7 D?g@): _ay(P) <0 on {T} x 0D
min (5 —,—0wp + H(t,x, Dy, Df;cp)) <0 on {T'} x D.
(3.7)
(resp.
—Op + H(t,z, Dy, D2p) >0 in [0,7) x D
max (—0yp + H(t,z, Dyp, D2¢p), —0yp) 2 0 on [0,7) x 0D
max (U — v, =0y + H(t,z, Dy, D2¢p), —yp) >0 on {T} x 0D
max (0 — v, =0 + H(t,z, Dy, D2¢)) 2 on {T} x D.)
(3.8)

Finally a continuous function ¥ is a viscosity solution of (3.5) if it is both
a sub- and a super-solution.

Proof of Theorem 3.3, First, from the definition of 9, we obtain easily that

ﬂ(Tamvy) :¢(97ay) L
Now, we check that ¥ is a viscosity sub-solution. Let ¢ € C 1’27([(), T x D)
such that ¢ — ¢ attains a maximum at point (¢,Z,y) € [0,7) x D. Without
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loss of generality we can always assume that (¢, Z, §) is a strict local maximum
point (let us say in a ball of radius r > 0 centered in (¢, 7, 7)) and ¥(¢, T, §) =
©(t,Z,7). Thanks to Theorem for any v € U and for any sufficiently
small stopping time 6 = 0%, we have:
e(t,z,y) =I(t,2,9) < E[W(0, X3':(0), Y55 5(0))]

< E[@(Q,Xﬁ@w), f?j,g(e))]' (3.9)
Two cases will be considered depending on if the point (Z,y) belongs or not
to the boundary of D.

- Case 1: g(z) < y. Consider a constant control u(s) = u € U. From the
continuity of g and the a.s. continuity of the sample paths it follows that,
for a.e. w € €, there exists 5(w) >t such that g(X}_(s)) <y if s € [t,5(w)).
Let be h > 0, and let § be a the following stopping time:

0 :=inf {s > £](X{;(s), Yi% 5(5)) & Br(%,9) } AT+ h) Ainf {s > #{g(X{2(s)) > 5},

(3.10)
(here and through the paper B;(zo) denotes the ball of radius r > 0 centered
at 79). One can easily observe that a.s. Y7 Q(G) =y, then by (3.9)

(8, 7,9) < Elp(0, Xi3(0),5)]  Vuel.
By applying the Ito’s formula, and thanks to the smoothness of ¢, we get:

E

0
1
/f —0Opp — b(s, X¢'5(8), u)Dyp — 2Tr[aaT](s,X;fz(s),u)Dicpds] <0.

Since the stopping times
inf {s > t(X7a(8), Vi 4(8)) € BT(E,Q)} and inf {s >t g(Xip(s) > gj}

are a.s. strictly greather than 7, it follows that a.s. § — > 0. Therefore,

1 /? 1
E [ét/ —0ip — b(s, X2 (5), u) Dyip — iTr[UUT](s,X%(s), w)D2pds| < 0.
— t— ’ 5

By the dominate convergence theorem and the mean value theorem, letting
h going to 0, it follows

_ 1 _
_atSO - b(ta z, u)DﬂEQO - §TT[O—UT}( T, U)Dg(p < 07 Vu € U7
and finally:
_ 1 _
—0sp 4 sup {—b(t, Z,u)Dyp — iTT[UO'T] (t,z, u)Digp} <0.
ueU

- Case 2: g(z) = y. Assume that —dyp(t,z,y) > 0, otherwise the conclu-
sion is straightforward. Consider a constant control u(s) = u € U. Thanks
to the continuity of the sample paths and the smoothness of ¢, for a.e. w
there is a time §(w) > ¢ and 7 > 0 such that:

P(s: Xi'z(8),y) < (s, X¢'5(5),9)  Vs€ 8], y€g.9+n).
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Let 6 be the stopping time given by:

0= inf {s > B1(X15(5), Y% 5(5)) ¢ Bo(@,9)} ninf {s > tlg(Xpo()) ¢ 5.5+ )}
A inf {5 > 10,05, Xa(5),7) = o} AE+).

By one has

which implies:
_ 1 _
—0¢p + sup {b(t, z,u)Dyp — ~Trloa’](t, z, u)D2<p} <0.
uelU 2

In conclusion,

_ 1 _

min <—8t<,0 + sup {—b(t, Z,u)Dp — iTr[aaT] (t,z, u)D2g0} ,—8yg0> <0,
uelU

and 1 is a viscosity sub-solution of equation ((3.5]).

It remains to prove that 9 is a viscosity super-solution of (3.5)). Let
¢ € C2(]0,T) x D) be such that 9 — ¢ attains a minimum at point (¢, 7, 7)
[0,T) x D. Without loss of generality we can always assume that (£, z, )
e

a strict local minimum point and ¥(¢, Z, ) = ¢(t, &, 7). Thanks to the DP
for any sufficiently small stopping time # = 6* one has

ol0,7,) = 0(F,7,7) = WFEW(6, X74(0), 7% ,(6))]

t,z,y

T, Y) €
y) is
P,

This can be treated by using again the same arguments as for the sub-solution
proof. O

3.3. Comparison principle. The section is concluded with a compari-
son principle for equation (3.5). There is a large literature dealing with
Neumann-type or oblique derivative boundary conditions. We refer to [34] 9]
for the first order case and to [29, 28] for second order equations. For dealing
with this kind of problems some regularity assumption on the domain D is
often required. In our case the definition of D is strictly connected with the
choice of the function g that is, without further hypothesis, only Lipschitz
continuous. The result below has the advantage of taking into account also
this non smooth case.

Theorem 3.4. Assume that (H1)-(H2) are satisfied. Let 9 (resp. ¥) a usc
(resp. lsc) wiscosity sub-solution (resp. super-solution) of (3.5)) satisfying
the following growth condition (for C' > 0):

Ot z,y) < COA+ ||+ y]),
(resp. 9(t,x,y) = —C(1+ 2]+ [yl).
Then 9 <9 on [0,T] x D.
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Such a comparison principle is proved in [25] for elliptic equations in
bounded domains. The arguments extend the ones used in [29, 28] for the
case when the domain D has a smooth boundary. For convenience of the
reader we give the main steps of the proof in Appendix A, and show how
the arguments can be adapted for the parabolic case in unbounded domains.

Assertions of Theorems [3.2] and [3.4] lead to the following result:

Corollary 3.5. Under assumptions (H1) and (H2), the value function ¥ is
the unique continuous, Lipschitz in (x,y), viscosity solution of equation (3.5
on [0,T] x D.

The uniqueness result is stated on D, which means that the solution to the
HJB equation coincides with the value function ¢ on [0,7] x D. Then ¥ is
extended in a unique way on [0, T] x R? x R by: ¥(t,z,y) = 9(t,z,yV g(x)).

4. NUMERICAL APPROXIMATION

Now, we focus on general approximation schemes for (3.5). Let N > 1 be
an integer (number of time steps), and let

T
h = N and t, := nh,
forn=0,...,N. Let Az = (Azy,...,Azy) € (Ri)d be a mesh step in R¢,
Ay > 0 be a mesh step in R, and p := (h, Az, Ay) be a set of mesh steps (in

time and space).
For a given p, consider the corresponding space grid

Gy = { (5,7) = (12w, jAy),for (i,]) € 2 x 2}

where for i € Z%, iAx == (i1Azq,- - yiyAzy). For any x € R?, let j, € Z

be the upper integer part of A(—y), i.e,

Jz := min {] €7, jAy > g(x)}

Consider a projection operator (along the direction e,) 119 defined as follows:

O(tn, i yj), Vi > jus,i € Z°
g ] N nyLry Yy ) T4 ’
HE (@) (Fn, 21, 7) = { O(tn, 2i,Yjs,), Vi < Juyyi € 27,

for any ® € C([0,T] x R? x R, R).

We aim at computing an approximation W;"; of the value function
Y(tn, x4, y;), on the grid G,. By W*, we will denote the interpolation of the
values W, at (tn, i, yj). The Values W;"; are defined recusively as follows:

General scheme (GS)
1)Define WN =Y(xs,y; V g(xi)), Vi, j.
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2)For n = N,...,1, the value W:Jfl is obtained as solution of:
SP(tn—1, i, yy, W19 (WP)) =0, Vi, j with g(z;) <y, (4.1)
Wi =W Vi, g with g(a) > (4.2)
where S? : [0,T] x D x R x C([0,T] x R? x R,R) — R is a scheme operator.

Typical operator S” can be obtained by using an explicit or implicit finite
difference method on (3.5a)) (see [16] 15, [33]), or a semi-Lagrangian (SL)
scheme (35, 19} 24]). In (4.1]), the value of W;‘j_l may depend on the whole
function W7 (i.e., all the values ij for k =0,---,N). Of course, in case
of an explicit time discretization, the step could be re-written as:

Sp(tn,1,$7;, Yj,s WiJilv ng(Wp(tnv B ))) = 07 VZ?] with g($1) < Y-

However, the formulation is more general and includes different kind of
time-discretization like Euler implicit scheme or -methods.

The main idea of the numerical method described here above is to mix
the use of a standard scheme for , together with a "projection step" on
dD in order to approximate the homogeneous oblique derivative boundary
condition . Let us point out that a similar method was introduced in
[5] for the case g(x) = |x|. However, the general case with possibly nonlinear
function g requires some further attention on the boundary.

4.1. A general convergence result. In this part we closely follow the
arguments of Barles and Souganidis [I0], using consistency, stability and
monotonicity arguments. For this, we assume that the following hypotheses
are considered:
(H3) (stability) For any p, there exists a solution W? of the scheme which
has linear growth (uniformly in p), that is, there exists a constant
C > 0, independent of p, such that

Wtz y)| < C(L+|2[+]yl), on [0,T]x D; (4.3)
(H4) (consistency) The scheme S? is consistent with respect to equation
(B-54) in [0, T] x D, that is, for all (t,z,y) € [0,T] x D and for every
® c CH2([0,T] x D),
lim S°(s,€,7, ®(s,€,79)+(, @ +) = 0@+ H(t,x, D:®, D;P).
p

[0,T]xD3(s,£,7) = (ta,y)
¢—0

(H5) (monotonicity) For any p, forr € R, (¢, z,y) € [0,T]xD, SP(t,x,y,r, ®)
depends only on the values of ® in a neighborhood B, (t,x,y) of

(t,z,y), with n(p) > 0 such that n(p) 729 0. Moreover, for any
®1,®y functions on [0,7] x R? x R — R, such that ®; > ®; on
B p)((t, 2, y)), it holds:

Sp(ta z,y,T, cI)l) S SP(t, z,y,r, (1)2)
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Let us point out that the monotonicity and the consistency are required
here only for the operator scheme S* that corresponds to the discretization
of the equation —0;9 + H(t,x, DY, D*¥9) = 0.

Notice also that the monotonicity assumption (H5) is slightly different
from the classical one usualy required for general HJB equations. The reason
for this comes from the fact that the operator scheme S” is defined on D and
may use some values of the function W7 outside the domain D that are ob-
tained by oblique projection through the projection step. Our monotonicity
assumption requires local dependency on the values of ® in a neighborhood
of the point under consideration, then a comparison of the scheme values is
requested for any two functions ®; and ®, such that ®; > ®, only on this
neighborhood. The proof of Theorem highlights what this requirement
is needed for.

In the next section, we will check that assumptions (H3)-(H5) are well
satisfied by the semi-Lagrangian scheme. Now, we state the convergence
result for any general scheme satisfying (H3)-(H5).

Theorem 4.1. Assume (H1)-(H2). Let S be a scheme satisfying (HS3)-
(H5). Then, when p tends to 0, WP converges to the unique viscosity solution
of (3.5) uniformly on each compact subset of [0,T] x D.

Proof. Let us define

W(t,z,y) = lim sup WP(s,&7)

[0,T]xD>(s,£,7)—(t,z,y)
p—0

and Wit z,y) = ~liminf WP(s,&,7).
[0,71xD3(s.€,7) > (t,2y)
p—0
We start by proving that W is a viscosity sub-solution of equation (3.5 (the
proof that W is a viscosity super-solution is analogous).

Let ¢ be in C12([0,T] x D) and let (£,Z,9) be a local maximum point for
W —pon [0,T] x D. Without loss of generality we can assume that (¢, Z,9)
is a strict local maximum in the restricted ball B,.(t,z,%) N ([0,7] x D) for
a certain r > 0,

(W_¢)(f7j7g): max f(W_SO):Ov
B.N([0,T]xD)
and ¢ > 2sup, [|W*][| outside the ball B,(t,z,7).
We first assume that ¢ € (0,7'). Then we claim that:
—Op+H (L, %, Dyp, D2p) < 0 if (z,9) € D, (4.4a)
or min (—5tg0+H(t_,:Y:,chp,Dgcp),—apr) <0 if (z,y) €0D.(4.4b)

Following [21], there exists a sequence of mesh steps p; and a sequence
(tk—1,Zk, yx) in (0,T) x D such that: pp—0 and (tx_1,zk, yx)— (¢, T,7) as
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k—+o0, and (tx_1,Zk, yx) is a global maximum point of WPk —p, with
(WP = @) (b1, ) = max (WP =) = 6, =% 0 (4.5)
(0,T]xD
and
WOty s ) =5 W (E7,9).

- Case 1: assume that § > ¢(z). Thus, (Z,y) is in the open set D
and for k large enough, (zg,yx) € D. By continuity of g, y > g(z) in
By(o) (tk—1, Tk, y) for pp small enough. Therefore 9% (Wek) = Wrrk <
¢ + 0 on By, (tk—1, %k, yr). On the other hand, W@k(ty_1, 2k, yx) =

O(tk—1, 2k, yr) + 0k. Hence, thanks to the monotonicity of the scheme, it
follows

0 = S (-1, Tk, Yh, W (tho1, 2, yi), 19 (WPH))
> SPE(tg—1, Tk Yky P(tk—1, Tk, Y&) + Ok,  + O).
Using the consistency of the scheme, we obtain in the limit when p; — 0,
— Oyp+ H(E, %, Dy, D2p) < 0. (4.6)

We conclude that is satisfied when (z,y) € D.

- Case 2: when § = ¢g(z), (zk, yx) can be also on 9D and the scheme may
involve values W}, on some points (xy,y,) that are not in D. Here, we need
to consider two sub-cases.

- Sub-Case 2.1: if —0yp(t,z,y) < 0, then holds.

- Sub-Case 2.2: if —0yp(t,Z,y) > 0, then there exists a neighborhood V
of (t,z,y) where dyp(t, z,y) is well defined, and —0y¢(t,z,y) > 0 for every
(t,z,y) € V. Therefore,

y<y = ot.z,y) > et zy) Vit,zy),(tzy)eV. (4.7)

For k large enough, By, ) (tk—1, Tk, yx) C V. Let (¢, 2,y) € Byp) (te—1, Tk, Yk)-
If y > g(x), then

9 (WP (t,2,y)) = WPt 2, y) < @(ta,y) + 6. (4.8)
Otherwise if y < g(z), 119 (WP (t,z,y)) = WPk(t,z,y;,), and we have
o (Wh(t,a,y)) = WP(tx,y;,)

< p(ta,y;,) +0; (by using @3) (4.9
< o(t,x,y) + o (by using ) (4.10)
(for we also used the continuity of g that ensures that for k big
enough (t,z,y;,) still lays in V). We conclude I19 (W?) < ¢ + & on
Biy(pr) k-1, Tk, yx). Thus by monotonicity (H5), we get
0 = Spk(tk_l,xk, Yk, WPk (tk—lu xk,yk), ng(ka))
> SP%(tk—1, Tk Yks P(tk—1, Tk, Yk) + Ok, 0 + O).

Using the consistency of the scheme, when pi — 0, we get
— 0o+ H(t,Z,Dyp, D2p) < 0. (4.11)
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As conclusion for case 2, (4.4b)) is satisfied when (z,y) € 9D.

Similar arguments can be used in order to treat the case t = T' (classical
arguments enable to treat also the case of the boundary ¢ = 0). We conclude
that W is a viscosity sub-solution of the equation .

As already mentioned, we can also show that W is a super-solution. Then
by the comparison principle on [0, 7] x D (Theorem 3.4 and using the growth
condition ([4.3)), the inequality W > W holds on [0,7] x D. Furthermore
since the reverse inequality W < W is always true, we deduce that W =
W =49 on [0,T] x D. Hence the convergence result is proved. (]

4.2. A semi-Lagrangian scheme. We first introduce some new notations:
for any w € U, the drift b(-,-,u) (resp. volatility o(-,-,u)) will be simply
denoted by b* (resp. o*).

Consider the operator T : C(RY) — C(]0,T] x R¥1) defined by:

1 u
T(@)(t,z,y)= %9%2[ | (z+hb"(t, z)+/hp Ol (1), y) (4.12)
where (0})g=1,..p are the column vectors of 0%, and |¢| denotes the integer
part of ¢. The notation || = [-]; stands for a monotone, P; interpolation
operator on the z-grid (x;), satisfying for every Lipschitz continuous function
¢ (with Lipschitz constant Lg):

(1) [Pla(zi) = pla1), Vi,

(i1) |[¢la(x) — ¢(x)| < Lg|Ax,

(id1) |[¢la(2) — ¢(2)| < ClAz]?|Didlloo if ¢ € C*(RY),

(iv) for any functions ¢1, g9 : R* = R, ¢ < ¢ = [d1]e < [h2]s-
The operator T corresponds to a discretisation of the equation by

a semi-Lagrangian scheme (see [35], [19, 24]). Now, define an approximation
method for the system (3.5) as follows:

Fully discrete scheme (FDS)
1)Initialisation step: for all 7, j, set VVZJE = (x4, y; V g(x5)).
2)Forn=N,...,1:

- Step 1 Compute W” = T(W2)(tn, zi,y;), for all 4,5 (here W

denotes the values {W}; | i,j € 74 x Z})
- Step 2 Compute Wi"j 1 ng(W" 2), for all 4, 5.

The FDS scheme is a particular GS method, with the following formula for
the operator S5”:

SP(t— h, 3,y 7, B) = 2{r 9 (T(®) (4, y))}. (4.14)

Remark 4.2. We point out that in the FDS, for j such that y; < g(x;),

the projection step fixes the value of W" L as WZ”] 1. Of course, other

alternatives could be considered, for mbtance one could consider the scheme:

(4.13)
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1) Initialization step: for n = N, for all 4, j, set Wf\j’ = (x4, y; V g(x4)).
2) Forn=N,...,1, /VIV/ZL;l = %(W,’:‘,)(tn,xi,yj), for all 4, j, where
1 &
~ . /i k
with [-];, standing for an interpolation in both variables x and y.
All the convergence results stated in the paper also hold for this new
scheme.

In the next subsection, we will study some properties of the approximated
solution W?. Before this, we define also the following semi-discrete scheme
where we consider only a time-discretization:

Semi-discrete scheme (SDS)
1)For n = N, for every (z,y) € R set VN (z,y) = ¥(z,y V g(x)).
2)For n = N,..., 1, define V" ! as the function defined by:

V' (z,y) = To(V") (tn, 2,y V g()), (4.15)
where, g is defined from C(R4*!) into C([0,T] x R¥+1) by:

2p
o)t 2,9) = mip 5. 30 (w4 h0"(t,2) + () ooy (1.2).9)
Unlike the fully discrete scheme, no interpolation step is required in the SDS.
Straightforward calculations lead to the following consistency estimate, for
any ¢ € C24((0,T) x R? x R):

1

’h(qﬁ(t —hyx,y) = To(d)(t, 2, y)) — ( — O+ H(t,w, Dy, ngﬁ)) ’ (4.16)

< Klglea5<<|!3t2t¢lloo + 16" (t,2) [ DZglloo + [6"(, )0 (¢, 2)*| D3¢l o

+|o—"<t,x>|4uD§¢||oo) h

for any (z,y) € RY, with K a positive constant independent of ¢. Moreover,
T and 7Tq satisfy the following properties :

Lemma 4.3. For every ¢1,¢2 € C([0,T] x R? x R), we have:

(i) (To(¢1) — To(¢2))+ < [[(P1 — @2)+1I;
(ii) [|Té1 — T P20 < |61 — d2l00s
(iii) | Tod1r — Tod2lloo < |[P1 — d2[lc0s
(iv) for any Lipschitz continuous function ¢ on R4 x R, || Té — Tod|leo <
LyAz, where Ly is a Lipschitz constant of ¢.

Notice that assertion (i) corresponds to a discrete comparison principle.
The proof of the lemma is straightforward and will be omitted.
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4.3. Convergence of the SL scheme. The aim of this subsection is to
prove a convergence result for the scheme FDS.

Theorem 4.4. Let assumptions (H1)-(H2) be satisfied. Let WP be defined
by the fully discrete scheme. Assume also that

KAQC}Z& < C (where C is a positive constant) (4.17)
Then the FDS is convergent, i.e. W? converges towards ¥, as p tends to 0,
uniformly on each compact set of [0,T] x D.

The claim of this theorem would be a consequence of the general result of
theorem [£.1], provided the monotonicity, consistency and stability properties
of the FDS are established. The monotonicity and the consistency are easy
to check. If ¢ is a bounded function, the stability of the scheme would be
immediate because in this case ||[W"||s < ||¢|loc- However, in the general
case the function v is not necessarily bounded. In order to derive the stability
property, we first prove some results on the semi-discrete scheme that we
state in the following next two propositions.

Proposition 4.5. If assumptions (H1) and (H2) are satisfied, the solution
V' of the semi-discrete scheme is Lipschitz continuous in (x,y) and %—Hb'lder
continuous in t: there exists a constant Ly > 0, for every 0 < n,m < N,
and every (x1,11), (x2,v2) € R4 such that

V™ (22, 92) — V™ (@1, 1)| < Ly (|z2 — 21|+ |y2 — ya| + (1 + [21])[tn — ] /?).

Proof. Let (£7,&"*1, ..., ¢N=1) be independent random variables, with val-
ues in {0,...,2p}, and such that P(" = k) = i, Vk=1,...,2p.
Let u = (up, Upt1,---,un—1) denotes a sequence of controls, with u; € U,

and let 77! = Z]?’x’u, n < k < N, be the random walk such that:

zy =,
{ Zi g = Zp 4 hb" (b1, Z7) + \/E&?,f (tkt1,27), k>n (4.18)

where the notation &} (t,z) := (—l)k\/fmfmJ (t,z) is used. Notice that
2

Z;"™" depends only on the controls (tn, ..., up—1). Direct calculations lead
to the following expressions:

2p

1
V™(z,y) Zulilé% % ; yntt <Jc + hb"" (tps1, ) + \/ﬁ&}i” (tn,z), yV g(m))

:Jné%E [V”H (ngl’u, yV g(x))] ,
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and, in the same way,

. . n+l,ZZ’x’u,u .,
V*(z,y) =Jng[1]E[urﬂrelUE (VP2 Z, 0 oy Vg(a) v g(ZZflu))]] :

= min [ in E (VI2(Z05 g v g(z) v g(fofi“))]} :

and so on, and finally (also using V™ (z,y) = ¢ (z,y V g(z))):

V*"(z,y) =minE [minE [ --minE [VN (Zy"",yV  max g(Z@’x’u))H o }

7
Un Un+1 UN -1 i=n,...,N—1

=minE [minE[' : -minE[zp(Z;”;”C’“, yVv maxNg(Zf’x’u))” o ] .

Un Un+1 UN-—1 1=N,...,

Then, we have the equivalent representation formula:

V' (x,y) = min E[w(Z]T\L,’m’u,y V  max

g
u=(Un,.,uN 1) i=n,...,N

@] a9

By using [(72 Vy2) — (v1 Vy1)| < 21 — 22| VY1 — yo| < |21 — 22| + |y1 — 92,
we obtain:

[V™(z2,92) — V" (21,91)] <

< megx E|:|Z]7\lfx2,uZJT\l/jx1,u| + Lgngliag%|zzl:$2,uizinvw17u|+Lg|y2 — y1|:|

n<i<N

< Ly(Lg+1) (meLXE[ max |Z""" — Zznxlu|] + |y2 — y1\> . (4.20)

where max denotes the maximum over (w,,uni1,...,uny_1) € UV By

u
(H1), there exists a constant C > 0, that depends only on (7', L, L), such
that for every 0 < m,n < N and every z,z1, x> € R?, the following classical
estimates hold:

)

E[ max |Z]""*" — Z"’ml’“@ < Chlza — 21| (4.21a)
n<i<N

E[ max |2 — Zﬁf’“@ < Ciltmap — tm]2(1 4 |2]). (4.21D)
0<:<p

Combining (4.20) and (4.21a)), for n = m, the Lipschitz property follows:

V™ (x1,y1) = V"(22,y2)| < Ly(Lg + 1)(Cilze — 21| + |y2 — y1])-

On the other hand, for 0 < n <m < N by using again (4.19) we have:

m _yn < n,TU ™,
[V (z,y) — V*(z,y)| < C’mgxIE ‘nréliag)?\le mrg%xNZl

. (4.22)
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for some constant C. Therefore, since Z,,"*" = x:
n,r,u
V™ (x,y) — V™(x,y)] < CmaxE [‘ max zZ;" a:@ (4.23)
+C maxE [‘ max Z;""" — max Z""" } (4.24)
u m+1<i<N mA+1<i<N

The right term of ([#23)) is bounded by C(1 + |z|)|tm — t,|'/. In order to

bound (@24), by using that Z™% = Z™Z""% (¢i > m) and ([{21a) the
following estimate is obtained:

E‘ max ZmZnM —  max me“‘] < ClE[Z}ZL’I’“—x]

m+1<i<N m+1<i<N

IN

CE( + |z])[tm — ta]Y?.
Hence it holds, for some constant C,

V™ (,y) = V™ (@, y)] < C(1+ [a])[tm — ta]'/2.
Together with the Lipschitz property the desired result follows. U
Remark 4.6. It is not clear whether the solution W obtained by the fully

discrete scheme satisfies a Lipschitz continuity property or not. The main
difficulty is that a representation formula as (4.19)) is not guaranteed for W¢.

Proposition 4.7. If assumptions (H1) and (H2) are satzsﬁed there exists
a constant C > 0 independent of p such that, Yn=0,...,N:
[(Az, Ay)|

. .

Proof. Consider the operator I : C(R? x R) — C(R? x R) defined by
Hé(z,y) = ¢(z,y V g(z)). With this notation, we have V=1 = TI(To(V")).
On the other hand, ngl = 119" (T (W")(tn, zi,y;)). Therefore, by using
Lemma [:3] we get:
W=V oo < I(T(W™) ~IH(To(V™))lloo
< [T W) =T (To (V") oo + [T (T (V7)) = THT5 (V")) e
< NTWV™)=To(V™) oo + I (To(V™) =T To (V")) |0
<ITW) =TV oo + ITV")=To(V")lloo + Lv Ay
< || W"=V"|| + Ly|Azx| + Ly Ay.

W = V"o <C (4.25)

By recursion, it follows:
W" V"o < W=V +nLy (|Az]| + Ay).

Since VN (z,y) = ¥(z,y V g(x)) on R W is an interpolation of VY on
the grid G” and n < I, we obtain the desired result. O

Now we turn to the proof of Theorem [£.4]
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Proof of Theorem[{.4} Since V™ is a Lipschitz function in the (z, y) variables,
uniformly in n, then V"™ has a linear growth with constants independent of

n. By Lemma and by using assumption (4.17)),

((Az, Ay)|
h

|W" —V"| <C < K.

Hence W™ has also a linear growth, with constants independent of n.
Moreover, the consistency of the scheme comes from the estimate
and using that EN) by assumption . Also, the monotonicity
property (as defined in (H5)) is deduced from the monotonicity of the inter-
polations and the monotonicity of the operator 7.
In consequence, the convergence result follows from Theorem O

Remark 4.8. The convergence result of Theorem is still valid in the case
where 1) is a bounded Lipschitz function and % — 0.

5. ERROR BOUNDS FOR THE SEMI-LAGRANGIAN SCHEME

In the sequel, for any function f defined from some set Q C (0, 00) x R4*!
into either R, R? or some space of matrices, we set
f tax — f $Y
(tao)Asy) (17 =y + [t = s[1/?)

and

[fl1 = [1flloo + [f]1-
In this section we aim to give an error bound for the fully discrete scheme
FDS, as well as the semi-discrete SL scheme . For this aim a supple-
mentary hypothesis will be required (together with (H1) and (H2)):

(H1’) There is a constant M independent of u € U such that:
|1 + [b"]1 < M;.

The error estimates theory is based on some technique of "shaking coeffi-
cients" and regularization introduced by Krylov in [30, 31] and studied later
by many authors [6, [7, 8 13| 14, 24]. The main idea consists of regularizing
the exact solution ¥ in order to obtain a smooth sub-solution . (for an ap-
proximation parameter £ > 0) to the equation , then the upper-bound
error estimate can be obtained by using the consistency estimate . The
regularisation procedure takes advantage from the fact that the exact solu-
tion 9 is Holder continuous, which enables to obtain an estimate of [ — .|
of order O(e). The lower bound is obtained by similar arguments, but in this
case we need to build a smooth sub-solution to the discrete equation. For
this, a regularization of the numerical solution will be considered. However,
as noticed earlier (remark , it is not clear if the solution W* of the fully
discrete scheme is Holder continuous or not, and then it is not clear how to
build directly a regularization W2 (with regularisation parameter ) with an
error WP — W£| of order O(e). For this reason, we will start by deriving an
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error estimate between the solution ¢ and the solution V' of the semi-discrete
scheme SDS, using the fact that V has Holder continuity properties. Then
the estimates for the FDS are derived as a consequence of Lemma [£.7]

For the regularization procedure, consider a smooth function z : R*2 —
R, with 4 > 0, supported in (0,1) x B1(0), with [ [pa pu(s, ) dezds = 1, and
define p. as the following sequence of mollifiers:

1 t Ty

— : d+1
pe(t, z,y) = gdﬁﬂ(?a?g) in R X R

5.1. The rate of convergence for the semi-discrete scheme. For any

e > 0, let £ be the set of progressively measurable processes (o, x) valued in
[—€2,0] x B(0,e) C R x R? that is,

&= {prog. meas. process («, x) valued in E},
where E := {(a,e) eRxRY —e2<a<0,lel < 5} .
On other hand, let M := 2,/1 + Lg and introduce g. : R* — R defined
by
ge(x) = g(z) — M e. (5.1)
Finally, let us denote by D¢ the set defined as follows:
D*i={(w,y) e RM™, y > (o)}
Remark 5.1. The choice of g is such that the following property holds:

(,y) € D = (x —e1,y —e2) € D° ¥ (e1,e2) € R [(e1,e2)| < e.

5.1.1. Upper bound. Now, we start by introducing a perturbed control prob-
lem (with "shaking coefficients"). For any € > 0, consider the following value
function

#(ta,y) = inf E[w (Xif;fa’x)a’), mangXZf;(‘“’X)(s))vy)], (5.2)
(;)eglég s€(t,T]

where Xg;fa’X)(-) is the solution of the perturbed system of SDEs
dX (s) =b(s + a(s),X () + x(s),u(s))ds +0(s + a(s),X (s)+x(s),u(s))dB(s)
X(t) ==.
(5.3)

Remark 5.2. The functions o and b are only defined for times ¢ € [0, 7], but

they can be extended to times [—2¢2, T'+2¢?] in such a way that assumption
(H1’) still holds.

Proposition 5.3. Under assumptions (H1)-(H2) and (H1’) (extending even-
tually b and o as prescribed in Remark , the following holds:
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(i) ¥¢ is a Lipschitz continuous function in x and y and a %-H(’)’lder
continuous function in t. More precisely, for t,<t' € [0,T], z,2' €
R? and y,y € R, we have:

1
[0°(t, 2, y) — 9°(t), 2",y < Ly(Jo — 2"+ |y — /| + (L + ]|t — 2']2).

(ii) [9(t,z,y) — (¢, x,y)| < Ce on [0, T] x D, where the constant C' only
depends on T and the Lipschitz constants of b, o, g and .

Proof. The Lipschitz and Holder continuity follows by the same arguments
as in Proposition Thanks to the Lipschitz continuity of 1) and g and the
choice of g. one has

sup | Xt (s) = X5 (s)|

IWt%w—W@wwHSK(sw E o
s€[t,T)

ueU,
(aux)€E

+M €>

and the result is obtained by classical estimates thanks to the hypothesis on
b and o. 0

Theorem 5.4. Let assumptions (H1)-(H2) and (H1’) be satisfied. There
exists a constant C > 0 such that

ﬁ(tﬂdxvy) - Vn(l',y) <C hi’
for allm >0 (with nh < T) and (x,y) € D.

Proof. The proof is splitted into three steps:
- Step 1. Let (@, (é1,62)) € R x R™! be such that —e? < @ < 0 and
|(é1,€2)| <e. Let (¢,Z,y) € (0,T) x D, and define for v > 0:

L(t2,9) = {(tz,y)lt € [t - v*,1], (z,y) € B,(%,7)} .
We claim that 9°(- — a,- — €1,- — €2) is a viscosity sub-solution of
— 8¢9 + H(t,x, D9, D29) <0 on I.(t,Z,7). (5.4)

To prove this claim, we notice first that I.(¢,Z,5) C D°. Moreover, from
Theorem [3.2] for any e > 0, ¥¢ is a viscosity solution of the following equation
—Op° + sup H(t+a,z+e, D9, D29°) =0 (—2¢2,T) x D?,

(ae)eE
—9,0° =0 (—2¢2,T) x OD*,
(T, x,y) = ¥(w, (9(x) — Me) Vy).
(5.5)

Let ¢ € C?4([—2¢2,T| x D¢) be such that ¥¢(- — @, - — 1, - — é2) — ¢ achieves
a local maximum at (£,%,§) on I.(£,%,%). Clearly (f —a,& — é1,7 — é3) is
also a local maximum of ¥ — ¢(- + a,- + €1,- + €2) on I (and Is. C D7).
Since ¢ is a viscosity solution of equation , we obtain:

—8&0(5, Z,9) + sup H(f— a+a,—é +e1, Dy, D%gp) <0.
(a,e1)ER

Taking (a,e1) = (a,€1), we get the result.
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- Step 2. Define following mollification 9J.:

Pe(t,z,y) := (ﬁE*uE)(t,x,y):/(eh@)Saﬂa(t—a,aj—el,y—eg)u(a,el,eg)dade.

—£2<a<0
We recall the following properties of the mollifiers:
[9°(t, 2, y) — De(t, 2, )| < [97ae, (5.6)
with [w¢]y < CLy, C > 0. Moreover, for any ¢ > 1 or j > 1,
IDid]lse < CLye'™  ||DIVc]|os < CLye' ™% (5.7)

(where D! denotes the i-th derivative with respect to z, and Di the j-th
derivative with respect to ¢). Since ¥ is a limit of convex combinations of
9¢(- —a,- — €1, — €z), then ¥, satisfies in the viscosity sense

—09. + H(t,z,Dy9.,D29.) <0  in (0,T) x D. (5.8)

Taking into account that ¥, is in C°([0, 7] x R%*1), we conclude that (5.8
holds in classical sense on [0,7] x D. From the consistency estimate (4.16
along with (5.8) and by assumption (H1’), we get:

h?
ﬁ&(tn—lvxuy) - 76(195)(7571;55,3/) S 0573

Combining these bounds with Lemma [£.3] we get

h2
ﬁe(tn—bx>y)_vn_1($7y) < 7-0(198)(tn>$7y)_%(Vn)($>y)+cg

h2
< (@t ) = V™), oo + 06—3.
Therefore, by recursion, it comes

1(9e(tn, ) = V™) tlloo < [1(0=(0,-) = V)t ]loo + CTE% (5.9)

- Step 8. By Propositiontogether with the inequalities (5.6]) and ([5.9)),
we obtain for n > 0,

n h
1O(tn,) = V")l < Ce+CT 5, n20.
The choice e* = h leads to (for n > 0):

1
[(@(tn, ") = V")t lloc < C 3,

which concludes the proof. O
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5.1.2. Lower bound. For obtaining the lower bound we will apply exactly
the same techniques as used for the upper bound, reversing the role of the
equation and the scheme. The key point is that the solution V' of the semi-
discrete scheme SDS is Lipschitz continuous. Then it is possible to use the
techniques of "shaking coefficients" and regularisation to build a smooth
sub-solution V; satisying [|V)* — V|| < Ce and

VA, ) — To(V) (tar,y V g(2)) <O in [0,T] x R x R.

Then by consistency estimate and comparison principle, we conclude the
following result:

Theorem 5.5. Let assumptions (H1)-(H2) and (H1’) be satisfied. There
exists a constant C > 0 such that

ﬂ(tnvxvy) - Vn(x7y) > —C h%
for allm >0 (with Nh < T) and (x,y) € D.

5.2. The fully discrete scheme. The section is concluded with the fol-
lowing theorem that provides error estimates for the fully discrete semi-
Lagrangian scheme. The result is a simple consequence of Theorems
and Lemma,

Theorem 5.6. Let assumptions (H1)-(H2) and (H1’) be satisfied. If W is
the solution of the fully-discrete scheme (4.14) |, there exists a constant C > 0
independent fromn =0,..., N such that

W~ (b, ) < c(hi ¥ (M;fy)‘).

Proof. The result follows by using
W = 0(tn, ) oo < [IW" = Voo + [V = 0(tn, )l oo-
and thanks to Theorems [5.4] 5.5 and to Lemma [£.7] O

6. NUMERICAL TESTS

In this section we present some numerical results for reachability problems
in presence of state constraints (as in Section . The dynamics is given by
the following controlled SDE in R?:

dX (s) = u(s) ( ; ) ds + u(s)o (X (s))dBs, s > t,
X(t) ==

where B is a one-dimensional Brownian motion (p =1), U = [0,1] C R and
the function o(z) € R? will vary depending on the example. The target set
is

(6.1)

C = {:1: = (z1,22) € R? 0<z <04, |xa| < 0.5}
and the set of state-constraints is
K=R\{z = (21,22) € R*, =04 <2y < —0.2, |z2| <0.1}.
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Given a final time 7', the aim is to approximate the set RS’K defined by
(2.7), for t = 0. We recall that the following auxiliary value is introduced:

0(t,2,) = IFPE[d (X[, (T)) V max d (X7, () Vo]

)

and that the characterization of the backward reachable set is given by
x € Rf”c <= J(t,z,0) = 0. (6.2)

In all the following tests, t = 0, T' = 0.5 are fixed and the computational
domain for (x1,x9,y) is

(x1,22,y) € Q= [-1,1] x [-1,1] x [0,1].

The numerical scheme implemented is the semi-Lagrangian scheme (FDS).
We denote by IN; the number of time-steps, N, = N, and N, are the
number of mesh steps for the space variables (x1,x2,y), and

T 2 1
h: N Ax; N, Ay N,

Different simulations show that the results are not very sensitive to the
step discretization of the variable y. Unless otherwise precised, we set IV, =
10. For all tests, since u € [0, 1] and because the dynamics depends linearly
on the control u it is sufficient to take only two controls (N, = 2), e.g.,
u € {0, 1} for the discretization of the control variable.

The different figures (see e.g. Figure [1)) represent points in the (z1,x2)
plane. The obstacle is represented in black, and the target in dark grey.
Then, an arbitrary non negative threshold e := 107° is choosen, and our
approximation of the reachable set is given by

ﬁf’lc = {(Z’l,l’g) € Rza 19(0,331,332,6) < 6} (63)

(plotted in green).

Remark 6.1. This procedure is not very sensitive to the choice of € in the
range 1072 — 1076,

Remark 6.2. We have also tested the scheme of Remark 2] and obtain
similar results.

Test 1. In this test, there is no diffusion, that is:

a@y:<8>.

Figure[l](a) shows the approximation obtained using (N, , Na,, N¢) = (800,800,200)
(and the represented level set is 107°).

The boundary of th’}c (resp. ﬁtc’lc) is also represented by a black doted
line (resp. red line). The result perfectly matches the expected solution.



26 O. BOKANOWSKI, A. PICARELLI AND H. ZIDANI

=05 f=liiG
level set=18-05 level set=1e-05

FiGurE 1. (a): Test 1, no diffusion, and (b): Test 2, with
diffusion.

Test 2. In this test a non-zero volatility is considered:

- (3)

In that case the backward reachable set reduces to the target set, see Fig-
ure (b) In fact for any point outside the target, as soon as u # 0, even
if the drift steers the system in the direction of the target, there is always
a non-zero probability to go to far way in the xs orthogonal direction and
therefore to not reach it.

Test 3. In this test the volatility is now given by

o) = 5dafo) (| )
where dg denotes the distance function to the set
O .= {(xhajg), ]a:2| > 03}
Hence for any point (z1,x2), if |z2] > 0.3 the volatility vanishes. According
to the drift term, the target is finally reached, see Figure 2] This Figure
shows the approximation of RS’K for three different meshes. It also shows
how the scheme converges. Notice that the points which are immediately

above or below the obstacle are not in the reachable set since in presence of
diffusion the state-constraint will be violated with a non-zero probability.

Also, in Table [} various error norms are given to study the convergence
of the scheme. For a given n > 1 we have chosen

Ny, = Ny, =n, Ny =n/4 and Ny =n/4.

Errors have been computed by taking n = 160 for the reference value, and
a convergence of order greater than one is observed in this simple example
(better than the expected order of convergence).
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=05 1=0.5 t=0.5
level set=1e-05 level set=1e-05 level set=1e-05

FIGURE 2. (Test 3) Vertical diffusion,  using
(Ngy, Ngy, N¢) = (n,n,n/4), for n € {200,400, 800}.

TABLE 1. Test 3, convergence table.

‘ n ‘ L*>-error order ‘ Ll-error order ‘ L?-error order ‘

10| 0.46582 - 0.02526 - 0.07115 -

20| 0.16633 1.48 | 0.00345 2.87 | 0.01979 1.84
40| 0.06746  1.30 | 0.00111 1.63 | 0.00668 1.56
80| 0.02500 1.43 | 0.00024 2.20 | 0.00194 1.78

Test 4 (oblique diffusion) In this test the coefficient o is now given by

o(z) = 5do () ( ' ) (6.4)

In Figure [3] we have plotted the results obtained with three different
meshes, using (Ng,, Na,, Ni) = (n,n,n/4) for n € {100, 200,400}. Altough
the first computation plotted in Figure [3| (left, with n = 100) is not very
accurate, the other computations (with n = 200 and n = 400) clearly show
the good convergence of the scheme.

0.5 0.5 0.5
level set=1e-05 level set=1e-05 level set=le-05

FiIGure 3. (Test 4) Oblique diffusion. using
(Ngys Nuy, Nt) = (n,n,n/4) for n € {100,200, 400}.
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APPENDIX A. PROOF OF THE COMPARISON PRINCIPLE

In what follows we consider a general HJB equation with oblique derivative
boundary condition in the direction v possibly depending on x:

w + H(t,z, Dw, D*>w) =0 (0,T) x D

(v(z), Dwy =0 (0,T7) x 0D (A1)
w(0, ) = wp(x) D

where D, v : R" — R" H : [0,T] x R" x R" x S,, (S, is the space of n x n
symmetric matrices), and wq : R™ — R satisfy the following properties:

(P1) D is alocally compact subset of R™ such that there exists b > 0 such
that

J Bw(z+tv(z)) cD°,  Vze€dD,
0<t<b

U Bw(z —tv(z)) cD,  Vze€oD;

0<t<b

(P2) H € C(R x D x R" x S,,) and there is a neighborhood U of D
in D and a function w; € C([0, 00]) satisfying wq(0) = 0 such that
Vte [0,T), x €U, p,ge R", X,Y €8y

[H(t, 2, p, X) = H(t, x,¢,Y)| Swi(lp — gl + [ X = Y));
(P3) There is a function we € C([0, o0]) satisfying w2(0) = 0 such that
H(t,y,p,—Y) = H(t,x,p, X) <ws(ale —y* + |z —y| (jp| + 1))

Va>1,t€0,T), 2,y € D, pe R", X,Y € S, such that

—a(é ?>s<§ 3>§a<_ll _II>.

(P4) v is C?*(R") N W2*°(R") with |v(z)| = 1, and wp is a Lipschitiz
continuous function.

It is clear that under assumption (H1)-(H2), equation (3.5)) is a particu-
lar case of (A.1), with n = d + 1, D = Epigraph(g), v = —e,, H(t,:) =
H(T —t,-). We notice also that under (H1)-(H2), the set defined by D =
Epigraph(g) satisfies the property (P1), with b:=1/,/1+ L2. The proper-
ties (P2)-(P4) are also satisfied under (H1)-(H2).

In the sequel, it will be usefull to use the concept of semijets:

Definition A.1 (Parabolic semijets). Let O be a locally compact subset of
R™. We define the parabolic semijets of a function w : [0,7] x O — R in
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(t,z) € (0,T) x O by:

PL2tw(t,z) = {(a,p,X) ERXR" x S,|as (0,T) x O >
w(s,y) <w(t,x) +a(s —t) + (p,y —z) +
+olls —t|+ly — z*)}
PL2-w(t,z) = {(a,p,X) €ERXR" xS,| as (0,T) x O3 (s
w(s,y) >w(t,z)+a(s—t)+ (p,y —x) + 5 (X(y
+o(ls —t| + |y — z[*)}.
Then we define the closures of the previous sets:

Pt x) = {(a,p,X) € R x R" x 8,|3(tk, Tk, ak, pr, Xx) such that

(ak, Pk, Xk) € 791’2*+w(tk,xk) and
(tk, 2k, w(ty, k), Pk, Xi) = (t, 2, w(t, ), p, X)}
51’2’7w(t,x) = {(a,p,X) € R x R"™ x 8, |3(tk, k, ak, pr, Xi) such that

(ak, Pk, Xk) € 'Pl’z’_w(tk,l‘k) and

(tk, 2k, w(tk, k), Pk, Xi) = (t, 2, w(t, ), p, X)}
Theorem A.2. Assume (P1)-(P4) hold. Let u (resp. v) be a usc sub-
solution (resp. lsc super-solution) of satisfying the following growth
conditions

< CO+ |z,
(resp. wo(t,z) > —C(1+|z|)).

Then u < v on [0,T] x D.
Before starting the proof we state some important preliminary results.

Lemma A.3. If (P1) and (P4) hold, then there exists a family {we}.o, of
C? functions on R™ x R™ and positive constants 0,C such that

Ve(z,2) < ¢ (A.2)
Ve(z,y) > 0|:c—€y|2 (A.3)

2
() Ded(ey)) > O iy e (A
(@), Dyde(w,y)) = 0 fr—ygT (A5)
Dyoetay)| < Y, (A0

z—ul?
Dabe(z,y) + Dyde(,y)| < C|€y| (A7)

and
1 I -1 x —y|?
D2195(5L'ay) < C{g < 7 I ) + UIQd} (A.8)
fore >0 and x,y € R™.

Proof. The result is presented in [25]. O
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Lemma A.4. If (P1) and (P4) hold, then there exists h € C%(D) such that:
h>0 onD and h=0 inD\U
(where U is a neighborhood of 0D as in Property (P2)) and
(v(z), Dh(x)) > 1 x € 0D.

Proof. The result can be obtained adapting the arguments in [25], thanks to
the local compactness of the set D. O

Proof of Theorem %? We will prove the theorem for w and v sub- and

super-solution of (A.1) with boundary condition respectively replaced by
(v(z), Du) + a and (v(z), Dv) — « for a certain o > 0. It means that on
(0,T) x 0D, u and v satisfy

min ((v(z),p) +a , a+H(t,z,p, X)) <0 Y(a,p,X)eP ~Tut,z) (A9)
max ((v(y).q) —a . b+H(t.y,q,Y)) >0 V(b,q.Y)€P ~ u(ty). (A.10)
We observe that it is always possible to consider a sub-solution u, such that
li t,x) =—
limu, (t, ) = —o0
Or(uy) + H(t,x, Duy, D?uy) <0

defining, for instance, u,(t,z) := u(t,z) — 7. The desired comparison
result is then obtained as a limit for v — 0.
Given § > 0, let us define p;5 := sup (u(t,x) — v(t,z) — 26(1 + |z]?)) .

(t,2)€[0,T)xD
The growth condition on v and v implies that there exists (s,z) € [0,T) x D
such that
ps = u(s,z) —v(s,z) —20(1 + |z]?).
Set p := ﬁpg. Assume p < 0. Since u(t,x) —v(t,z) < 26(1 + |z|?) + ps, for
H

every (t,z) € [0,T) x D, we have that u(t,z) < v(t,x) on [0,T) x D.

Now, assume that p > 0 and let us show a contradiction. Thanks to (P1)
and (P4), if z € dD, then there exists § € (0, 3) such that Bys(z+tv(z)) C D°
for x € Bs(z) N oD, t € (0,20]. Set I := |J Bys(tv(2))°. It comes that

£>0

y—x ¢rl, if 2 € 0D N Bs(2)°, y € DN Bs(2)°. (A.11)
In what follows we will restrict our attention to the events on the set Bs(z)N
D, then we can assume v € W*(R", R") and |v(z)| = 1.
Thanks to Lemma [A3] we can define
O(t,z,y) = u(t,x) = v(t,y) — alz — 2 = Ve(z,y) = 6(1 + [2]*) = 5(1 + [y ).
and thanks to the growth conditions and the semicontinuity of u and v we can
state that there exists (¢,Z,7) € [0,7) X D maximum point for ®. Thanks

to (A.2) and (A.3]) the following inequalities hold
ps — € < (I)(87Z7Z) S @({7jvg) (A12)

- 12
< (@)~ o.9) —alz — =P~ 0TI 5y ) 01+ i)
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and by classical arguments (see [21]), extracting a subsequence if necessary,
we can conclude that

Ift=0:
T — _ _
I 50 -0(1457)

ps—€ =< @(0,@,@) < wo(j;)—wo(g)—a]f—zP—G

so since the right-hand term in the inequality tends to zero for €,6 — 0 and

5H0 (ps —€) > 0, one can assume that ¢ > 0 for £ and 0 small enough.
£—>

Let us define

a(t,z) = u(t,z) —alr —z* —6(1 + |z|?)

o(t,z) = v(t,z)+ 61+ |z|?).
Since (¢, Z,¥) is a maximum point for ® and property holds, for x and
y sufficiently close to Z and g, we have the following inequalities

u(t, z) — o(t, y)

< a(t,z) — o(t, y) + de(, y) — 9(Z, 7))
<at,z)—oty) +p-(x—2)+q- (y—9)+
+;D2195(f,y)<§:§>,<§:Z>+O<Ix—xl3+ly—gl3)
Sﬂ(ja‘c)—6(E,g)+p-($—f)+q-fy—@7) )
ST G5)05))
(o 1) (50) (520 )b +ote—af + -5
<a(t,z) -0t y) +p-(r—2)+q- (y—9)+

C (1 _ _ _ _
+ 5 {21 = 2)— =P + Al o+ Ay - 5.

with p = D,0.(Z,7), ¢ = Dy0.(,7) and A = 205 4 ¢
As a consequence of the Crandall-Ishii Lemma it follows that there exist
X, Y €5, and a,b € R such that

- g&” = ( * _OCM v —OCM > = g ( S > (A-13)
a+b= (A.14)

and

(a, Do¥(z,5), X) e P> aE, ) (=b,—Dyd-(z,7),-Y) € P27 6(%, 7).
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Recalling the definition of @ and ¥ one has

172’+u(

(a, Dp9:(Z,7) + 2a(Z — 2) + 20%, X + 200 +261) € P t,T)

and

(=b, —Dy0.(z,5) — 205, —Y — 261) € P> (L, ),
so just setting X := X 4267 and Y :=Y + 261 we get
(a, Dy9e(%, ) + 20(F — 2) + 207, X + 2al) € P> u(t, )

and
(=b, =Dy (z,7) — 205, ~Y) € P v(t,p),
with
C X —CM — 261 0 c I -1
_512m§< 0 YC)\I25I>§5<I I >
(A.15)
Let us assume that for € small enough

(Dy9:(7,9) + 2a(x — 2) + 202, v(Z)) + a > 0 (A.16)
<_Dy195(577 g) - 25@7 V(Q)) —a<0 (A17)

then by the definition of viscosity sub- and super-solution of we get
a+H(t, T, Dy9:(Z,9) + 2a(T — 2) + 207, X +2al) < —c <0
and
—b+ H(t,y, —Dyd(Z,y) — 207,—Y) >0
and from (P2), (P3) (A.14) and (A.15), it follows
c< —(a+0b)+H(t,y,—DyV(z,y) — 20y, —Y)
— H(t, T, DyY:(T,§) + 2a(T — 2) + 20%, X + 2al)
< H(t,y, —Dyde, =Y + CA +201) — H(t, &, — Dy, X — CAI — 201)
+ wi(|Dg¥s + Dyde| 4+ 2a + CX +26(2 + |Z| + |§]) + 2|T — 2|)
< wi(|DyYe + Dyde| + 20+ CX + 26(2 + |Z| + |g]) + 20|z — 2])+

|z —y|?

+wa(C + [z — [ (20]y] + 1))

so that the desired contradiction is obtained by taking the limit for e, — 0.
In order to prove ({A.16]) and (A.17) we proceed as in [25]. In fact for € and

0 sufficiently small
(D,Y-(7,9),v(T)) > —% = (D 9:.(z,9),v(2)) + 2a(z — 2),v(Z)) + 20 (z,v(Z)) + >0

(Dyde(z,9),v(9)) = —% = —(Dyd(7,9),v(y)) — 26 (§,v(y)) — a <0,

then thanks to (A.4) and (A.5)), (A.16) and (A.17)) are finally obtained.

In order to conclude the proof we need to argue how it is possible to modify
our boundary conditions.
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Let us assume that u and v are respectively viscosity sub- and super-solution
of the original problem. Thanks to Lemma [A.4] we can define

ua(t,z) = u(t,x) — ah(x) — Ct
and
Vo (t, z) == v(t, z) + ah(x) + Ct.
If (a,p,X) € P """ ua(t,z) and (b,q,Y) € P va(t,x), by property (P2)
one has
a+H(t,x,p,X) <a+C+H(t,z,p+aDh, X +aD?*h) — C +wi(aM), (A.18)
b+H(t,x,q,Y)>b—C+H(t,x,q — aDh,Y —aD?h) + C —w(aM)  (A.19)

and
(v(2),p) = (v(w),p+ aDh(z)) — a (v(x), Dh(z))  (A:20)
< (v(z),p+ aDh(z)) —
(v(x),p) > (v(x),p — aDh(z)) + « (A.21)

where M := max(|Dh| + ||D?h||) (from the construction of h follows the
boundness of Dh and D?h).
Observing that

—1.2,+
P

B

u(t,z) = fl’Z’Jrua(t,:n) + (C,aDh, aD2h)
1’2’_12(75, x) = 51’2’_11@(75, z) — (C,aDh,aD?h)
one has
(a+C,p+aDh(z), X + aD?h(x ) € Poity (z)
(b—C,q— aDh(z),Y —aD?h(z)) € P ’711(3:)
then, by the definition of viscosity sub- and super-solution

a+C+H(t,z,p+ aDh, X +aD?h) <0 on D
min ((v(z),p + aDh(z)) ,a+ C + H(t,x,p+ aDh, X + aD?*h)) <0 on D

and
b—C+H(t,z,q — aDh,Y —aD?h) >0 on D
max ((v(z),p — aDh(z)) ,b — C + H(t,x,q — aDh,Y — aD?h)) >0 on dD.

For « small enough taklng C = wi(aM), we can finally conclude by in-

equalities ((A.18 and - - that
a—|—7—[(t,:r,p,X)§O on D
win (((2), p) + a0 + H(t, 7,p, X)) <0 on OD
and
+b+ H(t,z,q,Y) >0 on D
masx (v(z), p) — @ b+ H(t,,4,Y)) >0 on 9D,

In other words for a small enough u,, and v, are respectively sub- and super-

solution of (A.1]) with boundary conditions (v(x), Duy)+a and (v(z), Dvy)—
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. a—0 a—0 .
« and since v, — w and v, — v, we can prove the comparison theorem
for them instead of u and v. ([
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