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Motivation

Examples of the seismic applications

Source d'émission des ondes Enregistrement des signaux

1/42 M. Bonnasse-Gahot DG methods for Helmholtz wave equations



Motivation
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Imaging method : the full wave inversion

e Quantitative high resolution images of the subsurface physical
parameters
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Motivation

Motivation

Imaging method : the full wave inversion

e Quantitative high resolution images of the subsurface physical
parameters

Forward problem of the inversion process

o Elastic waves propagation in harmonic domain : Helmholtz
equation
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Motivation

Seismic imaging in heterogeneous complex media

o Complex topography

@ High heterogeneities
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Motivation

Motivation

Seismic imaging in heterogeneous complex media

o Complex topography

@ High heterogeneities

DG method

@ Use of triangular unstructured meshes

@ Flexible choice of interpolation orders (p — adaptativity)
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Drawback of DG method
e Important computational cost
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Motivation

Motivation

Drawback of DG method
e Important computational cost

Main objective of the thesis

o Development of an hybridizable DG (HDG) method

e Development of a reference method, a classical DG
method
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2D Helmholtz isotropic elastic equations

Contents

@ 2D Helmholtz isotropic elastic equations
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2D Helmholtz isotropic elastic equations

2D Helmholtz elastic equations

First order formulation of Helmoltz wave equations

x=(x,y) € Q CR?,

@ Free surface condition : cn =0 on [,

@ Absorbing boundary condition : on = v,(v-n)n+ vs(v-t)ton I,

: velocity vector

v
@ o : stress tensor
£ : strain tensor
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2D Helmholtz isotropic elastic equations

2D Helmholtz elastic equations

First order formulation of Helmoltz wave equations

x=(x,y) € Q CR?

{iwp(X)() V-a(x) + fs(x)
' = C(x) g(v(x))

@ Free surface condition : cn =0 on [,

@ Absorbing boundary condition : an = v,(v-n)n + vs(v-t)t on I,

@ p : mass density

o C : tensor of elasticity @ v, : P-wave velocity
coefficients

@ vs : S-wave velocity
e f; : source term, f; € L?(Q)
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2D Helmholtz isotropic elastic equations
‘ tio f tio

2D Helmholtz isotropic elastic equations

First order formulation of Helmoltz isotropic wave equations

g _ 1 agxx + aUXZ
0 p\Uox 0z
. 1 ao'xz + a(Tzz
iwv, = -
“ p \ Ox 0z
. Ovy v,
iwow = (A+2p) . + A 5y
o = ADZ 4 (4 2) O
] _ Ovy n ov,
W = BTz T ax
A+2
A and ;1 Lamé’s constants and v, = +n and vs = 1
p p
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2D Helmholtz isotropic elastic equations

2D Helmholtz isotropic elastic equations

Vectorial form

. oQ . 0Q
IWQ+AX§+AZE =0

where Q = (Vy, Vz, 0xx, 02z, 0xz) * and :

0 0 % 0 0 0 0 00 %
1 1
0 00 0 = 0 0 - 0
A,=-— P, Ar=-— p
A2y 0 0 0 O 0 A0 0 0
A 0 0 0 O 0 A+2u 0 0 0
0 u 0 0 0 w0 0 0 0
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DG formulation of the equations

Contents

© DG formulation of the equations
o Centered flux DG scheme
e Upwind flux DG scheme
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Centered flux DG scheme

DG formulation of the equations Upwind flux DG scheme

DG methods in time domain for seismic applications

DG methods in time domain for seismic applications

@ M. Dumbser and M. Késer, An arbitrary high-order
discontinuous Galerkin method for elastic waves on
unstructured meshes - Il; The three-dimensional isotropic
case, 2006 (upwind scheme)

@ S. Delcourte, L.Fezoui and N. Glinsky-Olivier, A high order

discontinuous Galerkin method for the seismic wave
propagation, 2009 (centered scheme)
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tered flux DG scheme

DG formulation of the equations Upwind flux DG scheme

Notations and definitions

I'; free surface boundary

I, the absorbing boundary
Tr mesh of Q composed of triangles K
Fp, set of all faces F of 7,

n the normal outward vector of an element K
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ed flux DG sc

DG formulation of the equations d flux DG sch

Notations and definitions

@ Jump [-] of a vector u for F :
[ul=ut-n"+u -n” =ut-nt—u"-n"
@ Jump of a tensor g for F :

[cl=c*n +on" =g'nt —gn"

IS]

13/42 M. Bonnasse-Gahot DG methods for Helmholtz wave equations



: . red flux DG sc
DG formulation of the equations d flux DG sch

Notations and definitions

Definitions

@ Average {-} of a variable u, for F :

u++u_

fup="1
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red flux DG scheme

DG formulation of the equations d flux DG scheme

DG formulation of the original equation

Local DG formulation

. oQ 0Q
iwQ + Ax87 +AZE =0
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ered flux DG scheme

DG formulation of the equations 2d flux DG scheme

DG formulation of the original equation

Local DG formulation

: 0 0
iwQep + Ay ano—i—A Q
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ered flux DG scheme

DG formulation of the equations 2d flux DG scheme

DG formulation of the original equation

Local DG formulation

K K
/inKQp—/AXKaQ gp—/AzKaQ =0
K K ox K 0z
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: . Centered flux DG scheme
DG formulation of the equations Upwind flux DG scheme

DG formulation of the original equation

Local DG formulation

/K,-WQK(p_/KAXKQKgf_/ K890+ Z /DngO

FeF(K)
0 0 Ix o Iz
P K
0 0 0 % ?X

Dn = nyAg+nA;, = —

nx(X =+ 2p) nzA 0 0 0
M\ ny(A+2pu) 0 0 0
Nzt Nyt 0 0 0
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DG formulation of the equations

DG formulation of the original equation

Global DG formulation
. dp Oip
> /KlesO > /KAXQaX > /KAzQaz

KeTy KeTy KeTh

FeF,
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DG formulation of the equations

DG formulation of the original equation

Global DG formulation
. O Op
E /legp— E /AX == = E /AzQ
KeTy 7 K ke, ' K & keT, ' K 0=
+ Y [ IPnael =0
F

FeFy,

[DnQy] ~ (DaQ) [¢]
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DG formulation of the equations

DG formulation of the original equation

Global DG formulation
. Oy dyp
ZAIWQQO— Z \/KAXQ8X_ Z /KAzQaz

KeTy KeTy KeTh

+ Z/F(DnQ)M:O

FeF,
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Centered flux DG scheme
Upwind flux DG scheme

DG formulation of the equations

Centered flux DG scheme

Centered flux on a face F

(DaQ) [ = {DaQ} = 5 (D Q¥ + D, Q)
Centered flux DG scheme

/leK / KQK /AKQK&p
K Ox K “ 0z

+Z/ DAQ + DK Q¥ ) o =0

N| —
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Centered flux DG scheme

DG formulation of the equations Upwind flux DG scheme

Upwind flux DG scheme

Definition

where
v 0 0 0 O 0 0 O 0
0 v 0 0 O 0 00 0 O
M~ =- 0 0 0 0 O , = 0 0 O 0
0 0 0 O 0 0 0 vo O
0 0 0 O 0 00 0 v
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: . Centered flux DG scheme
DG formulation of the equations Upwind flux DG scheme

Upwind flux DG scheme

Definition

and
Ny vy —nN,Vs 0 N, Vs —NyVp
n;vp Ny Vs 0 —Ny Vs —nzVvp
Ro=| MN+2nu —2n,np n? —2n,n . A +2n2p
A+2m2p  2nnep n? 2nnep A +2n2p

2n,np pu(n? —n2) —nen, u(n?—n2)  2n,n.p
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Centered flux DG scheme
Upwind flux DG scheme

DG formulation of the equations

Upwind flux DG scheme

Upwind flux on a face F

(DaQ)1r = (Da%) " Q" + (DaF) " Q¥

/IIWQKQO—/AXKQK&O—/AZKQK&’D
K K 8X K 82

+ sz/F [(Dn")+ Q" + (Da"") QK'] =0
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in an homogeneous medium
. tion
Numerical results

Contents

© Numerical results
@ Plane wave in an homogeneous medium

o Circular diffraction
@ Results for various frequencies
@ Results with the p — adaptativity
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Plane wave in an homogeneous medium

. Circular diffraction
Numerical results

Plane wave

@ Physical parameters :

o p=210%kg.m™3
o \=1,6.10'0Pa
o 1 =8.10°Pa

1000 o v, = 4.10%m.s!
o Ve =2.10%m.s1

@ Boundary :

e boundary conditions on 092
such as :

4000

. . i(k cos Ox-+ksin 0
Computational domain Q u = VellkcosOxthsinby)

i w w
setting where k = — or k = —
Vp Vs
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homogeneous medium

Numerical results

Plane wave for a frequency f = 2 Hz, component V,

Exact solution P> centered flux DG formu-
lation
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homogeneous medium

Numerical results

Plane wave for a frequency f = 2 Hz, component V,

Exact solution P> upwind flux DG formu-
lation
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Numerical results

Plane wave in an homogeneous medium
Circular diffraction

Plane wave
T ]
- S _777j7:,__:1 —— Pl
107 Eg==———- = I |-e- 1t
B - 1| —=—P2
= o |-=- 2
SIS g = = |-+- A3
104 = E
L | [ [ N
102 1021 1022 1022

Mesh size h

L, error for the centered flux
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Plane wave in an homogeneous medium
Circular diffraction

Numerical results

Plane wave

0 E H|——P1
102 i iy
° g 1= P2
= 108 |-=- 5
SEETEYS |-+ b

1075 -

- [ [ I i

102 1021 1022 102:3

Mesh size h

Ly-error for the upwind flux
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Plane wave in an homogeneous medium

. Circular diffraction
Numerical results

Circular diffraction

Physical parameters :

o p=210%kg.m3
o \=1,6.1010Pa
o 4 =8.10°Pa
° Vv, = 4.103m.s !
’ o ve =2.103m.s1
I, “ e Boundary :

e [ is a free surface :
an=0
e [, absorbing boundary :
on = vp(v-n)n+vs(v-t)t
e a=2000m
Configuration of the computa- ¢ b = 8000m

tional domain €2 @ 7}, composed of 9653

elements
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Plane wave in an homog medium

. Circular diffraction
Numerical results

Results for various frequencies : f =2 Hz

Exact solution Py centered scheme
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Plane wave in an ho medium

. Circular diffraction
Numerical results

Results for various frequencies : f =2 Hz

Exact solution P; upwind scheme
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Plane wave in an homogeneous medium

. Circular diffraction
Numerical results

Results for various frequencies : f =2 Hz

Nb dof Centered | Upwind
144795 Vi Lr-error 3.44e-01 | 1.49e-01
(P1) | Fact.-res. time (s) 13 16

Memory 800 980
289590 V, Lr-error 4.41e-02 | 4.67e-02
(P2) | Fact.-res. time (s) 40 57
Memory 1900 2800

Numerical statistics
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Plane wave in an hon ous medium

. Circular diffraction
Numerical results

Results for various frequencies : f = 4 Hz

Vx
0,191362

rn i

-0,1

-0,19233

Exact solution P> centered scheme
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Plane wave in an hon medium

. Circular diffraction
Numerical results

Results for various frequencies : f = 4 Hz

Vx

Vx =
0,191362 = 0,191362

D i €0

'-0,1 \\_,
-0,19233 = -0,19233

-0.1

Exact solution P> upwind scheme
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Plane wave in an homogeneous medium

. Circular diffraction
Numerical results

Results for various frequencies : f = 4 Hz

Nb dof Centered | Upwind
144795 Vi L-error 1.19 0.506
Fact.-res. time (s) 13 16
Memory 800 970
289590 V, Lr-error 4.24e-01 | 1.66e-01
Fact.-res. time (s) 40 57
Memory 1900 2800

Numerical statistics
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Plane wave in an homogeneous medium

. Circular diffraction
Numerical results

Results with p — adaptativity

Area of the triangle | Interpolation order | Number of triangles
10;10000] 0 3

110000 ;15000] 1 1745
115000 ;20000] 2 3999
120000 ;25000] 3 2658
125000 ;30000] 4 1248

Distribution of the interpolation orders
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Plane wave in homog
. Circular diffraction
Numerical results

Results with p — adaptativity : f =2 Hz

Exact solution “p-local” centered scheme
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Plane wave in homog
. Circular diffraction
Numerical results

Results with p — adaptativity : f =2 Hz

Exact solution “p-local” upwind scheme
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e in an homogeneous medium

Plane wave
. Circular diffraction
Numerical results

Results with p — adaptativity : f =4 Hz

Exact solution “p-local” centered scheme
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e in an homogeneous m

Plane wave
. Circular diffraction
Numerical results

Results with p — adaptativity : f =4 Hz

Exact solution “p-local” upwind scheme
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Plane wave in an homogeneous medium

. Circular diffraction
Numerical results

Results with p — adaptativity

f=2Hz f=4Hz
Centered | Upwind | Centered | Upwind
Vy Lr-error 5.02e-02 | 6.00e-02 | 2.83e-01 | 2.76e-01
Fact.-res. time (s) 57 79 57 80
Memory 3000 3800 3000 3800

Numerical statistics for both schemes as function of the frequency
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Plane wave in an homogeneous medium

. Circular diffraction
Numerical results

Comparison between p — adaptativity and p — global for
f =2Hz

p — adaptativity p — global
Centered | Upwind | Centered | Upwind
Vi Lr-error 5.02e-02 | 6.00e-02 | 4.41e-02 | 4.41e-02
Fact.-res. time (s) 57 79 40 57
Memory 3000 3800 1900 2800
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Plane wave in an homogeneous medium

. Circular diffraction
Numerical results

Comparison between p — adaptativity and p — global for
f =4Hz

p — adaptativity p — global
Centered | Upwind | Centered | Upwind
Vi Lr-error 2.83e-01 | 2.75e-01 | 4.24e-01 | 1.66e-01
Fact.-res. time (s) 57 80 40 57
Memory 3000 3800 1900 2800
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Conclusion-Perspectives

Contents

@ Conclusion-Perspectives
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Conclusion-Perspectives

Conclusion-Perspectives

Conclusion

@ Upwind flux DG formulation gives better results on coarse
meshes or for high frequencies than centered flux DG
formulation

@ With the upwind flux DG formulation we obtain one
convergence order more than the centered flux DG formulation
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n r t
Conclusion-Perspectives

Conclusion-Perspectives

Conclusion

@ Upwind flux DG formulation gives better results on coarse
meshes or for high frequencies than centered flux DG
formulation

@ With the upwind flux DG formulation we obtain one
convergence order more than the centered flux DG formulation

Perspectives
@ Develop 3D upwind flux DG formulation for Helmholtz
equations

@ Adapt the program for parallel computing
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Conclusion-Perspectives

Perspectives

Drawback

@ Linear system with 5 unknowns to store
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n r
Conclusion-Perspectives

Perspectives

Drawback
@ Linear system with 5 unknowns to store

@ Use of the upwind flux DG formulation as a reference method

@ Compare upwind DG formulation with hybridizable DG
formulation

@ Construction of a HDG formulation

@ Develop other linear solvers for sparse matrices (in
collaboration with INRIA team, Hiepacs)
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