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Q[x, y, z]✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♠♣✉t✐♥❣ t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ ❝✉r✈❡ r ✇❤✐❝❤

✐s ❣✐✈❡♥ ❛s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ❤②♣❡rs✉r❢❛❝❡s ✐♥t♦ (z = 0)✲♣❧❛♥❡✿ V(r) =

projz=0(V(f) ∩V(g))✳ ❚❤❡ ❝✉r✈❡ r ❝♦♥s✐sts ♦❢ ❛❧❧ ♣♦✐♥ts (X,Y ) ∈ R2 s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛♥

Z ∈ R ✇✐t❤ f(X,Y, Z) = g(X,Y, Z) = 0✳ ❆♥ ♦t❤❡r ✇❛② t♦ r❡❣❛r❞ t❤❡ ♣r♦❜❧❡♠ ✐s t♦ ❝♦♥s✐❞❡r f

❛♥❞ g ❛s ♣♦❧②♥♦♠✐❛❧s ✐♥ z ✇✐t❤ t✇♦ ✐♥❞❡t❡r♠✐♥❛t❡s x ❛♥❞ y✳ ❚❤❡♥ t❤❡ ③❡r♦ s❡t ♦❢ t❤❡ ❝✉r✈❡ r ✐s

❡①❛❝t❧② t❤❡ s❡t ♦❢ ❛❧❧ s♣❡❝✐❛❧✐③❛t✐♦♥ (X,Y ) s✉❝❤ t❤❛t f(X,Y, z) = g(X,Y, z) = 0 ❤❛s ❛t ❧❡❛st ♦♥❡

s♦❧✉t✐♦♥ Z✳

■❢ ✇❡ ❛ss✉♠❡ t❤❡ s♣❛❝❡ ❝✉r✈❡ V(f) ∩ V(g) ❤❛✈❡ ♥♦ ♣♦✐♥ts ❛t ✐♥✜♥✐t②✱ t❤❡ ♣r♦❥❡❝t✐♦♥ r ♦❢ t❤✐s

❝✉r✈❡ ✐s ❣✐✈❡♥ ❛s t❤❡ r❡s✉❧t❛♥t ♦❢ t❤❡s❡ t✇♦ ♣♦❧②♥♦♠✐❛❧s f, g ✇✐t❤ r❡s♣❡❝t t♦ z✳

❋♦r ❛ s♠♦♦t❤ ♣❧❛♥❛r ❝✉r✈❡ r ✇❡ ❤❛✈❡ ♥♦ ❞✐✣❝✉❧t✐❡s ✐♥ ❝♦♠♣✉t✐♥❣ ✐ts t♦♣♦❧♦❣② s✐♥❝❡ t❤❡r❡ ❛r❡

s❡✈❡r❛❧ ❛❞❛♣t✐✈❡ ♥✉♠❡r✐❝❛❧ ❛❧❣♦r✐t❤♠s ✇❤✐❝❤ ❛❝❝♦♠♣❧✐s❤ t❤✐s✳ ❇✉t r ✐♥ ♦✉r s✐t✉❛t✐♦♥ ❛s t❤❡

♣r♦❥❡❝t✐♦♥ ♦❢ ❛ s♣❛❝❡ ❝✉r✈❡ ✐s ✉s✉❛❧❧② ♥♦t s♠♦♦t❤✳ ❋♦r ❡①❛♠♣❧❡ ✐❢ t❤❡r❡ ❡①✐st t✇♦ ❞✐✛❡r❡♥t ③❡✲

r♦s Z1, Z2 ∈ R ❢♦r ❛ s♣❡❝✐❛❧✐③❛t✐♦♥ (X,Y ) ♦❢ f ❛♥❞ g✱ ♠❡❛♥✐♥❣ F (X,Y, Z1) = G(X,Y, Z1) =

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✸

F (X,Y, Z2) = G(X,Y, Z2) = 0 ✇❤✐❧❡ Z1 6= Z2✱ t❤❡♥ r(X,Y ) = 0 ❛♥❞ V(f) ∩V(g) ❤❛s ❛t ❧❡❛st

t✇♦ ♣♦✐♥ts ♦✈❡r (X,Y )✳ ❍❡♥❝❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ❝✉r✈❡ r ✐♥t❡rs❡❝ts ♥❡❝❡ss❛r✐❧② ✐♥ (X,Y ) ❛♥❞ ✐s

t❤❡r❡❢♦r❡ ♥♦t s♠♦♦t❤✳ ❙✉❝❤ ❛♥ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t (X,Y ) ✐s ♦♥❡ ❡①❛♠♣❧❡ ❢♦r ❛ s✐♥❣✉❧❛r ♣♦✐♥t

✭❛❧s♦ ❝❛❧❧❡❞ s✐♥❣✉❧❛r✐t②✮ ♦❢ r✳

❲❡ ✇♦r❦ ♦♥ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ t♦♣♦❧♦❣② ♦❢ s✐♥❣✉❧❛r ❝✉r✈❡s ❜② ✜rst ❞❡t❡r♠✐♥✐♥❣ t❤❡✐r

s✐♥❣✉❧❛r ♣♦✐♥t s❡t✳ ❚❤❡ t♦♣♦❧♦❣② ♦❢ ♥♦♥✲s✐♥❣✉❧❛r ❝✉r✈❡ s❡❣♠❡♥ts ❝❛♥ ❜❡ ❡❛s✐❧② ❝♦♠♣✉t❡❞ ❜②

tr❛❞✐t✐♦♥❛❧ ❛❧❣♦r✐t❤♠s✱ ❧✐❦❡ ♣❛t❤ tr❛❝❦✐♥❣✳ ❆❢t❡r✇❛r❞s✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❧♦❝❛❧ t♦♣♦❧♦❣② ✐♥ ❛ ❜♦①

❝♦♥t❛✐♥✐♥❣ ❡①❛❝t❧② ♦♥❡ s✐♥❣✉❧❛r ♣♦✐♥t✳

❚✇♦ s✐♥❣✉❧❛r✐t② ❡♥❝❧♦s✐♥❣ ❜♦①❡s ✇✐t❤ ❞✐✛❡r❡♥t ❧♦❝❛❧ t♦♣♦❧♦❣✐❡s

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❛♣♣r♦❛❝❤❡s t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❧♦❝❛❧ t♦♣♦❧♦❣② ✐♥ t❤❡ ❜♦①❡s✱ ❢♦r ❡①❛♠♣❧❡ ❜② ❡①tr❛❝t✲

✐♥❣ ❛❧s♦ ❡①tr❡♠❛❧ ♣♦✐♥ts t♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ❧♦❝❛❧ t♦♣♦❧♦❣✐❡s ✐♥ t❤❡ s✐♥❣✉❧❛r✐t✐❡s✳ ❚❤❡

t♦♣♦❧♦❣② ♦❢ ♥♦♥✲s✐♥❣✉❧❛r ❝✉r✈❡ s❡❣♠❡♥ts ❛♥❞ t❤❡ ❧♦❝❛❧ t♦♣♦❧♦❣② ♦❢ s✐♥❣✉❧❛r✐t② ❡♥❝❧♦s✐♥❣ ❜♦①❡s

❣✐✈❡ t♦❣❡t❤❡r t❤❡ ✇❤♦❧❡ t♦♣♦❧♦❣② ♦❢ t❤❡ ❝✉r✈❡✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ❞❡t❡r♠✐♥❡ t❤❡ s✐♥❣✉❧❛r ♣♦✐♥t s❡t V ♦❢ r ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② t❤❡ s♦❧✉t✐♦♥

s❡t ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ s②st❡♠

r(x, y) = 0, ∂xr(x, y) = 0, ∂yr(x, y) = 0

♦❢ t❤r❡❡ ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✐♥❞❡t❡r♠✐♥❛t❡s✳ ❲❡ ✇❛♥t t♦ ✉s❡ ❛ s✉❜❞✐✈✐s✐♦♥ ✜① ♣♦✐♥t ❛❧❣♦r✐t❤♠ t♦

❝♦♠♣✉t❡ ❜♦①❡s ✐♥ R2 ❝♦♥t❛✐♥✐♥❣ ❡①❛❝t❧② ♦♥❡ s✐♥❣✉❧❛r ♣♦✐♥t ♦❢ t❤❡ s②st❡♠✿ ●✐✈❡♥ ❛ ❜♦① B ⊂ R2✱

✇❡ s✉❜❞✐✈✐❞❡ t❤✐s ❜♦① r❡❝✉rs✐✈❡❧② ✐♥ s♠❛❧❧❡r ❜♦①❡s ✉♥t✐❧ ❛❧❧ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❛r❡ s❡♣❛r❛t❡❞ ✐♥

❞✐s❥♦✐♥t ❜♦①❡s✳ ❆ st❛♥❞❛r❞ ♥✉♠❡r✐❝❛❧ ❝r✐t❡r✐♦♥ ❢♦r ❛❝❝❡♣t✐♥❣ ❛ ❜♦① ❝♦♥t❛✐♥✐♥❣ ❡①❛❝t❧② ♦♥❡ r❡❣✉❧❛r

s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✐s t❤❡ ♥✉♠❡r✐❝❛❧ ◆❡✇t♦♥✲❑r❛✇❝③②❦✲✐♥t❡r✈❛❧ ♦♣❡r❛t♦r✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤✐s

♦♣❡r❛t♦r ❤❛♥❞❧❡s ✭✶✮ ♦♥❧② s②st❡♠s ✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❡q✉❛t✐♦♥s ❛s ✐♥❞❡t❡r♠✐♥❛t❡s ❛♥❞

✭✷✮ ❣✉❛r❛♥t❡❡s ♦♥❧② t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ r❡❣✉❧❛r s♦❧✉t✐♦♥s✳ ❚♦ ❛♣♣❧② t❤❡ ❑r❛✇❝③②❦ ♦♣❡r❛t♦r t♦

❝❛❧❝✉❧❛t❡ t❤❡ s✐♥❣✉❧❛r ♣♦✐♥t s❡t ♦❢ t❤❡ ❝✉r✈❡ r✱ ✇❡ ❤❛✈❡ t♦ tr❛♥s❢♦r♠ ♦✉r ♦r✐❣✐♥❛❧ s②st❡♠ ✐♥t♦ ❛

s②st❡♠ ✇✐t❤ t❤❡ s❛♠❡ ③❡r♦ s❡t ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ❢♦r♠❛❧ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ♦♣❡r❛t♦r✳ ❚❤❡ ♥❡✇

s②st❡♠ ♠✉st ❝♦♥s✐sts ♦❢ t✇♦ ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✐♥❞❡t❡r♠✐♥❛t❡s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡

t❤❡ r❡❣✉❧❛r✐t② ♦❢ ❛❧❧ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✹

❆ ✜rst tr❛♥s❢♦r♠❛t✐♦♥ ❛♣♣r♦❛❝❤ ✐s t♦ s✐♠♣❧✐❢② t❤❡ s②st❡♠ ❜② t❛❦✐♥❣ ♦♥❧② t✇♦ ❛♠♦♥❣ t❤❡ t❤r❡❡

❡q✉❛t✐♦♥s ❛♥❞ ❝❛❧❝✉❧❛t❡ t❤❡✐r ③❡r♦ s❡t✱ ❜✉t t❤✐s ♣r♦❝❡❞✉r❡ ❢❛✐❧s ✐♥ ❣❡♥❡r❛❧ ❜❡❝❛✉s❡ ✐t ✐♥tr♦❞✉❝❡s

s♣✉r✐♦✉s s♦❧✉t✐♦♥s✳ ❍❡♥❝❡ ✇❡ tr② ❛ s❡❝♦♥❞ ❛♣♣r♦❛❝❤ t♦ ❝r❡❛t❡ ❛ ♥❡✇ s②st❡♠ ✇✐t❤ t❤❡ s❛♠❡ ③❡r♦

s❡t ✈✐❛ s✉❜r❡s✉❧t❛♥t t❤❡♦r②✳

■♥ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ❛❧❣❡❜r❛✐❝ ❣❡♦♠❡tr②✱ V ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛✣♥❡ ✈❛r✐❡t② t♦ t❤❡ ✐❞❡❛❧ ❣❡♥❡r❛t❡❞

❜② t❤❡ ♣♦❧②♥♦♠✐❛❧s r, ∂xr, ∂yr ∈ Q[x, y]✳ ❲❡ ❛r❡ ❞♦♥❡ ✐❢ ✇❡ ❝❛♥ ✜♥❞ ❛ t✇♦ ♠❡♠❜❡r ❣❡♥❡r❛t✐♥❣

s❡t ♦❢ I✱ ❜✉t ✉♥❢♦rt✉♥❛t❡❧②✱ t❤✐s ✐s ♥♦t ❡❛s②✳ ■❢ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② s✐♠♣❧❡ s❡❧❢✲✐♥t❡rs❡❝t✐♦♥s ♦❢ t❤❡

❝✉r✈❡ r✱ ✇❡ ❝❛♥ ♣r♦✈❡ ✐♥st❡❛❞ t❤❡ ❡q✉❛❧✐t② ♦❢ V ❛♥❞ t❤❡ s♦❧✉t✐♦♥ s❡t W ♦❢ t❤❡ s②st❡♠

σ11(x, y) = 0, σ10(x, y) = 0, σ22(x, y) 6= 0

❝♦♥s✐st✐♥❣ ♦❢ t✇♦ ♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥s ❛♥❞ ♦♥❡ ✐♥❡q✉❛❧✐t②✳ ❚❤❡ ♣♦❧②♥♦♠✐❛❧s σ11, σ10 ❛♥❞ σ22 ❛r❡

❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♣♦❧②♥♦♠✐❛❧ s✉❜r❡s✉❧t❛♥t ♦❢ f ❛♥❞ g✳ ❚❤❡ ✐♥❡q✉❛❧✐t② ❝♦♥❞✐t✐♦♥

✐s ❡①❛❝t❧② t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ r ❤❛✈✐♥❣ ♦♥❧② s✐♠♣❧❡ s❡❧❢✲✐♥t❡rs❡❝t✐♦♥s✳

❚❤❡ ♦✈❡r✈✐❡✇ ♦❢ t❤✐s ✇♦r❦ ✐s ❛s ❢♦❧❧♦✇s✳ ■♥ ❈❤❛♣t❡r ✷✱ ✇❡ ♣r❡s❡♥t t❤❡ ❝❧❛ss✐❝❛❧ s✉❜❞✐✈✐s✐♦♥

❛❧❣♦r✐t❤♠ t♦ ❞❡t❡r♠✐♥❛t❡ s♦❧✉t✐♦♥s ♦❢ ❛ ❜✐✈❛r✐❛t❡ s②st❡♠ ❛♥❞ ✇❡ ❞✐s❝✉ss ✐ts t❡r♠✐♥❛t✐♦♥ ❝♦♥❞✐t✐♦♥s

✐♥ ❣❡♥❡r❛❧✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✉s❡❞ ✐♥ t❤✐s ✇♦r❦ ❜❛s❡s ♦♥ ❑r❛✇❝③②❦✬s ❝r✐t❡r✐♦♥✳ ■♥ ❈❤❛♣t❡r ✸✱

✇❡ ♣r♦✈❡ t❤❡ ❡q✉❛❧✐t② ♦❢ t❤❡ ❛✣♥❡ ✈❛r✐❡t② V ❛♥❞ t❤❡ s♦❧✉t✐♦♥ s❡t ♦❢ t❤❡ s②st❡♠ ✐♥ t❡r♠s ♦❢

s✉❜r❡s✉❧t❛♥ts✳ ❲❡ ♦❜t❛✐♥ ❛ s②st❡♠ ♦❢ t✇♦ ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✐♥❞❡t❡r♠✐♥❛t❡s ♦♥ ✇❤✐❝❤ ✇❡ ❝❛♥ ❛♣♣❧②

t❤❡ s✉❜❞✐✈✐s✐♦♥ ❛❧❣♦r✐t❤♠✳ ❈❤❛♣t❡r ✹ ❛❞❞r❡ss❡s t❤❡ t❡r♠✐♥❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ s✉❜❞✐✈✐s✐♦♥

❛❧❣♦r✐t❤♠ ❛♣♣❧✐❡❞ ♦♥ ♦✉r s②st❡♠ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✈❛r✐❡t② V ✳ ❲❡ ❝♦♥❝❧✉❞❡ ♦✉r ✇♦r❦ ✐♥ ❈❤❛♣t❡r

✺✳ ■♥ t❤❡ ❧❛st ❝❤❛♣t❡r✱ ✇❡ ❛♣♣❡♥❞ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢✉♥❞❛♠❡♥t❛❧s ❛♥❞ t♦♦❧s ✉s❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s

❝❤❛♣t❡rs✳ ❲❡ r❡❝❛❧❧ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♣r♦✈❡ ❛ ❣r❡❛t ♥✉♠❜❡r ♦❢ t❤❡ t❤❡♦r❡♠s ❛♥❞ ♣r♦♣♦s✐t✐♦♥s ✉s❡❞

✐♥ t❤✐s ✇♦r❦✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✺

✷ ◆✉♠❡r✐❝❛❧ t♦♦❧s t♦ s♦❧✈❡ ❜✐✈❛r✐❛t❡ s②st❡♠s

■♥ t❤✐s s❡❝t✐♦♥✱ f, g ∈ Q[x, y] ❛r❡ t✇♦ ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ r❛t✐♦♥❛❧ ❝♦❡✣❝✐❡♥ts✳ ▲❡t F : R2 → R2

❜❡ t❤❡ ♠❛♣♣✐♥❣ ✇❤✐❝❤ ♠❛♣s (x, y) t♦ (f(x, y), g(x, y))T ❛♥❞ ❧❡t JF ❞❡♥♦t❡s t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐①

♦❢ F ✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❛❧❧ r❡❛❧ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ F (x, y) = 0✳

❚❤❡ ✐❞❡❛ ✐s t♦ ✉s❡ ❛ s✉❜❞✐✈✐s✐♦♥ ❛❧❣♦r✐t❤♠ ♠❡❛♥✐♥❣ ✇❡ st❛rt ✇✐t❤ ❛ ❜♦①

B =
{
(x, y) ∈ R2 : B1 ≤ x ≤ B1, B2 ≤ y ≤ B2

}

❞❡♥♦t❡❞ ❜②
([
B1, B1

]
,
[
B2, B2

])
✇❤✐❝❤ ✇✐❧❧ ❜❡ r❡❝✉rs✐✈❡❧② s✉❜❞✐✈✐❞❡❞ ✐♥ ❛ ♥✉♠❜❡r ♦❢ s♠❛❧❧❡r

❜♦①❡s Bj ✉♥t✐❧ ✇❡ ❦♥♦✇ ❢♦r s✉r❡ t❤❛t ❡✈❡r② ❜♦① Bj ❡✐t❤❡r ❝♦♥t❛✐♥s ❡①❛❝t❧② ♦♥❡ ♦r ♥♦ s♦❧✉t✐♦♥

♦❢ F (x, y) = 0✳ ❋♦r ❡❛❝❤ ❜♦① ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ ✐❢ ✇❡❛t❤❡r ✭✶✮ t❤❡ ❜♦① ❝❛♥✬t ❝♦♥t❛✐♥ ❛ s♦❧✉t✐♦♥

♦r ✭✷✮ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐♥ t❤❡ ❜♦①✳ ■❢ ♥❡✐t❤❡r t❤❡ ✜rst ♥♦r t❤❡ s❡❝♦♥❞ q✉❡st✐♦♥ ❝❛♥

❜❡ ❛♥s✇❡r❡❞✱ t❤❡ ❣✐✈❡♥ ❜♦① ✇✐❧❧ ❜❡ s✉❜❞✐✈✐❞❡❞ ✐♥ s♠❛❧❧❡r ❜♦①❡s ❢♦r ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❛s❦ t❤❡ s❛♠❡

q✉❡st✐♦♥s✳

■♥ t❤❡ s❡❝♦♥❞ s❡❝t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞❡✜♥❡ t✇♦ ❝r✐t❡r✐❛ ✇❤✐❝❤ ❛♥s✇❡r t❤❡ q✉❡st✐♦♥s✳ ❋✐rst✱

✇❡ ✇✐❧❧ ❣✐✈❡ ❛ s❤♦rt ✐♥tr♦❞✉❝t✐♦♥ t♦ ✐♥t❡r✈❛❧ ❛r✐t❤♠❡t✐❝ ❛♥❞ ✐♥t❡r✈❛❧ ❢✉♥❝t✐♦♥s s✐♥❝❡ ✇♦r❦✐♥❣

✇✐t❤ ❜♦① ❡✈❛❧✉❛t✐♦♥ ✐♥st❡❛❞ ♦❢ s❡t ❡✈❛❧✉❛t✐♥❣ ♦❢ ❢✉♥❝t✐♦♥s ✐s ♠✉❝❤ ♠♦r❡ ❡✣❝✐❡♥t✳ ❆❧s♦ ✐♥ t❤❡

s❡❝♦♥❞ s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t t❤❡ ❝❧❛ss✐❝❛❧ s✉❜❞✐✈✐s✐♦♥ ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ t❤❡ t✇♦ ❝r✐t❡r✐❛ ❛♥❞

❛❢t❡r✇❛r❞s✱ ✇❡ ✇✐❧❧ ❞✐s❝✉ss t❤❡ t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥ ❣❡♥❡r❛❧✳

✷✳✶ ■♥t❡r✈❛❧ ❛r✐t❤♠❡t✐❝ ❛♥❞ ✐♥t❡r✈❛❧ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥s

❲❡ ❢♦❧❧♦✇ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ✐♥t❡r✈❛❧ ✈❡❝t♦rs ❣✐✈❡♥ ✐♥ ❬▼❑❈✲✷✵✵✾❪ ♦r ❬◆✲✶✾✾✵❪✳ ❊❧❡♠❡♥t❛r② ♦♣❡r❛✲

t✐♦♥s ❧✐❦❡ +,−, ·, / ❝❛♥ ❜❡ ❡❛s✐❧② r❡❞❡✜♥❡❞ ❛s ✐♥t❡r✈❛❧ ♦♣❡r❛t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✶✳ ▲❡t A =
[
A,A

]
❛♥❞ B =

[
B,B

]
❜❡ t✇♦ ✐♥t❡r✈❛❧s ✐♥ R✳ ▲❡t ◦ ❜❡ ♦♥❡ ♦❢ t❤❡

❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t✐♦♥s✳ ❚❤❡♥ ✇❡ ❞❡✜♥❡ t❤❡ s✉♠ ✭◦ = +✮✱ t❤❡ ❞✐✛❡r❡♥❝❡ ✭◦ = −✮✱ t❤❡ ♣r♦❞✉❝t

✭◦ = ·✮ ❛♥❞ t❤❡ q✉♦t✐❡♥t ✭◦ = /✮ ♦❢ t❤❡ ✐♥t❡r✈❛❧s A ❛♥❞ B ❛s

A ◦B = {x ◦ y : x ∈ A, y ∈ B}

❢♦r r❡s♣❡❝t✐✈❡ ◦✳
❚❤❡ q✉♦t✐❡♥t ♦❢ A ❛♥❞ B ✐s r❡str✐❝t❡❞ t♦ t❤❡ ❝❛s❡ 0 6∈ B✳

❇❛s❡❞ ♦♥ t❤❡s❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡str✐❝t✐♦♥s✱ ✇❡ ❡❛s✐❧② ♦❜t❛✐♥ ❡♥❞ ♣♦✐♥t ❢♦r♠✉❧❛s ❢♦r t❤❡ ❛r✐t❤♠❡t✐❝

✐♥t❡r✈❛❧ ♦♣❡r❛t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✿

A+B =
[
A+B , A+B

]
✱

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✻

A−B =
[
A−B , A−B

]
❛♥❞

A ·B = [minS , maxS] ✇❤❡r❡ S := {AB,AB,AB,AB}✳

◆♦✇ ❧❡t f : Rn → R ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ ❛♥❞ U ⊂ Rn✳ ❚❤❡♥ ✇❡ ♥♦r♠❛❧❧② ❝♦♥s✐❞❡r f ❛s

❛ s❡t ❢✉♥❝t✐♦♥✱ ♠❡❛♥✐♥❣ f(U) = {f(x) : x ∈ U}✳ ❆♥②❤♦✇✱ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ✐♠❛❣❡ s❡t ♦❢

U ✐s ♠♦st❧② ❝♦♠♣❧❡① ❛♥❞ ✐♥ ♦✉r s✐t✉❛t✐♦♥ ✉♥♥❡❝❡ss❛r②✳ ❚❤✉s ✇❡ ✇❛♥t t♦ r❡❣❛r❞ f ❛s ✐♥t❡r✈❛❧

❢✉♥❝t✐♦♥✱ ♠❡❛♥✐♥❣ t❤❛t ✇❡ ❝❛❧❝✉❧❛t❡ ♦♥❧② ❛♥ ✐♥t❡r✈❛❧ ❝♦♥t❛✐♥✐♥❣ t❤❡ s❡t f(U)✳ ❋✐rst✱ ✇❡ ❡①t❡♥❞

t❤❡ ♥♦t❛t✐♦♥ ♦❢ ❛♥ ✐♥t❡r✈❛❧ t♦ t❤❡ n✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳

❉❡✜♥✐t✐♦♥ ✷✳ ❆♥ n✲❞✐♠❡♥s✐♦♥❛❧ ✐♥t❡r✈❛❧ ✈❡❝t♦r ♦r ❜♦① ✐s ❛♥ ♦r❞❡r❡❞ n✲t✉♣❧❡ ♦❢ ✐♥t❡r✈❛❧s

(B1, . . . , Bn).

❲❡ ❞❡♥♦t❡ ❜♦①❡s ❜② ❝❛♣✐t❛❧ ❧❡tt❡rsB = (B1, . . . , Bn) ❛♥❞ ✐♥t❡r✈❛❧s Bi := {xi ∈ R : Bi ≤ xi ≤ Bi}
❜② Bi =

[
Bi, Bi

]
✳ ❲❡ ✇r✐t❡ p := (Xp1, . . . , Xpn) ∈ B = (B1, . . . , Bn) ✐❢ Xpi ∈ Bi ❢♦r ❛❧❧

i ∈ [1, . . . , n]✳

❚❤❡ ❡❧❡♠❡♥t❛r② ❜♦① ♦♣❡r❛t✐♦♥s ❛r❡ ♥❛t✉r❛❧❧② ❝♦♠♣♦♥❡♥t✲✇✐s❡ ❞❡✜♥❡❞ ❛s ❡❧❡♠❡♥t❛r② ✐♥t❡r✈❛❧ ♦♣✲

❡r❛t✐♦♥s✳ ❚❤❡ ❞✐❛♠❡t❡r diam(B) ♦❢ ❛ ❜♦① B ✐s t❤❡ ❧❛r❣❡st ❞✐❛♠❡t❡r ♦❢ t❤❡ ✐♥t❡r✈❛❧s B1, . . . , Bn✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❡♥❞ ♣♦✐♥t ❢♦r♠✉❧❛s ♦❢ ✐♥t❡r✈❛❧s✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ♦♥ t❤❡ ❞✐❛♠❡t❡r

♦❢ ❜♦①❡s✳

▲❡♠♠❛ ✸✳ ▲❡t A ❛♥❞ B ❜❡ ❜♦①❡s ✐♥ Rn✱ m ∈ N ❛♥❞ c ∈ R✳ ❚❤❡♥

✭✶✮ diam(A+B) ≤ diam(A) + diam(B)

✭✷✮ diam(c ·B) = |c| · diam(B)

✭✸✮ diam(A ·B) ≤ maxx∈B |x| · diam(A) + maxy∈A |y| · diam(B)

✭✹✮ diam(Bm) ≤ m · diam(B) · (maxx∈B |x|)m−1

Pr♦♦❢✳ ✭✶✮ ❲❡ ❤❛✈❡ diam(I+J) = diam(I)+diam(J) ❢♦r ✐♥t❡r✈❛❧s I, J ⊂ R✳ ❙✐♥❝❡ t❤❡ ❛❞❞✐t✐♦♥

♦❢ ❜♦①❡s ✐s ❝♦♠♣♦♥❡♥t✲✇✐s❡ ❞❡✜♥❡❞✱ ✇❡ ♦❜t❛✐♥ diam(A+B) ≤ diam(A)+diam(B) ❢♦r ❜♦①❡s✳

✭✷✮ ▲❡t B = (B1, . . . , Bn)✳ ❚❤❡♥

diam(c ·B) = maxi∈{1,...,n} c · diam(Bi) = |c| ·maxi∈{1,...,n} diam(Bi) = |c| · diam(B)✳

✭✸✮ ❯s✐♥❣ t❤❡ ❡♥❞ ♣♦✐♥t ❢♦r♠✉❧❛ ❢♦r ✐♥t❡r✈❛❧s I =
[
I, I

]
, J =

[
J, J

]
⊂ R✱ ✇❡ ♦❜t❛✐♥ I · J =

[st, uv] ✇❤❡r❡ s, u ❛r❡ s✉✐t❛❜❧❡ ❡❧❡♠❡♥ts ✐♥
{
I, I

}
❛♥❞ t, v ❛r❡ s✉✐t❛❜❧❡ ❡❧❡♠❡♥ts ✐♥

{
J, J

}
✳

■❢ s = u ♦r t = v ✇❡ ❤❛✈❡ diam(I · J) = |u| · |v − t|✱ r❡s♣✳ diam(I · J) = |t| · |u − s|✳ ■❢

s, t, u, v ❛r❡ ❛❧❧ ❞✐✛❡r❡♥t✱ ✇❡ ❤❛✈❡ st ≤ sv ≤ uv t❤✉s diam(I · J) = |s| · |v− t|+ |v| · |u− s|✳
❆❧t♦❣❡t❤❡r ✇❡ ❤❛✈❡ diam(I · J) ≤ maxx∈J |x| · diam(I) + maxy∈I |y| · diam(J)✳ ❆♣♣❧②✐♥❣

t❤✐s r❡s✉❧t ♦♥ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✇❡ ♦❜t❛✐♥ t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✼

✭✹✮ ❋♦❧❧♦✇s ❢r♦♠ ✭✸✮ ❜② ✐♥❞✉❝t✐♦♥✳

◆♦✇ ✇❡ ❞❡✜♥❡ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥s ❜② ❜♦①❡s✳

❉❡✜♥✐t✐♦♥ ✹✳ ▲❡t f : Rn → R ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥✳ ❚❤❡♥ ✇❡ ❞❡♥♦t❡ �f t❤❡ ♠❛♣ ❢r♦♠

❜♦①❡s ♦❢ Rn t♦ ✐♥t❡r✈❛❧s ♦❢ R ❜② r❡♣❧❛❝✐♥❣ t❤❡ ❡❧❡♠❡♥t❛r② ❛r✐t❤♠❡t✐❝ ♦♣❡r❛t✐♦♥s ❛♥❞ ❢✉♥❝t✐♦♥s ❜②

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥t❡r✈❛❧ ♦♣❡r❛t✐♦♥s✳ ❲❡ s❛② t❤❛t f ✐s ❡✈❛❧✉❛t❡❞ ❜② ❜♦①❡s✳

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❛❧t❡r♥❛t✐✈❡s t♦ ❡✈❛❧✉❛t❡ ❛ ❢✉♥❝t✐♦♥ ❜② ❜♦①❡s✳ ❋♦r ❡①❛♠♣❧❡ ♦♥❡ t❡❝❤♥✐q✉❡ t♦

❡✈❛❧✉❛t❡ ❛ ♣♦❧②♥♦♠✐❛❧ f ∈ R[x1, . . . , xn] ❜② ❜♦①❡s ✐s t♦ ❡✈❛❧✉❛t❡ ♣❡r ♠♦♥♦♠✐❛❧✳

❊①❛♠♣❧❡✳ ▲❡t f(x, y) = x2−y+xy ∈ R[x, y] ❛♥❞ ❧❡tB = ([1, 2], [1, 3]) ⊂ R2✳ ❚❤❡♥min(x,y)∈B f =

1 ❛♥❞ max(x,y)∈B = 7 t❤✉s f(B) ⊂ [1, 7]✳

■❢ ✇❡ ❡✈❛❧✉❛t❡ f ♣❡r ♠♦♥♦♠✐❛❧✱ ✇❡ ♦❜t❛✐♥ �x2(B) = [1, 4]✱ �y(B) = [1, 3] ❛♥❞ �xy(B) = [1, 6]

t❤✉s �f(B) = [−1, 9]✳ ❲❡ s❡❡ t❤❛t f(B) $ �f(B)✳

◆♦✇ ✇❡ ❛❞❞✐t✐♦♥❛❧❧② ❝♦♥s✐❞❡r g(x, y) = x2 + y(x − 1)✳ ▼❛t❤❡♠❛t✐❝❛❧❧② f ❛♥❞ g ❛r❡ ❡q✉❛❧✱ ❜✉t

✇❤❡♥ ✇❡ ❡✈❛❧✉❛t❡ g ❜② ❜♦①❡s✱ ✇❡ ♦❜t❛✐♥ �(x− 1)(B) = [0, 1] t❤✉s �(y(x− 1))(B) = [0, 3] ❛♥❞

t❤❡r❡❢♦r❡ �g(B) = [1, 7]✳

■t t✉r♥s ♦✉t t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ ❛♥ ✐♥t❡r✈❛❧ ❢✉♥❝t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r♦❝❡❞✉r❡ ♦❢ ❡✈❛❧✉❛t✐♥❣ ❜②

❜♦①❡s ✇❤✐❧❡ t❤❡ ♣r♦♣❡rt② f(B) ⊂ �f(B) ✐s ❛❧✇❛②s ✈❡r✐✜❡❞✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❜♦① ❡✈❛❧✉❛t✐♦♥ ♣❡r

♠♦♥♦♠✐❛❧✱ ✇❡ ❤❛✈❡ ❛ ❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ ♦❢ diam(�f(B)) ♦❢ t❤❡ ❞✐❛♠❡t❡r ♦❢ B✳

Pr♦♣♦s✐t✐♦♥ ✺✳ ▲❡t B ⊂ R2 ❛♥❞ f ∈ R[x, y]✳ ■❢ �f ✐s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ f ♣❡r ♠♦♥♦♠✐❛❧✱ t❤❡♥

diam(�f(B)) ≤ d3|fmax|δ · diam(B)

✇❤❡r❡ d ✐s t❤❡ ❞❡❣r❡❡ ♦❢ f ✱ fmax ✐s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ f ✇✐t❤ t❤❡ ❧❛r❣❡st ❛❜s♦❧✉t❡ ✈❛❧✉❡ ❛♥❞ δ :=

max
{
1,
(
max(x,y)∈B ‖(x, y)‖2d−1

)}
✳

Pr♦♦❢✳ ▲❡t f(x, y) =
∑

i+j≤d fij · xiyj ❛♥❞ B = (B1, B2)✳ ❲❡ ❡✈❛❧✉❛t❡ ♣❡r ♠♦♥♦♠✐❛❧ t❤✉s

�f(B) =
∑

i+j≤d fij ·Bi
1 ·Bj

2 ❛♥❞ t❤❡r❡❢♦r❡ ❜② ▲❡♠♠❛ ✸

diam(�f(B)) ≤
∑

i+j≤d

|fij | · diam(Bi
1 ·Bj

2)

≤
∑

i+j≤d

|fij | ·
(
max
x∈B1

|x|idiam(Bj
2) + max

y∈B2

|y|jdiam(Bi
1)

)

≤
∑

i+j≤d

|fij | ·
(
j max
x∈B1

|x|i max
y∈B2

|y|j−1diam(B2) + imax
y∈B2

|y|j max
x∈B1

|x|i−1diam(Bi
1)

)

≤ d

(
max
x∈B1

|x| · diam(B2) + max
y∈B2

|y| · diam(B1)

)
·
∑

i+j≤d

|fij |
(
max
x∈B1

|x|i−1 max
y∈B2

|y|j−1

)
.

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✽

❲❡ t❛❦❡ δ := max
{
1,
(
max(x,y)∈B ‖(x, y)‖2d−1

)}
✳ ❚❤❡♥

diam(�f(B)) ≤ d3 · max
i+j≤d

|fij | · δ · diam(B)

✷✳✷ ❈❧❛ss✐❝❛❧ s✉❜❞✐✈✐s✐♦♥ ❛❧❣♦r✐t❤♠

❲❡ r❡t✉r♥ t♦ ♦✉r ♣r♦❜❧❡♠ ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ✜♥❞✐♥❣ ❛❧❧ r❡❛❧ s♦❧✉t✐♦♥s ♦❢ F (x, y) = 0✳ ❚❤❡ ✜rst

❝r✐t❡r✐♦♥ ✈❡r✐✜❡s t❤❡ ♥♦♥✲❡①✐st❡♥❝❡ ♦❢ ③❡r♦s ♦❢ F ✐♥ ❛ ❣✐✈❡♥ ❜♦① B✳

❈r✐t❡r✐♦♥ ✶✳ ▲❡t B ❜❡ ❛ ❜♦① ✐♥ R2✳ ■❢ �f(B) 6∋ 0 ♦r �g(B) 6∋ 0 t❤❡♥ t❤❡ s②st❡♠ F (x, y) = 0

❤❛s ♥♦ s♦❧✉t✐♦♥ ✐♥ ❇✳

❙✐♥❝❡ F (B) ⊂ f(B) ⊂ �f(B) ❛♥❞ F (B) ⊂ g(B) ⊂ �g(B) ✐t ✐s ♦❜✈✐♦✉s t❤❛t t❤❡ ❝r✐t❡r✐♦♥ ✐s tr✉❡✳

❚❤❡ s❡❝♦♥❞ ❝r✐t❡r✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ◆❡✇t♦♥✲❑r❛✇❝③②❦ ✐♥t❡r✈❛❧ ♦♣❡r❛t♦r ❛♥❞ ❡♥s✉r❡s t❤❡ ❡①✲

✐st❡♥❝❡ ♦❢ r❡❣✉❧❛r s♦❧✉t✐♦♥s ♦❢ t❤❡ ❡q✉❛t✐♦♥ F (x, y) = 0✳ ❆ r❡❣✉❧❛r s♦❧✉t✐♦♥ (X,Y ) ∈ R2 ✐s ❛

s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ s✉❝❤ t❤❛t det(JF (X,Y )) 6= 0✳

❈r✐t❡r✐♦♥ ✷✳ ❬▼❑❈✲✷✵✵✾✱ ❚❤❡♦r❡♠s ✽✳✷✱ ✽✳✸❪ ▲❡t B = (Bx, By) ❜❡ ❛ ❜♦① ✐♥ R2✱ pc = (Xc, Yc) t❤❡

❝❡♥t❡r ♣♦✐♥t ♦❢ B ❛♥❞ ∆B = (Bx − [Xc, Xc], By − [Yc, Yc])
T t❤❡ ❜♦① B tr❛♥s❧❛t❡❞ ✐♥ t❤❡ ♦r✐❣✐♥✳

▲❡t N ❜❡ t❤❡ ♠❛♣♣✐♥❣

N(x, y) =

(
x

y

)
− J−1

F (pc) · F (x, y)

❛♥❞ KF t❤❡ ❑r❛✇③❝②❦ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ❜②

KF (B) := N(pc) +�JN (B) ·∆B.

■❢ KF (B) ⊂ B t❤❡♥ F ❤❛s ❛ ✉♥✐q✉❡ r❡❣✉❧❛r s♦❧✉t✐♦♥ ✐♥ B✳

❚❤❡ ❑r❛✇❝③②❦ ♠❡t❤♦❞ ✜rst ❛♣♣❡❛r❡❞ ✐♥ ❬❑✲✶✾✻✾✱ ❙❡❝t✐♦♥ ✽✳✷❪ ✐♥ ❛ ♠♦♥♦♣♦❧②♥♦♠✐❛❧ ✈❡rs✐♦♥✳

▼✉❧t✐♣♦❧②♥♦♠✐❛❧ ❞❡✜♥✐t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬◆✲✶✾✾✵❪ ❛♥❞ ❬▼❑❈✲✷✵✵✾✱ ❚❤❡♦r❡♠s ✽✳✷✱ ✽✳✸❪ ✇❤✐❝❤

❡♥s✉r❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❑r❛✇❝③②❦ s✉❜❞✐✈✐s✐♦♥ ❛❧❣♦r✐t❤♠ t♦ ❛ r❡❣✉❧❛r s♦❧✉t✐♦♥✳

◆♦✇ ✇❡ ❝❛♥ ❢♦r♠✉❧❛t❡ t❤❡ ❝❧❛ss✐❝❛❧ s✉❜❞✐✈✐s✐♦♥ ❛❧❣♦r✐t❤♠ t♦ ✐s♦❧❛t❡ r❡❣✉❧❛r s♦❧✉t✐♦♥s ♦❢ t❤❡

s②st❡♠ F (x, y) = 0 ✉s✐♥❣ t❤❡s❡ t✇♦ ❝r✐t❡r✐❛✳

✷✳✸ ❚❡r♠✐♥❛t✐♦♥ ♦❢ ❑r❛✇❝③②❦ s✉❜❞✐✈✐s✐♦♥ ❛❧❣♦r✐t❤♠

❋✐rst ✐t ✐s ♥♦t ❝❧❡❛r t❤❛t t❤✐s ❛❧❣♦r✐t❤♠ ✇✐❧❧ ❛❧✇❛②s t❡r♠✐♥❛t❡✳ ❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ s❤♦✇ t❤❛t

❢♦r ❜♦①❡s s♠❛❧❧ ❡♥♦✉❣❤ ❝♦♥t❛✐♥✐♥❣ ❛ r❡❣✉❧❛r r♦♦t ♦❢ F ✱ t❤❡ ❑r❛✇❝③②❦ ❝r✐t❡r✐♦♥ ✐s ❛❧✇❛②s s❛t✐s✜❡❞✳

❋♦r ❛ ❜♦① Bǫ ✇❡ ❞❡♥♦t❡ ❜② B2ǫ t❤❡ ❜♦① ✇✐t❤ t❤❡ s❛♠❡ ❝❡♥t❡r ❛s Bǫ ❛♥❞ t❤❡ ❞♦✉❜❧❡ ❞✐❛♠❡t❡r✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✾

❆❧❣♦r✐t❤♠ ✶ ❑r❛✇❝③②❦ s✉❜❞✐✈✐s✐♦♥ ❛❧❣♦r✐t❤♠ t♦ ✐s♦❧❛t❡ r❡❣✉❧❛r s♦❧✉t✐♦♥s

■♥♣✉t✿ F = (f, g) ❛ ❜✐✈❛r✐❛t❡ s②st❡♠ ✇✐t❤ ♦♥❧② r❡❣✉❧❛r s♦❧✉t✐♦♥s ✐♥ ❛ ❜♦① B0✳ KF ✐s t❤❡

❑r❛✇❝③②❦ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ t♦ F ❞❡✜♥❡❞ ✐♥ ❈r✐t❡r✐♦♥ ✷✳

❖✉t♣✉t✿ Lisolate ❛ ❧✐st ♦❢ ❜♦①❡s ✐s♦❧❛t✐♥❣ t❤❡ s♦❧✉t✐♦♥s

L := {B0}
r❡♣❡❛t

B := L.pop

✐❢ 0 6∈ F (B) ✭❈r✐t❡r✐♦♥ ✶✮ t❤❡♥

❉✐s❝❛r❞ B

❡❧s❡

✐❢ KF (B) ⊂ B ✭❈r✐t❡r✐♦♥ ✷✮ t❤❡♥

■♥s❡rt B ✐♥ Lisolate

❡❧s❡

❙✉❜❞✐✈✐❞❡ B ❛♥❞ ✐♥s❡rt ✐ts ❝❤✐❧❞r❡♥ ✐♥ L

❡♥❞ ✐❢

❡♥❞ ✐❢

✉♥t✐❧ L 6= ∅
r❡t✉r♥ Lisolate

Pr♦♣♦s✐t✐♦♥ ✻✳ ▲❡t (X,Y ) ❜❡ ❛ r❡❣✉❧❛r r♦♦t ♦❢ F ✳ ❚❤❡r❡ ❡①✐sts ❛♥ η > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r②

❜♦① Bǫ ♦❢ ❞✐❛♠❡t❡r s♠❛❧❧❡r t❤❛♥ η ❝♦♥t❛✐♥✐♥❣ (X,Y )✱ t❤❡ ❜♦① B2ǫ s❛t✐s✜❡s✿

KF (B2ǫ) ⊂ B2ǫ.

Pr♦♦❢✳ (X,Y ) ✐s ❛ r❡❣✉❧❛r r♦♦t ♦❢ F ✱ t❤✉s F (X,Y ) = 0 ❛♥❞ JF (X,Y ) ✐s ✐♥✈❡rt✐❜❧❡✳ ❍❡♥❝❡ t❤❡r❡

❡①✐sts η > 0 ❛♥❞ M > 0 s✉❝❤ t❤❛t ✐♥ ❡✈❡r② ❜♦① Bη ♦❢ ❞✐❛♠❡t❡r s♠❛❧❧❡r t❤❛♥ η ✇❤✐❝❤ ❝♦♥t❛✐♥s

(X,Y ) t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ JF ❛r❡ ❜♦✉♥❞❡❞ ❜② M ✳

▲❡t Bǫ1 ⊂ Bη ❜❡ ❛ ❜♦① ♦❢ ❞✐❛♠❡t❡r ❧❡ss t❤❛♥ ǫ1 ✇✐t❤ ❝❡♥t❡r ♣♦✐♥t pc1 ✇❤✐❝❤ ❝♦♥t❛✐♥s (X,Y )✳

❚❤❡♥✱ ✉s✐♥❣ t❤❡ ❚❛②❧♦r r❡♠❛✐♥❞❡r t❤❡♦r❡♠ ❛t pc✱ ✇❡ ❤❛✈❡✿

N(X,Y ) = N(pc1) + JN (pc1) · ((X,Y )− pc1) +O(ǫ21)

= N(pc1) + (1− JF (pc1)
−1JF (pc1)) · ((X,Y )− pc1) +O(ǫ21)

= N(pc1) +O(ǫ21).

❋✉rt❤❡r♠♦r❡✱ N(X,Y ) = (X,Y )T − J−1
F (pc1) · F (X,Y ) = (X,Y )T ✳

❍❡♥❝❡ t❤❡r❡ ❡①✐sts ξ1 s✉❝❤ t❤❛t |N(pc)−(X,Y )T | < ξ1ǫ
2 ❢♦r ❛❧❧ (X,Y ) ❝♦♥t❛✐♥✐♥❣ ❜♦①❡s Bǫ ⊂ Bη

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✶✵

✇✐t❤ r❡s♣❡❝t✐✈❡ ❝❡♥t❡r ♣♦✐♥t✳

❲❡ r❡❝❛❧❧ t❤❛t B2ǫ ❞❡♥♦t❡s t❤❡ ❜♦① ✇✐t❤ t❤❡ s❛♠❡ ❝❡♥t❡r ♣♦✐♥t ❛s Bǫ ❛♥❞ ❞♦✉❜❧❡ ❞✐❛♠❡t❡r✳ ❇②

Pr♦♣♦s✐t✐♦♥ ✺ ❛♥❞ r❡t❛✐♥✐♥❣ t❤❡r❡ ❣✐✈❡♥ ♥♦t❛t✐♦♥s✱ t❤❡r❡ ❡①✐sts ξ2 ❞❡♣❡♥❞✐♥❣ ♦♥ deg(F )✱ Fmax

❛♥❞ δ(Bη s✉❝❤ t❤❛t diam(�JN (B2ǫ)) < ξ2 ·diam(B2ǫ) = ξ2 · 2ǫ ❢♦r ❛❧❧ ❜♦①❡s Bǫ ⊂ Bη✳ ❇② t❛❦✐♥❣

δ ♦❢ t❤❡ ✐♥♣✉t ❜♦① B0 ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥st❡❛❞ ♦❢ δ(Bη)✱ ✇❡ ❝❛♥ r❡❣❛r❞ ξ2 ❛s ❛ ❝♦♥st❛♥t✳

❙✐♥❝❡ pc ∈ Bǫ ⊂ B2ǫ ❛♥❞ JN (pc) = 0✱ ✇❡ ❤❛✈❡ 0 ∈ �JN (B2ǫ) t❤✉s �JN (B2ǫ) ⊂ [−ξ2 ·2ǫ , ξ2 ·2ǫ]2✳
❆s ✐♥ t❤❡ ❝r✐t❡r✐♦♥ ❞❡ ❑r❛✇❝③②❦✱ ✇❡ ❞❡♥♦t❡ ∆B2ǫ = [−2ǫ, 2ǫ]2 t❤❡ ❜♦① B2ǫ tr❛♥s❧❛t❡❞ ✐♥t♦ t❤❡

♦r✐❣✐♥✳ ❚❤❡♥ �JN (B2ǫ) ·∆B2ǫ ⊂ [−ξ2 · 4ǫ2 , ξ2 · 4ǫ2]2✳

❲❡ t❛❦❡ ξ := ξ1 + 4ξ2✳ ❚❤❡♥ N(pc)− (X,Y )T +�JN (B2ǫ) ·∆B2ǫ ⊂ [−ξǫ2, ξǫ2] ❛♥❞ t❤❡r❡❢♦r❡

KF (B2ǫ) = N(pc) +�JN (B2ǫ) ·∆B2ǫ ⊂ (X,Y )T + [−ξǫ2 , ξǫ2]2.

❋♦r ǫ < ξ ✇❡ ❤❛✈❡ (X,Y )T + [−ξǫ2 , ξǫ2]2 ⊂ B2ǫ✱ t❤✉s KF (B2ǫ) ⊂ B2ǫ✳

❉✉❡ t♦ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠✱ ✇❡ ❝❛♥ s❡♣❛r❛t❡ ❛❧❧ r❡❣✉❧❛r s♦❧✉t✐♦♥s ❜② ❞✐s❥♦✐♥t ✐s♦❧❛t✐♥❣ ❜♦①❡s ❛s

❧♦♥❣ ❛s t❤❡② ❞♦♥✬t ❧✐❡ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ♦❜t❛✐♥✐♥❣ ❜♦①❡s✳ ❋♦r s♦❧✉t✐♦♥s ♦❢ t❤❡ ❜♦✉♥❞❛r② ✇❡

❤❛✈❡ t♦ ♠♦❞✐❢② t❤❡ s✉❜❞✐✈✐s✐♦♥ ❛❧❣♦r✐t❤♠✱ ❢♦r ❡①❛♠♣❧❡ ❜② ❝❤❛♥❣✐♥❣ t❤❡ ♣r♦❝❡❞✉r❡ ♦❢ s✉❜❞✐✈✐❞✐♥❣

t❤❡ ❜♦①❡s✳

◆♦✇ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤❡ ✜rst ❝r✐t❡r✐♦♥ ✐s ❛❧✇❛②s s❛t✐s✜❡❞ ❢♦r ❜♦①❡s s♠❛❧❧ ❡♥♦✉❣❤ ❝♦♥t❛✐♥✐♥❣

♥♦ r♦♦t ♦❢ F ✳

Pr♦♣♦s✐t✐♦♥ ✼✳ ▲❡t B ⊂ R2 ❜❡ ❛ ❜♦① ❝♦♥t❛✐♥✐♥❣ ♥♦ s♦❧✉t✐♦♥ ♦❢ F (x, y) = 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts

s♦♠❡ η > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ❜♦① Bη ⊂ B ♦❢ ❞✐❛♠❡t❡r ❧❡ss t❤❛♥ η t❤❡ ✜rst ❝r✐t❡r✐♦♥ ✐s s❛t✐s✜❡❞✳

Pr♦♦❢✳ ▲❡t A := F (B) ❞❡♥♦t❡s t❤❡ ✐♠❛❣❡ ♦❢ B ✇❤✐❝❤ ✐s ❛❧s♦ ❛ ❜♦① ✐♥ R2✳ ❚❤❡♥ A ⊂ R>0 ♦r

A ⊂ R<0 ❛♥❞ ✇❡ t❛❦❡ ζ t❤❡ ❞✐st❛♥❝❡ ♦❢ A t♦ t❤❡ ♦r✐❣✐♥✳ ❇② ▲❡♠♠❛ ✸ ✇❡ ❤❛✈❡ diam(�f(B)) ≤
ξdiam(B) ❢♦r ξ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣♦❧②♥♦♠✐❛❧ F ❛♥❞ t❤❡ ✐♥♣✉t ❜♦① B0 ♦❢ t❤❡ s✉❜❞✐✈✐s✐♦♥ ❛❧❣♦✲

r✐t❤♠✳ ❚❤✉s ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ξ ❛s ❝♦♥st❛♥t✳

◆♦✇ ❧❡t Bǫ ⊂ B ❜❡ ❜♦① ♦❢ ❞✐❛♠❡t❡r ❧❡ss t❤❛♥ ǫ✳ ❚❤❡♥ diam(�f(B)) < ξǫ✳ ❲❡ s❡t η := ζ
ξ
✳ ❋♦r

❡✈❡r② ǫ < η ✇❡ ❤❛✈❡ �f(Bǫ) ⊂ A + [−ξǫ, ξǫ]2 ⊂
(
A+ [−ζ, ζ]2

)
\ {0}✳ ❚❤✉s 0 6∈ �f(Bǫ) ❛♥❞

❤❡♥❝❡ t❤❡ ✜rst ❝r✐t❡r✐♦♥ ✐s s❛t✐s✜❡❞ ❢♦r ❛❧❧ ❜♦①❡s Bη ⊂ B ✇✐t❤ ❞✐❛♠❡t❡r ❧❡ss t❤❛♥ η✳

●✐✈❡♥ ❛ ❜♦① B ♦❢ t❤❡ r❡❛❧ ♣❧❛♥❡ ❝♦♥t❛✐♥✐♥❣ ♦♥❧② r❡❣✉❧❛r s♦❧✉t✐♦♥s ♦❢ F (x, y) = 0✱ ❜② t❤❡ ♣r❡✈✐♦✉s

Pr♦♣♦s✐t✐♦♥s ✻ ❛♥❞ ✼✱ t❤❡ s✉❜❞✐✈✐s✐♦♥ ❛❧❣♦r✐t❤♠ ✇✐❧❧ ❛❧✇❛②s t❡r♠✐♥❛t❡ ❛♥❞ ❡♥❝❧♦s❡ ❛❧❧ t❤❡ r❡❣✉❧❛r

s♦❧✉t✐♦♥s ♦❢ F (x, y) = 0 ✇✐t❤ ❞✐s❥♦✐♥t ✐s♦❧❛t✐♥❣ ❜♦①❡s✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✶✶

✸ ❙✐♥❣✉❧❛r✐t✐❡s ♦❢ t❤❡ r❡s✉❧t❛♥t ✐♥ t❡r♠s ♦❢ s✉❜r❡s✉❧t❛♥ts

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ ♣♦❧②♥♦♠✐❛❧s f, g ∈ Q[x, y][z] ❛s ♣♦❧②♥♦♠✐❛❧s ✐♥ z ✇✐t❤ ❝♦❡✣❝✐❡♥ts

✐♥ A := Q[x, y] ✇❤✐❝❤ ✐s ❛♥ ✐♥t❡❣❡r ❞♦♠❛✐♥✳ ❲❡ ✇r✐t❡ d1 ❢♦r t❤❡ ❞❡❣r❡❡ ♦❢ f ❛♥❞ d2 ❢♦r t❤❡ ❞❡❣r❡❡

♦❢ g ❜♦t❤ r❡❧❛t✐✈❡ t♦ z ❛♥❞ ✇❡ ✇r✐t❡ fd1 r❡s♣✳ gd2 ❢♦r t❤❡✐r ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥ts✳

❲❡ s❡t r := Resz(f, g) t❤❡ r❡s✉❧t❛♥t ♦❢ f ❛♥❞ g ❛♥❞ ✇❡ ✇r✐t❡ Sresi ❢♦r Sresi(f, g) ❛♥❞ σij ❢♦r

σij(f, g) ✭s❡❡ ❈❤❛♣t❡r ✻✳✷ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡s✉❧t❛♥t ❛♥❞ s✉❜r❡s✉❧t❛♥ts✮✳

❚♦ ❞❡s❝r✐❜❡ t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ ❝✉r✈❡ r✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ✐ts s✐♥❣✉❧❛r ♣♦✐♥t s❡t ✇❤✐❝❤ ✐s ❣✐✈❡♥

❜②

V := {(x, y) ∈ C2 : r(x, y) = 0, ∂xr(x, y) = 0, ∂yr(x, y) = 0} = V(r, ∂xr, ∂yr).

❙✐♥❝❡ t❤✐s s②st❡♠ ❝♦♥s✐sts ♦❢ t❤r❡❡ ❡q✉❛t✐♦♥s ✐♥ ♦♥❧② t✇♦ ✐♥❞❡t❡r♠✐♥❛t❡s ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦

❛♣♣❧② t❤❡ s✉❜❞✐✈✐s✐♦♥ ❛❧❣♦r✐t❤♠ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ❞✐r❡❝t❧② t♦ ❝❛❧❝✉❧❛t❡ t❤✐s s♦❧✉t✐♦♥ s❡t✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ tr❛♥s❢♦r♠ ♦✉r s②st❡♠ ✐♥t♦ ❛ s②st❡♠ ✇✐t❤ ♦♥❡ ❧❡ss ❡q✉❛t✐♦♥ t♦ ❛❧❧♦✇

t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♣r❡s❡♥t❡❞ s✉❜❞✐✈✐s✐♦♥ ❛❧❣♦r✐t❤♠✳ ❖✉r ❛✐♠ ✐s t♦ s❤♦✇ t❤❡ ❡q✉❛❧✐t② ♦❢ V

❛♥❞ t❤❡ ♣♦✐♥t s❡t

W := {(x, y) ∈ C2 : σ11(x, y) = 0, σ10(x, y) = 0, σ22(x, y) 6= 0} = V(σ11, σ10)−V(σ22)

✇❤✐❝❤ ❣✐✈❡s ❛ s②st❡♠ ♦❢ t✇♦ ❡q✉❛t✐♦♥s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s ❛♥❞ ♦♥❡ ✐♥❡q✉❛❧✐t②✳ ❚❤✐s s②st❡♠ s❛t✐s✜❡s

t❤❡ ❢♦r♠❛❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❛❧❣♦r✐t❤♠ ✶ ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ✐♥❡q✉❛❧✐t② ❝♦♥❞✐t✐♦♥✳

■❢ V ✈❡r✐✜❡s t❤❡ t❤r❡❡ ❢♦❧❧♦✇✐♥❣ ❜❛s✐❝ ♣r❡❝♦♥❞✐t✐♦♥s✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡ ❝♦✐♥❝✐❞❡♥❝❡ ♦❢ V ❛♥❞ W ✿

❈♦♥❞✐t✐♦♥s✳

✭B✶✮ V(fd1 , gd2) = ∅✳

✭B✷✮ σ22(x, y) 6= 0 ❢♦r ❛❧❧ (x, y) ∈ V(r, ∂xr, ∂yr)✳

✭B✸✮ V(f) ∩V(g) ❝♦♥s✐sts ♦❢ ♦♥❧② r❡❣✉❧❛r ♣♦✐♥ts✳

❚❤❡♦r❡♠ ✽✳ ▲❡t f, g ∈ Q[x, y][z] ♣♦❧②♥♦♠✐❛❧s ✐♥ z ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ A := Q[x, y]✳ ❲❡ ✇r✐t❡

d1 ❢♦r t❤❡ ❞❡❣r❡❡ ♦❢ f ❛♥❞ d2 ❢♦r t❤❡ ❞❡❣r❡❡ ♦❢ g ❜♦t❤ r❡❧❛t✐✈❡ t♦ z ❛♥❞ fd1 r❡s♣✳ gd2 ❢♦r t❤❡✐r

❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥ts✳ ▲❡t r := Resz(f, g) ❜❡ t❤❡ r❡s✉❧t❛♥t ♦❢ f ❛♥❞ g ❛♥❞ ❧❡t Sresi = Sresi(f, g)✱

σij = σij(f, g) ❜❡ t❤❡ r❡s♣❡❝t✐✈❡ s✉❜r❡s✉❧t❛♥ts✳ ❚❤❡♥

✭✶✮ W ⊂ V ❛♥❞

✭✷✮ ✐❢ ❛❞❞✐t✐♦♥❛❧❧② ✭B✶✮ t♦ ✭B✸✮ ❛r❡ s❛t✐s✜❡❞ t❤❡♥ V ⊂ W ✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✶✷

❚❤❡ ❝♦♥❞✐t✐♦♥s ✭B✶✮ t♦ ✭B✸✮ ❤❛✈❡ ♥❛t✉r❛❧ ❣❡♦♠❡tr✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥s ❛♥❞ r❡❛s♦♥s✳ ❚❤❡ ✜rst

❝♦♥❞✐t✐♦♥✱ V(fd1 , gd2) = ∅✱ ✐s t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✹✹ ✇❤✐❝❤ s❛②s t❤❛t t❤❡ r❡s✉❧t❛♥t ♦❢

t✇♦ ♣♦❧②♥♦♠✐❛❧s f ❛♥❞ g ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡✐r ✈❛r✐❡t✐❡s✿ V(Resz(f, g)) =

projz=0(V(f) ∩ V(g)) = projz=0(V(f, g))✳ ❚❤✐s ✐s ❡①❛❝t❧② t❤❡ ❛ss✉♠♣t✐♦♥ ♠❛❞❡ ✐♥ t❤❡ ✜rst

❝❤❛♣t❡r ❛♥❞ ✐t ✐s ✐♥ ❢❛❝t ❡q✉✐✈❛❧❡♥t t♦ t❤❡ r❡q✉✐r❡♠❡♥t ♦❢ f ❛♥❞ g ❤❛✈✐♥❣ ♥♦ ❝♦♠♠♦♥ ♣♦✐♥t ❛t

✐♥✜♥✐t② ✐♥ t❤❡ z✲❞✐r❡❝t✐♦♥✳

❚❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥✱ σ22(X,Y ) 6= 0✱ ❢♦r ❛❧❧ (X,Y ) ∈ V(r) ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts ❛t ♠♦st

t✇♦ ♣♦✐♥ts ✐♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ V(f) ❛♥❞ V(g) ♦✈❡r ❡✈❡r② ♣♦✐♥t (X,Y ) ♦❢ t❤❡ ❝✉r✈❡ r✳ ❚❤✐s

♣r♦♣❡rt② ✐s ❝❧❡❛r ❢♦r r❡❣✉❧❛r ♣♦✐♥ts ♦❢ t❤❡ ❝✉r✈❡ r✱ ✭B✷✮ ❣✉❛r❛♥t❡❡s t❤✐s ♣r♦♣❡rt② ❛❧s♦ ❢♦r t❤❡

s✐♥❣✉❧❛r ♣♦✐♥ts ♦❢ r✳ ❍❡♥❝❡ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r s✐♥❣✉❧❛r ❝✉r✈❡s ✇❤♦s❡ s✐♥❣✉❧❛r ♣♦✐♥ts ❛r❡ ✐♥t❡r✲

s❡❝t✐♦♥ ♣♦✐♥ts ♦❢ ❛t ❧❡❛st t✇♦ ❝✉r✈❡ s❡❣♠❡♥ts ✭s✐♠♣❧❡ s❡❧❢✲✐♥t❡rs❡❝t✐♦♥s✮✳ ❚❤❡ t❤✐r❞ ❝♦♥❞✐t✐♦♥✱

V(f) ∩ V(g)✱ ❝♦♥s✐sts ♦❢ ♦♥❧② r❡❣✉❧❛r ♣♦✐♥ts ✐♠♣❧✐❡s t❤❛t t❤❡ ❝✉r✈❡ ❤❛s ❛ ✇❡❧❧✲❞❡✜♥❡❞ t❛♥❣❡♥t

✐♥ ❡❛❝❤ ♦❢ ✐ts ♣♦✐♥ts (X,Y, Z) ∈ V(f)∩V(g)✳ ❲❡ ❞❡♥♦t❡ F (x, y, z) = (f(x, y, z), g(x, y, z))T ✳ ❆

r❡❣✉❧❛r ♣♦✐♥t ♦❢ V(f) ∩V(g)✱ ♦r ✐♥ ♦t❤❡r ✇♦r❞s ❛ r❡❣✉❧❛r s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ F (x, y, z) = 0✱

✐s ❛ ♣♦✐♥t (X,Y, Z) ∈ V(f) ∩ V(g) s✉❝❤ t❤❛t ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ t❤r❡❡ (2 × 2) ♠✐♥♦rs ♦❢ t❤❡

❏❛❝♦❜✐❡♥ ♠❛tr✐① ♦❢ F ❞♦❡s ♥♦t ✈❛♥✐s❤ ♦♥ (X,Y, Z)✳ ❚❤❡♥ ✐♥ ❡❛❝❤ ♣♦✐♥t (X,Y, Z) ∈ V(f)∩V(g)

t❤❡ t❛♥❣❡♥t tf∩g ♦❢ t❤❡ ❝✉r✈❡ ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛s t❤❡ ❝r♦ss ♣r♦❞✉❝t ♦❢ t❤❡ ❣r❛❞✐❡♥t ✈❡❝t♦rs ♦❢ f

❛♥❞ g✳ ■♥ ❢❛❝t t❤✐s t❤✐r❞ ❝♦♥❞✐t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ ∇(f) ❛♥❞ ∇(g) ❛r❡ ♥♦t ♣❛r❛❧❧❡❧✳

◆♦✇ ✇❡ t✉r♥ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞♦♥❡ ✐♥ t✇♦ st❡♣s✳

✸✳✶ Pr♦♦❢ ♦❢ t❤❡ ✜rst ✐♥❝❧✉s✐♦♥ W ⊂ V

❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ✐s t♦ ✉s❡ t❤❡ ✐❞❡❛❧✕✈❛r✐❡t②✕❝♦rr❡s♣♦♥❞❡♥❝❡ ✭s❡❡ ❆♣♣❡♥❞✐①✱ ❚❤❡♦r❡♠ ✸✽✮✳

▲❡t I ❞❡♥♦t❡s t❤❡ ✐❞❡❛❧ 〈r, ∂xr, ∂yr〉 ⊂ A✱ t❤❡♥ ✇❡ ❤❛✈❡ V = V(I)✳ ❉✉❡ t♦ Pr♦♣♦s✐t✐♦♥ ✹✵ ✇❡

❝❛♥ ❞❡✜♥❡ ❛♥ ✐❞❡❛❧ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s♠❛❧❧❡st ❛✣♥❡ ✈❛r✐❡t② ❝♦♥t❛✐♥✐♥❣ W ✿ ❧❡t J ❜❡ t❤❡ ✐❞❡❛❧

〈σ11, σ10〉:〈σ22〉∞ ⊂ A t❤❡♥ V(J) =V(σ11, σ10)−V(σ22) =W ⊃ W ❜② Pr♦♣♦s✐t✐♦♥ ✹✵✳ ❚❤❡ ❛✐♠

♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ I ⊂ J ✱ ♠❡❛♥✐♥❣ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ✐♥t❡❣❡r m > 0

s✉❝❤ t❤❛t 〈r, ∂xr, ∂yr〉 · 〈σ22〉m ⊂ 〈σ11, σ10〉✳
❆❞❞✐t✐♦♥❛❧❧② ✇❡ ❝❛♥ ✇r✐t❡ 〈r, ∂xr, ∂yr〉 · 〈σ22〉m ❛s 〈rσ22m, ∂xrσ22

m, ∂yrσ22
m〉✳ ❍❡♥❝❡ ✐t r❡♠❛✐♥s

t♦ s❤♦✇ t❤❡ ✐♥❝❧✉s✐♦♥ {rσ22m, ∂xrσ22
m, ∂yrσ22

m} ⊂ 〈σ11, σ10〉 ❢♦r s♦♠❡ ♣❛rt✐❝✉❧❛r m✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ♣r♦♣❡rt② ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❝♦r♦❧❧❛r② ♦❢ ❚❤❡♦r❡♠ ✹✳✶ ✐♥ ❬❑✲✷✵✵✸❪ ✇❤✐❝❤ ✐s ❦♥♦✇♥

❛s ❍❛❜✐❝❤t t❤❡♦r❡♠ ✭s❡❡ ❬❍✲✶✾✹✽❪✮✳ ❲❡ ♣r❡s❡♥t t❤✐s t❤❡♦r❡♠ ♦♥❧② ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤✐❝❤

✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤✐s ✇♦r❦ ✭♠❡❛♥✐♥❣ ♣❛rt ✭✐✐✮ ♦❢ t❤❡ t❤❡♦r❡♠ ❜② t❛❦✐♥❣ j = 0 ❛♥❞ i = 1✮✳

▲❡♠♠❛ ✾✳ ❬❑✲✷✵✵✸✱ ❚❤❡♦r❡♠ ✹✳✶❪ ❲❡ ❛ss✉♠❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ f ❛♥❞ g ❛s ✐♥❞❡t❡r♠✐♥❛t❡s ❛♥❞

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✶✸

❧❡t A ❜❡ t❤❡ r✐♥❣ ❣❡♥❡r❛t❡❞ ❜② t❤❡s❡ ❝♦❡✣❝✐❡♥ts✳ ❚❤❡♥ ❢♦r f, g ∈ A[z] t✇♦ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡s

d1 ≥ d2 ❛♥❞ d1 ≥ 3 ✇❡ ❤❛✈❡

σ22
2 · r = Res(Sres2, Sres1).

❈♦r♦❧❧❛r② ✶✵✳ σ22
2 · r ∈ 〈σ10, σ11〉 ✐❢ d1 ≥ d2 ❛♥❞ d1 ≥ 3✳

Pr♦♦❢✳ ❚❤❡ ♣♦❧②♥♦♠✐❛❧ s✉❜r❡s✉❧t❛♥ts ♦❢ f ❛♥❞ g ❛r❡ ❣✐✈❡♥ ❜② Sres1 = σ11z + σ10 ❛♥❞ Sres2 =

σ22z
2 + σ21z + σ20✳ ❚❤✉s

Res(Sres2, Sres1) =

∣∣∣∣∣∣∣∣

σ22 σ11

σ21 σ10 σ11

σ20 σ10

∣∣∣∣∣∣∣∣
= σ10

2σ22 + σ11
2σ20 − σ10σ11σ21 ∈ A

✇❤✐❝❤ ✐s ✐♥ 〈σ10, σ11〉A✳

❯s✐♥❣ t❤✐s ❝♦r♦❧❧❛r②✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦♠❡ m s✉❝❤ t❤❛t {∂xrσ22m, ∂yrσ22
m} ⊂

〈σ11, σ10〉

▲❡♠♠❛ ✶✶✳ ■❢ d1 ≥ d2✱ d1 ≥ 3 t❤❡♥ σ22
3 · ∂xr ❛♥❞ σ22

3 · ∂yr ❛r❡ ❡❧❡♠❡♥ts 〈σ10, σ11〉A✳

Pr♦♦❢✳ ❲❡ ❛r❣✉♠❡♥t ❢♦r σ22
3 · ∂xr✱ ❜✉t t❤❡ ♦t❤❡r ♠❡♠❜❡rs❤✐♣ ❤♦❧❞s ❛♥❛❧♦❣♦✉s❧②✳

❇② t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝♦r♦❧❧❛r②✱ ✇❡ ❝❛♥ ✇r✐t❡ σ22
2 · r ❛s ❛♥ ❡❧❡♠❡♥t ✐♥ (〈σ10, σ11〉A)2✿

σ22
2 · r = ασ10

2 + βσ10σ11 + γσ11
2 ✇✐t❤ α, β, γ ∈ A✳ ❍❡♥❝❡

∂x(σ22
3r) = ∂x((ασ10

2 + βσ10σ11 + γσ11
2)σ22)

= ∂x(ασ10
2σ22) + ∂x(βσ10σ11σ22) + ∂x(γσ11

2σ22)

= 2σ10∂xσ10ασ22 + σ10
2∂x(ασ22)

+σ10∂xσ11ασ22 + σ11∂xσ10ασ22 + σ10σ11∂x(ασ22)

+2σ11∂xσ11ασ22 + σ11
2∂x(ασ22)

= σ10♦1 + σ11♦2 + σ10σ11♦3

✇✐t❤ ♦1,♦2,♦3 ❝♦❡✣❝✐❡♥ts ✐♥ A✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❡ ❤❛✈❡

∂x(σ22
3r) = 3σ22

2∂xσ22r + σ22
3∂xr

= 3∂xσ22(ασ10
2 + βσ10σ11 + γσ11

2) + σ22
3∂xr

❜② ❈♦r♦❧❧❛r② ✶✵✳ ❚❤✉s

σ22
3∂xr = σ10(♦1 − 3ασ10∂xσ22) + σ11(♦2 − 3γσ11∂xσ22) + σ10σ11(♦3 − 3β∂xσ22)

✐s ❝♦♥t❛✐♥❡❞ ✐♥ 〈σ10, σ11〉A✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✶✹

❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ {rσ222, ∂xrσ223, ∂yrσ223} ⊂ 〈σ11, σ10〉 ❢♦r ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡s d1 ≥ d2✱

d1 ≥ 3✱ ✇❤✐❝❤ ✐♠♣❧✐❡s 〈r, ∂xr, ∂yr〉 · 〈σ22〉3 ⊂ 〈σ11, σ10〉✳ ❋✐♥❛❧❧②✱ t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❞❡❣r❡❡s

❞♦♥✬t ❝♦♥str❛✐♥ t❤❡ ❣❡♥❡r❛❧✐t② ♦❢ t❤❡ r❡s✉❧ts✿ ❋♦r d1 < d2 t❤❡ r❡s✉❧t❛♥t ♦❢ f ❛♥❞ g ❞✐✛❡rs ❛t ♠♦st

✐♥ s♦♠❡ ❢❛❝t♦r (−1) ❛♥❞ ❢♦r d1 < 3 t❤❡ s❝❛❧❛r s✉❜r❡s✉❧t❛♥t σ22 ✐s ❡q✉❛❧ t♦ ③❡r♦ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡

✐♥❝❧✉s✐♦♥ ✐s ❤♦❧❞✳

❍❡♥❝❡ I ⊂ J ✇❤✐❝❤ ✐♠♣❧✐❡s W ⊂W ⊂ V ✳

✸✳✷ Pr♦♦❢ ♦❢ t❤❡ s❡❝♦♥❞ ✐♥❝❧✉s✐♦♥ V ⊂ W

❲❡ r❡❝❛❧❧ t❤❛t ✇❡ r❡q✉✐r❡ ❝♦♥❞✐t✐♦♥s ✭B✶✮ t♦ ✭B✸✮ t♦ ♣r♦✈❡ t❤✐s ✐♥❝❧✉s✐♦♥✳

▲❡t (X,Y ) ∈ V ✱ t❤✉s r(X,Y ) = ∂xr(X,Y ) = ∂yr(X,Y ) = 0✳ ❙✐♥❝❡ σ22(x, y) 6= 0 ❢♦r ❛❧❧ (x, y) ∈
V ❜② ❝♦♥❞✐t✐♦♥ ✭B✷✮ ✐t r❡♠❛✐♥s t♦ s❤♦✇ σ11(X,Y ) = σ10(X,Y ) = 0✳ ■❢ ✇❡ ❝♦♥s✐❞❡r σ11(X,Y ) = 0

t❤❡ ❡q✉❛❧✐t② σ10(X,Y ) = 0 ✐s ❛♥ ❝♦r♦❧❧❛r② ♦❢ t❤❡ ❣❛♣ str✉❝t✉r❡ t❤❡♦r❡♠ ✭❚❤❡♦r❡♠ ✹✻✮✳

▲❡♠♠❛ ✶✷✳ ❋♦r (X,Y ) ∈ A s✉❝❤ t❤❛t r(X,Y ) = σ11(X,Y ) = 0 ✐t ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② t❤❛t

σ10(X,Y ) = 0✳

Pr♦♦❢✳ ❲❡ ✜① (X,Y ) ∈ A s✉❝❤ t❤❛t r(X,Y ) = σ11(X,Y ) = 0 ❛♥❞ ❝♦♥s✐❞❡r f ❛♥❞ g ❛♥❞ t❤❡✐r

♣♦❧②♥♦♠✐❛❧ s✉❜r❡s✉❧t❛♥ts ✐♥ A[z]✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❣❛♣ str✉❝t✉r❡ t❤❡♦r❡♠ t❤❛t t❤❡ ♠✐♥✐♠❛❧

♥♦♥✲③❡r♦ ♣♦❧②♥♦♠✐❛❧ s✉❜r❡s✉❧t❛♥t Sresm ♦❢ f ❛♥❞ g ❤❛s t♦ ❜❡ r❡❣✉❧❛r ❛♥❞ s✉❜r❡s✉❧t❛♥ts ♦❢ s♠❛❧❧❡r

❞❡❣r❡❡ ✐❞❡♥t✐❝❛❧❧② ✈❛♥✐s❤✳ ❙✐♥❝❡ Sres0 = Res = 0 ❛♥❞ σ11 = 0 ❛♥❞ t❤✉s deg Sres1 < 1✱ ✐t ❢♦❧❧♦✇s

m ≥ 2✳ ❚❤✉s σ10 = 0✳

◆♦✇ ✇❡ ♣r♦✈❡ σ11(X,Y ) = 0 ❢♦r ✇❤✐❝❤ ✇❡ ✉s❡ t❤❡ t❛♥❣❡♥t t♦ t❤❡ ❝✉r✈❡ V(f) ∩ V(g)✳ ❲❡

❞❡♥♦t❡ ❜② ∇f,∇g t❤❡ ❣r❛❞✐❡♥t ♦❢ f r❡s♣✳ g ❛♥❞ ✇❡ ❞❡♥♦t❡ tf∩g := ∇f × ∇g t❤❡ t❛♥❣❡♥t t♦

V(f) ∩ V(g) ✇❤✐❝❤ ❡①✐sts ❜② ❤②♣♦t❤❡s✐s ✭B✸✮✳ ❇② ❤②♣♦t❤❡s✐s ✭B✶✮✱ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡

✭❛♥❞ ❜② ❤②♣♦t❤❡s❡s ✭B✷✮ ❛t ♠♦st t✇♦✮ Z ∈ C s✉❝❤ t❤❛t (X,Y, Z) ∈ V(f, g)✳ ❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦

❝❛s❡s✿

✭✶✮ V(f) ∩V(g) ❤❛s ❛ ♥♦♥ ✈❡rt✐❝❛❧ t❛♥❣❡♥t ✐♥ (X,Y, Z) ♦r

✭✷✮ tf∩g(X,Y, Z) ✐s ✈❡rt✐❝❛❧✱ ♠❡❛♥✐♥❣ tf∩g(X,Y, Z)‖(0, 0, 1)T ✳

❚♦ ♣r♦✈❡ t❤❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ✜rst ❝❛s❡ ✇❡ ✉s❡ t❤❡♦r❡♠ ✺✳✶ ♦❢ ❬❇▼✲✷✵✵✼❪✳ ❲❡ ✇✐❧❧ ❣✐✈❡ ❛ ❢♦r♠✉✲

❧❛t✐♦♥ ✐♥ ❛✣♥❡ ❝❛s❡ ✇❤✐❧❡ t❤❡ ❛✉t❤♦r✬s ✈❡rs✐♦♥ ✇❛s ✐♥ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✳

▲❡♠♠❛ ✶✸✳ ❬❇▼✲✷✵✵✼✱ ❚❤❡♦r❡♠ ✺✳✶❪ ▲❡t f1 ❛♥❞ f2 ❜❡ t✇♦ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡s d1✱ r❡s♣ d2

✐♥ x ❛♥❞ z ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ ❛♥ ✐♥t❡❣❡r ❞♦♠❛✐♥ A1✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ✐♥ A1[x]✿

∂xResz(f1, f2) = (−1)d1+d2

∣∣∣∣∣∣
∂xf1 ∂zf1

∂xf2 ∂zf2

∣∣∣∣∣∣
σ11 mod 〈f1, f2〉.

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✶✺

❈♦r♦❧❧❛r② ✶✹✳ ▲❡t (X,Y ) ∈ V(r, ∂xr, ∂yr) ❛♥❞ Z ∈ C s✉❝❤ t❤❛t (X,Y, Z) ∈ V(f, g) ❛♥❞

tf∩g(X,Y, Z) ♥♦t ✈❡rt✐❝❛❧✳ ❚❤❡♥ σ11(X,Y ) = 0✳

Pr♦♦❢✳ ❋♦r ❡✈❡r② ❢✉♥❝t✐♦♥ h ✇❡ ✇r✐t❡ ĥ ❢♦r t❤❡ ✈❛❧✉❡ ♦❢ h ❛t (X,Y, Z)✳ ❙✐♥❝❡

tf∩g(X,Y, Z) =




∂̂yf∂̂zg − ∂̂zf∂̂yg

∂̂zf∂̂xg − ∂̂xf∂̂zg

∂̂xf∂̂yg − ∂̂yf∂̂xg




✐s ♥♦t ✈❡rt✐❝❛❧✱ ♦♥❡ ♦❢ t❤❡ ✜rst t✇♦ ❝♦♠♣♦♥❡♥ts ✐s ♥♦t ③❡r♦✳ ❲✳❧✳♦✳❣✳ ❧❡t ∂̂yf∂̂zg − ∂̂zf∂̂yg 6= 0✳

❇② ▲❡♠♠❛ ✶✸ ✇❡ ❤❛✈❡

∂yr = (−1)d1+d2

∣∣∣∣∣∣
∂yf ∂zf

∂yg ∂zg

∣∣∣∣∣∣
σ11 + αf + βg

❢♦r s♦♠❡ ♣♦❧②♥♦♠✐❛❧s α, β ∈ C[x][y]✳ ■❢ ✇❡ ❛♣♣❧② t❤✐s ♦♥ (X,Y, Z) ✇❡ ♦❜t❛✐♥

∂̂yr = (−1)d1+d2(∂̂yf∂̂zg − ∂̂zf∂̂yg) · σ̂11 + α̂f̂ + β̂ĝ

= (−1)d1+d2(∂̂yf∂̂zg − ∂̂zf∂̂yg) · σ̂11

✇❤✐❝❤ ✐s ③❡r♦ s✐♥❝❡ (X,Y, Z) ∈ V(r, ∂xr, ∂yr)✳ ❚❤✉s σ11(X,Y, Z) = 0✳

❚❤✐s ♣r♦♦❢ ♦♥❧② ✇♦r❦s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♥♦♥ ✈❡rt✐❝❛❧ t❛♥❣❡♥t✳ ■❢ tf∩g ✐s ♣❛r❛❧❧❡❧ t♦ t❤❡ z✲❛①✐s✱ ✇❡

♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

Pr♦♣♦s✐t✐♦♥ ✶✺✳ ❬❑✲✷✵✵✸✱ ▲❡♠♠❛ ✸✳✶❪ ▲❡t (X,Y ) ∈ C2 ❛♥❞ A = C[x, y]✳ ❋♦r h ∈ A[z]✱ ✇❡

❞❡♥♦t❡ h∗ := h(X,Y, ·)✳ ▲❡t ✭B✶✮ ❜❡ s❛t✐s✜❡❞✱ t❤✉s ✇✳❧✳♦✳❣✳ fd1∗ 6= 0 ❛♥❞ deg f∗ = deg f = d1✳

▲❡t t := deg g∗✳ ❚❤❡♥ (Sresi(f, g))∗ = fd2−t
d1∗

Sresi(f∗, g∗) ❢♦r ❛❧❧ i ≤ deg t✳

◆♦✇ ✇❡ ❝❛♥ ❛❞❞r❡ss ✉s t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ s❡❝♦♥❞ ❝❛s❡✳

▲❡♠♠❛ ✶✻✳ ▲❡t (X,Y, Z) ∈ V(f, g) s✉❝❤ t❤❛t (X,Y ) ∈ V(r, ∂xr, ∂yr) ❛♥❞ tf∩g ✐s ✈❡rt✐❝❛❧✳

❚❤❡♥ σ11(f, g)(X,Y ) = 0✳

Pr♦♦❢✳ ❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✹✱ ✇❡ ❤❛✈❡

tf∩g(X,Y, Z) =




∂̂yf∂̂zg − ∂̂zf∂̂yg

∂̂zf∂̂xg − ∂̂xf∂̂zg

∂̂xf∂̂yg − ∂̂yf∂̂xg




= 0

= 0

6= 0

❲❡ ❝♦♥s✐❞❡r t✇♦ ❝❛s❡s✿

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✶✻

✭✶✮ ❖♥❡ ♦❢ t❤❡ ❜♦t❤ ∂̂zf ❛♥❞ ∂̂zg✱ ✐s ♥♦t ③❡r♦✳

▲❡t ∂̂zg 6= 0✳ ❚❤❡♥ ✇❡ ❝❛♥ ❞✐✈✐❞❡ ❜② ∂̂zg ❛♥❞ ♦❜t❛✐♥ ∂̂yf =
∂̂zf∂̂yg

∂̂zg
❛♥❞ ∂̂xf = ∂̂zf∂̂xg

∂̂zg
✳ ❇✉t

t❤❡♥ ∂̂xf∂̂yg = ∂̂yf∂̂xg ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ✐♥❡q✉❛❧✐t②✳

✭✷✮ ∂̂zf = 0 ❛♥❞ ∂̂zg = 0✳

▲❡t h = hdz
d + · · · + h0 ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ C[x, y][z]✱ ♠❡❛♥✐♥❣ hi ∈ C[x, y] ❢♦r ❛❧❧ i ∈

{0, . . . , d}✳ ❲❡ ✇r✐t❡ h∗ ❢♦r h(X,Y, ·) ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✺ ❛♥❞ h′ ❢♦r ∂zh✳ ❚❤❡♥

(h′)∗ = (d · hdzd−1 + · · ·+ h1)(X,Y, ·)

= d · hd(X,Y ) · zd−1 + · · ·+ h1(X,Y )

= (hd(X,Y ) · zd + · · ·+ h1(X,Y )z + h0(X,Y ))′ = (h∗)
′.

❙✐♥❝❡ (X,Y, Z) ∈ V(f, g, ∂zf, ∂zg) ✇❡ ❤❛✈❡ Z ∈ V(f∗, g∗, (f
′)∗, (g

′)∗) ✇❤✐❝❤ ✐♠♣❧✐❡s (z−Z)

❞✐✈✐❞❡s f∗✱ g∗✱ (f
′)∗ = (f∗)

′ ❛♥❞ (g′)∗ = (g∗)
′✳

❲❡ ♦❜t❛✐♥ deg(gcd(f∗, g∗)) ≥ multZ(gcd(f∗, g∗)) ≥ 2 ❛♥❞ ❤❡♥❝❡ σ11(f∗, g∗) = 0 ❜② ❚❤❡♦✲

r❡♠ ✹✼✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✺ ✇❡ ❤❛✈❡ σ11(f, g)(X,Y ) = ♦ · σ11(f∗, g∗) = 0 ❢♦r s♦♠❡ ❢❛❝t♦r

♦ ∈ C✳ ❚❤✉s σ11[f, g](X,Y ) = 0✳

❇② ❈♦r♦❧❧❛r② ✶✹ ❛♥❞ ▲❡♠♠❛ ✶✻ ✇❡ ❤❛✈❡ σ11(X,Y ) = 0 ❛♥❞ ▲❡♠♠❛ ✶✷ ✐♠♣❧✐❡s σ10(X,Y ) = 0✳

❚❤✉s V ⊂ W ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✱ ✭✷✮✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✶✼

✹ ❑r❛✇❝③②❦ t❡r♠✐♥❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ tr❛♥s❢♦r♠❡❞ s②st❡♠

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞✐s❝✉ss t❤❡ t❡r♠✐♥❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ s✉❜❞✐✈✐s✐♦♥ ❛❧❣♦r✐t❤♠ ♦❢ ❈❤❛♣t❡r ✷

♦♥ ♦✉r tr❛♥s❢♦r♠❡❞ s②st❡♠ ♦❢ ❈❤❛♣t❡r ✸✳ ❚❤✉s ✇❡ ❛ss✉♠❡ t❤❡ ❝♦♥❞✐t✐♦♥s ✭B✶✮ t♦ ✭B✸✮ t♦ ❜❡

s❛t✐s✜❡❞✳ ❲❡ ❦❡❡♣ t❤❡ ♥♦t❛t✐♦♥ ♦❢ t❤❡ ♣r❡❝❡❞✐♥❣ ❝❤❛♣t❡r✱ t❤✉s ✇❡ ❝♦♥s✐❞❡r t✇♦ ❤②♣❡rs✉r❢❛❝❡s

✐♥ R3 ❣✐✈❡♥ ❛s t❤❡ ③❡r♦ s❡t ♦❢ t✇♦ ♣♦❧②♥♦♠✐❛❧s f, g ∈ Q[x, y, z]✳ ▲❡t r ❜❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡

✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡s❡ ❤②♣❡rs✉r❢❛❝❡s ✇❤✐❝❤ ✐s t❤❡ r❡s✉❧t❛♥t Resz(f, g) ❜② ❚❤❡♦r❡♠ ✹✹✳ ❆s ❜❡❢♦r❡

✇❡ ❞❡♥♦t❡ V = V(r, ∂xr, ∂yr) t❤❡ s❡t ♦❢ s✐♥❣✉❧❛r✐t✐❡s ♦❢ r✳ ■♥ ❈❤❛♣t❡r ✸✱ ✇❡ ♣r♦✈❡❞ t❤❛t ✉♥❞❡r

❝♦♥❞✐t✐♦♥s ✭B✶✮ t♦ ✭B✸✮ t❤❡ s❡t ♦❢ ❛❧❧ ❝♦♠♣❧❡① s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠

σ11(x, y) = 0, σ10(x, y) = 0, σ22(x, y) 6= 0

✐s ❡①❛❝t❧② t❤❡ s❡t ♦❢ ❝♦♠♣❧❡① s♦❧✉t✐♦♥s ♦❢

r(x, y) = 0, ∂xr(x, y) = 0, ∂yr(x, y) = 0

❤❡♥❝❡ t❤❡ r❡❛❧ s♦❧✉t✐♦♥s ♦❢ t❤❡ t✇♦ s②st❡♠s ❛❧s♦ ❝♦✐♥❝✐❞❡✳ ❚❤✉s ✇❡ ✇❛♥t t♦ ❛♣♣❧② t❤❡ ❝❧❛ss✐❝❛❧

s✉❜❞✐✈✐s✐♦♥ ❛❧❣♦r✐t❤♠ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ t♦ t❤❡ s②st❡♠

σ11(x, y) = 0, σ10(x, y) = 0.

❇❡❝❛✉s❡ ♦❢ t❤❡ ❛❞❞✐t✐♦♥❛❧ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡ t♦ ♠♦❞✐❢② ♦✉r ❛❧❣♦r✐t❤♠ t♦ ❝❤❡❝❦ ✐♥ t❤❡ ❡♥❞ ✐❢ σ22

❞♦❡s ♥♦t ✈❛♥✐s❤ ✐♥ t❤❡ ❝❛❧❝✉❧❛t❡❞ s♦❧✉t✐♦♥ ❝♦♥t❛✐♥✐♥❣ ✐s♦❧❛t✐♦♥ ❜♦①❡s✱ s❡❡ t❤❡ r❡♠❛r❦s ✐♥ t❤❡ ❡♥❞

♦❢ t❤✐s ❝❤❛♣t❡r✳

❙✐♥❝❡ t❤❡ ❛❧❣♦r✐t❤♠ ♦♥❧② r❡❝♦❣♥✐③❡s r❡❣✉❧❛r s♦❧✉t✐♦♥s✱ ✇❡ ✇✐❧❧ s❤♦✇ ✐♥ t❤✐s ❝❤❛♣t❡r t❤❛t ❣❡♥❡r✐❝❛❧❧②

♦✉r s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❤❛s ♦♥❧② r❡❣✉❧❛r s♦❧✉t✐♦♥s✳ ❚❤❡ ♣r♦♦❢ ✇✐❧❧ ❜❡ ❞♦♥❡ ✐♥ t❤r❡❡ st❡♣s✿

✭✶✮ ❲❡ ✜rst s❤♦✇ t❤❛t mult∩(X,Y )(r, ∂xr, ∂yr) = 1 ❢♦r ❛❧❧ (X,Y ) ∈ V(r, ∂xr, ∂yr)✱ ✇❤✐❝❤

✭✷✮ ✐♠♣❧✐❡s mult∩(X,Y )(σ11, σ10) = 1 ❢♦r ❛❧❧ (X,Y ) ∈ V(r, ∂xr, ∂yr) = V(σ11, σ10)✳

✭✸✮ ❲❡ ❢✉rt❤❡r s❤♦✇ t❤❛t ❢♦r f1, . . . , fn ∈ R[x1, . . . , xn] ❛♥❞ (X1, . . . , Xn) ∈ V(f1, . . . , fn)∩Rn

s✉❝❤ t❤❛t mult∩(X1,...,Xn)
(f1, . . . , fn) = 1 t❤❡ ❏❛❝♦❜✐❡♥ det JF (X1, . . . , Xn) ❞♦❡s ♥♦t ✈❛♥✐s❤

✭❤❡r❡ F = (f1, . . . , fn)✮✳

❋♦r t❤❡ ✜rst t✇♦ st❡♣s✱ ✇❡ ✇✐❧❧ ✇♦r❦ ♦✈❡r t❤❡ ✜❡❧❞ ♦❢ ❝♦♠♣❧❡① ♥✉♠❜❡rs ❜❡❢♦r❡ ✇❡ r❡t✉r♥ t♦ ♦♥❧②

r❡❛❧ s♦❧✉t✐♦♥s ✐♥ t❤❡ t❤✐r❞ st❡♣✳ ❚❤✐s ❧❛st st❡♣ ✐s ❛ ❦♥♦✇♥ ❢❛❝t ✇❤✐❝❤ ✇❡ r❡❝❛❧❧ ❤❡r❡ ❢♦r t❤❡ s❛❦❡

♦❢ ❝♦♠♣❧❡t❡♥❡ss✳ ❚❤❡ ❢♦❝✉s ✐♥ t❤✐s s❡❝t✐♦♥ ✐s ♦♥ t❤❡ ✜rst st❡♣✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✶✽

✹✳✶ ❆❧❧ ♣♦✐♥ts ✐♥ t❤❡ ✈❛r✐❡t② V ❤❛✈❡ ✐♥t❡rs❡❝t✐♦♥ ♠✉❧t✐♣❧✐❝✐t② ♦♥❡ ✐♥ 〈r, ∂xr, ∂yr〉

❚❤❡ ✐♥t❡rs❡❝t✐♦♥ ♠✉❧t✐♣❧✐❝✐t② ✐s ♦♥❧② ❞❡✜♥❡❞ ❢♦r ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧ ✐❞❡❛❧s✳ ❚❤✉s ♦✉r ✐❞❡❛❧ 〈r, ∂xr, ∂yr〉
❤❛s t♦ ❜❡ ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧✳ ❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ✐s t♦ ✉s❡ ❚❡✐ss✐❡r✬s ❢♦r♠✉❧❛ ✇❤✐❝❤ ✇❛s ✜rst

♠❡♥t✐♦♥❡❞ ❜② ❚❡✐ss✐❡r ✐♥ ❬❚✲✶✾✼✸✱ ❈❤❛♣t❡r ■■✱ ❚❤❡♦r❡♠ ✺❪✳

❚❤❡♦r❡♠ ✶✼✳ ❬❇❘✲✶✾✾✵✱ ▲❡♠♠❛ ❉✳✸✳✹❪ ▲❡t r ∈ C[x, y]✳ ❋♦r ❛♥ x✲❝r✐t✐❝❛❧ ♣♦✐♥t (X,Y ) ♦❢ V(r)

✭♠❡❛♥✐♥❣ ∂yr(X,Y ) = 0✮ ✐t ❤♦❧❞s t❤❛t

multY (r(X, y)) = mult∩(X,Y )(r, ∂yr)−mult∩(X,Y )(∂xr, ∂yr) + 1.

❚❤✐s ❢♦r♠✉❧❛ ❛❧❧♦✇s ✉s t♦ ❝❛❧❝✉❧❛t❡ ✐♥t❡rs❡❝t✐♦♥ ♠✉❧t✐♣❧✐❝✐t✐❡s ❜② ❝❛❧❝✉❧❛t✐♥❣ ✭✐♥t❡rs❡❝t✐♦♥✮ ♠✉❧t✐✲

♣❧✐❝✐t✐❡s ❢♦r ❡❛s✐❡r ✐❞❡❛❧s✳ ❚❤❡s❡ ♠✉❧t✐♣❧✐❝✐t✐❡s ❛r❡ ♦♥❧② ❞❡✜♥❡❞ ❢♦r ✐❞❡❛❧s s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣

❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥s✳

❈♦♥❞✐t✐♦♥s✳

✭B✹✮ 〈∂xr, ∂yr〉 ✐s ③❡r♦ ❞✐♠❡♥s✐♦♥❛❧✳

✭B✺✮ 〈r, ∂xr〉 ♦r 〈r, ∂yr〉 ✐s ③❡r♦ ❞✐♠❡♥s✐♦♥❛❧✳

❚❤❡ ❢♦✉rt❤ ❝♦♥❞✐t✐♦♥✱ 〈∂xr, ∂yr〉 ✐s ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧✱ ✐s t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ ✇❡❧❧✲❞❡✜♥❡❞♥❡ss

♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♠✉❧t✐♣❧✐❝✐t② mult∩(X,Y )(∂xr, ∂yr)✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ✜♥✐t❡♥❡ss ♦❢ t❤❡ ❞✐♠❡♥✲

s✐♦♥ ♦❢ t❤❡ ✐❞❡❛❧ R[x, y]〈x−X,y−Y 〉/〈∂xr, ∂yr〉R[x, y]〈x−X,y−Y 〉 ❛❧r❡❛❞② ✐♠♣❧✐❡s t❤❡ ✜♥✐t❡♥❡ss ♦❢ t❤❡

❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ✐❞❡❛❧ R[x, y]〈x−X,y−Y 〉/〈r, ∂xr, ∂yr〉R[x, y]〈x−X,y−Y 〉✳ ❚❤✉s 〈r, ∂xr, ∂yr〉 ✐s ❛ ③❡r♦✲
❞✐♠❡♥s✐♦♥❛❧ ✐❞❡❛❧ ❛♥❞ mult∩(X,Y )(r, ∂xr, ∂yr) ≤ mult∩(X,Y )(∂xr, ∂yr) ✐s ✇❡❧❧✲❞❡✜♥❡❞✳

❚❤❡ ❧❛st ❝♦♥❞✐t✐♦♥✱ 〈r, ∂xr〉 ♦r 〈r, ∂yr〉 ✐s ③❡r♦ ❞✐♠❡♥s✐♦♥❛❧✱ ✐s ♥❡❡❞❡❞ ❢♦r mult∩(X,Y )(r, ∂xr) r❡s♣✳

mult∩(X,Y )(r, ∂yr) t♦ ❜❡ ✇❡❧❧✲❞❡✜♥❡❞✳ ❍❡r❡ ✇❡ s✉♣♣♦s❡ 〈r, ∂xr〉 t♦ ❜❡ ③❡r♦ ❞✐♠❡♥s✐♦♥❛❧✳ ■t ❢♦❧❧♦✇s

❞✐r❡❝t❧② t❤❛t r ❛♥❞ ∂xr ❤❛✈❡ ♥♦ ❝♦♠♠♦♥ ❢❛❝t♦r ❛♥❞ ❤❡♥❝❡ r ❤❛s t♦ ❜❡ sq✉❛r❡✲❢r❡❡ ✇❤✐❝❤ ❝❛♥

❜❡ ♣r♦✈❡❞ ❜② ❝♦♥tr❛♣♦s✐t✐♦♥✿ ■❢ ✇❡ ❝♦♥s✐❞❡r r1 ❛s ❛ ❝♦♠♠♦♥ ❢❛❝t♦r ♦❢ r ❛♥❞ ∂xr✱ ✇❡ ❝❛♥ ✇r✐t❡

r = r1 · ♦1 ❛♥❞ ∂xr = r1 · ♦2 ✇✐t❤ r1 ∈ R[x, y] ♦❢ ❞❡❣r❡❡ ❛t ❧❡❛st 1✳ ❇✉t t❤❡♥ V(r1) ⊂ V(r, ∂xr)

✇❤✐❝❤ ✐s ♦❢ ❞✐♠❡♥s✐♦♥ ❛t ❧❡❛st 1 ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts 〈r, ∂xr〉 t♦ ❜❡ ③❡r♦ ❞✐♠❡♥s✐♦♥❛❧✳

❲❡ ✜rst ♠❡♥t✐♦♥ t❤r❡❡ ❢✉rt❤❡r ❢♦r♠✉❧❛s ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢✳ ❚❤❡ ✜rst ♦♥❡ ✐s ❛

❝♦♠❜✐♥❛t✐♦♥ ♦❢ t✇♦ t❤❡♦r❡♠s ✐♥ ❬❇▼✲✷✵✵✼❪✳ ❲❡ ✇✐❧❧ ❢♦r♠✉❧❛t❡ t❤❡ st❛t❡♠❡♥t ✐♥ ❛✣♥❡ ♥♦t❛t✐♦♥

✇❤✐❧❡ t❤❡ ❛✉t❤♦rs ♦r✐❣✐♥❛❧❧② ❣❛✈❡ ❛ ❤♦♠♦❣❡♥❡♦✉s ❢♦r♠✉❧❛t✐♦♥✳

▲❡♠♠❛ ✶✽✳ ❬❇▼✲✷✵✵✼✱ Pr♦♣♦s✐t✐♦♥ ✺✳✹✱ ❚❤❡♦r❡♠ ✺✳✻❪ ▲❡t U ❞❡♥♦t❡s t❤❡ ✉♥✐✈❡rs❛❧ r✐♥❣ ♦❢

❝♦❡✣❝✐❡♥ts ♦❢ t✇♦ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡s d1✱ r❡s♣✳ d2✳ ▲❡t f1, f2 ∈ U[y, z] ❜❡ t✇♦ ♣♦❧②♥♦♠✐❛❧s ♦❢

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✶✾

❞❡❣r❡❡s d1 r❡s♣✳ d2 ✐♥ y ❛♥❞ z✳ ❚❤❡♥

Resy(Resz(f1, f2), ∂yResz(f1, f2)) = ±♦1 · ♦2
2

✇❤❡r❡ ♦1,♦2 ❛r❡ ✐rr❡❞✉❝✐❜❧❡ ♣♦❧②♥♦♠✐❛❧s ✐♥ U✳ ❋✉rt❤❡r♠♦r❡ t❤❡ ❜✐✲❞❡❣r❡❡s ♦❢ ♦1 ❛♥❞ ♦2 ✇✐t❤

r❡s♣❡❝t t♦ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s f1 ❛♥❞ f2 ❛r❡ (2d2d1 + d22 − 3d2, 2d1d2 + d21 − 3d1)

❢♦r ♦1 ❛♥❞ (2d22d1 − 2d2d1 − d22 + d2, 2d
2
1d2 − 2d1d2 − d21 + d1) ❢♦r ♦2✳

❚❤❡ ♥❡①t t✇♦ ❢♦r♠✉❧❛s ❤❛♥❞❧❡ ♠✉❧t✐r❡s✉❧t❛♥ts✱ ✇❡ ❢♦r♠✉❧❛t❡ t❤❡♠ ✐♥ ❛✣♥❡ s✐t✉❛t✐♦♥✳ ❚❤❡ ✜rst

♦♥❡ ❝♦♥♥❡❝ts ♠✉❧t✐r❡s✉❧t❛♥ts ❛♥❞ ✐♥t❡rs❡❝t✐♦♥ ♠✉❧t✐♣❧✐❝✐t✐❡s✱ t❤❡ s❡❝♦♥❞ ♦♥❡ ❣✐✈❡s ❛ r❡st❛t❡♠❡♥t

♦❢ t❤❡ ♣r❡❝❡❞✐♥❣ ♠✉❧t✐r❡s✉❧t❛♥t✳ ❲❡ ✇r✐t❡ Resxn=u0

d1,...,dn
(f1, . . . , fn) ❢♦r t❤❡ ❛✣♥❡ ♠✉❧t✐♣♦❧②♥♦♠✐❛❧

r❡s✉❧t❛♥t ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s f1, . . . , fn ✐♥ ✈❛r✐❛❜❧❡s x1, . . . , xn−1 ❜② t❛❦✐♥❣ xn = u0 ❛s ❛ ❝♦♥st❛♥t✳

Pr♦♣♦s✐t✐♦♥ ✶✾✳ ❬❈▲❖✷✲✷✵✵✵✱ ❈❤❛♣t❡r ✹✱ Pr♦♣♦s✐t✐♦♥ ✷✳✽❪ ▲❡t F ❜❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞✱ ❧❡t

f1, . . . , fn ∈ F[x1, . . . , xn] ❤❛✈❡ t♦t❛❧ ❞❡❣r❡❡s ❛t ♠♦st d1, . . . , dn ❛♥❞ ♥♦ s♦❧✉t✐♦♥ ❛t ∞✳ ■❢ f0 =

u0 + u1x1 + · · · + unxn✱ ✇❤❡r❡ u0, . . . , un ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s✱ t❤❡♥ t❤❡r❡ ✐s ❛ ♥♦♥③❡r♦

❝♦♥st❛♥t C s✉❝❤ t❤❛t

Res1,d1,...,dn(f0, . . . , fn) = C
∏

p∈V(f1,...,fn)

(u0 + u1X1p + · · ·+ unXnp)
mult∩p (f1,...,fn)

✇❤❡r❡ ❛ ♣♦✐♥t p ∈ V(f1, . . . , fn) ✐s ✇r✐tt❡♥ p = (X1p, . . . , Xnp)✳

▲❡♠♠❛ ✷✵✳ ❬❈▲❖✷✲✷✵✵✵✱ ❈❤❛♣t❡r ✸✱ Pr♦♣♦s✐t✐♦♥ ✺✳✶✺❪ ▲❡t F ❜❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞✱ ❧❡t t❤❡

♣♦❧②♥♦♠✐❛❧s f1, . . . , fn ∈ F[x1, . . . , xn] ❤❛✈❡ t♦t❛❧ ❞❡❣r❡❡s ❛t ♠♦st d1, . . . , dn ❛♥❞ ♥♦ s♦❧✉t✐♦♥s ❛t

∞✳ ❚❤❡♥ ✇❡ ❤❛✈❡

Resxn=u0

d1,...,dn
(f1, . . . , fn) = ±Res1,d1,...,dn(u0 − xn, f1, . . . , fn)

✇❤❡r❡ Resxn=u0

d1,...,dn
(f1, . . . , fn) ✐s t❤❡ r❡s✉❧t❛♥t ♦❢ f1, . . . , fn ✇✐t❤ r❡s♣❡❝t t♦ x1, . . . , xn−1 ❜② ❝♦♥s✐❞✲

❡r✐♥❣ xn ❛s ❛ ❝♦♥st❛♥t u0✳

◆♦✇ ✇❡ ❝❛♥ ♣r♦✈❡ ♦✉r t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✷✶✳ ❆❧❧ ♣♦✐♥ts ✐♥ t❤❡ ❝♦♠♣❧❡① ✈❛r✐❡t② V(r, ∂xr, ∂yr) ❤❛✈❡ ❣❡♥❡r✐❝❛❧❧② ✐♥t❡rs❡❝t✐♦♥

♠✉❧t✐♣❧✐❝✐t② ♦♥❡✿

mult∩(X,Y )(r, ∂xr, ∂yr) ≤ 1 ❢♦r ❛❧❧ (X,Y ) ∈ V(r, ∂xr, ∂yr).

Pr♦♦❢✳ ❲❡ ✇♦r❦ ♦✈❡r t❤❡ ❝♦♠♣❧❡① ✜❡❧❞ C ✭✇❤✐❝❤ ✐s ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞✮✳

■❢ ✇❡ ❝♦♥s✐❞❡r ❤②♣♦t❤❡s❡s ✭✹✮ ❛♥❞ ✭✺✮✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❡✐ss✐❡rs ❢♦r♠✉❧❛ ❛♥❞ ♦❜t❛✐♥

mult∩(X,Y )(r, ∂xr, ∂yr) ≤ mult∩(X,Y )(∂xr, ∂yr) = mult∩(X,Y )(r, ∂yr)−multY (r(X, y)) + 1.

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✷✵

❋♦r h ∈ C[x, y] ✇❡ ❞❡♥♦t❡ ❜② h̃ t❤❡ ♣♦❧②♥♦♠✐❛❧ h(X, ·) ✐♥ y✳ ❲❡ ❤❛✈❡ (X,Y ) ∈ V(r, ∂xr, ∂yr) t❤✉s

r̃(Y ) = ∂̃yr(Y ) = 0✳ ❇② ∂̃yr = ∂y r̃ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺✶ ✇❡ ❤❛✈❡ multY (r(X, y)) = multY (r̃) ≥ 2✳

▲❡t f1 := r ♦❢ ❞❡❣r❡❡ d ❛♥❞ f2 := ∂yr ✇❤✐❝❤ ❤❛s ❞❡❣r❡❡ d−1✳ ❆s ✉s✉❛❧ ❝♦♥s✐❞❡r f1 ❛♥❞ f2 t♦ ❤❛✈❡

♥♦ s♦❧✉t✐♦♥s ❛t ∞✳ ❲❡ t❛❦❡ f0 := u0 + u1x+ u2y ❢♦r u0 = 0✱ u1 = −1 ❛♥❞ u2 = 0✳ ❚❤❡♥ t❤❡r❡

❡①✐sts ❛ ♥♦♥ ③❡r♦ ❝♦♥st❛♥t C s✉❝❤ t❤❛t Res1,d,d−1(u−x, f1, f2) = C
∏

p∈V(f1,f2)
(u−Xp)

mult∩p (f1,f2)✳

❘❡❝❛❧❧✐♥❣ t❤❡ ❢♦r♠✉❧❛ ❣✐✈❡♥ ✐♥ ▲❡♠♠❛ ✷✵✱ ✇❡ ❤❛✈❡ Resx=u
d,d−1(f1, f2) = ±Res1,d,d−1(u− x, f1, f2)✳

❚❤✉s

±C
∏

p∈V(r,∂yr)

(x−Xp)
mult∩p (r,∂yr) = Resy(r, ∂yr) = ±♦1 · ♦2

2

✇✐t❤ ✐rr❡❞✉❝✐❜❧❡ ♣♦❧②♥♦♠✐❛❧s ♦1,♦2 ♦❢ ❜✐✲❞❡❣r❡❡s (3d2 − 7d + 4, 3d2 − 5d) ❢♦r ♦1 ❛♥❞ (2d3 −
7d2 +6d− 2, 2d3 − 5d2 +3d) ✐♥ t❤❡ ❝♦❡✣❝✐❡♥t r✐♥❣ ❜② Pr♦♣♦s✐t✐♦♥ ✶✽✳ ❋✉rt❤❡r♠♦r❡ ♦1 6= ♦2 ❜②

t❤❡ ❞❡❣r❡❡s✳ ■❢ ✇❡ ❝♦♥s✐❞❡r ♦1 ❛♥❞ ♦2 t♦ st❛② ✐rr❡❞✉❝✐❜❧❡ ❛♥❞ ❞✐✛❡r❡♥t ❜② ❡✈❛❧✉❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥

mult∩(X,Y )(r, ∂yr) ≤ 2✳

❇♦t❤ ❢♦r♠✉❧❛s t♦❣❡t❤❡r ✐♠♣❧② ✐♥ t❤❡ ❣❡♥❡r✐❝ ❝❛s❡✿

mult∩(X,Y )(r, ∂xr, ∂yr) ≤ mult∩(X,Y )(∂xr, ∂yr)

= mult∩(X,Y )(r, ∂yr)−multY (r(X, y)) + 1

≤ 2− 2 + 1 = 1

✹✳✷ ❆❧❧ ♣♦✐♥ts ✐♥ t❤❡ ✈❛r✐❡t② V ❤❛✈❡ ✐♥t❡rs❡❝t✐♦♥ ♠✉❧t✐♣❧✐❝✐t② ♦♥❡ ✐♥ σ11, σ10

❚❤❡♦r❡♠ ✷✷✳ ❆ss✉♠✐♥❣ ❤②♣♦t❤❡s❡s ✭B✶✮ t♦ ✭B✺✮ t❤❡ ✐❞❡❛❧s I = 〈r, ∂xr, ∂yr〉 ❛♥❞ J = 〈σ11, σ10〉:
σ22

∞ ❝♦✐♥❝✐❞❡✳ ❋✉rt❤❡r♠♦r❡ mult∩(X,Y )(σ11, σ10) = 1 ❢♦r ❛❧❧ (X,Y ) ∈ V(r, ∂xr, ∂yr)✳

Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✷✶ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺✺ t❤❡ ✐❞❡❛❧ I ✐s r❛❞✐❝❛❧✿ I =
√
I✳ ❇② ❚❤❡♦r❡♠ ✽✱

❈♦r♦❧❧❛r② ✸✾ ❛♥❞ t❤❡ ♣r♦♦❢ ✐♥ ❈❤❛♣t❡r ✸✳✶ ✇❡ ❤❛✈❡ I ⊂ J ❛♥❞
√
J ⊂

√
I✳ ❆❧❧ t♦❣❡t❤❡r ✇❡

♦❜t❛✐♥
√
J ⊂

√
I = I ⊂ J ✱ t❤✉s

√
J = J ❜② Pr♦♣♦s✐t✐♦♥ ✷✼✳ ❲❡ ❛❧s♦ ♦❜t❛✐♥ I = J ❛♥❞ ❜②

Pr♦♣♦s✐t✐♦♥ ✺✺ ❛❧❧ ✐♥t❡rs❡❝t✐♦♥ ♠✉❧t✐♣❧✐❝✐t✐❡s mult∩(X,Y )(σ11, σ10) ❛r❡ ❡q✉❛❧ t♦ 1✳

✹✳✸ ▼✉❧t✐♣❧✐❝✐t② ♦♥❡ ✐♠♣❧✐❡s ♥♦♥✲③❡r♦ ❏❛❝♦❜✐❡♥

❚❤❡♦r❡♠ ✷✸✳ ▲❡t I := 〈f1, . . . , fn〉 ⊂ R[x1, . . . , xn] ❛♥❞ ❧❡t F : Rn → Rn ❞❡♥♦t❡s t❤❡ ♠❛♣♣✐♥❣

(x1, . . . , xn) 7→ (f1(x1, . . . , xn), . . . , fn(x1, . . . , xn))
T ✳ ▲❡t p = (X1p, . . . , Xnp) ∈ V(f1, . . . , fn)

s✉❝❤ t❤❛t mult∩p (f1, . . . , fn) = 1✳ ❚❤❡♥ det JF (p) 6= 0✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✷✶

Pr♦♦❢✳ ❲❡ ❞❡♥♦t❡ ❜② O t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ♦❢ R[x1, . . . , xn] ❛t 〈x1 −X1, . . . , xn −Xn〉✿

O = R[x1, . . . , xn]〈x1−X1,...,xn−Xn〉.

❙✐♥❝❡mult∩p (f1, . . . , fn) = 1 ✇❡ ❤❛✈❡ xi ∈ IO ❢♦r ❛❧❧ i ∈ {1, . . . , n}✱ ❤❡♥❝❡ t❤❡r❡ ❡①✐sts ♣♦❧②♥♦♠✐❛❧s

αi
k ∈ O✱ i, k ∈ {1, . . . , n} s✉❝❤ t❤❛t ❡✈❡r② xi ❤❛s ❛ ♥♦t❛t✐♦♥ xi =

∑n
k=1 α

i
k ·fk✳ ❋♦r j ∈ {1, . . . , n}

✇❡ ❤❛✈❡ ∂jxi = 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ i = j ❛♥❞ ♦t❤❡r✇✐s❡ 0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❡ ❤❛✈❡ ∂jxi =

∂j(
∑n

k=1 α
i
k · fk) =

∑n
k=1 ∂jα

i
k · fk +

∑n
k=1 α

i
k · ∂jfk✳

❲❡ ❞❡♥♦t❡ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ h ∈ R[x1, . . . xn] ✐♥ p ❜② ĥ✳ ❚❤❡♥ ∂̂jxi =
∑n

k=1 α̂
i
k ·∂̂jfk

s✐♥❝❡ p ∈ V(f1, . . . , fn)✳

❚❤❡r❡❢♦r❡

1 =




1
✳ ✳ ✳

1


 =




∂̂1x1 . . . ∂̂1xn
✳✳✳

✳ ✳ ✳
✳✳✳

∂̂nx1 . . . ∂̂nxn


 =




∑
α̂1
k∂̂1fk . . .

∑
α̂n
k ∂̂1fk

✳✳✳
✳ ✳ ✳

✳✳✳
∑

α̂1
k∂̂nfk . . .

∑̂
αn
k ∂̂nfk




=




∂̂1f1 . . . ∂̂1fn
✳✳✳

✳ ✳ ✳
✳✳✳

∂̂nf1 . . . ∂̂nfn


 ·




α̂1
1 . . . α̂n

1
✳✳✳

✳ ✳ ✳
✳✳✳

α̂1
n . . . α̂n

n


 = ĴF ·




α̂1
1 . . . α̂n

1
✳✳✳

✳ ✳ ✳
✳✳✳

α̂1
n . . . α̂n

n




t❤✉s ĴF ✐s ✐♥✈❡rt✐❜❧❡✳

✹✳✹ P♦st ♣r♦❝❡ss

❇② ❚❤❡♦r❡♠s ✷✷ ❛♥❞ ✷✸✱ t❤❡ s②st❡♠

σ11(x, y) = 0, σ10(x, y) = 0

❤❛s ♦♥❧② r❡❣✉❧❛r s♦❧✉t✐♦♥s✳ ❆♣♣❧②✐♥❣ t❤❡ ❑r❛✇❝③②❦ s✉❜❞✐✈✐s♦♥ ❛❧❣♦r✐t❤♠✱ ✇❡ ♦❜t❛✐♥ ❜② Pr♦♣♦✲

s✐t✐♦♥s ✻ ❛♥❞ ✼ ❛ ❝♦♠♣❧❡t❡ ❧✐st Lisolate ♦❢ ❜♦①❡s ✐s♦❧❛t✐♥❣ ❛❧❧ s♦❧✉t✐♦♥s ♦❢ t❤✐s s②st❡♠✳

❚♦ ❞❡t❡r♠✐♥❡ ❛♠♦♥❣ t❤❡s❡ ❜♦①❡s t❤♦s❡ ❝♦♥t❛✐♥✐♥❣ ❛ s✐♥❣✉❧❛r✐t② ♦❢ r✱ ✇❡ ❤❛✈❡ t♦ ❝❤❡❝❦ ❢♦r ❡✈✲

❡r② ❜♦① ✐❢ t❤❡ s❡❝♦♥❞ s❝❛❧❛r s✉❜r❡s✉❧t❛♥t ✈❛♥✐s❤❡s ♦r ♥♦t✳ ❚❤✐s ❝❛♥ ❛❧s♦ ❜❡ ❞♦♥❡ ❜② ✉s✐♥❣

❜♦① ❢✉♥❝t✐♦♥s✿ ❆ ❜♦① B ∈ Lisolate ❝♦♥t❛✐♥s ❛ s✐♥❣✉❧❛r✐t② ♦❢ r ✐❢ 0 6∈ �σ22(B)✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡♥

0 ∈ �σ22(B)✱ ✇❡ r❡✜♥❡ t❤❡ ❜♦① ✉s✐♥❣ t❤❡ ❑r❛✇❝③②❦ ♦♣❡r❛t♦r ✉♥t✐❧ ❡✐t❤❡r 0 /∈ σ22(B) ♦r 0 /∈ r(B)✳

◆♦t❡ t❤❛t ✐t ✐s ❡♥♦✉❣❤ t♦ ❝❤❡❝❦ t❤❛t ♦♥❡ ♦❢ t❤❡ t✇♦ ❢✉♥❝t✐♦♥s ❞♦❡s ♥♦t ✈❛♥✐s❤✱ ❛♥❞ ✇❡ ❞♦ ♥♦t

♥❡❡❞ t♦ ❝❤❡❝❦ t❤❛t t❤❡ ♦t❤❡r ❛❝t✉❛❧❧② ✈❛♥✐s❤❡s✳ ❯s✐♥❣ ✐♥t❡r✈❛❧ ❛r✐t❤♠❡t✐❝✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦

❛✈♦✐❞ ✈❛♥✐s❤✐♥❣ t❡sts s✐♥❝❡ t❤❡② r❡q✉✐r❡ t♦ r❡❛❝❤ s♦♠❡ t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s✱ s❡❡ ❬❇❈●❨✲✷✵✵✽❪✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✷✷

✺ ❈♦♥❝❧✉s✐♦♥

■♥ t❤❡ ❝❤❛❧❧❡♥❣❡ t♦ ❞❡s✐❣♥ ♥✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ t♦♣♦❧♦❣② ♦❢ s✐♥❣✉❧❛r ❝✉r✈❡s✱

✇❡ ❢♦❝✉s❡❞ ♦♥ t❤❡ ❝❛s❡ ♦❢ ❛ r❡❛❧ ♣❧❛♥❡ ❝✉r✈❡ ❞❡✜♥❡❞ ❛s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t✇♦

s✉r❢❛❝❡s✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ✇♦r❦ ✇❛s t❤❡ ❞❡s✐❣♥ ♦❢ ❛ ♥✉♠❡r✐❝❛❧ ❛❧❣♦r✐t❤♠ t♦ ✐s♦❧❛t❡ t❤❡

s✐♥❣✉❧❛r ♣♦✐♥ts ♦❢ s✉❝❤ ❛ ❝✉r✈❡✳

❲❡ r❡❣❛r❞❡❞ ❝✉r✈❡s ✇✐t❤ ♥♦ ❝♦♠♠♦♥ ♣♦✐♥t ❛t ✐♥✜♥✐t② ✐♥ z✲❞✐r❡❝t✐♦♥✳ ❚❤✐s ✐s ❢♦r ❡①❛♠♣❧❡ t❤❡

❝❛s❡ ❢♦r ❝♦♥st❛♥t ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❤②♣❡rs✉r❢❛❝❡ ❞❡s❝r✐❜✐♥❣ ♣♦❧②♥♦♠✐❛❧s✳ ❲❡ s❤♦✇❡❞

t❤❛t ✉♥❞❡r s✉✐t❛❜❧❡ ❣❡♥❡r✐❝ ❝♦♥❞✐t✐♦♥s✱ t❤❡ s✐♥❣✉❧❛r ♣♦✐♥ts ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ✈✐❛ s✉❜r❡s✉❧t❛♥t

❝♦❡✣❝✐❡♥ts✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐t ✐s s❤♦✇♥ t❤❛t t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ❡♥❛❜❧❡s t❤❡ ✉s❡ ♦❢ ❛ ❝❧❛ss✐❝❛❧

❡✣❝✐❡♥t ♥✉♠❡r✐❝❛❧ s✉❜❞✐✈✐s✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ✐s♦❧❛t✐♦♥✳

❈♦♠❜✐♥❡❞ ✇✐t❤ ❛ ♥✉♠❡r✐❝❛❧ ♣❛t❤ tr❛❝❦✐♥❣ ❛❧❣♦r✐t❤♠ t♦ ❢♦❧❧♦✇ r❡❣✉❧❛r ♣❛rts ♦❢ t❤❡ ❝✉r✈❡✱ t❤✐s

✇♦r❦ ②✐❡❧❞s ❛ ♥✉♠❡r✐❝ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ t♦♣♦❧♦❣② ♦❢ s✉❝❤ ❛ ❝✉r✈❡✳

■♥ ❢✉rt❤❡r ✇♦r❦ ✇❡ ✇❛♥t t♦ ❣❡♥❡r❛❧✐③❡ ♦✉r r❡s✉❧ts ❜② ✇❡❛❦❡♥✐♥❣ t❤❡ ✜✈❡ ❝♦♥❞✐t✐♦♥s✳ ❆ ✜rst

❛♣♣r♦❛❝❤ ✐s t♦ ♣r♦✈❡ t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❛❧s♦ ❢♦r ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ ❝♦♣r✐♠❡ ❧❡❛❞✐♥❣

❢❛❝t♦rs✳ ■♥ ❛ s❡❝♦♥❞ ❛♣♣r♦❛❝❤ ✇❡ ✇❛♥t t♦ ❞❡t❡r♠✐♥❡ ❞❡♣❡♥❞❡♥❝✐❡s ❛♠♦♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✷✸

✻ ❆♣♣❡♥❞✐①✿ ▼❛t❤❡♠❛t✐❝❛❧ ❢✉♥❞❛♠❡♥t❛❧s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❣✐✈❡ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ ♥♦t❛t✐♦♥ ❛♥❞ r❡s✉❧ts ✇❤✐❝❤ ❛r❡ ✉s❡❞ ✐♥ t❤✐s ✇♦r❦✳ ▼♦st

♦❢ t❤❡ r❡s✉❧ts ❛❧s♦ st❛♥❞ ✐s♦❧❛t❡❞ ♦❢ t❤❡ ❝♦♥t❡①t ❛♥❞ ❛r❡ ❜❛s✐❝ t❤❡♦r❡♠s ✐♥ ❛❧❣❡❜r❛✐❝ ❣❡♦♠❡tr②✳

❲❡ ♣r♦✈❡ ♠♦st ♦❢ t❤❡ ♠❡♥t✐♦♥❡❞ t❤❡♦r❡♠s ❛♥❞ ♣r♦♣♦s✐t✐♦♥s✱ ✐❢ ♥♦t ✇❡ ✇✐❧❧ ❝❧❡❛r❧② ♣r♦♣♦s❡ ❛

r❡❢❡r❡♥❝❡ ✐♥st❡❛❞✳ ●♦♦❞ r❡❢❡r❡♥❝❡s ❢♦r ❛❧❧ ❞✐s❝✉ss❡❞ ♣r♦♣❡rt✐❡s ❛r❡ ❬❈▲❖✶✲✷✵✵✼❪✱ ❬❈▲❖✷✲✷✵✵✵❪

❛♥❞ ❬❇P❘✲✷✵✵✻❪✳

❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ r❡❛❞❡r ✐s ❢❛♠✐❧✐❛r ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✜❡❧❞s✱ r✐♥❣s✱ ✐❞❡❛❧s ❛♥❞ t❤❡✐r ♠❛✐♥

♣r♦♣❡rt✐❡s✳ ❲❡ t❛❦❡ F ❛♥ ❛r❜✐tr❛r② ✜❡❧❞ ❛♥❞ A ❛ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✳

❋♦r ♠❛tr✐❝❡s ✇❡ ❝♦♥s✐❞❡r ❢r❡❡ s♣❛❝❡s ✜❧❧❡❞ ✇✐t❤ ③❡r♦s✳

✻✳✶ ❇❛s✐❝s ♦❢ ✐❞❡❛❧ t❤❡♦r② ❛♥❞ ❛❧❣❡❜r❛✐❝ ❣❡♦♠❡tr②

❲❡ st❛rt ✇✐t❤ s♦♠❡ ❝♦♠♠♦♥ ♥♦t❛t✐♦♥ ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ ✐❞❡❛❧s ♦❢ ♣♦❧②♥♦♠✐❛❧ r✐♥❣s✳

✻✳✶✳✶ ■❞❡❛❧s

❉❡✜♥✐t✐♦♥ ✷✹✳ ▲❡t f1, f2, . . . ❜❡ ♣♦❧②♥♦♠✐❛❧s ✐♥ A✳ ❚❤❡♥ ✇❡ ✇r✐t❡ 〈f1, f2, . . . 〉A ✭❛♥❞ 〈f1, f2, . . . 〉
✐❢ A ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❝♦♥t❡①t✮ ❢♦r t❤❡ ✐❞❡❛❧ I ❣❡♥❡r❛t❡❞ ❜② t❤❡s❡ ♣♦❧②♥♦♠✐❛❧s✿

I := 〈f1, f2, . . . 〉A =




∑

i≥1

hifi : hi ∈ A, hi 6= 0 ❢♦r ♦♥❧② ✜♥✐t❡ ♠❛♥② ✐❞❡❛❧s



 .

I ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r s s✉❝❤ t❤❛t I = 〈f1, . . . , fs〉✳

■♥ s♦♠❡ ♣❛rt✐❝✉❧❛r r✐♥❣s ✇❡ ❦♥♦✇ ♠♦r❡ ❛❜♦✉t t❤❡ ♥✉♠❜❡r ♦❢ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ✐❞❡❛❧s✳ ■♥ ♣♦❧②✲

♥♦♠✐❛❧ r✐♥❣s ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✇❤♦s❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ s✉❝❤ ❛s

❬❈▲❖✶✲✷✵✵✼✱ ❈❤❛♣t❡r ✷✱ ➓✺✱ ❚❤❡♦r❡♠ ✹❪✳

❚❤❡♦r❡♠ ✷✺ ✭❍✐❧❜❡rt ❇❛s✐s ❚❤❡♦r❡♠✮✳ ❊✈❡r② ✐❞❡❛❧ ✐♥ F[x1, . . . , xn] ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳

◆♦✇ ✇❡ t✉r♥ t♦ s♦♠❡ s♣❡❝✐✜❝ ✐❞❡❛❧s✳

❉❡✜♥✐t✐♦♥ ✷✻✳ ▲❡t I ⊂ A ❜❡ ❛♥ ✐❞❡❛❧✳ ❚❤❡ r❛❞✐❝❛❧ ♦❢ I ✐s ❞❡✜♥❡❞ ❛s

√
I := {f ∈ A : fm ∈ I ❢♦r s♦♠❡ ✐♥t❡❣❡r m > 0}.

❆♥ ✐❞❡❛❧ ✐s ❝❛❧❧❡❞ r❛❞✐❝❛❧ ✐❢ ❢♦r ❛❧❧ f ∈ A t❤❡ ♠❡♠❜❡rs❤✐♣ fm ✐♥ I ❢♦r s♦♠❡ ✐♥t❡❣❡r m > 0

✐♠♣❧✐❡s f ∈ I✳

❘❛❞✐❝❛❧s ❛r❡ r❡❧❛t❡❞ t♦ r❛❞✐❝❛❧ ✐❞❡❛❧s t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳

Pr♦♣♦s✐t✐♦♥ ✷✼✳ ✭✶✮ ❚❤❡ r❛❞✐❝❛❧ ♦❢ ❛♥ ✐❞❡❛❧ ✐s ❛♥ ✐❞❡❛❧✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✷✹

✭✷✮ ❊❛❝❤ ✐❞❡❛❧ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ✐ts r❛❞✐❝❛❧✳

✭✸✮ ❆♥ ✐❞❡❛❧ ✐s ❛ r❛❞✐❝❛❧ ✐❞❡❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❤✐s ♦✇♥ r❛❞✐❝❛❧✳

Pr♦♦❢✳ ▲❡t I ⊂ A ❜❡ ❛♥ ✐❞❡❛❧✳

✭✶✮ 0A ✐s ✐♥ I ❛♥❞ t❤❡r❡❢♦r❡ ✐♥
√
I✳ ▲❡t f, g ∈

√
I ❛♥❞ α, β ∈ A✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ♣♦s✐t✐✈❡

✐♥t❡❣❡rs m ❛♥❞ l s✉❝❤ t❤❛t fm ∈ I ❛♥❞ gl ∈ I✳ ❚❤✉s (αf + βg)m+l−1 ∈ I ✇❤✐❝❤ ✐♠♣❧✐❡s

αf + βg ∈
√
I✳ ❚❤✉s

√
I ✐s ❛♥ ✐❞❡❛❧✳

✭✷✮ ■❢ f ∈ I t❤❡ f ∈
√
I ❜② ❞❡✜♥✐t✐♦♥✳

✭✸✮ ▲❡t I ❜❡ ❛ r❛❞✐❝❛❧ ✐❞❡❛❧ ❛♥❞ f ∈
√
I✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts m > 0 s✉❝❤ t❤❛t fm ∈ I ✇❤✐❝❤

✐♠♣❧✐❡s f ∈ I s✐♥❝❡ I ✐s r❛❞✐❝❛❧✳

▲❡t I =
√
I✳ ❚❤❡♥ ❢♦r ❛❧❧ f ∈ A t❤❡ ♠❡♠❜❡rs❤✐♣ fm ∈ I ❢♦r s♦♠❡ m > 0 ✐♠♣❧✐❡s

f ∈
√
I = I✳

❲❡ s✉♣♣♦s❡ t❤❡ r❡❛❞❡r t♦ ❜❡ ❢❛♠✐❧✐❛r ✇✐t❤ t❤❡ ❜❛s✐❝ ✐❞❡❛❧ ♦♣❡r❛t✐♦♥s ❧✐❦❡ ✐♥t❡rs❡❝t✐♦♥✱ ✉♥✐♦♥✱

s✉♠✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ❛♥❞ ❞✐✈✐s✐♦♥ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬❈▲❖✶✲✷✵✵✼❪ ❢♦r ❞❡✜♥✐t✐♦♥s✮✳ ❍❡r❡ ✇❡ ❞❡✜♥❡

t❤❡ s❛t✉r❛t✐♦♥ ♦❢ ❛♥ ✐❞❡❛❧ ✇✐t❤ r❡s♣❡❝t t♦ ❛♥ ♦t❤❡r ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢

t❤❡ ❞✐✈✐s✐♦♥✳ ❚❤❡ s❛t✉r❛t✐♦♥ ❤❛s ❛ ♥✐❝❡ ❣❡♦♠❡tr✐❝❛❧ ❛♥❛❧♦❣② ✇❤✐❝❤ ✇❡ ✇✐❧❧ ♣r❡s❡♥t ✐♥ t❤❡ ♥❡①t

s❡❝t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✷✽✳ ▲❡t I ❛♥❞ J ❜❡ t✇♦ ✐❞❡❛❧s ✐♥ A✳ ❚❤❡♥ t❤❡ s❛t✉r❛t✐♦♥ ♦❢ I ✇✐t❤ r❡s♣❡❝t t♦ J ✐s

❞❡✜♥❡❞ ❛s

I:J∞ := {f ∈ A : ✐t ❡①✐sts m > 0 s✉❝❤ t❤❛t fJm ⊂ I}

◆♦✇ ✇❡ ♣r♦✈❡ t✇♦ ♠❛✐♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s❛t✉r❛t✐♦♥ ♦❢ ✐❞❡❛❧s✳

Pr♦♣♦s✐t✐♦♥ ✷✾✳ ❚❤❡ s❡t I:J∞ ✐s ❛♥ ✐❞❡❛❧ ❝♦♥t❛✐♥✐♥❣ I ✐ts❡❧❢✳

Pr♦♦❢✳ ■❢ f ∈ I✱ t❤❡♥ fJ ⊂ I t❤✉s f ∈
√
I ❜② ❞❡✜♥✐t✐♦♥✳ ❚❤✐s ✐♠♣❧✐❡s OA ∈

√
I✳ ▲❡t f, g ∈ I ❛♥❞

α, β ∈ A✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs m ❛♥❞ m′ s✉❝❤ t❤❛t f · Jm ⊂ I ❛♥❞ g · Jm′ ⊂ I✳

❍❡♥❝❡ (αf + βg) · J l ⊂ I ✇✐t❤ l = max{m,m′}✳ ❚❤✉s I:J∞ ✐s ❛♥ ✐❞❡❛❧✳

Pr♦♣♦s✐t✐♦♥ ✸✵✳ ▲❡t I, J,K ❜❡ ✐❞❡❛❧s ✐♥ F[x1, . . . xn]✳ ❚❤❡♥ I ⊂ K :J∞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡

❡①✐sts ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r m s✉❝❤ t❤❛t I · Jm ⊂ K✳

Pr♦♦❢✳ ▲❡t {f1, . . . , fs} ❜❡ ❛ ❜❛s✐s ♦❢ I ✭✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ✜♥✐t❡ ❜② t❤❡ ❍✐❧❜❡rt ❇❛s✐s

❚❤❡♦r❡♠✮✳

❋✐rst ✇❡ ❝♦♥s✐❞❡r I ⊂ K :J∞✳ ❚❤❡♥ ❢♦r ❡✈❡r② fi t❤❡r❡ ❡①✐sts ❛♥ mi s✉❝❤ t❤❛t fi · Jmi ⊂ K✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✷✺

▲❡t m := max{mi : 1 ≤ i ≤ s}✳ ❚❤❡♥ ❢♦r ❡✈❡r② f =
∑s

i=1 hifi ∈ I✱ hi ∈ F[x1, . . . , xs] ✇❡ ❤❛✈❡

f · Jm ⊂ K ❜② t❤❡ ✐❞❡❛❧ ♣r♦♣❡rt② ❛♥❞ t❤✉s I · Jm ⊂ K✳

◆♦✇ ❧❡t I · Jm ⊂ K ❢♦r s♦♠❡ m > 0✳ ❚❤❡♥ f · Jm ⊂ K ❢♦r ❛❧❧ f ∈ I ❛♥❞ ✇❡ ❤❛✈❡ I ⊂ K:J∞ ❜②

❞❡✜♥✐t✐♦♥✳

❇❡❢♦r❡ ✇❡ ❣✐✈❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛✣♥❡ ✈❛r✐❡t✐❡s ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥ ✐❞❡❛❧ ❝♦rr❡✲

s♣♦♥❞✐♥❣ t♦ ❛ ♣♦✐♥t s❡t ♦❢ Fn✳

Pr♦♣♦s✐t✐♦♥ ✸✶✳ ▲❡t U ⊂ Fn✳ ❚❤❡♥ t❤❡ s❡t

I(U) := {f ∈ F[x1, . . . , xn] : f(p) = 0 ❢♦r ❛❧❧ p ∈ U}

✐s ❛♥ ✐❞❡❛❧ ♦❢ F[x1, . . . , xn] ❛♥❞ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ t❤❡ ✐❞❡❛❧ ♦❢ U ✳

Pr♦♦❢✳ ❚❤❡ ③❡r♦ ♣♦❧②♥♦♠✐❛❧ ✐s ♦❜✈✐♦✉s❧② ❝♦♥t❛✐♥❡❞ ✐♥ I(U)✳ ▲❡t f, g ∈ I(U)✱ ✐✳❡✳ f(p) = g(p) = 0

❢♦r ❛❧❧ p ∈ U ✳ ▲❡t α, β ∈ F[x1, . . . , xn] ❛♥❞ p ∈ U ✳ ❚❤❡♥ (αf+βg)(p) = α(p)·f(p)+β(p)·g(p) = 0

t❤✉s αf + βg ∈ I(U)✳ ❍❡♥❝❡ I(U) ✐s ❛♥ ✐❞❡❛❧✳

❚❤❡ ✐❞❡❛❧ ♦❢ ❛ ♣♦✐♥t s❡t U ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♣♦❧②♥♦♠✐❛❧s ✇❤✐❝❤ ✈❛♥✐s❤ ♦♥ ❛❧❧ ♣♦✐♥ts ♦❢ U ❛t t❤❡

s❛♠❡ t✐♠❡✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ s♣❡❝✐❢② t❤❡ ❝♦♥✈❡rs❡✿ ❚❤❡ s❡t ♦❢ ❛❧❧ ③❡r♦s ♦❢ ❛ ❣✐✈❡♥ s❡t

♦❢ ♣♦❧②♥♦♠✐❛❧s✳

✻✳✶✳✷ ❆✣♥❡ ❱❛r✐❡t✐❡s

❉❡✜♥✐t✐♦♥ ✸✷✳ ▲❡t {f1, . . . , fs} ❜❡ ❛ s❡t ♦❢ ♣♦❧②♥♦♠✐❛❧s ✐♥ F[x1, . . . , xn]✳ ❚❤❡♥ t❤❡ ❛✣♥❡ ✈❛✲

r✐❡t② V(f1, . . . , fs) ♦❢ f1, . . . , fs ✐s t❤❡ ♣♦✐♥t s❡t ♦♥ ✇❤✐❝❤ t❤❡ ♣♦❧②♥♦♠✐❛❧s f1, . . . , fs ✈❛♥✐s❤

s✐♠✉❧t❛♥❡♦✉s❧②✿

V(f1, . . . , fs) = {p ∈ Fn : fi(p) = 0 ❢♦r ❛❧❧ i ∈ {1, . . . , s}}.

❆♥ ❛✣♥❡ ✈❛r✐❡t② ✐♥ Fn ✐s ❛❧✇❛②s ❣✐✈❡♥ ❛s t❤❡ ③❡r♦ s❡t ♦❢ ❛ s❡t ♦❢ ♣♦❧②♥♦♠✐❛❧s ✐♥ F[x1, . . . , xn]✳

❲❡ ♦❜✈✐♦✉s❧② ❤❛✈❡ V(f1, . . . , fs) = V(〈f1, . . . , fs〉)✳

❉❡✜♥✐t✐♦♥ ✸✸✳ ▲❡t F ⊂ C ❛♥❞ I ⊂ F[[x1, . . . , xn] ❛♥ ✐❞❡❛❧✳ ❲❡ s❛② I ✐s ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧ ✐❢

t❤❡ ❛✣♥❡ ✈❛r✐❡t② V(I) ❝♦♥s✐sts ♦❢ ♦♥❧② ✜♥✐t❡❧② ♠❛♥② ♣♦✐♥ts ✐♥ Fn✳

❆✣♥❡ ✈❛r✐❡t✐❡s ❛r❡ ♦✉r ❝❡♥tr❡ ♦❢ ✐♥t❡r❡st✳ ❲❤✐❧❡ ✐❞❡❛❧s ❛r❡ ❛❧❣❡❜r❛✐❝ ♠❛t❤❡♠❛t✐❝❛❧ ♦❜❥❡❝ts✱

✈❛r✐❡t✐❡s ❛r❡ ❣❡♦♠❡tr✐❝❛❧ ♠❛t❤❡♠❛t✐❝❛❧ ♦❜❥❡❝ts✳ ❚❤❡r❡ ✐s ❛ ♥✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ✈❛r✐❡t✐❡s

❛♥❞ ♣❛rt✐❝✉❧❛r ✐❞❡❛❧s✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳

❲❡ ❝♦♥s✐❞❡r I ❛s ✐♥ t❤❡ ❧❛st ♣r♦♣♦s✐t✐♦♥ ❛s ❛ ♠❛♣ ❢r♦♠ t❤❡ s❡t ♦❢ ♣♦✐♥t s❡ts ✐♥ Fn ✐♥t♦ t❤❡ s❡t ♦❢

✐❞❡❛❧s ♦❢ F[x1, . . . , xn]✳ ❙✐♠✐❧❛r❧②✱ V ✐s s❡❡♥ ❛s ❛ ♠❛♣ ❢r♦♠ t❤❡ s❡t ♦❢ ✐❞❡❛❧s ♦❢ F[x1, . . . , xn] ✐♥t♦

t❤❡ s❡t ♦❢ ❛✣♥❡ ✈❛r✐❡t✐❡s ✐♥ Fn✳ ❍❡r❡✐♥❛❢t❡r ✇❡ ♣r♦✈❡ s♦♠❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ ♠❛♣s✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✷✻

Pr♦♣♦s✐t✐♦♥ ✸✹✳ ❚❤❡ ♠❛♣s I ❛♥❞ V ❛r❡ ✐♥❝❧✉s✐♦♥✲r❡✈❡rs✐♥❣✱ ✐✳❡✳

✭✶✮ ✐❢ V ⊂ W ❛r❡ t✇♦ ❛✣♥❡ ✈❛r✐❡t✐❡s ✐♥ Fn t❤❡♥ I(V ) ⊃ I(W ) ❛♥❞

✭✷✮ ✐❢ I ⊂ J ❛r❡ t✇♦ ✐❞❡❛❧s ✐♥ F[x1, . . . , xn] t❤❡♥ V(I) ⊃ V(J)✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐♥ ❜♦t❤ ❝❛s❡s ✐s str❛✐❣❤t ❢♦r✇❛r❞✿ ▲❡t V ⊂ W ❛♥❞ f ∈ I(W )✳ ❚❤❡♥ f ✈❛♥✐s❤❡s

✐♥ ❛❧❧ ♣♦✐♥ts ♦❢ W ❛♥❞ t❤❡r❡❢♦r❡ ✐♥ ❛❧❧ ♣♦✐♥ts ♦❢ V ✳ ❚❤✉s f ∈ I(V )✳

■❢ I ⊂ J ❛♥❞ p ∈ V(J) t❤❡♥ ❛❧❧ ♣♦❧②♥♦♠✐❛❧s ✐♥ J ❛♥❞ t❤✉s ✐♥ I ✈❛♥✐s❤ ♦♥ p✳ ❍❡♥❝❡ V(I) ⊃
V(J)✳

❚❤❡ ♥❡①t t❤❡♦r❡♠ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t t❤❡♦r❡♠s ✐♥ ❛❧❣❡❜r❛✐❝ ❣❡♦♠❡tr② ✇❤✐❝❤ ❤❡❧♣s ✉s

t♦ ❡①t❡♥❞ t❤❡ ❛❜♦✈❡ ♣r♦♣❡rt✐❡s✳

❚❤❡♦r❡♠ ✸✺ ✭❍✐❧❜❡rt✬s ◆✉❧❧st❡❧❧❡♥s❛t③✮✳ ▲❡t F ❜❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞✳

■❢ f, f1, . . . , fs ∈ F[x1, . . . , xn] ❛r❡ s✉❝❤ t❤❛t f ∈ I(V(f1, . . . , fs))✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r

m ≥ 1 s✉❝❤ t❤❛t fm ∈ 〈f1, . . . , fs〉 ✭❛♥❞ ❝♦♥✈❡rs❡❧②✮✳

❲❡ ❞♦♥✬t ♣r♦✈❡ t❤✐s t❤❡♦r❡♠ ❜✉t r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬❈▲❖✶✲✷✵✵✼✱ ❈❤❛♣t❡r ✹✱ ➓✶✱ ❚❤❡♦r❡♠ ✷❪

✇❤✐❝❤ ❣✐✈❡s ❛ ❣♦♦❞ ❝♦♠♣r❡❤❡♥s✐✈❡ ♣r♦♦❢✳ ■♥ t❤✐s ✇♦r❦ ✇❡ ✇✐❧❧ ✉s❡ t✇♦ ♦t❤❡r ✈❡rs✐♦♥s ♦❢ t❤❡

◆✉❧❧st❡❧❧❡♥s❛t③ ✇❤✐❝❤ ❛r❡ ❞✐r❡❝t ❝♦r♦❧❧❛r✐❡s ♦❢ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✳

❈♦r♦❧❧❛r② ✸✻ ✭❙tr♦♥❣ ◆✉❧❧st❡❧❧❡♥s❛t③✮✳ ▲❡t F ❜❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞ ❛♥❞ I ⊂ F[x1, . . . , xn] ❛♥

✐❞❡❛❧✳ ❚❤❡♥
√
I = I(V(I)).

Pr♦♦❢✳ ▲❡t f ∈
√
I ❛♥❞ m > 0 s✉❝❤ t❤❛t fm ∈ I ⊂ I(V(I))✳ ❚❤✉s 0 = fm(p) = (f(p))m ❢♦r ❛❧❧

p ∈ V(I) ✇❤✐❝❤ ✐♠♣❧✐❡s f(p) = 0 ❢♦r ❛❧❧ p ∈ V(I) s✐♥❝❡ F ✐s ❛ ✜❡❧❞✳ ❚❤✉s f ∈ I(V(I))✳

▲❡t f ∈ I(V(I))✳ ❇② ❍✐❧❜❡rt✬s ◆✉❧❧st❡❧❧❡♥s❛t③ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r m s✉❝❤ t❤❛t fm ∈ I✳

❍❡♥❝❡ f ∈
√
I ❜② ❞❡✜♥✐t✐♦♥✳

❈♦r♦❧❧❛r② ✸✼✳ ▲❡t F ❜❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞ ❛♥❞ I ⊂ F[x1, . . . , xn] ❛♥ ✐❞❡❛❧✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts

❛♥ ✐♥t❡❣❡r l s✉❝❤ t❤❛t (
√
I)l ⊂ I✳

Pr♦♦❢✳ ▲❡t I = 〈f1, . . . , fs〉✳ ❇② t❤❡ str♦♥❣ ◆✉❧❧st❡❧❧❡♥s❛t③
√
I = I(V(I)) ✇❤✐❝❤ ✐s ❛♥ ✐❞❡❛❧ ✐♥

F[x1, . . . , xn] t❤✉s ❛❞♠✐ts ❛ ✜♥✐t❡ ❜❛s✐s {g1, . . . , gt} ❜② ❍✐❧❜❡rt✬s ❇❛s✐s ❚❤❡♦r❡♠✳ ❇② ❍✐❧❜❡rt✬s

◆✉❧❧st❡❧❧❡♥s❛t③ t❤❡r❡ ❡①✐sts ❡①♣♦♥❡♥ts mi s✉❝❤ t❤❛t gmi

i ∈ I ❢♦r ❛❧❧ i✳ ❋♦r g ❛♥ ❛r❜✐tr❛r② ❡❧❡♠❡♥t

♦❢
√
I ✇❡ ❤❛✈❡ gm ∈ I ❢♦r m := 1 +

∑t
i=1(mi − 1)✳

◆♦✇ ✇❡ ❛r❡ ♣r❡♣❛r❡❞ t♦ ❢♦r♠✉❧❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦❢ ✐❞❡❛❧s ❛♥❞ ✈❛r✐❡t✐❡s✳

❚❤❡♦r❡♠ ✸✽ ✭■❞❡❛❧✕❱❛r✐❡t②✕❈♦rr❡s♣♦♥❞❡♥❝❡✮✳ ▲❡t V ⊂ Fn ❜❡ ❛♥ ❛✣♥❡ ✈❛r✐❡t② ❛♥❞ I ⊂
F[x1, . . . , xn] ❜❡ ❛♥ ✐❞❡❛❧✳ ❚❤❡♥ ✇❡ ❤❛✈❡

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✷✼

✭✶✮ V(I(V )) = V ❛♥❞

✭✷✮ I(V(I)) ⊃ I✳ ■❢ ❛❞❞✐t✐♦♥❛❧❧② t❤❡ ✐❞❡❛❧ I ✐s r❛❞✐❝❛❧✱ t❤❡♥ ✐♥ ❢❛❝t t❤❡ ❡q✉❛❧✐t② ✐s ❤♦❧❞✳

Pr♦♦❢✳ ❲❡ ✜rst ♣r♦✈❡ ✭✷✮ s✐♥❝❡ t❤✐s ♣r♦♣❡rt② ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ✭✶✮✳

✭✷✮ ▲❡t I ❜❡ ❛♥ ✐❞❡❛❧ ♦❢ F[x1, . . . , xn] ❛♥❞ ❧❡t f ∈ I✳ ❚❤❡♥ f(p) = 0 ❢♦r ❛❧❧ p ∈ V(I)✱ ✐✳❡✳

f ∈ I(V(I))✳ ❍❡♥❝❡ I ⊂ I(V(I))✳

✭✶✮ ❋✐rst ❧❡t U ❜❡ ❛ s✉❜s❡t Fn✱ ♥♦t ♥❡❝❡ss❛r✐❧② ❛♥ ❛✣♥❡ ✈❛r✐❡t②✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ s❤♦✇ t❤❛t

U ⊂ V(I(U))✳ ▲❡t p ∈ U ✳ ❚❤❡♥ f(p) = 0 ❢♦r ❛❧❧ f ∈ I(U)✳ ❇✉t ❜② ❞❡✜♥✐t✐♦♥ ✇❡ ❝❛♥

❝♦♥❝❧✉❞❡ p ∈ V(I(U)) t❤✉s t❤❡ ✜rst ✐♥❝❧✉s✐♦♥ ✐s ❡✈❡♥ ❤♦❧❞ ❢♦r s✉❜s❡ts ✐♥st❡❛❞ ♦❢ ✐❞❡❛❧s✳

◆♦✇ ❧❡t V ❜❡ ❛♥ ❛✣♥❡ ✈❛r✐❡t②✱ t❤✉s V = V(H) ❢♦r ❛ s✉❜s❡tH = {f1, . . . , fs} ♦❢ ♣♦❧②♥♦♠✐❛❧s

✐♥ F[x1, . . . , xn]✳ ❇② ✭✷✮ ✇❡ ❤❛✈❡ H ⊂ I(V(H)) ❛♥❞ s✐♥❝❡ t❤❡ ❧❛tt❡r ✐s ❛♥ ✐❞❡❛❧ ✇❡ ❡✈❡♥

❤❛✈❡ 〈H〉 ⊂ I(V(H))✳ ◆♦✇ ❜② Pr♦♣♦s✐t✐♦♥ ✸✹ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✸✷ ❛♥❞ ✇❡ ❤❛✈❡ V = V(H) =

V(〈H〉) ⊃ V(I(V(H))) = V(I(V )) ✇❤✐❝❤ ♣r♦✈❡s t❤❡ s❡❝♦♥❞ ✐♥❝❧✉s✐♦♥✳

■❢ I ✐s r❛❞✐❝❛❧✱ ✇❡ ❤❛✈❡ I =
√
I = I(V(I)) ❛s ❛ ❞✐r❡❝t ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤❡ ❙tr♦♥❣ ◆✉❧❧st❡❧❧❡♥s❛t③✳

■t ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ♣r♦♦❢ t❤❛t ❢♦r ❛♥ ❛r❜✐tr❛r② ♣♦✐♥t s❡t U ⊂ Fn ✇❡ st✐❧❧ ❤❛✈❡ t❤❡ ✐♥❝❧✉s✐♦♥

U ⊂ V(I(U))✳

❚❤❡♦r❡♠ ✸✽ ✐s ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✹ s♦ t❤❛t ✇❡ ❝❛♥ ♥♦✇ ❢♦r♠✉❧❛t❡ t❤❡ ❝♦rr❡✲

s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❛r❜✐tr❛r② ✐❞❡❛❧s ❛♥❞ ❛✣♥❡ ✈❛r✐❡t②✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ t❤❡♦r❡♠ ❡✈❡♥ ❣✐✈❡s ❛

♦♥❡✲t♦✲♦♥❡✲❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❛✣♥❡ ✈❛r✐❡t✐❡s ❛♥❞ r❛❞✐❝❛❧ ✐❞❡❛❧s✳

❈♦r♦❧❧❛r② ✸✾✳ ❋♦r V,W ⊂ Fn t✇♦ ❛✣♥❡ ✈❛r✐❡t✐❡s ❛♥❞ I, J ∈ F[x1, . . . , xn] t✇♦ ✐❞❡❛❧s ✇❡ ❤❛✈❡

t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦rr❡s♣♦♥❞❡♥❝❡✿

✭✶✮ ✐❢ V ⊂ W t❤❡♥ I(V ) ⊃ I(W ) ❛♥❞ ❝♦♥✈❡rs❡❧②

✐❢ I(V ) ⊃ I(W ) t❤❡♥ V = V(I(V )) ⊂ V(I(W )) = W ✳

✭✷✮ ✐❢ I ⊂ J t❤❡♥ V(I) ⊃ V(J) ❜✉t ❝♦♥✈❡rs❡❧②

✐❢
√
I = I(V(I)) ⊂ I(V(J)) =

√
J t❤❡♥ V(I) = V(

√
I) ⊃ V(

√
J) = V(J)✳

■♥ t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ ❛ ♣r♦♣♦s✐t✐♦♥ t♦ ❝♦♠♣✉t❡ t❤❡ ✈❛r✐❡t② ♦❢ t❤❡ s❛t✉r❛t✐♦♥ ♦❢

✐❞❡❛❧s✳

Pr♦♣♦s✐t✐♦♥ ✹✵✳ ▲❡t I ❛♥❞ J ❜❡ ✐❞❡❛❧s ✐♥ F[x1, . . . , xn]✳ ❚❤❡♥

V(I:J∞) =V(I)−V(J)

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✷✽

✇❤❡r❡ U ❢♦r ❛♥ ❛✣♥❡ s❡t U ⊂ Fn ✐s t❤❡ s♠❛❧❧❡st ❛✣♥❡ ✈❛r✐❡t② ❝♦♥t❛✐♥✐♥❣ U ❛♥❞ ✐s ❝❛❧❧❡❞ t❤❡

❩❛r✐s❦✐ ❝❧♦s✉r❡ ♦❢ U ✳

Pr♦♦❢✳ ❲❡ ✜rst s❤♦✇ I:J∞ ⊂ I(V(I) −V(J))✳ ▲❡t f ∈ I:J∞ ❛♥❞ ❧❡t p ∈ V(I) −V(J)✳ ❚❤❡♥

p ∈ V(I) ❜✉t p 6∈ V(J)✳ ❚❤✉s t❤❡r❡ ❡①✐sts g ∈ J s✉❝❤ t❤❛t g(p) 6= 0✳ ❇② ❞❡✜♥✐t✐♦♥ ✇❡ ❤❛✈❡

fgm ∈ I ❢♦r s♦♠❡ m > 0✳ ❚❤✉s (fgm)(p) = f(p) · (g(p))m = 0✳ ❚❤✐s ✐♠♣❧✐❡s f(p) = 0 s✐♥❝❡ F ✐s

❛ ✜❡❧❞ ❛♥❞ g(p) 6= 0✳ ❚❤✉s f ∈ I(V(I)−V(J))✳

◆♦✇ ❜② Pr♦♣♦s✐t✐♦♥ ✸✹ ❛♥❞ ❚❤❡♦r❡♠ ✸✽✱ ✇❡ ❤❛✈❡V(I)−V(J) ⊂ V(I(V(I)−V(J))) ⊂ V(I:J∞)

✇❤✐❝❤ ♣r♦✈❡sV(I)−V(J)⊂ V (I:J∞) s✐♥❝❡ t❤❡ ❧❛tt❡r ✐s ❛♥ ❛❧❣❡❜r❛✐❝ ✈❛r✐❡t②✳

◆♦✇ ✇❡ ♣r♦✈❡ V(I:J∞) ⊂V(I)−V(J)✳

❚❤❡ ✜rst st❡♣ ✐s t♦ s❤♦✇ V(I)−V(J) = V(I(V(I) − V(J)))✳ ❚❤❡ ✐♥❝❧✉s✐♦♥ V(I)−V(J) ⊂
V(I(V(I) − V(J))) ✐s ❝❧❡❛r s✐♥❝❡ V(I(V(I) − V(J))) ✐s ❛ ✈❛r✐❡t② ❝♦♥t❛✐♥✐♥❣ V(I) − V(J) ❜②

❚❤❡♦r❡♠ ✸✽✳ ❋♦r t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥✱ ❝♦♥s✐❞❡r W ❛♥ ❛r❜✐tr❛r② ✈❛r✐❡t② ❝♦♥t❛✐♥✐♥❣ V(I)−V(J)✳

❚❤❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✸✹ ❛♥ ❚❤❡♦r❡♠ ✸✽✱ ✇❡ ❤❛✈❡ V(I(V(I)−V(J))) ⊂ V(I(W )) = W ✇❤✐❝❤ ✐s

❛❧s♦ tr✉❡ ❢♦r t❤❡ s♣❡❝✐❛❧ ❝❤♦✐❝❡ W =V(I)−V(J)✳

◆♦✇ ✇❡ ♣r♦✈❡V(I:J∞) ⊂ V(I(V(I)−V(J))) ❜② ✉s✐♥❣ ❈♦r♦❧❧❛r② ✸✾✳ ▲❡t f ∈
√
I(V(I)−V(J))✳

❚❤❡♥ t❤❡r❡ ❡①✐stsm > 0 s✉❝❤ t❤❛t fm ✈❛♥✐s❤❡s ♦♥V(I)−V(J) ✇❤✐❝❤ ❛❧s♦ ✐♠♣❧✐❡s t❤❛t f ✈❛♥✐s❤❡s

♦♥ V(I)−V(J) ✭s✐♥❝❡ F ✐s ❛ ✜❡❧❞✮✳ ❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t ❛ ♣♦✇❡r ♦❢ f ✐s ✐♥❝❧✉❞❡❞ ✐♥ I:J∞✳ ▲❡t

g1 ❜❡ ❛♥ ❛r❜✐tr❛r② ♣♦❧②♥♦♠✐❛❧ ✐♥ J ✳ ❚❤❡♥ fg1 ✈❛♥✐s❤❡s ♦♥ V (I) s✐♥❝❡ f ✈❛♥✐s❤❡s ♦♥ V(I)−V(J)

❛♥❞ g1 ♦♥ V (J)✳ ❍❡♥❝❡ fg1 ∈ I(V(I)) =
√
I✳ ❇② ❈♦r♦❧❧❛r② ✸✼ t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r l > 0 s✉❝❤

t❤❛t (
√
I)l ⊂ I✳ ❚❤✉s ❢♦r ❛❧❧ g ∈ J l ✇❡ ❤❛✈❡ f l · g(

√
I)l ⊂ I ❛♥❞ t❤❡r❡❢♦r❡ f l ∈ I :J∞✳ ❍❡♥❝❡

f ∈
√
I:J∞✳

✻✳✷ ❘❡s✉❧t❛♥ts ❛♥❞ ❙✉❜r❡s✉❧t❛♥ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② r❡s✉❧t❛♥ts ❛♥❞ s✉❜r❡s✉❧t❛♥ts ♦❢ ♣♦❧②♥♦♠✐❛❧s✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ❞❡❝✐❞❡

✇❤❡t❤❡r ❛ s❡t ♦❢ ♣♦❧②♥♦♠✐❛❧s ❤❛s ❛ ❝♦♠♠♦♥ ♥♦♥ tr✐✈✐❛❧ ❢❛❝t♦r✳ ❋♦r t✇♦ ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ ❝♦❡✣✲

❝✐❡♥ts ✐♥ ❛ ●❈❉ ❞♦♠❛✐♥ t❤✐s q✉❡st✐♦♥ ✐s s✐♠✐❧❛r t♦ ❝♦♠♣✉t❡ t❤❡✐r ❣r❡❛t❡st ❝♦♠♠♦♥ ❞✐✈✐s♦r✳ ❲❡

✇✐❧❧ s❡❡ t❤❛t t❤❡ s✉❜r❡s✉❧t❛♥ts ❤❛✈❡ s✐♠✐❧❛r ♥✐❝❡ ♣r♦♣❡rt✐❡s✳

❋r♦♠ ♥♦✇ ♦♥ ✇❡ ❝♦♥s✐❞❡r A t♦ ❜❡ ❛♥ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥✳

❋✐rst ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❝❛s❡ ❢♦r t❤✐s ✇♦r❦✱ t❤❡ r❡s✉❧t❛♥t ❛♥❞ s✉❜r❡s✉❧t❛♥ts

♦❢ t✇♦ ♣♦❧②♥♦♠✐❛❧s ✐♥ ❛✣♥❡ ♥♦t❛t✐♦♥✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ s♦♠❡ ♣r♦♣❡rt✐❡s ❛♥❞ ❤❛♥❞❧❡ s♦♠❡ s♣❡❝✐❛❧

❝❛s❡s ✇❤❡♥ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❝♦❡✣❝❡♥ts ❛r❡ ✐♥ ❛ ✜❡❧❞✳ ■♥ t❤❡ s❡❝♦♥❞ s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❣✐✈❡ t❤❡

❤♦♠♦❣❡♥❡♦✉s ✈❡rs✐♦♥ ♦❢ t❤❡ r❡s✉❧t❛♥t t♦ ❡①t❡♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦♥ ♠♦r❡ ♣♦❧②♥♦♠✐❛❧s✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✷✾

✻✳✷✳✶ ❘❡s✉❧t❛♥t ❛♥❞ s✉❜r❡s✉❧t❛♥ts ♦❢ t✇♦ ♣♦❧②♥♦♠✐❛❧s

■♥ t❤✐s s❡❝t✐♦♥✱ ❧❡t f = fd1z
d1 + · · · + f1z + f0✱ g = gd2z

d2 + · · · + g1z + g0 ❜❡ t✇♦ ♣♦❧②♥♦♠✐❛❧s

✐♥ A[z] ✇✐t❤ ♥♦♥✲③❡r♦ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥ts✳

❉❡✜♥✐t✐♦♥ ✹✶✳ ❚❤❡♥ ✇❡ ❝❛❧❧ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❙②❧✈❡st❡r ♠❛tr✐① ♦❢ f ❛♥❞ g t❤❡ r❡s✉❧t❛♥t

♦❢ t❤❡s❡ ♣♦❧②♥♦♠✐❛❧s✿

Res(f, g) := det




fd1 gd2

fd1−1 fd1
✳✳✳ gd2

✳✳✳
✳✳✳

✳ ✳ ✳ g1
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳ fd1 g0
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳ g0

✳ ✳ ✳

f0
✳✳✳

✳✳✳
✳ ✳ ✳ gd2

f0
✳✳✳

✳ ✳ ✳
✳✳✳

✳ ✳ ✳
✳✳✳

✳ ✳ ✳
✳✳✳

f0 g0
︸ ︷︷ ︸ ︸ ︷︷ ︸

d2 d1




❲❡ ❝♦♥s✐❞❡r ♣♦❧②♥♦♠✐❛❧s f, g ∈ F[x1, . . . , xn, z] ❛s ✉♥✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✐♥ z ✇✐t❤ ❝♦❡✣❝✐❡♥ts

✐♥ A = F[x1, . . . , xn]✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ✇r✐t❡ Resz(f, g) t♦ ❡♠♣❤❛s✐③❡ t❤❡ ✐♥❞❡t❡r♠✐♥❛t❡ ✐♥ r❡s♣❡❝t

t♦ ✇❤✐❝❤ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ r❡s✉❧t❛♥t ♦❢ f ❛♥❞ g✳

❇② ❞❡✜♥✐t✐♦♥ t❤❡ r❡s✉❧t❛♥t ✐s ❛♥ ❡❧❡♠❡♥t ✐♥ t❤❡ ❝♦❡✣❝✐❡♥t r✐♥❣ A✳ ❇❡②♦♥❞ t❤❛t t❤❡ r❡s✉❧t❛♥t ✐s

❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ f ❛♥❞ g ✐♥ A[z]✿

Pr♦♣♦s✐t✐♦♥ ✹✷✳ Res(f, g) ∈ 〈f, g〉A[z]✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ ❛ ♥✐❝❡ ❝♦♥str✉❝t✐♦♥ s❡❡♥ ✐♥ ❬●▲✲✷✵✵✼❪✳ ▼✉❧t✐♣❧②✐♥❣ t❤❡ (d1+d2−j)t❤

r♦✇ ❜② zj ❛♥❞ ❛❞❞✐♥❣ t♦ t❤❡ ❧❛st r♦✇ ♦❢ t❤❡ ❙②❧✈❡st❡r ♠❛tr✐① ✇❡ ♦❜t❛✐♥ t❤❡ (d1 + d2)× (d1 + d2)

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✸✵

♠❛tr✐① 


fd1 gd2

fd1−1 fd1
✳✳✳ gd2

✳✳✳
✳✳✳

✳ ✳ ✳ g1
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳ fd1 g0
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳ g0

✳ ✳ ✳

f0
✳✳✳

✳✳✳
✳ ✳ ✳ gd2

f0
✳✳✳

✳ ✳ ✳
✳✳✳

✳ ✳ ✳
✳✳✳

✳ ✳ ✳
✳✳✳

zd2−1f . . . . . . f zd1−1g . . . . . . . . . . . . g




✇❤✐❝❤ ❤❛s t❤❡ s❛♠❡ ❞❡t❡r♠✐♥❛♥t ❛s t❤❡ ❙②❧✈❡st❡r ♠❛tr✐① ❜② ❧✐♥❡❛r✐t② ♣r♦♣❡rt②✳ ❲❡ ✉s❡ ▲❡✐❜♥✐t③

❢♦r♠✉❧❛ t♦ ❝❛❧❝✉❧❛t❡ t❤✐s ❞❡t❡r♠✐♥❛♥t✳ ❋r♦♠ t❤❡ ❧❛st r♦✇ ✐t ✐s ❝❧❡❛r t❤❛t ❡❛❝❤ s✉♠♠❛♥❞ ✐s ❡✐t❤❡r

❛ ♠✉❧t✐♣❧❡ ♦❢ f ♦r ♦❢ g ✐♥ A[z]✱ ❢✉rt❤❡r♠♦r❡✱ ❡❛❝❤ f ✲❝♦❡✣❝✐❡♥t ✐♥ A[z] ❤❛s ❛t ♠♦st ❞❡❣r❡❡ d2 − 1

❛♥❞ ❡❛❝❤ g✲❝♦❡✣❝✐❡♥t ❛t ♠♦st ❞❡❣r❡❡ d1 − 1✳ ❚❤✉s t❤❡r❡ ❡①✐sts α, β ∈ A[z]✱ degα < d2 ❛♥❞

deg β < d1✱ s✉❝❤ t❤❛t Res(f, g) = αf + βg✳

■❢ f ❛♥❞ g ❛r❡ ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ ✜❡❧❞ ❝♦❡✣❝✐❡♥ts ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ str♦♥❣❡r ♣r♦♣❡rt②✿

Pr♦♣♦s✐t✐♦♥ ✹✸✳ ❬❈▲❖✶✲✷✵✵✼✱ ❈❤❛♣t❡r ✸✱ ➓✺ Pr♦♣♦s✐t✐♦♥ ✽❪ ❚✇♦ ♣♦❧②♥♦♠✐❛❧s f, g ∈ F[z] ♦❢

♣♦s✐t✐✈❡ ❞❡❣r❡❡ ❤❛✈❡ ❛ ❝♦♠♠♦♥ ❢❛❝t♦r h ✐♥ F[z] ✐❢ ❛♥❞ ♦♥❧② ✐❢ Resz(f, g) = 0✳

❆ ❝♦♠♠♦♥ ❢❛❝t♦r h ∈ F[z] ♦❢ f ❛♥❞ g ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ♣♦s✐t✐✈❡ ❞❡❣r❡❡ ✇❤✐❝❤ ❞✐✈✐❞❡s f ❛♥❞ g✳

❚❤❡ ♦r✐❣✐♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤✐s ♣r♦♣♦s✐t✐♦♥ ✐s ❢♦r ♣♦❧②♥♦♠✐❛❧s f, g ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ ❛♥ ✐♥t❡✲

❣❡r ❞♦♠❛✐♥ ❛♥❞ ❛ ❝♦♠♠♦♥ ❢❛❝t♦r h ✐♥ ✐ts ✜❡❧❞ ♦❢ ❢r❛❝t✐♦♥s ❜✉t ✐♥ t❤✐s ✇♦r❦ ✇❡ ♦♥❧② ♥❡❡❞ t❤❡

st❛t❡♠❡♥t ✇✐t❤ ✜❡❧❞ ❝♦❡✣❝✐❡♥ts✳ ■❢ F ✐s ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞ t❤❡♥ ❡✈❡r② ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ ❛t

❧❡❛st 1 ❤❛s ❛ ③❡r♦ ❜② t❤❡ ❢✉♥❞❛♠❡♥t❛❧ t❤❡♦r❡♠ ♦❢ ❛❧❣❡❜r❛✳ ■♥ t❤✐s ❝❛s❡✱ f ❛♥❞ g ❤❛✈❡ ❛ ❝♦♠♠♦♥

❢❛❝t♦r ✐♥ F[z] ✐s ❡q✉✐✈❛❧❡♥t t♦ f ❛♥❞ g ❤❛✈❡ ❛ ❝♦♠♠♦♥ ③❡r♦ ✐♥ F ✳

◆♦✇ ✇❡ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♦♠❡tr✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧t❛♥t ♦❢ t✇♦ ♣♦❧②♥♦♠✐❛❧s✳

❚❤❡♦r❡♠ ✹✹✳ ▲❡t f, g ∈ A[z] ♥♦t❛t❡❞ ❛s ❛❜♦✈❡ ✇❤❡r❡ A = F[x1, . . . , xn]✳ ❚❤❡ fi ❛♥❞ gi ❛r❡

♣♦❧②♥♦♠✐❛❧s ✐♥ F[x1, . . . , xn] ❛♥❞ ✇❡ ❝♦♥s✐❞❡r V(fd1 , gd2) = ∅✳ ❚❤❡♥

V(Resz(f, g)) = projz=0(V(f) ∩V(g)) = projz=0(V(f, g)).

Pr♦♦❢✳ ❋✐rst ✇❡ t❛❦❡ p := (Xp1, . . . , Xpn) ∈ projz=0(V(f) ∩ V(g)) ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② (p, Z)

t❤❡ ♣♦✐♥t (Xp1, . . . , Xpn, Z)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts s♦♠❡ Z ∈ F s✉❝❤ t❤❛t f(p, Z) = g(p, Z) = 0✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✸✶

❇② Pr♦♣♦s✐t✐♦♥ ✹✷ ✇❡ ❝❛♥ ✇r✐t❡ Resz(f, g) = αf + βg✱ ❜② ❝♦♥s✐❞❡r✐♥❣ Resz(f, g) ❛s ❛ ♣♦❧②✲

♥♦♠✐❛❧ ✐♥ F[x1, . . . , xn, z] ✇❡ ♦❜t❛✐♥ Resz(f, g)(p, Z) = α(p, Z)f(p, Z) + β(p, Z)g(p, Z) = 0✱ s♦

Resz(f, g)(p) = 0 ∈ F[x1, . . . , xn] ❛♥❞ ❤❡♥❝❡ p ∈ V(Resz(f, g))✳

◆♦✇ ✇❡ ❞❡♥♦t❡ r := Resz(f, g) ∈ F[x1, . . . , xn] ❛♥❞ ❧❡t p ∈ V(r)✳ ❲❡ s❡t f∗ := f(p, ·) ∈ F[z] ❛♥❞

g∗ := g(p, ·) ∈ F[z]✳ ❚❤❡♥ r∗ := Resz(f∗, g∗) = r(p) = 0 ∈ F✳ ▲❡t fd1∗ = fd1(p) ❛♥❞ gd2∗ = gd2(p)✳

❙✐♥❝❡ V(fd1 , gd2) = ∅ t❤❡ ❝♦❡✣❝✐❡♥ts fd1∗ ❛♥❞ fd2∗ ❛r❡ ♥♦t ❜♦t❤ ③❡r♦✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✸ ✇❡ ❛r❡

❞♦♥❡ ✐❢ ❜♦t❤ ❝♦❡✣❝✐❡♥ts ❞♦♥✬t ✈❛♥✐s❤ ♦♥ p✳ ✭❚❤❡♥ f∗ ❛♥❞ g∗ ❤❛✈❡ ❛ ♥♦♥✲❝♦♥st❛♥t ❝♦♠♠♦♥ ❢❛❝t♦r

h ❛♥❞ ❢♦r ❛♥ ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞ ✜❡❧❞ F ✇❡ ✜♥❞ ❛ ③❡r♦ Z ♦❢ h✳ ❚❤✉s f∗(Z) = g∗(Z) = 0 ❛♥❞

t❤❡r❡❢♦r❡ f(p, Z) = g(p, Z) = 0✳

■❢ ♦♥❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t ♣♦❧②♥♦♠✐❛❧s✱ ✇✳❧✳♦✳❣✳ g∗✱ ✐s ③❡r♦✱ ✇❡ ❝❛♥ ✉s❡ ❛ ❜❛s❡ ❝❤❛♥❣❡ ❛r❣✉♠❡♥t t♦

♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛ Z✿ 〈f, g〉 = 〈f, g + zmf〉 ❢♦r ❛❧❧ m > 0✳ ■❢ ✇❡ ❝❤♦♦s❡ m s✉❝❤ t❤❛t

degz(g + zmf) > degz(g) t❤✉s g + zmf ❤❛s t❤❡ ♥♦♥✲③❡r♦ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t fd1 ✳ ❚❤❡ ♣r❡✈✐♦✉s

❛r❣✉♠❡♥t ❣✐✈❡s ✉s ❛ Z ∈ F s✉❝❤ t❤❛t (p, Z) ∈ V(f, g + zmf) = V(f, g)✳ ❋♦r ❞❡t❛✐❧s ✇❡ r❡❢❡r t❤❡

r❡❛❞❡r t♦ ❬❈▲❖✶✲✷✵✵✼✱ ❈❤❛♣t❡r ✸✱ ➓✻✱ ❚❤❡♦r❡♠ ✹❪ ✳

■♥ ❜♦t❤ ❝❛s❡s ✇❡ ♦❜t❛✐♥ ❛ Z s✉❝❤ t❤❛t (p, Z) ∈ V(f)∩V(g) ❛♥❞ t❤✉s p ∈ projz=0(V(f)∩V(g)) =

V(f, g)✳

❚❤❡♦r❡♠ ✹✹ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✸ ❛❧r❡❛❞② ❞❡s❝r✐❜❡ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ③❡r♦ s❡ts ♦❢ f

❛♥❞ g ❛♥❞ t❤❡✐r r❡s✉❧t❛♥t✳ ◆♦✇ ✇❡ ✇❛♥t t♦ ❞❡s❝r✐❜❡ t❤❡ ❣r❡❛t❡st ❝♦♠♠♦♥ ❞✐✈✐s♦r ♦❢ f, g ∈ F[z]

❢♦r ✇❤✐❝❤ ✇❡ ✐♥tr♦❞✉❝❡ s✉❜r❡s✉❧t❛♥ts ♦❢ f ❛♥❞ g✳

❉❡✜♥✐t✐♦♥ ✹✺✳ ▲❡t f, g ∈ A[z] ❛s ✉s✉❛❧✳ ❋♦r 0 ≤ k ≤ min{d1, d2} ❛♥❞ 0 ≤ i ≤ k ❧❡t Mki ❞❡♥♦t❡s

t❤❡ ♠❛tr✐① ♦❜t❛✐♥❡❞ ❜② ❞❡❧❡t✐♥❣ ❝♦❧✉♠♥s (d1 − k+1), . . . , d1✱ (d1 + d2 − k+1), . . . , (d1 + d2) ❛♥❞

t❤❡ ❧❛st 2k + 1 r♦✇s ❡①❝❡♣t r♦✇ (d1 + d2 − k − i) ♦❢ t❤❡ ❙②❧✈❡st❡r ♠❛tr✐① ♦❢ f ❛♥❞ g✿

Mki :=




fd1 gd2

fd1−1 fd1
✳✳✳ gd2

✳✳✳
✳ ✳ ✳

✳✳✳
✳ ✳ ✳

✳✳✳ fd1
✳✳✳ gd2

✳✳✳
✳✳✳

✳✳✳

f2k−d2+2 fk+1 g2k−d1+2 gk+1

fi+k−d2+1 . . . . . . fi gi+k−d1+1 . . . . . . gi
︸ ︷︷ ︸ ︸ ︷︷ ︸

d2−k d1−k




.

❚❤✐s ♠❛tr✐① ✐s ❛ (d1+d2−2k)× (d1+d2−2k)✲♠❛tr✐① ❛♥❞ ✇❡ ✇r✐t❡ σki(f, g) ❢♦r ✐ts ❞❡t❡r♠✐♥❛♥t✳

❚❤❡ ♣♦❧②♥♦♠✐❛❧ Sresk(f, g) :=
∑k

i=0 σki(f, g)z
i ∈ A[z] ✐s ❝❛❧❧❡❞ t❤❡ kt❤ ♣♦❧②♥♦♠✐❛❧ s✉❜r❡s✉❧✲

t❛♥t ❛♥❞ ✐ts ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t σkk(f, g) t❤❡ kt❤ s❝❛❧❛r s✉❜r❡s✉❧t❛♥t ♦❢ f ❛♥❞ g✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✸✷

■t ✐s ❝❧❡❛r t❤❛t t❤❡ ③❡r♦t❤ ♣♦❧②♥♦♠✐❛❧ s✉❜r❡s✉❧t❛♥t ♦❢ f ❛♥❞ g ✐s ✐♥ ❢❛❝t t❤❡✐r r❡s✉❧t❛♥t✳ ❲❡ ❤❛✈❡

Sres0(f, g) = σ00(f, g) = Res(f, g)✳

❇② t❤❡ ❧✐♥❡❛r✐t② ♦❢ t❤❡ ❞❡t❡r♠✐♥❛♥t ✇❡ ❝❛♥ ✇r✐t❡ Sresk(f, g) ❞✐r❡❝t❧② ❛s t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡

♠❛tr✐①

M∗
k :=




fd1 gd2

fd1−1 fd1
✳✳✳ gd2

✳✳✳
✳ ✳ ✳

✳✳✳
✳ ✳ ✳

✳✳✳ fd1
✳✳✳ gd2

✳✳✳
✳✳✳

✳✳✳

f2k−d2+2 fk+1 g2k−d1+2 gk+1

zd2−k−1f . . . . . . f zd1−k−1g . . . . . . g




.

❚❤❡ ❡①❛❝t ❞❡❣r❡❡ ♦❢ t❤❡ k✲t❤ ♣♦❧②♥♦♠✐❛❧ s✉❜r❡s✉❧t❛♥t ✐s ❛t ♠♦st k ❛♥❞ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡

❝♦❡✣❝✐❡♥ts ♦❢ f ❛♥❞ g✳ ❚❤❡ ♥❡①t ✇❡❧❧✲❦♥♦✇♥ t❤❡♦r❡♠✱ ❣✐✈❡ ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ r❡s✉❧t✳

❚❤❡ t❤❡♦r❡♠ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✐♥ s❡✈❡r❛❧ ✈❡rs✐♦♥s✳ ❲❡ r❡❝❛❧❧ ❛ ✈❡rs✐♦♥ ❜❛s❡❞ ♦♥

❚❤❡♦r❡♠ ✷✳✶ ✐♥ ❬▲❘❙✲✷✵✵✶❪ ❛♥❞ ❚❤❡♦r❡♠ ✹✳✸ ✐♥ ❬❑✲✷✵✵✸❪✳

❚❤❡♦r❡♠ ✹✻ ✭●❛♣ ❙tr✉❝t✉r❡ ❚❤❡♦r❡♠✮✳ ▲❡t f, g ∈ A[z] ❜❡ ♣♦❧②♥♦♠✐❛❧s s✉❝❤ t❤❛t deg Sresj = j✳

❚❤❡♥✿

✭✶✮ ■❢ Sresj−1 ✐s ③❡r♦ t❤❡♥ Sresj−2 = · · · = Sres0 = 0

✭✷✮ ■❢ Sresj−1 ✐s ♦❢ ❞❡❣r❡❡ 0 ≤ k < j − 1 t❤❡♥ Sresj−2 = · · · = Sresk+1 = 0 ❛♥❞

σjj
j−k−1Sresk = σj−1,k

j−k−1Sresj−1.

❋✉rt❤❡r♠♦r❡✱ Sresk ❤❛s ❞❡❣r❡❡ k✳

❋♦r ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ ✜❡❧❞ ❝♦❡✣❝✐❡♥ts ✇❡ ❢✉rt❤❡r ❦♥♦✇✿

❚❤❡♦r❡♠ ✹✼✳ ❬❇P❘✲✷✵✵✻✱ Pr♦♣♦s✐t✐♦♥ ✹✳✸✺❪ ▲❡t f, g ∈ F[z] ✇✐t❤ deg(f) ≥ deg(g)✳ ▲❡t d ≤
deg(f)−1✳ ❚❤❡♥ deg(gcd(f, g)) = d ✐❢ ❛♥❞ ♦♥❧② ✐❢ d ✐s t❤❡ s♠❛❧❧❡st i s✉❝❤ t❤❛t σii(f, g) 6= 0✳

❇② t❤❡ ♣r❡❝❡❞✐♥❣ t❤❡♦r❡♠✱ d ✐s t❤❡r❡❢♦r❡ t❤❡ s♠❛❧❧❡st i s✉❝❤ t❤❛t Sresi(f, g) 6= 0✳

■♥ t❤✐s r❡❢❡r❡♥❝❡✱ t❤❡ t❤❡♦r❡♠ ✐s ❢♦r♠✉❧❛t❡❞ ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ✈❡rs✐♦♥ ❢♦r ♣♦❧②♥♦♠✐❛❧s ✇✐t❤

❝♦❡✣❝✐❡♥ts ✐♥ ❛♥ ✐♥t❡❣❡r ❞♦♠❛✐♥ A ❛♥❞ t❤❡✐r ❣r❡❛t❡st ❝♦♠♠♦♥ ❞✐✈✐s♦r ✐♥ t❤❡ ❢r❛❝t✐♦♥ ✜❡❧❞ ♦❢ A

s✐♥❝❡ t❤❡ ❣r❡❛t❡st ❝♦♠♠♦♥ ❞✐✈✐s♦r ✐s ♥♦t ❞❡✜♥❡❞ ❢♦r ♥♦ ●❈❉ ❞♦♠❛✐♥s✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✸✸

✻✳✷✳✷ ▼✉❧t✐♣♦❧②♥♦♠✐❛❧ r❡s✉❧t❛♥ts

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ st✉❞✐❡❞ t❤❡ r❡s✉❧t❛♥t ♦❢ t✇♦ ♣♦❧②♥♦♠✐❛❧s f, g ✐♥ ♦♥❡ s✐♥❣❧❡ ✈❛r✐❛❜❧❡✳

■♥st❡❛❞ ✇❡ ❝❛♥ ❛❧s♦ ✇♦r❦ ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧s ✐♥ t✇♦ ✈❛r✐❛❜❧❡s z ❛♥❞ ϑ✳ ❆ ♣♦❧②♥♦♠✐❛❧

✐s ❤♦♠♦❣❡♥❡♦✉s ✐❢ ❡✈❡r② ♠♦♥♦♠✐❛❧ s✉♠♠❛♥❞ ❤❛s t❤❡ s❛♠❡ ❞❡❣r❡❡✳ ■❢ ✇❡ t❛❦❡ f = fd1z
d1 + · · ·+

f0 ∈ A[z] ✇✐t❤ ❝♦❡✣❝✐❡♥ts fi ∈ A ✇❡ ❝❛♥ ❤♦♠♦❣❡♥✐③❡ f ❜② ❛♥ ✐♥❞❡t❡r♠✐♥❛t❡ ϑ ❛♥❞ ♦❜t❛✐♥ t❤❡

❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧

F = fd1z
d1 + fd1−1z

d1−1ϑ+ · · ·+ f1zϑ
d1−1 + f0ϑ

d1 .

■t ✐s ❝❧❡❛r t❤❛t ❛ ③❡r♦ Z ♦❢ f t✉r♥s t♦ t❤❡ ③❡r♦ (Z, 1) ♦❢ F ✳

❋♦r t✇♦ ❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧s F,G ∈ A[z, ϑ] ♦❜t❛✐♥❡❞ ❜② ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ f, g ∈ A[z] ✇❡

❞❡✜♥❡ t❤❡ r❡s✉❧t❛♥t ✉s✐♥❣ t❤❡ s❛♠❡ ❞❡t❡r♠✐♥❛♥t ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✹✶ ❛♥❞ ❞❡♥♦t❡

Resd1,d2(F,G) = Resz(f, g).

❚❤❡ r❡s✉❧t❛♥t Res(F,G) ✐s ❛♥ ✐♥t❡❣❡r ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ F ❛♥❞ G✳ ■❢ A ✐s t❤❡ ✜❡❧❞

♦❢ ❝♦♠♣❧❡① ♥✉♠❜❡rs ✇❡ ❤❛✈❡ Res(F,G) = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ F ❛♥❞ G ❤❛✈❡ ❛ ❝♦♠♠♦♥ ♥♦♥tr✐✈✐❛❧

s♦❧✉t✐♦♥ ✐♥ C✳

◆♦✇ ✇❡ ❡①t❡♥❞ t❤✐s ❝♦♥❝❡♣t t♦ n ❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧s ✐♥ n ✈❛r✐❛❜❧❡s✳

▲❡t x = (x1, . . . , xn)✳ ❋♦r ❛♥ n✲❞✐♠❡♥s✐♦♥❛❧ ❡①♣♦♥❡♥t ✈❡❝t♦r α = (α1, . . . , αn) ✇❡ ❞❡♥♦t❡ xα =

xα1

1 · · ·xαn
n ❛♥❞ | α |= ∑n

i=1 αi✳ ❲❡ ❝♦♥s✐❞❡r n ❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧s Fi ♦❢ t♦t❛❧ ❞❡❣r❡❡s di✳

❋♦r ❡✈❡r② ❝♦♠❜✐♥❛t✐♦♥ ♦❢ i ❛♥❞ α s✉❝❤ t❤❛t | α |= di ✇❡ ✐♥tr♦❞✉❝❡ ❛♥ ✐♥❞❡t❡r♠✐♥❛t❡ uiα✳ ●❡♥❡r❛❧❧②

❛♥ ❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧ Fi ∈ C[x1, . . . , xn] ♦❢ ❞❡❣r❡❡ di ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ s♣❡❝✐❛❧✐③❛t✐♦♥ ♦❢

t❤❡ uiα ✐♥ C✿

Fi =
∑

|α|=di

uiαx
α.

❚❤❡♦r❡♠ ✹✽✳ ❬❈▲❖✷✲✷✵✵✵✱ ❈❤❛♣t❡r ✸✱ ❚❤❡♦r❡♠ ✷✳✸❪ ■❢ ✇❡ ✜① ♣♦s✐t✐✈❡ ❞❡❣r❡❡s d1, . . . , dn✱ t❤❡♥

t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♣♦❧②♥♦♠✐❛❧ Resd1,...,dn ∈ Z[uiα] ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ d1, . . . , dn ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣

♣r♦♣❡rt✐❡s✿

✭✶✮ ■❢ F1, . . . , Fn ∈ C[x1, . . . , xn] ❛r❡ ❤♦♠♦❣❡♥❡♦✉s ♦❢ ❞❡❣r❡❡s d1, . . . , dn✱ t❤❡♥ t❤❡② ❤❛✈❡ ❛

❝♦♠♠♦♥ ♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥ ♦✈❡r C ✐❢ ❛♥❞ ♦♥❧② ✐❢ Resd1,...,dn(F1, . . . , Fn) = 0✳

✭✷✮ Resd1,...,dn(x
d1
1 , . . . , xdnn ) = 1✳

✭✸✮ Resd1,...,dn ✐s ✐rr❡❞✉❝✐❜❧❡✱ ❡✈❡♥ ✇❤❡♥ r❡❣❛r❞❡❞ ❛s ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ C[uiα]✳

❈♦♥s✐❞❡r✐♥❣ F1, . . . , Fn ❤❛✈✐♥❣ ♥♦ ❝♦♠♠♦♥ s♦❧✉t✐♦♥ ❛t ✐♥✜♥✐t② ✇❡ ❝❛♥ ❞❡❤♦♠♦❣❡♥✐③❡ F1, . . . , Fn

❜② ❡q✉❛❧✐♥❣ ♦♥❡ ✈❛r✐❛❜❧❡ ✇✐t❤ 1✳ ❍❡r❡ ✇❡ s❡t x1 = 1 ❛♥❞ ♦❜t❛✐♥ n ❛✣♥❡ ♣♦❧②♥♦♠✐❛❧s fi =

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✸✹

Fi(1, x2, . . . , xn) ✐♥ (n − 1) ✈❛r✐❛❜❧❡s✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ r❡s✉❧t❛♥t ♦❢ t✇♦ ❛✣♥❡ ♣♦❧②♥♦♠✐❛❧s ✇❡

✇r✐t❡ Resd1,...,dn(f1, . . . , fn) ✐♥st❡❛❞ ♦❢ Resd1,...,dn(F1, . . . , Fn) t♦ ❡♠♣❤❛s✐③❡ t❤❛t ✇❡ ✇♦r❦ ✐♥ t❤❡

❛✣♥❡ s✐t✉❛t✐♦♥✳

▼✉❧t✐♣♦❧②♥♦♠✐❛❧ s✉❜r❡s✉❧t❛♥ts ❤❛✈❡ ❛ ♥✉♠❜❡r ♦❢ ✉s❡❢✉❧ ♣r♦♣❡rt✐❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❡❧✐♠✐✲

♥❛t✐♦♥ t❤❡♦r② ❛♥❞ ❢♦r s♦❧✈✐♥❣ ♣♦❧②♥♦♠✐❛❧ ❡q✉❛t✐♦♥ s②st❡♠s✱ ❜✉t ✉♥❢♦rt✉♥❛t❡❧② ✐t ✐s ♥♦t s♦ ❡❛s②

t♦ ❝♦♠♣✉t❡ t❤❡♠✳ ❋♦r ✉s t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ✐s t❤❡ ❝♦♥♥❡❝t✐♦♥ ♦❢ ♠✉❧t✐♣♦❧②♥♦♠✐❛❧

r❡s✉❧t❛♥ts ❛♥❞ ✐♥t❡rs❡❝t✐♦♥ ♠✉❧t✐♣❧✐❝✐t✐❡s ✇❤✐❝❤ ✐s ♦❢ ❛❧❣❡❜r❛✐❝ ✐♥t❡r❡st✳

✻✳✸ ❙♦♠❡ t♦♦❧s ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr② ❛♥❞ ❝♦♠♣✉t❛t✐♦♥s ✐♥ ❧♦❝❛❧ r✐♥❣s

❉❡✜♥✐t✐♦♥ ✹✾✳ ▲❡t f ∈ F[x1, . . . , xn]✳ ❆ s✐♥❣✉❧❛r ♣♦✐♥t p := (Xp1, . . . , Xpn) ♦❢ f ✐s ❛ s♦❧✉t✐♦♥

♦❢ f(x1, . . . , xn) = 0 s✉❝❤ t❤❛t t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ f ✈❛♥✐s❤ s✐♠✉❧t❛♥❡♦✉s❧②✿

f(p) = ∂1f(p) = · · · = ∂nf(p) = 0.

❚♦ ❞✐s❝✉ss t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❛ ♣♦✐♥t t♦ ❜❡ s✐♥❣✉❧❛r ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ ♠✉❧t✐♣❧✐❝✐t✐❡s ♦❢ ♣♦❧②♥♦♠✐❛❧s✳

❆s ✉s✉❛❧ ✇❡ ✜rst ❤❛♥❞❧❡ t❤❡ ✉♥✐✈❛r✐❛t❡ ❝❛s❡✳

❉❡✜♥✐t✐♦♥ ✺✵✳ ▲❡t f ∈ F[z]✳ ❚❤❡ ❣r❡❛t❡st ♣♦✇❡r p s✉❝❤ t❤❛t (z − Z)p ✐s ❛ ❞✐✈✐s♦r ♦❢ f ✐♥ F[z]

✐s ❝❛❧❧❡❞ ♠✉❧t✐♣❧✐❝✐t② ♦❢ Z ✐♥ f ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜② multZ(f)✳

❚❤❡ ♠✉❧t✐♣❧✐❝✐t② ❝♦✉♥ts t❤❡ ♥✉♠❜❡r ♦❢ ❞❡r✐✈❛t✐♦♥s ♦❢ f ❢♦r ✇❤✐❝❤ Z ✐s ❛ ③❡r♦ ✭st❛rt✐♥❣ ❜② f

✐ts❡❧❢✮✳ ❍❡r❡ ✇❡ ♦♥❧② ♥❡❡❞ t❤❡ ❢♦r♠✉❧❛t✐♦♥s ❢♦r multZ(f) ≥ 2✳

Pr♦♣♦s✐t✐♦♥ ✺✶✳ ▲❡t f ∈ F[z]✳ ❚❤❡♥ (z−Z) ❞✐✈✐❞❡s ❜♦t❤ f ❛♥❞ f ′ := ∂zf ✐❢ ❛♥❞ ♦♥❧② ✐❢ (z−Z)2

❞✐✈✐❞❡s f ✭♠❡❛♥✐♥❣ multZ(f) ≥ 2✮✳

Pr♦♦❢✳ ▲❡t f = (z − Z)2 · f1✳ ❚❤❡♥ (z − Z) ❞✐✈✐❞❡s f ❛♥❞ f ′ = 2(z − Z)f1 + (z − Z)f ′
1✳

▲❡t f = (z − Z)f1 ❛♥❞ f ′ = (z − Z)f2✳ ❚❤❡♥ f ′ = (z − Z)f ′
1 + f1 ❛♥❞ t❤✉s (z − Z) | f1 s✐♥❝❡

f ′(Z) = 0✳ ❍❡♥❝❡ (z − Z)2 | f ✳

■♥ ❢❛❝t ✐❢ F ✐s ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞ t❤❡ s✉♠ ♦❢ ❛❧❧ ♠✉❧t✐♣❧✐❝✐t✐❡s ♦❢ ③❡r♦s ♦❢ f ✐s t❤❡ ❞❡❣r❡❡ ♦❢ f ✳

❊s♣❡❝✐❛❧❧② t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ③❡r♦s ♦❢ f ❝❛♥ ❜❡ ❧❡ss t❤❛♥ t❤❡ ❞❡❣r❡❡ ♦❢ f ✳

◆♦✇ ✇❡ ❡①t❡♥❞ t❤✐s ❝♦♥❝❡♣t ♦♥ ♠✉❧t✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s✳ ❋♦r ❛ ③❡r♦ ❞✐♠❡♥s✐♦♥❛❧ ✐❞❡❛❧ I =

〈f1, . . . , fn〉 ⊂ F[x1, . . . , xn] ✇✐t❤ F ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞ ✐t s♦♠❡t✐♠❡s ❤❛♣♣❡♥s t❤❛t V(I) ❝♦♥t❛✐♥s

❢❡✇❡r ❞✐st✐♥❝t ♣♦✐♥ts t❤❛♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ F[x1, . . . , xn]/I✳ ❚❤✉s ✇❡ ❧✐❦❡ t♦ ❝♦♠♣✉t❡ ❛ s♦rt ♦❢

❛❧❣❡❜r❛✐❝ ♠✉❧t✐♣❧✐❝✐t②✱ ❤❡r❡ ❝❛❧❧❡❞ ✐♥t❡rs❡❝t✐♦♥ ♠✉❧t✐♣❧✐❝✐t②✱ t❤❛t ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❧♦❝❛❧❧② ♦♥ ❡❛❝❤

♣♦✐♥t p ∈ V(I) ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t t❤❡ s✉♠ ♦❢ ❛❧❧ ♠✉❧t✐♣❧✐❝✐t✐❡s ✐s ❡q✉❛❧ t♦ t❤❡ ❞✐♠❡♥s✐♦♥✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✸✺

❉❡✜♥✐t✐♦♥ ✺✷✳ ▲❡t p = (X1p, . . . , Xnp) ∈ Fn ❛♥❞ ❞❡♥♦t❡s M t❤❡ ♠❛①✐♠❛❧ ✐❞❡❛❧ I(p) = 〈x1 −
X1p, . . . , xn − Xnp〉 ∈ F[x1, . . . , xn]✳ ❲❡ ❞❡♥♦t❡ ❜② F[x1, . . . , xn]M t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ r❛t✐♦♥❛❧

❢✉♥❝t✐♦♥s f
g
✐♥ x1, . . . , xn ✇✐t❤ g(p) 6= 0✿

F[x1, . . . , xn]M :=

{
f

g
: f, g ∈ F[x1, . . . , xn], g(p) 6= 0

}
.

❚❤❡ ❝♦♥str✉❝t✐♦♥ ✐♥ t❤✐s ❞❡✜♥✐t✐♦♥ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❛ ❣❡♥❡r❛❧ ♣r♦❝❡❞✉r❡ ❝❛❧❧❡❞ ❧♦❝❛❧✐③❛t✐♦♥✳

❲❡ s❛② F[x1, . . . , xn] ✐s ❧♦❝❛❧✐③❡❞ ❜② M ✳ ❚❤❡ ♦❜t❛✐♥❡❞ r✐♥❣ F[x1, . . . , xn]M ✐s ❛ ❧♦❝❛❧ r✐♥❣✱

♠❡❛♥✐♥❣ t❤❛t ✐t ❤❛s ❡①❛❝t❧② ♦♥❡ ♠❛①✐♠❛❧ ✐❞❡❛❧✱ t❤❡ ✐❞❡❛❧ M ✳ ❇❛s❡❞ ♦♥ t❤✐s ❝♦♥str✉❝t✐♦♥ ✇❡ ❝❛♥

♥♦✇ ❞❡✜♥❡ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♠✉❧t✐♣❧✐❝✐t② ♦❢ ♣♦❧②♥♦♠✐❛❧s✳

❉❡✜♥✐t✐♦♥ ✺✸✳ ▲❡t I = 〈f1, . . . , fs〉 ❜❡ ❛ ③❡r♦ ❞✐♠❡♥s✐♦♥❛❧ ✐❞❡❛❧ ✐♥ F[x1, . . . , xn] ✭♠❡❛♥✐♥❣ t❤❛t

V(I) ❝♦♥s✐sts ♦❢ ✜♥✐t❡❧② ♠❛♥② ♣♦✐♥ts ✐♥ Fn✮✱ ❛♥❞ ❛ss✉♠❡ t❤❛t p = (X1p, . . . , Xnp) ✐s ♦♥❡ ♦❢

t❤❡♠✳ ▲❡t M ❜❡ t❤❡ ♠❛①✐♠❛❧ ✐❞❡❛❧ I(p) = 〈x1 − X1p, . . . , xn − Xnp〉✳ ❚❤❡♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥

♠✉❧t✐♣❧✐❝✐t② ♦❢ t❤❡ ✈❛r✐❡t② V(f1, . . . , fs) ✐♥ p ✐s ❞❡✜♥❡❞ ❛s

mult∩p (f1, . . . , fs) := dimF F[x1, . . . , xn]M/I · F[x1, . . . , xn]M .

■❢ F ✐s ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞ ✇❡ ❤❛✈❡ t❤❡ ❢♦r♠✉❧❛ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ F[x1, . . . , xn]/I ❜❡❡✐♥❣ t❤❡

s✉♠ ♦❢ ✐♥t❡rs❡❝t✐♦♥ ♠✉❧t✐♣❧✐❝✐t✐❡s ❛♥❞ ❢✉rt❤❡r♠♦r❡✱ ✇❡ ❝❛♥ ✉s❡ ♠✉❧t✐♣❧✐❝✐t✐❡s t♦ ❣✐✈❡ ❛ ❝r✐t❡r✐♦♥

❢♦r ❛♥ ✐❞❡❛❧ t♦ ❜❡ r❛❞✐❝❛❧✳

Pr♦♣♦s✐t✐♦♥ ✺✹✳ ❬❈▲❖✷✲✷✵✵✵✱ ❈❤❛♣t❡r ✹✱ ❈♦r♦❧❧❛r② ✷✳✺❪ ▲❡t F ❜❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞ ❛♥❞

❧❡t I ❜❡ ❛ ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧ ✐❞❡❛❧ ✐♥ F[x1, . . . , xn]✳ ▲❡t V(I) ❜❡ t❤❡ s❡t {p1, . . . , ps}✳ ❚❤❡♥

dimF[x1, . . . , xn]/I ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦❢ V(I) ❝♦✉♥t❡❞ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t②✱ ❡①♣❧✐❝✐t❧②✿

dimF[x1, . . . , xn]/I =

s∑

i=1

mult∩pi(I).

Pr♦♣♦s✐t✐♦♥ ✺✺✳ ❬❈▲❖✷✲✷✵✵✵✱ ❈❤❛♣t❡r ✹✱ ❈♦r♦❧❧❛r② ✷✳✻❪ ▲❡t F ❜❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞✳ ❚❤❡♥ ❛

③❡r♦✲❞✐♠❡♥s✐♦♥❛❧ ✐❞❡❛❧ I ⊂ F[x1, . . . , xn] ✐s r❛❞✐❝❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡✈❡r② ♣♦✐♥t ✐♥ t❤❡ ✈❛r✐❡t② ♦❢ I

❤❛s ✐♥t❡rs❡❝t✐♦♥ ♠✉❧t✐♣❧✐❝✐t② 1✳

❏✉❞✐t ❘❡❝❦♥❛❣❡❧✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s



❚♦♣♦❧♦❣② ♦❢ ♣❧❛♥❛r s✐♥❣✉❧❛r ❝✉r✈❡s r❡s✉❧t❛♥t ♦❢ t✇♦ tr✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✸✻

❘❡❢❡r❡♥❝❡s

❬❇P❘✲✷✵✵✻❪ ❙✳ ❇❛s✉✱ ❘✳ P♦❧❧❛❝❦✱ ▼✳✲❋✳ ❘♦②✱ ❆❧❣♦r✐t❤♠s ✐♥ r❡❛❧ ❛❧❣❡❜r❛✐❝ ❣❡♦♠❡tr②✱ ❙❡❝♦♥❞

❊❞✐t✐♦♥✱ ❙♣r✐♥❣❡r✱ ✷✵✵✻✳

❬❇❘✲✶✾✾✵❪ ❘✳ ❇❡♥❡❞❡tt✐✱ ❏✳❏✳ ❘✐s❧❡r✱ ❘❡❛❧ ❛❧❣❡❜r❛✐❝ ❛♥❞ s❡♠✐✲❛❧❣❡❜r❛✐❝ s❡ts✱ ❆❝t✉❛❧✐t❡s ▼❛t❤✲

❡♠❛t✐q✉❡s✱ ❍❡r♠❛♥♥✱ ✶✾✾✵✳

❬❇❈●❨✲✷✵✵✽❪ ▼✳ ❇✉rr✱ ❙✳❲✳ ❈❤♦✐✱ ❇✳ ●❛❧❡❤♦✉s❡✱ ❈✳ ❨❛♣✱ ❈♦♠♣❧❡t❡ s✉❜❞✐✈✐s✐♦♥ ❛❧❣♦r✐t❤♠s✱

✐✐✿ ■s♦t♦♣✐❝ ♠❡s❤✐♥❣ ♦❢ s✐♥❣✉❧❛r ❛❧❣❡❜r❛✐❝ ❝✉r✈❡s✱ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ♦♥

❙②♠❜♦❧✐❝ ❛♥❞ ❆❧❣❡❜r❛✐❝ ❈♦♠♣✉t❛t✐♦♥✱ ✷✵✵✽✳

❬❇▼✲✷✵✵✼❪ ▲✳ ❇✉sé✱ ❇✳ ▼♦✉rr❛✐♥✱ ❊①♣❧✐❝✐t ❢❛❝t♦rs ♦❢ s♦♠❡ ✐t❡r❛t❡❞ r❡s✉❧t❛♥ts ❛♥❞ ❞✐s❝r✐♠✐✲

♥❛♥ts✱ ▼❛t❤❡♠❛t✐❝s ♦❢ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t② ✼✽✱

✷✵✵✾✱ ✸✹✺✕✸✽✻✳

❬❈▲❖✶✲✷✵✵✼❪ ❉✳ ❈♦①✱ ❏✳ ▲✐tt❧❡✱ ❉✳ ❖✬❙❤❡❛✱ ■❞❡❛❧s✱ ❱❛r✐❡t✐❡s✱ ❛♥❞ ❆❧❣♦r✐t❤♠s✱ ❆♥ ✐♥tr♦❞✉❝✲

t✐♦♥ t♦ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛❧❣❡❜r❛✐❝ ❣❡♦♠❡tr② ❛♥❞ ❝♦♠♠✉t❛t✐✈❡ ❛❧❣❡❜r❛✱ ❚❤✐r❞ ❊❞✐t✐♦♥✱

❙♣r✐♥❣❡r✱ ✷✵✵✼✳

❬❈▲❖✷✲✷✵✵✵❪ ❉✳ ❈♦①✱ ❏✳ ▲✐tt❧❡✱ ❉✳ ❖✬❙❤❡❛✱ ❯s✐♥❣ ❛❧❣❡❜r❛✐❝ ❣❡♦♠❡tr②✱ ❙❡❝♦♥❞ ❊❞✐t✐♦♥✱ ❙♣r✐♥❣❡r✱

✷✵✵✵✳

❬❍✲✶✾✹✽❪ ❲✳ ❍❛❜✐❝❤t✱ ❊✐♥❡ ❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ❞❡s ❙t✉r♠s❝❤❡♥ ❲✉r③❡❧③❛❤❧✈❡r❢❛❤r❡♥s✱ ❈♦♠✲

♠✉♥✳ ▼❛t❤✳ ❍❛❧✈❡t✐❝✐ ✷✶✱ ✶✾✹✽✱ ✾✾✕✶✶✻✳

❬●▲✲✷✵✵✼❪ ❏✳ ✈♦♥ ③✉r ●❛t❤❡♥✱ ❚✳ ▲ü❝❦✐♥❣✱ ❙✉❜r❡s✉❧t❛♥ts r❡✈✐s✐t❡❞✱ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r

❙❝✐❡♥❝❡ ✷✾✼✱ ✷✵✵✸✱ ✶✾✾✕✷✸✾✳

❬❑✲✷✵✵✸❪ ▼✳ ❊❧ ❑❛❤♦✉✐✱ ❆♥ ❡❧❡♠❡♥t❛r② ❛♣♣r♦❛❝❤ t♦ s✉❜r❡s✉❧t❛♥ts t❤❡♦r②✱ ❏♦✉r♥❛❧ ♦❢ ❙②♠✲

❜♦❧✐❝ ❈♦♠♣✉t❛t✐♦♥ ✸✺✱ ✷✵✵✸✱ ✷✽✶✕✷✾✷✳

❬❑✲✶✾✻✾❪ ❇✳ ❑r❛✇❝③②❦✱ ◆❡✇t♦♥✲❆❧❣♦r✐t❤♠❡♥ ③✉r ❇❡st✐♠♠✉♥❣ ✈♦♥ ◆✉❧❧st❡❧❧❡♥ ♠✐t ❋❡❤❧❡r✲

s❝❤r❛♥❦❡♥✱ ❈♦♠♣✉t✐♥❣ ✹✱ ✶✾✻✾✱ ✶✽✼✕✷✵✶✳

❬▲❘❙✲✷✵✵✶❪ ❍✳ ▲♦♠❜❛r❞✐✱ ▼✳✲❋✳ ❘♦②✱ ▼✳ ❙❛❢❡②✱ ◆❡✇ str✉❝t✉r❡ t❤❡♦r❡♠ ❢♦r s✉❜r❡s✉❧t❛♥ts✱ ❙♣❡✲

❝✐❛❧ ■ss✉❡ ❙②♠❜♦❧✐❝ ❈♦♠♣✉t❛t✐♦♥ ✐♥ ❆❧❣❡❜r❛✱ ❆♥❛❧②s✐s✱ ❛♥❞ ●❡♦♠❡tr②✱ ❏♦✉r♥❛❧ ♦❢

❙②♠❜♦❧✐❝ ❈♦♠♣✉t❛t✐♦♥ ✷✾✱ ✷✵✵✵✱ ✻✻✸✕✻✾✵✳

❬▼❑❈✲✷✵✵✾❪ ❘✳ ❊✳ ▼♦♦r❡✱ ❘✳ ❇✳ ❑❡❛r❢♦tt✱ ▼✳ ❈✳ ❈❧♦✉❞✱ ■♥tr♦❞✉❝t✐♦♥ ✐♥t♦ ✐♥t❡r✈❛❧❧ ❛♥❛❧②s✐s✱
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