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1 Introduction

Scientific visualisation of curves and surfaces is needed in a great number of application fields,
like personal calculators or robotic mechanisms. According to the use there are many aspects
of a correct visualisation, it may be the correct geometrical (angles and lengths) or the correct
topological representation of the curve, meaning the exact number of connected components
with its self-intersections and isolated points.

If the curve is smooth, there exists several numerical tools to represent accurately its topol-
ogy and geometry, for example by approximating the curve with a piece-wise linear graph, see
IMKC-2009]. Such numerical methods are quite efficient and work locally well but it is not
possible to use them to calculate the topology of the whole curve. A representative method
is a curve tracking algorithm based on interval arithmetic or subdivision which obviously fails
in singular curve points. Therefore, this method is useless to calculate the right topology of a
curve which contains singular points. An option is to use an algebraic-symbolical approach, for
example by using Grébener bages, to calculate the exact topology of the curve. Such methods
work globally but have a high complexity with the result that they are uneffective for complex
curves in practice.

We are interested in the correct topological representation of plane curves, especially in the local
topology of their singular points. Our approach is a combination of numerical and symbolical

methods to recover the efficiency of the firsts ones with the accuracy of the second ones.

Considering two hypersurfaces given by the zero set of two trivariate polynomials f and g in
Q[z,y, z], we are interested in the problem of computing the topology of the curve r which
is given as the projection of the intersection of the hypersurfaces into (z = 0)-plane: V(r) =
proj,_o(V(f) N 'V(g)). The curve r consists of all points (X,Y) € R? such that there exists an
Z € Rwith f(X,Y,Z) = g(X,Y,Z) = 0. An other way to regard the problem is to consider f
and ¢ as polynomials in z with two indeterminates x and y. Then the zero set of the curve r is
exactly the set of all specialization (X,Y’) such that f(X,Y,2) = ¢(X,Y, z) = 0 has at least one
solution Z.

If we assume the space curve V(f) N V(g) have no points at infinity, the projection r of this

curve is given as the resultant of these two polynomials f, g with respect to z.

For a smooth planar curve » we have no difficulties in computing its topology since there are
several adaptive numerical algorithms which accomplish this. But r in our situation as the
projection of a space curve is usually not smooth. For example if there exist two different ze-

ros Z1,Z2 € R for a specialization (X,Y) of f and g, meaning F(X,Y,Z;) = G(X,Y,Z;) =
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F(X,Y,Zs) = G(X,Y,Zy) = 0 while Z; # Zs, then r(X,Y) =0 and V(f) N V(g) has at least
two points over (X,Y). Hence the projection curve r intersects necessarily in (X,Y’) and is
therefore not smooth. Such an intersection point (X,Y) is one example for a singular point

(also called singularity) of r.
We work on the problem of calculating the topology of singular curves by first determining their
singular point set. The topology of non-singular curve segments can be easily computed by

traditional algorithms, like path tracking. Afterwards, we calculate the local topology in a box

containing exactly one singular point.

= -

Two singularity enclosing boxes with different local topologies

There are several approaches to calculate the local topology in the boxes, for example by extract-
ing also extremal points to distinguish between different local topologies in the singularities. The
topology of non-singular curve segments and the local topology of singularity enclosing boxes

give together the whole topology of the curve.

The aim of this work is to determine the singular point set V' of r which is given by the solution

set of the polynomial system
r(@,y) =0, Gr(z,y) =0, Oyr(z,y)=0

of three equations in two indeterminates. We want to use a subdivision fix point algorithm to
compute boxes in R? containing exactly one singular point of the system: Given a box B C R?,
we subdivide this box recursively in smaller boxes until all solutions of the system are separated in
disjoint boxes. A standard numerical criterion for accepting a box containing exactly one regular
solution of the system is the numerical Newton-Krawczyk-interval operator. Unfortunately, this
operator handles (1) only systems with the same number of equations as indeterminates and
(2) guarantees only the determination of regular solutions. To apply the Krawczyk operator to
calculate the singular point set of the curve r, we have to transform our original system into a
system with the same zero set which satisfies the formal assumptions of the operator. The new
system must consists of two equations in two indeterminates. Furthermore, we have to prove

the regularity of all solutions of the system.

Judit Recknagel, Bachelor Thesis
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A first transformation approach is to simplify the system by taking only two among the three
equations and calculate their zero set, but this procedure fails in general because it introduces
spurious solutions. Hence we try a second approach to create a new system with the same zero

set via subresultant theory.

In the language of algebraic geometry, V is the corresponding affine variety to the ideal generated
by the polynomials r, 01, Oyr € Q[z,y]. We are done if we can find a two member generating
set of I, but unfortunately, this is not easy. If we consider only simple self-intersections of the

curve r, we can prove instead the equality of V' and the solution set W of the system

on(z,y) =0, owl(z,y) =0, ou(x,y)#0

consisting of two polynomial equations and one inequality. The polynomials 011, 019 and o9y are
coeflicients of the first and second polynomial subresultant of f and g. The inequality condition

is exactly the condition of r having only simple self-intersections.

The overview of this work is as follows. In Chapter 2] we present the classical subdivision
algorithm to determinate solutions of a bivariate system and we discuss its termination conditions
in general. The algorithm used in this work bases on Krawczyk’s criterion. In Chapter [3]
we prove the equality of the affine variety V' and the solution set of the system in terms of
subresultants. We obtain a system of two equations in two indeterminates on which we can apply
the subdivision algorithm. Chapter 4] addresses the termination conditions of the subdivision
algorithm applied on our system to calculate the variety V. We conclude our work in Chapter
Bl In the last chapter, we append the mathematical fundamentals and tools used in the previous
chapters. We recall definitions and prove a great number of the theorems and propositions used

in this work.

Judit Recknagel, Bachelor Thesis
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2 Numerical tools to solve bivariate systems

In this section, f,g € Q[z,y] are two polynomials with rational coefficients. Let F : R2 — R?
be the mapping which maps (z,y) to (f(z,y), g(z,y))" and let Jr denotes the Jacobian matrix

of F. We are interested in all real solutions of the system F'(z,y) = 0.

The idea is to use a subdivision algorithm meaning we start with a box
B={(z,y) €eR*: B <2< DBy,By<y< By}

denoted by (@, E] , [&, Fg]) which will be recursively subdivided in a number of smaller
boxes B; until we know for sure that every box B; either contains exactly one or no solution
of F(z,y) = 0. For each box we have to check if weather (1) the box can’t contain a solution
or (2) there exists a unique solution in the box. If neither the first nor the second question can
be answered, the given box will be subdivided in smaller boxes for which we will ask the same

questions.

In the second section of this chapter, we define two criteria which answer the questions. First,
we will give a short introduction to interval arithmetic and interval functions since working
with box evaluation instead of set evaluating of functions is much more efficient. Also in the
second section, we will present the classical subdivision algorithm based on the two criteria and

afterwards, we will discuss the termination of the algorithm in general.

2.1 Interval arithmetic and interval polynomial functions

We follow the notation of interval vectors given in [MKC-2009] or [N-1990|. Elementary opera-

tions like +, —, -, / can be easily redefined as interval operations.

Definition 1. Let A = [A,m and B = [E,E} be two intervals in R. Let o be one of the
following operations. Then we define the sum (o = +), the difference (o = —), the product
(o = -) and the quotient (o = /) of the intervals A and B as

AoB={zoy:x € A,y € B}

for respective o.

The quotient of A and B is restricted to the case 0 € B.

Based on these definitions and restrictions, we easily obtain end point formulas for the arithmetic

interval operations. For instance:

A+B=[A+B, A+B],

Judit Recknagel, Bachelor Thesis
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A—B= [A—E, Z—E] and
A-B=[minS , max S] where S := {AB, AB, AB, AB}.

Now let f : R™ — R be a polynomial function and U C R"™. Then we normally consider f as
a set function, meaning f(U) = {f(z) : = € U}. Anyhow, the calculation of the image set of
U is mostly complex and in our situation unnecessary. Thus we want to regard f as interval
function, meaning that we calculate only an interval containing the set f(U). First, we extend

the notation of an interval to the n-dimensional case.

Definition 2. An n-dimensional interval vector or box is an ordered n-tuple of intervals
(Bb s 7Bn)

We denote boxes by capital letters B = (By, ..., B,) and intervals B; := {z; € R: B; < z; < B;}
by B; = [Bi,Bi]. We write p := (Xp1,...,Xpn) € B = (By,...,By) if X;; € B; for all
iell,...,n].

The elementary box operations are naturally component-wise defined as elementary interval op-
erations. The diameter diam(B) of a box B is the largest diameter of the intervals By, ..., B,,.
According to the end point formulas of intervals, we have the following estimates on the diameter

of boxes.

Lemma 3. Let A and B be bozes in R", m € N and c € R. Then
(1) diam(A + B) < diam(A) + diam(B)
(2) diam(c- B) = |¢| - diam(B)
(3) diam(A- B) < maxyep |z| - diam(A) + maxyeca |y| - diam(B)
(4) diam(B™) < m - diam(B) - (maxgep |z|)™ !

Proof. (1) We have diam(I+.J) = diam(/)+diam(J) for intervals I, J C R. Since the addition
of boxes is component-wise defined, we obtain diam(A+B) < diam(A)+diam(B) for boxes.

(2) Let B=(By,...,B,). Then

diam(c- B) = max;e(,. n) ¢ - diam(B;) = [c - max;eqy,.. ny diam(B;) = [c| - diam(B).

(3) Using the end point formula for intervals I = [L T] ,J = [l,ﬂ C R, we obtain I - J =
[st,uv] where s,u are suitable elements in {[ j} and t,v are suitable elements in { J ,j}.
If s =wort=v we have diam(I - J) = |u| - |[v — t|, resp. diam({ - J) = [t| - |u — s|. If
s,t,u,v are all different, we have st < sv < uwv thus diam(I - J) = |s| - |v —t| + |v] - |u — s].
Altogether we have diam(/ - J) < maxgey|z| - diam(]) + maxyer |y| - diam(J). Applying

this result on the multidimensional case we obtain the above formula.

Judit Recknagel, Bachelor Thesis
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(4) Tollows from (3) by induction.

Now we define the evaluation of functions by boxes.

Definition 4. Let f : R™ — R be a polynomial function. Then we denote LJf the map from
boxes of R™ to intervals of R by replacing the elementary arithmetic operations and functions by

the corresponding interval operations. We say that f is evaluated by bores.

There are several alternatives to evaluate a function by boxes. For example one technique to

evaluate a polynomial f € R[z1,...,z,] by boxes is to evaluate per monomial.

Ezample. Let f(z,y) = #*—y+ay € Rlz,y] andlet B = ([1,2],[1,3]) € R?. Then min(, ,yep f =
1 and max(, ,)ep = 7 thus f(B) C [1,7].

If we evaluate f per monomial, we obtain Oz?(B) = [1,4], Oy(B) = [1, 3] and Oxy(B) = [1, 6]
thus Of(B) = [-1,9]. We see that f(B) & Of(B).

Now we additionally consider g(z,y) = 22 + y(z — 1). Mathematically f and g are equal, but
when we evaluate g by boxes, we obtain O(z — 1)(B) = [0,1] thus O(y(z — 1))(B) = [0, 3] and
therefore Og(B) = [1,7].

It turns out that the value of an interval function depends on the procedure of evaluating by
boxes while the property f(B) C Of(B) is always verified. In the case of box evaluation per

monomial, we have a linear dependence of diam(CJf(B)) of the diameter of B.
Proposition 5. Let B C R? and f € R[z,y|. If Of is the evaluation of f per monomial, then
diam(Of(B)) < d3| fmax|d - diam(B)

where d is the degree of f, fmax 1S the coefficient of f with the largest absolute value and § :=
2d—1
maxc {1, (maxyep | @ o)) }.

Proof. Let f(z,y) = Zl+j<d fij - 2'y) and B = (B, B2). We evaluate per monomial thus
Of(B) = >y j<a fii - Bi - B) and therefore by Lemma

diam(0f(B)) < > |fi;| - diam(B] - B))
i+5<d
Z | fisl - <max|:z| d1am(B])+maxy|Jd1am(Bl))
i+7<d e B

< Z | fijl - <] max |z|? max |y ~Ldiam(By) + zmax Iyl max ||t~ 1dlaum(Bl))
yeB

i+j<d b
<d <max |z| - diam(Bs) + max ly| - diam(B;) > Z | fij] <max |1~ max |~ 1)
r€EB,

i+j<d

Judit Recknagel, Bachelor Thesis
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We take 0 := max{l, (maX(z’y)eB ||(937y)||2d71> } Then

diam(Of(B)) < d* - max |f;;| - 6 - diam(B)
i+j<d

2.2 Classical subdivision algorithm

We return to our problem which consists of finding all real solutions of F'(z,y) = 0. The first

criterion verifies the non-existence of zeros of F' in a given box B.

Criterion 1. Let B be a boz in R2. If Of(B) # 0 or Og(B) # 0 then the system F(x,y) = 0

has no solution in B.

Since F(B) C f(B) c Of(B) and F(B) C g(B) C Og(B) it is obvious that the criterion is true.
The second criterion is based on the Newton-Krawczyk interval operator and ensures the ex-
istence of regular solutions of the equation F(z,y) = 0. A regular solution (X,Y) € R? is a
solution of the system such that det(Jr(X,Y)) # 0.

Criterion 2. [MKC-2009, Theorems 8.2, 8.5] Let B = (B, By) be a boz in R?, p. = (X, Y,) the
center point of B and AB = (B, — [X, X, By — [Ye, Yo])T the box B translated in the origin.
Let N be the mapping

x _
NG = (1) = 75 0e) - Fian)
and Kr the Krawzcyk operator defined by
Kp(B) := N(p,) + OJn(B) - AB.
If Kp(B) C B then F has a unique regular solution in B.

The Krawczyk method first appeared in [K-1969, Section 8.2] in a monopolynomial version.
Multipolynomial definitions can be found in [N-1990] and [MKC-2009, Theorems 8.2, 8.3] which

ensure the convergence of the Krawczyk subdivision algorithm to a regular solution.

Now we can formulate the classical subdivision algorithm to isolate regular solutions of the

system F'(x,y) = 0 using these two criteria.

2.3 Termination of Krawczyk subdivision algorithm

First it is not clear that this algorithm will always terminate. The next proposition show that
for boxes small enough containing a regular root of F', the Krawczyk criterion is always satisfied.

For a box B, we denote by B, the box with the same center as B, and the double diameter.

Judit Recknagel, Bachelor Thesis
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Algorithm 1 Krawczyk subdivision algorithmn to isolate regular solutions

Input: F' = (f,g) a bivariate system with only regular solutions in a box By. Kp is the
Krawczyk operator associated to F' defined in Criterion 2.
Output: L;soate a list of boxes isolating the solutions
L:={Bo}
repeat
B := L.pop
if 0¢ F(B) (Criterion 1) then
Discard B
else
if Kp(B) C B (Criterion 2) then
Insert B in L;soiate
else
Subdivide B and insert its children in L
end if
end if
until L # ()

return L;giute

Proposition 6. Let (X,Y) be a regular root of F. There exists an n > 0 such that for every
box B, of diameter smaller than n containing (X,Y), the box By satisfies:

KF(BQE) C BQE.

Proof. (X,Y) is a regular root of F, thus F(X,Y) =0 and Jp(X,Y) is invertible. Hence there
exists 7 > 0 and M > 0 such that in every box B, of diameter smaller than n which contains

(X,Y) the coefficients of Jr are bounded by M.

Let B, C B, be a box of diameter less than e; with center point p., which contains (X,Y").

Then, using the Taylor remainder theorem at p., we have:

N(va) = N(pc1)+JN(pc1)'((XaY)_pm)"i_O(E%)
= N(pm) + (]1 - JF(pc1)_1JF(p01)) : ((X’ Y) - pc1) + O(E%)
= N(pe,) +O(ed).

Furthermore, N(X,Y) = (X,Y)" — J-'(pe,) - F(X,Y) = (X, V).
Hence there exists & such that |N(p.) — (X, Y)T| < &€ for all (X,Y) containing boxes Be C B,

Judit Recknagel, Bachelor Thesis
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with respective center point.

We recall that Bs. denotes the box with the same center point as B, and double diameter. By
Proposition 5| and retaining there given notations, there exists & depending on deg(F'), Fiax
and 6(B,, such that diam(OJy (Bac)) < &2 - diam(Bae) = & - 2¢ for all boxes B, C B,,. By taking
d of the input box By of the algorithm instead of d(B,), we can regard & as a constant.

Since p. € Be C Bae and Jy(p.) = 0, we have 0 € OJxn(Ba,) thus OJn (Ba) C [—&2-2¢, &5-2€)2.
As in the criterion de Krawczyk, we denote ABsy. = [—2¢, 2¢]? the box Ba. translated into the
origin. Then OJn(Bac) - ABa. C [—&2 - 42, & - 4€%)2.

We take € := & +4&. Then N(p.) — (X, Y)T + OJn(Bae) - ABye C [—£€2,£€%] and therefore
Kp(Bae) = N(pe) + OJn(Ba) - ABye C (X, Y)T + [—6€%, £€°].
For € < & we have (X,Y)T + [~€€2, &%) C B, thus Kp(Bac) C Bo.. O

Due to the previous theorem, we can separate all regular solutions by disjoint isolating boxes as
long as they don’t lie on the boundary of the obtaining boxes. For solutions of the boundary we
have to modify the subdivision algorithm, for example by changing the procedure of subdividing
the boxes.

Now we will prove that the first criterion is always satisfied for boxes small enough containing

no root of F.

Proposition 7. Let B C R? be a box containing no solution of F(x,y) = 0. Then there exists
some 1 > 0 such that for every box B, C B of diameter less than 1 the first criterion is satisfied.

Proof. Let A := F(B) denotes the image of B which is also a box in R?. Then A C Rsg or
A C R and we take ¢ the distance of A to the origin. By Lemma [3| we have diam(Of(B)) <
&diam(B) for ¢ depending on the polynomial F' and the input box By of the subdivision algo-
rithm. Thus we can consider £ as constant.

Now let Be C B be box of diameter less than e. Then diam(Of(B)) < {e. We set n := % For
every € < n we have Of(B;) C A+ [~€e,&€e)* C (A+[—¢,¢]*) \ {0}. Thus 0 ¢ Of(Bc) and

hence the first criterion is satisfied for all boxes B, C B with diameter less than 7. O

Given a box B of the real plane containing only regular solutions of F'(x,y) = 0, by the previous
Propositions [ and [7] the subdivision algorithm will always terminate and enclose all the regular

solutions of F'(x,y) = 0 with disjoint isolating boxes.

Judit Recknagel, Bachelor Thesis
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3 Singularities of the resultant in terms of subresultants

In this chapter, we consider two polynomials f, g € Q[z, y][z] as polynomials in z with coefficients
in A := Qlz, y| which is an integer domain. We write d; for the degree of f and ds for the degree
of g both relative to z and we write fg, resp. gq, for their leading coefficients.

We set r := Res(f,g) the resultant of f and g and we write Sres; for Sres;(f,g) and o;; for
0ij(f,9) (see Chapter for the definition and properties of the resultant and subresultants).
To describe the topology of the curve r, we are interested in its singular point set which is given
by

V= {(z,y) € C*: r(z,y) = 0,0,7(z,y) = 0,0,r(x,y) = 0} = V(r, 0y, Oyr).

Since this system consists of three equations in only two indeterminates it is not possible to
apply the subdivision algorithm of the previous chapter directly to calculate this solution set.
The aim of this chapter is to transform our system into a system with one less equation to allow
the application of the presented subdivision algorithm. Our aim is to show the equality of V

and the point set
W = {(z,y) € C*: 011(z,y) = 0,010(7,y) = 0,09(x,y) # 0} = V(011,010) — V(022)

which gives a system of two equations in two variables and one inequality. This system satisfies
the formal conditions of algorithm 1 with an additional inequality condition.

If V' verifies the three following basic preconditions, we can prove the coincidence of V and W:

Conditions.

(1) V(fa,,94,) = 0.

(x2) o92(z,y) # 0 for all (z,y) € V(r, 0,1, 0yr).
(>:3) V(f) NV (g) consists of only regular points.

Theorem 8. Let f,g € Q[z,y][z] polynomials in z with coefficients in A := Q[z,y]. We write
dy for the degree of f and da for the degree of g both relative to z and fg, resp. ga, for their
leading coefficients. Let v := Res,(f, g) be the resultant of f and g and let Sres; = Sres;(f,g),

oij = 0i;(f,9) be the respective subresultants. Then
(1) WcCV and

(2) if additionally (1) to (x3) are satisfied then V- C W.

Judit Recknagel, Bachelor Thesis
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The conditions (1) to (*3) have natural geometrical interpretations and reasons. The first
condition, V(f4,,94,) = 0, is the assumption of Theorem which says that the resultant of
two polynomials f and g is the projection of the intersection of their varieties: V(Res.(f,g)) =
proj,—o(V(f) N V(g)) = proj,—o(V(f,g)). This is exactly the assumption made in the first
chapter and it is in fact equivalent to the requirement of f and g having no common point at
infinity in the z-direction.

The second condition, o22(X,Y) # 0, for all (X,Y) € V(r) implies that there exists at most
two points in the intersection of V(f) and V(g) over every point (X,Y’) of the curve r. This
property is clear for regular points of the curve r, (*2) guarantees this property also for the
singular points of r. Hence we only consider singular curves whose singular points are inter-
section points of at least two curve segments (simple self-intersections). The third condition,
V(f) N V(g), consists of only regular points implies that the curve has a well-defined tangent
in each of its points (X,Y, Z) € V(f) N'V(g). We denote F(z,y,2) = (f(z,y,2),9(z,y,2))". A
regular point of V(f) N 'V(g), or in other words a regular solution of the system F(z,y,z) = 0,
is a point (X,Y,Z) € V(f) N 'V(g) such that at least one of the three (2 x 2) minors of the
Jacobien matrix of F' does not vanish on (X,Y, 7). Then in each point (X,Y,Z) € V(f)N'V(g)
the tangent ¢y, of the curve is well-defined as the cross product of the gradient vectors of f

and g. In fact this third condition is equivalent to V(f) and V(g) are not parallel.

Now we turn to the proof of Theorem [§] which will be done in two steps.

3.1 Proof of the first inclusion W C V

The idea of the proof is to use the ideal-variety—correspondence (see Appendix, Theorem .
Let I denotes the ideal (r,0,r,dyr) C A, then we have V' = V(I). Due to Proposition 40| we
can define an ideal corresponding to the smallest affine variety containing W: let J be the ideal
(011,010):(092)> C A then V(J) =V (o11,010) — V(092) = W D W by Proposition The aim

of this section is to prove I C J, meaning we have to prove the existence of an integer m > 0

such that (r, 0,7, Oyr) - (622)™ C (011, 010)-
Additionally we can write (r, 0,7, 0yr) - (022)™ as (ro2n™, 0yro9™, 0yrox™). Hence it remains

to show the inclusion {roe™, 0yro9™, 0yrown™} C (o11,010) for some particular m.

The proof of this property can be seen as a corollary of Theorem 4.1 in [K-2003] which is known
as Habicht theorem (see [H-1948|). We present this theorem only in the particular case which
will be used in this work (meaning part (ii) of the theorem by taking j = 0 and i = 1).

Lemma 9. [K-2003, Theorem 4.1] We assume the coefficients of f and g as indeterminates and
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let A be the ring generated by these coefficients. Then for f,g € Alz] two polynomials of degrees
di1 > do and di > 3 we have

0992 T = Res(Sresg, Sresy ).

O]

Corollary 10. 0'222 ‘T E <O’10,0’11> if dy > do and di > 3.
Proof. The polynomial subresultants of f and g are given by Sres; = o112 + 019 and Sresy =
0222‘2 + 091z + 099. Thus

022 011

Res(SreSQ, Sresl) =l|o21 010 O11| = 0'1020'22 + 01120'20 — 010011021 € A

020 710

which is in (019, 011)4A- O

Using this corollary, we can prove the existence of some m such that {eraggm,ayraggm} C

(o11,010)
Lemma 11. If dy > do, di > 3 then 092 - 0,7 and 029> - Oyr are elements (010,011)a.

Proof. We argument for o923 - 9,7, but the other membership holds analogously.

2

By the proof of the previous corollary, we can write g99° - r as an element in (<010,011>A)2:

o29% -7 = a1 + Boronr + youi? with o, 8,7 € A. Hence

Ou(022’r) = 0u((ao10® + Boroorr + vo117)022)
= Ou(ao10%022) + 0u(Bo10011022) + O (yo11°022)
= 20100:0100022 + 010%05 (a022)
+0100:0110022 + 01100100092 + 0100110, (022)
+201105011002 + 011205 (0022)
= 01001 + 01102 + 01001103

with &, $g, O3 coefficients in A. On the other hand we have

3 2 3
890(022 7”) = 3099°0;0997 + 099° 0,1

30,092 (ao10? + Boroorr +yo11?) + 02230, r
by Corollary [10] Thus

092°0,r = 010(O1 — 30100:022) + 011 (P2 — 370110:022) + 010011 (O3 — 3605092)

is contained in (o019, 011)A- =
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We can conclude {r0222,8w7“0223,6yr0223} C (o11,010) for polynomials of degrees d; > da,
di > 3, which implies (r, 0yr, Oyr) - (022)3 C (011, 010). Finally, the conditions on the degrees
don’t constrain the generality of the results: For di < dy the resultant of f and g differs at most
in some factor (—1) and for d; < 3 the scalar subresultant 099 is equal to zero and therefore the
inclusion is hold.

Hence I C J which implies W C WcV.

3.2 Proof of the second inclusion V C W

We recall that we require conditions (1) to (*3) to prove this inclusion.

Let (X,Y) € V, thus 7(X,Y) = 0,r(X,Y) = 0yr(X,Y) = 0. Since o2(z,y) # 0 for all (z,y) €
V by condition (*2) it remains to show 011(X,Y) = 10(X,Y) = 0. If we consider 011(X,Y) =0
the equality o19(X,Y) = 0 is an corollary of the gap structure theorem (Theorem [46]).

Lemma 12. For (X,Y) € A such that r(X,Y) = 011(X,Y) = 0 it follows immediately that
O'10(X, Y) =0.

Proof. We fix (X,Y) € A such that r(X,Y) = 011(X,Y) = 0 and consider f and g and their
polynomial subresultants in A[z]. It follows from the gap structure theorem that the minimal
non-zero polynomial subresultant Sres,, of f and ¢ has to be regular and subresultants of smaller
degree identically vanish. Since Sresy = Res = 0 and o1; = 0 and thus deg Sres; < 1, it follows
m > 2. Thus 019 = 0. O

Now we prove 011(X,Y) = 0 for which we use the tangent to the curve V(f) N V(g). We
denote by Vf,Vg the gradient of f resp. g and we denote t7n, := Vf x Vg the tangent to
V(f) N V(g) which exists by hypothesis (*3). By hypothesis (1), there exists at least one
(and by hypotheses (*2) at most two) Z € C such that (X,Y,Z) € V(f,g). We distinguish two

cases:

(1) V(f)N'V(g) has a non vertical tangent in (X,Y, Z) or
(2) tsng(X,Y, Z) is vertical, meaning ¢, (X, Y, Z)||(0,0,1)T.

To prove the equation in the first case we use theorem 5.1 of [BM-2007|. We will give a formu-

lation in affine case while the author’s version was in homogeneous case.

Lemma 13. [BM-2007, Theorem 5.1] Let fi and fa be two polynomials of degrees dy, resp da

in x and z with coefficients in an integer domain A;. Then we have in Aj[x]:

Oy 0,
d:Res, (f1, f2) = (—1)%+ fi 04 o11 mod (f1, fa).

6:rf2 azfQ
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Ol

Corollary 14. Let (X,Y) € V(r,0,7r,0yr) and Z € C such that (X,Y,Z) € V(f,g) and
trng(X,Y, Z) not vertical. Then 011(X,Y) =0.

Proof. For every function h we write h for the value of h at (X,Y,Z). Since
0,10.9 — 0.fdy9
tfﬁg(Xv Y, Z) = | 0.f0r9 — 0:f0.g
8xfayg - 8yf8xg
is not vertical, one of the first two components is not zero. W.l.o.g. let @7@ — 5,3\]”87,\9 # 0.
By Lemma [I3] we have

Of 0.f

Oyr = (—1)d1+d2
8y9 0.9

o1 +af + By

for some polynomials «, 5 € Clz|[y]. If we apply this on (X,Y, Z) we obtain

—

Oyr = (~1)""%(9,f0.9 — 0.f,9) - o11 +af + 57
= (~)"*%(9, 0.9 ~ 0.70,9) - 611
which is zero since (X,Y, Z) € V(r, 0,1, 0yr). Thus 011(X,Y,Z) = 0. O

This proof only works in the case of a non vertical tangent. If ¢y~ is parallel to the z-axis, we

need the following lemma.

Proposition 15. [K-2003, Lemma 8.1] Let (X,Y) € C? and A = C[z,y]. For h € Alz], we
denote hy := h(X,Y,-). Let (1) be satisfied, thus w.l.o.g. f4,. # 0 and deg f. = deg f = d;.
Let t := deg g«. Then (Sres;(f,g))s = fgf;tSresi(f*,g*) for all i < degt. O

Now we can address us to the proof of the second case.

Lemma 16. Let (X,Y,Z) € V(f,g) such that (X,Y) € V(r,0,r,0yr) and tsng is vertical.
Then Ull(fa g)(Xa Y) =0.

Proof. Using the notation in the proof of Proposition [14] we have

8, f0.9 — 0.f,9\ =0
trng(X,Y,Z) = | 0,f8,9 — 0nfO.g | =0
0:10y9 — 9y f0sg) #0

We consider two cases:
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(1)

One of the both Ei\f and 525, is not zero.

Let 5;5 # 0. Then we can divide by gz\g and obtain 5;,7‘ = % and a:f = %. But
29 29

then @@ = 8/3/?5;9 which contradicts the inequality.

527 =0and g,z\g =0.
Let h = hqz? + - + hg be a polynomial in C[z,y][z], meaning h; € C[z,y] for all i €
{0,...,d}. We write h, for h(X,Y,-) as in Proposition [L5{and A’ for 9,h. Then

(B = (d-hgz¥ P4 4+ m)(X,Y,")
= d-hg(X,Y) 24 4 4 h(X,Y)
= (ha(X,Y)- 2%+ + h(X,Y)z + ho(X,Y)) = (hs).

Since (X,Y,Z) € V(f,9,0.f,0.9) we have Z € V(f«, g«, (f")«, (¢')«) which implies (z — 2)
divides fo, go, (/') = (/o) and (g')s = ()"

We obtain deg(ged(fy, g«)) > multz(ged(f«, g«)) > 2 and hence o11(f«,g«) = 0 by Theo-
rem 47 By Proposition [15 we have o11(f,9)(X,Y) = & - 011(fx, 9«) = 0 for some factor
¢ e C. Thus on1[f,g](X,Y) =0.

O

By Corollary [14] and Lemma [16| we have 011(X,Y) = 0 and Lemma [12] implies 019(X,Y) = 0.
Thus V' C W which concludes the proof of Theorem [§] (2).
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4 Krawczyk termination conditions for the transformed system

In this chapter, we discuss the termination conditions of the subdivision algorithm of Chapter
on our transformed system of Chapter |3 Thus we assume the conditions (k1) to (*3) to be
satisfied. We keep the notation of the preceding chapter, thus we consider two hypersurfaces
in R? given as the zero set of two polynomials f,g € Q[z,y, z]. Let r be the projection of the
intersection of these hypersurfaces which is the resultant Res(f,g) by Theorem [4] As before
we denote V' = V(r,0,r,0yr) the set of singularities of 7. In Chapter |3| we proved that under
conditions (k1) to (*3) the set of all complex solutions of the system

0-11(377y) :07 UlO(xJ/y) :Oa 0-22(377?/) #0
is exactly the set of complex solutions of
r(z,y) =0, Owr(z,y) =0, Oyr(z,y)=0

hence the real solutions of the two systems also coincide. Thus we want to apply the classical

subdivision algorithm of the previous section to the system
on(z,y) =0, oi(z,y) =0.

Because of the additional inequality, we have to modify our algorithm to check in the end if 099
does not vanish in the calculated solution containing isolation boxes, see the remarks in the end
of this chapter.

Since the algorithm only recognizes regular solutions, we will show in this chapter that generically

our system of equations has only regular solutions. The proof will be done in three steps:
(1) We first show that mult(me) (r,0pr, Oyr) =1 for all (X,Y) € V(r,0,r,0yr), which
(2) implies mult?ny)(Jn,alo) =1for all (X,Y) € V(r,0,7,0,r) = V(o11,010).

(3) We further show that for fi,..., fn € Rlz1,...,zy]) and (X1,...,X,) € V(f1,..., fn) NR"
such that multPXl,...,Xn)(fl’ ...y fn) = 1 the Jacobien det Jp(X1,...,X,) does not vanish

(here F' = (f1,..., fn))-

For the first two steps, we will work over the field of complex numbers before we return to only
real solutions in the third step. This last step is a known fact which we recall here for the sake

of completeness. The focus in this section is on the first step.
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4.1 All points in the variety V have intersection multiplicity one in (r, 8,7, 8,r)

The intersection multiplicity is only defined for zero-dimensional ideals. Thus our ideal (r, 9,7, Oyr)
has to be zero-dimensional. The idea of the proof is to use Teissier’s formula which was first

mentioned by Teissier in [T-1973, Chapter II, Theorem 5].

Theorem 17. [BR-1990, Lemma D.3.4] Let r € Clz,y|. For an x-critical point (X,Y") of V(r)
(meaning Oyr(X,Y) = 0) it holds that

multy (r(X,y)) = mult?Xy) (r,0yr) — mult?X’Y)(axr, Oyr) + 1.
O

This formula allows us to calculate intersection multiplicities by calculating (intersection) multi-
plicities for easier ideals. These multiplicities are only defined for ideals satisfying the following

additional conditions.

Conditions.
(k4) (Oyr,Oyr) is zero dimensional.
(k5) (r,0pr) or (r,0yr) is zero dimensional.

The fourth condition, (0,7, dyr) is zero-dimensional, is the assumption of the well-definedness
of the intersection multiplicity mult?Xy) (O, Oyr). Furthermore, the finiteness of the dimen-
sion of the ideal Rz, y](x—x y—v)/{0x, Oyr)R[T,y](»—x y—y) already implies the finiteness of the
dimension of the ideal Rz, y]»—x y—v)/(r, 07, Oyr)R[2, Y] (z— x y—y)- Thus (r, 0,7, dyr) is a zero-
dimensional ideal and mult?Xy) (7, Opr, Oyr) < mult?Xy)(axr, 0yr) is well-defined.

The last condition, (r,d,r) or (r,0,r) is zero dimensional, is needed for mult?xy) (r,0y7) Tesp.
mult?Xy)(r, 0yr) to be well-defined. Here we suppose (r, 0,7) to be zero dimensional. It follows
directly that r and 0,r have no common factor and hence r has to be square-free which can
be proved by contraposition: If we consider r; as a common factor of r» and 9,7, we can write
r=ry-$1 and Opr =11 - Qo with 71 € Rz, y] of degree at least 1. But then V(r1) C V(r,0,7)

which is of dimension at least 1 which contradicts (r, 9;r) to be zero dimensional.

We first mention three further formulas which will be used in the proof. The first one is a
combination of two theorems in [BM-2007]. We will formulate the statement in affine notation

while the authors originally gave a homogeneous formulation.

Lemma 18. [BM-2007, Proposition 5.4, Theorem 5.6] Let U denotes the universal ring of
coefficients of two polynomials of degrees dy, resp. do. Let f1, fo € Uly, z] be two polynomials of
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degrees dy resp. do iny and z. Then

Resy(Res;(f1, f2), OyRes.(f1, f2)) = £01 - O%

where {1, $o are irreducible polynomials in U. Furthermore the bi-degrees of $1 and o with
respect to the coefficients of the polynomials fi and fa are (2dady + d3 — 3dz, 2d1dy + d3 — 3d,)
for &1 and (Qd%dl — 2dody — d% + da, Qd%dg — 2d1dy — d% + dl) for $o. OJ

The next two formulas handle multiresultants, we formulate them in affine situation. The first

one connects multiresultants and intersection multiplicities, the second one gives a restatement

of the preceding multiresultant. We write Res;" "3 (f1,..., fn) for the affine multipolynomial
resultant of the polynomials fi,..., f, in variables x1, ..., x,—1 by taking x, = ug as a constant.

Proposition 19. [CL0O2-2000, Chapter 4, Proposition 2.8] Let T be algebraically closed, let
fis-ooy fn € Flxy, ..., x,] have total degrees at most dy,...,d, and no solution at co. If fo =
ug + U1 + -+ + UupT,, where ug,...,u, are independent variables, then there is a nonzero

constant C such that

Restdy...d, (for s fu) = C H (o + ur X1p + - - + i Xypp) ™15 F1002n)
PEV (f1seeesfn)

where a point p € V(f1,..., fn) is written p = (X1p, ..., Xpp). O

Lemma 20. [CLO2-2000, Chapter 3, Proposition 5.15] Let I be algebraically closed, let the
polynomials f1,..., fn € Flz1,...,x,] have total degrees al most dy,...,d, and no solutions at

00. Then we have

Resgiﬁ?ﬁl)n (f17 veey fn) = iResl,dl,.“,dn (UO — Tn, f17 ceey fn)

where Resﬁfff‘g"(fl, ooy fn) 18 the resultant of f1,..., fn with respect to x1,...,xn—1 by consid-

ering T, as a constant ug. OJ
Now we can prove our theorem.

Theorem 21. All points in the complex variety V(r,0,r,0,1) have generically intersection

multiplicity one:
mult?X,Y) (1,051, 0yr) <1 for all (X,Y) € V(r,0yr,0yr).

Proof. We work over the complex field C (which is algebraically closed).

If we consider hypotheses (4) and (5), we can apply Teissiers formula and obtain

mult(y y(r, o1, 0yr) < mult(y yy(9pr, yr) = mult(y y(r,0yr) — multy (r(X,y)) + 1.
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For h € C[z,y| we denote by I the polynomial h(X,) in y. We have (X,Y) € V(r, d,r, Oyr) thus
rY) = @;(Y) =0. By ;9;; = 0,7 and Proposition 51| we have multy (r(X, y)) = multy (7) > 2.
Let f1 :=r of degree d and f> := 0yr which has degree d—1. As usual consider f; and f> to have
no solutions at oo. We take fy := ug + uix + ugy for ug = 0, u1 = —1 and ue = 0. Then there
exists a non zero constant C such that Resy g q—1(u—=x, fi, f2) = C Hpev(fhﬁ)(u—Xp)muth(flva).
Recalling the formula given in Lemma , we have Resg,"; (f1, f2) = £Res1 ga-1(u — 2, f1, fa).
Thus

0 [ (@— X)™5 0% = Res, (r,8,r) = £01 - 03
pev(rvayT)

with irreducible polynomials {1, s of bi-degrees (3d%> — 7d + 4,3d*> — 5d) for <{»1 and (2d° —
7d? + 6d — 2,2d® — 5d? + 3d) in the coefficient ring by Proposition . Furthermore {1 # {2 by
the degrees. If we consider 1 and {9 to stay irreducible and different by evaluation, we obtain

mult?Xy) (r,0yr) < 2.

Both formulas together imply in the generic case:

multFXy) (7, O, Oyr)

IN

mult?Xy) (Opr, Oyr)
= mult?ny) (r,0yr) — multy (r(X,y)) + 1
< 2-241=1

4.2 All points in the variety V' have intersection multiplicity one in 01,09

Theorem 22. Assuming hypotheses (1) to (5) the ideals I = (r, 0,7, Oyr) and J = (011, 010):

099%° coincide. Furthermore mult?X Y) (o11,010) = 1 for all (X,Y) € V(r,0pr, Oyr).

Proof. By Theorem and Proposition the ideal I is radical: I = v/I. By Theorem ,
Corollary and the proof in Chapter we have I C J and v/J C VI. All together we
obtain vJ € VI =1 C J, thus vJ = J by Proposition . We also obtain I = J and by
Proposition [55| all intersection multiplicities mult?ny)(an, o10) are equal to 1. O

4.3 Multiplicity one implies non-zero Jacobien

Theorem 23. Let I := (f1,..., fn) C R[z1,...,2,] and let F : R" — R™ denotes the mapping
(1, xn) = (fil@r, @), fo(zn, )T Let p = (Xipy ooy, Xop) € V(f1y-evs fr)
such that mult?(fl, ooy fn) = 1. Then det Jp(p) # 0.

Judit Recknagel, Bachelor Thesis



Topology of planar singular curves resultant of two trivariate polynomials 21

Proof. We denote by O the localization of R[z1,...,x,] at (z1 — X1,..., 2y — Xp):

O = R[J)l, N 7wn]($1—X17---,$n—Xn)'

Since multg(fl, ooy fn) =1wehavex; € IO foralli € {1,...,n}, hence there exists polynomials
ol € O, i,k € {1,...,n} such that every z; has a notation z; = > p_, ot - fr. For j € {1,...,n}
we have Jjz; = 1 if and only if ¢ = j and otherwise 0. On the other hand we have 0;x; =
05(X k=1 O+ fr) = 2ok 050+ fio 4 2ok 0+ 0y

We denote the evaluation of a polynomial h € R[x1,...2,] in p by h. Then (")/];Z =3 a};ﬁ/j-ﬁ
since p € V(f1,..., fn)-

Therefore
1 5'1.731 Ce 811‘n Z a}falfk . Z azalfk
]1 = = . . = : :
1 Opx1 ... Opxy > a}g@nfk e > PO fi
hfi ... Oifn al ..oaf al ... af
- | : : = Jr
b ... @ Y ol ...oan
thus j;? is invertible. O

4.4 Post process

By Theorems 22 and [23] the system

on(z,y) =0, olz,y)=0

has only regular solutions. Applying the Krawczyk subdivison algorithm, we obtain by Propo-
sitions [6] and [7] a complete list L;goiqte 0f boxes isolating all solutions of this system.

To determine among these boxes those containing a singularity of r, we have to check for ev-
ery box if the second scalar subresultant vanishes or not. This can also be done by using
box functions: A box B € Ljsate contains a singularity of r if 0 € Oogg(B). In the case when
0 € Ooga(B), we refine the box using the Krawczyk operator until either 0 ¢ o92(B) or 0 ¢ r(B).
Note that it is enough to check that one of the two functions does not vanish, and we do not
need to check that the other actually vanishes. Using interval arithmetic, it is important to

avoid vanishing tests since they require to reach some theoretical bounds, see [BCGY-2008].
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5 Conclusion

In the challenge to design numerical calculation algorithms for the topology of singular curves,
we focused on the case of a real plane curve defined as the projection of the intersection of two
surfaces. The contribution of this work was the design of a numerical algorithm to isolate the

singular points of such a curve.

We regarded curves with no common point at infinity in z-direction. This is for example the
case for constant leading coefficients of the hypersurface describing polynomials. We showed
that under suitable generic conditions, the singular points can be encoded via subresultant
coeflicients. In addition, it is shown that this representation enables the use of a classical
efficient numerical subdivision algorithm for the isolation.

Combined with a numerical path tracking algorithm to follow regular parts of the curve, this

work yields a numeric algorithm for the topology of such a curve.

In further work we want to generalize our results by weakening the five conditions. A first
approach is to prove the applicability of the algorithm also for polynomials with coprime leading

factors. In a second approach we want to determine dependencies among the conditions.
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6 Appendix: Mathematical fundamentals

In this chapter, we give an overview of notation and results which are used in this work. Most
of the results also stand isolated of the context and are basic theorems in algebraic geometry.
We prove most of the mentioned theorems and propositions, if not we will clearly propose a
reference instead. Good references for all discussed properties are [CLO1-2007|, [CLO2-2000]
and [BPR-2006].

We suppose that the reader is familiar with the definition of fields, rings, ideals and their main
properties. We take I an arbitrary field and A a commutative ring.

For matrices we consider free spaces filled with zeros.

6.1 Basics of ideal theory and algebraic geometry

We start with some common notation and properties of ideals of polynomial rings.

6.1.1 Ideals

Definition 24. Let f1, fa,... be polynomials in A. Then we write (f1, fao,...)a (and {f1, fo,...)
if A is clear from the context) for the ideal I generated by these polynomials:

I:={f1,f2,...)a= th‘fi :h; € A h; #£0 for only finite many ideals
i>1

I is finitely generated if there exists a positive integer s such that I = (f1,..., fs).

In some particular rings we know more about the number of generator of the ideals. In poly-
nomial rings we have the following theorem whose proof can be found in the literature, such as
[CLO1-2007, Chapter 2, §5, Theorem 4].

Theorem 25 (Hilbert Basis Theorem). Ewvery ideal in Flx1,..., x,] is finitely generated. O
Now we turn to some specific ideals.
Definition 26. Let I C A be an ideal. The radical of I is defined as

VI:={feA:f™ecl for some integer m > 0}.

An ideal is called radical if for oll f € A the membership f™ in I for some integer m > 0
smplies f € 1.

Radicals are related to radical ideals through the following properties.

Proposition 27. (1) The radical of an ideal is an ideal.
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(2) FEach ideal is contained in its radical.

(3) An ideal is a radical ideal if and only if it is his own radical.
Proof. Let I C A be an ideal.

(1) 04 is in I and therefore in v/I. Let f,g € VI and a, 8 € A. Then there exists positive
integers m and [ such that f™ € I and ¢' € I. Thus (af + Bg)" ! € I which implies
af + Bg € VI. Thus /T is an ideal.

(2) If f € I the f € /I by definition.

(3) Let I be a radical ideal and f € v/I. Then there exists m > 0 such that f™ € I which
implies f € I since [ is radical.
Let I = +/I. Then for all f € A the membership f™ € I for some m > 0 implies
fevIi=1I

O]

We suppose the reader to be familiar with the basic ideal operations like intersection, union,
sum, multiplication, and division (see for example [CLO1-2007] for definitions). Here we define
the saturation of an ideal with respect to an other which can be seen as a generalization of
the division. The saturation has a nice geometrical analogy which we will present in the next

section.

Definition 28. Let I and J be two ideals in A. Then the saturation of I with respect to J is
defined as
LI = {f € A: it exists m > 0 such that fJ™ C I}

Now we prove two main properties of the saturation of ideals.
Proposition 29. The set I:J*° is an ideal containing I itself.

Proof. 1If f € I, then fJ C I thus f € v/I by definition. This implies Oy € V1. Let f,g € I and
o, € A. Then there exists positive integers m and m’ such that f-J™ c I and g-J™ C I.
Hence (af 4 Bg) - J' € I with [ = max{m,m'}. Thus I:J> is an ideal. O

Proposition 30. Let I,J, K be ideals in Flxy,...x,]. Then I C K:J*™ if and only if there

exists a positive integer m such that I-J™ C K.

Proof. Let {fi1,..., fs} be a basis of I (which can be considered as finite by the Hilbert Basis
Theorem).

First we consider I C K:J°. Then for every f; there exists an m; such that f; - J™ C K.

Judit Recknagel, Bachelor Thesis



Topology of planar singular curves resultant of two trivariate polynomials 25

Let m := max{m; : 1 <14 < s}. Then for every f =37 | hifi € I, h; € Flz1,...,xs] we have
f-J™ C K by the ideal property and thus I - J™ C K.

Now let I - J™ C K for some m > 0. Then f-J"™ C K for all f € I and we have I C K:J* by
definition. O

Before we give the definition of affine varieties in the next section, we introduce an ideal corre-

sponding to a point set of F".

Proposition 31. Let U C F". Then the set
LU):={f €Flz1,...,z] : f(p) =0 for allpe U}

is an ideal of F[xy, ..., xyn] and will be called the ideal of U.

Il
0 o o

Proof. The zero polynomial is obviously contained in I(U). Let f,g € I(U), i.e. f(p) = g(p)

forallp e U. Let o, 8 € Flz1,...,2,] and p € U. Then (af+S9)(p) = a(p)-f(p)+B8(p)-9(p)
thus aof + Bg € I(U). Hence I(U) is an ideal.

The ideal of a point set U is the set of all polynomials which vanish on all points of U at the
same time. In the next section, we will specify the converse: The set of all zeros of a given set

of polynomials.

6.1.2 Affine Varieties

Definition 32. Let {fi,..., fs} be a set of polynomials in Flz1,...,x,]. Then the affine va-
riety V(f1,...,fs) of fi,..., fs is the point set on which the polynomials fi,..., fs vanish

simultaneously:

V(fi,....fs) ={peF": filp) =0 foralliec{1,...,s}}.

An affine variety in F” is always given as the zero set of a set of polynomials in Flzq,...,x,].
We obviously have V(f1,...,fs) = V({f1,..., fs))-

Definition 33. Let F C C and I C F[xy,...,z,] an ideal. We say I is zero-dimensional if
the affine variety V(I) consists of only finitely many points in F™.

Affine varieties are our centre of interest. While ideals are algebraic mathematical objects,
varieties are geometrical mathematical objects. There is a nice correspondence between varieties
and particular ideals, which will be discussed in this section.

We consider I as in the last proposition as a map from the set of point sets in F” into the set of
ideals of F[z1,...,2,]. Similarly, V is seen as a map from the set of ideals of F[z1,...,z,] into

the set of affine varieties in F". Hereinafter we prove some basic properties of these maps.
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Proposition 34. The maps I and V are inclusion-reversing, i.e.
(1) if V. C W are two affine varieties in F™ then I(V) D I(W) and
(2) if I C J are two ideals in Flxy, ..., x,] then V(I) D V(J).

Proof. The proof in both cases is straight forward: Let V' C W and f € I(W). Then f vanishes
in all points of W and therefore in all points of V. Thus f € I(V).

If I ¢ J and p € V(J) then all polynomials in J and thus in I vanish on p. Hence V(I) D
V(J). O

The next theorem is one of the most important theorems in algebraic geometry which helps us

to extend the above properties.

Theorem 35 (Hilbert’s Nullstellensatz). Let F be algebraically closed.
If fof1,.. . fs € Flz1,...,xn) are such that f € X(V(f1,...,fs)), then there exists an integer
m > 1 such that f™ € (f1,...,fs) (and conversely). O

We don’t prove this theorem but refer the reader to [CLO1-2007, Chapter 4, §1, Theorem 2|
which gives a good comprehensive proof. In this work we will use two other versions of the

Nullstellensatz which are direct corollaries of the previous one.

Corollary 36 (Strong Nullstellensatz). Let F be algebraically closed and I C Flzy,...,x,] an
tdeal. Then
VI =1(V(I)).

Proof. Let f € v/T and m > 0 such that f™ € I C I(V(I)). Thus 0 = f™(p) = (f(p))™ for all
p € V(I) which implies f(p) =0 for all p € V(I) since F is a field. Thus f € I(V(I)).

Let f € I(V(I)). By Hilbert’s Nullstellensatz there exists a positive integer m such that f € I.
Hence f € /I by definition. O

Corollary 37. Let F be algebraically closed and I C Flz1,...,x,] an ideal. Then there exists
an integer | such that (VI)! C 1.

Proof. Let I = (f1,...,fs). By the strong Nullstellensatz v/I = I(V(I)) which is an ideal in
Flxi,...,zy] thus admits a finite basis {g1,...,g:} by Hilbert’s Basis Theorem. By Hilbert’s
Nullstellensatz there exists exponents m; such that g;"* € I for all . For g an arbitrary element

of /T we have g™ € I for m := 1+ >\_,(m; —1). O
Now we are prepared to formulate the correspondence of ideals and varieties.

Theorem 38 (Ideal-Variety—Correspondence). Let V. C F" be an affine variety and I C

Flxy,...,z,] be an ideal. Then we have

Judit Recknagel, Bachelor Thesis



Topology of planar singular curves resultant of two trivariate polynomials 27

(1) VI(V)) =V and
(2) I(V(Q)) D I. If additionally the ideal I is radical, then in fact the equalily is hold.
Proof. We first prove (2) since this property will be used for the proof of (1).

(2) Let I be an ideal of F[xi,...,zy,] and let f € I. Then f(p) = 0 for all p € V(I), i.e.
feI(V(I)). Hence I C I(V(I)).

(1) First let U be a subset F™, not necessarily an affine variety. We are going to show that
U C V(I(U)). Let p € U. Then f(p) = 0 for all f € I(U). But by definition we can
conclude p € V(I(U)) thus the first inclusion is even hold for subsets instead of ideals.
Now let V' be an affine variety, thus V' = V(H) for asubset H = {f1,..., fs} of polynomials
in Flzi,...,z,). By (2) we have H C I(V(H)) and since the latter is an ideal we even
have (H) C I(V(H)). Now by Proposition [34] and Definition 32]and we have V = V(H) =
V((H)) D V(I(V(H))) = V(I(V)) which proves the second inclusion.

If T is radical, we have I = /T = I(V(I)) as a direct conclusion of the Strong Nullstellensatz. [
It is clear from the proof that for an arbitrary point set U C F™ we still have the inclusion

U c VIU)).

Theorem is an improvement of Proposition so that we can now formulate the corre-
spondence between arbitrary ideals and affine variety. Furthermore, the theorem even gives a

one-to-one-correspondence between affine varieties and radical ideals.

Corollary 39. For VW C F" two affine varieties and I,J € Flx1,...,xy,] two ideals we have

the following correspondence:

(1) if VCW then (V) D I(W) and conversely
S I(V) D I(W) then V = V(I(V)) € VI(W)) = W.

(2) of I C J then V(I) D V(J) but conversely
if VI =1(V(I)) cI(V(J)) =J then V(I) = V(VT) D V(V/J) = V(J).

O

In the end of this section, we prove a proposition to compute the variety of the saturation of

ideals.

Proposition 40. Let I and J be ideals in F[xq,...,x,]. Then

V(I:J®) =V(I) = V(J)
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where U for an affine set U C F" is the smallest affine variety containing U and is called the

Zariski closure of U.

Proof. We first show I:J* C I(V(I) — V(J)). Let f € I:J° and let p € V(I) — V(J). Then
p € V(I) but p ¢ V(J). Thus there exists g € J such that g(p) # 0. By definition we have
fg™ € I for some m > 0. Thus (f¢™)(p) = f(p) - (g(p))™ = 0. This implies f(p) = 0 since F is
a field and g(p) # 0. Thus f € I(V(I) — V(J)).

Now by Proposition [34/and Theorem 38] we have V(I)=V(J) C V(I(V(I1)-V(J))) C V(I:J®)
which proves \W C V(I:J%°) since the latter is an algebraic variety.

Now we prove V([:J*) C \W

The first step is to show \W = V(I(V(I) — V(J))). The inclusion \W C
V(I(V(I) — V(J))) is clear since V(I(V(I) — V(J))) is a variety containing V(I) — V(J) by
Theorem [38] For the other direction, consider W an arbitrary variety containing V(I) — V(J).
Then by Proposition [34] an Theorem 38| we have V(I(V(I) =V (J))) C V(I(W)) = W which is
also true for the special choice W = \W

Now we prove V(I:J*°) C V(I(V(I)—V(J))) by using Corollary. Let f € /I(V(I) - V(J)).
Then there exists m > 0 such that f”* vanishes on V(I)—V (J) which also implies that f vanishes
on V(I)—V(J) (since F is a field). We have to show that a power of f is included in I:J*®. Let

g1 be an arbitrary polynomial in J. Then fg; vanishes on V(I) since f vanishes on V(I)—V(J)
and g1 on V(J). Hence fg; € I(V(I)) = VI. By Corollary [37| there exists an integer [ > 0 such
that (v/I)! ¢ I. Thus for all g € J' we have f'- g(v/I)! C I and therefore f! € I:J*°. Hence
feVIe. O

6.2 Resultants and Subresultants

In this section, we study resultants and subresultants of polynomials. The goal is to decide
whether a set of polynomials has a common non trivial factor. For two polynomials with coeffi-
cients in a GCD domain this question is similar to compute their greatest common divisor. We
will see that the subresultants have similar nice properties.

From now on we consider A to be an integral domain.

First we will focus on the most important case for this work, the resultant and subresultants
of two polynomials in affine notation. We will prove some properties and handle some special
cases when the polynomial coefficents are in a field. In the second section, we will give the

homogeneous version of the resultant to extend the definition on more polynomials.
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6.2.1 Resultant and subresultants of two polynomials

In this section, let f = fg, 2% + -+ fiz + fo, g = g4,2% + - + g1z + go be two polynomials

in A[z] with non-zero leading coefficients.

Definition 41. Then we call the determinant of the Sylvester matriz of f and g the resultant

of these polynomials:

fdl 9dy
far—1 fay L d
) . o
fd1 90
' 90
Res(f,g) := det . . .
oo 1 K 9ds
fo ' :
Jo 90
d2 dl
We consider polynomials f,g € F[z1,..., 2y, 2] as univariate polynomials in z with coefficients
in A = Flzy,...,x,). In this case we write Res;(f, g) to emphasize the indeterminate in respect

to which we calculate the resultant of f and g.

By definition the resultant is an element in the coefficient ring A. Beyond that the resultant is
a linear combination of f and g in A[z]:
Proposition 42. Res(f, g) € (f,9)a[z-
Proof. The proof is based on a nice construction seen in [GL-2007]. Multiplying the (dy+da—j)™
row by 2/ and adding to the last row of the Sylvester matrix we obtain the (di +dz) x (d1 + d2)
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matrix
fa, 9ds
fay-1 fay 5 9ds
: D 91 :
fa, 90
. 90
fo 5 5 9ds
fo : :
p=lf o f zh-lg . L g

which has the same determinant as the Sylvester matrix by linearity property. We use Leibnitz
formula to calculate this determinant. From the last row it is clear that each summand is either
a multiple of f or of g in A[z], furthermore, each f-coefficient in A[z] has at most degree dy — 1
and each g-coefficient at most degree d; — 1. Thus there exists «, 8 € Alz], dega < dy and
deg B < d, such that Res(f,g) = af + Bg. O

If f and g are polynomials with field coefficients we have the following stronger property:

Proposition 43. [CLOI-2007, Chapter 3, §5 Proposition 8] Two polynomials f,g € F[z] of
positive degree have a common factor h in F[z] if and only if Res,(f,g) = 0. O

A common factor h € F[z] of f and g is a polynomial of positive degree which divides f and g.
The original formulation of this proposition is for polynomials f, g with coefficients in an inte-
ger domain and a common factor h in its field of fractions but in this work we only need the
statement with field coefficients. If F is algebraically closed then every polynomial of degree at
least 1 has a zero by the fundamental theorem of algebra. In this case, f and g have a common

factor in F[z] is equivalent to f and g have a common zero in F'.

Now we give the following geometrical interpretation of the resultant of two polynomials.

Theorem 44. Let f,g € Alz] notated as above where A = Flxy,...,x,]. The f; and g; are

polynomials in Fxq, ..., x,] and we consider V(fq,,ga,) = 0. Then

V(Res:(f,g)) = proj,—o(V(f) N V(g)) = proj,_o(V(f,9))-

Proof. First we take p := (Xp1,...,Xpn) € proj,_o(V(f) N V(g)) and we denote by (p, 2)
the point (Xp1,...,Xpn, Z). Then there exists some Z € F such that f(p,Z) = g(p,Z) = 0.
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By Proposition we can write Res,(f,g) = af + Bg, by considering Res,(f,g) as a poly-
nomial in F[z1,...,x,, 2] we obtain Res.(f,9)(p,Z) = a(p, Z)f(p, Z) + B(p, Z)g(p, Z) = 0, so
Res;(f,9)(p) =0 € F[xy,...,z,] and hence p € V(Res,(f, g)).

Now we denote r := Res,(f,g) € Flz1,...,z,] and let p € V(r). We set f, := f(p,-) € F[z] and
g« = g(p,-) € Flz]. Then r, := Res,(f«,9:) =7(p) =0 € F. Let fg,« = f4,(p) and ga,« = g4, ().
Since V(fa,,94,) = 0 the coefficients fg,. and fg,, are not both zero. By Proposition 43| we are
done if both coefficients don’t vanish on p. (Then f, and g, have a non-constant common factor
h and for an algebraically closed field F we find a zero Z of h. Thus f.(Z) = ¢g«(Z) = 0 and
therefore f(p, Z) = g(p, Z) = 0.

If one of the coefficient polynomials, w.l.o.g. g, is zero, we can use a base change argument to
prove the existence of such a Z: (f,g) = (f,g + 2™ f) for all m > 0. If we choose m such that
deg,(g + 2™ f) > deg,(g) thus g + 2™ f has the non-zero leading coefficient f;,. The previous
argument gives us a Z € F such that (p,Z) € V(f,g+ 2™ f) = V(f,g). For details we refer the
reader to [CLO1-2007, Chapter 3, §6, Theorem 4] .

In both cases we obtain a Z such that (p, Z) € V(f)N'V(g) and thus p € proj,_o(V(f)NV(g)) =

V(f,9)- O

Theorem [44] and Proposition [43| already describe the correspondence between the zero sets of f
and g and their resultant. Now we want to describe the greatest common divisor of f, g € F[z2]

for which we introduce subresultants of f and g.

Definition 45. Let f,g € Alz] as usual. For 0 <k < min{dy,da2} and 0 < i < k let My, denotes
the matriz obtained by deleting columns (dy —k+1),...,d1, (di+de—k+1),...,(d1 +d2) and
the last 2k + 1 rows except row (dy + do — k — i) of the Sylvester matriz of f and g:

fd1 gdZ
Jdi—1 fa, : 9ds
fd1 9d,
My; = :
fok—da+2 Jrs1 92k—dy +2 k+1
fitk—dpt1 oo oo fi Gitk—dy+1 -+ -+ Ui
do—k di—k

This matriz is a (di +do — 2k) x (dy + da — 2k)-matriz and we write op;(f, g) for its determinant.
The polynomial Sresy(f,g) == Z?:o ori(f,9)2" € Al2] is called the kth polynomial subresul-
tant and its leading coefficient o (f,g) the kth scalar subresultant of f and g.
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It is clear that the zeroth polynomial subresultant of f and g is in fact their resultant. We have
SreSO(fa g) = UOO(f7 g) = Res(f,g).

By the linearity of the determinant we can write Sresy(f,g) directly as the determinant of the

matrix
fd1 9ds
fd1—1 fd1 9d,
* o, . .
My = : fa : 9dsy
fok—do+2 Jer1 G2k—di42 Gk+1
pla=h=lyg o f Zh=k=lg . g

The exact degree of the k-th polynomial subresultant is at most k£ and depends only on the
coefficients of f and g. The next well-known theorem, give a more detailed result.
The theorem can be found in the literature in several versions. We recall a version based on

Theorem 2.1 in [LRS-2001] and Theorem 4.3 in [K-2003].

Theorem 46 (Gap Structure Theorem). Let f,g € Alz] be polynomials such that deg Sres; = j.
Then:

(1) If Sres;j_; is zero then Sresj_o = --- = Sresg = 0
(2) If Sres;j_1 is of degree 0 < k < j — 1 then Sresj_o = --- = Sresy1 = 0 and
Jjjj_k_ISresk = Uj_ij_k_lSresj,l.

Furthermore, Sresy has degree k.

For polynomials with field coefficients we further know:

Theorem 47. [BPR-20006, Proposition 4.35] Let f,g € Flz] with deg(f) > deg(g). Let d <
deg(f)—1. Then deg(gcd(f,g)) = d if and only if d is the smallest i such that o;i(f,g) # 0. O

By the preceding theorem, d is therefore the smallest ¢ such that Sres;(f,g) # 0.
In this reference, the theorem is formulated in a more general version for polynomials with
coefficients in an integer domain A and their greatest common divisor in the fraction field of A

since the greatest common divisor is not defined for no GCD domains.
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6.2.2 Multipolynomial resultants

In the previous section, we studied the resultant of two polynomials f, g in one single variable.
Instead we can also work with homogeneous polynomials in two variables z and ¥. A polynomial
is homogeneous if every monomial summand has the same degree. If we take f = fg, 2% +--- +
fo € Alz] with coefficients f; € A we can homogenize f by an indeterminate ¢ and obtain the

homogeneous polynomial
F=fg 2%+ fa 2P0+ 4 frz9070 4 food,

It is clear that a zero Z of f turns to the zero (Z,1) of F.
For two homogeneous polynomials F, G € A|z, 9] obtained by homogenization of f,g € A[z] we

define the resultant using the same determinant as in Definition 41| and denote
Resq, 4,(F,G) = Res;(f, g).

The resultant Res(F, G) is an integer polynomial in the coefficients of F' and G. If A is the field
of complex numbers we have Res(F,G) = 0 if and only if F' and G have a common nontrivial
solution in C.

Now we extend this concept to n homogeneous polynomials in n variables.

Let © = (x1,...,2,). For an n-dimensional exponent vector o = (ay, ..., a,) we denote z =

Qn

it a0 and | o |= Y . We consider n homogeneous polynomials F; of total degrees d;.

For every combination of i and « such that | a |= d; we introduce an indeterminate u?,. Generally

an homogeneous polynomial F; € Clzy,...,z,] of degree d; can be written as a specialization of
the u?, in C:
F; = Z ul z®
lor|=d;

Theorem 48. [CL02-2000, Chapter 3, Theorem 2.3] If we fix positive degrees di, ..., dy, then
there is a unique polynomial Resq, . a, € Z[u')] depending only on dy,...,d, with the following

properties:

(1) If Fy,...,F, € Clz1,...,zy,] are homogeneous of degrees dy,...,d,, then they have a

common nontrivial solution over C if and only if Resq, 4, (F1,...,F,) =0.
(2) Resq,.. d, (m‘lil, ceey xfi") =1.
(3) Resg,...a, is irreducible, even when regarded as a polynomial in C[ul].

Considering F1i,..., F, having no common solution at infinity we can dehomogenize Fi,..., F,

by equaling one variable with 1. Here we set 1 = 1 and obtain n affine polynomials f; =
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F;(1,2z2,...,2y,) in (n — 1) variables. According to the resultant of two affine polynomials we
write Resq, 4, (f1,..., fn) instead of Resq,, 4, (F1,...,Fy) to emphasize that we work in the
affine situation.

Multipolynomial subresultants have a number of useful properties which can be used in elimi-
nation theory and for solving polynomial equation systems, but unfortunately it is not so easy
to compute them. For us the most important property is the connection of multipolynomial

resultants and intersection multiplicities which is of algebraic interest.

6.3 Some tools of differential geometry and computations in local rings

Definition 49. Let f € Flzy,...,x,]. A singular point p == (X,1,...,Xpn) of f is a solution

of f(x1,...,xn) =0 such that the partial derivatives of f vanish simultaneously:

f(p) =01f(p) == 0nf(p) =0.

To discuss the possibility of a point to be singular we will introduce multiplicities of polynomials.

As usual we first handle the univariate case.

Definition 50. Let f € F[z]. The greatest power p such that (z — Z)? is a divisor of f in F|z]
is called multiplicity of Z in [ and is denoted by multz(f).

The multiplicity counts the number of derivations of f for which Z is a zero (starting by f

itself). Here we only need the formulations for multz(f) > 2.

Proposition 51. Let f € F[z]. Then (z—Z) divides both f and f' := 0, f if and only if (2 — Z)?
divides f (meaning multz(f) > 2).

Proof. Let f = (z— Z)?- f1. Then (2 — Z) divides f and f' =2(z — Z)f1 + (2 — Z) f].
Let f=(z2—2)fi and f' = (z — Z)fo. Then f' = (2 — Z)f{ + f1 and thus (z — Z) | f1 since
f'(Z) = 0. Hence (z — 2)% | f. O

In fact if F is algebraically closed the sum of all multiplicities of zeros of f is the degree of f.
Especially the number of different zeros of f can be less than the degree of f.

Now we extend this concept on multivariate polynomials. For a zero dimensional ideal I =
(fi,---s fn) CFlz1,...,x,) with F algebraically closed it sometimes happens that V(I) contains
fewer distinct points than the dimension of Flx1,...,z,]/I. Thus we like to compute a sort of
algebraic multiplicity, here called intersection multiplicity, that can be computed locally on each

point p € V(I) with the property that the sum of all multiplicities is equal to the dimension.
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Definition 52. Let p = (Xip, ..., Xnp) € F" and denotes M the mazimal ideal I(p) = (x1 —
Xip, ooy — Xpp) € Flzq, ..., 2,]. We denote by Flz1,...,xn]0 the collection of all rational

functions 5 inxi,...,x, with g(p) #0:

Flay,...,zp)0 = {g : fog €F[z1, ... xn],9(p) 750}.

The construction in this definition is a special case of a general procedure called localization.
We say F[z1,...,2,] is localized by M. The obtained ring F[z1,...,zy]a is a local ring,
meaning that it has exactly one maximal ideal, the ideal M. Based on this construction we can

now define the intersection multiplicity of polynomials.

Definition 53. Let I = (f1,..., fs) be a zero dimensional ideal in Flx,...,x,] (meaning that
V(I) consists of finitely many points in F"), and assume that p = (Xip,..., Xpnp) is one of
them. Let M be the mazimal ideal I(p) = (1 — Xip,...,xn — Xpp). Then the intersection
multiplicity of the variety V(f1,..., fs) in p is defined as

mult;(fl,...,fs) = dimp Flzy, ..., 2]/ - Flay, ..o z0]ur

If F is algebraically closed we have the formula of the dimension of F[zq,...,z,]/I beeing the
sum of intersection multiplicities and furthermore, we can use multiplicities to give a criterion

for an ideal to be radical.

Proposition 54. [CLO2-2000, Chapter 4, Corollary 2.5] Let F be algebraically closed and
let I be a zero-dimensional ideal in Flxy,...,x,]. Let V(I) be the set {p1,...,ps}. Then
dimFlzy,...,x,]/I is the number of points of V(I) counted with multiplicity, explicitly:

dimFlzy,...,z,]/] = Zmultgi(l).
i=1

Ol

Proposition 55. [CL0O2-2000, Chapter 4, Corollary 2.6] Let F be algebraically closed. Then a
zero-dimensional ideal I C Flxy, ..., xy,] is radical if and only if every point in the variety of I

has intersection multiplicity 1. L]
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