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Converse Lyapunov—Krasovskii theorems for
uncertain retarded differential equations®

Thab Haidarf, Paolo Mason!, Mario Sigalotti?

Abstract

In this article, we give a collection of converse Lyapunov—Krasovskii
theorems for uncertain retarded differential equations. We show that the
existence of a weakly degenerate Lyapunov—Krasovskii functional is a nec-
essary and sufficient condition for the global exponential stability of the
linear retarded functional differential equations. This is carried out using
the switched system transformation approach.

1 Introduction

The stability of time-varying delay systems is a problem of current interest.
Two principal approaches in the stability analysis are the Lyapunov—Krasovskii
method and Lyapunov—Razumikhin method [6]. A variety of stability criteria,
based on these two approaches, have been developed in this context (see e.g.
[2, 3, 12, 13, 15] and references therein). These criteria are often formulated as
linear matrix inequalities (LMIs) which yield sufficient conditions for stability.
Switched systems theory offers a complementary insight in this context. In [8]
Hetel, Daafouz and Iung establish a theoretical link between the Lyapunov—
Krasovskii approach and the switched system transformation in the context of
discrete-time systems with time-varying delays. They prove that applying the
multiple Lyapunov functions approach to the switched systems representation
is equivalent to using a general, delay-dependent, Lyapunov-Krasovskii func-
tional for the initial system. This paper shares the same spirit as [8] with the
significant difference that it considers the case of continuous-time systems with
time-varying delays. An important feature of this setting is that the switched
system formulation, obtained by standard functional representation, describes
an evolution in an infinite-dimensional space. Converse Lyapunov theorems for
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switched systems in Banach and Hilbert spaces were carried out in [7, 16]. In
this paper we give a collection of converse Lyapunov—Krasovskii theorems for
uncertain retarded differential equations, by exploiting similar ideas and some
of the results in [7].
Several converse Lyapunov—Krasovskii theorems have been presented in the lit-
erature for systems described by retarded functional differential equations, in a
general (possibly time-varying but not uncertain) setting [4, 9, 11, 14]. In [14], in
particular, the authors show that the existence of a Lyapunov—Krasovskii func-
tional is a necessary and sufficient condition for the uniform global asymptotic
stability and the global exponential stability of autonomous systems described
by neutral functional differential equations in Hale’s form. In [9], the author
extends the well-known Lyapunov theorem given for linear ordinary differen-
tial equations to general linear time-delay systems. A method to construct a
quadratic Lyapunov functional for such systems is proposed. Even though this
Lyapunov functional is quadratic, it only admits a cubic lower bound. Another
method to construct Lyapunov functionals for a class of linear time-delay sys-
tems is proposed in [4, 11]. These Lyapunov functionals admit a quadratic lower
bound.
More in the spirit of the results presented here are the converse Lyapunov theo-
rems for uncertain nonlinear retarded differential equations obtained by Karafyl-
lis in [10]. The latter are obtained for a very general class of dynamics (which in
particular are allowed to be non-autonomous). The conclusions are accordingly
less detailed on the properties of the Lyapunov functionals with respect to ours,
as explained below.
In this work, we consider a general linear retarded functional differential equa-
tion (RFDE)

z(t) = La(t)xt, t>0, (1)

where x(t) € R™ represents the system state at time ¢, x; : [—7,0] — R™ is
the standard notation for the history function defined by x:(0) = x(t + 0),
—r < 6 < 0. The operator L, associates with x; a vector in R™: a typical
example is L,x; = Agx(t) + A12(t — 7(0)) for some n x n matrices Ay and Aj,
and some delay 7(o) € [—r,0]. Two phase spaces are considered: C([—r, 0], R"™)
and H!([-r,0],R"). The signal o(-) is a piecewise constant (or, more gener-
ally, measurable) function taking values in an index set. We are interested
in properties that are uniform with respect to o(-), which plays the role of a
switching signal. We prove that system (1) is uniformly exponentially stable in
C([~r,0],R") if and only if its restriction to H'([—r,0],R") is also uniformly
exponentially stable (with respect to the H'-norm). We then give a collection of
converse Lyapunov—Krasovskii theorems. They characterize the uniform expo-
nential stability in terms of the existence of functionals with suitable commen-
surability conditions and decreasing uniformly along the solutions of (1). One
of the novelties of our results is that these functionals may be weakly degener-
ate, i.e., they may not have a strictly positive norm-dependent lower bound, in
contrast with what is known in the literature.

The paper is organized as follows. Section 2 is devoted to the problem frame-



work. Namely, we discuss the well-posedness and the switched system represen-
tation of system (1). The statement of the main result (Theorem 2) is presented
in Section 3. Next, some stability properties are proved in Section 4. The core
of the proof of Theorem 2 is given in Section 5. Section 6 is devoted to the
comparison of our results with some previously known Lyapunov—Krasovskii
theorems.

While piecewise constant switching signals are considered throughout the
paper, we show in the Appendix how this study can be extended to a larger
class of switched systems by considering the case of measurable signals.

2 Problem framework

Let r > 0 be a real number and let X = X ([—r,0],R™) be a linear real vector
space of functions mapping [—r,0] into R™. Assume that a norm | - ||x is
given in X, and assume that (X,| - ||x) is a Banach space. Two different
choices of Banach spaces are considered: X = (C([—r,0],R"), |- ||¢) and X =
(H'([=7,0],R™), || - || z1). Let S be an index set and consider a family of linear
operators parameterized by S as follows

Q= {L, € L(X,R") | o € S}.

Let us associate with ) the linear Retarded Functional Differential Equation
(RFDE)

&(t) = Lo (1)t (2)
where z(t) € R™ represents the system state at time ¢, ¢ : [—r,0] — R™ denotes
the state defined by x:(0) = z(t +0), —r < 6 <0, o : [0,00) — S is piecewise
constant. The function o(-) plays the role of a switching signal and we are
interested in properties that are uniform with respect to o(+).

Let the initial condition be

x(to +0) = (@), 6¢€[-r0], (3)

where ¢(-) € X and to > 0. If ¢ > ¢y, we adopt the standard notation x; for the
history function defined by

z 0= z(t+0), 0¢€[-r0.

Of special interest is the case in which @ is a bounded subset of £ (C([—r, 0], R™),R"™),
i.e. there exists a positive constant m such that

Lol <mllelle Vo € C([-r,0l,R"),s €8. (4)

Example 1 A particular case of system (2) is the following type of linear time-
varying delayed systems

i(t) = ZAg(t)’ia:(t — Ti(d(t))>, t>0, 5

Zo = ¥,



where @ is the initial condition, 7(-) = (11.(:), - -, 7p(+)), with 0 < 1;(0o(t)) <7,
and Ay is an x n matriz for every o € S, i € {1,...,p}. If the set of matrices
{45 | 0 €S,i€{1,...,p}} is bounded, then the set Q of the operators L,p =

- Aa,iga(t — T (0)), o €S, is clearly bounded in L (C([-r,0],R™),R™).
Example 2 Another particular case of system (2) is the following integro-
differential equation

x(t) = / Aa(t),@ l‘(t - 0)d0, t> 0 5
0
o = ¥

where ¢ € X is the initial condition and Ay is a n x n matriz uniformly
bounded with respect to o € S and 0 € [0, 7] and measurable with respect to 6. In
T

this case the set Q of the operators Lop = / A9 p(—0)db, o €S, is clearly
0
bounded in L(C([—r,0],R™),R™).

2.1 Well-posedness and switched system representation

In this section we discuss the well-posedness problem for a RFDE, depending on
the choice of the space X. Before that, we recall, following [6], that a function
x is said to be a solution of system (2) on [—r,4o00) with initial condition
» € X([-r,0],R™) if x is absolutely continuous on [0, +0), z; € X ([—r, 0], R™)
for every t > 0 and z(t) satisfies system (2), for almost every ¢ > 0. In the case
X = C([-r,0],R™), under the hypothesis that @ is bounded, it is well-known
that (2) has a unique solution defined on [0,4o00) for each initial condition
. The solution is defined under the more general Carathéodory condition, i.e.
when ¢ — L, ;)¢ is measurable for every ¢ € C ([-r,0],R") (see [6]).

Lemma 1 Consider the linear RFDE given by system (2). Let X be the Banach
spaces C ([—r,0],R™) or H! ([~r,0],R"). Assume that condition (4) holds. For
every ¢ € X there exists a unique solution of (2) in X with initial condition .

Proof. When X = C ([-r,0],R™) and under the hypothesis given by equation
(4), the existence and uniqueness of solutions for system (2) is guaranteed by [6,
Theorem 1.1]. When X = H! ([-r,0],R"™), one has to check that such solution,
a priori defined in C ([—r,0],R™), actually stays in X. This is true since both x
and & are locally bounded for positive times. O

In the case where @ is not bounded one can nevertheless associate with (2)
an evolution operator obtained by concatenating the flows corresponding to con-
stant values of 0. Recall that with any ¢ € S one can associate a Cy-semigroup
T,(t) : X — X defined by T (t)(xo) = ¢, with infinitesimal generator A4, given



d d
D(A,) = {so ex: % e x 20— Law},
6
0 (©)
AO—QO = @

The evolution operator corresponding to a piecewise constant signal o(t) =

Z Ly ) (B)or with o > 0, £, <ty for k& > 0 is given by
k>0

Tg(,)(t) = Tak (t — tk)Tokfl (tk — tk_l)...Tgo (tl — to)

for each t € [tg,tgs+1). In order to define the evolution in this sense one just
needs a family of C%-semigroups. This is exactly the notion of switched system

Ty = Ta(.)(t)l‘o,

7
Tt = SDEXﬂ ()

considered in [7] for general Banach spaces.

Similarly, one can associate a switched system with (5) for initial conditions
in the L? setting. For every o € S and (¢,2) € L*([-r,0],R") x R™ there
exists a function z(+), absolutely continuous on [0, +00), satisfying (0) = z and
(5) almost everywhere. Moreover (z:(-),z(t)) = T,(t)(¢(:), 2z) where T,(-) is
a Cp-semigroup on L2([—r,0],R") x R" (see e.g. [1]). We discuss the stability
properties of this switched system in Section 4.2.

3 Statement of the main result

The notion of uniform exponential stability is recalled in the following definition.

Definition 1 We say that system (2) is uniformly exponentially stable in X if
there exist two constants o > 1 and B > 0 such that for every initial condition
p € X the solution z(t,p) of (2)-(3) exists for every t € [to, +00) and satisfies

lze]| x < ae_’g(t_t‘))H(pHx, t > tg, o(:)-uniformly.

Here and in the following, o(:)-uniformly means that the constants a,b do not
depend on the choice of the piecewise constant o : [0,00) — S.

Remark 1 Because of its linear nature, one can easily check that system (2)
is uniformly exponentially stable if and only if it is uniformly asymptotically
stable. We recall that system (2) is said to be uniformly asymptotically stable if
for every R > 0 there exists r > 0 such that, for every solution x(-) of (2)-(3),
llellx < implies ||xi||x < R fort > to, and if, moreover, the solutions of (2)-
(8) converge to zero uniformly (i.e., there exists a constant § > 0, independent
of to and o(-), such that for every e > 0 there exists a ((€) such that |¢||x < &
implies ||z¢||x < € for every t > to + ().



Remark 2 By definition of T,)(t), we have that system (2) is uniformly
exponentially stable in X if and only if there exist constants « > 1 and 8 > 0
such that

Ty ()]l 2(x) < ae P70 ¢ >ty o(-)-uniformly.

From now on, without loss of generality, we assume that ¢ty = 0.
In order to state our main result we introduce the generalized Dini derivatives
of a function V' : X — [0, 00) as follows

D,V(x) = }gr(l) sup

T,

D_V(z) = lim inf 4
t—0 t
noting that possibly D,V (z), D,V (x) = oo for some x € X and o € S. Recall
that V(-) is said to be directionally differentiable in the sense of Fréchet at

x € X if there exists a continuous linear functional V’(x) such that for every
peX

V/(2) () = lim

t—0 ’

V(z+ty) —Vi(x)
t

and, moreover,
V(@ 9) = V)~ V@)@)
¥=0 91l x

The main result of this paper is the following theorem.

Theorem 2 Let Q@ C L(C([-r,0],R™),R™) be bounded. The following state-
ments are equivalent:

=0.

(i) System (2) is uniformly exponentially stable in C([—r,0],R™).
(ii) System (2) is uniformly exponentially stable in H'([—r,0],R™).

(i1i) There exists a function V : C([—r,0],R™) = [0,00) such that \/V(-) is a
norm on C([—r,0],R™),

cllellE < Vi) <elvlle
for some constants c¢,¢ > 0 and

DoV(p) < ~llellg, o€8,peC([-r0LR").

(iv) There exists a directionally Fréchet differentiable function V : H([-r,0],R") —
[0,00) such that \/V (-) is a norm on H'([—r,0],R"),

clleltn < Vie) <elelin
for some constants ¢,¢ > 0 and

EOV(@) < 7”%0”%{1’ o c S,(p € Hl([frv O]an)



(v) There exists a continuous function
V:C([-r,0,R") — [0,00)
such that
Vip) < cllelle

for some constant ¢ > 0 and

D,V(p) < ~l(0)]*, o €8,peC(-r0],R").

(vi) There exists a continuous function
V : HY([-r,0],R™) — [0, 00)

such that
V(e) < cllelln

for some constant ¢ > 0 and

D,V(p) < —[p(0)?, o €S ¢ H ([-r,0,R").

Clearly, a Lyapunov function V(-) satisfying condition (v) (respectively (vi))
does not necessarily satisfy the stronger conditions appearing in condition (i) (re-
spectively (iv)). Hence, condition (v) (respectively (vi)) is better suited for
proving the global uniform exponential stability of a RFDE, while condition
(#i7) (respectively (iv)) provides more information on a linear uncertain time-
delay system that is known to be globally uniformly exponentially stable, by
tightening the properties satisfied by V(-).

Remark 3 Concerning the reqularity of the Lyapunov functions satisfying con-
ditions (iii) and (iv), recall that being a squared norm is equivalent to be positive
definite, homogeneous of degree 2, continuous and conver.

4 Stability

We begin this section by showing that the solutions of (2) are o(-)-uniformly
exponentially bounded, i.e, there exist M > 1, w > 0 such that

| Ty ()l e(x) < Me™,  t>0, o(-)-uniformly, (8)

in both cases X = C([-r,0],R") and X = H'([-r,0],R"). This property, which
is a necessary condition for the o(:)-uniform exponential stability of (2), is not
satisfied when X = L?([—r,0],R"), as we show by means of a counterexample.
Then, we prove the equivalence between the uniform exponential stability of (2)
in the spaces C([—r,0],R™) and H!([-r,0],R").



4.1 Uniform exponential boundedness

The o(-)-uniform exponential boundedness of the solutions of (2), both when
X = C([-r,0],R") and H!([-r,0],R™), is given by the following lemma.

Lemma 3 Let Q@ C L(C([-r,0,R™),R™) be bounded. If X = C([—r,0],R™)
or H([—-r,0],R"™) then the solutions of (2) are o(-)-uniformly exponentially
bounded.

Proof. The proof is provided separately for the two cases.
Let X = C([-r,0],R") and ¢ € X. By integrating system (2) and using
equation (4), one has for every t > 0 and every u € [—r, 0]

max{0,t+p}
|z(t + p)| < max{lelle, lp(0)] +/ ml|zs||cds}
0

max{0,t+pu}
< llellc +m / lalleds,
0

that is

t
loille < llelle +m [ aleds.
0
Thanks to Gronwall’s Lemma, we have

lzelle < llellce™, (9)
which implies that the solutions of (2) are o(:)-uniformly exponentially bounded

in C([-r,0],R™).
Let now X = H!([-r,0],R") and ¢ € X. For each t > 0, we have

0 0

louls = [ fouo)Pds < [ s < rllal (10
T T

Combining equations (9) and (10) and using the Poincaré inequality

lelle < Arllell e, (11)

where A, only depends on r, gives

lzellZo < rAZe™ olln (12)



On the other hand, from (2), (4) and (9) we have the following inequalities

0 t
122 = / o (3) s = / () [2ds
—r t—r
t
< el2e + / () [2ds
t
< ol + m? / s |2.ds

t
< lglZn +m2lol? / ¢ s

)\2
< (14 22 (@ - ) ) ol
<(1+ mA2) e |31 - (13)

Combining equations (12) and (13) gives
[zl < Celle an
with
C} = (1+ mA\? + r)\%) e?mt,
which ends the proof. O

4.2 Uniform exponential boundedness: case X = L?([—r,0], R")x
Rn

The uniform exponential boundedness of the solutions of (2) is not, in general, an
acquired property. In fact, even if this property holds when X = C([—r, 0], R"™)
or X = H!([-r,0],R™), this is no longer true in the case X = L?([—r,0],R") x
R™. This point is clarified by means of the following counterexample. Consider
the one-dimensional switched delayed system in L?([—1,0],R) x R defined by

z(t) = —z(t—op(t)) t>0

Zo = ¥ (14)
Let, for every p > 1,

o 1
ZaklAk(t)qLi for 0<t<1/2,
op(t) =4 =1
0 for t>1/2,
. k—1
with Ay = [ag, ags1), ax = T’k =1,---,p+1, and let
P
1 «
<p(s):s+§ , -1<s<0,




where « is a real number such that o € (—1/2,0). The existence and uniqueness
of an absolutely continuous function, solution of (14) for a fixed p, is guaranteed
by [1, Theorem 2.4.1]. Such solutions are not uniformly exponentially bounded
with respect to the choice of p. In fact, one can easily verify that, for ¢ < 1/2,
the solution of system (14) with ¢ = 0 is given by

£(t) = - / o (5 — 0p(s)) ds.

Since ) ) )
7§§5—O'p(5)<%7§ VSGAk,

we obtain the inequality

w0l = [ oG-oenas > [ (3) - oo

By consequence, we have that ||z]|p2 >

@ Letting p tend to +o00, one
clearly cannot find two constants M > 1 and w > 0 such that inequality (8)
holds for every 0 < ¢ < 1/2.

Since the solutions of system (14) are not uniformly exponentially bounded,
they cannot be uniformly exponentially stable in L?([—1,0],R) x R. Notice,
however, that system (14) is asymptotically stable in L?([—1,0],R) x R. Indeed,
by considering as initial condition at time ¢y = 1 the continuous function x1,
we may interpret equation (14) as a delayed system in C'([—1,0],R). For this
system we can apply [6, Theorem V.5.2], which ensures the uniform asymptotic
stability in C([—1,0],R).

4.3 Equivalence between exponential stability in C(|—r, 0], R™)
and in H!([-r,0],R")

The equivalence between the exponential stability in C([—r, 0], R") and in H*([—r, 0], R")
of system (2) is given by the following proposition.

Proposition 4 Let Q@ C L(C([-r,0],R™),R™) be bounded. The following two
statements are equivalent:

(i) System (2) is uniformly exponentially stable in C([—r,0],R™).
(ii) System (2) is uniformly exponentially stable in H'([—r,0],R™).
Proof. Firstly, remark that we have the following norm comparison
Izl < Allweller-2ro,  t2T, (15)

with v = /(1 + m?2), which follows from the two estimates

0
22 = / (2a(s) s < rllael

—r

10



and

t
e 22= / Loy 2ds

-

< TmQHJUt”?J[—w,o]-

Now, assume that system (2) is uniformly exponentially stable in C'([—r, 0], R™).
Then, there exist two constants a > 1 and § > 0 such that, for every ¢ €
C ([-r,0],R™), the solution x(-) to (2) satisfies

|2tllcro < ae™ " lollor—r.- (16)
Then, we have that
|t—rllc-ro < ae™ P @l or—ra),
which can be rewritten as
|l or-2r,—r < ae® e o] or-ro)- (17)
Combining (16) and (17) gives that
|l or-2r0) < ae® e |ollcr-r.o- (18)

Then, the uniform exponential stability in H* ([—r, 0], R™) derives from equa-

tions (15) and (18) together with (11).

Conversely, assume that system (2) is uniformly exponentially stable in H*([—r, 0], R™).
Then, there exist two constants a > 1 and S > 0 such that, for every n €

H! ([-r,0],R"™), the solution z(-) of (2) with initial condition z;, = n satisfies

el < ae PO )|, ¢ > to, o(-)-uniformly. (19)

Let z(-) be the unique solution of (2) with initial condition ¢ € C ([—r, 0], R™).
From (15), one has that z,, € H' ([-r,0],R™). For ¢t > r it follows from (19)
that

el < ae™ P a1, (20)

which implies, together with (15), that
el < ave P [z | op-ar)- (21)
Furthermore, from (9), we have that
zrllcr-2r0 < €™l cr-r,0]- (22)
Combining (21) and (22) together with (11) gives the inequalities

lzello=ro < Arllwellm

< Ae™aye P ol o

which end the proof. O

11



5 Sufficient conditions for stability: weakly de-
generate Lyapunov—Krasovskii functional

In this section we establish two equivalence results for the global uniform expo-
nential stability of system (2) in H!([-r,0],R") and C([—r,0],R™). The first
equivalence is a straightforward application of [7, Theorem 3|, which gives a
necessary and sufficient condition for the global uniform exponential stability of
switched systems of the type (7). The second one uses a Lyapunov—Krasovskii
functional satisfying weakened conditions adapted to the RFDE setting.

Due to the o(-)-uniform exponential boundedness of the solutions of (2), in
C([-r,0],R™) and H'([-r,0],R"), a direct application of [7, Theorem 3] gives
a first necessary and sufficient condition for the global uniform exponential
stability of (2). This is given by the following theorem.

Theorem 5 Let Q@ C L(C([—r,0],R"),R™) be bounded. System (2) is uni-
formly exponentially stable in X, if and only if there exists a function V : X —
[0,00) such that \/V(-) is a norm on X,

V(p) < cllelk,
for some constant ¢ > 0 and
D,V(p) < -l¢lkx, o€SpeX.

Proof. The proof results directly from Lemma 3 and [7, Theorem 3]. O

The crucial step for the second equivalence is given by the following lemma
proved in [7], which extends a result obtained in [17] in the framework of strongly
continuous semigroups to switched system of the form (7).

Lemma 6 Assume that

(i) there exist M > 1 and w > 0 such that

1Ty ()l e(x) < Me™, ¢ >0, o(-)-uniformly,

(i1) there exist ¢ > 0 and p € [1,400) such that

/ T (@l < el o()-uniformly,
0
for every x € X.
Then there exist K > 1 and p > 0 such that
1Ty )l e(x) < Ke **, ¢ >0, o(-)-uniformly.

The second equivalence result, in the case X = H'([-r,0],R"), is given by
the following theorem.

12



Theorem 7 Let Q C L(C([-r,0],R™),R™) be bounded. Then system (2) is
uniformly exponentially stable in Hl([ r,0],R™) if and only if there exists a
continuous function V : HY([—r,0],R™) — [0, +00) such that

V(p) < cllelin, (23)

for some constant ¢ > 0 and

D,V(p) < ~lp(0) 0 €8,p € H'([-r,0],R"). (24)
Proof. Suppose that there exit a continuous function V : H([-r,0],R") —
[0, 4+00) such that conditions (23)-(24) hold. From Lemma 3, we know that the

solutions of system (2) are o-uniformly exponentially bounded. Then, thanks
to Lemma 6, it suffices to prove that there exists a constant ¢y > 0 such that

+oo
/ lzd%ds < collgl%, @ € X, o()-uniformly, (25)
0

to conclude the global exponential stability of the solution of (2). For all piece-
wise constant o () with values in S, ¢ € H([-r,0],R") and ¢ > 0, we have

Vi(we) — Vizo) < — / 12.4(0) [2ds, (26)

as it follows from (24) and the properties of the Dini derivative (see, e.g., [5]).
Using the fact that V' is non-negatively valued, one deduces from (23) and (26)
the following inequality

—+oo
/0 24(0)ds < ||l (27)

In the sequel, we deduce from (27) that equation (25) holds. Firstly, remark

that
t t 0
/Hmm@:/@/|%@ma
0 0 —r
t 0
:/@/|%Mw%9
0 —r
0 t
:/ d6/ (os0(0)2ds
—r 0
t

0
< / de |z5(0)[*ds

—r —r

. / 124 (0)[2ds. (28)

-Tr
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Furthermore, we have

t t
/ iy || ds Sr/ 164 (0)[2ds
0 —r
t
:7“/ li(s)[2ds

[ Clp()Pds + v / (o) s

t
< rlleln + r/ 1 (s) [2ds. (29)
0

Let s > 0. There exists 7 € [—r, 0] such that ||zs]|c = |x(s+ 7)|. Let N > 1 be
a natural number. There exists 1 < j(s) < N such that

r

< ] < —.
0<7+j(s) <

=]~

We have that
s+T
+/ |(6)|d0

—i(s) %

)
.
) +\/;|$||L2[s—j(s);ws+f]
o,
)|+ wleslzz e

1/ 3l
—||zs || 7
N el

Therefore, from equation (4), we have

2 (5= () )| + ) < sl

mi|x|s—J(s N m N Ls||HL
N r r

m 3o (s =i ) my el
e

from which we conclude that

(s +7)| < |z (s —(s)

<z

(

<o (s—it)5
(
(

<|z

|2 (s)]

IN

IN

N
. TP r
l#(s)]? < 2Nm22‘x<s—yﬁ>’ +2m2N||x5||§{1.
=1

j=
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By integrating the previous equation over [0, ], we obtain

t N t
#(s)|%ds < 2Nm? / z(s — i 2ds
| tate)as < 3 [ et

t
-
+2m2—/ |25 |32 ds
N Jo A

t
< 2N%m? lz(s)|?ds

—-r
t

+om?— |23 ds

N 0 s|lH! ’

which implies that
t t
[ laeds <ol + 28 [ a(s)Pds
0 0

t
-

+2m2—/ |2s||%:ds. (30)
N Jo H

Equations (29) and (30) together imply that
t
[ o) zads < (14 28m?) ol
0
t
+2rN2m2/ lz(s)|ds (31)
0

rom2 /t 25121 ds.
N Jo

Furthermore, equations (28) and (31) together yield
/t sl ds < 2 (14 N*m?) [ll3
’ ¢
+r (14 2N?m?) / lz(s)|?ds
r? [t O
+2m2N/0 |23 ds.

For sufficiently large IV, the quantity 1 — 2m2% is positive and we have

t t
[ elipds < [ la(o) s+ calelfpds, 3
0 0
with - -
r(1+2N*m 2r (14 N*m
o= LU g = 22N
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Equations (27) and (32) together imply that

t
[ eulfds < allelf,
0

with ¢y = ccq1 4+ co. When t tends to +o0o we deduce that

—+oo
/0 e 2ds < collgln, (33)

which concludes, thanks to Lemma 6, the proof of the global uniform exponen-

tial stability of system (2) in the case when X = H!([-r,0],R").

Conversely, suppose that system (2) is uniformly exponentially stable in H*([—r, 0], R").
Then, from Theorem 5, there exists a function V' : H([—r,0],R") — [0, 00) such

that \/V () is a norm on H*([—r,0],R"),

V(p) < cllellin

for some constant ¢ > 0 and
D,V(¢) < —llllin, o €8,¢ € H'([-r,0],R"). (34)

Thanks to the Poincaré inequality (given by equation (11)) and the fact that
l©(0)] < |l¢llc, equation (34) yields

QG‘V((ID) S _)‘T|(p(0)|27 o c S7(p € Hl([_ﬁ 0]7]Rn)7

which ends the proof. O

The extension of this equivalence result to the case when X = C([—r,0],R") is
given by the following corollary.

Corollary 8 System (2) is uniformly exponentially stable in C([—r,0],R™), if
and only if there exits a continuous function V : C([—r,0],R™) — [0, +00) such
that

V(p) < cllellg, (35)

for some constant ¢ > 0 and
D,V(p) < —lp(0)]?, o €S,peC([~r,0,R). (36)

Proof. Suppose that system (2) is uniformly exponentially stable in C'([—r, 0], R™).
Then, following the same reasoning as in Theorem 7, we know that there exists
a function V : C([—r, 0],R™) — [0, 00) that satisfies conditions (35)-(36).
Conversely, suppose that conditions (35)-(36) are satisfied. Let ¢ € C([—r,0],R")
and let z(-) be the unique solution of system (2) with initial condition z¢ = ¢.
From equation (15), we know that x; € H*([-r,0],R"), for ¢ > r. Furthermore,
from equation (35), we have

V() < cllalf2
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from which we deduce, using the Poincaré inequality, that
V() < erllaellzp, (37)

for some constant ¢; > 0. Equations (36) and (37) together with Theorem 7
imply that system (2) is uniformly exponentially stable in H'([—r,0],R"). Fi-
nally, we deduce, from Proposition 4, that system (2) is uniformly exponentially
stable in C([—r,0],R"™), concluding the proof. O

5.1 Proof of Theorem 2

Theorem 2 is a direct consequence of our previous results together with [7,
Theorem 6]. In fact, from Proposition 4 we obtain the equivalence (i) < (ii).
Theorem 7 and Corollary 8 give the equivalence (ii) < (vi) and (i) < (v),
respectively. Finally, with [7, Theorem 6], we have the equivalences (i) < (4i%)
and (i) < (iv). The regularity of V(+) in (iv) actually follows from [7, Corollary
9]. 0

6 Discussion

We compare here the results obtained in the previous section with the Lyapunov—
Krasovskii theorems given in [6] and [10]. We start by recalling a Lyapunov—
Krasovskii theorem given in [6, Theorem V.2.1] for general retarded functional
differential equation of the form

T = f(t, It).

Theorem 9 Suppose that f : Rx C([—r, 0], R™) — R™ is a continuous function.
Suppose that for any bounded set B, f maps Rx B into a bounded set of R™, and
u,v,w : [0,400) — [0,+00) are continuous nondecreasing functions, u(s) and
v(s) are positive for s > 0, and u(0) = v(0) = 0. If there exists a continuous
function V : R x C([-r,0],R") — R such that

u(le(0)]) < V(¢ ¢) < v(llelle)
DV (t,¢) < —w(le(0)])

then the solution x = 0 of equation (9) is uniformly stable. If u(s) — +oo as
s — 400, the solutions of equation (9) are uniformly bounded. If w(s) > 0 for
s > 0, then the solution x = 0 is uniformly asymptotically stable.

This theorem is not given for switched systems and the uniformity property
mentioned is with respect to the initial condition. In [14] the authors show that
the existence of a Lyapunov-Krasovskii functional is a necessary and sufficient
condition for the uniform global asymptotic stability and the global exponen-
tial stability of autonomous systems described by neutral functional differential
equations in Hale’s form.

The proof of Theorem 9 can be straightforwardly modified to consider system
(2), and this is reformulated by the following theorem.
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Theorem 10 Consider system (2). If there exists a continuous function V :
C([-r,0],R™) = R such that

cle(0)? < V(p) <cllel2 (38)
for constants ¢,¢ > 0 and
DoV (p) < ~[p(0)]?, o €8,p€C([-r,0],R") (39)
then the solution to (2) is uniformly exponentially stable in C([—r,0],R™).

Thanks to our previous results, we can give a converse version for Theorem 10.
More precisely, Theorem 2 implies that if system (2) is uniformly exponentially
stable in C'([—r, 0], R™), then there exists a continuous function V : C([-r, 0], R") —
R such that equations (38)-(39) hold.

Let us conclude this section by commenting on [10, Theorem 2.10]. When re-
stricted to linear systems of the form (2), such result establishes the equivalence
between the uniform exponential stability in C([—r, 0], R™) and the existence of a
Lyapunov—Krasovskii functional either as in the statement (iii) of Theorem 2 or
with a lower bound as the one in (38). In the latter case, however, the Lyapunov—
Krasovskii functional is defined on a space of the type C([—r — 7,0],R™), for
some 7 > 0, on which system (2) is lifted.

7 Conclusion

In this work we give a collection of converse Lyapunov—Krasovskii theorems for
uncertain retarded functional differential equations. These results, which are
summarized by Theorem 2, are essentially given by Theorems 5 and 7. They are
obtained using the switched system transformation approach. By Theorem 5,
we show that the existence of a squared norm V'(-) on C([—r, 0], R™), with suit-
able commensurability conditions, is a necessary and sufficient condition for the
uniform exponential stability of system (2). Theorem 7 represents our main
result, where the assumption that V(-) is a squared norm on C([—r,0],R") is
dropped. One of the novelties of our results is that these functionals may not
have a strictly positive norm-dependent lower bound, in contrast with what is
known in the literature.

Concerning the differences between conditions (ii7) (respectively (iv)) and (v) (re-
spectively (vi)) appearing in the statement of Theorem 2, we already noticed
that a Lyapunov function V(-) satisfying condition (v) (respectively (vi)) does
not necessarily satisfy the stronger condition (iii) (respectively (iv)). Hence,
condition (v) (respectively (vi)) is better suited for proving the global uniform
exponential stability of a linear uncertain retarded differential equations, while
condition (iii) (respectively (iv)) provides more information on a linear un-
certain retarded differential equations that is known to be globally uniformly
exponentially stable, by tightening the properties satisfied by V().

Finally, a comparison of our results with the Lyapunov-Krasovskii theorems
given in [6] and [10] is discussed in Section 6.
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A Appendix: extension to the measurable case

Let Q be a bounded subset of the Banach space £(C([—r,0],R%),R?), and fix
m > 0 such that

Lol <mlpllc Vg e C([—r,0],R). (40)

Let T > 0and I' : [0,7] — @ be such that I'(-)¢ is measurable for any ¢ €
C([~r,0],R%). We associate with I" the linear retarded functional differential
equation

a(t) = T(t)w,

o (41)

For every ¢ € C([-r,0],R?), we know that under assumption (40), system (41)
has a unique solution on [—r, +00) (Lemma 1).
Forn > 1, consider the function T'(-)z,; = € L™ (I;,R?) with I; = [(j — L I,

no

1 < j < n. Remark that %/ ['(s)z;zds € conv(E), where
I; "
E={Lz;r :LeQ}cRe

Carathéodory’s theorem implies that T / ['(s)z;zds is a convex combination
I w

of d + 1 points of FE, i.e.

d+1
n
T/ L(s)z;zds = ZaijLija:j%,
I i=1
d+1
where L;; € @, a;; is nonnegative and Zaij = 1. We use the coefficients of
i=1
this convex combination to define the following function

Fn(t) = Lij te Iij»

T
where the intervals I;; are such that UIij = I; and |I;;| = o;;—. We clearly
, n

J
have that I",,(-) belongs to the set of piecewise constant functions with values

in @, which we denote by PC ([0,T], Q).
Associate with I';, the linear retarded functional differential equation

in(t) = Tu(t)Tn, (42)
Tn,0 = o,

where z,, : [-7r,0] — R™ denotes the state defined by z,.(0) = z,(t + 0),
—r < 6 < 0. We have the following lemma.
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Lemma 11 Suppose that assumption (40) holds. Take T > 0 and let x(-) and
xn(+) be the unique solutions of systems (41) and (42), respectively. Then

ngrfoo |€nr — 27|/ = 0. (43)

Proof. Let y,(-) = xn(-) —z(-) and yp 4 = @+ — ;. By integrating systems (41)
and (42) we have that, for every 6 € [—r, 0] such that T+ 6 > 0,

T+6
(T +6) = /O (T (5)n o — T(s)s) ds.

T+6
Adding and subtracting T, (s)xsds to the previous equation, and using

equation (40), we obtain

7460
i@+ 0 <m [ lnallods + 1£(T+ 0)
0
t
with f,(t) = / (T (s) — T'(s)) zsds. This leads to
0

cds + || fullclo,)s

T
lomarle < m [l
0
from which we obtain, thanks to Gronwall’s Lemma, that

lc < emTan”C[O,T]- (44)

We are going to show that f, converges uniformly to zero on the interval [0, T].
Observe that

”yn,T

fn(t) :é/lm[o,t] (Tn(s) =T(s)) (ms — xj%)ds

-y /m[o  (T(s) = T(s)) ;s

Jj=1

K;
We distinguish three different cases:
e if j < [%], then by definition of I',(-), we have

Kj:/[. I‘n(s)mj%dsf/l ['(s)z;zds

n
J

d+1 T 1

= Liix.,rds — — o;iliixr

A s n J =g

i=1 Y 1ij i=1
d+1 T T d+1

= E aingijxj% — g E aijLijxj%
i=1 i=1

= 0’
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o if j= ["%], then
K; = / (I'n(s) =T'(s))z;zds
(G-1)T.1
g/ |(Ta(s) = T(s)) 2 2 |ds
(G- % t] !

< 2m/ ez llcds
Ij n

T
=2m—||z;z|lc,
n n

e if j > [%], then I; N [0,¢] = 0, and by consequence K; = 0.

Since x(-) is uniformly continuous on [0,7], we deduce that for every e > 0,
n

there exists ng such that if n > ng then Z |K;| < e. Moreover, there exists n;
Jj=1

such that if n > n then ||xs—xj% lc < eforeverys e ljandeveryj=1,...,n.

As a consequence, if n > max{ng,n1} we have

[fn@®)] <(2mT +1)e.
Note that this is true for every ¢ € [0,7]. We conclude that
[ frllcror < @mT +1)e. (45)
Equation (45), together with (44), concludes the proof of (43). O

Theorem 12 System (41) is uniformly exponentially stable for T : [0, 4+00) —
Q such that T'(-)p is measurable for any ¢ € C([—r,0],R?) if and only if it is
uniformly exponentially stable for T' € PC ([0,+0), Q).

Proof. Let T > 0 and I" € L* ([0,T], Q). Thanks to Lemma 11, we know that
lerlle = tm_fzwrlc, (46)

where z(-) and z,(-) are the solutions of systems (41) and (42), respectively.
Suppose that system (41) is uniformly exponentially stable for I € PC ([0, o0}, Q).
Then, there exist constants ¢ > 1 and b > 0 such that for every initial condition
p € C([-r,0],R™) we have

lznrllc < ae™ollc. (47)
Combining equations (46) and (47) gives
lzrlle < ae™¢lc.

Remark that the property given in the previous equation is true for all 7' > 0,
concluding the proof. O

Remark 4 Theorem 12 is still true when the phase space C([—r,0],R?) is re-
placed by H*([—r,0],R%). This follows from the same arguments as in Lemma 1
and Proposition 4.
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