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Abstract

This paper aims at designing a fractional order differentiator for a class of signals satisfying a lin-
ear differential equation with unknown parameters. We propose a generalized modulating function
method which is used first to estimate the unknown parameters, then to derive accurate integral
formulae for the left-sided Riemann-Liouville fractional derivative of the studied signal. Unlike
the improper integral in the definition of the left-sided Riemann-Liouville fractional derivative,
the integrals in the proposed formulae can be proper and be considered as a low-pass filter by
choosing appropriate modulating functions. Hence, digital fractional order differentiators appli-
cable for on-line applications are deduced using a numerical integration method in discrete noisy
case. Moreover, some error analysis are given for noise error contributions due to a class of stochas-
tic processes. Finally, numerical examples are given to show the accuracy and robustness of the
proposed fractional order differentiators.

Keywords: Fractional order differentiator, Riemann-Liouville derivative, Generalized modulating

functions method, Noise

1. Introduction

Fractional calculus were introduced in many fields of science and engineering long time ago.
It was first developed by mathematicians in the middle of the ninetieth century [1]. During the
past decades, fractional calculus has gained great interest in several applications [2, 3, 4]. For
instance, fractional derivatives can improve the performances and robustness properties in control
design (see, e.g., [5, 6, 7, 8]) and in signal processing applications (see, e.g., [9, 10, 11, 12]). The
fractional order numerical differentiation is concerned with the estimation of the fractional order
derivatives of an unknown signal from its discrete noisy observed data. As in the integer order
case, this problem is an ill-posed problem in the sense that a small noise can lead to a large
error in approximated derivatives. In order to overcome this problem, various robust fractional

order differentiators have been proposed in the frequency domain (see, e.g., [13, 14]) and in the
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time domain, such as digital fractional order Savitzky-Golay differentiator [15], fractional order
Jacobi differentiator [16, 17], and B-Spline functions-based fractional order differentiator [18]. The
main idea of the latter fractional order differentiators designed in the time domain is to use a
polynomial to approximate the unknown signal whose fractional order derivatives are estimated by
differentiating the polynomial. If we consider the used polynomial as the truncated Taylor series
expansion of the unknown signal, then these fractional order differentiators contain an estimation
error due to the truncated term in the Taylor series expansion (see [17] for some error analysis).
When estimating the fractional order derivatives of an unknown signal, even in the noise free case,
this kind of truncation errors can produce large errors near the boundaries of the interval where
the fractional order derivatives are estimated [16, 18, 17].

The existing fractional order differentiators are usually extensions of integer order differentiators
[19, 20, 21]. When estimating the derivatives of an unknown signal, if the differentiators do not
depend on any model which gives the unknown signal, then we call them model-free differentiators.
In order to avoid truncation errors, integer order model-based differentiators have been proposed
using a recent algebraic parametric method to estimate the state variables of an input-output
linear system [22, 23, 24]. The successive integer order derivatives of output were accurately
estimated from its noisy observation without any truncation error. The idea of this algebraic
parametric method is to apply the Laplace transform to the linear differential equation which
defines the studied linear system. By applying some algebraic operations (such as differentiations
and multiplications) in the Laplace operational domain, undesired terms in the obtained equation
can be eliminated. When returning into the time domain, the integer order derivatives of output
can be exactly given by integral formulae involving the output and a combination of the weight
functions of Jacobi orthogonal polynomials. Then, integer order differentiators are deduced by
taking the noisy observation of output in the obtained integral formulae. It has been shown in
[25, 26] that thanks to the integral formulae these differentiators exhibit good robustness properties
with respect to corrupting noises even if the statistical properties of the noises are unknown.
Recall that the algebraic parametric method was introduced by Fliess and Sira-Ramirez for linear
identification [27], and has been extended to many applications in noisy environment, such as design
of integer order model-free differentiators (see, e.g., [28, 29, 30, 31]) and parameter estimation (see,
e.g., [32, 33, 34, 35, 36, 37]). Very recently, it has been applied for fractional order model-free
differentiators [38] and for fractional order systems identification [39]. However, it seems difficult
to apply the algebraic parametric method to obtain fractional order model-based differentiators.
On the one hand, the integer order model-based differentiator obtained in [22] is an anti-causal
estimator using a sliding window. This is not suitable for the fractional derivative which is an
hereditary operator and needs a total memory of past states [3]. On the other hand, the ones

obtained in [23, 24] need to apply the Leibniz rule which gives infinity terms in fractional case (see



[3] p. 96).

Modulating functions method introduced by Shinbrot [40] is very similar to the algebraic para-
metric method. This method has been widely used for linear and non-linear identification of
continuous-time systems (see, e.g., [41, 42, 43]), and parameter estimation of noisy sinusoidal sig-
nals (see, e.g., [44, 36]). The idea of this method is to multiply a class of modulating functions to
a linear differential equation of the analyzed signal. Then, an integration over a finite interval is
taken to the obtained equation. Application of integration by parts allows to remove the deriva-
tive operations from the analyzed signal to the multiplied modulating functions, and the undesired
boundary values are eliminated thanks to the properties of modulating functions. Finally, estima-
tors are obtained by solving a linear system of algebraic equations and given by integral formulae
involving the noisy observation of the analyzed signal. Since the weight functions of Jacobi orthog-
onal polynomials obtained by the algebraic parametric method in integral formulae are also a class
of modulating functions, the modulating functions method can be considered as a generalization
of the algebraic parametric method in some cases (see, e.g., [36]). It has similar advantages to
the algebraic parametric method, especially the robustness properties with respect to corrupting
noises. Moreover, inspired by the algebraic parametric method, the modulating functions method
can be extended to many applications. In [45], a fractional integration by parts formula has been
obtained by working in the operational domain, then the modulating functions method has been
generalized to fractional order systems identification problem. Inspired by [22, 23, 24|, general-
ized modulating functions have been given, whose existence can be guarantied by the algebraic
parametric method. Then, the modulating functions method has been generalized to design an
integer order model-based differentiator [46], where the proposed differentiator does not contain
any truncation error. Unlike the differentiators proposed in [22, 23, 24], this differentiator is a
causal estimator and does not need to apply the Leibniz rule. Having these ideas in mind, the
aim of this paper is to extend the modulating functions method to design a robust fractional or-
der model-based differentiator without any truncation error. For this purpose, we will focus on a
specific class of signals satisfying a linear differential equation with unknown parameters.

This paper is organized as follows. Section 2 begins with some basic definitions of fractional
order derivatives. Then, a recent fractional integration by parts formula is recalled. In Section 3,
we first propose generalized modulating functions. Then, the unknown parameters of the linear
differential equation are estimated using a set of modulating functions. We apply the generalized
modulating functions and the fractional integration by parts formula to obtain fractional order
differentiators in continuous noise free case, which provide exact integral expressions for fractional
order derivatives. Digital fractional order differentiators are deduced using the obtained integral
expressions in discrete noisy case. Moreover, some error analysis for noise error contribution are

given. In Section 4, numerical results illustrate the accuracy and robustness of the proposed



fractional order differentiators. Finally, we give some conclusions and perspectives in Section 5.

Some classes of generalized modulating functions are presented in the appendix.

2. Preliminary

2.1. Riemann-Liouville and Caputo fractional derivatives

Letl € N,a € R\Nwithl—1 < a <[, and f € C}(R) where C!(R) refers to the set of functions

being [-times continuously differentiable on R. Then, we recall the following definitions.

Definition 1 (/3] p. 62) The left-sided Riemann-Liouville fractional derivative of f is defined as

follows: ¥t € [a, +o0],
1 dt o
rRDG f() = m@/ (t—71)"" f(r)dr, (1)

where T'(+) is the Gamma function (see [47] p. 255).

Definition 2 (/3] p. 79) The left-sided Caputo fractional derivative of f is defined as follows:

Vit € [a,+o0], )
o« pym Lt _ et )
D20 = e L =T SO o )
Definition 3 (/4] p. 92) The right-sided Caputo fractional derivative of f is defined as follows:
YVt €] —o0,b,
i g0 = o [ 0 3)
b L'l —a) J;

Consequently, if —1 < a <1 =0, then we have gD, f(-) = ¢Dg ,f(-). If 1 € N* (« € Ry \ N),
by applying integration by parts to (1), we get (see [3] pp. 75-76): Vt € [a, +o0],
-1 -
rDG . f f(z)( a) +cDg f (). (4)

Z:OFZJrlfoz

In the following lemma, we give the right-sided Caputo fractional derivative of a polynomial.

Lemma 1 Let f(-) = ()"t with I,n € N, then the right-sided Caputo fractional derivative of f is
given by: Vt €] — 00, b],

l n n—i _ 4\itl—«a
Djy () = i Iy (M) ®)

1=0
where « € R\ N withl —1 < a <.
Proof. By using (3), we get:
(=" (n+D)! /b I—a-1
D2, f(+) = - " dr.
T () = oy e [ (= ()



Then, by taking the following change of variables 7 — 7 + ¢, we obtain:

-1t (n Lot
Cngf(') = FEZ _l)a) ( ;;l)' /0 Tliail(T + t)n dr. (7)

Finally, this proof can be completed by applying the binomial theorem and calculating the integral
in (7). |

2.2. Fractional integration by parts

The integration by parts is a crucial tool for the use of modulating functions method which we
are going to apply in this paper. For this reason, we recall the generalized integration by parts
in the following lemma which can be obtained by recursively applying the classical integration by

parts.

Lemma 2 Let y,g € C'(R) with | € N*. Then, for any interval [a,b] C R, we have:

-1

/b g(t) y(l)(t) dt = Z(_l)k [g(k)(t)y(lflfk) (t)

k=0

t=b

+(-1)! / " 00 y(t) dt. (8)

t=a

The previous formula has been extended to the fractional order case in [48]. Hence, fractional

integration by parts formulae can be given in the following lemma.
Lemma 3 [/8] Let y,g € CY(R) with | € N. Then, for any interval [a,b] C R, we have:

b b
/ g(t)RDE, () dt = / DS g () y(t) d, (9)

where —1 < a <1 = 0. Moreover, we have:

-1

b
[ o®rDz ey de = S (-1 [P 0Dz o)

k=0

— b
"4 / Dyt dt,  (10)

t=a

where l e N* and [l — 1 < a < [.

3. Main result

In this paper, we consider a class of signals satisfying the following differential equation:
N
Vtel, Y a;yW(t) = u(t), (11)
i=0

where y € CN(I) with N € N* and I = [a,b] C R. Moreover, u is assumed to be known, and
ay € R*, a; € R, fori=0,...,N — 1, are unknown. In the case where u = 0, we assume ay = 1.
In the case where u # 0, we can consider u as an input of a linear system defined by (11), and y
is the corresponding output.

In this section, we will propose fractional order differentiators for the left-sided Riemann-
Liouville fractional derivatives of y both in continuous noise free case and in discrete noisy case.
For this purpose, we begin with a generalization of classical modulating functions in the following

subsection.



3.1. Generalized modulating functions

Definition 4 Let [a,b] C R, I,n € N with n < I, and g be a function satisfying the following

properties:

(P1): g €C*([a,b]);

(Py): gD (a) =0, fori=0,1,...,1;

(P3): gD(b) =0, fori=0,1,...,n, and g TV (b) #0, if n<I.

Then, g is called (I,n)*" order modulating function on [a,b] (see, [45]). If g satisfies only the
properties (Py) and (Py) for any n € N, i.e. g(b) # 0, then g is called (I, —1)"* order modulating
function on [a,b]. Ifl =n, then g is the classical I'" order modulating function on [a,b] (see, [{1]).

If g satisfies the properties (Py), (P2) and the following property:

(Py): g(b) =0, fori=0,1,...,1, except i = n.

Then, g is called strict (I,n — 1)** order modulating function on [a, b].

Consequently, if ¢ is a (I — 1)** order modulating function on [a, b], then the boundary values
in (8) and (10) can be canceled. If g is a strict (I — 1,n — 1)*" order modulating function on [a, b],
then it remains only the boundary value g(™ (b)y(=1=™)(b) (resp. g(”)(b)RDZ‘,;l_"y(o)) in (8) (resp.

(10)).

3.2. Unknown parameter identification in continuous noise free case

Before giving fractional order differentiators, we first calculate the unknown coefficients in (11).
Modulating functions method is a classical identification method for continuous-time systems (see,
e.g. [40, 41, 42, 43]). The use of modulating functions allows to transform a differential equation
of the analyzed signal into a sequence of algebraic integral equations. Then, parameters can be
estimated by solving a linear system. In the following proposition, we apply this method to give

integral formulae for the unknown coefficients.

Proposition 1 [41] If u # 0 in (11), then let g,, forn = 0,...,L, be a sequence of (N — 1)t*
order modulating functions on [t — T,t] with N < L, a+T <t <band0<T <b—a. The

unknown coefficients can be given by solving the following linear system:

ao

K,T = Ut,Ta (12)

an

t t
where Vir(n+ 1,0 +1) = (fl)i/ g,(f)(T)y(T)dT and Uyr(n+1) = / gn(T)u(T)dT, for n =

t—T t-T
0,...,Landi=0,...,N.



Proof. Step 1. Multiplication and integration: By multiplying both sides of (11) by g,, and inte-

grating from ¢ — T to ¢, we obtain: forn =0,...,L,

N t t
a; (7)Y (T)dr = n(T)u(T)dr. (13)

Step 2. Integration by parts: By applying the generalized integration by parts given in Lemma 2,

we get: forn=0,...,L,

N

- ia' t (’L)T T)aT = t n\ T )U\T)aT
S [ i = [ oo (14)

where the boundary values are eliminated thanks to the properties of g,. Consequently, this proof
can be completed by solving the linear system given in (12). |

We can see in Proposition 1 that by using the modulating functions method the unknown
coeflicients can be obtained using a sliding integration window of finite length. Moreover, we do

not need to calculate the derivatives of y. Similarly, we can obtain the following corollary.

Corollary 1 Ifu =0 and ay = 1 in (11), then let g, for n = 0,...,L — 1, be a sequence of
(N — 1)t order modulating functions on [t — T,t] with N < L,a+T <t <band0<T <b— a.

The unknown coefficients can be given by solving the following linear system:

a (=N [ SN (r)y(r)dr
Y/t,T : = : ’ (15)
an_1 ()N [ g™ (P)y(r)dr

t
where Yy r(n+ 1,0+ 1) = (—1)i/ gD (ry(r)dr, forn=0,...,.L—1andi=0,...,N — 1.
t—T

Remark that if we apply generalized modulating functions in the proof of Proposition 1, then
the boundary values at 7 = t are not cancelled. Thus, the integer order derivatives of y can
be given. This is the idea of the generalized modulating functions for integer order numerical
differentiation problem [45]. Bearing this idea in mind, we will give the fractional order derivatives

of y using generalized modulating functions in the next subsection.

3.3. Ezact fractional order differentiators in continuous noise free case
In this subsection, we give fractional order differentiators in continuous noise-free case. For this
purpose, we first need to transfer the differential equation (11) into a fractional order differential

equation.

Lemma 4 Let y € CN(I) with N € N* satisfy the differential equation given in (11), then we

have:

N a B N i—1 (t . a)jfiJrﬁ ‘
Vtel, Zai RDZ,tﬁy(') = RDa,fu(') + Zai Z mym(a)a (16)
i=0 =1 =0\

where 0 < 6 < 1.



Proof. By using (1) with [ = 0 and 8 = —a, we can take the —3*" order left-sided Riemann-

Liouville fractional derivative to (11). Thus, we obtain:

N t t
1 . 1
vVtel, ai—/ t—7)f1 (z)TdT:—/ t — 1) u(t)dr. 17
> a6 i = s =t (1)
Then, according to (2), (17) becomes:
N .
Vtel, > aicD, y() = rD, u("). (18)
i=0
Finally, this proof can be completed using (4). |

Now, by using generalized modulating functions and the fractional integration by parts, we can

give the following theorem.

Theorem 1 Let h,,, forn =0,...,N—1, be a sequence of strict (N —1,n—1)"" order modulating
functions on [a,t] with t € I. If h,, also satisfies the following property:

t
(P5) : /(T—a)ﬁiihn(T)dT:O, fori=1,2,... N, with0 < < 1.

Then, the left-sided Riemann-Liouville fractional derivatives of y is given by: Yt € I,
(-N-t

t s N . »
= m (/a oD hn 1 ()u(T)dr — ;ai/a CDlT)t hN1(~)y(T)d7'> , (19)

and form=N —2,N —3,...,0,

RDJEZU(')

N-n-1-8 (—=1)" s = i—n—1-8
Dy = [ D (urydr — Y LDy ()
hn (t)aN a imnt1 anN
(20)
LS captia [ oDt (ute)
+n7 -1H" ai/CD:_Tthn-deT,
D (t)ay = a
where a;, fori=0,...,N, is given by Proposition 1 or Corollary 1.

Remark 1 If the order a of the derivative which we want to estimate is larger than N, then
in order to apply Theorem 1 we need to differentiate Equation (11) ([a] — N) times, where [a]

denotes the smallest integer greater than o.

Proof of Theorem 1. Step 1. Multiplication and integration: By multiplying both sides of (16)

by h, and integrating from a to t, we obtain: forn=0,..., N -1, Vt €I,

N i—1

N t ) t _ th (T) (,]_ o a)j*i+5
i | h(T)RDPy(Ydr = | hy(7)rD;Pu(-)d ; ) e : dr.
;a,/a (7)rDG Ly ()dr /a (7)rDg Fu(+) T+;a jgoy (a)/a TGri it A p

(21)
Step 2. Elimination of all the initial conditions: Since h,, satisfies the property (Ps), all the un-

known initial conditions yU)(a) can be eliminated in (21). Thus, we get: Vt € I,

N t t
ai | ho(T)RDPy()dr = | by (1) rD;Pu(-)dr. (22)
lz:; /a RUa 7Y /a RUq,



Step 3. Fractional integration by parts: By applying the fractional integration by parts given in

Lemma 3, we get: Vt € I,

t N t
/QCD;fhn(-)u(T)dT:Zai/ CDi}Bhn(-)y(T)dT
+Zazz [ rDG 71 ’“y()}

Step 4. Elimination of all the boundary values at 7 = a: Since h,, satisfies the property (P») with
=N —1, we have hg)(a) =0, fori=0,...,N — 1. Hence, (23) becomes: Vt € I,

(23)

T=t

T=a

t

t N .
/ D b (Yulr )m:Zai/ DL ha(Yy(7)dr
a =0 @

N -l (24)
+> a Y (—DFRP ) rDL Ty ().
i=1 k=0
Then, all the boundary values at 7 = ¢ in (24) can be given in the following matrix:
o RO W rD0y() ahO®rDIPY() - an A1) RDY ()
0 —as h%)(t)RDa,ty(') —an h’SLl)( )RDN 2-p ( )
0 0 o (D2 Y ORDY ) [ (25)
0 0 o (FDN lan ATV () RD Y ()

Step 5. Calculation of the boundary values at 7 = ¢: Since h,, satisfies the property (Py) with | =

N —1, we have hgli)(t) =0,fori=0,...,N—1, except ¢ = n. Hence, all the rows in (25) are equal
to 0, except the (n + 1)** row. Thus, (24) becomes: forn =0,...,N —1,Vt € I,

t N _
/ D} Pdr = Zal/ DL ha(Yy(rdr + (“17R () S apDi " Py(). (26)
a 1=n+1
Consequently, this proof can be completed using (26). |

We can see in Theorem 1 that the fractional order derivatives of y are simultaneously given in
a recursive way. Inspired by Theorem 1, we can obtain the following corollary, where the fractional

order derivatives of y are independently given.

Corollary 2 Let f,, forn =0,...,N — 1, be a sequence of functions satisfying the properties
(P1), (P2) and (P5) on [a,t] withl=N —1 and t € I. If f, also satisfies the following property:

N—-1—1%

(Ps) : Fi(t) :== Z (—1)jai+1+jfi(j)(t) =0, fori=0,1,...,N — 1, except i =n.
§=0
Then, the left-sided Riemann-Liouville fractional derivatives of y can be given by: form =0,1,... N—

1, Vtel,

)

rRDg"y() = Fnl(t) (/ cD;} dT—Za,/ D fa()y(r)dr ) (27)



where 0 < B < 1, a;, fori=0,...,N, is given by Proposition 1 or Corollary 1.

The proof of Corollary 2 is similar to the one of Theorem 1, except Step 5. The property (Ps)
allows us to eliminate all the undesired boundary values at 7 = ¢ in the diagonals of (25). In
Appendix, we will give two classes of generalized modulating functions satisfying respectively the
properties required in Theorem 1 and Corollary 2.

According to Theorem 1 and Corollary 2, the left-sided Riemann-Liouville fractional derivatives
of y are exactly given by integral formulae. Unlike the improper integral in the definition of
the left-sided Riemann-Liouville fractional given in (1), the proposed integral formulae can be
proper by choosing appropriate modulating functions. Consequently, the proposed fractional order
differentiators do not contain any source of errors in continuous noise free case. Moreover, they
can be used for on-line applications.

Similarly, if we apply {fn(a +t — )} as generalized modulating functions on [a, ] in the proof
of Theorem 1, where {f,(-)} are given in Corollary 2, then the initial conditions at 7 = a can be
given by integral formulae. Then, by using Corollary 2 and Equation (4), the left-sided Caputo

fractional derivatives of y can be also given. This is out of the scope of this paper.

3.4. Digital fractional order differentiators in noisy case

From now on, let y® be a discrete noisy observation of y on I = [a, b]:

y«(t:) = y(ti) + w(t), (28)

where t; = a + T, for i = 0,1,..., M, with an equidistant sampling period T = 1777“. Moreover,

the noise {w(t),t € I} is assumed to be a continuous stochastic process satisfying the following

conditions:
(Ch): for any s,t € I, s # t, w(s) and w(t) are independent;
(C3) : the mean value function of {w(t),t € I} denoted by E[-] is equal to zero;

(Cs5) = the variance function of {w(t),t € I} denoted by Var|-] is bounded on I, i.e. 36 € Ry, Vt €
I, Var[w(t)] < 6.

Note that a zero-mean white Gaussian noise satisfies these conditions.
In order to estimate the left-sided fractional derivatives of y using its discrete noisy observation

@ we apply the integral formulae given in Theorem 1 or Corollary 2. Since y® is a discrete

Y
measurement and the integrals in the formulae can be proper, we apply a numerical integration
method to approximate the integrals so as to obtain digital fractional order differentiators. Let us

denote the integrals involving y in Equations (19), (20) and (27) as follows:
¢
0= [ alr)uryan, (29)
a

10



where ¢ denotes the right-sided Caputo fractional derivatives of the used modulating functions.

Hence, I¥ can be approximated in the discrete case by:

It =T, ) Jwjalty) u(ty), (30)
§=0

where w; € Ry is the weights for a given numerical integration method. By using the discrete
noisy observation y®, we get:

I = [Y  e (31)

i
where " := T, Z w; q(t;) w(t;). Thus, the integral I¥(¢) is subject to two sources of errors:
7=0

e the numerical error which comes from the numerical integration method;
e the noise error contributions 2.

Similarly, we can deduce that the integral formulae given in Proposition 1 and Corollary 1 for the
unknown coefficients contain also these two sources of errors. Consequently, the proposed digital
fractional order differentiators contain the numerical error and the noise error contributions in the
noisy case. It is well known that the numerical error converges to zero when 75 — 0. In the

following proposition, we show the convergence of the noise error contributions when 7 — 0.

Proposition 2 Let {w(t;)} be a sequence of {w(t),t € I'} with an equidistant sampling period Ts,
where {w(t),t € I} is a continuous stochastic process satisfying conditions (C1) — (Cs). Assume
that g € L?([a,t]), then we have:

£2([a.t])

6qw’i T:%> 0, (32)

where e is given by (31).

The proof of the previous proposition can be obtained using a similar way to Theorem 1 in

[36]. In fact, using (C1), (C3) and (Cs) we obtain: E[eZ*] = 0 and

E [(eqw’i)Q] = Var [eJ"'] < T0 | Ty wa ) |- (33)
7=0

Hence, if ¢ € £?([a,t]) then the convergence in Equation (32) can be obtained. A similar result
has been shown using non-standard analysis in [25, 26]. Consequently, we can reduce both the
numerical error and the noise error contributions in our digital fractional order differentiators by
decreasing the sampling period T5.

When the sampling period is set, on the one hand the numerical error can be bounded by the
well-known error bounds for numerical integration methods [49], on the other hand the noise error
contribution e;”’i can be bounded using the Bienaymé-Chebyshev inequality:

1

VyeR:, Pr (|eqw’i| <7(Var[e?’i])%) >1—?, (34)

11



i.e. the probability for ‘eqw’i’ to be smaller than ~ (Vaur[eqw’i])§ is larger than 1 — 7%‘ Thus, we
deduce from (33) and (34) the following error bound:

. )
1
. Dy
e | < ATy | 0 Zw? 2| (35)
j=0
P
where a < b means that the probability for a real number b to be larger than an other real number
a is equal to p, with p, > 1 — 7% In particular, if @ is a white Gaussian noise, then according to
the three-sigma rule, we have:

2

.. P~y i
e < AT | 6> wig?(ty) | (36)
7=0

where p; = 68.26%, p2 = 95.44% and p3 = 99.73%, for v = 1, 2, 3, respectively.

4. Simulation results

In this section, we give some numerical results to show the accuracy and robustness of the
proposed digital fractional order differentiators. We assume that y=(¢;) = y(t;) + w(t;) is a
discrete noisy observation defined in (28) with I = [0,10] and Ts = 1072, where the noise {w(;)}
is simulated from a zero-mean white Gaussian iid sequence, and the variance is adjusted such that

the signal-to-noise ratio SNR = 10log; (%) is equal to SNR = pdB with p € R%. In the
i)l2

following subsections, we assume y is a polynomial signal and a sinusoidal signal respectively.

4.1. Polynomial signal

In this subsection, we consider a second order polynomial given by:
Vtel, y(t) =p2t® +pit+po, (37)
where p2, p1, po € R%. Hence, y satisfies the following third order differential equation:
viel, y® @) =o. (38)

Moreover, the left-side Riemann-Liouville fractional derivative of y can be given using the following
formula ([3], p. 72):

I'(n+1)

Vtel, gD, ()" = Thtl-a)

tnia, a € R+ \N (39)

Since there is no unknown parameter in (38), we can directly apply Theorem 1. Then, we

obtain: Vt € I,

1— 1 ¢ _
DLV = / D b (Yy(r)dr, (40)
DI =~ [ DI hoCur)ar, (1)
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where 0 < 8 < 1, hg and h; are given by Proposition 3 with N = 3. Consequently, we can estimate
rDG 4y(-) for any o €]0, 1[U]1,2[.

Example 1. In this example, we take po = po = 1, p1 = —10 and p = 30 (SNR= 30dB). The
corresponding y and y“ are shown in Fig. 1.

We are going to estimate kDY y(-) and rDg¢ y(-) for ¢; € [0.5,10]. For this purpose, we apply
the trapezoidal numerical integration method to approximate the integrals in (40) and (41) with
the noisy observation y®. The obtained estimations and the corresponding absolute estimation
errors are given in Fig. 2 and Fig. 3. We give in Fig. 4 the absolute estimation errors obtained in
the noise-free case, which correspond to the numerical errors. Consequently, we can see that the
noise error is relatively large in the beginning, when t is larger than 4, we have good results both
in the noisy case and in the noise free case. Moreover, we can observe that the numerical errors

are much smaller than the noise error contributions.

4.2. Sinusoidal signal

In this subsection, we consider a sinusoidal signal in the following form:
Vtel, y(t) = Asin(wt + ¢), (42)

where the parameters A € R, w € R} and 7%7‘1’ < ¢ < %ﬂ' are unknown. Hence, y satisfies the

following harmonic oscillator equation:
Vtel, §(t) +wy(t) =0. (43)

Moreover, the left-side Riemann-Liouville fractional derivative of y can be given using the expansion

of y and the linearity of the Riemann-Liouville fractional derivative ([3], p. 91):

Vvt eI, pDg,y(-) = Acos prDg ; sin(w-) + Asin ¢rDg , cos(w-) (44)
with
wtt= 1 1 1
DY, sin(w) == 1Fy (1;2(2 — @), = (3 — a); —~w?t? 45
D sin(er) =g 1Fa (152 - @), 53 - @)~ ). (45)
N e 1 1 1 ,,
rDg; cos(w-) “Ti-a) 1F2 (L —a), 52 —a)y—qwt™ ), (46)

where 1F5 is the generalized hypergeometric function (see [50] p. 83, p. 303 and pp. 317-318).

Step 1. Estimation of the unknown parameter: According to Corollary 1, the unknown frequency

w? can be given using a sliding integration window as follows:

L) y(r)dn
S ger (7 y(r)dr

Vte[T,b], w? = , (47)

13



where g, r is a first order modulating functions on [t — T,¢] with 0 < T < b. Then, it can be

estimated in the discrete noisy case by: for i =m,..., M,
e
~92 gt;, T
w (tz) = - z; s (48)
Igti,T

where T' = mT, with 1 < m < M, Ing and Ig:,T are respectively the approximations of the
integrals obtained in (47) by applying the trapezoidal numerical integration method with the noisy
observation y®. Similar estimators have been also obtained using the algebraic parametric method
in [32, 37].

Remark that if I gyf . = 0, then there is a singular value in (48). In order to solve this problem,

we use the following weighted least square criterion as done in [44]: for i =m,..., M,
. Lm iy (0™ = a2
min J(6,) = 5 > v (2, + 1, 00) (49)
j=m

where 0; := @%(t;), and v €]0, 1] which represents a forgetting factor to exponentially discard the

“old” data in the recursive schema. By solving %(90;) = 0, we can find the value of #; which
minimizes the criterion (49): for i =m,..., M,
i
> it Ig:"T L,
0; = - - (50)
v (1)
j=m
Moreover, by using a similar way as done in [44], we obtain the following recursive algorithm:
Ohr = (it =137 LT )i = M, (51)

a2 L \2
where p; = Z pitie (Igﬂj‘T> which can be recursively calculated by p; 41 = v <u¢ + (Igti+l«T) >
j=m

Step 2. Estimation of the fractional order derivatives: We want to estimate rpDf ,y(-) for any o €

10,1[UUJ]1,2[. According to Remark 1, we need to take once differentiation to (43). Hence, we get:
vtel, y® ) +w?yM(t) = 0. (52)

Then, by applying Corollary 2, we obtain:

RDé;ﬁym:l(j(t)( [ evt nitmmar o [ cDi;%(-)y(r)dr), (53)
RDS;%«):—%@) ( / DI fo(Yy(r)dr + o / cDiﬁf2<~>y<T>dT), (54)

where 0 < 8 < 1, f; and f5 are given by Corollary 3 with N =3, a3 = 1, a; = w? and as = ag = 0.

Consequently, we can estimate pD ,y(-) for any o €]0, 1[]1,2[.

14



Example 2. In this example, we take A = 3, w =5, ¢ = 0.5 and p = 15 (SNR= 15dB). The
corresponding y and y® are shown in Fig. 5(a). The trapezoidal numerical integration method
is also applied to approximate the integrals with the noisy observation y®. We first estimate the
unknown frequency using (51) with 7'= 0.5 and v = 1. The obtained relative error is given in Fig.
5(b). Then, we estimate rD{-? y(-) and gDy? y(-) for ¢; € [0.5,10]. The obtained estimations and
the corresponding absolute estimation errors are given in Fig. 6 and Fig. 7. We give in Fig. 8
the absolute estimation errors obtained in the noise-free case, which correspond to the numerical
errors. Consequently, we can see that the noise error is relatively large in the beginning, when ¢
become larger, we have good results both in the noisy case and in the noise free case. Moreover,
as shown in the previous example, the numerical errors are much smaller than the noise error
contributions. However, since the used modulating functions are polynomials, the noise error can
increase with respective to t. In order to solve this problem, the Short-Memory Principe can be
applied (see [3], p. 203). Otherwise, we can consider other types of modulating functions. This is

out out the scope of this paper.

5. Conclusions

In this paper, robust fractional order differentiators have been proposed in the time domain
for a class of signals satisfying a linear differential equation with unknown parameters. We have
first generalized the classical modulating function method which has been used to estimate the
unknown parameters. Then, using two different classes of generalized modulating functions and
the fractional integration by parts formula, integral formulae have been derived for the estimation
of left-sided Riemann-Liouville fractional derivative of the considered signal in two different ways.
These formulae have been considered as proposed fractional order differentiators which do not
contain any sources of errors in continuous noise free case. Digital fractional order differentiators
have been deduced using a numerical integration method in discrete noisy case. They can be used
for on-line applications to estimate the left-sided Riemann-Liouville fractional derivative with an
arbitrary order. There are two sources of errors for these digital fractional order differentiators:
the numerical error and the noise error contribution. On the one hand, since the integrals in
the proposed fractional order differentiators can be proper by choosing appropriate modulating
functions, the numerical error can be much smaller than the noise error contribution. On the
other hand, since the integrals can be considered as a low-pass filter, it has been shown that the
noise error contributions due to a class of stochastic processes can be reduced when the sampling
period decreases. Moreover, some error bounds have been given for the noise error contributions.
Finally, two numerical examples have been given to show the accuracy and robustness of the
proposed fractional order differentiators. In these examples, we have only considered polynomials

as generalized modulating functions which have been constructed in Appendix. The other types
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of generalized modulating functions and their influences to the noise error contribution will be

studied in a future work.

6. Appendix

There exists several kinds of modulating functions in the literatures (see, e.g. [41]). Unlike clas-
sical integer order derivatives, the fractional order derivatives of the existing modulating functions
usually cannot be formally calculated. For this reason, we consider polynomials whose fractional
order derivatives are easy to calculate. Moreover, inspired by the algebraic parametric method it

is easy to find polynomials satisfying the properties of generalized modulating functions.

Proposition 3 Let [a,t] CR, n € N, N € N* withn < N — 1, and h,, be a polynomial with the

following form:

2N—1
ho(T) = Y at*N i (r —a)N (55)
i=0
where the coefficient vector (cq,...,con_1)T is the solution of the following system:
Co
A, : =1,, (56)
C2N-—1

where for j =0,...,2N —1, I,(n) =1, I,(j) = 0 with j # n, and for i =0,...,2N — 1,

N +9)! ; i—j
DNty )N, forj=0,....N -1,
An(j.i) = (NJeri])' 8 o
S A A L orj=N,...,2N — 1.
2N +i+f—j = o

Then, hy, is a strict (N —1,n—1)*" order modulating function satisfying the property (Ps) on [a,t].

Proof. By calculating the j'* order derivative of h,,, for j =0,..., N — 1, we obtain:
2N—1 .
i N +1i)! . o
h(_]) — : ( tQN 1—4 _ N+i j' 58
PO= X a0 (58)
Hence, g, satisfies the properties (P;) and (P2) on [a,t] with [ = N — 1. Then, we calculate the

following integral: for j =1,..., N,

t 2N—-1  aN—1— N+i+B—j+1
s t (t—a) J
B—j _
T—a n(T)dT = C; - - 59
[ =3 ot (59)
Consequently, if (co,...,con_1)T is the solution of the system (56), then g, satisfies also the
properties (Py) and (Ps) on [a,t]. |

Let us remark that if « = 0 in Proposition 3, then the power of ¢ in each row of A, is equal.

Hence, A,, can be simplified by the following form:

(N+i)! .
An(j’i) N for j=0,...,N —1, (60)
A - 1 .

SNTitA—5’ forj=N,...,2N - 1.
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Consequently, the coefficient vector (co, ..., con—1)7 dose not depend on ¢ such that we need only
to solve the linear system (56) once for every ¢.
In a similar way, we can give the generalized modulating functions satisfying the properties

(P1), (Ps), (Ps) and (Ps) required in Corollary 2.

Corollary 3 Let [a,t] C R, n € N, N € N* withn < N — 1, and f, be a polynomial with the

following form:

2N—1 ‘
fa(r) =" di(r—a)V T, (61)
i=0
where the coefficient vector (do,...,dan—1)T is the solution of the following system.:
do
B, =1I,, (62)
dan-1

where for j =0,...,2N —1, I,(n) =1, I,(j) = 0 with j # n, and fori=0,...,2N —1,

N—1—j

N +1)! .
Z (1)kaj+1+km (t—a)N* Tk forj=0,...,N—1,
B (j,1) = k=0 LR (63)
1 2N+i+B—j ;
—_— (t — ¢ J =N,...,2N — 1.
2N+i+ﬁ—j( a) ) for j e

Then, fn is a generalized modulating function satisfying the properties (P1), (Pz2), (Ps) and (Pg)
on la,t].
References
[1] B. Ross, The development of fractional calculus 1695-1900, Hist. Math., 4, 1, pp. 75-89, 1977.
[2] K.B. Oldham and J. Spanier, The Fractional Calculus, Academic Press, New York 1974.
[3] 1. Podlubny, Fractional Differential Equations, Academic Press, New York, NY, USA, 1999.

[4] A.A. Kilbas, H.M. Srivastava and J.J. Trujillo, Theory and Applications of Fractional Differ-
ential Equations, vol. 204 of North-Holland Mathematics Studies, Elsevier, Amsterdam, The
Netherlands, 2006.

[5] A.Oustaloup, B. Mathieu and P. Lanusse, The CRONE control of resonant plants: application

to a flexible transmission, Furopean Journal of Control, vol. 1, no. 2, pp. 113-121, 1995.

[6] A. Oustaloup, J. Sabatier and X. Moreau, From fractal robustness to the CRONE approach,
in Proc. ESAIM: Proceedings, pp. 177-192, Dec. 1998.

[7] A. Oustaloup, J. Sabatier and P. Lanusse, From fractal robustness to the CRONE control,
FCAA, vol. 1, no. 2, pp. 1-30, Jan. 1999.

17



8]

[16]

[18]

V. Pommier, J. Sabatier, P. Lanusse and A. Oustaloup, CRONE control of a nonlinear hy-
draulic actuator, Control Engineering Practice, vol. 10, pp. 391-402, Jan. 2002.

B. Mathieu, P. Melchior, A. Oustaloup, and Ch. Ceyral, Fractional differentiation for edge
detection, Signal Processing, vol. 83, pp. 2421-2432, 2003.

B. Guo, J. Li, and H. Zmuda, A new FDTD formulation for wave propagation in biological
media with colecole model, IEFE Microwave and Wireless Components Letters, vol. 16, no.

12, pp. 633-635, 2006.

M. Benmalek, and A. Charef, Digital fractional order operators for R-wave detection in elec-

trocardiogram signal, IET Signal Processing, vol. 3, no. 5, pp. 381-391, 2009.

R. Magin, M.D. Ortigueira, I. Podlubny and J. Trujillo, On the fractional signals and systems,
Signal Processing, vol. 91, pp. 350-371, 2011.

J.A.T. Machado, Calculation of fractional derivatives of noisy data with genetic algorithms,

Nonlinear Dynamics, vol. 57, pp. 253-260, 2009.

J.A.T. Machado, Exploiting sensor redundancy for the calculation of fractional derivatives in

the presence of noise, Signal Processing, vol. 92, pp. 204-209, 2012.

D.L. Chen, Y.Q. Chen and D.Y. Xue, Digital Fractional Order Savitzky-Golay Differentiator,
IEEE Transactions on Circuits and Systems II: FExpress Briefs, vol. 58, no. 11, pp. 758-762,
2011.

D.Y. Liu, O. Gibaru, W. Perruquetti and T.M. Laleg-Kirati, Fractional order differentiation by
integration with Jacobi polynomials, in Proc. 51st IEEE Conference on Decision and Control,

Hawaii, USA, 2012.

D.Y. Liu, O. Gibaru, W. Perruquetti and T.M. Laleg-Kirati, Fractional order differentiation
by integration and error analysis in noisy environment, submitted to IEEE Transactions on

Automatic Control.

D.Y. Liu, T.M. Laleg-Kirati, O. Gibaru and W. Perruquetti, Fractional Order Numerical
Differentiation with B-Spline Functions, The International Conference on Fractional Signals

and Systems, Gent, Belgium, 2013.

A. Savitzky and M.J.E. Golay, Smoothing and differentiation of data by simplified least squares
procedures, Anal. Chem., vol. 36, no. 8, pp. 1627-1639, 1964.

D.Y. Liu, O. Gibaru and W. Perruquetti, Differentiation by integration with Jacobi polyno-
mials, J. Comput. Appl. Math., vol. 235, no. 9, pp. 3015-3032, 2011.

18



[21]

[31]

[32]

S. Ibrir and S. Diop, A numerical procedure for filtering and efficient high-order signal differ-
entiation, Internat. J. Appl. Math. Comput. Sci., vol. 14, pp. 201-208, 2004.

M. Fliess and H. Sira-Ramirez, Reconstructeurs d’états, C.R. Acad. Sci. Paris, Ser. 1, vol.

338, pp. 91-96, 2004.

Y. Tian, T. Floquet and W. Perruquetti, Fast state estimation in linear time-varying systems:
an algebraic approach, in Proc. 47th IEEE Conference on Decision and Control, Cancun

Mexique, 2008.

Y. Tian, T. Floquet and W. Perruquetti, Fast state estimation in linear time-invariant sys-
tems: an algebraic approach, in 16th Mediterranean Conference on Control and Automation

(MED’08), Ajaccio, Corsica, France, 2008.

M. Fliess, Analyse non standard du bruit, C.R. Acad. Sci. Paris, Ser. I, vol. 342, pp. 797-802,
2006.

M. Fliess, Critique du rapport signal a bruit en communications numériques — Questioning the
signal to noise ratio in digital communications, International Conference in Honor of Claude
Lobry, Revue africaine d’informatique et de Mathématiques appliquées, vol. 9, pp. 419-429,
2008.

M. Fliess and H. Sira-Ramirez, An algebraic framework for linear identification, ESAIM Con-
trol Optim. Calc. Variat., vol. 9, pp. 151-168, 2003.

M. Mboup, C. Join and M. Fliess, Numerical differentiation with annihilators in noisy envi-

ronment, Numerical Algorithms, vol. 50, no. 4, pp. 439-467, 2009.

M. Mboup, C. Join and M. Fliess, A revised look at numerical differentiation with an appli-
cation to nonlinear feedback control, in Proc. 15th Mediterranean conference on Control and

automation (MED’07), Athenes, Greece, 2007.

D.Y. Liu, O. Gibaru and W. Perruquetti, Error analysis of Jacobi derivative estimators for

noisy signals, Numerical Algorithms, vol. 58, no. 1, pp. 53-83, 2011.

D.Y. Liu, O. Gibaru and W. Perruquetti, Convergence Rate of the Causal Jacobi Derivative
Estimator, Curves and Surfaces 2011, LNCS 6920 proceedings, pp. 45-55, 2011.

J.R. Trapero, H. Sira-Ramirez and V.F. Battle, An algebraic frequency estimator for a biased
and noisy sinusoidal signal, Signal Processing, vol. 87, pp. 1188-1201, 2007.

M. Mboup, Parameter estimation for signals described by differential equations, Applicable

Analysis, vol. 88, pp. 29-52, 2009.

19



[34]

[35]

[42]

R. Ushirobira, W. Perruquetti, M. Mboup and M. Fliess, Algebraic parameter estimation of a
multi-sinusoidal waveform signal from noisy data, in Proc. 2018 European Control Conference,

Zurich, Switzerland, 2013.

W. Perruquetti, P. Fraisse, M. Mboup and R. Ushirobira, An algebraic approach for Humane
posture estimation in the sagital plane using accelerometer noisy signal, in Proc. 51st IEEE

Conference on Decision and Control, Hawaii, USA, 2012.

D.Y. Liu, O. Gibaru and W. Perruquetti, Parameters estimation of a noisy sinusoidal signal
with time-varying amplitude, in Proc. 19th Mediterranean conference on Control and automa-

tion (MED’11), Corfu, Greece, 2011.

D.Y. Liu, O. Gibaru, W. Perruquetti, M. Fliess and M. Mboup, An error analysis in the
algebraic estimation of a noisy sinusoidal signal, in Proc. 16th Mediterranean conference on

Control and automation (MED’08), Ajaccio, France, 2008.

D.Y. Liu, O. Gibaru and W. Perruquetti, Non-asymptotic fractional order differentiators
via an algebraic parametric method, 1st International Conference on Systems and Computer

Science, Villeneuve d’ascq, France, 2012.

N. Gehring and J. Rudolph, An Algebraic Approach for Identification of Linear Systems with
Fractional Derivatives, arXiv:1302.4071, 2013.

M. Shinbrot, On the analysis of linear and nonlinear dynamic systems from transient-response
data, National Advisory Committee for Aeronautics NACA, Technical Note 3288, Washington,
1954.

H.A. Preising and D.W.T. Rippin, Theory and application of the modulating function method.
I: Review and theory of the method and theory of the splinetype modulating functions, Com-
puters and Chemical Engineering, vol. 17, pp. 1-16, 1993.

T.B. Co and S. Ungarala, Batch scheme recursive parameter estimation of continuous-time
system using the modulating functions method, Automatica, vol. 33, no. 6, pp. 1185-1191,
1997.

H. Unbehauen and G.P. Rao, A review of identification in continous-time systems, Annual

Reviews in Control, vol. 222, pp. 145-171, 1998.

G. Fedele and L. Coluccio, A recursive scheme for frequency estimation using the modulating

functions method, Appl. Math. Comput., vol. 216, pp. 1393-1400, 2010.

D.Y. Liu, T.M. Laleg-Kirati, O. Gibaru and W. Perruquetti, Identification of fractional order
systems using modulating functions method, in Proc. 2018 American Control Conference,

Washington, DC, USA, 2013.

20



[46]

D.Y. Liu, T.M. Laleg-Kirati, Y. Tian, W. Perruquetti and O. Gibaru, Non-asymptotic state
estimation for a class of linear time-varying systems with unknown inputs, submitted to The
19th World Congress of the International Federation of Automatic Control, Cape Town, South
Africa, 2014.

M. Abramowitz and I.A. Stegun, editeurs, Handbook of mathematical functions, GPO, 1965.

I. Podlubny and Y.Q. Chen, Adjoint fractional differential expressions and operators,in Proc.
the ASME 2007 International Design Engineering Technical Conferences & Computers and
Information in Engineering Conference IDETC/CIE 2007, Las Vegas, NV, September 4-7,
2007.

A. Ralston, A first course in numerical analysis, McGraw-Hill, New York, 1965.

K.S. Miller and B. Ross, An Introduction to the Fractional Calculus and Fractional Differential
Equations, Wiley, New York, 1993.

21



Signals

-30 L L L L )

Figure 1: Discrete polynomial signal and noisy discrete polynomial in Example 1.
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Figure 3: Absolute estimation errors in noisy case.
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Figure 4: Absolute estimation errors in noise fee case (numerical errors).
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