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Abstract: In this paper, a super twisting based step-by-step observer for a DC series motor
is proposed. In this context, an observability analysis is performed, revealing an observability
singularity at zero current. In order to overcome this problem we propose the joint use of an
estimator and an observer. The entire system is validated, by means of simulations, in the
context of a sensorless speed control.

1. INTRODUCTION

Among the electrical machines used in industry, the DC
motor is one of the simplest because it is governed by
continuous voltages and currents. In addition, it presents a
great flexibility since it can be configured in several differ-
ent ways, depending on the connection between stator and
armature windings. These configurations present different
characteristics, allowing the machine to be adapted to the
constraints of its specific application.

In this work, we consider the DC series motor, in which the
field circuit is connected in series with the armature circuit.
Two advantages arise from this electrical connection: on
the one hand, only one static converter (e.g. controlled
rectifier) is needed; on the other hand, the electromagnetic
torque produced is proportional to the square of the
current (under linear electromagnetic flux conditions). For
this reason, DC series motors are used in applications
where high starting torques are needed, such as trains,
elevators, hoists; or to produce high torque at slow speeds
in applications such as dragline excavation or oil drilling.

The mathematical model of the DC series motor is non-
linear, which inspired the application of different control
techniques, ranging from open loop to nonlinear tech-
niques. In Santana et al. [2002] and [Siller-Alcalá et al.,
2011] two open-loop strategies are presented, based on
PWM and nonlinear predictive techniques, respectively;
in the context of closed-loop control strategies we found
techniques such as fuzzy tuned PI controllers (Iracleous
and Alexandridis [1995a]), singular perturbation approach
(Iracleous and Alexandridis [1995b]), feedback lineariza-
tion design (Chiasson [1994], Mehta and Chiasson [1998]),
backstepping method (Burridge and Qu [2003], Dongbo
[2008]) and the application of port-controlled Hamiltonian
systems equivalence (Iracleous [2009]).

In order to implement closed-loop control techniques, the
speed is usually measured by means of mechanical sensors,

which implies higher economical costs and increases the
complexity of the system. In addition, in some applica-
tions, mechanical components are subject to very harsh
conditions, in which the speed sensor is susceptible to
failure. These reasons leads us to consider replacing them
with some speed estimation technique.

DC series motors present an observability singularity at
zero current, so special attention must be paid when es-
timating the speed near this condition. In Boizot et al.
[2007a], Boizot et al. [2007b] and Boizot [2010], the authors
propose the application of Adaptive Extended and High-
Gain Extended Kalman filters in the observable zone, and
compare their performances with those of the Extended
Kalman Filter; nevertheless, no solution is given to deal
with the observability singularity and no sensorless con-
trol is implemented. In Chiasson [1994] and Mehta and
Chiasson [1998], a nonlinear observer (with linear error
dynamics) is presented, showing that sensorless control
of the DC machine is feasible. However, no approach is
provided to deal with the observer singularity.

In this work, we present preliminary results of a speed
sensorless control for the DC series machine. Firstly, a
mathematical model is developed in section 2. In section
3 an observability analysis is performed, revealing an ob-
servability singularity at zero current. In the observable
zone, a step-by-step observer (Floquet and Barbot [2007])
based on second order sliding modes differentiators (Lev-
ant [1998]) is designed in section 4, taking advantage of
its good properties such as finite time convergence, ro-
bustness, and design simplicity with respect to noise (see
Angulo et al. [2012]). Near the observability singularity,
we propose a simple estimator in section 5, which allows
the system to work properly near zero current. In section
6 we validate the association observer/estimator in the
context of a sensorless speed control, based on classical
proportional-integral (PI) techniques, by means of com-



puter simulations. At last, we present the conclusion and
perspectives in section 7.

2. MATHEMATICAL MODEL

In the DC series motor, the field and armature windings
are connected in series. The dynamics of the current of this
circuit is given by:

d (Lai+ φf (i))

dt
= −(Rf +Ra) i− e+ v (1)

with e = Km φf (i)ω, where:

• La is the inductance of the armature winding,
• φf (i) is the flux created by the field circuit,
• Rf and Ra are the field and armature circuit resis-
tances, respectively,

• e is the back electromotive force (back EMF)
• Km is the back EMF constant,
• ω is the angular speed in rad/s,
• v is the voltage applied to the machine.

In this work, the flux φ(i) is considered to be linear, hence,
it can be modeled as follows:

φf (i) = Lf i (2)

where Lf is the inductance of the field circuit. Under this
assumption, equation (1) can be rewritten as follows:

L
di

dt
= −R i−KmLf i ω + v (3)

with R = Ra +Rf and L = La + Lf .

On the other hand, we have the mechanical subsystem,
whose dynamics is given by:

J
dω

dt
= Γem −B ω − ΓL (4)

where

• J is the moment of inertia,
• B is the viscous friction,
• Γem is the electromagnetic torque developed by the
machine and

• ΓL is the load torque.

The electromagnetic torque is given by the following
equation:

Γem = Kφ(i) i (5)

where K is the torque constant. Under the assumption of
ideal electromechanical energy conversion, and considering
linear flux (equation (2)) we can write:

ei = Γemω
KmLf i

2ω = K Lf i
2ω

(6)

hence
K = Km (7)

Replacing (5) to (7) in (4) gives:

J
dω

dt
= Γem −Bω − ΓL (8)

The model of the DC series motor is obtained rewriting
(3) and (8) as follows:











di

dt
=

1

L
(−Ri−KmLf iω + v)

dω

dt
=

1

J

(

KmLf i
2 −Bω − ΓL

)

(9)

Remark 1. ΓL is considered as a perturbation.

2.1 Per unit model

Model (9) is expressed in SI units. In order to facilitate
the comparison of variables, we propose the per unit
model, whose quantities have no units. Furthermore, all
the nominal values become 1, so the absolute value of the
new variables are less than 1 most of the time. This per
unit system is given by the following scale:

• input :

vpu =
v

Vnom
(10)

• states :














ipu =
i

Inom

ωpu =
ω

ωnom

(11)

• perturbation :

ΓLpu =
ΓL

ΓLnom
(12)

Then, system (9) becomes:














dipu
dt

=
1

L

(

−Ripu −KmLfωnomipuωpu +
Vnom

Inom
vpu

)

dωpu

dt
=

1

J

(

KmLfI
2
nom

ωnom
i2pu −Bωpu −

Γnom

ωnom
ΓLpu

)

(13)

3. OBSERVABILITY ANALYSIS OF THE DC SERIES
MOTOR

For a reminder of nonlinear observablity in the electrical
motor context see, for example, Zaltni et al. [2010], section
II. In this section we recall the rank criterion given by
Hermann and Krener [1977]. To do this, we first introduce
the Lie-Bäcklund derivatives (see Fliess et al. [1999]),
noted as:



































































































Lfh =
∂h

∂x
f

L2
fh =

∂Lfh

∂x
f +

∂Lfh

∂u
u̇

L3
fh =

∂L2
fh

∂x
f +

∂L2
fh

∂u
u̇+

∂L2
fh

∂u̇
ü

...

Ln−1
f h =

∂Ln−2
f h

∂x
f +

n−2
∑

i=1

∂Ln−2
f h

∂u(i−1)
u(i)

...

Lp
fh =

∂Lp−1
f h

∂x
f +

p−1
∑

i=1

∂Lp−1
f h

∂u(i−1)
u(i)

(14)

where u(i) is the i′th derivation of u, and p is a natural
number which may be greater than n.

Criterion 1. (Rank criterion)
Given a system

Σ :

{

ẋ = f(x) + g(x)u
y = h(x)

(15)

it is locally regularly weakly observable at x0 if:



rank(Jc) = rank

























dh
dLfh
dL2

fh
...

dLi
fh
...

dLn−1
f h








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

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x0

= n (16)

Remark 2. Regularity implies that n derivations of the
output (rows of matrix Jc) suffice for the systems Σ to
be observable.

Considering the following equivalences, the model of the
DC series motor (system (9)) can be written in the form
(15):

x =

[

x1

x2

]

=

[

i
ω

]

, (17)

u =

[

u1

u2

]

=

[

v
ΓL

]

, (18)

f(x) =

[

f1(x)
f2(x)

]

=







−
R

L
x1 −

KmLf

L
x1x2

KmLf

J
x2
1 −

B

J
x2






, (19)

g(x) =

[

g1(x)
g2(x)

]

=

[

1/L
1/J

]

, (20)

h(x) = x1 (21)

Remark 3. The output y = h(x) = x1 is the measured
output (i.e. the current).

We now determine the matrix Jc, given in equation (16).
The first row is given by:

dh(x) =

[

∂h

∂x1
,
∂h

∂x2

]

= [1, 0] (22)

To determine the second row we need first to calculate
Lfh:

Lfh =

[

∂h

∂x1
,
∂h

∂x2

]

·

[

f1(x)

f2(x)

]

= f1(x) (23)

therefore

dLfh =

[

∂f1(x)

∂x1
,
∂f1(x)

∂x2

]

(24)

From (22) and (24) we obtain:

Jc =







1 0

∂f1(x)

∂x1

∂f1(x)

∂x2






(25)

The determinant of Jc is:

det(Jc) =
∂f1(x)

∂x2
= −

KmLf

L
x1 (26)

which is different from zero iif x1 6= 0. According to
the rank criterion, the DC series motor is locally regularly
observable for x1 6= 0. At zero current, the observability
cannot be determined by the rank criterion.

4. OBSERVER DESIGN

In this section we propose a step-by-step super twisting
algorithm (see Floquet and Barbot [2007] for an overview

of this algorithm) to estimate, in finite time, the speed
(ωpu) and the load torque (ΓLpu). We distinguish two
stages in this design: stage 1 and stage 2, where speed and
load torque observations are accomplished, respectively.

4.1 Stage 1: speed observation

This stage is associated to the current dynamics (first
equation of system (13)). We propose the following change
of coordinates to linearize this equation:



















z1 = ipu

z2 = −
KmLfωnom

L
ipu ωpu

z3 = −
ΓLnom

Jωnom
ΓLpu

(27)

So the dynamics of the current (z1) is as follows:

ż1 = −
R

L
z1 + z2 +

Vnom

LInom
vpu (28)

which is now linear. We propose the first observation stage:






˙̂z1 = −
R

L
z1 + z̃2 +

Vnom

LInom
vpu + λ1|e1|

1/2 sign(e1)

˙̃z2 = α1 sign(e1)

(29)
where e1 = z1− ẑ1, and λ1, α1 ∈ R are tuning parameters.
From (28) and (29) we obtain the error dynamics:

{

ė1 = z2 − z̃2 − λ1|e1|
1/2 sign(e1)

˙̃z2 = α1 sign(e1)
(30)

which is the error dynamics of a super-twisting algorithm
(see Levant [1998]). If z2 is a differentiable function with
Lipschitz constant C1, the following conditions assure that
e1 and ė1 converge, in a finite time T1, to zero (see
Saadaoui et al. [2006] for a proof of the convergence and
an estimation of T1):







α1 > C1

λ1 >

√

2

α1 − C1
(α1 + C1)

(31)

Therefore, after a finite time T1, z̃2 converges to z2.
Note that the change of coordinates needed to obtain
the speed (see next section) presents a singularity at
z1 = 0, therefore, the observer cannot be synthesized at
zero current.

4.2 Stage 2: load torque observation

This stage is associated to the speed dynamics (second
equation of system (13)). A new change of coordinates is
proposed:















χ1 = z1

χ2 = −
L

KmLfωnom

z2
z1

if z1 6= 0

χ3 = z3

(32)

In this coordinate system the speed dynamics is:

χ̇2 =
KmLfI

2
nom

Jωnom
χ2
1 −

B

J
χ2 + χ3 (33)

We propose the following observer:





















˙̂χ2 = E1

(

KmLfI
2
nom

Jωnom
χ2
1 −

B

J
χ̃2 + χ̃3

+λ2|e2|
1/2 sign(e2)

)

˙̃χ3 = E1α2 sign(e2)

(34)

with e2 = χ2 − χ̃2, and E1 defined as follows:
{

E1 = 1 if |e1| ≤ ε

E1 = 0 otherwise
(35)

where ε is a sufficiently small positive constant. Once the
first stage has converged, E1 = 0 and χ̃2 ≈ χ2. Under
these conditions the error dynamics become:

{

ė2 ≈ χ3 − χ̃3 − λ2|e2|
1/2 sign(e2)

˙̃χ3 = α2 sign(e2)
(36)

As in the previous subsection, equation (36) corresponds
to the super twisting error dynamics, and χ̃3 is proven to
converge to χ3 in a finite time T2, for χ3 differentiable with
Lipschitz constant C2, under the following conditions:







α2 > C2

λ2 >

√

2

α2 − C2
(α2 + C2)

(37)

The speed and load torque estimations are given, respec-
tively, by

ω̂pu = χ̂2 (38)

and

Γ̂Lpu = −
JΓnom

ωnom
χ̂3 (39)

5. ESTIMATOR

In order to prevent the observer to work near the observ-
ability singularity, we suggest the use of the following speed
estimator:

˙̂ωpu = −
1

τest
ω̂pu (40)

where τest is the mechanical time constant. This estimator
will provide a good speed estimation only in the case where
this parameter is well approximated. However, even in the
case of bad parameter approximation, this allows us to
“simulate” a deceleration in the case of zero current.

5.1 Switching between estimator and observer modes

The switching between estimator and observer modes is
given by a condition over the current value. We establish
a threshold Ithr such that:

• if |ipu| > Ithr the speed estimation is done in observer
mode,

• if |ipu| ≤ Ithr the speed estimation is done in estima-
tor mode.

6. SIMULATION RESULTS

The presented observer/estimator scheme has been sim-
ulated in a sensorless speed control context. The motor
nominal values and its parameters are shown in table 1.
The implemented control is a classical PI, whose param-
eters are given in table 2. The observer parameters are
given in table 3.

˙̂ωpu ∫

− 1
τest

ω̂pu

|ipu| ≤ Ithr?ipu

˙̂χ2

Fig. 1. Switching scheme between observer and estimator
modes

Table 1. Motor nominal values and parameters

Variable Nominal value

Unom 220V
Inom 15A
ωnom 104.72 rad/s (1000RPM)
Γnom 27Nm

Parameter Value

Ra 0.6Ω
Rf 1.8Ω
La 1mH
Lf 220mH
Km 0.12
B 0.02Nms
J 0.2Nms2

Table 2. PIs parameters

Parameter PI speed PI current

kp 0.2 20
Ti 0.2 0.01

Table 3. Observer parameters

Parameter Speed stage Torque stage

α 1000 7
λ 70 5
ε – 10−4

6.1 Case 1: loaded motor

This case is presented in figure 2. The observed variables,
ω̂pu and Γ̂Lpu, converge at about 4 seconds. At this
moment, a load torque ΓL of nominal value is applied.
It can be seen that Γ̂Lpu exhibits a properly following of
this perturbation, and that the overall system performs
correctly.

The convergence of the observed speed can be seen in
detail in figure 3. At zero seconds, when the observer
starts running, ω̃pu exhibits a “peak” as a consequence
of the proximity to the observability singularity (zero
current). After that, it presents a negative peak during
a few milliseconds. This effects, as well as the chattering
(inherent to ω̃pu), are smoothed in the second stage of the
observer. The speed observation issued from this stage, i.e.
ω̂pu, is then chattering-free and minimizes the destabilizing
effects of ω̃pu. This can also be seen in the second zoom,
where the load torque is applied.
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Fig. 3. Sensorless control of the loaded motor. Detail on
the speed.

Table 4. Estimator parameters

Parameter Value

τ 10s
Ithr 0.001 (pu)

6.2 Case 2: unloaded motor

When no load is coupled to the motor, it is easy to
operate at zero or near-zero current. This situation may
arrive while decelerating the machine, for example. As we
have seen, the speed observer will not work properly (or
not at all) under these conditions. An example of such
a situation is shown in figure 4, where ω̂pu takes values
higher than 1 when the current is zero. In order to avoid
this, an estimator is proposed to complement the observer.
Its parameters are presented in table 4. Now, the last
simulation is rerun in the presence of the estimator (figure
5). This time, ω̂pu follows ωpu when the system works near
(or in) the observability singularity, while ω̃pu diverges.
Note that, when ω̂pu is less than ωref , the control increases
the current to accelerate the motor. This brings the system
out from the observability singularity, then the system
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Fig. 4. Sensorless speed control performance at zero cur-
rent in the absence of estimator
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Fig. 5. Sensorless speed control performance at zero cur-
rent in the presence of estimator

switches to observer mode. This causes ω̃pu to converge
to ωref , as we can see at about 12 seconds.

Remark 4. τest was chosen to be equal to the mechanical
time constant of the motor (B/J). In practice this param-
eter may be unknown. In this case, τest should be chosen to
be less than B/J , which allows the estimator to simulate
faster decelerations. Otherwise, the control would not be
regained when ωpu ≈ ωref but when ω̂pu ≈ ωref , which
yields to larger transient currents and accelerations. Both
situations have been simulated to illustrate this. In figure
6 the time constant τest is 5 seconds, while in figure 7 is 20
seconds. Note that in the second case the transient current
in much higher when the control is regained.

7. CONCLUSION AND PERSPECTIVES

In this work a sensorless speed control for a DC series
motor was presented. An observability analysis revealed
an observability singularity at zero current. This led us
to design an observer/estimator approach. The proposed
observer is based on second order sliding mode techniques,
whose excellent properties such as finite time converge,
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Fig. 6. Sensorless speed control for estimator with τest = 5s
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Fig. 7. Sensorless speed control for estimator with τest =
20s

robustness, and design simplicity with respect to noise are
well known. On the other hand, the estimator operates at
zero (or near zero) current, providing a speed estimation
when it is unobservable. Practical considerations for the
estimator design were pointed out, as well. The whole
scheme was validated by means of simulations.

Our ongoing work focus on the practical implementation,
experimental results, and on the stability proof of the
proposed sensorless control.
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