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Chapter 3
Time Granularity

Jerome Euzenat & Angelo Montanari

A temporal situation can be described at different levelshstraction depending on the ac-
curacy required or the available knowledge. Time granylaeih be defined as the resolution
power of the temporal qualification of a statement. Providirfigrmalism with the concept
of time granularity makes it possible to model time inforioatwith respect to differently
grained temporal domains. This does not merely mean thatamese different time units,
e.g., months and days, to represent time quantities in auarflgt temporal model, but it
involves more difficult semantic issues related to the prbbdf assigning a proper meaning
to the association of statements with the different tempdoatains of a layered temporal
model and of switching from one domain to a coarser/finer oneh@&n ability of providing
and relating temporal representations at different “glauels” of the same reality is both
an active research theme and a major requirement for marigagigns (e.g., integration of
layered specifications and agent communication).

After a presentation of the general requirements of a mudtirglar temporal formalism,
we discuss the various issues and approaches to time griagnpeoposed in the litera-
ture. We focus our attention on the main existing formali$onsepresenting and reasoning
about quantitative and qualitative time granularity: teetheoretic framework developed
by Bettini et al.[Bettini et al, 2004 and the logical approach systematically investigated by
Montanari et al[Montanari, 1996; Franceschet, 2§@@r quantitative time granularity, and
Euzenat's relational algebra granularity conversion afpes[ Euzenat, 200l1for qualitative
time granularity. We present in detail the achieved resulesoutline the open issues, and
we point out the links that connect the different approachethe last part of the chapter, we
describe some applications exploiting time granularity] we briefly discuss related work
in the areas of formal methods, temporal databases, andmiaitzg .

3.1 Introduction

The usefulness of the addition of a notion of time granulantrepresentation languages
is widely recognized. As an example, let us consider the pnold&providing a logical
specification of a wide-ranging class of real-time reactiys&ems whose components have
dynamic behaviors regulated by very different — even by rdé magnitude — time con-
stants @ranular systemsor short) [Montanari, 1996 This is the case, for instance, of a
pondage power station that consists of a reservoir, withdilind emptying times of days
or weeks, generator units, possibly changing state in a fearsks, and electronic control
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devices, evolving in milliseconds or even ld€orsettiet al, 19914. A complete specifi-
cation of the power station must include the description ebéthcomponents and of their
interactions. A natural description of the temporal eviolubf the reservoir state will prob-
ably use days: “During rainy weeks, the level of the reservairéases 1 meter a day”. The
description of the control devices behavior may use micosds: “When an alarm comes
from the level sensors, send an acknowledge signal in 50 sgcomds”. We say that sys-
tems of such a type hawhfferent time granularitieslt is not only somewhat unnatural, but
also sometimes impossible, to compel the specifier of thesterns to use a unique time
granularity, microseconds in the previous example, to ril@sthe behavior of all the com-
ponents. For instance, the requirement that “the fillinghef teservoir must be completed
within m days” can be hardly assumed to be equivalent to the requiretina “the filling of
the reservoir must be completed withimicroseconds”, for a suitable(we shall discuss in
detail the problems involved in such a rewriting in the nextiem). Since a good language
must allow the specifier to easily and precisely describeyatem requirements, different
time granularities must be a feature of a specification laggudor granular systems.

A complementary point of view on time granularity is also gibte: besides an important
feature of a representation language, time granularitybmariewed as a formal tool to
investigate the definability of meaningful timing propesj such as density and exponential
grow/decay, as well as the expressiveness and decidabiligngdoral theoriegMontanari
et al, 1999. In this respect, the number and organization of layerglgims. multiple,
finite vs. infinite, upward unbounded vs. downward unboundéthe underlying temporal
structure plays a major role: certain timing propertiesloaexpressed using a single layer;
others using a finite number of layers; others only explgitin infinite number of layers. In
particular, finitely-layered metric temporal logics canused to specify timing properties of
granular systems composed by a finite number of differegitfyned temporal components,
which have been fixed once and for all-layered temporal structures). Furthermore, if
provided with a rich enough layered structure, they sufficddal with conditions like
holds at all even times of a given temporal domain” that cafmeoexpressed using flat
propositional temporal logicEEmerson, 1990(as a matter of fact, a-layered structure
suffices to capture the above conditiony-layered metric temporal logics allow one to
express relevant properties of infinite sequences of statesa single temporal domain
that cannot be captured by using flat or finitely-layered terablogics. This is the case,
for instance, of conditions likep‘holds at all time<?, for all natural numbers, of a given
temporal domain”.

The chapter is organized as follows. In Section 3.2, we inttedhe general require-
ments of a multi-granular temporal formalism, and then weudis the different issues and
approaches to time granularity proposed in the literatlwé&ections 3.3 and 3.4, we illus-
trate in detail the two main existing formal systems for esggnting and reasoning about
guantitative time granularity: the set-theoretic framewfor time granularity developed
by Bettini et al. [Bettini et al, 2004 and the logical approach systematically explored by
Montanari et al[Montanari, 1996; Franceschet, 2002n Section 3.5, we present the re-
lational algebra granularity conversion operators preddsy[Euzenat, 200ito deal with
qualitative time granularity and we briefly describe the agpnation framework outlined
by Bittner [Bittner, 2003. In Section 3.6, we describe some applications exploitinggti
granularity, while in Section 3.7 we briefly discuss relatedkvdrhe concluding remarks
provide an assessment of the work done in the field of timeuyagity and give an indication
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of possible research directions.

3.2 General setting for time granularity

In order to give a formal meaning to the use of different timengilarities in a representa-
tion language, two main problems have to be solved: the fipadlon of statements with
respect to time granularity and the definition of the linkslsen statements associated with

a given time granularity, e.gdays and statements associated with another granularity, e.g.,
microsecond$Montanari, 1998 Sometimes, these problems have an obvious solution that
consists in usinglifferent time units— say, months and minutes — to measure time quanti-
ties in auniqgue modelln most cases, however, the treatment of different timegeaities
involves more difficult semantic problems. Let consider,ifstance, the sentence: “every
month, if an employee works, then he gets his salary”. Itddea formalized, in a first-order
language, by the following formula:

Vtm, emp(work(emp, t,,) — get_salary(emp,ty,)),

with an obvious meaning of the used symbols, once it is statgdiie subscript: denotes
the fact that is measured by the time unit ofonths

Another requirement can be expressed by the sentence: “doyaepmust complete every
received job within 3 days”. It can be formalized by the forenul

Vtq, emp, job(get_job(emp, job, ts) — job_done(emp, job,tq + 3)),

where the subscript denotes that is measured by the time unit days

Assume now that the two formulas are part of the specificatfidhesame office system.
We need a&ommon moddior both formulas. As done before, we could choose the finest
temporal domain, i.e., the set of (times measuredday)s as the common domain. Then,
a term labeled byn would be translated into a term labelédy multiplying its value by
30. However, the statement “every month, if an employee wdhes) he gets his salary”
is clearly different from the statement “every day, if an éogpe works, then he gets his
salary”. In fact, working for a month means that one workf»days in the month, whereas
getting a monthly salary means that there is one day when daé¢tgesalary for the month.
Similarly, stating that “every day of a given month it rairddes not mean, in general, that
“it rains for all seconds of all days of the month”. On the canyr if one states that “a car
has been moving for three hours at a speed greater than 30rikdmowe, he usually means
that for all seconds included in the considered three hdwsar has been moving at the
specified speed. The above examples show that the intefprstaf temporal statements
are likely to change when switching from one time granulantgmother one. The addition
of the concept of time granularity is thus necessary to atbow to build granular temporal
models by referring to the natural scale in any componenhefrhodel and by properly
constraining the interactions between differently-grdicemponents.

Further difficulties arise from thg/nchronization problemf temporal domainECorsetti
et al, 19914. Such a problem can be illustrated by the following examp@&snsider the
sentence “tomorrow | will eat”. If one interprets it in the daim of hours, its meaning is that
there will be several hours, starting from the next midnigftiluhe following one, when it
will be true that | eatno matter in which hour of the present day this sentence isngdi
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Thus, if the sentence is claimed at 1 a.m., it will be true thatat” at some hourswhose
distanced from the current hour is such that 23 d < 47. Instead, if the same sentence
is claimed at 10 p.m. of the same daywill be such that 2< d < 26. Consider now the
sentence “dinner will be ready in one hour”. If it is inter@@tin the domain of minutes,
its meaning is that dinner will be ready in 60 minuttarting from the minute when it is
claimed Therefore, if the sentence is claimed at minute, say, 185p0f a given hour, it
will be always true that “dinner is ready” at a minutevhose distancé from the current
minute isexactly60 minutes. Clearly, the two examples require two diffesmmhantics.

Thus, when the granularity concept is applied to time, we galyeassume a set of
differently-grained domains (or layers) with respect to whibe situations are described
and some operators relating the components of the muki-idescription. The resulting
system will depend on the language in which situations are taddéhe properties of the
layers, and the operators. Although these elements are Ihotrfdependent, we first take
into consideration each of them separately.

3.2.1 Languages, layers, operators

The distinctive features of a formal system for time grarityalepend on some basic deci-
sions about the way in which one models the relationships legtilee representations of a
given situation with respect to different granularity lag.er

Languages. The first choice concerns the language. One possibility isstothe same
language to describe a situation with respect to differesmglarity layers. As an example,
the representations associated with the different layeraisa the same temporal logic or
the same algebra of relations. In such a way, the repregamaif the same situation at
different abstraction levels turn out to hemogeneoud\nother possibility is to use different
languages at different levels of abstraction, thus prowgjai set ohybrid representations of
the same situation. As an example, one can adopt a metricsegedion at the finer layers
and a qualitative one at the coarser ones.

Layers. Any formal system for time granularity must feature a numietitberent (gran-
ularity) layers. They can be either explicitly introducegdrbeans of suitable linguistic prim-
itives or implicitly associated with the different repretaions of a given situation.

Operators. Another choice concerns the operators that the formal systestencompass
to deal with the layered structure. In this respect, one magenprovision for at least two
basic operators:

contextualization to select a layer;
projection to move across layers.

These operators are independent of the specific formaligntan adopt to represent and to
reason about time granularity, that is, each formalism maistehow support such operators.
They are sufficient for expressing fundamental questiomsnaruld like to ask to a granular
representation:
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e converting a representation from a given granularity totl@oone (how would a
particular representation appear under a finer or coaraaugarity?);

e testing the compatibility of two representations (is it gibte that they represent the
same situation under different granularities?);

e comparing the relative granularities of two representeti@which is the coarser/finer
representation of a given situation?).

Internal vs. external layers. Once the relevance of these operators is established, it must
be decided if the granularity applies within a formalism aass formalisms. In other terms,

it must be decided if an existing formalism will be extendedwifiese new operators or if
these operators will be defined and applied from the outsidepi@sentations using existing
formalisms. Both these alternatives have been explordtkifiterature:

e Some solutions propose an internal extension of existimpdtisms to explicitly
introduce the notion of granularity layer in the represtotes (see Sections 3.4.1
and 3.4.4Ciapessonét al., 1993; Montanari, 1996; Montanagt al., 1999), thus al-
lowing one to express complex statements combining grabulaith other notions.
The representations of a situation with respect to diffeggahularity layers in the
resulting formalism are clearly homogeneous.

e Other solutions propose an external apprehension which alimesto relate two
descriptions expressed in the same formalism or in diftef@malisms (see Sec-
tions 3.3, 3.4.3, and 3 Euzenat, 1995b; Fiadeiro and Maibaum, 1994; Franceschet,
2002; Franceschet and Montanari, 2D0Z his solution has the advantage of preserv-
ing the usual complexity of the underlying formalism, asdaino additional complex-
ity is introduced by granularity.

3.2.2 Properties of languages

The whole spectrum of languages for representing time pted@mnthis book is available for
expressing the sentences subject to granularity. Here witytpp@@nt out some alternatives
that can affect the management of granularity.

Qualitative and quantitative languages. There can be many structures on which a tem-
poral representation language is grounded. These stasctan be compared with that of
mathematical spaces:

set-theory when the language takes into account containment (i.e. egtharship);
topology when the language accounts for connexity and convexity;

metric spaceswhen the language takes advantage of a metric in order to iGut rela-
tionship (distance) between temporal entities.

vector spaceswhen the language considers alignment and precedence (\wglndréo an
alignment). As far as time is considered as totally ordefeelptder comes naturally.
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A quantitative representation language is generally adagg which embodies proper-
ties of metric and vector spaces. Such a language allows qrectcsely define a displace-
ment operator (of a particular distance along an axis). Aigtige representation language
does not use a metric and thus one cannot precisely stateosit@p of objects. For in-
stance, Allen’s Interval Algebra (see Chapter 1) considetion® from vector (before) and
topological (meets) spaces.

Expressive power. The expressive power of the languages can vary a lot (thisiésitr
general for classical temporal representation languagesChapter 6). It can roughly be:

exact and conjunctive when each temporal entity is localized at a particular knowsi-po
tion (e is ten minutes afteb) and a situation is described by a conjunction of such
sentences;

propositional when the language allows one to express conjunction and dtgunof
propositional statementsg (s before or afteb); this also applies to constrained po-
sitions of entities 4 is between ten minutes and one hour afjer

first-order when the language contains variables which allow one to gyanter the enti-
ties (there exists time lapin between: andb);

“second-order” when the language contains variables which allow one to dfyamiier
layers (there exists a laygrunder whicha is afterb).

3.2.3 Properties of layers

As it always happens when time information has to be managedipstam, the properties
of the adopted model of time influence the representatiore dibktinctive feature of the
models of time that incorporate time granularity is the d¢s@xce of a sef of temporal
domains. Such a set is callégimporal universend the temporal domains belonging to it
are called (temporalpyers Layers can be either overlapping, as in the casBagfs and
Wor ki ng Days, since every working day is a day (cf. Section 3.3), or digjoas in the
case ofDays andWeeks (cf. Section 3.4).

Structure of time. It is apparent that the temporal structure of the layers énftes the
semantics of the operators. Different structures can olslydee used. Moreover, one can
either constrain the layers to share the same structure altaw different layers to have
different structures.

For each layefl” € 7, let < be a linear order over the set of time pointsl/in We confine
our attention to the following temporal structures:

continuous T is isomorphic to the set of real numbers (this is the usuarrpretation of
time);

dense between every two different points there is a point

Ve,yeTzeT(z<y—ax<z<y);
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discrete every point having a successor (respectively, a predeQdsznan immediate one

VeeT(JyeT(z<y)—TzeT(a<zAVw e T ~(x <w<2)))A
FyeT(y<z)—IzeT(z<zAVweT (2 <w<1)))).

Most formal systems for time granularity assume layers taliserete, with the possible
exception of the most detailed layer, if any, whose tempdrattire can be dense, or even
continuous (an exception [Endriss, 2008. The reason of this choice is that each dense
layer is already at the finest level of granularity, and ibak any degree of precision in
measuring time. As a consequence, for dense layers one nstingdish granularity from
metric, while, for discrete layers, one can define granylamiterms of set cardinality and
assimilate it to a natural notion of metric. Mapping, say,ea & rational numbers into
another set of rational numbers would only mean changinguttieof measure with no
semantic effect, just in the same way one can decide to tesgaometric facts by using,
say, kilometers or centimeters. If kilometers are meashyadtional numbers, indeed, the
same level of precision as with centimeters can be achievedh®contrary, the key point
in time granularity is that saying that something holds fibdays in a given interval does
not imply that it holds at every second belonging to the waklCorsettiet al., 19914. For
the sake of simplicity, in the following we assume each laydrddaliscrete.

Global organization of layers. Further conditions can be added to constrain the global
organization of the set of layers. So far, layers have beesidered as independent rep-
resentation spaces. However, we are actually interested iparamy their grains, that is,
we want to be able to establish whether the grain of a given limyfner or coarser than
the grain of another one. It is thus natural to define an orglation<, calledgranularity
relation, on the set of layers @f based on their grains: we say that a layeis finer (resp.
coarser) than a layér’, denoted byl" < 7" (resp.T7’ < T), if the grain ofT is finer (resp.
coarser) than that af’. There exist at least three meaningful cases:

partial order = is a reflexive, transitive, and anti-symmetric relationmdegers;

(semi-)lattice < is a partial order such that, given any two lay&tg”’ € 7, there exists a
layerT AT’ € T suchthal’ AT’ < T andT AT’ < T', and any other layeF” with
the same property is such thét < T'AT”;

total order < is a partial order such that, for all, 7" € 7, eitherT = T’ or T < T" or
T <T.

We shall see that the set of admissible operations on laygrsmdis on the structure ef
Beside the order relatior, one must consider the cardinality of the getEven though

a finite number of layers suffices for many applications,gleist significant properties that

can be expressed only using an infinite number of layers @xtié 3.4.2). As an example,

an infinite number of arbitrarily fine (discrete) layers makepossible to express properties

related to temporal density, e.g., the fact that two statesliatinct, but arbitrarily close.

Pairwise organization of layers. Even in the case in which layers are totally ordered,
their organization can be made more precise. For instancsjder the case of a situation
described with respect to the totally ordered set of graitidaincludingyear s, nont hs,
weeks, anddays. The relationships between these layers differ a lot. Sutérdnces can
be described through the following notions:
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homogeneity when the (temporal) entities of the coarser layer consigit@same number
of entities of the finer one;

alignment when the entities of the finer layer are mapped in only oneyeotithe coarser
one.

These two notions allow us to distinguish four differentesas

year-month the situation is very neat between years and months sinceyeackcontains
the same number of months (homogeneity) and each month igedamto only one
year (alignment);

year-week a year contains a various number of weeks (non homogeneityg aveek can
be mapped into more than one year (non alignment);

month-day while every day is mapped into exactly one month (alignmeh& number of
days in a month is variable (hon homogeneity);

working week-day one can easily imagine working weeks beginning at 5 o’clockiomn-
days (this kind of weeks exists in industrial plants): whilemgvweek is made of
the same duration or amount of days (homogeneity), someataysiapped into two
weeks (non alignment).

How the objects behave. There are several options with regard to the behavior of the
objects considered by the theories. The objects can

persist when they remain the same across layers (in the logical gettiis is modeled by
the Barcan formula);

change categorywhen, moving from one layer to another one, they are transgdrimto
objects of different size (e.g., transforming intervaltimpoints, or vice versa, or
changing an object into another of a bigger/lower dimensier,Section 3.6.4);

vanish when an object associated with a fine layer disappears in aszaars.

3.2.4 Properties of operators

The operator that models the change of granularity ipthgctionoperator. It relates the
temporal entities of a given layer to the correspondingtiestiof a finer/coarser layer. In
some formal systems, it also models the change of the irpon context from one layer
to another. The projection operator is characterized byrabau of distinctive properties,
including:

reflexivity (see Section 3.5.2 self-conservation p. 105 and Sectioh 8.85) constrains an
entity to be able to be converted into itself;

symmetry (see Section 3.5.2 inverse compatibility p. 106 and Se&idri p. 85) states that
if an entity can be converted into another one, then thiedathtity can be converted
back into the original one;
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order-preservation (for vectorial systems, see Section 3.3 p. 69, Section $.5195, and
Section 3.4.1 p. 86) constrains the projection operatqusdserve the order of entities
among layers;

transitivity (see below) constrains consecutive applications of priojectperators in any
“direction” to yield the same result as a direct projection;

oriented transitivity (see Section 3.5.2 p. 106 and Section 3.4.1 downward treitysii 85
and upward transitivity p. 86) constrains successive apfiins of projection opera-
tors in the same “direction” to yield the same result as actipeojection;

downward/upward transitivity (see Section 3.4.1 pp. 85-86 afiuzenat, 1998 con-
strains two consecutive applications of the projectiorraues (first downward, then
upward) to yield the same result as a direct downward or upmanjection;

Some properties of projection operators are related tovsgrproperties of layers:

contiguity (see Section 3.4.1 p. 86), or “contiguity-preservationfstrains the projections
of two contiguous entities to be either two contiguous (s€fentities or the same
entity (set of entities);

total covering (see Section 3.3 p. 69 and Section 3.4.1 p. 86) constraitslager to be
totally accessible from any other layer by projection;

convexity (see Section 3.4.1 p. 86) constrains the coarse equivdiamt entity belonging
to a given layer to cover a convex set of entities of such arjaye

synchronization (see Sections 3.3 and 3.4.1), or “origin alignment”, caing the origin
of a layer to be projected on the origin of the other layers tialled synchronization
because it is related to “synchronicity” which binds all tagdrs to the same clock;

homogeneity (see Section 3.4.1 p. 86) constrains the temporal entiti@given layer to be
projected on the same number of entities of a finer layer;

Such properties are satisfied when they are satisfied by adl players.

3.2.5 Quantitative and qualitative models

In the following we present in detail the main formal systemstifoe granularity proposed
in the literature. We found it useful to make a distinctiotvieen quantitative and qualita-
tive models of time granularity. Quantitative models aresdblposition temporal entities (or
occurrences) within a metric frame. They have been obtainleahfing either a set-theoretic
approach or a logical one. In contrast, qualitative modedsacterize the position of tempo-
ral entities with respect to each other. This charactednas often topological or vectorial.
The main qualitative approach to granularity is of algebreiture.

The set-theoretic approach is based upon naive set thedrglgebra. According to it,
the single temporal domain of flat temporal models is regldiyea temporal universe, which
is defined as a set of inter-related temporal layers, whichii tppon its finest layer. The
finest layer is a totally ordered set, whose elements are thkestitemporal units relevant to
the considered applicatiogl{ronons according to the database terminold@yreson and
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Snodgrass, 1994; Jensenal, 1994); any coarser layer is defined as a suitable partition of
this basic layer. To operate on elements belonging to the dayer, the familiar Boolean
algebra of subsets suffices. Operations between elementgbelao different layers re-
quire a preliminary mapping to a common layer. Such an ampraaiginally proposed by
Clifford and Rao in[Clifford and Rao, 198B has been successively refined and generalized
by Bettini et al. in a number of papeiBettini et al,, 200d. In Section 3.3, we shall describe
the evolution of the set-theoretic approach to time graityl&rom its original formulation

up to its more recent developments.

According to the logical approach, the single temporal donwdi (metric) temporal
logic is replaced by a temporal universe consisting of aipbsfinite set of inter-related
differently-grained layers and logical tools are providedualify temporal statements with
respect to the temporal universe and to switch temporalmstaits across layers. Log-
ics for time granularities have been given both non-classiad classical formalizations.
In the non-classical setting, they have been obtained bgndittg metric temporal log-
ics with operators for temporal contextualization and prtgs [Ciapessonet al., 1993;
Montanari, 1996; Montanari and de Rijke, 199&s well as by combining linear and branch-
ing temporal logics in a suitable waffranceschet, 2002; Franceschet and Montanari, 2003;
Franceschet and Montanari, 2Q04n the classical one, they have been characterized in
terms of (extensions of) the well-known monadic second-dittearies oft successors and
of their fragment$Montanari and Policriti, 1996; Montanagt al., 1999; Franceschet al.,
2009. In Section 3.4, we shall present in detail both approaches.

The study of granularity in a qualitative context is presénn Section 3.5. It amounts
to characterize the variation of relations between tempartiies that are induced by gran-
ularity changes. A number of axioms for characterizing gfarity conversion operators
have been provided ifEuzenat, 1993; Euzenat, 1995ahich have been later shown to be
consistent and independdiauzenat, 200l Granularity operators for the usual algebras of
temporal relations have been derived from these axioms. enatpproach to characteriz-
ing granularity in qualitative relations, associated witheav way of generating systems of
relations, has recently come to liglRittner, 2002. The relations between two entities are
characterized by the relation (in a simpler relation setjvben the intersection of the two
entities and each of them. Temporal locations of entitiestlaen approximated by subsets
of a partition of the temporal domain, so that the relatiommeen the two entities can itself
be approximated by the relation holding between their afiprated locations. This relation
(that corresponds to the original relation under the coagsnularity) is obtained directly
by maximizing and minimizing the set of possible relations.

3.3 The set-theoretic approach

In this section, we present several contributions to theldpmeent of a general framework
for time granularity coming from both the area of knowledgeséd systems and that of
database systems. We qualify their common approach abesatetic because it relies on a
temporal domain defined as an ordered set, it builds gratiataby grouping subsets of this
domain, and it expresses their properties through setaetaénd operations over sets. Inthe
area of knowledge representation and reasoning, the additia notion of time granularity
to knowledge-based systems has been one of the most effattivepts at dealing with the
widely recognized problem of managing periodic phenomewna.r€levant set-theoretic ap-
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proaches to time granularity are the formalism of collatgspressions proposed by Leban
et al. [Lebanet al, 1984 and the formalism of slice expressions developed by Niezette
and StevennfNiézette and Stevenne, 19921 the database area, time granularity emerged
as a formal tool to deal with the intrinsic characteristicxalendars in a principled way.
The set-theoretic approach to time granularity was orifyirmoposed by Clifford and Rao
[Clifford and Rao, 198Bas a suitable way of structuring information with a tempoialeh-
sion, independently of any particular calendric systerd, &ter, it has been systematically
explored by Bettini et al. in a series of papéBettini et al, 1998a; Bettiniet al, 1998b;
Bettini et al, 1996; Bettiniet al, 1998c; Bettiniet al, 1998d; Bettiniet al, 200d. As a
matter of fact, the set-theoretic framework developed hjifdest al. subsumes all the other
ones. In the following, we shall briefly describe its distimetfeatures. A comprehensive
presentation of it is given itBettini et al., 2004

3.3.1 Granularities

The basic ingredients of the set-theoretic approach to tjraaularity have been outlined
in Clifford and Rao’s work. Even though the point of view okthuthors has been largely
revised and extended by subsequent work, most of theirnadigntuitions have been pre-
served.

The temporal structure they propose is a temporal univenssisting of a finite, totally
ordered set of temporal domains built upon some base disd¢otally ordered, infinite set
which represents the smallest observable/interestinguimts.

Let T° be the chosen base temporal domain. A temporal univErise finite sequence
(T, T*,...,T") such that, fori,j = 0,1,...,n, if i # j, thenT* N T’ = (), and, for
i=0,1,...,n—1,T"" is a constructed intervallic partition df’. We say thafl"*" is a
constructed intervallic partition 6f’ if there exists a mapping:™* : 7' — 27" which
satisfies the following two properties: (i) "' (z) is a (finite) convex subset @f’ (convexity)

, and (i) U, cpisa )7 (z) = T (total covering). If we add the conditions that, for each
x € TH ¢ (z) # 0 and, for every paie, y € T+, with z # i (2) Nyl (y) = 0,
the temporal domaiff**!, under the mapping.™, can be viewed as a partition @.
Furthermore, the resulting mappilt;@+1 allows us to inherit a total order @f‘*! from the
total order of7™ as follows (order-preservation). Given a finite closed iraéssof 177, let
first(S) andlast(S) be respectively the first and the last elementafith respect to the
total order ofT™. A total order of "1 can be obtained by stating that, for ally € T+,

x < yifand only if last(yi ™! (z)) < first(vit (y)).

In [Bettini et al,, 1998c; Bettiniet al., 1998d; Bettiniet al, 200d, Bettini et al. have
generalized that simple temporal structure for time grarityl The framework they propose
is based on ime domainT, <), thatis, a totally ordered set, which can be dense or discrete
A granularity g is a function from an index sef, to the powerset of such that:

Vi,j,k € Iy(i <k <jng(i)#DNg(j) #0= g(k)#0) (conservation)
Vi.jel,i<j=Vxeg(i)Vyeg(y)z<y) (order preservation)

Typical examples of granularities are the business weekshwhip week numbers to
sets of five days (from Monday to Friday) and ignore compjethturday and Sunday.
1, can be any discrete ordered set. However, for practical reasonl without loss of
generality, we shall consider below that it is eitheor an interval ofN.



70 Jéréme Euzenat & Angelo Montanari

The origin of a granularity isgo = g(min<(I,)) and itsanchoris a € gy such that
Vo € go(a < x). Theimageof a granularityg is I'm(g) = Uier,g(i) and itsextentis
Ext(g) ={x €T :3a,b € Im(g)(a <z <b)}. Two granuleg(7) andg( j) are said to be
contiguousf and only if Az € T'(g(7) < z < g(4)).

3.3.2 Relations between granularities

One of the important aspects of the work by Bettini et al. isdb#nition of many different
relationships between granularities:

g Jh=Vj ey, 35 C I (h(j) = Uiesy(i)) (9 groups intoh)
g=h=Viel,3j5€ I)(g(i) C h(y)) (g is finer thanh)
gC h=Viel, 35 € In(g(i) = h(y)) (g is a subgranularity of)
g h=3keNViel(g()=h(i+k)) (g is shift-equivalent tar)
g<handg < h (g partitionsh)

gCh = I'm(g) C Im(h) (g is covered byh)

g < hand3r,p e Zt(r < |I| AVi € I (h(i) = Uk _y9(jz)

ARG +7) £ 0= h(i+7) = U _gg(j. +p)))
(g groups periodically intG)

Apart from the case of shift-equivalence, all these defingistate, in different ways, that

is a more precise granularity than As an example, the groups into relation groups together
intervals ofg. In fact, it can groups a subset of the elements within thevatebut in such a
case the excluded elements cannot belong to any other grafthle less precise granularity.
Finer than requires that all the granulesyadre covered by a granule a6f Soh can group
granules ofg, but never forget one. However, it can introduce granuleswiea¢ not taken
into account by (between tway-granules). Sub-granularity can only do exactly that,(i.e.
it cannot groupg-granules). Shift-equivalence is, in spirit, the relatioolding between
two granularities that are equivalent up to index renamiiigs here restricted to integer
increment. Partition, as we shall see below, is the easyviraheelationship in which the
less precise granularity is just a partition of the granofebe more precise one.

Itis noteworthy that all these relationships consider @atigned granularities, that is, the
granules of the more precise granularity are either presenfforgotten, but never broken,
in the less precise one.

These relations are ordered by strength as below.

Proposition 3.3.1.  Vh,g(g Ch =g < h = gCh)

It also appears that the shift-equivalence is indeed thgre@mce relation induced by the
subgranularity relation.

Proposition 3.3.2. Vh,g(g < hiff g C handh C g)

It is an equivalence relation and if we consider the quotienb§granularity modulo shift-
equivalence, thef but also=< and< define partial orders (and thus partition as well) and
C is still a pre-order.
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3.3.3 Granularity systems and calendars

For the purpose of using the granularities, it is more coigrério study granularity systems,
i.e., sets of granularities related by different constsain

A calendaris a setS of granularities over the same time domain that includesaawyr
larity ¢ such thatvh € S(g < h). Considering sets of granularities in which items can be
converted, there are four important design choices:

The choice of the absolute time sedl dense, discrete or continuous.

Restriction on the use of the index seff it is common to all granularities, otherwise, the
restriction hold between them; the authors offer the choatevéenN or N*. More
generally, the choice can be done among index sets isontdiptiiese.

Constraints on the granularities no gaps within a granule, no gaps between granules, no
gaps on left/right (i.e., the granularity covers the wholenda), with uniform extent.

Constraints between granularities which can be expressed through the above-defined re-
lationships.

They define, as their reference granularity frame Gle@eral Granularity on Realsy:
e Absolute time is the s&k;

e index setisNT;

e no restrictions on granules;

e no two granularities are in shift-equivalent.

Two particular unitgjT andg, can be defined such that:

, " N LT ifi=1

Vi€ N, 91(i) = dandgr(i) = {@ otherwise.

It is shown[Bettini et al., 1994 that under sensible assumptions (namely, order-presamvat

or convexity-contiguity-totality), the set of units is dtlae with respect to< in which g+

(resp.g.) is the greatest (resp. lowest) element]Bettini et al., 2004, it is proved that this

applies to any granularity system having no two granulafiijt-equivalence (i.e 5= ().

This is important because any granularity system can beaeqniet! by shift-equivalence.
Finally, two conversion operators on the set of granuksitire defined. Thepward

conversiorbetween granularities is defined as:

J if 3j € In(g(i) < h(5));
undefined otherwise.

Vielg,T};i:{

Notice that the upward operator is thus only defined in thenaligcase expressed by the
“finer than” relationship.

Proposition 3.3.3.if g < h, thenTg is always defined.
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Thedownward conversiohetween granularities is defined as:

_ , ik if h(j) = Ut 1g(a);
viehlj=1"8 U) = oy g)
undefined otherwise.
The result is thus the set of elements coveredifj). Obviously, here the “groups into”
relation between the granularities ensures the totalith@ftiownward conversion.

Proposition 3.3.4.if g < h, thenlg is always defined.

3.3.4 Algebra for generating granularities

As it is usual in the database tradition, the authors invattighe many ways in which
granularities can be freely generated by applying operatio other granularities. This
can be used for defining the free generated system from a besefgranularities over the
same temporal domain and a set of operations. With theseatiges will naturally come
corresponding conversion operators.

Two set of operations are identified: grouping (or grouiotéd) operations, which
create a granularity by grouping granules of another geaityl and selection (or granule-
oriented) operations, which create a granularity by selgaranules of another granularity.

These operations are informally described below. Intetkstaders must refer [Bettini
et al, 2004 which adds new notions (label-aligned subgranularities¥doilitating their
introduction.

Grouping operations are the following:

group,(g) groupsm granules of a granularityinto one granule of granularigy-oup,, (g);

altery’, (g,9') modifies granularity such that any*” granule having: additional granules
of ¢’ (¢’ must partitiorng, k can be negative);

shift,,(g) creates a granularity shift-equivalentgdanodulom,;

combine(g, h) creates a new granularity whose granules group granule$efonging to
the same granule af;

anchor — group(g, h) creates a new granularity by adding to each granulealf follow-
ing granules of; before the next granule éf

Selection operations are the following:
subset? (g) selects the granules gfwhose index are between andn;
select — up(g, h) selects the granules gfthat contain at least one granulefof
select — downl (g, h) selects thé granules of starting with thek'” in each granule of;

select — by — intersect! (g, h) selects the: granules ofy starting with the/*” in each or-
dered set of granules intersecting any granulk;of

union(g, h), intersection(g, h), dif ference(g, h) are defined as the corresponding oper-
ations on the set of granules of two subgranularities of #imeesreference granularity.
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A consequence of the choice of these operations is that theatqus never create finer
granularities from coarser ones (they either group grarfolea coarser granularity or select
a subset of the granules of one existing granularity). This loe applied, for instance,
generating many granularities starting with #®cond granularity (directly inspired from
[Bettini et al., 200Q):

m nut e = groupgo(second)

hour = groupgo(m nut e)
USEast hour = shift_s(hour)
day = groupss(hour)

week = groupr(day)

busi - day = select — down? (day,week)

125400 125100 1254
nont h = alteryy1s.309,1(day, alteryy1s.09 1 (day, alteryys, 5 1 (day,

alter{i _,(day,altery® | (day,alterg” (day,alter;> ,(day,

altery”_s(day, groups(day))))))
year = groupiz(mont h)
academ cyear = anchor — group(day,
select — by — intersect}(busi - day, select — downg(mont h)

As a matter of fact, these granularities can be generated aracontrolled way. Indeed,
the authors distinguish three layers of granularities:

Ly containing the bottom granularity and all the granulasitiétained by applyingroup,
alter, andshi ft on granularities of this layer;

L including L; and containing all the granularities obtained by applyin@set, union,
intersection, anddi f ference on granularities of this layer and selections with first
operand belonging to this layer;

L3 including L, and containing all the granularities obtained by applyingbine on gran-
ularities of this layer andnchor — group with the second operand on granularities
of this layer.

Granularities ofL, are full-integer labelled granularities, those lof may not be labelled
by all integers, but they contain no gaps within granules. s€haspects, as well as the
expressiveness of the generated granularities, are igatsi in depth in[Bettini et al,,
200d.

3.3.5 Constraint solving and query answering

Wang et al.[Wanget al, 1995 have proposed an extension of the relational data model
which is able to handle granularity. The goal of this work igake into account possible
granularity mismatch in the context of federated databases

An extended temporal model is a relational database in which egple is timestamped
under some granularity. Formally, it is a set of tables sinett €ach table is a quadruple
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(R, ¢, T,g) such thatR is a set of tuples (a relational tablg)is a granularityg : N — 27
maps granules to tuples,; R — 2% maps tuples to granules such thiate R, t € ¢(i) =
ier(t)andVi e Nyie7(t) =t € ¢(3).

In [Bettini et al., 200d, the authors develop methods for answering queries in dsg¢aba
with granularities. The answers are computed with regard totingses tied to the databases.
These hypotheses allow the computation of values betweenueaessive timestamps. The
missing values can, for instance, be considered constargigpence) or interpolated with a
particular interpolation function. These hypotheses alsoly to the computation of values
between granularity.

The hypothesed{) provide the way to compute the closufel() of a particular database
(D). Answering a query against a database with granularitiesnd hypothesed consists

in answering the query against the closure of the datati_ageké q)- Instead of computing
this costly closure, the authors proposesdduce the database with regard to the hypotheses
(i.e., to find the minimal database equivalent to the initia¢ modulo closure) and to add to
the query formulas allowing the computation of the hypoteese

The authors also define quantitative temporal constraitiéfaetion problems under
granularity whose variables correspond to points and aeckbelled by an integer interval
and a granularity. A pair of point&, ¢') satisfies a constraititn, n]g (with m,n € Z and
g a granularity) if and only iff9 ¢t and 19 ¢’ are defined andh < | 19 t— 19 /| < n.
These constraints cannot be expressed as a classical TESEl{apter 7). As a matter of
fact, if the constrainf0 0] is set on two entities under the hour granularity, two pasiatssfy
it if they are in the same hour. In terms of seconds, the pwstshould differ from 0 to
3600. However|0 3600] under the second granularity does not corresponds to thaati
constraint since it can be satisfied by two points in differeurs.

The satisfaction problem for granular constraint satisfacis NP-hard (while STP is
polynomial)[Bettini et al, 1996. Indeed the modulo operation involved in the conversions
can introduce disjunctive constraints (or non convexiBgr instance, next business day is
the convex constrainfX 1]), which converted in hours can yield the constrir4]| Vv [49 72]
which is dependent on the exact day of the week.

The authors propose an arc-consistency algorithm comfideteonsistency checking
when the granularities are periodical with regard to some comfimer granularity. They
also propose an approximate (i.e., incomplete) algoritlynitdrating the saturation of the
networks of constraints expressed under the same gragwad then converting the new
values into the other granularities.

The work described above mainly concerns aligned systenggasfularity (i.e., sys-
tems in which the upward conversion is always defined). Thisotsalways the case, as
the week/month example illustrates it. Non-aligned graiitylaas been considered by sev-
eral authors. Dyreson and collaboratfidyreson and Snodgrass, 19#fine comparison
operators across granularities and their semantics (thvisrs the extended comparators of
[Wanget al, 1995): comparison between entities of different granularitias be consid-
ered under the coarser granularity (here coarser is the aaffggoups into” above and thus
requires alignment) or the finer one. They define upward amehd@rd conversion opera-
tors across comparable granularities and the conversiogsg&non-comparable granularities
is carried out by first converting down to the greatest lowemuoand then up (assuming the

greatest lower bound exists and thus that the structure isex k;emi—lattice);LgAg/ TgAg/ x.

Comparisons across granularities (with both semanticsjnapéemented in terms of the
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conversion operators.

3.3.6 Alternative accounts of time granularity

The set-theoretic approach has been recently revisiteéxtedded in several directions. In
the following, we briefly summarize the most promising ones.

An alternative string-based model for time granularities baen proposed by Wijsen
[Wijsen, 2000. It models (infinite) granularities as (infinite) words oegralphabet consist-
ing of three symbols, namel® (filler), OJ (gap), and: (separator), which are respectively
used to denote time points covered by some granule, to deinmtepoints not covered
by any granule, and to delimit granules. Wijsen focuses tienton on (infinite) period-
ical granularities, that is, granularities which are lefubhded and, ultimately, periodically
groups time points of the underlying temporal domain. Réc@ granularities can be iden-
tified with ultimately periodic strings, and they can be fihiteepresented by specifying a
(possibly empty) finite prefix and a finite repeating patteka.an example, the granularity
Busi ness\Week HNEEE[ 1 BEEEEEC]. ... can be encoded by the empty prefix
and the repeating pattcEEEEEI;. Wijsen shows how to use the string-based model to
solve some fundamental problems about granularities, asthe equivalence problem (to
establish whether or not two given representations defingatime granularity) and the mini-
mization problem (to compute the most compact representafia granularity). In particu-
lar, he provides a straightforward solution to the equiveéeproblem that takes advantage of
a suitablealigned formof strings. Such a form forces separators to occur immdgiafter
an occurrence o, thus guaranteeing a one-to-one correspondence betwesmagiaes
and strings.

The idea of viewing time granularities as ultimately perastrings establishes a natural
connection with the field of formal languages and automata. iaraaton-based approach
to time granularity has been proposed by Dal Lago and MonitéamébDal Lago and Mon-
tanari, 200}, and later revisited by Bresolin et al. iBresolinet al., 2004; Dal Lagcet al,,
2003a; Dal Lageet al., 2003. The basic idea underlying such an approach is simple: we
take an automatosl recognizing asingle ultimately periodic wordu € {OJ, M, «}* and
we say thatA represents the granularity if and only if u representss. The resulting
framework views granularities as strings generated by aifspetass of automata, called
Single-String Automata (SSA), thus making it possible toyse)well-known results from
automata theory. In order to compactly encode the redunen€tthe temporal structures,
SSA are endowed with counters ranging over discrete finite deniBxtended SSA, ESSA
for short). Properties of ESSA have been exploited to effitjesolve the equivalence and
the granule conversion problems for single time graniésiDal Lagoet al., 20034. The
relationships between ESSA and Calendar Algebra have betemstscally investigated by
Dal Lago et al. i Dal Lagoet al, 20033, where a number of algorithms that map Calendar
Algebra expressions into automaton-based representaifdirae granularities are given.
Such an encoding allows one to reduce problems about Calétgelora expressions to
equivalent problems for ESSA. More generally, the operalfifiavor of ESSA suggests an
alternative point of view on the role of automaton-basedesgntations: besides a formal-
ism for the direct specification of time granularities, an&ia can be viewed as a low-level
formalism into which high-level time granularity specificats, such as those of Calendar
Algebra, can be mapped. This allows one to exploit the bendflistt formalisms, using
a high level language to define granularities and their ptagsein a natural and flexible
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way, and the automaton-based one to efficiently reason difvmmt Finally, a generalization
of the automaton-based approach from single periodicaluagities to (possibly infinite)
sets of granularities has been proposed by Bresolin et 8Brigsolinet al, 2004. To this
end, they identify a proper subclass of Biichi automatdéed#&litimately Periodic Automata
(UPA), that captures regular sets consisting of only ultinygteriodic words. UPA allow
one to encode single granularities, (possibly infinite} sEtgranularities which have the
same repeating pattern and different prefixes, and setsaolutarities characterized by a
finite set of non-equivalent patterns, as well as any possitebination of them.

The choice of Propositional Linear Temporal Logic (Proiosal LTL) as a logical
tool for granularity management has been recently advddateCombi et al. ifCombiet
al., 2004. Time granularities are defined as models of Propositiomalformulas, where
suitable propositional symbols are used to mark the endpoingranules. In this way, a
large set of regular granularities, such as, for instaregggating patterns that can start at an
arbitrary time point, can be captured. Moreover, problagkesdhecking the consistency of a
granularity specification or the equivalence of two grarity@xpressions can be solved in a
uniform way by reducing them to the validity problem for Posfiional LTL, which is known
to be in PSPACE. An extension of Propositional LTL that reptapropositional variables
by first-order formulas defining integer constraints, exg.=; y, has been proposed by
Demri in [Demri, 2004. The resulting logic, denoted by PLT12¢(Past LTL with integer
periodicity constraints), generalizes both the logicarfework proposed by Combi et al. and
the automaton-based approach of Dal Lago and Montanaritatidws one to compactly
define granularities as periodicity constraints. In pattc, the author shows how to reduce
the equivalence problem for ESSA to the model checking graldbr PLTL™°?(-automata),
which turns out to be in PSPACE, as in the case of PropositicFial The logical approach
to time granularity is systematically analyzed in the neadt®n, where various temporal
logics for time granularity are presented.

3.4 The logical approach

A first attempt at incorporating time granularity into a logli formalism is outlined in
[Corsettiet al,, 1991a; Corsettet al, 1991H. The proposed logical system for time granu-
larity has two distinctive features. On the one hand, it ed$ahe syntax of temporal logic
to allow one to associate different granularities (tempgdoanains) with different subformu-
las of a given formula; on the other hand, it provides a setasfdiation rules to rewrite a
subformula associated with a given granularity into a cgwasling subformula associated
with a finer granularity. In such a way, a model of a formula imirgy different granularities
can be built by first translating everything to the finest gitarity and then by interpreting
the resulting (flat) formula in the standard way.

A major problem with such a method is that there exists no adst@hway to define
the meaning of a formula when moving from a time granularitgriother one. Thus, more
information is needed from the user to drive the translatibthe (sub)formulas. The main
idea is that when we state that a predigateolds at a given time point belonging to the
temporal domairf’, we mean thap holds in a subset of the interval corresponding: tim
the finer domairf”. Such a subset can be the whole interval, a scattered sequfesmaller
intervals, or even a single time point. For instance, satfiag “the light has been switched
on at timex,,;,”, where x,,;, belong to the domain of minutes, may correspond to state
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that a predicatswitchingonis true at the minute;,,,;,, and exactly at one second ©f,., .
Instead, saying that an employee works at thexdagenerally means that there are several
minutes, during the day,, where the predicat@ork holds for the employee. These minutes
are not necessarily contiguous. Thus, the logical systest provide the user with suitable
tools that allow him to qualify the subset of time intervalgtee finer temporal domain that
correspond to the given time point of the coarser domain.

A substantially different approach is proposed @iapessonget al., 1993; Montanari,
1994; Montanari, 1996 where Montanari et al. show how to extend syntax and sensantic
of temporal logic to cope with metric temporal propertiesgioly expressed at different
time granularities. The resulting metric and layered teraptwgic is described in detalil
in Subsection 3.4.1. Its distinctive feature is the coexise of three different operators: a
contextual operator, to associate different granularitvih different (sub)formulas, a dis-
placement operator, to move within a given granularity, apdcgection operator, to move
across granularities.

An alternative logical framework for time granularity hashedeveloped in the classi-
cal logic settinglMontanari, 1996; Montanari and Policriti, 1996; Montangirial., 1999.

It imposes suitable restrictions to languages and strestfor time granularity to get de-
cidability. From a technical point of view, it defines vargotheories of time granularity as
suitable extensions of monadic second-order theoriéssofccessors, with > 1. Monadic
theories of time granularity are the subject of Subsectid?3

The temporal logic counterparts of the monadic theoriegwé granularity, called tem-
poralized logics, are briefly presented in Subsection 3 #h& way back from the classical
logic setting to the temporal logic one passes through ajinai class of automata, called
temporalized automata.

A coda about the relationships between logics for time gimityland interval temporal
logics concludes the section.

3.4.1 A metric and layered temporal logic for time granularity

Original metric and layered temporal logics for time granityéhave been proposed by Mon-
tanari et al. in[Ciapessonét al, 1993; Montanari, 1994; Montanari, 1996\e introduce
these logics in two steps. First, we take into consideratieir purely metric fragments in
isolation. To do that, we adopt the general two-sorted fraonkygroposed ifMontanari,
1996; Montanari and de Rijke, 19R&vhere a number of metric temporal logics, having
a different expressive power, are defined as suitable coitidiirsaof a temporal compo-
nent and an algebraic one. Successively, we show how flatartetriporal logic can be
generalized to a many-layer metric temporal logic, emheglttie notion of time granular-
ity [Montanari, 1994; Montanari, 1996 We first identify the main functionalities a logic
for time granularity must support and the constraints it traadisfy; then, we axiomati-
cally define metric and layered temporal logic, viewed as tiralination of a number of
differently-grained (single-layer) metric temporal logj and we briefly discuss its logical
properties.

The basic metric component

The idea of a logic of positions (topological, or metric, iggvas originally formulated by
Rescher and GarsdRescher and Garson, 1968; Rescher and Urquhart]19vfRescher
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and Garson, 19d8the authors define the basic features of the logic and they slow to
give it a temporal interpretation. Roughly speaking, negtiemporal) logic extends propo-
sitional logic with a parameterized operatdy, of positional realization that allows one to
constrain the truth value of a proposition at positianif we interpret the parameteras a
displacement with respect to the current position, whichftsrgplicit, we have thatA . q is
true at a positiorr if and only if ¢ is true at a positiory at distancex from z. Metric tem-
poral logics can thus be viewed as two-sorted logics havinly foomulas and parameters;
formulas are evaluated at time points while parameters takees in a suitable algebraic
structure of temporal displacements.[Montanari and de Rijke, 199;7Montanari and de
Rijke start with a very basic system of metric temporal loging they build on it by adding
axioms and/or by enriching the underlying structures. énfttlowing, we describe the met-
ric temporal logic of two-sorted frames with a linear temparaer (MTL); we also briefly
consider general metric temporal logics allowing quantificaover algebraic and temporal
variables and free mixing of algebraic and temporal form(@&MTL).

The two-sorted temporal languager MTL has two components: the algebraic com-
ponent and the temporal one. Given a non-empty4sef constants, lef’(A) be the set
of terms overA, that is, the smallest set such th&tC T'(A), and ifa, § € T(A) then
a+ 8, —a,0 € T(A). The first-order (algebraic) component is built up fr@mA) and
the predicate symbols and <. The temporal component of the language is built up from
a non-empty seP of proposition letters. The set of formulas overand A, F (P, A), is
the smallest set such th&t C F(P, A), and if¢, ¢» € F(P,A) anda € T(A), then—¢,
d A, T (true), L (false), andA, ¢ (and its duaV ¢ := —A,—¢) belong toF (P, A). A,
is called the (parameterizedisplacement operator

A two-sorted framés a tripleF = (7', D; DIS), whereT is the set of (time) points over
which temporal formulas are evaluatddl,is the algebra of metric displacements in whose
domainD terms take their values, afalS C 7' x D x T is an accessibility relation, called
displacement relation, relating pairs of points and disphaents. The components of two-
sorted frames satisfy the following properties. Fil3tis an ordered Abelian group, that is,
a structurdd = (D, +, —, 0, <), where+ is a binary function of displacement composition,
— is a unary function of inverse displacement, @nd the zero displacement constant, such
that:

(1) at+ =0+« (commutativity of+);
(i1) a+(B+y)=(a+0)+~ (associativity oft);
(#i4) a+0=a«a (zero element of-);
(iv) a+(—a)=0 (inverse),

and< is an irreflexive, asymmetric, transitive, and linear rielathat satisfies the compara-
bility property iii) below:

(v) —(a < a);
(vi) “(a<fAB<a);
(vid) a<fAB<y—=a<y,

(viid) a<fBVa=pVp<a.
Furthermore, there are two conditions expressing theioekmbetweent and—, and<:

(i) a<f—aty<f+7
(x) a<f——-0<—-a
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As for the displacement relation, we first requid&S to respect the converse operation of
the Abelian group in the following sense:

Symmetry: Vi, 7, a (DIS(4, o, j) — DIS(j, —av, 7).

Furthermore, we requirBIS to be reflexive, transitive, quasi-functional (g-func@édbiior
short) with respect to both its third and second argumenti@tatly connected:

Reflexivity: Vi DIS(3, 0,14);

Transitivity: Vi, j, k, o, 3 (DIS(4, v, ) A DIS(j, 8, k) — DIS(i, e + 3, k));
Q-functionality - 1: Vi, 5, i/, a (DIS(4, o, 7) A DIS(¢, o, ') — § = 57);
Q-functionality - 2: Vi, j, «, 5 (DIS(7, «r, j) A DIS(7, 5, 7) — a = 3);

Total connectednes¥i, j3a DIS(7, «, j).

From the ordering< on the algebraic component of the frames, an ordegngn the tem-
poral component can be defined as follows:

i < j iff forsomea > 0, DIS(i, cv, 7). (3.1)

According to Definition 3.1, we have thatandj are «-related if there exists a positive
displacement between them. It is possible to showhas a strict linear ordefMontanari
and de Rijke, 1997t is worth noting that, without the properties of quasi-tionality with
respect to the second argument and total connectednessitiDefil does not produce a
strict linear order).

The interpretation of the language ffTL on two-sorted frames based on an ordered
Abelian group is fairly straightforward: the first-orderdabraic) component is interpreted
on the ordered Abelian group, and the temporal componentetethporal domain. Basi-
cally, atwo-sorted framE can be turned into favo-sorted moddby adding an interpretation
for the algebraic terms and a valuation for propositiorelstt An interpretation for algebraic
terms is given by a functiop : A — D that is automatically extended to all terms from
T(A). A valuation is simply a functio®’ : P — 27, We say thatr = 3 (resp.a < f3) is
truein a modelM = (7, D;DIS; V, g) whenever(a) = g(8) (resp.g(«) < g(8)). Truth
of temporal formulas is defined by means of the standard sieraauses for proposition
letters and Boolean connectives, plus the following claoséhfe displacement operator:

M,il- A,¢ iff there existsj such thaDIS(i, g(«),j) andM, j I+ ¢.

Let I" denote a set of formulas. To avoid messy complications we @omgider one-sorted
consequences = ¢; for algebraic formulasl” |= ¢’ means ‘for all modeldV], if M |= I,
thenM [ ¢'; for temporal formulas it means ‘for all modelsl, and time points, if
M, ik I, thenM, i I+ ¢’

The following example shows that the languag®diL allows one to express meaningful
temporal conditions.

Example 3.4.1.Let us consider a communication channel C that collects mesdagan
different source$,, . ..,.S, and outputs them with delay To exclude that two input events
can occur simultaneously, we add the constraint (notice pheventing input events from
occurring simultaneously also guarantees that output essdatnot occur simultaneously):

Vi, j=(in(i) A dn(j) Ai # J),
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which is shorthand for:
=(in(1) Ain(2)) A ... A =(in(n — 1) A in(n)).
The behavior of C is specified by the formula:
Vi (out(i) <> A_sin(i)),
which is shorthand for a finite conjunction.

Validity in MTL can be axiomatized as follows. For the displacement comppoea
takes the axioms and rules of identity, ordered Abelian gspapd strict linear order, to-
gether with any complete calculus for first-order logic. Hue temporal component, one
takes the usual axioms of propositional logic plus the asiom

(AXND) V4(p—q) — (Vap — Vaq) (normality);

(AXSD) p— V,A_4p, (symmetry);
(AXRD) Vop —p (reflexivity);
(AXTD)  Vaqp — Vo Vgp (transitivity);
(AXQD)  Aup — Vap (g-functionality - 1).

Its rules are modus ponens and

(D-NEC) + ¢ =+ V9 (necessitation rule fov ,);

(REP)  F ¢« =t x(¢/p) < x(¥/p)(replacement),
where(¢/p) denotes substitution af for the variablep;

(LIFT) Fa=08 =+ Vap < Vo (transfer of identities).

Axiom (AxN) is the usual distribution axiom; axiom (AxS) expresghat a displacement
« is the converse of a displacementy; axioms (AXR), (AxT), and (AxQ) capture reflex-
ivity, transitivity, and quasi-functionality with respetct the third argument, respectively. A
suitable adaptation of two truth preserving constructimas standard modal logic to the
MTL setting allows one to show there areMdL formulas that express total connectedness
and quasi-functionality with respect to the second arguroémite displacement relation
[Montanari and de Rijke, 1997 The rules (D-NEC) and (REP) are familiar from modal
logic. Finally, the rule (LIFT) allows one to transfer provalalgebraic identities from the
displacement domain to the temporal one.

A derivation in MTLis a sequence of formulas, ..., o, such that each;, with 1 <
1 < n, is either an axiom or obtained from, ..., 0,_1 by applying one of the derivation
rules of MTL. We writekyr_ o to denote that there is a derivationMiTL that ends ins.
It immediately follows that-yy. o = B iff a = [ is provable from the axioms of the
algebraic component only: whereas we can lift algebraic médron from the displacement
domain to the temporal domain using the (LIFT) rule, ther@adsway in which we can
import temporal information into the displacement domais.with consequences, we only
consider one-sorted inferencdst- ¢'.

Theorem 3.4.1.MTL is sound and complete for the class of all transitive, réfke totally-
connected, and quasi-functional (in both the second amd &rgument of their displacement
relation) frames.
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The proof of soundness is trivial. The completeness praoiish more involvedMontanari
and de Rijke, 19917 It is accomplished in two steps: first, one proves compkssiwith
respect to totally connected frames via same sort of gezgbsatbmodel construction; then,
a second construction is needed to guarantee quasi-faatitiowith respect to the second
argument.

Propositional variants dfTL are studied ifMontanari and de Rijke, 1997 As an
example, one natural specializationMfL is obtained by adding discreteness. As in the
case of the ordering, the discreteness of the temporal doneaiessarily follows from that
of the domain of temporal displacements, which is expresgeadefollowing formula:

Va3B,8 (a < BAVY(a <y — (B=7VB<7)A
B <anvs(d<a— (8 =5vE <6))

Proposition 3.4.1. LetF = (T, D; DIS) be a two-sorted frame based on a discrete ordered
Abelian groupD. For all 7, j € T, there exist only finitely manysuch that < k < j.

For some applications, bofiTL and its propositional variants are not expressive enough,
and thus they must be extended. In particular, they lacktifiation and constrain displace-
ments to occur as parameters of the displacement operdtor ©he following example
shows how the ability of freely mixing temporal and displaegmformulas enables one to
exploit more complex ways of interaction between the two dosjaather than to only lift
information from the algebraic domain to the temporal one.

Example 3.4.2. Let us consider the operation of a traffic light controllér[Henzingeret
al., 1994. When the request button is pushed, the controller makes espéah light turn
green within a given time bound after which the light remainsegrfor a certain amount
of time. Moreover, assume thattakes a unit of time to switch the light and that the time
needed for its internal operations is negligible.

We require that” satisfies the following conditions:

(i) whenever a pedestrian pushes the request button (‘stdadrue’), then the light is
green within 5 time units and remains green for at least 10 timtsfthis condition
guarantees that no pedestrian waits for more than 5 time uaitd,that he or she is
given at least 10 time units to cross the road);

(i) whenever request is true, then it is false within 20 tinméts(this condition ensures
that the request button is reset);

(iii) whenever request has been false for 20 time units, tte Is red (this condition should
prevent the light from always being green).

By taking advantage of the possibility of quantifying disy@ment variables and of using
displacement formulas, the behavioKotan be specified by the conjunction of the following
formulas:

request — Jz(0 <z <5AVy(x <y<xz+ 10— V,lightlsGreen);
request — Jz(0 <z <20A A,—requesy;
Vz(0 < z < 20 — V,-request — VylightlsRed

together with a formula stating that at each time point theficdight is either red or green:
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lightlsGreen— — lightlsRed

Different implementations af', all satisfying the given specification, can be obtained by
making different assumptions about the value of temporal paem)ee.g., by varying the
delay between requests and resets. It is worth noting thrat & there are no restrictions on
the frequency of requests, the above specification is apiptepnly if that frequency is low;
otherwise, it may happen that switching the light to red isgletl indefinitely. A solution to
this problem is discussed [Montanari, 1996.

Systems of quantified metric temporal logi@g-MTL for short) are developed iMonta-
nari and de Rijke, 1997 The language oR-MTL extends that oMTL by adding algebraic
variables (and, possibly, temporal variables) and by aligwjuantification over algebraic
(and temporal) variables and free mixing of algebraic fdamwand temporal propositional
symbols.Q-MTL models can be obtained from ordered two-sorted fraFhes(T, D; DIS)
by adding an interpretation functignfor the algebraic terms and a valuati@nfor propo-
sition letters, and by specifying the way one evaluates thiwemulas at time points. An
axiomatic system fo®Q-MTL (we refer to the simplest system of quantified metric temporal
logic; other cases are considered Montanari and de Rijke, 199¥is obtained from that
for MTL by adding a number of axiom schemata governing the beha¥/muantifiers and
substitutions:

(AXF) Va (¢ — ) « Voo — V) (functionality);
(AXEVQ) ¢ — Vx ¢, for z notin¢

(elimination of vacuous quantifiers);
(AxUD)  Va ¢ — ¢(a/x), with « free forz in ¢

(universal instantiation),

the Barcan formula for the displacement operator:

(AXBFD) V& V,¢ — V,Vz ¢, withz &€ o  (Barcan formula fov,,),
wherex € « stands for: # « andx does not occur i,

the axioms relating the algebraic terms and the displaceapsrator (axiom (AxXAD4) can
actually be derived from the other axioms):

(AXAD1) a=p—VaV,a=p; (AXAD2) «a # 8 — VaV,a # [;
(AXAD3) a < f— VaV,a < f; (AXAD4) o £ 8 — VaVa £ 5,
and the rule:

(UG) Fo =FVzo (universal generalization).

The completeness @3-MTL can be proved by following the general pattern of the complete
ness proof foMTL, but the presence of mixed formulas complicates some of ¢ails.
Basically, it makes use of a variant of Hughes and Cresswedthaod for proving axiomatic
completeness in the presence of the Barcan forifilhes and Cresswell, 1958

The addition of time granularity

Metric and Layered Temporal LogidLTL for short) is obtained fronMTL by adding a
notion of time granularityCiapessonet al., 1993; Montanari, 1994; Montanari, 1906n
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the following, we first show how to extend two-sorted framesrtcorporate granularity;
then, we present syntax, semantics, and axiomatizatidtL@L; finally, we briefly describe
the way in which the synchronization problem (cf. Section) 8ah be dealt with itMLTL.

The main change to make to the model of time when moving fkdht to MLTL is
the replacement of the temporal domdinby a temporal universg consisting of a set
of disjoint linear temporal domains/layers, that share the same diplant domainD.
Formally,7 = {T% : i € M}, whereM is an initial segment oN, possibly equal to
N. The setlJ;c s T collects all time points belonging to the different layefs@. 7
is assumed to beotally orderedby the granularity relationr<. As an example, ifl =
{year s,nont hs,weeks, days}, we have thatlays < weeks < nont hs < years.
A finer characterization of the relations among the layeis gmporal universe is provided
by thedisjointednesselation, denoted by, which is quite similar to thgroups-intorela-
tion defined in Section 3.3. It defines a partial order &/ehat rules out pairs of layers like
weeks andnont hs for which a point of a finer layemeeks) can be astride two points of
the coarser onenpnt hs). As an example, givei = {year s, nont hs,weeks, days},
we have thatont hs C year s,days C nont hs, anddays C weeks. This means that
year s are pairwise disjoint when viewed as setsroht hs; the same holds famont hs
when viewed as sets dfays.

The links between points belonging to the same layer are sgpddy means of (a num-
ber of instances of) thdisplacementelation, while those between points belonging to dif-
ferent layers are given by means alecompositiomelation that, for every paif?, T7 € T,
with 77 < T, associates each point ®f with the set of points of / that compose it. We
assume that the decomposition relation turns every poiat T into a set of contiguous
points (decomposition interval) @7 (convexity. This condition excludes the presence of
‘temporal gaps’ within the set of components of a given paastjt happens, for instance,
whenbusi ness nont hs are mapped odays. In general, the cardinalities of the sets
of components of two distinct points y € T with respect tdI'’ may be differentfon
homogeneity This is the case, for instance, with pairs of layers likel nont hs and
days: different months can be mapped on a different number of (29, 30, or 31). In
some particular contexts, however, it is convenient to wortk wémporal universes where,
for every pair of layer§™, T}, with 77 < T, the decomposition intervals have the same car-
dinality (homogeneity For instance, this is the case of temporal universesémpdace eal
nont hs by | egal nont hs, which, conventionally, are 30-days long. We constrain the
decomposition relation to respect the ordering of pointsiwitayers 6rder preservatioh
If T9 c T%, e.g.,seconds andni nut es, then the intervals are disjoint; otherwise, the
intervals can possibly meet at their endpoints, ewgeks andnont hs. We further require
that the union of the intervals &’ associated with the points G covers the whold
(total covering. From order preservation and total covering, it followstttiar all pairs of
layersT?, T7, with TV < T, the decomposition relation associates contiguous pofrifé
with contiguous sets of points d@f; (contiguity). This excludes the presence of ‘temporal
gaps’ between the decomposition intervals of consecutiugpof the coarser layer, as it
happens, for instance, whenisi ness weeks are mapped odays. Finally, we require
that, for everyi, j, k, if 79 c T* c T*, then the decomposition @ into 77 can be ob-
tained from the decomposition @F into 7% and that ofl’* into 77 (downward transitivity.
The same holds faf'* ¢ 77 c T (downward/upward transitivify In the following, we
shall also consider the inverse relationadistraction that, for every paifl'*, 77 € 7T, with
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T3 < T, associates a point € 77 with a pointy € T* if = belongs to the the decompo-
sition of y with respect tdl'/. Every pointz € T can be abstracted into either one or two
adjacent points of . If T7 C T, z is abstracted into a unique poiptwhich is called the
coarse grain equivalerdf = with respect tdr.

Besides the algebraic and temporal componentstefmporal languagdor MLTL in-
cludes acontext sort Moreover, the displacement operator is paired with a canédoper-
ator and a projection operator. Formally, given a non-erspty’ of context constants, de-
noting the layers of the temporal universe, and &sef context variables, the sé{(C'UY)
of context terms is equal 16 U Y. The setl’(A U X ) of algebraic terms denoting temporal
displacements is built up as follows. Ldtbe a set of algebraic constants aXide a set of
algebraic variables'(AU X)) is the smallest set such thatC T(AU X), X C T(AUX),
and ifa, § € T(AU X) thena + 3, —,0 € T(A U X). Finally, given a non-empty set
of proposition lettersP, the set of formulag’ (P, A, X, C,Y) is the smallest set such that
PeF(P,AXCY)ifopve F(P,AXCY),zeX,yeY,cc, " e T(CUY),
anda, 8 € T(X U A), thena = ,a < B, < ', C " =¢, 0 N b, And (@NAV ,,0),
Acp (and its duaNV ¢ := = A°=¢), O (and its duade := =O—¢), Vg, andVye belong
to F(P, A, X,C,Y). A¢is called the (parameterizedpntextual operator When applied
to a formulag, it restricts the evaluation af to the time points of the layer denoted by
c. The combined use ok, and A makes it possible to define a derived operajy of
contextualizedor local) displacementA¢¢ := A°A,¢ (and its duaVi¢ := V°V,¢).

In such a case, the context terncan be viewed as the sort of the algebraic termulti-
sorted algebraic terms < is called theprojection operator When applied to a formulg, it
allows one to evaluate at time points which are descendants (decomposition) orstorse
(abstraction) of the current one. Restrictions to specdfis ef descendants or ancestors can
be obtained by pairing the projection operator with the cantd one.

Thetwo-sorted framdor time granularity is a tuple
F = ((T,<,C),D; DIS,CONT,])

where7 is the temporal universex and C are the granularity and disjointedness rela-
tions, respectivelyD is the algebra of metric displacement3lS = (J,.,, DIS; is the
displacement relationCONT C J,.,, 7" x 7 is the relation of contextualization, and
1€ Usens T % U;ens T s the projection relation? is totally (resp. partially) ordered by
< (resp.C). For every layefl™, the ternary relatioIS; C T* x D x T" relates pairs of
time points inT"? to a displacement iD. We assume that al)IS; satisfy the same proper-
ties. The relatiorCONT associates each time point with the layer it belongs to. Ifuits
generality, such a relation allows one point to belong to ntbha& one layer (overlapping
layers). However, since we restricted ourselves to the caseighwhis totally ordered by
“<’, we assume thal” defines a partition of, ., 7. This amounts to constralilONT to

be a total function with range equalfa The projection relatiof) associates each point with
its direct or indirect descendants (downward projectiom) amcestors (upward projection).
More precisely, for any pair of points, y, | (z,y) means that either downward projects
ony or x upward projection opy. Different temporal structures for time granularity can be
obtained by imposing different conditions on the projettielation. Here is the list of the
basic properties of the projection relation, where we assummiahlesz, i, z to take value
over (subsets of)J,,, T and variables, 3 to take value oveD:
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reflexivity every pointz projects on itself
Vo | (z,x)
uniquenessthe projection relation does not link distinct points bejory to the same layer

Va,y, T (€ T" Ny € T Aa # y) — = [ (2,))

refinement - case Tor any pair of layerd™, 77, with 77 < T, any point ofT"* projects on
at least two points of/

VT T, 2 Jy, 2(T7 < T AN € TH) —
(yeTINzeTI Ny # 2N [ (z,y)A [ (2,2)))

refinement - case Zor any pair of layers™, T7, with 779 < T, and every point: € T°,
there exists at least one pointc 77 such that: projects ony and no other point € T
projects on it

VT T 2 (TP < T Az €T — (y € TVA
Iz, y) AV2((z €T N2 # ) — = [(2,9))))

separation for any pair of layersl’, 77, with 79 c T°, the decomposition intervals of
distinct points ofl" are disjoint

VT4 TI z,y, 2,y (TP cT'Az € TP Ay €T Az # yA
o' €TV Ny € TN (z, & )N [(y,9) — 2" # )

symmetry if = downward (resp. upward) projects ghtheny upward (resp. downward)
projects on:

va,y(] (z,y) —1(y,r))

By pairing symmetry and separation, it easily follows thateweverl/ c T, each point
of the finer layer is projected on a unique point of the coanser@lignmeny.

downward transitivity if 7% ¢ 77 c T*, x € T® projects ony € T7, andy projects on
z € T*, thenz projects onz

VT TI,TF 2y, 2(TF c TV Cc TP ANa € TA
yeTINzeTA (x9N 1 (y,2)) =1 (x,2))

Notice that we cannot substitutefor C in the above formula. Consider a temporal universe
consisting ofmont hs, weeks, anddays. The week from December 29, 2003, to January
4, 2004, belongs to the decomposition of December 2003 (asawelf January 2004) and
the 3rd of January 2003 belongs to the decomposition of suskek, but not to that of
December 2003.

downward/upward transitivity - case 1if 77 ¢ T* c T*, = € T* projects ony € 77, and

y projects onz € T*, thenz projects onz

VT TI TR 2y, 2((T7 Cc TF Cc TP ANa € TA
yeTInzeTEA T (z,9)A [(y,2)) —1(x,2))
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As in the case of downward transitivity, we cannot substitut®r C in the above formula.
Consider a temporal universe consistingyefar s, nont hs, andweeks. The week from

December 29, 2003, to January 4, 2004, belongs both to thergexsition of the year 2003
(as well as of the year 2004) and to the decomposition of thetmoinJanuary 2004, but
such a month does not belong to the decomposition of the V8.2

order preservation the linear order of layers is preserved by the projectioatiah. For

every pairT?, T7, the projection intervals are ordered, but they can pogsitget (weak

order preservation)

VT4 T z,y, 2y (x € TPAy e TP ANa' € TI ANy € TIN
T2\ (g, y)he<y) — (@ <y V' =y))

wherez < y iffforsome i € M and a > 0, DIS;(z, o, y). Weak order preservation
encompasses both the case of two months that share a weelearaséhof two months that
belong to the same year.

From refinement (cases 1 and 2), symmetry and weak order padiser, it follows that,
for any pair of layers™, T, with T7 < T, any point of7 projects on either one or two
points of T (abstractior). Moreover, from refinement (case 2), symmetry, and weakrorde
preservation, it follows that it is never the case that, gisag pair of layers’™, T4, with
T7 < T, two consecutive points @/ are both projected on the same two pointd 6f

If 77 c T, the projection intervals of the elementsTof over7” are ordered and disjoint,
that is, we must substituté < 3’ for 2’ < vy’ vV 2’ = ¢’ (strong order preservation
convexity for any ordered pair of layerg®, T7 (eitherT* < T7 or T7 < T"), the projection
relation associates any point®f with an interval of contiguous points @¥

VT TI vy, w, 2(x €T Ay eTINz€ T/ Aw e TIN
y <<wAw <L 2N [(z,y)A [ (2, 2) =1 (2, w))

In some situations, the layers of the temporal universe eassBumed to (pairwise) satisfy
the property of homogeneity.

homogeneityfor every pair of (discrete) layers ordered by granulatitg,projection relation
associates the same number of points of the finer layer witly @ént of the coarser one

VT T 2y, 2 2" 3y " (T < T Az € Ti/\j_y eT'AN €eTING € TIN
a' # "N (x, )N T (z,2") = (Y € TI Ny €TV Ny #y'AT (9N T (y,97)))

and

VTi,Tj,x,ly7y'E|x’ (T7 <T' Az € T Ay e T'A
Yy eTNT(y,y)) — (@' € TVA [(z,2")))

Other interesting properties of the projection relation barderived from the above ones,
includingtotal covering contiguity, seriality (any pointz can be projected on any laygf),
upward transitivity(if 7% ¢ T7 c T¢, 2 € T* projects ony € T”, andy projects ore € T%,
thenz projects onz), anddownward/upward transitivity - case(® 77 ¢ T° C T*, x € T*
projects ony € 77, andy projects on: € T*, thenz projects o).

To turn a two-sorted framE into atwo-sorted modeM, we first add the interpretations
for context and algebraic terms, and the valuation for atdemporal formulas. The inter-
pretation for context terms is given by a functibn C UY — 7, that for algebraic terms
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is given by a functiory : A U X — D, which is automatically extended to all terms from
T(A U X). The valuationl for propositional variables is defined asMTL. An atomic
formula of the forma = g (resp.a < f) istruein a modelM = (F;V, g, h) whenever
g(a) = g(B) (resp.g(a) < g(B)). Analogouslyc < ¢’ (resp.c C ¢’) istruein M whenever
h(c) < h(c) (resp.h(c) C h(c")). Next, thetruth of the temporal formulag ¢, A, and

O ¢ is defined by the following clauses:

M,ilk A,¢ iff there existsj such thaDIS(i, g(«), j) andM, j I+ ¢;
M,il- A% iff CONT(i,h(c)) andM, i IF ¢;
M,ilk ¢ iff  there existsj such thaf] (i, 7) andM, j IF ¢.

The semantic clauses for the dual opera®dgs V¢, and<, as well as for the derived opera-
tor A¢, can be easily derived from the above ones. NoteMfai(resp.V©¢) conventionally
evaluates to false (resp. true) outside the contekinally, to evaluate the quantified formula
V¢, withz € X (resp.Vy ¢, with y € Y), at a pointi, we writeg =, ¢’ (resp. h =, 1)

to state that the assignmentandg’ (resp.h andh’) agree on all variables except maybe
(resp.y). We have thatF;V, g, h),i IF Vz ¢ iff (F;V,g’,h),i IF ¢, for all assignmentg’
such thay =, ¢’. Analogously forvy ¢.

The notions of satisfiability, validity, and logical conseace given foMTL can be
easily generalized tMLTL. Furthermore, the layered structure ME TL-frames makes it
possible to define the notions tifcal satisfiability, validity, and logical consequence by
restricting the general notions of satisfiability, valdénd logical consequence to a specific
layer.

The following examples show hoMLTL allows one to specify temporal conditions in-
volving different time granularities (the applicationMf_TL to the specification of complex
real-time systems is discussed Montanari, 199§. In the simplest case (case (IMLTL
specifications are obtained by contextualizing formulad @mposing them by means of
logical connectives. The projection operator is needed wiigplacements over different
layers have to be composed (case (ii)). Finally, contexdadl projection operators can be
paired to specify nested quantifications (cases (iii)}(vi)

Example 3.4.3. Consider the temporal conditions expressed by the follos@rdences:
(i) men work every month and eat every day;
(i) in 20 seconds 5 minutes will have passed from the occoge@f the fault;
(iii) some days the plant works every hour;
(iv) some days the plant remains inactive for several hours;
(v) every day the plantis in production for some hours;
(vi) the plantis monitored by the remote system every minutesoy &our.
They can be expressedMLTL by means of the following formulas:
(1) VZman (VaVT  york(Zman) A Vﬂvgayeat(xman))i

(ii) Aggeondo Aminutesay)¢;
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(i) JaAdwOvhourgork(plant);

(iv) JaAdeyOAhourinactive(plant);

(V) YaViay o Aheurin production(plant);

(Vi) YaVheurgyminutenonitor(remote-system, plant).

As a matter of fact, it is possible to give a stronger interatiein of condition (ii), which is
expressed by the formula:

(i) AgeeondoAmnutesayl AVa(0 < o < 20 — ~Aseeond Aminutegay] t),

The problem of finding an axiomatization of validityNMLTL is addressed ifCiapessoni
et al, 1993; Montanari, 1996 The idea is to pair axioms and rules(6f-)MTL, which are
used to express the properties of the displacement opevrihaespect to every context, with
additional axiom schemata and rules governing the behafibe contextual and projection
operators as well as the relations between these operatothedisplacement one. First,
the axiomatic system fdviILTL must constrain< to be a total order and to be a partial
order that refines, that is, for every pair of contextsc’ we have thatit: C ¢/, thenc < ¢/,
but not necessarily vice versa. Moreover, it must expresdésic logical properties of the
contextual and projection operators:

(AXNC)  V¢(¢p — 1p) — (V¢ — V<) (normality of V©);

(AXNP)  O(¢ — v) — (O¢ — Ogh) (normality of O);

(AXNEC) A¢¢p — ¢ (“necessity” forA°);

(AXIC) VevVep = Veg (idempotency oV ©);
(AXCCD) V¢V, ¢ =V, V< (commutativity of V< andV,,),

together with the rules:

(C-NEC) F ¢ —F Vo (necessitation rule fov©);
(P-NEC) F¢ —F0O¢ (necessitation rule fan).

Notice that the projection operatofsandO behave as the usual modal operators of possi-
bility and necessity, while the contextual operatdrsand V¢ are less standard (a number
of theorems that account for the behavior of the contextpatators are given ifMonta-
nari, 1998). The set of axioms must also include the Barcan formulaHercontextual and
projection operators:

(AXBFC) VxV<¢p — VVze, with x # ¢ (Barcan formula foiv©);
(AXBFP) VzO¢ — OVaxd (Barcan formula fof2),

as well as the counterparts of axioms (AXAD1)-(AxAD4) for the cotuaekoperator. Sim-
ilar axioms must be used to constrain the relationships twentext terms, ordered by
< or C, and the displacement and contextual operators. Finallyadeea number of ax-
ioms that express the properties of the temporal strudtuaéjs, the structural properties of
the contextualization and projection relations. As an eXanthe axiomvcey, ¢z, c3((c3 C

co C cp ANVEOVSg) — VeOvedvee) can be added to constrain the projection re-
lation to be downward transitive. Different classes of stites (e.g., homogeneous and
non-homogeneous) can be captured by different sets of axidnsound axiomatic system
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for MLTL is reported ifMontanariet al., 1994. No completeness proof is given. In princi-
ple, one can try to directly prove it by building a canonicadel forMLTL. However, even
though there seem to be no specific technical problems te stite process of canonical
model construction is undoubtedly very demanding in viethefsize and complexity of the
MLTL axiom system. As a matter of fact, one can follow an altereapproach, based on
the techniqgue proposed by Finger and GabbajFinger and Gabbay, 1996w~hich views
temporal logics for time granularity as combinations of glen temporal logics, and speci-
fies what constraints such combinations must satisfy to gteedhe transference of logical
properties (including completeness results) from the aomept logics to the combined ones.
In Section 3.4.3 we shall present temporal logics for timenglarity which are obtained as
suitable combinations of existing linear and branchinggeral logics.

We conclude the section with a discussion of two classicablpros about granularity
conversions. The first problem has already been pointedtdlie deginning of the section:
given the truth value of a formula with respect to a certairefagan we constrain (and how)
its truth value with respect to the other layers?[Montanari and Policriti, 1996 Monta-
nari and Policriti give an example of a proposition which isetrat every point of a given
layer, and false with respect to every point of another ondolldws that, in general, we
can record the links explicitly provided by the user, but warz#t impose any other con-
straint about the truth value of a formula with respect to @tadifferent from the layer it
is associated with. AccordinglLTL makes it possible to write formulas involving gran-
ularity changes, but the proposed axiomatic systems donmmbse any general constraint
on the relations among the truth values of a formula with ressfedifferent layers. Nev-
ertheless, from a practical point of view, it makes sensed& for general rules expressing
typical relations among truth values. [@iapessonget al, 1993, Ciapessoni et al. introduce
two consistency rules that respectively allow one to prtoggmple MLTL formulas, that
is, MLTL formulas devoid of any occurrence of the displacement,ecdnél, and projec-
tion operators, from coarser to finer layers (downward tempgmojection) and from finer
to coarser ones (upward temporal projection). For any gpain of layersT?,T7, with
T7 < T% any pointz € T and any simple formula, downward temporal projection
states that ity holds atz, then there exists at least opec T7 such that] (z,y) and¢
holds aty, while upward temporal projectiostates that it holds at every, € T such that
] (z,y), theng holds atz. Formally, downward temporal projection is defined by the for
mulaVey, ca(ca C ¢ — V(¢ — OA%2¢)), while upward temporal projection is defined
by the formulavey, ca(ca C ¢ — Ve (OV©2¢ — ¢)). Itis not difficult to show that the
two formulas arénter-deducibld Montanari, 1996 (Downward) temporal projection cap-
tures theweakest semantithat can be attached to a statement with respect to a layer finer
than the original one, provided that the statement is not isti@l In most cases, however,
such semantics is too weak, and additional user qualificeaoe needed. Various domain-
specific categorizations of statements have been proposia iliteraturefRoman, 1990;
Shoham, 1988 which allow one to classify statements according to theivalvéor under
temporal projection, e.g., events, properties, facts, @odesses. IfiMontanari, 1994
Montanari proposes some specializations ofNHE L projection operatot> that allow one
to define different types of temporal projection, distirghing among statements that hold
at one and only one point of the decomposition interpainctua), statements that hold at
every point of such an intervat¢ntinuous and pervasiyestatements that hold over a scat-
tered sequence of sub-intervals of the decompositionvakébounded sequenieand so
on.
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The second problem is the synchronization problem. We dinited this problem in
Section 3.2, where we showed that the interpretations of thenséats “tomorrow | will
eat” and “dinner will be ready in one hour” with respect to a lafjeer than the layer they
explicitly refer to differ a lot. It is not difficult to show #t even the same statement may
admit different interpretations with respect to differenefi layers (a detailed example can
be found inlMontanari, 1999). In general, the synchronization problem arises when &gic
formulas which state that a given fact holds at a pgimtf a layerT? at distancex from
the current point: need to be interpreted with respect to a finer l&ér There exist at
least two possible interpretations for the original forenulith respect tal’? (for the sake
of simplicity, we restrict our attention to facts encoded by@e MLTL formulas, with a
punctual interpretation under temporal projection, and ssume the temporal universe to
be homogeneous). The first interpretation maggesp.y) into an arbitrary point:’ (resp.
y') of its decomposition interval, thus allowing the distarcebetweenz’ andy’ to vary.

If = precedeg, we get the minimum (resp. maximum) value fot whenz’ is the last
(resp. first) element of the decomposition interval:fandy’ is the first (resp. last) element
of the decomposition interval foy. The second interpretation forces the mappingyfor
to conform to the mapping far. As an example, ifr is mapped into the first element
of its decomposition interval, themis mapped into the first element of its decomposition
interval as well. As a consequence, there exists only onelgessilue for the distance’.
The first interpretation can be easily expresseMITL (it is the interpretation underlying
the semantics of the projection operator). In order to enWITL to support the second
interpretation, two extensions are needed: (i) we must ceplae notion of current point
by the notion ofvector of current points (one for each layer); (ii) we must define a new
projection operator that maps the current poinTéfinto the current point of 7, for every
pair of layersT™, T7. Such extensions are accomplishedNontanari, 1994 In particular,

it is possible to show that the new projection operator i9sdeorder definable in terms
of the original one, and that both projection operators see¢nd-order) definable in terms
of a third simpler projection operator that maps every paitn the first elements of its
decomposition (and abstraction) intervals.

3.4.2 Monadic theories of time granularity

We move now from the temporal logic setting to the classical, docusing our attention on
monadic theories of time granularity. First, we introduce thlational structures for time
granularity; then we present the theories of such structameswe analyze their decision
problem. At the end, we briefly study the definability and delilityr of meaningful binary
predicates for time granularity with respect to such thessied some fragments of them.

Relational structures for time granularity

We begin with some preliminary definitions about finite andnitdi sequences and trees (we
assume the reader to be familiar with the notation and the: etions of the theory of
formal languages). Let be a finite set of symbols andi* be its Kleene closure. The length
of a stringz € A*, denoted byz|, is defined in the usual way¢|=0, |za| = |z| + 1. For
any pairz,y € A*, we say that: is aprefixof y, denoted byr <. vy, if zw = y for some

w € AT (= A"\ {¢}). Theprefixrelation<,,. is a partial ordering oved*. If A is totally
ordered, a total ordering ovet* can be obtained from the one ovéras follows. Let< be
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Figure 3.1: The structure of the relatiébip,.

the total ordering oveA. For everyz,y € A*, we say that: lexicographically precedeg
with respect to<, denotedr <., y, if eitherz <,,. y or there exist € A* anda,b € A
such thatza <,,. z, 2b <, y, anda < b. Thelexicographicalrelation <;., is a total
ordering overA*.

A finite sequences a relational structure = (I, <), wherel is an initial segment of the
natural numberR and< is the usual ordering ové¥. Given afinite set of monadic predicate
symbolsP, aP-labeled finite sequence is a relational structyse= (s, (P)pep), where
s = (I, <) and, for everyP ¢ P, P C I is the set of elements labeled with (note that
PN Q,with P,Q € P, can obviously be nonempty). Anfinite sequencév-sequence for
short) is a relational structure= (N, <) and aP-labeledw-sequencep is anw-sequence
s expanded with the sefB, for P € P. For the sake of simplicity, hereafter we shall use the
symbol P to denote both a monadic predicate and its interpretatioepraingly, we shall
rewrite sp as(s, (P)pep). In the following, we shall take into consideration three byna
relations ovelN, namely,flip,, adj, and2x. Letk > 2. The binary relatiorflip, is
defined as follows. Given,y € N, f1ip, (z, y), also denotedlip,(z) =y, if y =z — z,
wherez is the least power of with non-null coefficient in the:-ary representation of.
Formally,flip,(2) = yif 2 = ap - k" +an—1- k" 1+ ...+ am k™ 0<a; < k-1,
am #0,andy = a,, - k" +an—1-k" "1 +...+ (a, — 1) - k™. Forinstancef1ip,(18,16),
sincel8 = 1-2+1-2!, m = 1,and16 = 1-24+0-2!, while£1ip, (16, 0), sincel6 = 1-24,
m = 4, and0 = 0 - 2%. Note that there exists npsuch thatt1ip,(0,y). The structure of
flip, is depicted in Figure 3.1. The relatiaidj is defined as followsadj(z,y), also
denotechdj(z) = vy, if 2 = 2F» 4 2Fn—1 4 4 2k withk,, > k1 > ... > ko > 0,
andy = x + 2% 4 2k~1 For instanceadj(12, 18), sincel2 = 23 + 22, k; = 2, and
18 = 12 + 22 + 21, while there exists ng such thatdj(13,y), sinceld = 23 + 22 4 20
andky = 0. Finally, for any pairz, y € N, it holds that x (z,y) if y = 2z.

Finite and infinite k-ary) trees are defined as follows. Let> 2 andT} be the set
{0,...k —1}*. AsetD C Ty, is a (k-ary) tree domairif:

1. D is prefix closedthat is, for everyc,y € Ty, if € D andy <. z, theny € D;

2. for everyx € Ty, eitherxzi € D for every0 < i < k —1oraxi ¢ D for every
0<i<k-1.

Note that, according to the definition, the whdlg is a tree domain. Ainite treeis a
relational structures = (D, (1;)"=1, <), whereD is a finite tree domain, for every <
i < k—1, |; isthei-thsuccessor relatiooverD such that ; (z,y), also denoted; (z) = v,
if y = i, and<,,. is the prefix ordering oveb defined as above. The elementsidfire
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Figure 3.2: The-refinable3-layered structure.

callednodes If |; (z) = y, theny is said thei-th sonof z. The lexicographical ordering
<ie: OVEr D is defined with respect to the natural orderiagver {0, ...k — 1} such that

0 <1< ...< k-1 ApathPink is a subset ofD whose nodes can be written
as a sequenceg, 1, ... such that, for every > 0, there exist) < j < k£ — 1 with

z; =]; (z;—1). We shall denote by’ (i) thei-th elementz; of the pathP. A full pathis a
maximal path with respect to set inclusion.chainis any subset of a path. Theot of «

is the node:. A leafof  is an element € D devoid of sons. A node which is not a leaf
is called aninternal node Thedepthof a nodex € D is the length of the (unique) path
from the roote to . Theheightof « is the maximum of the depths of the nodeslin

is completdf every leaf has the same depth.7Alabeled finite tree is a relational structure
k= (D, (1)¥24, <pre, (P)pep), Where the tupléD, (1;)5=, <,.) is a finite tree and,
foreveryP € P, P C D is the set of nodes labeled with. As for infinite trees, we are
interested ircompletenfinite trees over the tree domdii. The completénfinite treeover
T} is the tuplex = (T, (li)fgol, <pre). Paths, full paths, and chains are defined as for finite
trees. AP-labeled infinite tree is an expansion of the complete irditviee overT), with
monadic predicateB, for P € P.

Relational structures for time granularity consists of asgibly infinite) number of dis-
tinct layers/domains (we shall use the two terms interchalpig® We focus our attention on
n-layered structures, which include a fixed finite numbef layers, andv-layered struc-
tures, which feature an infinite number of layers.

Letn > 1 andk > 2. Forevery) < i < n, letT® = {j; | 7 > 0}. Then-layered
temporal universés the sets, = (J,,,, T*. The (-refinable)n-layered structurgn-LS
for short) is the relational structugg/,,, (lj)f;é, <). Such a structure can be viewed as an
infinite sequence of completé-ary) trees of height — 1, each one rooted at a point of
the coarsest layer® (see Figure 3.2). The sef¥, with 0 < i < n, are the layers of the
trees. Foreverg < j <k —1, |; is thej-th successor relatiooverif,, such that; (z,y)
(also denoted ; (z) = y) if y is thej-th son ofz. Hereafter, to adhere to the common
terminology in the field, we shall substitute the term pragctor the term successor. Note
that for allz belonging to the finest lay&™—! there existn@® < j < k—1andy € U,, such
that|; (z) = y. Finally, < is a total ordering ovel,, given by thepre-order(root-left-right
in the binary trees) visit of the nodes (for elements beloggo the same tree) and by the
total linear ordering of trees (for elements belonging tifedént trees). Formally, for any
pairay, cq € U, we have that; (ap) =cqif b<n—1,d=b+1,andc=a-k+j. The
total ordering< is defined as follows:

1. if x = ag, y = by, anda < b overN, thenz < y;
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Figure 3.3: The-refinable downward unbounded layered structure.

2. forallz e U, \ T 1,z <|o (z),and]; (z) <|,j41 (z),forall0 <j < k—1;
3. ifx e, \T" !, 2z <y, and notancestor(z,y), then|,_1 (z) < y;
4. if x < zandz < y, thenz < y,

whereancestor(z,y) if there exists) < j < k — 1 such that|; (z) = y or there exist
0 <j < k-—1landzsuchthatl; () = y andancestor(z,z). A pathover then-LS

is a subset of the domain whose elements can be written as ansegyexs, . . . 2,,, with

m < n — 1, in such a way that, for every= 1,...m, there exist® < j < k for which

z; =|; (z;—1). A full pathis a maximal path with respect to set inclusion.cainis

any subset of a path. R-labeledn-LS is a relational structuré/,, , (Li)fgol, <, (P)pep),

where the tupléif,,, (li)f;(}, <) is then-LS and, for everyP € P, P C U, is the set of
points labeled withP.

As for w-layered structures, we focus our attention on theefinable) downward un-
bounded layered structure (DULS for short), which consists adarsest domain together
with an infinite number of finer and finer domains, and thedfinable) upward unbounded
layered structure (UULS for short), which consists of a finasfteral domain together with
an infinite number of coarser and coarser domainsidet | J,-., 7" be thew-layered tem-
poral universe The DULS is a relational structur@/, (1;)*=, <). It can be viewed as an
infinite sequence of completé-@ary) infinite trees, each one rooted at a point of the coarses
domainT® (see Figure 3.3). The sef¥, with i > 0, are the layers of the trees. The defini-
tions of the projection relationjs;, with 0 < j < k — 1, and the total ordering overl{ are
close to those for the-LS. Formally, for any paiti;,, cq € U, we have that; (ay) = cq if
and only ifd = b+ 1 andc = a - k + j, while the total ordering: is defined as follows:

1. if x = ag, y = by, anda < b overN, thenz < y;

2. forallz e U,z <|o (x), and]; (z) <41 (z), forall0 <j <k —1;
3. ifz < y and notancestor(z,y), then|x_1 (z) < y;

4. ifx < zandz < y, thenx < y.

A pathover the DULS is a subset of the domain whose elements can bennagtten infinite
sequencer, x1, . .. such that, for every > 1, there existd) < j < k for whichz; =|;
(z;—1). A full pathis a maximal (infinite) path with respect to set inclusion.clainis
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Figure 3.4: The-refinable upward unbounded layered structure.

any subset of a path. R-labeled DULS is a relational structutd, (1:)*=}, <, (P)pep),
where the tupldl/, (li)f;(}, <) is the DULS and, for every? € P, P C U is the set of
points labeled withP.

The UULS is a relational structur@/, (|;)*=,, <). It can be viewed as a complete-(
ary) infinite tree generated from the leaves (Figure 3.4)e 3&ts7”, with ¢ > 0, are the
layers of the tree. For evefy< j < k—1, |, is thej-th projection relationoverl{ such that
l; (z,y) (also denoted by ; (x) = y) if y is thej-th son ofz. The total ordering< over
U is induced by thén-order (left-root-right in the binary tree) visit of the treelik&rscture.
Formally, for everya,,cq € U, |; (ap) = cqif b>0,d=b—1,andc =a-k +j. The
total ordering< is defined as follows:

1. forallz € U\TO, |y () < x, x <|1 (x), and|; (z) <l|j11 (z), for every
O<ji<k-1;

2. if x < y and notancestor(z,y), then|;_1 (z) < y;
3. ifz < y and notancestor(y, z), thenz <|o (y);

4. if x < zandz < y, thenz < y.

A pathover the UULS is a subset of the domain whose elements can benaitten infinite
sequencey, z1, . . . such that, for every > 1, there exist$) < j < k such thatr;_; =|;
(x;). A full pathis a maximal (infinite) path with respect to set inclusion ctainis any
subset of a path. It is worth noting that every pair of pathesralie UULS may differ on a
finite prefix only. AP-labeled UULS is obtained by expanding the UULS with alR&t U/,
foranyP € P.

Theories of time granularity

We are now ready to introduce the theories of time granylariey are systems of monadic
second-order (MSO for short) logic that allow quantificat@ver arbitrary sets of elements.
We shall study the properties of the full systems as well a®pfesmeaningful fragments
of them. We shall show that some granularity theories caredaaed to well-know clas-
sical MSO theories, such as the MSO theory of one successaharMSO theory of two
successors, while other granularity theories are propensiins of them.
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Definition 3.4.1. (The language of monadic second-order lggic

Letr =c1,...,¢nu1,. .., us, by, ..., b, be afinite alphabet of symbols, wheie. . . , ¢,
(resp.uq, ..., us, b1,...,b) are constant symbols (resp. unary relational symbols, lyinar
relational symbols), and IgP be a finite set of uninterpreted unary relational symbols. The
second-order language with equalt¢SO[r U P] is built up as follows:

1. atomic formulasare of the formse = y, © = ¢;, with1 < ¢ < r, u;(z), with
1 <i < s bi(z,y),withl < i <t 2z e X,z € P, wherez, y are individual
variables, X is a set variable, and® € P;

2. formulasare built up from atomic formulas by means of the Boolean conrect
and A, and the quantified ranging over both individual and set variables.

In the following, we shall writeMSOp[7] for MSO[r U P]; in particular, we shall write
MSO[r] whenP is meant to be the empty set. The first-order fragme®S0O[7] will
be denoted byOp[7], while its path (resp. chain) fragment, which is obtained bgrin
preting second-order variables over paths (resp. chaifishe denoted byMPL[7] (resp.
MCLp(r]). We focus our attention on the following theories:

1. MSOp[<] and its first-order fragment interpreted over finite andequences;

2. MSOp|<, £1ip,| (as well as its first-order fragmenilSO» <, adj], andMSOp[<, 2x]
interpreted ovew-sequences;

3. MSOp[<pre, (1:)¥)] and its first-order, path, and chain fragments interpreten o
finite and infinite trees;

4. MSOp|<, (1:)F=}] and its first-order, path, and chain fragments interpreted the
n-LS, the DULS, and the UULS.

We preliminarily introduce some notations and basic prigethat will help us in com-
paring the expressive power and logical properties of thwuartheories. Most definitions
and results are given for full MSO theories with uninterpdataary relational symbols, but
they immediately transfer to their fragments, possiblyaié\of uninterpreted unary rela-
tional symbols.

Let M(y) be the set of models of the formula We say thatMSO»[r1] can beem-
beddedinto MSOz 7], denotedMSOx[r1] — MSOp[r], if there is aneffectivetrans-
lation tr of MSOp |11 ]-formulas intoM SO [12]-formulas such that, for every formulac
MSOp[r1], M(p) = M(tr(y)). For instance, it is easy to prove tHe® p[< ., (1)1 ]
— MPLp[<pre, (1i)F=3] — MCLp[<pre, (1i)F=3] — MSOp[<pre, (1:)i=4] (the same
holds for their counterparts devoid &%), where all theories are interpreted over trees. The
condition ‘X is a path’ can indeed be written in the monadic chain logic,theccondition
‘X is a chain’ can be expressed in the MSO logic. It is also easip¢w that the monadic
path logic over paths is as expressive as the monadic pathdegr full paths. Moreover,
we say thaMSOp[r] is as expressive asISOp 2], writtenMSOp[r ] &= MSOp[72], if
bothMSOp[ri] — MSOp[r] andMSOp[r] — MSOp[r]. It is immediate to see that
if MSOp[r1] — MSOp[r2] andMSOx 7] is decidable (respMSOx[71] is undecidable),
thenMSOp [ ] is decidable (respMSO» 2] is undecidable) as well.

Besides decidability issues, we are interested in defimalmhes. Lets be a relational
symbol. We say thaf is definablein MSOp (7] if MSOp[r U {8}] — MSOp|[7]. If the
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addition of 3 to a decidable theoryISO» 7] makes the resulting theotMSO» [ U {5}]
undecidable, we can conclude thats not definable ilMSOp[r]. The opposite does not
hold in general: the predicateé may not be definable iDISOp[7], but the extension of
MSOp[r] with 3 may preserve decidability. In such a case, we obviously danedoce the
decidability of MSO» [T U {§}] to that of MSOp[7].

The decidability ofMSOp[<] over finite sequences has been provefBiichi, 1960;
Elgot, 1961, while its decidability overs-sequences has been shown[Biichi, 1962
(MSOp[<] overw-sequences is the well-known MSO theory of one success8j.

Theorem 3.4.2. (Decidability ofMSOp[<] over sequencés
MSO»[<] over finite (resp. infinite) sequences is non-elementarityddble.

The theonMSOp[<, £1ip, ] (S1S* for short), interpreted over-sequences, has been stud-
ied by Monti and Peron ifiMonti and Peron, 2040 Such a theory properly extend4.S.
Moreover, the unary predicatew, such thatpow, (z) if = is a power ofk can be eas-
ily expressed aglip,(z) = 0. Hence,S1S* is at least as expressive as the well-known
(decidable) extension &fISO» <] with the predicatgow, [Elgot and Rabin, 1966 The
decidability of S15* has been proved by showing that it is the logical counterpfattie
class ofw-sequences languages-languages for short) recognized by systokeaty) tree
automata. The class of the languages of finite sequencegniged by systolic tree au-
tomata was originally investigated by Culik 1l et al. ifCulik II et al, 1984. In [Monti
and Peron, 20d0Monti and Peron extend the notion of systolic tree automaialeal with
w-languages. They prove that the class of systolic drdanguages is a proper extension
of the class of regulaw-languages (that isy-languages recognized by Biichi automata),
that maintains the closure properties of reguldanguages as well as the decidability of
the emptiness problem. The correspondence between systalic-languages and15* is
established by means of a generalization of Biichi’s Thaore

Theorem 3.4.3. (Decidability ofMSOp[<, £1ip,| overw-sequences

MSOp[<, f1ip,] Overw-sequences is non-elementarily decidable.

The theorieMSOp[<, adj] andMSOp[<,2x], interpreted ovew-sequences, have been
investigated ifMonti and Peron, 2041 MSOp|[<, adj] is a proper extensioNSOp[<
,f1lip,]. Unfortunately, unlikeMSOp|[<, £1ip,], it is undecidable.

Theorem 3.4.4. (Undecidability ofMSOp[<, adj] overw-sequences

MSOp[<, adj] over infinite sequences is undecidable.

SinceMSOp[<,2x] is at least as expressive 8507 [<, adj], its decision problem is
undecidable as well.

Theorem 3.4.5. (Undecidability otMSOp[<, 2 x] overw-sequences

MSOp|[<, 2x] overw-sequences is undecidable.

The theorieMSOp[<,re, (1:)¥24], interpreted over infinitei-ary) trees, are the well-
known MSO theories ok successorsSksS for short). The decidability ob k.S over finite
trees has been shown[iDoner, 1970; Thatcher and Wright, 1968 he decidability of the
MSO theory of the infinite binary tre§2S has been proved ifRabin, 1969. Such a result

can be easily generalized to the MSO theory of the infihigry treeSkS, for anyk > 2
(and even twS over countably branching treejhomas, 199D
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Theorem 3.4.6. (Decidability ofMSOp [< e, (11)=1] over tree}
MSO» (<, (1:)F=}] over finite (resp. infinite) trees is non-elementarily debiga

The decidability ofMSOp[<, (u)f;ol] over then-LS has been proved ifMontanari and
Policriti, 1994 by reducing it toS1.S. Such a reduction is accomplished in two steps. First,
then-layered structure is flattened by embedding all its lay@isthe finest one; then, metric
temporal information is encoded by means of a finite set ofyuredations. This second step
is closely related to the technique exploited[#ur and Henzinger, 1993to prove the
decidability of a family of real-time logics It relies on thefinite-state characteof the
involved metric temporal information, which can be expresae follows: every temporal
property that partition an infinite set of states/time pginto a finite set of classes can be
finitely modeledand hence it is decidable.

Theorem 3.4.7. (Decidability of MSOp[<, (|;)%=}] over then-LS)
MSOp[<, (1:)F=)] over then-LS is non-elementarily decidable.

The decidability ofMSOp[<, (|;)%=1] over both the DULS and the UULS has been shown
in [Montanariet al, 1999. The decidability of the theory of the DULS has been proved
by embedding it intaSkS. The infinite sequence of infinite trees of theefinable DULS
can indeed be appended to the rightmost full path of the tefinary tree. The encoding of
the 2-refinable DULS into the infinite binary tree is shown in Figurg.3Suitable definable
predicates are then used to distinguish between the nodes offinite tree that correspond
to elements of the original DULS, and the other nodes. As an ebegiingthe case depicted
in Figure 3.5 we must differentiate the auxiliary nodes bgiog to the rightmost full path

of the tree from the other ones. Finally, fox j < k— 1, thej-th projection relatiorj ; can

be interpreted as thgth successor relation and the total ordecan be naturally mapped
into the lexicographical ordering;... (it is not difficult to show thak,.,, can be defined in
SkS).

Theorem 3.4.8. (Decidability ofMSOp <, (1;)¥=] over theDULS)

MSOp[<, (1:)F=}] over the DULS is non-elementarily decidable.

The decidability of the theory of the UULS has been proved bycedy it to S1.S*. For
the sake of simplicity, we describe the basic steps of thisicgoh in the case of the-

refinable UULS (the technique can be generalized to deal withkany2). An embedding

of MSO[<, lo, 1] into S15? can be obtained as follows. First, we replacehefinable
ULLS by the so-calle¢oncrete2-refinable ULLS, which is defined as follows:

e foralli > 0, thei-th layerT" is the sef{2! + n2i*t! :n > 0} C N;

*The relationships between the theoriesiondw-layered structures and real-time logics have been exglore
in detail by Montanari et al. ilMontanariet al,, 2004. Logic and computer science communities have traditignall
followed a different approach to the problem of represending reasoning about time and states. Research in logic
resulted in a family of (metric) tense logics that takee as a primitive notion and defindired statesas sets
of atomic propositions which are true at given time points,levhésearch in computer science concentrated on the
so—called (real-time) temporal logics of programs thag &iteas a primitive notion, and defirieneas an attribute
of states. Montanari et al. show that the theories of timageaity provide a unifying framework within which the
two approaches can be reconciled. States and time-point&idaed be uniformly referred to as elements of the
(decidable) theories of the DULS and the UULS. In particulary teow that the theory of timed state sequences,
underlying real-time logics, can be naturally recoveredraabstraction of such theories.
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13 5 7 9 11 13 15 17 19 21 23 25 27 29 31

Figure 3.6: The concreterefinable UULS.

o forevery element = 2¢ +n2*! belonging tol'?, withi > 1, | (z) = 2! +n2it! —
2071 = 2=1 4 op2iand|; (x) = 2° + n2itt + 2071 =201 4 (2p 4 1)2%;

e < isthe usual ordering ovét.

A fragment of this concrete structure is depicted in Figufe Blotice that all odd numbers
are associated with lay&t°, while even numbers are distributed over the remaining fayer
Notice also that the labeling of the concrete structure da¢sntlude the numbed*. It

is easy to show that the two structures are isomorphic byoékpy the obvious mapping
that associates each element of 2hefinable UULS with the corresponding element of the
concrete structure, preserving projection and orderifggioms. Hence, the two structures
satisfy the samel/ SOI[<, |o, |1]-formulas. Next, we can easily encode the conceete
refinable UULS intdN. Both relationsg o and|; can indeed be defined in termsfifip,, as
follows. For any given even number

lo (@) =y iff y<aAflipy(y) = flipy(z)A
-3z(y < 2z Az < x Aflipy(z) = £lip,(z));
li(z)=y iff flipy(y) =a A —-3z(y < z A flipy(z) = ).

By exploiting such a correspondence, it is possible to definenslation- of M SO|[<, |, |1]
formulas (resp. sentences) in$a.S? formulas (resp. sentences) such that, for any formula

*In [Montanariet al., 20024, Montanari et al. show that it is convenient to consitlers the label of the first
node of an imaginary additional finest layer, whose remainiogdes are not labeled. In such a way the node with
label 0 turns out to be the left son of the node with label
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(resp. sentence) € M SOI<, lo, l1], ¢ is satisfiable by (resp. true in) the UULS if and only
if 7(¢) € S15? is satisfiable by (resp. true i\, <, f1ip,).

Theorem 3.4.9. (Decidability ofMSOp <, (ii)ff;(ﬂ over theUULS)
MSOp[<, (1:)F=}] over the UULS is non-elementarily decidable.

In [Montanari and Puppis, 200kbMontanari and Puppis deal with the decision problem
for the MSO logic interpreted over anlayered temporal structure devoid of both a finest
layer and a coarsest one (we call such a structure totallywrded, TULS for short). The
temporal universe of the TULS is the 9ét = |J,., 7", WhereZ is the set of integers;
the layerT? is a distinguished intermediate layer of such a structurés mot difficult to
show thatMSOp[<, (li)f;(}] over both the DULS and the UULS can be embedded into
MSOp|[<, (1:)"=4, Lo] over the TULS { is a unary relational symbol used to identify the
elements off'°). The solution to the decision problem iSO [<, (Li)i?;ol, L] proposed

by Montanari and Puppis extends Carton and Thomas’ solutiche decision problem
for the MSO theories of residually ultimately periodic wel€arton and Thomas, 2002
First, they provide a tree-like characterization of the TUHIfI, taking advantage of it, they
define a non-trivial encoding of the TULS into a vertex-cotbteee that allows them to
reduce the decision problem for the TULS to the problem of rdaéteng, for any given
Rabin tree automaton, whether it accepts such a vertexembtoge. Then, they reduce this
latter problem to the decidable case of regular trees byodipy a suitable notion of tree
equivalencéMontanari and Puppis, 2004a

Theorem 3.4.10.(Decidability of MSOp <, (1:)¥=}, Lo] over theTULS)
MSOp[<, (1:)%24, Lo] over the TULS is non-elementarily decidable.

Notice that, taking advantage of the above-mentioned enmbgdslich a result provides, as
a by-product, an alternative (uniform) decidability prdof the theories of the DULS and
the UULS.

The definability and decidability of a set of binary predésain monadic languages in-
terpreted over the-LS, the DULS, and the UULS have been systematically explored in
[Franceschett al, 2003. The set of considered predicates includes the equi-leesp(
equi-column) predicate constraining two time points tamheglto the same layer (resp. col-
umn) and the horizontal (resp. vertical) successor prégligdating a time point to its suc-
cessor within a given layer (resp. column), which allow onedquress meaningful properties
of time granularitfMontanari, 1996 The authors investigate definability and decidability
issues for such predicates with respecM80[<, (Li)f:‘(}] and its first-order, chain, and
path fragment&¥O[<, (1;)*=}], MPL[<, (1:)%Z4], andMCL[7] of MSO|<, (li)i:?i] (as
well as theirP-variantsFOp <, (1,)¥2}], MPLp[<, (11)%2}], andMCLp[<, (1:)*=4)).
Figure 3.7 summarizes the relationships between the exyegsswvers of such formal sys-
tems (an arrow from¥ to 7’ stands for7 — 7’). From Theorems 3.4.7, 3.4.8, 3.4.9, and
3.4.10, it immediately follows that all the formalisms in kg 3.7, when interpreted over
then-LS, the DULS, the UULS, and the TULS are decidable.

The outcomes of the analysis of the equi-level, equi-columonizontal successor, and
vertical successor predicates can be summarized as folkives, the authors show that all
these predicates are not definable in the MSO language av®Wh.S and the UULS, and
that their addition immediately leads the MSO theories ahsstructures to undecidability.
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MSOp (<, (1i)5= !
/ (0]

MSO[<, (1i)iZg]  MCLp[<, (1i)iZg]

MCL (<, (1) MPLp[<, (1:)50]
MPLI<, (1501 EOp[<, (1)F)]
\/

FOI<, (11)F ]

Figure 3.7: A hierarchy of monadic formalisms over layeredcures.

As for then-LS, the status of the horizontal (equi-level and horizbstacessor) and vertical
(equi-column and vertical successor) predicates turnsoobé quite different: while hori-
zontal predicates are easily definable, vertical ones atefimable and their addition yields
undecidability. Then, the authors study the effects of agithhe above predicates to suitable
fragmentsof the MSO language, such as its first-order, path, and chagmfents, possibly
admitting uninterpreted unary relational symbols. Thestegatically explore all the possi-
bilities, and give a number of positive and negative resttem a technical point of view,
(un)definability and (un)decidability results are obtaifey reduction from/to a wide spec-
trum of undecidable/decidable problems. Even though tinepdete picture is still missing
(some decidability problems are open), the achieved esuffice to formulate some gen-
eral statements. First, all predicates can be added to nwfiest-order, path, and chain
fragments, devoid of uninterpreted unary relational syi:bover then-LS and the UULS
preserving decidability. In the case of the DULS, they proesstiime result for the equi-level
and horizontal successor predicates, while they do notlestabhether the same holds for
the equi-column and vertical successor predicates. Merethey prove that the addition of
the equi-column or vertical successor predicates to maorfadt-order fragments over the
w-layered structures, with uninterpreted unary relatiogailsols, makes the resulting the-
ories undecidable. The effect of such additions tortHayered structure is not known. As
for the equi-level predicate, they only prove that addirtg the monadic path fragment over
the DULS, with uninterpreted unary relational symbols, leadsrtidecidability. Finally, as
far as the MSO language over the UULS is concerned, they esftadfi interesting con-
nection between its extension with the equi-level (resp.-eqlimn) predicate and systolic
w-languages over -trees (resp. trellis)Gruska, 199D

3.4.3 Temporalized logics and automata for time granularity

In the previous section, we have shown that monadic theorigmefgranularity are quite
expressive, but they have not much computational appealusectheir decision problem
is non-elementary This roughly means that it is possible to algorithmicallyeck the
truth of sentences, but the complexity of the algorithm greersy rapidly and it cannot
be bounded. Moreover, the corresponding automata (Bigchience automata for the the-
ory of then-LS, Rabin tree automata for the theory of the DULS, and systmie automata
for the theory of the UULS) do not directly work over layeredustures, but rather over
collapsed structures into which layered structures can bedad. Hence, they are not nat-
ural and intuitive tools to specify and check propertiesimiet granularity. In this section,
we outline a different approach that connects monadic teeaf time granularity back
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Monadic Temporalized
Theories <«4——» Logics

Temporalized
Automata

Figure 3.8: From monadic theories to temporalized logietemporalized automata.

to temporal logidFranceschet and Montanari, 2001a; Franceschet and Moi)ta8a1b;
Franceschet and Montanari, 2Q0Zaking inspiration of methods for logic combinations (a
short description of these methods can be founidFimnceschett al, 2004), Franceschet
and Montanari reinterpret layered structureambined structuresThis allows them to
define suitable combined temporal logics and combined aat@mver layered structures,
respectively called temporalized logics and temporalaethmata, and to study their ex-
pressive power and computational properties by taking adgemnof the transfer theorems
for combined logics and combined automata. The outcomenaring: the resulting com-
bined temporal logics and automata directly work over lagestructures; moreover, they
are expressively equivalent to monadic systems, and tleeglamentarily decidable.

Finding the temporal logic counterpart of monadic theoises difficult task, involving
a non-elementary blow up in the length of formulas. Ehredifiéigames have been suc-
cessfully exploited to deal with such a correspondence prolibr first-order theorieBm-
merman and Kozen, 198and well-behaved fragments of second-order monadic ongs, e.
the path fragment of the monadic second-order theory ofitafisinary treedHafer and
Thomas, 198]f As for the theories of time granularity, iiFranceschet and Montanari,
2003 Franceschet and Montanari show that an expressively coenghel elementarily de-
cidable combined temporal logic counterpart of the patprfrant of the MSO theory of the
DULS can be obtained by means of suitable applications of Eéueht games. Ehrenfeucht
games have also been used by Montanari et al. to extend Kahgwseim to deal with the
first-order fragment of the MSO theory of the UUI[Blontanariet al,, 2002d. Unfortu-
nately, these techniques produce rather involved proafstaey do not naturally lift to the
full second-order case. A little detour is needed to deal witbh a case. Instead of trying
to establish a direct correspondence between MSO theorigsegranularity and temporal
logics, Franceschet and Montanari connect them via autofReanceschet and Montanari,
2004 (cf. Figure 3.8). Firstly, they define the class of tempaedi automata, which can be
proved to be the automata-theoretic counterpart of tenipetblogics, and they show that
relevant properties, such as closure under Boolean opesatilecidability, and expressive
equivalence with respect to temporal logics, transfer framgonent automata to tempo-
ralized ones. Then, on the basis of the established comdspoe between temporalized
logics and automata, they reduce the task of finding a terhlogjia counterpart of the MSO
theories of the DULS and the UULS to the easier one of finding tealjzed automata
counterparts of them. The mapping of MSO formulas into aatianithe difficult direction)
can indeed greatly benefit from automata closure properties

As a by-product, the alternative characterization of teraliwed logics for time gran-
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ularity as temporalized automata allows one to reduce lbgiciblems to automata ones.
As it is well-known in the area of automated system specificadiod verification, such a
reduction presents several advantages, including thehildgsof using automata for both
system modeling and specification, and the possibility ecking the system on-the-fly (a
detailed account of these advantages can be foulferanceschet and Montanari, 200)Lb

3.4.4 Coda: time granularity and interval temporal logics

As pointed out ifMontanari, 199§ there exists a natural link between structures and the-
ories of time granularity and those developed for représgrand reasoning about time
intervals. Differently-grained temporal domains can irdlbe interpreted as different ways
of partitioning a given discrete/dense time axis into cengige disjoint intervals. According
to this interpretation, every time point can be viewed as tablé interval over the time axis
and projection implements an intervals-subintervals rnrappMore precisely, let us define
direct constituent®f a time pointz, belonging to a given domain, the time points of the
immediately finer domain into which can be refined, if any, anddirect constituentshe
time points into which the direct constituentsiofan be directly or indirectly refined, if any.
The mapping of a given time point into its direct or indireohstituents can be viewed as a
mapping of a given time interval into (a specific subset afpitbintervals.

The existence of such a natural correspondence betweewnah#erd granularity struc-
tures hints at the possibility of defining a similar connectat the level of the corresponding
theories. For instance, according to such a connectiompdegthlogics over DULSs allow
one to constrain a given property to hold true densely ovavengime interval, where?
densely holds over a time intervalif P holds overw and there exists a direct constituent
of w over whichP densely holds. In particular, establishing a connectigwéen structures
and logics for time granularity and those for time interwatsild allow one to transfer decid-
ability results from the granularity setting to the intdreae. As a matter of fact, most inter-
val temporal logics, including Moszkowski’s Interval TemmgbLogic (ITL) [Moszkowski,
1983, Halpern and Shoham’s Modal Logic of Time Intervals (HBalpern and Shoham,
1991], Venema’s CDT LogidVenema, 1991laand Chaochen and Hansen’s Neighborhood
Logic (NL) [Chaochen and Hansen, 1998re highly undecidable. Decidable fragments of
these logics have been obtained by imposing severe rastisobn their expressive power,
e.g., thdocality constraint ifMoszkowski, 1988

Preliminary results can be foundfiMontanariet al., 20021, where the authors propose
a new interval temporal logic, called Split Logic (SL for st)p which is equipped with
operators borrowed from HS and CDT, but is interpreted overipéaterval structures,
calledsplit-frames The distinctive feature of a split-frame is that there imatt one way to
chop an interval into two adjacent subintervals, and comsetly it does not possesdl the
intervals. They prove the decidability of SL with respect éotjzular classes of split-frames
which can be put in correspondence with the first-order fragsneithe monadic theories
of time granularity. In particuladiscretesplit-frames with maximal intervals correspond to
then-layered structure, discrete split-frames (with unbourideatvals) can be mapped into
the upward unbounded layered structure, dadsesplit-frames with maximal intervals can
be encoded into the downward unbounded layered structure.
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3.5 Qualitative time granularity

Granularity operators for qualitative time representatiave been first provided {fEuzenat,
1993; Euzenat, 199baThese operators are defined in the context of relationabas and
they apply to both point and interval algebras. They havathantage of being applicable
to fully qualitative and widespread relational represeatest They account for granularity
phenomena occurring in actual applications using onlyitpiede descriptions.

After a short recall of relation algebras (Section 3.5.1)¢ta0$ six constraints applying
to the granularity operators is defined (Section 3.5.2).s&leonstraints are applied to the
well-known temporal representation of point and intervakblgs (Section 3.5.3). Some
general results of existence and relation of these operatith composition are also given
(Section 3.5.4).

3.5.1 Qualitative time representation and granularity
The qualitative time representation considered here is bkmelvn one:

1. itis based on an algebra of binary relatidd$, U, o,~!) (see Chapter 1); we focus
our attention on the point and interval algebipdiain and Kautz, 1986; Allen, 1943

2. this algebra is augmented with a neighborhood structanrelfich N (r, »’) means that
the relationships andr’ are neighbors)Freksa, 199p

3. last, the construction of an interval algebirirsh, 1996 is considered (the conversion
of a quadruple of base relationshifisinto an interval relation is given by R and
the converse operation By » when it is defined).

In such an algebra of relations, the situations are desthigea set of possible relationships
holding between entities (here points or intervals).

As an example, imagine several witnesses of an air flight imtiéh the witness from
the ground (g) saying that “the engine stopped working (W) e plane went [immedi-
ately] down”, the pilot (p) saying that “the plane worked emtty (W) until there has been
a misfiring period (M) and, after that, the plane lost altélidand the (unfortunately out
of reach) “blackbox” flight data recorder (b) revealing thia plane had a short misfiring
period (M) and a short laps of correct behavior before thaglast altitude (D).

If these descriptions are rephrased in the interval algédwa Figure 3.9), this would cor-
respond to three different descriptiong:= {WmD}, p = {WmM, MmD} andb =
{WmM,MbD}. Obviously, if any two of these descriptions are merged, #silt is an
inconsistent description. However, such inconsistencieg decause the various sources
of information do not share the same precision and not beaoafustrisically contradictory
descriptions. It is thus useful to find in which way the sitaat described by andp can be
coarse views of that expressediy

The qualitative granularity is defined through a couple @rapors for converting the rep-
resentation of a situation into a finer or coarser repreientaf the same situation. These
operators apply to the relationships holding between thigiesyaind transform these rela-
tionship into other plausible relationships at a coarseth(wpward conversion denoted by
1) or finer (with downward conversion denoted bygranularity. When the conversion is
not oriented, i.e., when we talk about a granularity changedsen two layers, but it is not
necessary to know which one is the coarser, a neutral opésateed (denoted by-).



104 Jéréme Euzenat & Angelo Montanari
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Figure 3.9: The air flight incident example.

Before turning to precisely define the granularity convarsthe assumptions underly-
ing them must be clear. First of all, the considered langusggialitative and relational.
Each layer represents a situation in the unaltered langefae relational algebra. This has
the advantage of considering any description of a situat®heing done under a particular
granularity. Thus the layers are external to the language. descriptions considered here
are homogeneous (i.e., the language is the same for alljtbesha The temporal structure is
given by the algebra itself. The layers are organised ast@parder(7, <) (sometimesitis
known that a layer is coarser than another). In the exampléof€& 3.9, it seems clear that
b < p < g. Itis not assumed that they are aligned or decomposed immbeneous units,
but the constraints below can enforce contiguity. The omlgrators considered here are
the projection operators. The contextualisation opeliatoot explicit since (by opposition
to logical systems) it cannot be composed with other opesatblowever, sometimes the
notation, —, is used, providing a kind of contextualisation (by specitythe concerned
granularities). The displacement operator is uselese shecrelational language is not situ-
ated (or absolute, i.e., it does not evaluate the truth ofradiéa at a particular moment, but
rather evaluates the truth of a temporal relationship bett®e entities).

3.5.2 Generic constraints on granularity change

Anyone can think about a particular set of projection opesay imagining the effects of
coarseness. But here we provide a set of properties whichdbetdatisfied by any system
of granularity conversion operators. In fact, the set operties is very small. Next section
shows that they are sufficient for restricting the number @rafors to only one (plus the
expected operators corresponding to identity and coraretsieverything).

Constraints below are given for unit relations (singletohshe set of relations). The
operators on general relations are defined by:

— R=Uyerp —r (3.2)

Self-conservation

Self-conservation states that whatever be the conversimlagonship must belong to its
own conversion (this corresponds to the property named retiewhen the conversion is a
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relation).

reE—7r (self-conservation) 3.3)

It is quite a sensible and minimal property: the knowledgeualtioe relationship can
be less precise, but it must have a chance to be correct. Mamdn a qualitative system,
it is possible that nothing changes through granularithéf (quantitative) granularity step
is small enough. Not requiring this property would disable gossibility that the same
situation looks the same under different granularity. -$eliservation accounts for this.

Neighborhood compatibility

A property considered earlier is tloeder preservatiorproperty — stated inHobbs, 1985
as an equivalenceiz,y,x < y = (— z) < (— y). This property takes for granted the
availability of an order relation<) structuring the set of relationships. It states that

if z > ythen—(— x <—y) (order preservation)

However, order preservation has the shortcoming of requini@egrder relation. Its algebraic
generalization could be reciprocal avoidance:

1

if zrythen—(— zr=" — y) (reciprocal avoidance)

Reciprocal avoidance is over-generalized and conflictssdtlhconservation in case of auto-
reciprocal relationships (i.e. such that= r—'). The neighborhood compatibility, while
not expressed ifEuzenat, 1998 has been taken into account informally: it constrains the
conversion of a relation to form a conceptual neighborh@ai (hence the conversion of a
conceptual neighborhood to form a conceptual neighborhood

e Ve " e— e, 3, oy E— 1
ri=71",r, =r"andvi € [1,n — 1IN (r;,711)
(neighborhood compatibility) (3.4)

This property has already been reported by Frdksaksa, 199Pwho considers that a set
of relationships must be a conceptual neighborhood in dodiee seen as a coarse represen-
tation of the actual relationship. It is weaker than the tworfer proposals because it does
not prevent the opposite to be part of the conversion. Budh s case, it constrains a path
between the relation and its converse to be in the conversmnNeighborhood compati-
bility seems to be the right property, partly because, adiaf the former ones, it does not
forbid a very coarse granularity under which any relatiopghconverted in the whole set of
relations. It also seems natural because granularity catiyi@e imagined as discontinuous
(at least in continuous spaces).

Conversion-reciprocity distributivity

An obvious property for conversion is symmetry. It states tha conversion of the relation
between a first object and a second one must be the reciprotlaé afonversion of the
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relation between the second one and the first one. It is cleathk relationships between
two temporal occurrences are symmetric and thus granutaiiversion must respect this.

Sl = (=)t (distributivity of — on ~1) (3.5)

Inverse compatibility

Inverse compatibility states that the conversion opesadog consistent with each other, i.e.,
that if the relationship between two occurrences can be seanather relationship under
some granularity, then the inverse operation from theratt¢he former can be achieved
through the inverse operator. Stated otherwise, this ptpperresponds to symmetry when
the operator is described as a relation.

re () Lrandre () 17 (inverse compatibility) (3.6)

r'efr r'elr

For instance, if someone in situation (p) of Figure 3.9 iedblimagine that, under a finer
granularity (say situation b), there is some time betweemitsfiring period and the loss
of altitude, then (s)he must be ready to accept that if (s)hve wmesituation (b), (s)he could
imagine that there is no time between them under a coarseulgréy (as in situation p).

Idempotency

A property which is usually considered first (especially irantitative systems) is the full
transitivity:
g Hg/ g/ —>g/1 T :g—>gu T (tranSItIVIty)

This property is too strong; it would for instance imply that
g 19 ¢ lgr=r

Of course, it cannot be achieved because this would mearh#ratis no loss of information
through granularity conversion: this is obviously falskit ivere true anyway, there would
be no need for granularity operators: everything would leestme under any layer. On the
other hand, other transitivity such as the oriented trauitsi{ previously known as cumulated
transitivity) can be expected:

g TgiT-"” r :gT-"” r and? lgjlgu r=9gr (oriented transitivity)

However, in a purely qualitative calculus, the precise grarityl (g) is not relevant and this
property becomes a property of idempotency of operators:

Mr=Trand || r=|r (idempotency) (3.7)

At first sight, it could be clever to have non idempotent opssawhich are less and less
precise with granularity conversion. However, if this appliesy well to quantitative data,
it does not apply for qualitative: the qualitative conversapplies equally for a large granu-
larity conversion and for a small one which is ten times legdot instance, in a particular
situation, a relationship between two entities,ign a coarser representation itr'sand in an
even coarser representation itf§ thenr”” must be a member of the upward conversion.of



3.5. QUALITATIVE TIME GRANULARITY 107

This is because’” is indeed the result of a qualitative conversion from the fepresentation
to the third. Thus, qualitatively,f=T.

If there were no idempotency, converting a relationshipatiyevould give a different
result than when doing it through ten successive conversions

Representation independence

Since the operation allowing one to go from a relational spaa® interval relational space
has been provided (b= and=>), the property constraining the conversion operators can
also be given at that stage: representation independeates ¢hat the conversion must not
be dependent upon the representation of the temporal €atitan interval or as a set of
bounding points). Again, this property must be required:

—r=c—>=rand - r=—<r (representation independence) (3.8)
It can be though of as a distributivity:
>—r=—=rand <—r=—<«r

Note that, since= requires that the relationship between bounding pointsvalthe result
to be an interval, there could be some restrictions on thdteshowever, these restrictions
correspond exactly to the vanishing of an interval which isadiscope here).

The constraints (3.3, self-conservation) and (3.7, idaeme), together with the defi-
nition of the operators for full relations (3.2), charaiergranularity operators as closure
operators.

Nothing ensures that these constraints lead to a unique eofijgiperators for a given
relational system.

Definition 3.5.1. Given a relational system, a couple of operators up-down fyatig 3.3-
3.7 is a coherent granularity conversion operator for thgstem.

For any relation algebra there are two operators which alwatjsfy these requirements:
the identity function {d) which maps any relation into itself (or a singleton contadpitself)
and the non-informative function\(z) which maps any relation into the base set of the
algebra. It is noteworthy that these functions must therhb& bwn inverse (i.e., they are
candidates for boti and| at once). These solutions are not considered anymore below.

The framework provided so far concerns two operators relatethe constraints, but
there is no specificity of the upward or downward operatos(ihivhy constraints are sym-
metric). By convention, if the system contains an equiveéaelation (defined assuch that
e = eoe = e~ ! [Hirsh, 199§), the operators which maps this element to a strictly broader
set is denoted as the downward operator. This meets theiagmtbiecause the coarser the
view the more indistinguishable the entities (and they hemtsubject to the equivalence
relation).

3.5.3 Results on point and interval algebras

From these constraints, it is possible to generate thelpessperators for a particular rela-
tion algebra. This is first performed for the point algebrd #re interval algebra in which
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it turns out that only one couple of non-trivial operatorssex Moreover, these operators
satisfy the relationship between base and interval algebra.
Granularity for the point algebra

Proposition 3.5.1. Table 3.1 defines the only possible non auto-inverse updawdiward
operators for the point algebra.

relation:r | 1 r lr
< <= <

= = | <=>
> >= >

Table 3.1: Upward and downward granularity conversions fempthint algebra.

These operators fit intuition very well. For instance, if thample of Figure 3.9 is modeled
through bounding points( for the left endpoint and ™ for the right endpoint) of intervals
W+, M~, M+ andD™, itis represented in (b) by = = M~ (the engine stops working
when it starts misfiring)}/ — < M (the beginning of the misfire is before its end)," <
D~ (the end of the misfiring period is before the beginning of lthes of altitude) in (p)
by M+ = D~ (the misfiring period ends when the loss of altitude begins) ian(g) by
M~ = M™ (the misfiring period does not exist anymore). This is pdedily converting
M*T <D7intoM* =D (=e1<)andM~ = M*intoM~ < M™ (<e|=).

Granularity for the interval algebra

Since the temporal interval algebra is a plain interval latgethe constraint 3.8 can be ap-
plied for deducing its granularity operators. This progitiee only possible operators for the
interval algebra. Table 3.2 shows the automatic transldtaom points to intervals:

r Tr Tr Lr Lr

b | <=]<=]<=] <= bm < < < < b

d | >= | <= | >= | <= dsfe > < > < d

0o | <=| <=| >=| <= | osmef! < < > < 0

s = <= | >= = se <=> | < > < osd

fl>=|<=|>=| = fe > < > <=> o~ lfd

m|<=|<=| = | <= m < < | <=> < bmo

e = | <=|>=]| = e <=> | < > <=> | of~ld~ls
es~tdfo~ 1!

Table 3.2: Transformation of upward and downward operatet&den points into interval
relation quadruples.

The conversion table for the interval algebra is given beldWwe corresponding operators
enjoy the same properties as the operators for the poirbge

Proposition 3.5.2. The upward/downward operators for the interval algebra abl€ 3.3
satisfy the properties 3.3 through 3.7.
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r Tr lr r1 T r T Lt

b bm b bt b~ Im™! b1

d df se d d-! d-ls71f e d=t

o | of tsme 0 ol | o ls7fem™! o1

s se osd 571 s7le dls7to1
f fe dfo~! 7 f e d'fto
m m bmo m~! m~1 o~ tm~1p7!
e e of 'd~'ses 'dfo~!

Table 3.3: Upward and downward granularity conversion foiherval algebra.

Proposition 3.5.3. The upward/downward operators for the interval algebra abl€é 3.3
are the only ones that satisfy the property 3.8 with regardhi operators for the point
algebra of Table 3.1.

If one wants to generate possible operators for the intetgabra, many of them can
be found. But the constraint that this algebra must be trervat algebra (in the sense of
[Hirsh, 1996) of the point algebra restricts drastically the number ddisons.

The reader is invited to check on the example of Figure 3&,hat has been said about
point operators is still valid: the situation (b) is desedbyW {m} M (the working period
meets the misfiring one}\/{b} D (the misfiring period is anterior to the loss of altitude),
in (p) by M{m}D (the misfiring period meets the loss of altitude) and in (g) rehtae
misfiring period does not appear anymorelby{m}D (the working period meets the loss
of altitude). This is compatible with the idea that, under arser granularityy can become
m (m €7 b) and that under a finer granularity can becomé (b €| m).

The upward operator does not satisfy the condition 3.4 fareBthborhood (in which
objects are translated continuou$hreksa, 199D as it is violated by, s, and f and C-
neighborhood (in which the objects are continuously expdmaeontracted by preserving
their center of gravitfFreksa, 199D as it is violated by, s, andf. This is because the
corresponding neighborhoods are not based upon indepelimériranslations while this
independence has been used for translating the resultsfi@point algebra to the interval
algebra.

It is noteworthy that the downward operator correspondstixtthe closure of rela-
tionships that LigozafiLigozat, 1990 introduced in his own formalism. This seems natural
since this closure, just like the conversion operatorsyiges all the adjacents relationships
of a higher dimension.

3.5.4 General results of existence and composition

We provide here general results about the existence of tdtyuoperators in algebra of
binary relations. Then, the relationships between graityleonversion and composition,
i.e., the impact of granularity changes on inference resate considered.
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Existence results for algebras of binary relations

The question of the general existence of granularity casieeroperators corresponding to
the above constraints can be raised. Concerning granutanitversion operators different
from Id and Ni, two partial results have been establisiEdzenat, 200[L The first one
shows that there are small algebras with no non-trivial opesat

Proposition 3.5.4. The algebra based on two elemeatanda ! such thatV (a,a~') has
no granularity conversion operators other than identitydaron-informative map.

A more interesting result is that of the existence of opesator a large class of alge-
bras. In the case of two auto-inverse operators (e-@nd+), there must exist conversion
operators as shown by proposition 3.5.5. Proposition 3xhb#s a systematic way of gen-
erating operators from minimal requirements (but does rmtige a way to generate all the
operators). It only provides a sufficient, but not necessamydition for having operators.

Proposition 3.5.5. Given a relation algebra containing two relationshipgndb such that
N(a,b) (itis assumed that neighborhood is converse independent)i(a~!, b)), there
exists a couple of upward/downward granularity operatozfinied by :

if « and b are auto-inverse | a = {a, b}, T b = {a, b}, the remainder being identity;

if a only is auto-inverse | a = {a,b,b~'}, 1 b= {a,b}, T b~ = {a,b"1}, the remainder
being identity;

if a and b are not auto-inverse | a = {a,b}, T b = {a,b}, | a=t = {a L, 071}, 1 b7 =
{a=1, b1}, the remainder being identity.

There can be, in general, many possible operators for a gigetra. Proposition 3.5.5
shows that the five core properties of Section 3.5.2 are densisAnother general question
about them concerns their independence. It can be answéireckdai/ely:

Proposition 3.5.6. The core properties of granularity operators are indepamtde

This is proven by providing five systems satisfying all pndies but ond Euzenat, 20011

Granularity and composition

The composition of symbolic relationships is a favored iefece means for symbolic rep-
resentation systems. One of the properties which would beestiag to obtain is the in-
dependence of the results of the inferences from the gratyulevel (equation 3.9). The
distributivity of — on o denotes the independence of the inferences from the grégula
under which they are performed.

—(ror)=(—=r)o(=1") (distributivity of — overo) (3.9)
This property is only satisfied for upward conversion in tbapalgebra.

Proposition 3.5.7. The upward operator for the point algebra satisfies prop8&r8;.
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It does not hold true for the interval algebra. Let threervdsz, y andz be such that
xby andydz. The application of composition of relations gives o m d s}z which, once
upwardly converted, gives{b m e d f s o f~1}z. By opposition, if the conversion is first
applied, it returng:{b m}y andy{d f s e}z which, once composed, yield{b o m d s}z.
The interpretation of this result is the following: by firstra@rting, the information that
there exists an intervglforbiddingz to finish z is lost; however, if the relationships linking
y to x andz are preserved, then the propagation will take them into attcnd recover the
lost precision{bmed f so "1} o{bomd s} = {bomd s}. Inany case, this cannot be
enforced since, if the length gfis so small that the conversion makes it vanish, the correct
information at that granularity is the one provided by apmfirst the compositionz can
meet the end of under such a granularity. However, if equation 3.9 cannot héeaed
for upward conversion in the interval algebra, upward cosiea is super-distributive over
composition.

Proposition 3.5.8. The upward operator for the interval algebra satisfies tHfaing prop-
erty:
(Tr)o(Tr) ST (ror') (super-distributivity of] overo)

A similar phenomenon appears with the downward conversioratgrs (it appears both for
points and intervals). Let, y andz be three points such that> y andy = z. On the one
hand, the composition of relations gives> z, which is converted ta > = under the finer
granularity. On the other hand, the conversion gives y andy<=>z because, under a
more precise granularity, could be close but not really equal 0 The composition then
provides no more information about the relationship betweamd z (zr<=>z). This is
the reverse situation as before: it takes into account ttiettiat the non-distinguishability
of two points cannot be ensured under a finer grain. Of courg¥erything is converted
first, then the result is as precise as possible: downwardersion is sub-distributive over
composition.

Proposition 3.5.9. The downward operators for the interval and point algebrassfy the
following property:

L(ror)C(lr)o(lr) (sub-distributivity of | overo)

These two latter properties can be useful for propagatimgtcaints in order to get out of
them the maximum of information quickly. For instance, ie tase of upward conversion,
if no interval vanishes, every relationship must be firstvasted and then composed.

y
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\/

<
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U

Figure 3.10: A diagrammatic summary of Propositions 3.5@%5.8.
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These properties have been discovered independently qutilgative cas¢Euzenat, 1998
and in the set-theoretic granularity area through an appration algorithm for quantitative
constraintgBettini et al,, 1994.

3.5.5 Granularity through discrete approximation

The algebra of relations can be directly given or derivedramgerval algebra. It can also
be provided by axiomatizing properties of objects or getegrérom properties of artefacts.
Bittner [Bittner, 2002 has taken such an approach for generating sets of relatgending
on the join of related objects. He has adapted a frameworkufalitgtively approximating
spatial position to temporal representation. This frantéwe@an be used in turn for find-
ing approximate relations between temporal entities whichteaseen as relations under a
coarser granularity.

Qualitative temporal relations

This work is based on a new analysis of the generation ofioelatbetween two spatial
areas. These relations are characterized through thesaaton” (or meet) between the
two regions. More precisely, the relation is characterizgthe triple:

(xANyst Lzhymz,xNy=y)

The items in these triples characterize the non emptiness\af (1st item) and its relation
to z andy (2nd and 3rd items). So the values of this triple are relatithis approach
is inspired from[Egenhofer and Franzosa, 1991 These values are taken out of a set of
possible relations?. This generates several different sets of relations depgma the kind

of relations used:

e boundary insensitive relations (RCC5);

¢ one-dimensional boundary insensitive relations betwetemials (RCG);

¢ one-dimensional boundary insensitive relations betwe@rcoavex regions (RC{J;
e boundary sensitive relations (RCC8);

¢ one-dimensional boundary sensitive relations (RGC

Some of these representations are obviously refinemenhefot In that sense, we obtain
a granular representation of a temporal situation by usingenor less precise qualitative
relationships. This can also be obtained by using otherskofdemporal representations
(RCC8iis less precise than Allen’s algebra of relations).

As an example, RC{Cconsiders regions andy corresponding to intervals on the real
line. The setf? is made of FLO, FLI, T, FRI, FRO. FLO indicates that no argument i
included in the other (O) and there is some part of the firstragmnt left (L) of the second
one, FLI indicates that the second argument is includederfitt one and there is some
part of the first argument left (L) of the second one, T coroes}s to the equality of the
intersection with the interval, and FRI and FRO are the samthéoright hand bound. This
provides the relations of Table 3.4.
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cAygt L zAy~x TAY~Y Allen
FLO FLO FLO bm
FRO FRO FRO | b 'm!
T FLO FLO o}
T FRO FRO o !
T T FLI ds
T T FRI df
T FLI T d-tf-!
T FRI T dts!
T T T e

Table 3.4: The relations of RGC

The relations in these sets are not always jointly exhagistivd pairwise disjoint. For
instance, RCE&is exhaustive but not pairwise disjoint, simply because ddindappear in
two lines of the table.

Qualitative temporal locations

The framework as it is developed [Bittner and Steel, 1998considers a space, here a
temporal domain, as a set of pladgs Any spatial or temporal occurrence will be a subset
of Ty. So, with regard to what has been considered in Section 3.3intherlying space is
aligned and structured.

An approximation is based on the partition & into a set of cellsK (i.e., Vk, k' €
K,k C To,kNEk = () andUgexk = Tp). The localization of any temporal occurrence
is then approximated by providing its relation to each cdlhe location ofx C T is a
functionp, : K — (2’ from the set of cells to a set of relations (which may but have not
to correspond té2 or a RCC, defined above). The resulting approximation s thus depgnde
on the partitionX” and the set of relation®’.

From this, we can state that two occurrengeendy are indistinguishable under gran-
ularity (K, ) if and only if p, = p,. This formulation is typical from the set-theoretic
approach to temporal granularity used in a strictly quthligedomain.

We can also define the interpretation of an area of the setligf(Cé : K — {2) as the
set of places it approximates:

[X] = {2 C Tolp, = X}

Relations between approximations and granularity

It is clear that the approximation of a regiancan be considered as its representation
under the granularityk, £2') (i.e., p.;). In the same vein, the interpretation of approximation
[X] corresponds to the conversion of this region to the finergeaity | X. In that respect
we are faced with two discrete and aligned granularities.

The following question can be raised: given a relation RCCY betweenr andy, the
approximation§ z and? y, and? r holding betweeri = and{ y, what can be said of the
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relationship betweenand{ r? The approximate relationr holding betweernX andY is
characterized aSEM (X,Y) and defined as:

SEM(X,Y) ={r € RCCY|z € [X],y € [Y],2Ry, andr € R}

The author goes on to define a syntactic operatdr § (X, Y")) for determining the re-
lationships between approximate regions. This operatott imeisas close as possible to
SEM(X,Y). ltis defined by replacing in the equations defining the ietetof the consid-
ered set, the region variables dndy) by approximation variables{ andY’) and the meet
operation by upper or lower bounds for the meet operations phivides a pair of values
for the relations betweeN andY depending on whether they have been computed with the
upper and lower meet.

It is now possible to obtain the relations between granularagentations of the entities
by considering that 7 r y can be obtained in the usual way (but for obtainfngwe need
to consider all the possible granularities, i.e., all thegiole X and all the possible?’).
X | rY is what should be obtained /F M (X,Y") and approximated b§ Y N (X, Y).

Hence, a full parallel can be made between the above-desevir&wn qualitative gran-
ularity and this work on discrete approximation in geneadfortunately, the systems devel-
oped in[Bittner, 2002 do not include Allen’s algebra. The satisfaction of the axsday this
scheme has not been formally established. However, one cahaaself-conservation and
idempotence are satisfied. Neighborhood compatibility ddpen a neighborhood struc-
ture, butSY N(X,Y) is very often an interval in the graph of relations (which it nery
far from a neighborhood structure). It could also be intémgsto show that when RCIC
relations correspond to Allen’s ones, the granularity ofpesacorrespond.

In summary, this approximation framework has the merit @f/jading an approximated
representation of temporal places interpreted on the ireal The approximation operation
itself relies on aligned granularities. This approach igrely qualitative in its definition but
can account for orientation and boundaries.

3.6 Applications of time granularity

Time granularity come into play in many classes of applaratiwith different constraints.

Thus, the contributions presented below not only offer gliegtion perspective, but gener-
ally provide their own granular formalism. The fact that thare no applications to multi-

agent communication means that the agents currently deselmommunicate with agents of
the same kind. With the development of communicating pnogtat will become necessary
to consider the compatibility of two differently grainedsdeiptions of what they perceive.

3.6.1 Natural language processing, planning, and reasoning

The very idea of granularity in artificial intelligence cosfeom the field of natural language
understandingHobbs, 198% In [Gayral, 1992 Gayral and Grandemange take into account
the same temporal unit under a durative or instantaneowetispheir work is motivated
by problems in text understanding. A mechanism of upwandftheard conversion is in-
troduced and modeled in a logical framework. It only managyesbolic constraints and it
converts the entities instead of their relationships. Hpgesentation they propose is based
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on a notion of composition and it allows the recursive decasitim of beginning and end-
ing bounds of intervals into new intervals. The level of grianity is determined during text
understanding by the election of a distinguished indivigudich could be compared with
a focus of attention) among the set of entities and the aggertive vs. instantaneous) of
that individual. Unlike most of the previously-describegegaches, where granularity is
considered orthogonal to a knowledge base, in Gayral and Graarige’s work the current
granularity is given relatively to the aspect of a particidaent. A link between the two
notions can be established by means of the decompositiatiorebetween entities (or his-
tory [Euzenat, 1998. Time granularity in natural language processing anceitation with
the durative/instantaneous aspects have been also stud@tier authors. As an example,
Becher et al. model granularity by means of time units andhbasic relations over them:
precedence and containment (alike the set-theoretic apby&ection 3.3)Becheret al,
1999. From a model of time units consisting of a finite sequenceténal numbers, the
authors build an algebra of relations between these unitajrobg an algebraic account of
granularity.

In [Badaloni and Berati, 1994Badaloni and Berati use different time scales in an at-
tempt to reduce the complexity of planning problems. Theesyds purely quantitative and
it relies on the work presented in Section 3.3. The NatureTivheta et al, 1997 system
is used for integrating several ecological models in whiah dbjects are modeled under
different time scales. The model is quantitative and it ek} defines (in Prolog) the con-
versions from a layer to another. This is basically usednduuinification when the system
unifies the temporal extensions of the atoms. Combi éCaimbiet al., 1999 applied their
multi-granular temporal database to clinical medicinee $iistem is used for the follow-up
of therapies in which data originate from various physiciand the patient itself. It allows
one to answer (with possibility of undefined answers) to varguestions about the history
of the patient. In this system (like in many other) granijausually means “converting units
with alignment problems”.

3.6.2 Program specification and verification

In [Ciapessongt al, 1993, Ciapessoni et al. apply the logics of time granularity te th
specification and verification of real-time systems. Thetéatdof time granularity makes it
possible to associate coarse granularities with high-teeslules and fine granularities with
the lower level modules that compose them. [Fiadeiro and Maibaum, 1994Fiadeiro
and Maibaum achieve the same practical goal by considersygtem in which granularity
is defined a posteriori (it corresponds to the granularitpaafons performed by modules,
while in the work by Ciapessoni et al. the granularity framewie based on a metric time)
and the refinement (granularity change) takes place betwassiaal logic theories instead
of inside a specialized logical framework (as in SectionB.4lt is worth pointing out that
both contributions deal with refinement, in a quite differemty, but they do not take into
account upward granularity change. Finally,[Broy, 1991, Broy introduces the notion
of temporal refinement into the description of software comgnts in such a way that the
behavior of these components is temporally described umbiErarchy of temporal models.
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3.6.3 Temporal Databases

Time granularity is a long-standing issue in the area of maldatabases (see Chapter 14).
As an evidence of the relevance of the notion of time granylatie database community
has released a “glossary of time granularity concefgttini et al., 19984. As we already
pointed out, the set-theoretic formalization of grantjafsee Section 3.3) has been settled
in the database context. Moreover, besides theoreticarmedg, the database community
contributed some meaningful applications of time graritylaAs an example, i Bettini

et al, 19981 Bettini et al. design an architecture for dealing with gramity in federated
databases involving various granularities. This work sa&tdvantage of extra information
about the database design assumptions in order to chazadtex required transformations.
The resulting framework is certainly less general than #telseoretic formalization of time
granularity reported in Section 3.3, but it brings granityatio concrete databases applica-
tions. Time granularity has also been applied to data mipmgedures, namely, to pro-
cedures that look for repeating collection of events in fatksl databasd8ettini et al.,
1998d by solving simple temporal reasoning problems involvingeigranularities (see
Section 3.3). An up-to-date account of the system is givdBattini et al., 2003.

3.6.4 Granularity in space

(Spatial) granularity plays a major role in geographic infation systems. In particular, the
granularity for the Region Connection CalculiRandellet al,, 1992; Egenhofer and Fran-
zosa, 199]Lhas been presented in that conttizenat, 1995b Moreover, the problem of
generalization is heavily related to granulafiiguller et al,, 1995. Generalization consists
in converting a terrain representation into a coarser majgs i the work of cartographers,
but due to the development of computer representation ofélographic information, the
problem is now tackled in a more formal, and automated, way.

In [Topaloglou, 199F Topaloglou et al. have designed a spatial data model based o
points and rectangles. It supports aligned granularitidstdas based on numeric constraints.
The treatment of granularity consists in tolerant predis&br comparing objects of different
granularities which allow two objects to be considered asakxjfi they only deviate from
the granularity ratio.

In [Puppo and Dettori, 1995; Dettori and Puppo, 19%8uppo and Dettori outline a
general approach to the problem of spatial granularity.yTepresent space as a cell com-
plex (a set of elements with a relation of containment and titen of dimension as a map
to integers) and generalization as a surjective mapping fsoe complex cell into another.
One can consider the elements as simplexes (points of diorehssegments of dimension
2 bounded by two points, and triangles of dimension 3 bouryetiiree segments). This
notion of generalization takes into account the possibli®as on an object: preservation,
if it persists with the same dimension under the coarser dasity) reduction, if it persists
at a lower dimension, and immersion, if it disappears (it entbonsidered as immersed in
another object). The impact of these actions on the condedtects is also taken into ac-
count through a set of constraints, exactly like it has besredn Section 3.5.2. This should
be totally compatible with the two presentations of grarityagiven here. Other transfor-
mations, such as exaggeration (when a road appears largeit isaunder the map scale)
and displacement, have been taken into account in combimaith generalization, but they
do not fit well in the granularity framework given in Sectio2 3Last, it must be noted that
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these definitions are only algebraic and that no analytiefihiions of the transformations
have been given.

Other authors have investigated multi-scale spatial datshavhere a simplified version
of the alignment problem occufRigaux and Scholl, 1995 It basically consists in the
requirement that each partition of the space is a sub-jpartf those it is compared with (a
sort of spatial alignment).

Finally, some implementations of multi-resolution spleditabases have been developed
with encouraging resulttDevogeleet al, 1996. As a matter of fact, the addressed prob-
lem is simpler than that of generalization, since it cossistmatching the elements of two
representations of the same space under different resedutiVhile generalization requires
the application of a (very complex) granularity change afmr this problem only requires
to look for compatibility of representations. Tools frontalaases and generalization can be
used here.

3.7 Related work

We would like to briefly summarize the links to time granukarcoming from a variety
of research fields and to provide some additional pointetegs-directly related contribu-
tions which have not been fully considered here due to the dddpace. Relationships
with research in databases have been discussed in Sect®br@n@®.3.6.3. Granularity
as a phenomenon that affects space has been consideredtionS26.4. The integra-
tion of a notion of granularity into logic programming is dteaith in [Mota et al, 1997;
Liu and Orgun, 199J(see Section 3.6.1 and see also Chapter 13). Work in qusitaa-
soning can also be considered as relevant to granul#titipers, 1994 (see Chapter 20).
The relationships between (time) granularity and formalsdor abstraction have been
explored in various papers. As an example, Giunchiglia et ralpgse a framework for
abstraction which applies to a structutg, A, R), whereL is a languageA is a set of
axioms, andr is a set of inference ruld§iunchigliaet al, 1997. They restrict abstraction
to A, because the granularity transformations are constramedmain within the same
language and the same rules apply to any abstraction. Oirectlis feature of this work is
that it is oriented towards an active abstraction (changgafularity) in order to increase
the performance of a system. As a matter of fact, using a coapsesentation reduces the
problem size by getting rid of details. The approaches te tiyranularity we presented in
this chapter are more oriented towards accounting for tleemed effects of granularity
changes instead of creating granularity change operatdchyeheserve certain properties.

Concluding remarks

We would like to conclude this chapter by underlining thevahce and complexity of the
notion of time granularity. On the one hand, when some sitnatian be seen from different
viewpoints (of designers, observers, or agents), it is ahtarexpress them under different
granularities. On the other hand, problems immediatelyedrism using multiple granu-
larity, because it is difficult to assign a proper (or, at teasconsistent) meaning to these
granular representations.

As it can be seen from above, a lot of work has already beenei@woigranularity. This
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research work has been developed in various domains (dificia intelligence, databases,
and formal specification) with various tools (e.g., temptwglc, set theory, and algebra of
relations). It must be clear that the different approachesesmany concepts and results,
but they have usually considered different restrictionbe Tormal models have provided
constraints on the interpretations of the temporal stat¢snender a particular granularity,
but they did not provide an univocal way to interpret them spacific application context.

On the theoretical side, further work is required to formalympare and/or integrate
the various proposals. On the application side, if the needjfanularity handling is ac-
knowledged, it is not very developed in the solutions. Theeeraasons to think that this
will change in the near future, drained by applications sictederated databases and agent
systems, providing new problems to theoretical research.
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