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Stochastic Porous Media Equations in R?
Equations de milieux poreux dans R?

Viorel BARBU?, Michael ROCKNERP, Francesco RUSSO¢

“Octav Mayer Institute of Mathematics (Romanian Academy), Blvd. Carol I no. 8, lagi, 700506, Romania.
b Universitit Bielefeld, D-33501 Bielefeld, Germany.
CENSTA ParisTech, Unité de Mathématiques Appliquées, 828, Bd. des Maréchaux, F-91120 Palaiseau

Abstract

Existence and uniqueness of solutions to the stochastic porous media equation dX — Ay(X)dt = XdW in R are studied.
Here, W is a Wiener process, ¢ is a maximal monotone graph in R X R such that ¢/(r) < C|r|™, Yr € R. In this general
case, the dimension is restricted to d > 3, the main reason being the absence of a convenient multiplier result in the
space H = {¢ € S'(RY); |E(F @)(€) € L2(RY)}, for d < 2. When y is Lipschitz, the well-posedness, however, holds
for all dimensions on the classical Sobolev space H™'(RY). If y(r)r > p|r/™*' and m = %, we prove the finite time
extinction with strictly positive probability.

Résumé

Nous étudions existence et unicité pour les solutions d’une équation de milieux poreux dX — Ay(X)dt = XdW dans
RY. Ici W est un processus de Wiener, ¢ est un graphe maximal monotone dans R x R tel que y/(r) < C|r", Vr € R.
Dans ce contexte général, la dimension est restreinte a d > 3, essentiellement compte tenu de 1’absence d’un résultat
adéquat de multiplication dans ’espace H = {¢ € S'(RY); |[€(Fe)(&) € L*(RY)}, pour d < 2. Lorsque ¢ est
Lipschitz, le probléme est néanmoins bien posé pour toute dimension dans I’espace de Sobolev classique H™'(R%).
Si y(r)r > plrf™ et m = %, nous prouvons une propriété d’ extinction en temps fini avec probabilité strictement
positive.
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2010 MSC: 76S05, 60H15, 35K55, 35K67.

1. Introduction
Consider the stochastic porous media equation

dX — Ay(X)dt = XdW in (0, T) x R9,

1.1
X(0) = x on RY, (4.1

where i is a monotonically nondecreasing function on R (eventually multivalued) and W(¢) is a Wiener process of the
form
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Wt = ) meri(e), 12 0. (1.2)
k=1

Here {Bi};7 , are independent Brownian motions on a stochastic basis {Q, ¥, 7, P}, ux € R and {e;};? | is an orthonor-
mal basis in H~'(RY) or H~! (see (2.2) below) to be made precise later on.

On bounded domains O ¢ R¢ with Dirichlet homogeneous boundary conditions, equation (1.1) was studied in [3],
[4], [5], under general assumptions on ¢ : R — R (namely, maximal monotone multivalued graph with polynomial
growth, or even more general growth conditions in [4]). It should be said, however, that there is a principial difference
between bounded and unbounded domains, mainly due to the multiplier problem in Sobolev spaces on R?. If d > 3
and O = RY, existence and uniqueness of solutions to (1.1) was proved in [21] (see, also, [23]) in a general setting
which covers the case O = R? (see Theorems 3.9, Proposition 3.1 and Example 3.4 in [21]). However, it should be
said that in [21] ¢ is assumed continuous, such that ri(r) — oo as r — oo, which we do not need in this paper.

We study the existence and uniqueness of (1.1) under two different sets of conditions requiring a different func-
tional approach. The first one, which will be presented in Section 3, assumes that ¢ is monotonically nondecreasing
and Lipschitz. The state space for (1.1) is, in this case, H™'(RY), that is, the dual of the classical Sobolev space
H'(R?). In spite of the apparent lack of generality (i Lipschitz), it should be mentioned that there are physical mod-
els described by such an equation as, for instance, the two phase Stefan transition problem perturbed by a stochastic
Gaussian noise [2]; moreover, in this latter case there is no restriction on the dimension d.

The second case, which will be studied in Section 4, is that where ¢ is a maximal monotone multivalued function
with at most polynomial growth. An important physical problem covered by this case is the self-organized criticality
model

dX — AH(X - X,)dt = (X — X.)dW, (1.3)

where H is the Heaviside function and X, is the critical state (see [5], [6], [8]). More generally, this equation with
discontinuous i covers the stochastic nonlinear diffusion equation with singular diffusivity D(u) = ¢’ (u).

It should be mentioned that, in this second case, the solution X(#) to (1.1) is defined in a certain distribution space
H! (see (2.2) below) on R? and the existence is obtained for d > 3 only, as in the case of continuous i in [21]. The
case 1 < d <2 remains open due to the absence of a multiplier rule in the norm || - [|¢-1 (see Lemma 4.1 below).

In Section 5, we prove the finite time extinction of the solution X to (1.1) with strictly positive probability under
the assumption that y(r)r > p|r|"*! and m = % .

Finally, we would like to comment on one type of noise. Existence and uniqueness can be proved with g(z, X (7))
by replacing X(#) under (more or less the usual) abstract conditions on o (see, e.g., [21], [23]). The main reason why
in this paper we restrict ourselves to linear multiplicative noise is that first we want to be concrete, second the latter
case is somehow generic (just think of taking the Taylor expansion of o(t, ) up to first order), and third for this type

of noise we prove finite time extinction in Section 5.

2. Preliminaries

To begin with, let us briefly recall a few definitions pertaining distribution spaces on R, whose classical Euclidean
norm will be denoted by | - |.
Denote by S’ (R?) the space of all temperate distributions on R (see, e.g., [18]) and by  the space

H ={peSRY; £ IEAF (@) € L*(RY), (2.1)



where F (¢) is the Fourier transform of ¢. We denote by L>(R?) the space of square integrable functions on R? with
norm | - |, and scalar product (-, -),. In general | - |, will denote the norm of LP(RY) or LP(R%;RY), 1 < p < co. The
dual space H~! of H is given by

H' = (e SR £ FOK™ € LR} 22)

The duality between H and ! is denoted by (-, -) and is given by

(o = fR FOOT e 23)

and the norm of H denoted by || - ||; is given by

lllly = ( fR ) |¢<¢)(§)|2|§|2d§)“ = ( fR ) |V¢|2d§) : (2.4)
The norm of ™', denoted by || - ||-1 is given by
gl = ( fR d |§|‘2|¢(n>(§>|2d§)2 = ((ay"n,m))* . 2.5)

(We note that the operator —A is an isomorphism from # onto % ~'.) The scalar product of ! is given by

mm)-y = (=8 "1 m). (2.6)
As regards the relationship of H with the space L”(R?) of p-summable functions on R¢, we have the following.
Lemma 2.1. Let d > 3. Then we have

H c L7 (RY) 2.7)
algebraically and topologically.

Indeed, by the Sobolev embedding theorem (see, e.g., [15], p. 278), we have
¢l 20 < CIVgla, Voo € CP(RY),

and, by density, this implies (2.7), as claimed.
It should be mentioned that (2.7) is no longer true for 1 < d < 2. However, by duality, we have

L#ERY c H™', Vd > 3. (2.8)
Denote by H'(R?) the Sobolev space
H'(RY) = {ue 2R Vu e [A(RY)
{ue 2RY; € - F)E)(1 + EP)7 € LA(RY))

with norm 1

([ yruora + ga)

l—

|I/I|H1(Rd) = (fRd(uz + |Vu|2)d§)
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and by H~!(R?) its dual, that is,
H'RY = {u e SRY); Fu)@( +1¢P)? € LXRY).

The norm of H '(R?) is denoted by | - |-; and its scalar product by (-,-)_,. We have the continuous and dense
embeddings
H'RY cH, H' c H'RY.

It should be emphasized, however, that H is not a subspace of L*(R?) and so L*(R“) is not the pivot space in the
duality (-, -) given by (2.3).

Given a Banach space Y, we denote by L”(0, T; Y) the space of all Y-valued p-integrable functions on (0, 7") and
by C([0, T]; Y) the space of continuous Y-valued functions on [0, T']. For two Hilbert spaces H;, H let L(H, H,) and
L,(Hy, H,) denote the set of all bounded linear and Hilbert-Schmidt operators, respectively. We refer to [17], [20] for
definitions and basic results pertaining infinite dimensional stochastic processes.

3. Equation (1.1) with the Lipschitzian ¢
Consider here equation (1.1) under the following conditions.

(i) ¢ : R — R is monotonically nondecreasing, Lipschitz such that ¢(0) = 0.

(ii) W is a Wiener process as in (1.2), where ¢; € H'(R?), such that
€% =36 ) j2(IVer, +lexl’, + 1) < oo, 3.1)
=1

and {e;} is an orthonormal basis in H~'(R?).
We insert the factor 36 for convenience here to avoid additional large numerical constants in subsequent estimates.

Remark 3.1. By Lemma 4.1 below, |Vei| in (3.1) can be replaced by |Ve|,, and all the results in this section remain
true.

Definition 3.2. Let x € H'(RY). A continuous, (7;);s0-adapted process X : [0,T] — H '(R?) is called strong
solution to (1.1) if the following conditions hold:

X € LX(Q; C([0, TT; H'(RY))) N L2([0, T] x ©; L*(R%)) (3.2)
f Y(X(s))ds € C([0, T]; H(RY)), P-a.s. (3.3)
0
X(@) - A f Ww(X(s))ds = x + f X(s)dW(s), Yt € [0, T], P-a.s. (3.4)
0 0

Remark 3.3. The stochastic (Itd-) integral in (3.4) is the standard one from [17] or [20]. In fact, in the terminology of
these references, W is a Q-Wiener process W€ on H~!, where Q : H™! — H~! is the symmetric trace class operator
defined by

Oh:= ) i (exs )y ex, he H™'.
k=1



For x € H™!, define o(x) : Q'?H' — H™' by
o((Q'h) = Y ex )y ex - ), h e H. (3.5)
k=1

By (3.1), each ¢; is an H~'-multiplier such that
lex - xl-1 < 2 (leleo + [Vexloo) [X|-1, x € H™. (3.6)

Hence, forall x e H™', he H!,

o ) 1/2
Z lux e, hy_1exxl_; < (Z ,U;%|€kx|21] Al
k=1 k=1

< 2Calxl-1 L
= 2Calxl11Q P hlgip.

and thus o(x) is well-defined and an element in L(Q'/>?H~', H™"). Moreover, for x € H™', by (3.5), (3.6),

NG gty = D 10 (Q 20, = > e,
k=1 k=1 (3 7)

(o]
2 2 2 2
= > uflext?, < CLIx,.
k=1

Since {Q'?¢; | k € N} is an orthonormal basis of Q'/2H!, it follows that o(x) € L,(Q">?H~', H™") and the map
x > o(x) is linear and continuous (hence Lipschitz) from H~! to L,(Q'?H~', H™"). Hence (e.g., according to [20,
Section 2.3])

f X(5)dW(s) := f o (X(s)dW2(s), t € [0, T,
0 0

is well-defined as a continuous H~'-valued martingale and by Ito’s isometry and (3.7)

t 2 o f

E f X(s)dW(s)| = Z,@E f IX(s)ex? ds

0 -1 k=1 M0 (3.8)
< CLE f IX(s)I ds, t €[0,T].
0
Furthermore, it follows that

[ xoawe =Y [ oo e

’ = (3.9)

D f e X(s)dBi(s), 1 € [0,T),
=10

where the series converges in LX(Q; C([0, TT; H™Y).
In fact, fo. X(s)dW(s) is a continuous L>-valued martingale, because X € L*([0,T] x Q; L*(R%)) and, analogously
to (3.7), we get
lTCOIZ, g1 g2y < Caalaly, x € LR

5



In particular, by 1t6’s isometry,

2 t
<CLE f IX(s)l3ds, t € [0,T].
2 0

!
E ’f X(s)dW(s)
0
Furthermore, the series in (3.8) even converges in LX(Q; C([0, TT; LA(RY))).
We shall use the facts presented in this remark throughout this paper without further notice.

Theorem 3.4. Let d > 1 and x € L*(RY). Then, under assumptions (i), (ii), there is a unique strong solution to
equation (1.1). This solution satisfies

E[ sup |X(t)|§] < 2Ux2eC,
1€[0,T]

In particular, X € L*(Q; L=([0, T1; L*(R%))). Assume further that
w(ryr = ar?t, Vr e R, (3.10)
where @ > 0. Then, there is a unique strong solution X to (1.1) forall x e H “I(RY).

Proof of Theorem 3.4. We approximate (1.1) by

dX + (v = AW(X)dt = XdW(1), t € (0,T), G.11)
X(0) = x on RY, :
where v € (0, 1). We have the following.

Lemma 3.5. Assume that ¢ is as in assumption (i). Let x € L>(R?). Then, there is a unique (7;),s0-adapted solution
X = XV to (3.11) in the following strong sense:

X" € L2(Q,C([0,TT; H'(RY)) N L*([0, T] x Q; L*(R%)), (3.12)
and P-a.s.
X' =x+(A-v) f W(XY(s5))ds + f XY(s)dW(s), t € [0, T]. (3.13)
0 0

In addition, for all v € (0, 1),

E[ sup [X*(02] < 2/x3e*>T. (3.14)

te[0,7]

If, moreover, i satisfies (3.10), then for each x € H~'(RY) there is a unique solution X” satisfying (3.12), (3.13).

Proof of Lemma 3.5. Let us start with the second part of the assertion, i.e., we assume that ¢ satisfies (3.10) and
that x € H~'(R9). Then the standard theory (see, e.g., [20, Sections 4.1 and 4.2]) applies to ensure that there exists a
unique solution X" taking value in H'(RY) satisfying (3.12), (3.13) above. Indeed, it is easy to check that (H1)-(H4)
from [20, Section 4.1] are satisfied with V := L*(R?), H := H™'(R?), Au := (A — v)(W(u)), u € V, and H™'(R) is
equipped with the equivalent norm

RN i
-1y = (V= 'n) L e HTURY,

6



(in which case, we also write H, 1. Here, as before, we use (-, -) also to denote the dualization between H'(R¢) and
H! (IR‘I). For details, we refer to the calculations in [20, Example 4.1.11], which because p = 2 go through when the
bounded domain Q there is replaced by R?. Hence [20, Theorem 4.2.4] applies to give the above solution X".

In the case when i does not satisfy (3.10), the above conditions (H1), (H2), (H4) from [20] still hold, but (H3) not
in general. Therefore, we replace ¥ by Y+ A1, A € (0, 1), and thus consider A, (u) := (A=) (u)+Au),u €V := LX(R%
and, as above, by [20, Theorem 4.2.4], obtain a solution X7, satisfying (3.12), (3.13), to

dX(@) + (v = DW(X() + AX[()dt = X3 ()dW (@), t € [0,T],

3.15
X 0)=x¢€ H'(RY). G-19)
In particular, by (3.12),
E[ sup |X;(t)|21} < 0. (3.16)
1€[0,T]

We want to let 4 — 0 to obtain a solution to (3.11). To this end, in this case (i.e., without assuming (3.10)), we assume
from now on that x € L*(R?). The reason is that we need the following.

Claim 1. We have X’ € L*([0,T] x Q; H'(R?)) and

T
E| sup IXj(t)lg +4/1Ef |VX;(S)|§dSSZ|x|%e3C§QT’
0

te[0,T]

forall v, € (0,1).
Furthermore, X’ has continuous sample paths in L*(RY), P-ass.

Proof of Claim 1. We know that
X =x+A-v) f W(X() + AX(s))ds + f X(5)dW(s), t € [0, T]. (3.17)
0 0

Let @ € (v,00). Recalling that (@ — A)"? : H™'(R?) — L*(R?) and applying this operator to the above equation, we
find

(@ = A2 X)(0)
=(@-MN)tx+ fo (A =)@ = A) 2 (@X}(s)) + AX}(5))ds (3.18)

+ f (@ — N3 a(X()Q"*dW(s), 1 € [0,T].
0

Applying 1t&’s formula (see, e.g., [20, Theorem 4.2.5] with H = L*>(R%)) to |(a — A)‘%X;(t)lz, we obtain, for r € [0, T,



(@ = D)2 X5OF = (@~ 8)2 43

+2 fo t (A =@ = A 7Y(X[(9)), (@ = M) X[(s)) ds

~24 f (9~ A7) e~ A X (3.19)
f It = &) 2 (XNQI o1 12

+2 fo (@ =27 X}(s), (@ = A2 (X[ ())Q' PdW(s)), .

But, for f € L>(R%), we have
(@=AN)2(A=v)(@-A)"2f =(P-Df,

where
=(@a—-v)(a-A""

For the Green function g, of (o — A), we then have, for f € L*(R%),
Pf=(a-v) Ld f(©)gal:, §)dE.

Hence, by [23, Lemma 5.1], the integrand of the second term on the right-hand side of (3.19) with f := X’ (s) (€ L*(RY)
for ds-a.e. s € [0, T']) can be rewritten as

1 _ _ —
W), P-Df), = —ELH jl;d[l#(f(f))—lﬂ(f(é“))][f(f)—f(f)]ga(f»f)dfdf

- fRdU = P1(©) - y(f(E)) f(§)d¢.
Since ¥ is monotone, (0) = 0 and P1 < 1, we deduce that

W), (P=-Df)<0.

Hence, after a multiplication by «, (3.19) implies that, for all ¢ € [0, T] (see Remark 3.3),
al(a — A~ XV(t)l2 + 2/1f IV(Va(a - A)’EXV(S))lgds
<al(a—A)” -x|2 f Z My a(a A)” (ekXﬁ(s)) ekX"(s)>

+2 f (ata - A)’IXX(S),O'(X/Vl(s))Ql/de(s)>2.
0



Hence, by the Burkholder—-Davis—Gundy (BDG) inequality (with p = 1) and since a(a — A)7! is a contraction on
L*(RY),

E [ sup | Va(a - Ar%xz(s)@]

s€(0,7]

+21E f IV(Va(a - A2 X(s))ds
0

. 4 (3.20)

< |Va(a—A)72x3 + Ci,Ef IX*(s)5ds

1/2
+6IE (f Zpk ala—A)~ X"(s) ekXV(s)> ) .
The latter term can be estimated by

" 1/2

CwE[ sup |a(a — A)*IX/V](s)b (f |X§(s)|%ds) ]
s€[0,1] 3.21)

1
<35 {sup |Va(a - 8)72 X))

s€(0,1]

+ = c2 f X% (s)3ds,

where we used that \/c_y(a/—A)‘% is a contraction on L*>(R?). Note that the first summand on the right-hand side is finite

. 1 . . . . .
by (3.16), since the norm | Va(a — A)~2 - |, is equivalent to | - |-;. Hence, we can subtract this term after substituting
(3.21) into (3.20) to obtain

E [ sup | Va(a - Aﬁxz(s)@]

s€[0,t]

+4AE f IV(Va(a — A3 X(s)2ds (3.22)
0

!
<2|va(a - A 42 +3CLE f IX(s)3ds, 1 €[0,T].
0

Obviously, the quantity under the sup on the left-hand side of (3.22) is increasing in @. So, by the monotone
sel0,1]
convergence theorem, we may let @ — oo in (3.22) and then, except for its last part, Claim 1 immediately follows
. 1. . . .
by Gronwall’s lemma, since va(a — A)"2 is a contraction in L>(R?) and x € L*(R?). The last part of Claim 1 then
immediately follows from [19, Theorem 2.1]. m

Applying It6’s formula to | X/ (¢) — XV/(t)E],V (see [20, Theorem 4.2.5]), it follows from (3.17) that, for 2, A" € (0, 1)
andr € [0,T],

XY - X50R,,

2 [ (U w0y + (X - X0, X - X), ds
(3.23)
f X)X IR, g1
2 fo (X3(5) = X3 (5). o (X}(5) = Xy ()dW(s))

9



Our assumption (i) on ¢ implies that
W) =N = 1) = Lipy + D7) =P, forr,r’ € R,

where Lip y is the Lipschitz constant of . Hence (3.23), (3.7) and the BDG inequality (for p = 1 imply that, for all
te[0,T])

E[ sup |X’(s) - X}(s)m}
s€[0,7]

2Lipy + )R fo (X (5)) — w(X (5))3ds
<2+ )E f (IX35()3 + 1X ()B)ds + C2, f IX(s) = X3 ()2, ,ds
0 0

'S 1/2
+2E ( fo PNACHOES HONCHOE X;,(s))ekﬁw ds] ,
k=1

By (3.7) and Young’s inequality, the latter term is dominated by

1,v

1
SE [ sup 1X(s) — X (s)I*

1 !
+5 C2E f IX(5) = X (), ,ds.
s€[0,] 0

Hence, because of x € L*(R?) and Claim 1, we may now apply Gronwall’s lemma to obtain that, for some constant C
independent of ', A (and v),

E | sup IX}(1) - X, (0P,

T
up + IE](; [y (X (s)) - zp(X;,(s))I%ds <C@A+A). (3.24)

Hence there exists an (7;)-adapted continuous H~'-valued process X” = (X"(t)).e0.r] such that X¥ € L>(Q; C([0, T]; H™")).
Now, by Claim 1, it follows that
X" € L2([0, T] x Q; L2(RY)).

Claim 2. X” satisfies equation (3.13) (i.e., we can pass to the limit in (3.17) as 1 — 0).

Proof of Claim 2. We already know that
X, — X" and f X ($)dW(s) — f X'(8)dW(s)
0 0

in L2(Q; C([0,T]; H ")) as A — 0 (for the second convergence see the above argument using (3.7) and the BDG
inequality). So, by (3.17) it follows that

f WX} (5) + AX)(s)ds, 1> 0,
0
converges as 4 — 0 to an element in L*(Q; C([0,T]; HY). But, by (3.24) and Claim 1, it follows that
[ watn+ axionas — [ uaonas (3.25)
0 0

as A — 0in L*(Q; L*([0, T1; L*>(R9))). Hence Claim 2 is proved. B
10



Now, (3.14) follows from Claim 1 by lower semicontinuity. This completes the proof of Lemma 3.5. B

Proof of Theorem 3.4 (continued). We are going to use Lemma 3.5 and let v — 0. The arguments are similar to
those in the proof of Lemma 3.5. So, we shall not repeat all the details.
Now, we rewrite (3.11) as

dX” + (I = A(X")dt = (1 = Vip(X*)dt + X*dW () (3.26)

and apply It6’s formula to ¢(x) = % |x|%1 (see, e.g., [20, Theorem 4.2.5]). We get, for x € H, by (3.8) and after
taking expectation,

1 f
LEX R, +E f f O (S)X () ds
2 0 ]R"
1 t
=5 I, + (1 - »E f W(X"(5)), X" (5))_y ds
0
oL Eftiﬁxvekﬁ ds
2 o kz] k -1
] 3
< S I +E f WX ds
0
1 !
+§C§OE f IX"(s)*,ds, Yt € [0,T].
0
Recalling that | - |-} < |- |2, we get, via Young’s and Gronwall’s inequalities, for some C € (0, co) that
@ T
EIX" (O, + 3 E f IX"(s)3ds < Clxl*,, t € [0,T], v € (0, 1), (3.27)
0

because, by assumption (i), Y(r)r > aly(rP?, Vr e R, with @ := (Lipy + 1)~'. Here we set @ = 0 if (3.10) does not
hold.
Now, by a similar calculus, for X¥ — X we get

X(6) - X (012, +2 fo t @) - WX NX = X )dé ds
<C fo t (WX —p(X"), X" = X")_ ds
e fo W + VIR IX — X |ids
+C fot X" = X" ds + 2 fot i (X7 = X, ex(X” XV’)>_] B,
te[0,T].

Taking into account that, by assumption (i),

W(x) = y())(x = y) = ay(x) — YOI Yx,y € RY,
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we get, for all v, > 0,
IX(0) - X" (0, + @ fo t (X" (5)) = (X (5))3dss
<cy fo ) - X (R s+ fo WOE($) — w(X (s
+Co(v +V) fo t(|¢(XV(s))|§ + (XY (s)I3)ds
+ ki} fo t (X (5) = X7 (), (X7 (5) = X' (s)))-1dBi(s), 1 € [0, T].

So, similarly to showing (3.24) in the proof of Lemma 3.5, by (3.14), if x € L*(R%), and by (3.27),if x € H'(RY) and
¥ satisfies (3.10), by the Burkholder-Davis-Gundy inequality, for p = 1, we get, for all v,v" € (0, 1),

T
E sup X))~ X" (), +E f W(X(9) — (X ()ds < Cv + V).
1€[0,T] 0

The remaining part of the proof is now exactly the same as the last part of the proof of Lemma 3.5. &

Remark 3.6. Theorem 3.4 is a basic tool for the probabilistic (double) representation of equation (1.1), which holds
when ¥ is Lipschitz, as it is proved in [10]. If (1.1) is not perturbed by noise, and ¥ is possibly discontinuous, its
probabilistic representation was performed in [14], [9], [10] with extensions and numerical simulations located in
[11], [12].

4. Equation (1.1) for maximal monotone functions  with polynomial growth

In this section, we assume d > 3 and we shall study the existence for equation (1.1) under the following assump-
tions:

() ¢ : R — 2R is a maximal monotone graph such that 0 € y(0) and
sup{lnl; 7 € Y(N} < C(1L +1[r"), Vr e R, 4.1

where 1 <m < oo,

Gy W@ = Z HrerPi(t), t > 0, where {;};7 | are independent Brownian motions on a stochastic basis {Q, 7, ¥, P},
k=1
w € R, and e; € C'(RY) N H! are such that {e;} is an orthonormal basis in /! and

D e, + Veild + 1) < oo, 4.2)
k=1

The existence of {e;} as in (jj) is ensured by the following lemma.

Lemma 4.1. Letd > 3 and let e € L®(R%; R?) be such that Ve € LY(R%; R?). Then
llxell-1 < [lxdll-1(leleo + CIVela), Yx € H™', (4.3)

where C is independent of x and e.
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Proof. We have
llxell-1 = sup{<x, ep); llelli < 1} < |lxll-1 supflleglls; llell < 1}. (4.4)
On the other hand, by Lemma 2.1 we have, for all ¢ € Cy’ (RY),

llepll; <leVe +@Vely < [eVel|s + Vel
< lelool Vola + l@l,|Vela < lelllelli + Cligll[Vela,

where p = % - Then, by (4.4), (4.3) follows, as claimed. O

Remark 4.2. (i) It should be mentioned that, for d = 2, Lemma 4.1 fails and this is the main reason our treatment
of equation (1.1) under assumptions (j), (jj) is constrained to d > 3.

(ii) We note that Remark 3.3 with the réle of H~'(R9) replaced by H ~! remains true in all its parts under condition
(jj) above. We shall use this below without further notice.

We denote by j : R — R the potential associated with i, that is, a continuous convex function on R such that
aj=y,ie.,
J(r) £L(r=7)+ j(r), Yl € y(r), r,F € R.

Definition 4.3. Let x € H~! and p := max(2, 2m). An H~'-valued adapted process X = X(¢) is called strong solution
to (1.1) if the following conditions hold:

X is H!-valued continuous on [0, 7], P-a.s., 4.5)
X e’ (Qx(0,T)xRY. (4.6)

There is 57 € L (Q % (0, T) x R9) such that

newX), dt®@P®dé —ae. on(0,T)x QxR? 4.7)
and P-a.s.
Xt)=x+ Ajo‘ n(s)ds + Zpkj(; X(8)erdBr(s) 4.8)
k=1

in D'(RY), te[0,T].
Here D'(R?) is the standard space of distributions on R?.
Theorem 4.4 below is the main existence result for equation (1.1).

Theorem 4.4. Assume that d > 3 and that
x € PRHYNLERHNH,  p = max(2,2m).
Then, under assumptions (j), (jj), there is a unique solution X to (1.1) such that
X € L*(Q:; C([0,TI; H™Y). 4.9

Moreover, if x > 0, a.e. in R?, then X > 0, a.e. on (0, T) x R¢ x Q.
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Theorem 4.4 is applicable to a large class of nonlinearities ¢ : R — 2% and, in particular, to

w(r) =pH®@) + ar, Yr e R,y(r) = pH(r — ro)r,

where p > 0, a,r. > 0, which models the dynamics of self-organized criticality (see [5], [6], [8]). Here H is the

Heaviside function.

As mentioned earlier, Theorem 4.4 can be compared most closely to the main existence result of [21]. But there
are, however, a few notable differences as we explain below. The function ¢ arising in [21] is monotonically increa-
sing, continuous and are assumed to satisfy a growth condition of the form N(r) < ry(r) < C(N(r) + D)r, Vr € R,
where N is a smooth and A,-regular Young function defining the Orlicz class Ly. In contrast to this, here ¢ is any

maximal monotone graph (multivalued) with arbitrary polynomial growth.

Proof of Theorem 4.4. Consider the approximating equation

dXy — AW (X)) + AX)dt = X,dW, t € (0,7),

X3(0) = x,
where ¥, = % (1 -1+, 2> 0. We note that ¥, = dj,;, where (see, e.g., [1])
— -|2

22

pv):mfpr +ﬂﬂ;7€R},VreR.

We have the following result.
Lemma 4.5. Let x € H™' n LP(RY) N L2(RY), p := 2m, d > 3. Then (4.10) has a unique solution
X, € L*(Q; C([0, TT; H™H) N L¥([0, T1; LP(Q x RY)).
Moreover, for all A, u > 0, we have
E sup [[(Xa(t) = X, I, < C(A+p)

0<t<T

EIX.(0)° < Clxl2, Yt € [0,T],
T
]Ef f WA (X )| m dt dé < Clxlh, YA > 0,
0 R4

E[ sup [IX,®I2, | < Clixdi?,, YA >0,

0<t<T

where C is independent of 4, .
Proof. We consider for each fixed A the equation (see (3.11))

dX + (v = AYa(X2) + AX)dt = XJdW
X3(0) = x,

(4.10)

A.11)

4.12)
(4.13)

(4.14)

(4.15)

(4.16)

where v > 0. Let x € LZ(RY) N LP(RY) N H!. By Claim 1 in the proof of Lemma 3.5, (4.16) has a unique solution

X € L2(Q; L=([0, T]; L2 (RY))) N L*(Q x [0, T]; H'(R?)) with continuous sample paths in L>(R%).
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As seen in the proof of Theorem 3.4, we have, for v — 0,

X} — X, strongly in LX(Q; C([0, T1; H'(RY)))
weak-star in L2(Q; L ([0, T1; L*(R?))),
and, by (3.14), along a subsequence also,

where X is the solution to (4.10). It remains to be shown that X, satisfies (4.11)—(4.15). In order to explain the ideas,
we apply first (formally) [t6’s formula to (4.16) for the function ¢(x) = % lel’i. We obtain

1 !
> EIX}(D)) + E f fR = DX + AXDIXNP2Xds dé
0

1 p—1 ' N 2 2 -2
=—|xf + — Ef f w1 X eS| X P2dt dé.
p p D) o Jpa ; k1 2

Taking into account that X3, y,(X}) € L*(0, T; H'(R)), P-a.s., by Claim 1 in the proof of Lemma 3.5, we have

4.17)

! !
f v = DXy + AXDIXP X ds dg = Ap — 1) f f IVXGPIX P2 dé ds,
0 RY 0 Rd

and by (4.2) we have

! o !
E f f Z uiIX e 1XP2ds dé < Coo R f f IX3IPdé ds < oo.
0 JR IS 0 JRA

Then, we obtain by (4.17) via Gronwall’s lemma

EIX (0, < Clxly, t € (0,T), (4.18)
and, by (4.1),
!
E f WX A drdé < Caf, 1€ [0,T1. 4.19)
0 R4

It should be said, however, that the above argument is formal, because the function ¢ is not of class C?> on L*(R9)

and we do not know a priori if the integral in the left side of (4.17) makes sense, that is, whether |X/V1|p’2X/V1 €

L*(0, T; L2(Q; H'(R?))). To make it rigorous, we approximate X by a sequence {lel’g} of solutions to the equation
del’g + A;’E(X/Vi’g)dt = X;’gdW,

4.20
X"°(0) = x. (4.20)

Here, A® = % -+ eA;)’l), € € (0, 1), is the Yosida approximation of the operator A’ x = (v — A)(¥a(x) + Ax),
Vx € D(AY) = H'(R?). We set J, = (I + €A%)™" and note that J, is Lipschitz in H = H™"(R¥) as well as in all L/(R)
for 1 < g < co. Moreover, we have

o0l < Ixlg, Yx € LYRY, 421

see [3], Lemma 3.1. Since A’* is Lipschitz in H, equation (3.1) has a unique adapted solution X € L*(Q; C([0, T]; H)
and by It6’s formula we have

1 V,E 2 1 2 S 2 ! V,E 2
S EIXZOR, < 5 e +C ;ukﬂﬂ e ds,
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which, by virtue of (jj), yields
EIX; (0P, < Calx,, Ve >0, x € H. 4.22)
Similarly, since A}® is Lipschitz in L*(R%) (see Lemma 4.6 below), we have also that X Fe LX(Q; C([0, T1; LA(R?)))

and, again by Itd’s formula applied to the function |X/V1’£(t)|2, we obtain

V,E ] S . V,E
EIX; (0B < 5 143 + C3 ) i E f X' “(s)exlads,
2 k=1 0

which yields, by virtue of (jj),

EIX; ()3 < Calxl3, Vi € [0.7]. (423)
Claim 1. For p € [2, o) and x € LP(R?), we have that X;’g € Ly([0,T]; LP(Q; LP(RY) N L2(Q; L2 (RY))), where here
and below the subscript W refers to (F;)-adapted processes.

Proof. For R > 0, consider the set

Ke = {XeLy(0,T]; LP(Q; LP(RY) N L*(Q; L*(RY))),
e PEIX(D))) < RP, e *EIX(H)5 < R*, 1€ [0, T]}.

Since, by (4.20), X is a fixed point of the map

F t

1 t =5 t =
X Deix g - f e T T(X(s))ds + f e X(s)dW(s),
€ Jo 0

obtained by iteration in Cy ([0, T1; L*(Q; H N L*>(RY))), it suffices to show that F leaves the set K invariant for R > 0
large enough. By (4.21), we have

t 1 ! t=s ’ %
ePUE e x + —f e = Jo(X(s)ds
€ Jo p
!
1 =
< e‘(é+“)’|x|p + e_mf —e_%(EIX(S)Iﬁ)TEdS 429
o €
< —(L+a)t +
s¢ Iy 1+ag’
and, similarly, that
1 " e 2): R
t ) 1
[e—ZmE eTE X + _f e_TJE(X(S))dS ] < e_(§+a)l|x|2 + (425)
€ Jo ) 1 +ae

Now, we set
Y(t) = fo X (AW (s), £ 2 0.
We have |
dY+; Ydt =XdW, t>0,
Y(0)=0.
16



Equivalently,
d(ezY(t) = e> X()dW(t), t > 0; Y(0) = 0.

By Lemma 5.1 in [19], it follows that etY is an LP(R%)-valued (F)-adapted continuous process on [0, co) and
L 1 - ! s _ s
Elef Y0l = 5 pp = 1) ) iE f f e Y9 2le? X(s)eids.
2 e 0 JRrd
This yields via Hypothesis (jj)

4 1 t s t s
Ele: Y05 < 3 (p- 1)1[*]]v les Y(s)lﬁds + CIEf |e§X(s)|gds, Yte[0,T],
0 0

and, therefore,
T RPe™PYgC|
ElY(®)l, < C *(“.%)PfEf {X(s)lhds < ———L V1€ [0,T].
Y@, < Cre | le= X(s)l,ds < o+ 5a) [0,7]

Similarly, we get

R%eC,

—2at 2

ElY®|5 € ——, Yt € [0,T].
¢ MUBE 2(1 + ea) [ 1

Then, by formulae (4.24), (4.25), we infer that, for a large enough and R > 2(|x|,, + |x]2), F leaves Ky invariant, which

proves Claim 1.

Claim 2. We have, for all p € [2, o) and x € L?(RY), that there exists C, € (0, o) such that

ess supEIX (0l < C, forall e, A,v € (0,1).
]

t€[0,T

Proof. Again invoking Lemma 5.1 in [19], we have by (4.20) that X * satisfies
!
EIX @)l = | - p B f f AKX g ds
0 Jr
© !
-0 Y e [ [ xrirardeds
=1 0 R4
On the other hand, A"*(X®) = é (X7° = Jo(X7?)) and so we have

: : _ 1 1 i _
fR ) AP XXX P2 de = ; fR . IXyePdé - - fR , JX XX de.

Recalling (4.21), we get, via the Holder inequality,

f AEXEXE\X P2 dé > 0,
]Rzl

and so, by (4.27) and Hypothesis (jj), we obtain, via Gronwall’s lemma, estimate (4.26), as claimed.
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Claim 3. We have, for e — 0,
X® — X, strongly in Ly([0, T1; L*(Q; H))

and weakly* in L*=([0, TT; LP(Q; L’ (RY)) N L*(Q; L*(RY))).

Proof. For simplicity, we write X instead of X* and X instead of X. Also, we set y(r) = y(r) + Ar.
Subtracting equations (4.20) and (4.16), we get via Itd’s formula and because A;’g is monotone on H

1 !
3 EIX.() - X012, +E fo fR d(y(Jg(X)) - YX)(Xe — X)dé ds
<CE f 1Xe(s) = X()2, ,ds,
0

and hence, by Gronwall’s lemma, we obtain

T
EIX(1) - X(O12, , < C]Ef0 fRd y(Je(X)) = y(XlIX, — X|d& ds. (4.28)

On the other hand, it follows by (4.21) that

f [J(X)PP(dw)dt d¢ < f IXPPP(dw)dt dé,
Qx[0,T]xR4 Qx[0,T]xR4

while, for e — 0,
Jo(y) — yinH', Vye H',

(because A/Vl’g is maximal monotone in H~'(R%)) and so, J(X(f, w)) — X(t,w) in H~'(RY) for all (t,w) € (0, T) x Q.
Hence, as € — 0,

Jo«(X) — X weakly in L>(Q x [0, T] x RY), (4.29)
and, according to the inequality above, this implies that, for & — 0,
[Tl 20, 1yxaxrd) — 1X112(0.7)x0xRY)-

Hence, J.(X) — X strongly in L2(Qx[0, T1xRY) as € — 0. Now, taking into account that v is Lipschitz, we conclude
by (4.28), (4.29) and by estimates (4.23), (4.26) that Claim 3 is true. O

Now, we can complete the proof of Lemma 4.5. Namely, letting first & — 0 and then v — oo in (4.26), we get
(4.13) and hence (4.14) as desired.
Now, let us prove (4.12) and (4.15). Arguing as in the proof of Theorem 3.4, we obtain

1 !
SR, + f f Wa(X2) + AX)XE ds
0 Rd

1 1 =
=3 Ix2,, + 3 fo fR ) Z,ule/Vlekl%]yvdfds (4.30)
k=1

!
+ fo (X1, X3dW) | ds.

18



Keeping in mind that, by (4.3), [X'ex|-1, < CIX}|-1,(lexlw + [Vekls), where C is independent of v, we obtain by the
Burkholder-Davis-Gundy inequality for p = 1 (cf. the proof of Theorem 3.4)

T
E sup X7, , + AE f IXy15ds < CIx2, .
1€[0,T] ’ 0 ’

Taking into account that
: -1
lim -1y = Iyll-r, Yy € H,
y—0

we obtain, as in Theorem 3.4 (see the part following (3.26)), that

T
E[ sup [IXa(0)I2, | + AE f [Xa(t)5dt < ClIxI?,, YA >0, 4.31)
0

1€[0,T]

where C is independent of A. In particular, (4.15) holds.
Completely similarly, one proves (4.12). Namely, we have

dX; - X)) + (v = A (X)) + AX) — ¢ (X)) — uXp)dt = (X3 — X;))dW
and again proceeding as in the proof of Theorem 3.4, we obtain as above that
1 v v 2
5 1K) = X, (01,

" fo fRdWXD X = (X)) - XX - X)dE ds

1 ! X 2 2
=2 fo f ; JRIX, = X0erl?, ds

t
- f (X7 =X, (X; - X)dW)_ , 1€[0,T].
0 —1v

Then, applying once again the Burkholder-Davis-Gundy inequality for p = 1, and the fact that, by Hypothesis (j),
[ ()] < Clr™, ¥ € R with C independent of A, we get, proceeding as in the proof of Theorem 3.4, that

E [ sup 1X3(1) = X)(01%, | < C(A+ p),

1€[0,T]

where C is independent of v, A, u. (For details, we refer to the proof of (3.10), (3.14) in [5]). Letting v — 0 as in the
previous case, we obtain (4.12), as claimed. This completes the proof of Lemma 4.5. o

Above we have used the lemma below.
Lemma 4.6. A’® is Lipschitz in L*(R?).
Proof. Tt suffices to check that J, is Lipschitz in L?(R9). We set y(r) = ¢,(r) + Ar. We have, for x, X € L*(R%),
Je(x) = Jo(%) — eA(y(Je(x) — y(Je(H)) = x — X.
Multiplying by y(J(x)) — y(J+(X)) in L>(RY), we get

(Je(x) = Jo(X), y(Je(x) = y(Je(X)))y < [y (Jo(x) = y(Je(X))alx = X2
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Taking into account that (y(r) — y(¥))(r — 7) > L|r — 7|, Vr, 7 € R, and that y is Lipschitz, we get
[Je(x) = Je(D)l2 < Clx = X2,

as claimed. O

Proof of Theorem 4.4 (continued). By (4.12)-(4.15), it follows that there is a process X € L=([0, TT; LP(Q x R%)
such that, for 4 — 0,

X, X weak-star in L*([0, T]; LP(Q x R?))
AX, 0 strongly in L2([0, T]; L*(Q x R%))
210.6)) n  weakly in L= ([0, T] X Q x RY)

X, — X stronglyin L*(Q;C([0,T]; H™)).

(4.32)

Ll

It remains to be shown that X is a solution to (1.1) in the sense of Definition 4.3.
By (4.10) and (4.32), we see that

dX — Andt = XdW, t € (0, T)

4.33
X(0) = x. (4.33)

To prove that 7 € ¥(X), a.e. in Q X (0,7T) X R, it suffices to show that, for each @ E C8°(]Rd), we have

T T
limsupE f f QY (X)X dtdé <E f f O’ nX dé d. (4.34)
0 R4 0 R4

A1—-0

Indeed, we have by convexity of j,

T T
Ef fR‘PZ‘/’A(X/I)(X/l —2Z)dédt > Ef fR ¢ (a(X)) — j(Z))dé dt,
0 4 0 4
VZ e LP((0,T) x Q x RY),

and so, by (4.32) and (4.34), we see that

T T
E f f ¢ (X - Z))dtdé > E f f ¢ (j(X) — j(Z))dé dt,
0 R4 0 JRY
VZ e LP((0,T) x Q x RY),

because, for 4 — 0, ji(Z) — j(Z), and j (X)) — j(X), a.e. and thus, by Fatou’s lemma

T T
liminfE f f G ji(X)dédt > E f f @ j(X)dé dt.
-0 0 R4 0 R4

Now, we take ¢ € C8°(Rd) to be non-negative, such that ¢ = 1 on By and ¢ = 0, outside By.; where for a given
N € N, By is the closed ball of R with radius N. We get

T T
E 2X—de2Eff2'X—’de,
fofBM?o (n( )dE dt | Rd‘P(J( ) — J(2)dé dt 435)
VZ e LP((0,T) x Q x RY).
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This yields

T T
E f f O*n(X - 2Z)dédt > R f f O (X - Z)dé dt, (4.36)
0 Bys1 0 By

forall Ze LP((0,T) X QX Byy1) and { € LV ((0, T) x Q x Byy1) such that ley(Z),ae. in(0,T)X QX Byyi.
We denote by Z 2 LP((0,T)X QX Bys1) = L7 ((0,T) X Q x By41) the realization of the mapping ¢ in LP((0, T) X
Q X By41), that is, _
W(2) ={¢ € LV ((0,T) X QX By:1), { € Y(Z), ae.).

Since % < p’ with ﬁ =1- i, by virtue of assumption (j), Z is maximal monotone in LP((0,7) X Q X Byy1) X

LY ((0,T) x Q x By.1), and so, the equation
J(2Z)+¥(Z) 3 J(X) +7, (4.37)

where J(Z) = |Z|P~%Z, has a unique solution (Z, ) (see, e.g., [1], p. 31).
If, in (4.36), we take Z the solution to (4.37), we obtain that

T
E f f G (J(X) = J(2)(X — Z)dtdé < 0.
0 By

Then, choosing @ = %, yields

T
E f f (17 XIP267X = 67217267 Z) (47X — ¢ Z)drd <0,
0 By

Consequently, this gives

E fOT fRd(‘](‘an) = J(@" D))" X — ¢"Z)dtdé < 0. (4.38)
On the other hand, we have
J@"X) = J(¢°Z) = (p - DIA"X + (1 - Ve ZP (X - 2),
for some A = A(X, Z) € [0, 1]. Substituting into (4.38) yields
lp?(X = Z)> =0 ae. in (0,T) X QX By,1,
Hence, X =Z on (0,T) X Q X By.

Coming back to (4.37), this gives n € Yy(X), dtdPdé, a.e., because N is arbitrary.
To prove (4.34), we use the Itd formula in (4.16) to x — % ||<,0x||§1 to get, as in (4.30),

] !

3 ERXUOIE, +E [ (=800 = D) + 2 XD)ds
0
< Dgxp, + lI[Eftiuzllso?fvekll2 ds.
) -1 2 o v k A -1
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Then, letting v — 0, we obtain

1 !
3 EIXOIE, +E [ (i) + aXa), ds
0
i e (4.39)
< gleil?, + 3 [l ds
2 2 0 =
On the other hand, by (4.33) we get similarly

1

1 2 ' 2 — 2 1 'S 2 2
5 EleX@IE, +E fo (105).¢°X), ds = S llgalP, + S B fo ;ykngoXeku,l, 10,71

Comparing with (4.39), we obtain (4.34), as claimed.

If x > 0, a.e. in RY, it follows that X > 0, a.e. in in Q x (0, T) x R?. To prove this, one applies It6’s formula in
(4.16) to the function x — |x’|§ and get (X})” =0, ae. in Qx(0,7T) X R?. Then, for v — 0, we obtain the desired
result. This completes the existence proof for x € L2(R%) N LP(RY) n H~'.

Uniqueness. If X;, X, are two solutions, we have

d(Xi = X5) = A(m = m)dt = (X1 — X2)dW, 1 € (0,T),
(X1 —X2)(0) =0,

where n; € Y(X;), i =1,2,a.e. in Q x (0,T) X RA.
Applying again, as above (that is, via the approximating device) It6’s formula in H~' to % llo(X; — X2)||%1 , where
pe CS“(]R‘I), we get that

1
5 dlle(Xi - X)IE, = (A — m2), (X1 — Xa))_

] (o)
= 5 D Hille(X) = X)e di + (X1 = Xa). (X1~ Xa)d W), = 0.
k=1
Note that, since 11 — 1, € L (Q X (0, T) x R?), we have

T T
—Ef (A —m), (X1 — X2))_, dt = ]Ef fR (m = m2), e(X1 — Xp)dtdé > 0,
0 0 d

and, therefore,

Elle(X,(2) = X2(0)IP, < Cf Ellp(X1 = Xo)I ds, Vi € [0, T,
0

and, since ¢ was arbitrary in C8° (Rd), we get X = X», as claimed.

Remark 4.7. The self-organized criticality model (1.3), that is, ¥(r) = H(r) = Heaviside function, which is not
covered by Theorem 4.4 for 1 < d < 2, can, however, be treated in the special case

N
W) = D w0, wy € R,
j=1
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(i.e., spatially independent noise) via the rescaling transformation X = ¢"Y, which reduces it to the random parabolic
equation

P &
-w 2y _
3tY_e At//(Y)+§j:E]ij—0.

By approximating W by a smooth W, € C!([0, T]; R) and letting &£ — 0, after some calculation one concludes that the
latter equation has a unique strong solution Y. We omit the details, but refer to [7] for a related treatment.
5. The finite time extinction

Assume here that i satisfies condition (j) of the beginning of Section 4 and that W is of the form (jj). Moreover,
one assumes that

Y(ryr > plr™!, Vr e R, (5.1)
where m is as in Hypothesis (j).

Theorem 5.1. Letd >3 andm = % Let x € L™ 'R N LA (RY) N H " and let X = X(¥); ¢ € [0, T], be the solution
to (1.1) given by Theorem 4.4. We set

T =inf{r > 0; [IX(z, -)ll-1 = 0}. 5.2)

Then, for every ¢t > 0,

X =0,Vt>1, 5.3)

and
C*
1-m

Plr <11 >1—|Ixll5 oy I(] = g C iy (5.4)
where y~! = sup{||u||,1|u|;q£rl; u € L'} and C* > 0 is independent of the initial condition x.
Proof. We follow the arguments of [6]. The basic inequality is

!
X" + p(1 = myy™*! f Lyx (o) >01ds
!
<O+ 1 =m) [ XIS
I ( i (€] 5.5)

+(1—m) f (IXOI" VX (s), X(5)dW(s))_
P-as., 0<r<t< oo,

where C* is a suitable constant. (We note that, by virtue of (2.8), y~! < c.) To get (5.5), we apply the Itd formula in

. . . 1-m . .
(4.10) to the semimartingale [|X,(1)||*, and to the function ¢.(r) = (r + €))7, r > —&%, where X, is the solution to
(4.10).

‘We have
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de(IX,(DI%)

+(1 = m)(IXa(0I, + )75 (Xa(), ya(Xa(D) + AXa(1)), dr
B 1— 2 2 2

_ %Z“z[( mlIXa@0ellZ; ]_mz)IIXa(t)EkII_,IIXa(t)II_l}dt
k=1

m+1 m+l

(X212 +e)5 (XA +&2)""

#2(LUXAOIZ ) Xa(e), Xa(DdW (D))

This yields ! B 9\ _msl |
e:(IXaI2 ) + p(1 —m)f(HXA(S)lLl +el) f} IXal"" ds d¢
r R4

!
< e (IXa(MIP ) + C* f XA, (X2, + &%) ds
3
+2 f (wé(lle(s)IIE,)Xa(s),Xa(s)dW(s)L-
Now, letting 1 — 0, we obtain that X satisfies the estimate

m+

¢(IXOI ) +p(1 = m) f t(uX(s)u%, +eh) fR X, §)|"”‘d§)ds
< @(IXIP)) + C* f t X (X ()P, + 87" ds
+2 f t (LUX(S)IP DX (), X()AW(s)) .

Here, we have used the fact that, by Lemma 4.5, for 4 — 0,

X, - XinH,

and, by (4.32) it follows, via Fatou’s lemma,

lim inf f X" de > f X" de,
1-0 R4 R4

and

UIX@IE, +&)F +p(1 —myy™! f X2 + &) 2 IXI ds
< (IX(P, +6)7F +C° f IX()IP X ()IE, + %)% ds

+2 f (LX) X(5), X(5)AW(s))_, 0<r <t <o,

because, by (2.7), ||xll-1 <y~ "|xlmr1, Yx € L™ 1(RY). Letting & — 0, we get (5.5), as claimed.

Now, we conclude the proof as in [6]. Namely, by (5.5), it follows that
!
e C X @)™ + p(1 = myy™! f e OIS e 1 sonds
< e C X

+(1 =m) f I (IXI VX (s), X(5)dW(s)) |
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and, therefore, 1 — ¢ € "™|IX(1)||'™ is an {F;} supermartingale. Hence, IX(9)[l-; = O for ¢ > 7, because of
Proposition 3.4, Chap. 2 of [22]. Moreover, taking expectation for r = 0, we get

f
e CUMIEIX @)™ + p(1 — myy™*! f e CUTIP(r > §)ds < ||x|1"
0

This implies that

_ e*C*(l—m)t t X ”x”l—]m
Pr>f)—— < f e CUMSp(r > ) ds < ——————
C*(1—m) 0 p(1 = myym+!
and so (5.4) follows. This completes the proof. O

Corollary 5.2. Let x € H~' n L' (RY) N L>(R?) be such that ||x]|-; < ‘%ﬂ Let 7 be the stopping time defined in
(5.2). Then P(t < o0) > 0. In other words, there is extinction in finite time with positive probability.

Remark 5.3. In the case of bounded domain, Theorem 5.1 remains true for m € [

d-2

ot 1) (see [6]). One might suspect

that also in this case the extinction property (5.4) holds for a larger class of exponents m. However, the analysis carried
out in [24] for deterministic fast diffusion equations in R? shows that the extinction property is dependent not only on
the exponent m, but also on the space L”(R¢), where the solution exists (the so called extinction space).

Remark 5.4.

The analysis in this section holds, in particular, if all the coefficients u; do vanish, i.e., in the deterministic
framework. In that case, Theorem 5.1 implies the existence of a deterministic time 7 > 0 so that

127 = |IX(@l-1 =0,
and so X(¢) =0, forall r > 7.

Let us set, for instance, y(u) = u™, d > 3, m = %=2.. Observe that (L' N L*)([RY) c (L' n L2)(RY) nH.
Consider, for instance, as initial condition x € (L! N L®)(RY).

By the Benilan-Crandall approach, see, e.g., Theorem 1 of [13], there is a solution u : [0, T] X RY - R, of

dX — Ay(X)dt = 0 in (0, T) x R,

i
X(0) = x onR?, 7

in the sense of distributions. u belongs to (L' N L®)((0, T) x R?) and also the 1y = Y(u). In this case, u fulfills
mass conservation.

By use of Theorem 4.4, there is another solution v : [0, T'] X R¢ — R in the sense of distributions, such that
v € LP((0,T) — RY), with p = max(1,2m). Also, 5, = () € L[E((O, T) x RY). By Theorem 5.1, if x is small
enough, there will be extinction, and so, v does not fulfill any mass conservation.

In particular, there is no uniqueness for (5.7) in the sense of distributions. Remark that according to [16],
uniqueness is guaranteed in the class (L' N L®)((0, T) x RY).
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