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Abstract Gaussian mixture model-based clustering is now a standatdd esti-
mate some hypothetical underlying partition of a singledet. In this paper, we aim
to cluster several different datasets at the same time im&exbwhere underlying
populations, even though different, are not completelhelated: All individuals are
described by the same features and partitions of identieahimg are expected. Jus-
tifying from some natural arguments a stochastic linedrtiatween the components
of the mixtures associated to each dataset, we propose ssimpnious and mean-
ingful models for a so-called simultaneous clustering mdtiMaximum likelihood
mixture parameters, subject to the linear link constraiat be easily estimated by
a Generalized Expectation Maximization (GEM) algorithrattive describe. Some
promising results are obtained in a biological context wh&multaneous cluster-
ing outperforms independent clustering for partitioningee different subspecies of
birds. Further results on ornithological data show thatgheposed strategy is ro-
bust to the relaxation of the exact descriptor concordartielwis one of its main
assumptions.

Keywords Stochastic linear link Gaussian mixtureModel-based clusteringeM
algorithm- Model selection Biological features
1 Introduction

Clustering aims to separate a sample into classes in ordeveal some hidden
but meaningful structure in data. In a probabilistic cohieis standard practice to
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suppose that the data arise from a mixture of parametrighiisions and to draw a

partition by assigning each data point to the prevailing ponent (see McLachlan
and Peel, 2000, for a review). In particular, in the multigse continuous situation,
Gaussian mixture model-based clustering has found suatapslications in diverse

fields: Genetics (Schork and Thiel, 1996), Medicine (MclUanhand Peel, 2000),
Magnetic Resonance Imaging (Banfield and Raftery, 1993jpAemy (Celeux and

Govaert, 1995), ... Consequently, nowadays, involvindisuodels for clustering a
given dataset could be considered as familiar to everysitasin as to more and more
practitioners.

However, in many situations one needs to cluster severakdts which arise
from relatedbut differentpopulations. More precisely, such populations are related
since they correspond to similar individuals described blsthe same features and,
thus, from which partitions of identical meaning are expddb be discovered. But,
such populations are different since there exists a shiftden them, typically in-
volving time, place, culture, ethnic grougic.Here are some examples of such situ-
ations (some other ones can be found in Lourme, 2011):

— Finance In Du Jardin and Séverin (2010), several samples of firnferiifg over
the time period are described by a common set of econometrighles. Within
each sample, clusters are expected to reveal healthy ahdupacy companies
but the well-known fast chronological evolution of the ghbfirm features makes
the populations very different.

— Geology Eruptions of the Old Faithful geyser are now famous and atelly
described by waiting time between eruptions and the duraifathe eruption.
However, Lourme (2011) shows that the distribution of thébatsts evolves over
time (considering a ten years shift) but that the traditistraicture in two groups
(short/long) of Old Faithful eruptions remains.

— Biology: Thibault et al (1997) consider three samples of seabirdesponding
to distinct Shearwater subspecies, differing over theaggephical range, but de-
scribed by the same five morphological features (tarsudehijth,etc). Despite
these both place and subspecies shifts, each sample igeaxpede partitioned
according to the birds gender.

Such situations involve commonly two kinds of standard teltisg processes. The
samples are clustered traditionally either as if all unitssa from the same distri-

bution, or on the contrary as if the samples came from diséind unrelated pop-

ulations. But a third situation should be considered: Asdatsets share statistical
units of same nature and as they are described by featuresna meaning, there

may exist some link between the samples.

In the Gaussian mixture model-based clustering contextprepose a proba-
bilistic model which enables us to simultaneously clasalfyindividuals instead of
applying several independent Gaussian clustering methotdut ever considering
that all units have the same origin. Assuming a linear stsibhdink between the
samples, what can be justified from some simple but reabstsumptions, will be
the basis of this work. This link allows us to estimate, by imaxm likelihood (ML),
all Gaussian mixture parameters at the same time which iseltydor independent
clustering, and consequently allows us to cluster the desdatasets simultaneously.



Simultaneous Gaussian Model-Based Clustering for Sangplekiltiple Origins 3

Any likelihood-based model choice criterion suctBd€ (Schwarz, 1978) enables us
then to compare the three clustering methods: The simutenelustering method

which assumes a stochastic link between the populatioasnttependent cluster-

ing method which considers that populations are unrelatddize clustering method

involved by considering that all data arise from a commaogiori

In fact, generalizing a one-sample methods&veralsamples is quite common
in statistical literature. Flury (1983), for example, posps the use a particular Prin-
cipal Component Analysis based on common principal compisrfer representing
several samples in a mutual lower-dimensional space wiendbvariance matrices
share a common form and orientation. Another example isngdyeGower (1975)
who generalizes t& samplesK > 3) the classical Procrustes analysis and estimates
a geometrical link, established between two samples.

Note also that terminology “simultaneous clustering” tbah be found in liter-
ature is very different from this one we present in this wadrics it usually refers
to asinglesample. For example hierarchical mixture models (Vermuiat Magid-
son, 2005, pp.176—183) aim to cluster simultaneously loaed higher-level units
(nested levels) of a unique three-way dataset with an externd standard mixture
model-based clustering. In addition, model-based cot@lirgy aims to cluster simul-
taneously the sets of rows and columns of a data matrix of guenilataset (see for
instance Govaert and Nadif, 2008).

In Section 2, starting from the standard solution of somejpahdent Gaussian
mixture model-based clustering methods, we present tmeipté of simultaneous
clustering. Some parsimonious and meaningful models opstablished stochastic
link are then proposed in Section 3. Section 4 gives the ftaentequired by the
ML inference of the parameter, and also proposes, for som#elsoa simplified
alternative estimation combining a cheap standardizatiep and a standard ML
for Gaussian mixture step. Some experiments on seabirdieasipow encouraging
results for our new method. They will be presented in Sediidfinally in Section 6
we plan extensions of this work.

2 From independent to simultaneous Gaussian clustering

We aim to separatel samples intd groups. Describing standard Gaussian model-
based clustering (Subsection 2.1) in this apparently moneptex contextii sam-
ples instead of one), will be later convenient for introchgcsimultaneous Gaussian
model-based clustering (Subsection 2.2). Each saniplé € {1,...,H}) is com-
posed ofn" individualsx!" (i = 1,...,n") of RY, and arises from a populatidn In
addition, all populations are described by the saheentinuous variables. Let us re-
mind also here that, in each sample the same number of dusisrto be discovered,
and that the obtained partition has the same meaning forszanple.

2.1 Standard solution: Several independent Gaussiareciugs

Standard Gaussian model-based clustering assumes thadireds x!" of each sam-
ple x" are independently drawn from the random vec¥t distributed as a mixture
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P" of K non-degenerate Gaussian compon@@tz{k =1,...,K), with probability
density function:

K

f(z9") = 5 mPa(@;p, 2X), = € RY.
k=1

Coef“ficientsn“(1 (k =1,...,K) are the mixing proportions (for al, 7'5&1 >0 and
K = 1), uf and X! correspond respectively to the center and the covariance
matrix of Cl! component, an@q (x; ufl, =) denotes its probability density function.
The whole parameter d?" mixture isy" = ()1, k whereyf = (1, ulf, )

is a vector combining in a properly manner a scalar, a vectd@amatrix.

The component that may have generated an individfbabnstitutes a missing
data. We represent it by a binary veczBre {0, 1} of which thek-th componen,
equals 1 if and only ik!" arises fronCll. The vectorz! is assumed to arise from the
K-variate multinomial distribution of order 1 and of paraewert, ..., 7i}).

The complete data model assumes that COUp‘ESP)i:L“"nh are realizations

of independent random vectors identically distributeo(féh, Zh) in RY x {0,1}K
where Z" denotes a random vector of which tkeh componenZE equals 1 (and
the others 0) with probabilityg!, and (Xh|Z'k1 = 1) ~ @q4( . ;pul, ). We note also
2h = {z?,...,zzh}.

Estimatingy) = (wh)hzl,,_,’H, by maximizing its log-likelihood

H nh

H
(i = 3 3 log[f(x1:9")] = 5 ((w"x),

computed on the observed data- Uﬁzlxh, leads to maximizing independently each
log-likelihood Eh(q,bh;xh) of the parametery” computed orx" sample. Invoking
an EM algorithm to perform the maximization is a classicakimd. One can see
McLachlan and Peel (2000) for a review.

Then the observed daid is allocated by the Maximum A Posteriori principle
(MAP) to the group corresponding to the highest estimatexigsmr probability of
membership computed at the ML estimate

t (1) = E(Z0| X" = XD 4h). 1)

In a parametric model-based clustering contextBh@ criterion (see Schwarz,
1978; Lebarbier and Mary-Huard, 2006) is commonly used &ecting a model
and/or the number of clusters (see Roeder and Wassermafy,Aragey and Raftery,
1998). It is defined here by:

BIC = —E(@;xﬂ—%log(n), (2)

wherel(1); x) denotes the maximized log-likelihood of the paramei@omputed on
the observed date, v the dimension ofp, andn the size of the datan(= 3};_; n").
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At this step, we have to remember that identical meaningtjzens are expected
in all samples and the question is now to match classes of saeaming across
different samples. Three different strategies can be eg@pli

— Either, the practitioner has to perform himself the matghiom the main fea-
tures of the estimated clusters (centets));

— Or, in a more systematic way, we can try to minimize a glob@tahce” (as a
Kullback-Leibler divergence) between the matched compts)e

— Or, if an external partition exists, the classes can be lethedo as to obtain a
global error rate as low as possible but this is likely thes lgequent solution
since an external partition is rarely available

The simultaneous clustering method that we present novg both to improve the
partition estimation and to automatically give the same Ineirimg to the clusters with
identical meaning.

2.2 Proposed solution: Using a linear stochastic link betwgopulations

From the beginning the groups that have to be discoveredstdnsa same mean-
ing partition of each sample and samples are described bsathe features. In that
context, since involved populations are so related, webéstaa distributional rela-
tionship between the identically labelled compon@ft¢h = 1,...,H). Formalizing
thus some link between the conditional populations cartsttthe key idea of the
so-called simultaneous clustering method, and this iddlabeispecified thanks to
three additional hypothese$i, 7%, 73 described below.

For all (h,l) € {1,...,H}? and allk € {1,...,K}, a map&™ : RY — RY is
assumed to exist, so that:

/ / 9 /
X"z = 2" (xNzt = 1), 3)

where ‘Z " refers to the equality of two random vectors in distribatigNote that

/

El?’h map is not symmetric with respect tb,h’).) This model implicates that indi-
viduals from some Gaussian compon@fﬂare stochastically transformed (\Eﬁ’h/)
into individuals ofCy .

In addition, as samples are described by the same featti®gaitural, in many
practical situations, to expect from a variable in some petn to depend mainly on
the same feature, in another population. So we assume tlh(j € {1,...,d})

) .
map componen(ff’hl) of Ef"h/ map depends only on theth map component

x\) of x, situation that is expressed by the following hypothesis:

Ve (L)) e RO R 20 =y = (687) Y @)= (6) ).

THowever, we will use this strategy in our biological examipi&ection 5 in order to put independent
clustering in this “ideal” context.
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) _ .
In other Words,(Ef’h/) corresponds to a map froi into R that transforms, in

distribution, the conditional Gaussian variabk"|z! = 1)()) into the corresponding
conditional Gaussian variableX" |Z{' = 1)), s can be seen as a “first order”
approximation of the link between variables. We will dissy®ssibility to relax it
(and other hypotheses) in Section 6.

. (). . . . .
Assuming moreover thaéfkh’hl) is continuously differentiable—this assump-

tion about all superscriptgis noted.72—, then the only possible transformation is
an affine map. Indeed, according to Appendix A in Biernaclalg2002), for two
given non-degenerate univariate normal distributionsrelexist only two continu-
ously differentiable maps from into R that transforms, in distribution, the first one
into the second one, and they are both affine. The same hygastave been also
used by Biernacki et al (2002) in a Gaussian supervised xbnte

As a consequence, for g, ) € {1,....H}?and allk € {1,...,K}, there exists

DM e R9*M diagonal andf*" € RY so that:
I 2 hH h
(x"|2l =1) £ DR (xMZE = 1)+ 8" @

Relation (3) constitutes the keystone of the simultanecuss&ian model-based clus-
tering framework, and (4) is its affine form involved from tia® previous hypotheses
JA and 5.

Since componen@ﬁ‘ are non—degenerataﬂ’h/ matrices are non singular. In ad-

dition we assume henceforward thBC’h/ matrices are positive—assumption noted
J3—for two reasons. First, it makes the model identifiable 0&d¢this assumption
involves that for any couple of conditional variables, tlignsof their correlation
keeps unchanged through the populations what seems to listiceéa many prac-
tical contexts (for instance in our biological example gl8ection 5). Notice that
hypothesis may be weakened as we remark it at the end of Sidrséct.
Thus, any couple of identically labelled component parmns;e{l;{(1 andwf(", has

now to satisfy the following property: There exists somegdiaal positive-definite

matrix DL"“’ € RY9<d and some vectde’h/ € RY, such that:
W hh h johH W hh h | phH

/ / -1 / / /
(Let us note then thalt)lr("h = (DL‘ ’h) andbE’h = fDL"h bE ")
Property (5) characterizes henceforward the whole paemspaced of ¢» and

the so-called simultaneous clustering method is based parameter inference in
that so constrained parameter space.

2.3 A statistical interpretation of the linear stochastik |

Each covariance matrix can be decomposed into:

> =T RITY, (6)
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WhereTkh is the diagonal matrix of conditional standard deviaticrr@lj component—
for all (i,j) € {1,...,d}? : T{(i,j) =/ =P(i,j) ifi=] and 0 otherwise-and
-1 -1

R} = (Tkh) n (Tkh) is the conditional correlation matrix of the class. As each
decomposition (6) is unique, Relation (5) involves for gMgr, ') € {1,...,H}? and
everyk € {1,...,K} bothT}Y = D" T}" and Rl = R}\. The previous model (4) is
equivalent therefore to postulating that conditional etations are equal through the
populations.

This interpretation of the affine link between the condiibpopulations (4) al-
lows the model to keep all its sense when simultaneous cingtis envisaged in a

relaxed context—as in Subsection 5.3—where the samplesdlassified are described
by different descriptor sets.

3 Parsimonious models

This section displays some parsimonious models estadlisheombining classical
assumptions within each mixture on both mixing proportiand Gaussian parame-
ters (intrapopulation models), with meaningful constision the parametric link (5)
between conditional populations (interpopulation models

3.1 Intrapopulation models

Inspired by standard Gaussian model-based clusteringsamenvisage several clas-
sical parsimonious models of constraints on the GaussiaturesP": Their compo-
nents may be homoscedastit¢ X' = X or heteroscedastic, their mixing propor-
tions may be equal/ : rni1 = ") or free (see McLachlan and Peel, 2000, Chapter 3).
These models will be calleidtrapopulation models

Although they are not considered here, some other intrdptipo models can
be assumed. Celeux and Govaert (1995) for example propose parsimonious
models of Gaussian mixtures based on an eigenvalue decdgimpo$the covariance
matrices which can be envisaged as an immediate extensiouardhtrapopulation
models.

3.2 Interpopulation models

In the most general casE)E’h/ matrices are definite-positive and diagonal, bErH
are unconstrained. We can also consider component indepesitliations orDE’h/
(vk: DM = D) and/or o (vk: " = b""). Other constraints o™ and

bE’hl can be easily proposed but are not considered in this paperL@urme and
Biernacki, 2010, for other examples). We can also suppaoseniiting proportion
vectors(n*l‘, e n,‘2) (h=1,...,H)tobeequal or free depending on whether the ratios

alt"h/:nf'/rni‘(k:l,...,K,h:l,...,H,h’:1,...,H)areequaltoonef(<:aE’h/:
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1) or free. These models will be calléaterpopulation modelsnd they have to be
combined with some intrapopulation model.

Remark There we can see that some of the previous constraints caensdt si-

multaneously on the transformation matrices and on theskation vectors. When
/ /

bE’h vectors do not depend dafor example, then neither dDE’h matrices. In-

-1 N
deed, from (5), we obtaip] = (DL"“) ull — (DL"“) b, and consequently

/ / -1 / / /
bE h— (DE’h) b:}h depends ok onceDL"h or bE’h does.

3.3 Combining intra and interpopulation models

The most general model of simultaneous clusteringis n /, DL"“’ , bE’h/; rnf, ZJE) .

It assumes that mixing proportion vectors may be differativeen populations (so

711‘2 coefficients are free oh), DL"h/ matrices are just diagonal definite-positive (un-
constrained caseht’h/ vectors are unconstrained, and that each mixture has het-
eroscedastic components with free mixing proportionss(th{hcoefficients are also

free onk). The model(l, DM ph- h Eh) , for another example, assumes all mix-

ing proportions to be equal to/K, DL“'h/ matrices,bE’hl vectors to be component
independent and each mixture to have homoscedastic comisone

As a model of simultaneous clustering consists of a comiginaf some intra and
interpopulation models, one will have to pay attention to4atlowed combinations.
It is impossible for example, to assume both that mixing prpn vectors are free
through the diverse populations, and that each of them hesd egmponents. Then a

/ . ..
model(orli"h R ) is not allowed. In the same way, we cannot suppose-—itis

straightforward from the relationship betweE]ﬂ andZJE’ in (5)—b0thDL"h/ transfor-

mation matrices to be free, and, at the same time, each maitdirave homoscedastic
/
components. A modeQ. , DL"“ s Zh) is then prohibited.

Table 1 displays all allowed combinations of intra and iptgrulation models,
leading to 15 models.

3.4 Requirements about identifiability

For a given permutatioa in .4 (symmetric group od1,...,H}), and another one
T in %, ¥¢ will denote the parametep, in which population labels have been
permuted ag, and component labels asthat is:

Vke{1,....,K},vhe {1,....,H}: (¢$)Q:¢f(<lg>.

Identifiability of a model is defined up to a permutation of ptgtion labels, and up
to the same component label permutation within each papulahat is, formally, a
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Table 1 Allowed intra/interpopulation model combinations andritiable models. We noté some non-
allowed combination of intra and interpopulation models, some allowed but non-identifiable model,
and ‘e’ some allowed and identifiable model.

Intrapopulation models

" &

Interpopulation models X" xf xh  xh

i b ) e(s) (e

() e
1(ap™) BT o) e() e(e)  e(e)
DM B () e() () e(e)

model is said to be identifiable when it satisfies:
(3w.%) € W2 va € R, g(aiw) = g(ih) ) = (Jo € Fu, It € F b =),

whereg(x; ) denotes the probability density function of an observed gat
All admissible models are identifiable except one of thein D™ s, ", 1),

since it authorizes different component label permutatidepending on the popula-
tion, and, as a consequence, some crossing of the link bet@@essian components.
Indeed, it is easy to show in that case, that any componenbéigked to any other
one.

However, assuming the data arise from this unidentifiableehaust not be
rejected since it just leads to combinatorial possibgitie constituting groups of
identical labels from the componerﬂ,%. In that case, matching strategies presented
at the end of Subsection 2.1 for independent clustering earsbd.

3.5 Model selection

We propose to select some of the previous parsimonious mddekimultaneous
clustering with theBIC criterion defined in (2). Table 2 indicates the number of pa-
rametersv corresponding to the diverse intra and interpopulation @hadmbina-
tions. The maximum log-likelihood valuéhas to be calculated for each model at
hand (see the next section about estimation). The modaitedlamong competing
ones corresponds to the smallest comp&kcivalue.

Remarklt is important to notice thaBIC appears also, here, as a natural way for
selecting between independent clustering (Subsectign driultaneous clustering
(Subsection 2.2) or clustering under the common originragsion.

4 Parameter estimation

After a useful reparameterization (Subsection 4.1), a GEdedure for estimating
the model parameters by maximum likelihood is describeduins8ctions 4.2 to 4.4.



10 A. Lourme, C. Biernacki

Table 2 Dimensionv of the parametet) in simultaneous clustering in case of equal mixing proorsi

is the size

2
B = Kd represents the degree of freedom in the parameter compsat{ui} andy = d+d

of Z‘% parameter component. If mixing proportionS are free on both h and k (resp. free on k only), then
one must add kKK — 1) (resp. K— 1) to the indicated dimensions below.

=N =0
» pht B+y+2d(H—1) B+Ky+2d(H—1)
Dh
Y Bay+dKEDH-1)  BAKy+d(K+1)(H-1)
Fo L A . B+Ky-+2dK(H — 1)

An alternative and simplified estimation process is progdBen, in Subsection 4.5,
for some specific models.

4.1 A useful reparameterization

The parametric link between the Gaussian parameters (B)@#l new parameteriza-
tion of the model at hand, which is useful and meanlngful fdineatinge. It is easy

to verify that for any identifiable model, eadﬂ matrix is unique and eacbﬂ i
vector also. It has sense then to define from any value of trepeten), the follow-

ing vectors®! = ¢!, and for allh {2,...,H}: 0" = [(aE,DE,bE) k= 1,...,K},

wherea) = afl " DI = D" andb} = b". Let us noted the space described by the
vectorf = (6-,. 0“) Whem/; scans the parameter spdeThere exists a canoni-
cal bijective map betwee# and®. Thusé constitutes a new parameterization of the
model at hand, and estimating or & by maximizing their likelihood, respectively
on¥ or @, is equivalent.

0* appears to be a “reference population parameter” Whéﬁ@as . ,0"') corre-
sponds to a “link parameter” between the reference popmatnd the other ones.
But in spite of appearance the estimated model does not depethe initial choice
of population 1. Indeed the bijective correspondence betvwibe parameter spaces
© and¥ ensures that the model inference is invariant by relalzetlie populations.

4.2 Invoking a GEM algorithm

The log-likelihood of the new parametér computed on the observed data, has no
explicit maximum, neither does its completed log-likelildo

c(0;%,2) = th ik'OQ (ak T, @y (X| D Hk‘f‘bkaDEZl%DE)) , (1)

with z = J}!_, 2" and where we adopt the convention that forkalD}! is the identity
matrix of R4*9 andbi is the null vector ofRY. But Dempster et al (1977) showed
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that an EM algorithm is not required in the M-step to convalge local maxi-
mum of the parameter likelihood in an incomplete data stmectThe conditional
expectation of its completed log-likelihood has just torgase at each M-step in-
stead of being maximized. This algorithm, called GEM (Gatieed EM), can be
easily implemented here; It consists, at its GM-step, onl&mreating optimization
of E[l¢(0; X,Z)|X =x] where X and Z denote respectively the random version
of x andz. Starting from some initial value of the parameiit alternates the two
following steps.

— E-step: From the current value 6f the expected component memberships (1)
are computed and we note them shotffly

— GM-step: The conditional expectation of the completedllkglihood, obtained
by substitutingzﬂk for t[‘k in (7), can be alternatively maximized with respect to

the two following component sets 8fparameter{ 1., ui, Xt} and{a, D}, b]}
(h=2,...,H). It provides the estimatd@* that is used aé at the next iteration
of the current GM-step. The detail of the GM-step is giverhie following two
subsections since it depends on the intra and interpopuolatodel at hand.

The algorithm stops either when reaching stationarity eflikelihood or after a
given iteration number.

4.3 Estimation of the reference population paraméter

Mixing proportionsrgt Notingr! = 57", t", andri = s, A, we obtaing. ™ = fA/n?
when assuming that mixing proportions are fm{Er = fix/nwhen they only depend

on the component, an;u{(fr = 1/K when they neither depend on the component nor
on the population.

Centersu& Component centers in the reference population are estinbgte

=3 (o) ()

Covariance matricesS} If mixtures are assumed to have heteroscedastic compo-
nents, the covariance matrices in the reference populatmgiven by:

= =g 8 3 (o)) (o) ()]

Otherwise, when supposing each mixture has homoscedastiganents, the covari-
ance matrices iP! are estimated by:

205 5 S (00) () (070 ) ]
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4.4 Estimation of the link paramete#§ (h > 2)

+ . .. .
Scalarsali‘ We haveaL1+ =Al/(n"r ) when assuming that the mixing proportions

are free anam?Jr = 1 when the mixing proportions only depend on the component or
when they neither depend on the component nor on the populati

Vectorshf! Notingx! = (1/A) 5™, t" x" the empirical mean &} component, when

vectorst (k=1,...,K) are assumed to be free for amg¢ {2,...,H}, they are esti-
mated by the differencdg =X — DI'\ul”, and by:

1
K -1

Bt = lz A (Dpst op) 1 l
k=1

when supposing they are equal.

K -1

N + +
S o (pisiop) (R D)
K=1

)

(8)

Matrices Df! Dl matrices can not be estimated explicitly but, as the cooiti
expectation of the completed log-likeliho&]l:(0; X, Z)| X = x| is concave with
respect toq D) ! (whatever ardr € {2,...,H} andk € {1,...,k}), we obtainDEJr
by any convex optimization algorithm. This concavity pragean be proved in the
same way as Theorem 2 in Biernacki et al (2002), Appendix A.

Remark Until now we have supposed th#) matrices were positive. If that as-
sumption is weakened by simply fixing e matrix coefficient sign (positive or
negative), then, firstly, identifiability of the model is pegved, and, secondly, the
conditional expectation of the completed log-likelihoadstill concave with respect
to (D) ~* on the parameter spac Then we will always be able to gﬂff at the
GM-step of the GEM algorithm, numerically at less.

4.5 An alternative sequential estimate

According to Subsections 4.3 and 4 estimate based on ML relies on an alternate
likelihood optimization with respect to the reference paeter* and to the link
parameteB" (h > 2). However the interpopulation mod@l, DM ") allows an
alternative two steps estimation which does not maxingizi&elihood in general, but
which is simpler than the previous GEM algorithm and whiddigalso to consistent
estimates. Indeed, the conditional link (4) stretches aneonditional populations:

XM Z gt phit xh 4 pht", ©)

Still using both notationsD" = DN andb" = 1", the first step of the proposed
strategy corresponds tesgandardizatiorprocess aiming to estimate each population
link parameter D", b") with each sample paiix!,x") (h=2,...,H). This can be
performed very simply by the following simple and explicitienates:

~1/2

~ N\ 1/2 A ~ ~
D" = (diags") 2 (diags?) and b"=x"— DX, (10)
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wherex = (1/n") 5 x and §" = (1/n) 57, (x — %) (x — %)’ denote respec-
tively the empirical center and the empirical covariancérinaf the wholeh-th pop-
ulation. The estimate dD" is based on the relatig$" = D"S* D" = [(diag S") =
D"(diag §*) D" which is a direct consequence of (9) and wh&fedenotes the co-
variance matrix of the whole populatidn

The second step of the strategy relies on the following p@intording to (9)
all standardized data poirk8 = (D")~1(x' - b") (i = 1,...,n") arise independently
from P!, whatever ish. Then the second step consists on involving a simple and
traditional EM algorithm devoted to Gaussian mixture eation, on the whole stan-
dardized dat&l (h=1,...,H,i = 1,...,n") obtained byplug-inof estimatesD" and
b". Softwares as MIXMOD (Biernacki et al, 2006) are now avddbr practitioners
to perform that estimation.

Consistency of the estimatg related to this alternative sequential estimation is
preserved since the whole procedure combinesilng-inway consistent estimates:

— x" andS" are well-known consistent empirical estimates;

— D"andb" in (10) are estimators obtained by equalizing both momehfsst
order, and moments of second order from (9);

— P! parameter is based on ML.

Remark1) related to this sequential estimation does not depend oohwdample
holds the label 1 since)(the constraint set o likelihood does not depend on
this population label choice and)(the link parameter owns some symmetry and
transitivity properties which are also satisfied by these estimators.

5 A biological example
5.1 The data

In Thibault et al (1997) three seabird subspeclés=(3) of Shearwaters, differing
over their geographical range, are descrilBatealis(samplex!, sizen! = 206 indi-
viduals) are living in the Atlantic Islands (Azores, Camatietc.)diomedegsample
x?, sizen? = 38 individuals), in Mediterranean Islands (Balearics, <, etc.), and
edwardsii(samplex?, sizen® = 92 individuals), in Cape Verde Islands. Individuals
are described in all species by the same five morphologiciahlas fl = 5): Culmen
(bill length), tarsus, wing and tail lengths, and culmenttej/e aim to cluster each
subspecies.

Figure 1 displays the birds in the plane of the culmen depththe bill length.
Samples seem clearly to arise from three different popuriatiso three standard in-
dependent Gaussian model-based clusterings should bieleds However, let us
remark that the researched partitions could be expecteavi® thhe same number of
clusters with the same partition meaning in each samplesiiof them arise from
the same speciesmlonectris diomededn addition, the three samples are described
by the same five morphological features, thus the data sé&d bewsuitable for some
simultaneous clustering process. As a consequence, ititss igasonable that both
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Fig. 1 Three samples of Cory’s Shearwaters described by variaifletentical meaning.
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simultaneous and independent clustering compete. Reseltgiven in the next sub-
section.

5.2 Results of simultaneows.independent clustering

We applied on the three seabird samples each of the 15 alloweléls of simulta-
neous clustering displayed in Table 1 for different numtderiesters K = 1,...,4)
and with the GEM algorithm (5 trials for each procedure, 386ations and 5 direc-
tional maximizations at each GM step; see Subsection h@dpdendent clustering
is also applied for each sample with a common valu& ah the same range than
simultaneous clustering(= 1,...,4) and for four standard models: Homoscedastic
or heteroscedastic with free or not mixing proportions (@anodel for each sample).
At last four models are inferred under the common origin aggion: Each one as-
sumes that the conditional covariance matrices (resp. tkiagnproportions) of the
common original Gaussian mixture, are free or equal.

Table 3 displays the beBtC criterion value among all models for the three clus-
tering strategies. The overall b&iC value (40718) is obtained from simultaneous
clustering fork = 2 groups. This value is widely better than the bBKT obtained
from independent clusterind3(C = 41026), or from the models of common ori-
gin (BIC = 43417). SoBIC clearly prefers the simultaneous clustering method and
rejects, here, the two standard other ones.

As the two besBIC values from simultaneous clustering (408 and 4073) are
close, they produce an ambiguity about the structure of badisubspeciek = 2vs
K =1 group. But this indecision d@IC should not be considered as a drawback since
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it reveals a real overlapping between different gendersc@resee it on Figure 1 for
instance where it is difficult to guess gender). Note thastimultaneous procedure is
the only method which informs the practitioner about thig &nce independent and
“common” clusterings lead to select respectivily= 1 andK = 4 groups without
ambiguity (but with a wors8IC value than in the simultaneous clustering situation).

Table 3 Best BIC values obtained in clustering the Cory’s Shearmagimultaneously (full ML esti-
mates), independently or under the assumption of commgmoviith different number of clusters.

Cluster Number 1 2 3 4

Simultaneous Clustering 408 40718 40767 40824
Independent Clustering 41® 41398 41377 41596
Common Origin 447D 43718 43493 43417

Retaining the two cluster solution for all models of all ¢kring strategies, we
propose now to compare the estimated partition with the gepdrtition of birds
(males/females). The associated errors rates given ire Fatlearly indicate that the
best simultaneous clustering modal D™ s""; ", 32" leads to a smaller global
error rate (1071%) than the best independent clustering modeKfer 2, (nh, Zh),
which reaches 180%. Moreover Figure 2 and the confusion table given in Table
highlight the following point. The partitions estimate@fin simultaneous and from
independent clustering are close to each other; howevepattgion related to the
simultaneous methodology improves not only the globalreate, but provides also
a higher agreement between the estimated clusters anduthgender partition of
the birds. In addition, the selected interpopulation madkerly indicates that evo-
lution of subspecies over the geographical range is ind#grgron the gender. Itis a
readable and meaningful information for biologists. Weiest also what biologists
usually know which is homoscedastic components with equzing proportions
(information given by the intrapopulation model).

According to Subsection 2.3, the overall best mo&C(= 40718) involves that
for males (as for females), any couple of biometrical vdeahs homogeneously
correlated through the subspecies. On the one hand, thik ie<orroborated by
a test of hypothesis (see Scherrer, 2007, p. 659): At a gignifie level of 5% any
couple of conditional variables is identically correlatmongborealis diomedea
andedwardsii On the other hand this assumption, even though non starskseths
to make sense for ornithologists.

The search for a structure in the Shearwaters samples dfighsome additional
advantage of the simultaneous clustering models. Withoytiak betweernP? and
other mixtures (independent clustering), the sizeyfparameter is 83 for the most
complex mode(nf, ZE) whenK = 4 whereas the corresponding sample size is only
n? = 38 in x? sample. As a consequence, the estimates of miRéieased on ML
could be somewhat hazardous. .. Contrariwise, simultanelustering involves all
data setgx%,x? x3} for estimating parameters &f (and simultaneously d?* and
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Table 4 BIC value and (error rate in %) obtained in clustering the @srShearwaters simultaneously
(full ML estimates), independently or under the assumpticcommon origin, in case of K 2 groups.

m &

h b h h

" 4071.8(10.7) 40969 (1220) 40747 (1071) 40993 (1458)

hh
1 b oMY 40049 (3333) 41222 (1131) 41019 (4196) 41227 (1577)
DM Y . 41545 (3839) . 41479 (2529)
o b’ . . 40799 (3988) 41078 (4018)
all(mh’ buh’ . . 41076 (4286) 41285 (1518)
DE'h/ bE‘h’ ) . . 41536 (1637)
Independent 4139.8(12.50 42182 (3839) 41430 (2917) 42197 (4018)
Common Origin 439D (43.45  4392.5(44.94) 43718 (4524) 43836 (4345)

Table 5 Comparison of the birds gender within each subspecies tmfhaed clusters related to the best
model (K= 2 groups) from independent and from simultaneous clustering

independent clustering  simultaneous clustering

cluster 1 cluster 2 cluster 1 cluster 2

. male 20 93 18 95
borealis
female 88 5 89 4
. male 1 15 2 14
diomedea
female 18 4 18 4
. male 7 37 5 39
edwardsii
female 43 5 45 3

P3) thanks to the link between all populations. For instanega@rameter of the most
complex mode{orl?’h ,DL"“ ,bE’h ; rnf, ZJE) hasv = 169 degrees of freedom f&r= 4
but the data involved in the estimation countains now allithe336 birds.

Remark Table 6 display8IC values and all associated errors rates obtained by se-
guential estimation (Subsection 4.BJC values are greater than the corresponding
BIC of Table 4—except one of them which corresponds to a pararoetted on a
degeneracy path of the likelihood and which is associatedad error rate—but both
correspondindIC values are often close to each other and the corresponding er
rates also.

That example shows that the alternative sequential metandteaply provide
some acceptable partition close to the one which the full Mkameter estimate
would lead to. Remember however that this alternativeesysais available only for
four models of simultaneous clustering.



Simultaneous Gaussian Model-Based Clustering for Sangplekiltiple Origins 17

Fig. 2 Similarities (hollow symbols) and differences (solid sgiapbetween independent clustering and
simultaneous clustering in sexing each Shearwater saripte 2 groups).
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Table 6 Sequential estimation: BIC value and (error rate in %) in sitaneous clustering (2 groups) of
Shearwaters.

h h h h

1 D" M 4072.4(10.43 40975 (1190) 40743 (3452) 40997 (1428)

5.3 Some robustness study of the simultaneous clusteritigoehe

Simultaneous clustering relies on the assumption that kmmp be classified are
described by both variables and partition of identical nire@nin order to conduct
a robustness study for simultaneous clustering, we proposeo slightly relax the

first assumption.

We dispose of another bird sampt& (sizen* = 22 individuals) (D’Amico et al,
2009) composed of White-throated Dippe@ir(clus cinclus cinclusliving in Lor-
raine (France) which are described by only two morpholdgiadables which are
their tarsus and the length of thdwlded wing. We aim now to classify simulta-
neously this new sample* and the previous sample. In order to perform this
partitioning, we keep the two variablesA which are the closer in meaning to the
couple tarsus and length of folded wing, thus the coupleitavging length. Figure 3
displays both samples’ andx* with this couple of axes. We have also to notice that
species ok® andx* are different since they correspond respectivelgitomnedeand
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cinclus Since some assumptions of simultaneous clustering arevimated, it is
clear that this strategy becomes somewhat more challenging

Fig. 3 Two bird samples described by variables close in meaning.
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Following a procedure similar to the one in Subsection 5abl§ 7 displays the
bestBIC values among all models for both simultaneous and indepetiestering.
(We do not consider here that both samples might arise frenséme population:
Figure 3 clearly shows that any model based on this assumpiiald have some
low likelihood and would be obviously rejected BYyC.) This time, both partitioning
strategies which compete, retain two clusters but, agaénsimultaneous one is pre-
ferred byBIC. Table 7 displays alsBIC values and error rate (for the gender) and
again the model retained by simultaneous clustering (m@ad@®"" o"; 7", 1))
leads to a lower error rate (21.93%) than this one of the madained by indepen-
dent clustering (monInh, Eh) and error rate 23.68%). Thus, relaxing requirements
of simultaneous clustering leads here to select a more @mpbdel than in the
previous experiments but preserves the superiority ofdaddent clustering both on
BIC and error rate values.

Table 7 Best BIC values obtained in simultaneous (full ML estimja&esl independent clustering in the
robustness study with different number of clusters.

Cluster Number 1 2 3 4

Simultaneous Clustering 6181 61351 62012 62494
Independent Clustering 618 61515 62245 65991
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Table 8 BIC value and (error rate in %) obtained in simultaneous|(fML estimates) and independent
clustering (2 groups) of two bird samples in the robustnésdys

m &

h b > b

. B™ 61712 (2018) 62267 (2105) 61842 (2456) 62479 (4912)
D

1 b 613.51(2193) 61925 (3941) 61566 (2368) 63014 (4298)
DM bt 627.83 (3860) A 62514 (4737)

it . . 62352 (4035) 62706 (4649)

at’ Dh b . . 61798 (4123) 62469 (3860)
DM bt 62094 (4649)
Independent 61515(2368) 62292 (2193) 61996 (2368) 62596 (2982)

6 Concluding remarks

This work is a scope enlargement of clustering based on Geaussxtures. It dis-
plays models allowing to classify automatically and siran#ously several samples
even when they arise from different populations. It is basethe assumption of a lin-
ear stochastic link between the components of the mixtuhéshwranslates identical
conditional correlations of the descriptors through theyations. Full ML estimates
are proposed through a GEM procedure. Alternatively, fonsmodels, it is possible
to perform an estimation with traditional tools availabbe &ny statistician or prac-
titioner: Explicit estimates given by a simple normalipatifollowed by a standard
EM algorithm for Gaussian mixtures. We showed the efficiesfde models on bi-
ological data both for selecting the number of groups anddtireving a meaningful
partition (here the gender of birds).

We noticed also that the so-called simultaneous clustenieiinod had some kind
of robustness when relaxing one of its main assumption wisithe exact concor-
dance of population descriptors. In the same spirit, it \@dag challenging in future
works to relax another important assumption which is theonaal directional ef-
fects, denoted by#i in the paper. Notice tha#? (regularity of the link) and’ %3
(identifiability constraint) are more minor hypothesessithey only correspond to
quite technical and standard properties. We expect thaxirg) 777 would lead to
some interesting but quite opened mathematical problenséperly defining new
possible stochastic links between conditional populati@ther relevant challenges
can be also easily identified:

— A first natural question is to adapt the current Gaussian l&imeous model to
the situation where some classes are empty within one oraeamples (males
are missing in one subpopulation for instance). If suchuasiin is suspected, it
is possible to consider some mixtures with less componenthis solution may
lead to some combinatorial problems to be properly adddesse

— A second natural question is to extend the present methootetbto Gaussian
mixture models to other kinds of distributions. For instanee can consider (see
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McLachlan and Peel, 2000, for each situation) mixturesdbieanalyzers (high-
dimensional data sets), mixtures of Studedtstributions (robust clustering) or
other mixtures of non-continuous distributions (lateiaissl model for categorical
data for instance). Obviously, some other kinds of linksutthe linear one) be-
tween populations can (have to) be considered, for instaoc® original ideas
like group overlapping preservation, typically by using thartition entropy in-

formation.

Finally, we think that simultaneous clustering models doloé combined with
other existing ones. In particular, they may provide paesimus and meaningful
links between lower-level unit distributions dependingdifferent higher-level units
in the multilevel classification model of nested data (Ventrand Magidson, 2005,
pp.176-183).
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