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Abstract. We simulate the motion of an initially spherical capsule in a simple shmarirfl order to
determine the influence of the bending resistance on the formation of \srinkldhe membrane. The fluid
structure interactions are obtained numerically coupling a boundary integral mesuldetdor the Stokes
equation with a nonlinear finite element method for the capsule wall mechaniescaplule wall is
discretized with MITC linear triangular shell finite elements. We find, thalow flow strength, buckling

occurs in the central region of the capsule. The number of wrinkles on theramendecreases with the
bending stiffness and, above a critical value, wrinkles no longer form. Faneki to radius ratios below

5%, the bending stiffness does not have any significant effect on the overall capsule motion and deformation.
The mean capsule shape is identical whether the wall is modeled as a shelh-aliménsional membrane,

which shows that the dynamics of thin capsules is mainly governed by shear elasticity and membrane effect

I ntroduction

Bioartificial capsules consisting of an internal liquid droplet enclosed bynahtierelastic wall have
numerous applications in bioengineering and pharmaceutics, where they are used as vectags for dr
targeting or the development of artificial organs. Their membrane may undergo large deftehad to the
hydrodynamic stresses exerted by the flows of the internal and suspending fluiclsmbltien and
deformation are therefore solution of a complex problem of fluid-structueeastion in the viscous flow
regime. It is important to predict their behaviour in order to avoid/provokenémabrane rupture depending
on the applications.

Different numerical methods have been considered to simulate the dynamics of a capaubxternal
flow. Previous studies have solved the membrane equilibrium either locally usitigaspleenents [1] or bi-
cubic B-splines[2], or globally implementinga finite element method [3]. To solve the low Reynolds
number equations, the boundary integral method [1,2,3,4] is the technique the most lglassichlas
compared to the lattice Boltzmann method [5] and spectral method [6]. Since tbiyviebtd at any
position within the fluid domain is given by surface integrals calculated @médbmetric boundaries, it
allows reducing the dimension of the problem by one and aveidgshing the fluid domain at each time
step. It also allows a Lagrangian tracking of the membrane position igithaccuracy. The boundary
integral— finite element (BI-FE) coupling method, initially proposed by [3], has been stwa stable in
the presence of in-plane compression. It has thus enabled the study @xjitteed cases, such as the
dynamics of a capsule in a pore with a square cross-section [7] or the motion lggsaidel capsule in a
simple shear flow, when its revolution axis is initially placed off the shear plane [8

So far, the capsule wall has typically been considered to be infinitely thim negligible bending
stiffness and modeled as a 2D hyperelastic material. We presently introduce a batadeai-ishell finite
element method to take into account the bending stiffness of the capsule wall anitsstutiyence on the
motion and deformation of a spherical capsule in an external shearAilodITC (mixed interpolation of
the tensorial component) shell finite element method is used to model both membrane amnyl dfésats
[9]. After a brief outline of the problem at stake, we detail the fluigestire interaction numerical method
and validate it on the classical test of an initially spherical capsidimple shear flow. We then investigate
the influence of the bending resistance on the capsule motion and on the wrinkle formation.



Problem Statement
We consider an initially spherical microcapsule (radius {) consisting of a liquid droplet enclosed by a thin
membrane. The membrane is a three-dimensional material of thickpedgear moduluss, Poisson
coefficienty and bending modulus It is modeled as a midsurface shell defined by the material properties
G, =hG, vV =V (1)
whereG; is the surface shear modulus agthe surface Poisson coefficient.
The capsule is suspended in a simple shear flow in {j&) (@ane:

V7 =78, (2)
where 7 is the shear rate. The inner and outer fluids are supposed to be Newtonian and to have the same
viscosityu and density.
Owing to the small capsule size, the inner and outer flow Reynolds nuiRieerspl*y / 1 are infinitely
small. The dynamics of the microcapsule is mostly governed by the capillary and bending numbers

ca= " and Bl X 3)
G, 0\ G
The capillary number compares the viscous to the shear elastic forces baddimg number the bending to
the shear elastic forceShe latter can also be considered as the ratio of the membrane thibkivetse

sphere radius £.

Numerical Method: General Principal

For the first time, the BI-FE method is enriched with shell finite elementectount for the capsule
bending stiffness. The capsule wall is discretized with MITC (Mixed Intetipnld ensorial Components)
triangular shell finite elements, the nodes being located on the midsuffaeefirst step consists in
computing the displacement field of the capsule membrane material points, as Wedl Green-Lagrange
strain tensor. The tension tensor is obtained assuming the capsule talielldwoke’s law. The membrane
equilibrium equation, expressed in its weak form, is solved using a finite elenetindd to deduce the
viscous load on the membrane. The velocity of the membrane nodes is then obtaimgdtseldtokes
equations in the internal and external fluids with a boundary integral foramuldthe new position of the
capsule membrane points is finally calculated integrating the velocity wieskpglicit Euler integration
scheme.

Membrane M echanics

In this subsection, we briefly describe the shell kinematics based on [9] andhd1@Ell as the
mechanical problem solved. The surface tensor components will be designed witlinGiceekand the 3D
tensor components with Latin indices. We adopt the Einstein summation convention on repeated indices.

The capsule wall is represented as a shell of midsuS8a® thicknes$. At each instant of time, the
midsurface is defined by the 2D chau?, £2),which takes values in the bounded open subsetR?. It is
convenient to define the local covariant baged;, as) following the midsurface deformation. The two base
vectors & _a,) are tangent to the midsurface

Qe = Pa - a=12 (4)

where the notatiory, denotes the partial derivative with respecftoThe third vectoggis the unit normal
vectorn of the capsule midsurfac® The contravariant basgl,(gz, §3) is defined bya®.ag = 6[;‘, with 6[;‘
the Kronecker tensor ar&d = a;= n. The three-dimensional position within the capsule wall is given by

QBD(Eli 62' ‘53) = f(fll 62) + 63 as (‘51' 62)' (5)
for (£1,&2,£3) in the reference domain
0 = {(€,6,8) R/ (8D e w, £ e | HELL HES (6)
We define the 3D covariant base vectr @, gs) such that
9a =9 =aa+8&%a, and g; = as. (7)

The 3D contravariant basg' (o’ ¢°) is likewise defined b)ﬁm.gn = 6. The components of the 3D metrics
tensor are



9ap = Ya -9p» Yoz =0, and gzz = 1. (8)

We assume that the displacement satisfies the Reissner-Mindlin kinematical assuraptioa,naterial
line orthogonal to the midsurface remains straight and unstretched during defiormibe displacement is
then expressed by

u3P(81,82,8%) = u(Eh,€2) + &3 6,(£4, €M a’ (8%, ¢2).

The first termu represents the global infinitesimal displacement of a line perpendicular midberface at
the coordinate&f?, £2). The second term is the displacement due to the rotation of this line.

The deformation of the membrane is computed from the displacef@expression of the nonlinear
3D Green-Lagrange strain tenwr

e;j (gl Dy gj-u u3P + u3D u?}D) i,j=1,2,3. (10)

The second Piola-Kirchhoff tension tengbis then obtained from
_ oww?)

de '’

I = (11)
where the strain energy function takes the form

w(wP) =2 [ op[CPMeqp(uP)ey (1) + DWeqs(uP)ers ()] dw @ fhu=12.  (12)
with

CaBM = G_ (gaﬁg)lu + gohghl 4 12_1/55 gaﬂglu)’ (13)

D* = 4G, g** (14)
for the Hooke's law. Tensions, which are forces per unit length of the deformed naidsarta obtained
integrating the stresses across the wall thickness.

Knowing the internal tension tensor, the unknown viscous load exerted by the fluid on theameenan
be calculated solving the wall equilibrium

Vs.T+ q=0. (15)
The operatoF is the surface gradient aficche Cauchy tension tensor such that
T= F.I.F (16)

with J the Jacobian anél the deformation gradient with respect to the reference configuration.

The local equmbrlum (eq. (15)) is then written in a weak form using itteaV work principle and solved
by means of the finite element method. Mebe the Sobolev spadé¢'. For any virtual displacement field
23P e v, the internal and external virtual work balance requires

S, @ qdw=f3DZ'6édw 17)
where 8¢ = e(U?” + 2°") — ¢(U®”) with U™ the displacement in the reference configuration. The
equatlon is solved to compute the viscous lpad

Internal and External Flow Dynamics
Knowing the loadj, the velocity of the points can be expressed as an integral equation over thedeform
capsule surfacB using the boundary integral method:
3D 3D 3D\ _ 1 r 13D 13D
VeoT Ew 2(90 ) =z ( ) 87t[1f (I|r|| ||r||3) 'Q( )dS( ) (18)
wherev® is the undisturbed flow velocity ardis the identity vector. The vecter= (p (p 3D is the

distance vector between the poipt”, where the velocity vector is calculated, and the peifif that
describes the midsurfa&in the integral.
The displacement is related to the velowgityf the wall through the kinematic condition:
v(§h¢%,¢8%) =uP €, 6%48%) (19)
where., is the time derivative. An explicit Euler method is then used to intetirateelocity over time and
obtain the new position of the wall points.



Discretization

The capsule wall is discretized using linear triangular shell fiel@ments. We use the mixed
interpolation of the tensorial component approach, which can handle the modeling of abijectvall
thicknesses much smaller than their characteristic size, a situation that is @rimoking phenomena
[9,10,11]. The MITC approach is based on a mixed formulation that interpolates atrdidssplacements
separately and connects both interpolations at specific tying points. In the folleveingll show results for
MITC3 linear elements consisting of three nodes (one at each vertex) with 5 degreesoof fsganode.

The mesh of the spherical capsule is generated by inscribing an icosaheguter (polyhedron with 20
triangular faces) in a sphere. The elements are subdivided sequentialtheaidisired number of elements
is reached [3]. We denotethe mesh size.

Validation

Before coupling the finite element method to the fluid solver, we have valideteddchanical behavior
of the shell finite elements in large static deformations by simulating treianflof a capsule under an
internal pressur@. During the inflation, the wall is subjected to an isotropic traction cteizetl by the
stretch ratiol = 1 + a. The bending resistance plays no role in this test case. We have plotted the evolution
of the pressur@ according to the inflation facter (Fig.1). The numerical results are in agreement with the
analytic results. The error remains small in all cases. It increaskesingreasing wall thicknesk and
decreasing number of elements. Among the simulated cases, it is therefore maximuthendegrsule is
modeled withB = 0.1 and 1280 MITC3 elements. Even in this case, it is only equal to 0.49%, which
validates the shell finite element method.
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Fig.1: Nondimensional pressure as a function of the inflation factor o for bending numbers B =
0.01,0.05 and0.1. The capsule wall is discretized with 5120 MITC3 elements.

We have then studied the convergence of the numerical procedure by simulating the haotimitially
spherical capsule in a simple shear flowCat= 0.6. The numerical procedure converges linearly witi
and quadratically withy. In the following, all the results are provided for 5120 MITC3 elemandsa time
stepyAt = 1073. The characteristic mesh size is thgrs= 5 x 1072,

Capsule Dynamicsin a Smple Shear Flow

We consider the dynamics of an initially spherical capsule in a simple shear floav=at0.6. For all the
values of the bending numbe® (# 0), the capsule is elongated in the straining direction at the steady state,
while the vorticity of the flow induces the rotation of the wall arourdstieady deformed shape. The larger
the capillary number, the more elongated the capsule (Fig. 2). This motion, teakketleading is exactly
the same as that observed when the wall of the capsule is modeled with a membranB roie]Z,3].

The deformed shape can be approximated by its ellipsoid of inertia. We ldefindL, the lengths of the
two principal axes of the ellipsoid of inertia in the shear plane. Therdafion of the capsule in the shear
plane can measured by the Taylor paranieter



Dyp = Lit L, (23)
To determine the influence of the bending resistance on the average shape in the shear plane, we compare the
Taylor parameter at steady st@tg, for several capillary numbers and two values of bending nurgibgr
3). For a given capillary number, the capsule has the same average shape in the sheartp&zome
predicted when the capsule wall is modeled as a two-dimensional membrane (without bending resistance).
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Fig.2: Steady deformea shape for a capsule ®Ritk 0.005 at (a)Ca = 0.1 and (b) Ca = 0.6. The color
scale corresponds to the normal load n, where the maximum value is equal gan/Gs = 0.5 at

Ca =0.1and2.5atCa = 0.6.

When the capsule wall is modeled with a membrane malek 0), wrinkles appear in the central
region of the capsule for capillary numbers below a critical v&lae (Fig. 4a).They result from the
presence of compressive tensions in the equatorial area and are in the streggingndiThey persist at
steady state. Wrinkles are observed at exactly the same location with the shel(Fmndéb,c) for low
values ofB. When the bending number is increased, the wrinkle wavelength decreases: ittastloee
increase in bending stiffness (Fig. 3b,c). Bor= 0.05, the wrinkles no longer form (Fig. 4d). There is
therefore a critical bending number, above which the capsule wall is too stiff for bucklirauto oc

For capillary numbers abowea,, the capsule is more elongated by the flow (Fig. 2b): the tensions at the
equator become positive and the wrinkles disappear.
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Fig. 3 Values of D5 as a function ofCa for bending number® = 0,0.005 and 0.05, for an initially
spherical capsulsibjected to a simple shear flow.
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Fig. 4 Steady-state profiles of capsules subjected to a simple sheacCtiow @.1): bending numbeB = 0
(membrane modelg}, B = 0.005 (b), B = 0.01(c) and B = 0.05 (d). The color scale is the same assn a
Fig.2. The maximum value is equalgon/ G, = 0.5.

Conclusion

We have simulated the motion of a capsule in a simple shear flow using a boundary iliggishell
finite element coupling strategy. The numerical method is stable and free ofglgtiénomenon. We have
shown that the motion and deformation of a thin membrane capsule is marginally edlimnihe bending
stiffness. The latter controls the amplitude and wavelength of the wrinldespipear at low capillary
number in the straining direction. However, the average deformed shape that theasgsuks, as it tank-
treads, remains identical to that predicted by a two-dimensional membrane model.

References

[1] W. R. Dodson, P. Dimitrakopoulo$pindles, cups, and bifurcation for capsules in Stokes wys.
Rev. Lett.,101 (20), 208102 (2008).

[2] E. Lac, D. Barthés-Biesel, N. A. Pelekasis, J. TsamopoBju®erical capsules in three-dimensional
unbounded Stokes flow : effect of the membrane constitutive law and onset of bdicKlinigl Mech. 516,
303-334 (2004).

[3] J. Walter, A.-V. Salsac, D. Barthés-Biesel, P. Le Talleapling of finite element and boundary integral
methods for a capsule in a Stokes flow, J. Num. Meth. Engn@3, 829-850 (2010).

[4] C. PozrikidisFinite deformation of liquid capsules enclosed by elastic membranes in simple shear flow
J. Fluid Mech.297, 123-152 (1995).

[5] Y. Sui, H. T. Low, Y. T. Chew, P. Royank-treading, swinging, and tumbling of liquid-filled elastic
capsules in shear floviPhys. Rev. E{7 (1), 016310 (2008).

[6] S. Kessler, R. Finken, U. SeifeBwinging and tumbling of elastic capsules in shear flowrluid Mech.,
605, 207226 (2008).

[7] X.-Q. Hu, A.-V. Salsac, D. Barthés-Biedebw of a spherical capsule in a pore with circular or square
cross-section). Fluid Mech. 705, 176-194 (2012).

[8] C. Dupont, A.-V. Salsac, D. Barthés-Bieg¥f plane motion of a prolate capsule in shear flwiluid
Mech.,721, 180-198 (2013).

[9] D. Chapelle, K. J. Bath&he Finite Element Analysis of Shell&undamentalsComputation Fluid and
Solid Mechanics. Springer (2003).

[10] I. Paris SuareZRobustesse des éléments finis triangulaires de cqdplz,Thesis, Université Pierre et
Marie Curie (Paris V1) (2006).

[11] P.-S. Lee, K.-J. Batheevelopment of MITC isotropic triangular shell finite eleme@mmp. Struct82,
945-962 (2004).



