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Résumé— We simulate the motion of an initially spherical capsuleaisimple shear flow in order
to determine the influence of the bending resistance on Veriftkmation on the membrane. We use a
numerical method coupling a nonlinear shell finite elemeethod for the capsule wall mechanics with a
boundary integral method to solve the Stokes equation. &psute wall is discretized with MITC linear
triangular shell finite elements. We find that, at low flow sg#h, buckling occurs in the central region
of the capsule. The number of wrinkles on the membrane deeseaith the bending stiffness and above
a critical value, wrinkles no longer form. For thickness adius ratios below 5%, the bending stiffness
does not have any significant effect on the overall capsulgomand deformation. The mean capsule
shape is identical whether the wall is modeled as a shell woadimensional membrane, which shows
that the dynamics of thin capsules is mainly governed byrsilaaticity and membrane effects.

Mots clés— fluid-structure interaction, shell element, finite eletmethod, boundary integral method

1 Introduction

Bioartificial capsules consisting of an internal liquid pliet enclosed by a thin hyperelastic wall
have numerous applications in bioengineering and phanmiase where they are used as vectors for
drug targeting or the development of artificial organs. Ntioa models are necessary to predict their
behavior in an external flow, in particular whether the meamerwill rupture or not. When subjected
to an external flow, they undergo large deformations andpinescases, buckling because of the strong
fluid-structure viscous coupling with the internal and srsping fluids.

Different numerical methods have been considered to simtitee dynamics of a capsule in an ex-
ternal flow. Many studies have used a fluid solver based ondbedary integral method to solve the
Stokes flow equations [6, 7, 4, 9]. Since the velocity fieldrgt position within the fluid domain is given
by surface integrals calculated on the geometric boursiatie method allows to reduce the dimension
of the problem by one and to avoid re-meshing the fluid domteaah time step. So far, the capsule
wall is typically considered to be infinitely thin with negible bending stiffness and modeled as a 2D
hyperelastic material. The wall equilibrium equation cawgitten locally at each point (strong form)
[6, 7, 4] or in its weak form. In this case, the equation of thecé equilibrium on the wall is globally
integrated over the capsule surface using a finite elemettitateA method coupling the boundary in-
tegral method with the finite element method was propose®hyThis method has the advantage of
using the same discretization for the fluids and capsule, waiich allows a Lagrangian tracking of the
membrane position with high accuracy. It has been shown &idi#e in the presence of in-plane com-
pression. It has thus been possible to study little exploesbs, such as the dynamics of a capsule in a
pore with a square cross-section [10] or the motion of apsidal capsule in a simple shear flow, when
its revolution axis is initially placed off the shear plar33.[

The present objective is to study the influence of bendinigteasce on the motion and deformation
of a spherical capsule in an external shear flow. The finitmehts need to be enriched to take into
account the bending stiffness of the capsule wall. We useTe&CMimixed interpolation of the tensorial
component) nonlinear shell finite element method that attsoior both membrane and bending effects



[2]. The problem and the numerical method are briefly oudiime82. We assess the non-linear behavior
of the shell finite elements simulating the inflation of a edpsinder an internal pressure in §3. The fluid-
structure interaction method is validated on the class&stl of an initially spherical capsule in simple
shear flow in 84. We then investigate the influence of the mendisistance on the capsule motion and
on the wrinkle formation.

2 Problem statement

We consider an initially spherical microcapsule (radiusonsisting of a liquid droplet enclosed by a
thin membrane. The membrane is a three-dimensional miadéttdacknessn, shear modulu&, Poisson
coefficientv and bending modulus. It is modeled as a midsurface shell defined by material ptigse

Gs=nG, Vs=V (1)

whereGs is the surface shear modulus andhe surface Poisson coefficient.
The capsule is suspended in a simple shear flow ifg¢he,) plane :

\_/00 = VX2§17 (2)

wherey is the shear rate. The inner and outer fluids are supposedNewtnian and to have the same
viscosityu and densityp.

Owing to the small capsule size, the inner and outer flow RiegmaumberRe= pl?y/u are infini-
tely small. The dynamics of the microcapsule is mostly gogdrby the capillary and bending numbers

_ e _1/k
Ca= G B= e (3)

The capillary number compares the viscous to the sheard@mé the bending number the bending to
the shear elastic forces. The latter can also be considasetide ratio of the membrane thicknep$o
the sphere radiu&

2.1 Membrane mechanics

The three-dimensional fluid-structure interactions afdgesbwith the model developed by Walter
et al. [9], which couples a membrane finite element method for theswaie wall deformation with a
boundary integral method for the internal and external fldswg contrary to Walteet al. [9], we treat
the capsule wall as a shell made of an isotropic materialhi gubsection, we briefly describe the
shell kinematics based on [2] and [8] as well as the mechhpicdblem solved. The surface tensor
components will be designed with Greek indices and the 3Barecomponents with Latin indices. We
adopt the Einstein summation convention on repeated igdice

The capsule wall is represented as a shell of midsutaarad thicknessg. At each instant of time, the
midsurface is defined by the 2D chax€*,£2), which takes values in the bounded open subsetR?.
It is convenient to define the local covariant baag &,,as) following the midsurface deformation. The
two base vectorsag, a,) are tangent to the midsurface

a,=9, a=12 (4)

where the notationy denotes the partial derivative with respect{fo The third vectoras is the unit
normal vecton of the capsule midsurfacg The contravariant base’( a2, a) is defined bya® - ag =03,

with 8% the Kronecker tensor araf = ag=n.
The three-dimensional position within the capsule walliveg by

@D(E1’EZ’E3) :(_p(El’EZ)_i_E‘?g‘?’(El’EZ)’ (5)



for (§1,&2,&3) in the reference domain

(6)
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We define the 3D covariant base vectgy,(,,9,) such that

593
9, =9 =2+, and g =as (7)

The 3D contravariant basg’(g?, g°) is likewise defined byy™- g, = 37. The components of the 3D
metrics tensor are

9op =9y 9  Gu3=0,  gez=1 (8)

We assume that the displacement satisfies the ReissnefiMikimematical assumption, i.e. the ma-
terial line orthogonal to the midsurface remains straigiat anstretched during deformation. The displa-
cement is then expressed by

u(4,8%,8%) = u(E' 8% + £%6, (81,82 (4, &%). (9)

The first termu represents the global infinitesimal displacement of a lemendicular to the midsurface
at the coordinate&?*, £2). The second term is the displacement due to the rotatiorifitie.

The deformation of the membrane is computed from the dispi@nt. The expression of the nonli-
near 3D Green-Lagrange strain tensor is

1 .
8j ZE(gi-g?}DJrgjuﬁDwﬁDu?}D) i,j=123. (10)

The second Piola-Kirchhoff tension ten@is then obtained from

g 2T (1)

where the strain energy function takes the form

1
wu®) =3 | CoPMe g ()0, () + DM ens(UP)era(U™®) | doo  aBA =12  (12)
with
CPM = G (g“kg““ﬂtg““g““—lz_vf, 9“59*“>, (13)
S
D = 4Gg™ (14)

for the Hooke’s law. Tensions, which are forces per unit teraf the deformed midsurface, are obtained
integrating the stresses across the wall thickness.

Knowing the internal tension tensor, the unknown viscoasl lexerted by the fluid on the membrane
can be calculated solving the wall equilibrium

Os-T+g=0. (15)

The operatofls is the surface gradient addthe Cauchy tension tensor such that

=
iR

F-Z-F (16)

with J the Jacobian anél the deformation gradient with respect to the reference gordtion.



The local equilibrium (15) is then written in a weak form wgihe virtual work principle and solved
by means of the finite element method. #tbe the Sobolev spadé’. For any virtual displacement
field 6°° € 9/, the internal and external virtual work balance requires

/@DQSD qdo=

wheredé = e(U% + 63P) — ¢(U3P) with U*P the displacement in the reference configuration. The equa-
tion is solved to compute the load

3:%8dw 17

w3P

2.1.1 Internal and external flow dynamics

Since the Reynolds numbers are infinitely small, the flowsgareerned by the Stokes equations.
Knowing the loady, the velocity of the points can be expressed as an integualtien over the deformed
capsule surfacg using the boundary integral method :

v e, ug® =) g [ () ae®ase®). a9

wherev® is the undisturbed flow velocity aribiis the identity vector. The vectar= ¢*° — cp'3D is the

distance vector between the pot_p?P, where the velocity vector is calculated, and the Bq_iﬁ? that
describes the midsurfacgin the integral.
The displacement is related to the veloaitgf the wall through the kinematic condition :

v(gh &%, &%) = uP (e, 82,8 (19)

where-; is the time derivative. An explicit Euler method is then usedhtegrate the velocity over time
and obtain the new position of the wall points.

2.2 Discretization

The capsule wall is discretized using triangular lineadldivd@te elements. We use the mixed in-
terpolation of the tensorial component approach, whichleamlle the modeling of objects with wall
thicknesses much smaller than their characteristic sizgpation that is prone to locking phenomena
[2, 5, 8]. The MITC approach is based on a mixed formulatiat thterpolates strains and displacements
separately and connects both interpolations at specifig gyints. In the following, we will show results
for MITC3 linear elements consisting of three nodes (oneaahevertex) with 5 degrees of freedom by
node.

The mesh of the spherical capsule is generated by inscréningosahedron (regular polyhedron
with 20 triangular faces) in a sphere. The elements are gidledi sequentially until the desired number
of elements is reached [7, 9]. We denbtthe mesh size.

3 Inflation of a capsule under an internal pressure

Before coupling the finite element method to the fluid solves, have validated the mechanical
behavior of the shell finite elements in large static defdioms. \We consider a spherical capsule inflated
from radius/ to radius/p = (14 a)¢ by an internal pressurp [9]. During the inflation, the wall is
subjected to an isotropic traction characterized by tredtrratioh = 1+ a. Numerically, it is simulated
by imposing a normal displacement. The bending resistatages po role in this test case . We are thus
supposed to find the same results as those obtained whenpb@eavall is modeled as a membrane
devoid of bending stiffness

When the capsule wall is modeled as a 2D isotropic materi@yioly the generalized Hooke’s law
[1], the isotropic principal tensiorB is related to\ by



1+vg
1—vg
We thus have an exact analytical relation between the meessul the inflation ratia. In our case, we

have chosemgs = 0.5 to account for the material incompressibility.
The analytical expression of the pressure is deduced frerhdplace’s law

T=Gs(\*—1) (20)

2t 2T

P, T vy &)

Figure 1 shows the non-dimensional presspé¢Gs obtained numerically as a function of the in-
flation factora for several bending numbeB; when the capsule is modeled with MITC3. The relative
errore relative to the analytical valug?/Gs),,, is defined by

€ — | (pg/GS)ana_ (pg/Gs) | ) (22)
(pg/GS)ana
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Fig. 1 — Non-dimensional pressure as a function of the ioftafactora for bending number8 =
0.01,0.05 and 01 of a capsule wall discretized with 1280 MITC3 elements.
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Fig. 2 — Relative errog as a function of the mesh sibdor bending numberB = 0.001,0.005,0.01,0.05
and 01 of a capsule wall discretized with 1280 MITC3 elements.

The error remains small in all cases. It increases with asirg wall thickness) and decreasing
number of elements. Among the simulated cases, it is therefiaximum when the capsule is modeled
with B= 0.1 and 1280 MITC3 elements. Even in this case, it is only equ&.49%, which validates
the shell finite element method. In the following, all theulés are provided for 5120 elements. The
characteristic mesh size is thea=5x 102.



The convergence of the finite element solver with the meshisiprovided in figure 2. The relative
error is plotted as a function of the mesh size for variouslbennumber®. We notice that the numerical
procedure converges héregardless the bending number.

4 Capsule dynamics in a simple shear flow

4.1 Convergence

We now consider the dynamics of an initially spherical cép$ua simple shear flow &a= 0.6.
At steady state the capsule assumes a quasi-ellipsoidaé stmal is elongated in the straining direction.
The deformed shape can be approximated by its ellipsoidesfitn We defind.; andL, the lengths of
the two principal axes of the ellipsoid of inertia in the shelane. The deformation of the capsule in the
shear plane can then measured by the Taylor parareter

Li—Lo
Dir = . (23)
Li+L,
We call DT, the value of the Taylor parametBy, at steady state.
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Fig. 3 —Capsule &a= 0.6 : relative erroep,, on the Taylor parametd?’, as a function of (a) the time
step and (b) the mesh size. (a) The capsule is meshed withNBIRXD3 elementslf=5x 10°2). The

reference valué)rlezf corresponds t§At = 1 x 104, (b) The time step ig/At = 1 x 10~%. The reference

valueDY) corresponds to 5120 MITC3 elements.

We first study the convergence with the dimensionless tirep \git. Since no analytical solution
of the fluid-structure interaction problem exists, we cleas reference value the valuelf, obtained
whenyAt = 1x 10-4. This value is denoteB', . We compute the relative erres,, = |D2,— DY) | /DY .
According to figure 3 (a), the numerical procedure conveligesirly with At. It is important to note that
the relative error remains smatif,, < 3 x 10~3) for all the time steps considered.

We then analyze the influence of the mesh size. As shown inefigub), the coupled numerical
procedure converges quadritically withHowever, at time of writing, we are not able to get more than

5120 elements and consequently we cannot hagé.1982.

4.2 Influence of the bending resistance on the capsule dynacsi

For all the values of the bending numb@&rs£ 0), the capsule is elongated in the straining direction
at the steady state, while the vorticity of the flow inducess ribtation of the wall around the steady de-
formed shape. The larger the capillary number, the moregetea the capsule (figure 4). This motion,
calledtank-treading is exactly the same as that observed when the wall of theutmagsmodeled with a
membrane modeB = 0) [7, 4, 9].



To determine the influence of the bending resistance on temge shape in the shear plane, we
compare the Taylor parameter at steady diigfor several capillary numbers and two values of bending
numberB (Figure 5). For a given capillary number, the capsule hasdnee average shape in the shear
plane as the one predicted when the capsule wall is modeladvas-dimensional membrane (without
bending resistance).
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Fig. 4 — Steady deformed shape for a capsule Bith 0.005 at (a)Ca= 0.1 and (b)Ca= 0.6. The
color scale corresponds to the normal l@peh, where the maximum value is equalden/Gs = 0.5 at
Ca=0.1and 2.5a€Ca=0.6.
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Fig. 5 — Values oD7, as a function ofCa for bending number8 = 0,0.005 and (05, for an initially
spherical capsule subjected to a simple shear flow.

When the capsule wall is modeled with a membrane mdslet Q), wrinkles appear in the central
region of the capsule for capillary numbers below a critiaueCa_ (Figure 6a). They result from the
presence of compressive tensions in the equatorial arearand the straining direction. They persist
at steady state. Wrinkles are observed at exactly the saratdn with the shell model (Figure 6 b,c)
for low values ofB. When the bending number is increased, the wrinkle wavétethecreases : it is due
to the increase in bending stiffness (Figure 6 b,c). Bef 0.05, the wrinkles no longer form (Figure 6
d). There is therefore a critical bending number, above kvttie capsule wall is too stiff for buckling to
occur.

For capillary numbers abowgg, , the capsule is more elongated by the flow (Figure 4b) : theiden
at the equator become positive and the wrinkles disappear.

B A
d)‘

Fig. 6 — Steady-state profiles of capsules subjected to aesismear flow (Ca=0.1) : bending number
B = 0 (membrane model) (a3 = 0.005 (b),B = 0.01(c) andB = 0.05 (d).
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5 Conclusion

We have simulated the motion of a capsule in a simple shearu$ing a boundary integral - MITC
shell finite element coupling strategy. The numerical metiscstable and free of locking phenomenon.
We have shown that the motion and deformation of a thin mengbcapsule is marginally influenced
by the bending stiffness. The latter controls the amplitaide wavelength of the wrinkles that appear at
low capillary number in the straining direction. Howevdre taverage deformed shape that the capsule
assumes, as it tank-treads, remains identical to thatqieetdby a two-dimensional membrane model.
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