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Abstract. We study a 2D scalar harmonic wave transmission problem between a classical dielec-
tric and a medium with a real-valued negative permittivity /permeability which models a metal
at optical frequency or an ideal negative metamaterial. We highlight an unusual instability phe-
nomenon for this problem when the interface between the two media presents a rounded corner. To
establish this result, we provide an asymptotic expansion of the solution, when it is well-defined,
in the geometry with a rounded corner. Then, we prove error estimates. Finally, a careful study of
the asymptotic expansion allows us to conclude that the solution, when it is well-defined, depends
critically on the value of the rounding parameter. We end the paper with a numerical illustration
of this instability phenomenon.
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1 Introduction

In electromagnetics, recent years have seen a growing interest in the use of negative materials in
the development of new technological devices. These negative materials owe their name to the
fact that they can be modeled for certain ranges of frequencies, neglecting the dissipation, by real
negative physical parameters (permittivity € and/or permeability p). To summarize, they are
divided into two major families. The negative metamaterials, and in particular the left-handed
materials for which we have both e < 0 and p < 0, are complex structures made of small resonators,
chosen so that the macroscopic medium behave as if its physical parameters were negative. For
a mathematical justification of the homogenization process, we refer the reader for example to
[12, 13, 14]. Metals in visible range constitute the second family of negative materials. They are
used especially in plasmonic technologies [2, 16, 53, 22] which would allow important advances in
miniaturization. In this context, a key issue is to be able to manipulate light and in particular,
to focus energy in specific areas of space. To do this, physicists use metallic devices with corners
and edges [49, 3, 41].

Because of the sign-changing of the physical parameters, the study of time harmonic Maxwell’s
equations in devices involving negative materials raises challenging questions both from a theo-
retical and a numerical perspective [45, 43, 21]. Using a variational approach, it has been proved
in [8, 10, 4] that the scalar problem equivalent to Maxwell’s equations in 2D configurations, turns
out to be of Fredholm type in the classical functional framework whenever the contrast (ratios
of the values of € or p across the interface) lies outside some interval, which always contains the



value —1. Moreover, this interval reduces to {—1} if and if only the interface between the positive
material and the negative material is smooth (of class €!). Analogous results have been obtained
by techniques of boundary integral equations in [19]. The numerical approximation of the so-
lution of this scalar problem, based on classical finite element methods, has been investigated
in [10, 40, 18]. Under some assumptions on the meshes, the discretized problem is well-posed
and its solution converges to the solution of the continuous problem. The study of Maxwell’s
equations has been carried out in [9, 6, 5, 17]. The influence of corners of the interface, studied
in [33, 50, 52, 25, 44, 23], has been clarified in [7] for the scalar problem (see also the previous
works [20, 11, 46] where the general theory [26, 32, 35, 27] is extended to this configuration where
the operator is not strongly elliptic). In [7], following [35, 38, 1, 39], the authors prove that
when the contrast of the physical parameters lies inside the critical interval, Fredholm property is
lost because of the existence of two strongly oscillating singularities at the corner. In such a case,
Fredholmness can be recovered by adding to the functional framework one of the two singularities,
selected by means of a limiting absorption principle, and by working in a special weighted Sobolev
setting with weight centered at the corner. This functional framework amounts to prescribing a
radiation condition at the corner.

Such a special functional framework seems an uncomfortable situation though, at least from a
physical point of view. Indeed, it leads to work with solutions which are not of finite energy (their
Hl-norm is infinite). We can imagine at least two ways to regularize this problem. We could
for example add some dissipation to the medium. It has been proven in [7] (this is the limiting
absorption principle mentioned above) that the solution of the problem with a small dissipation
converges to the solution of the limit problem, of course in a weaker norm than the H'-norm.
Another possible regularization that may appear natural would consist in considering slightly
rounded corners, instead of real corners at the interface. In the present article, we examine the
validity of such a regularization process, studying the convergence of our diffusion problem in
the case where the interface contains a rounded corner that tends (in the geometrical sense) to a
sharp corner. Quite unexpectedly, we prove an unusual instability phenomenon: the solution, in
the configuration where the corner of the interface is slightly rounded, depends critically on the
value of the rounding parameter and does not converge when this parameter goes to zero.

The outline of the paper is the following. In Section 2, we describe in detail the problem
and the geometry that we want to consider, namely a diffusion equation with a sign-changing
coefficient in a cavity with an interface containing a rounded corner close to the boundary. This
geometry depends on a small parameter ¢ corresponding to the rounding parameter of the corner.
In Section 3, we consider two problems set in limit geometries related to the initial problem. Using
results of [7], we state important properties of such problems and describe their solutions in terms
of asymptotic expansions. In Section 4, we propose an asymptotic expansion with respect to §
for the solution to the problem that we have described in Section 2. This expansion is built using
matched asymptotics, in accordance with the usual procedure [29], [31, Chap.4,5]. In Section 5,
we show that the norm of the resolvent of the problem considered in Section 2 admits at most a
logarithmic growth with respect to 6. The construction of an “asymptotic inverse” which appears
in the approach is again due to [29], [31, Chap. 4] (the reader might also find a simple presentation
of this method for concrete problems in mathematical physics in [36, 37, 15]). In Section 6, we state
and prove the important Theorem 6.1, which provides an error estimate between the solution to
the initial problem and the first two terms of its asymptotic expansion with respect to 4. Thanks
to this theorem, we show the main result of the paper, namely the instability phenomenon with
respect to the rounded corner. We conclude with numerical experiments illustrating this instability
phenomenon.

2 Description of the problem

We consider a domain Q C R?, i.e. a bounded and connected open subset of R? with Lipschitz
boundary 99 (see Fig. 1 below). We assume that Q is partitioned into two sub-domains QY. so



that Q = Q‘i U Q° with Qi N QY = . We consider a straight segment X9 that intersects 9 at
only two points O and O'. We assume that 0f is straight in a neighbourhood of O, O’, and that
at O', X0 is perpendicular to 9. We also assume that the interface 2% := Qi N QY coincides
with X0 outside the disk D(O, d).

Fig. 1: Geometry of the problem.

In the sequel, we shall denote by (r,6) the polar coordinates centered at O such that € =0 or =
at the boundary in a neighbourhood of O. As § — 0, the sub-domains Q% turn into QY and we
assume that there exists a disk D(O, 7g) centered at O such that QY ND(O,r¢) = {(rcosf,rsinf) €
R2|0<r<rg, 0<6<m/4} and QY ND(O,ry) = {(rcosf,rsind) e R |0 <r <ry, n/d <
0 < w}. We consider the value /4 for the opening of the corner simply because it allows explicit
calculus (see §3.1). There is no difficulty to adapt the rest of the forthcoming analysis for other
values of this angle. To fix our ideas, and without restriction, we assume that we can take rqg = 2,
i.e. that (D(0,2) NR x R%) C Q with R x R* = {(z,y) € R?|y > 0}.

2.1 Geometry of the rounded corner
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Fig. 2: Frozen geometry.

The set X0 N D(0, ) will be defined as follows. Let = :=
partitioned by means of two open sets Z+ such that Z = Z; UZ_ and =, N=_ = (). We assume that
[:==,NZ=_1isacurve I' = {or(t), t € [0,400)} where pr is a €> function such that dupr(0)
is orthogonal to the z-axis and ¢r(t) = (¢,t) for t > 1, see Fig. 2 below. In the neighbourhood of

the corner, we assume that Q% can be defined from Z4 by self similarity:

R x R refer to the upper half plane

QL ND(0,0) ={xeR?|x/6 € 2. ND(0,1) } .

Remark 2.1. We use the word “corner” to refer to the geometry of the interface. It would have
been more precise to describe it as a “half corner” (see Fig. 3). But the important point is that this
problem shares the same specificities as “real corner” problems. We focus on this configuration
only to simplify the presentation.



Fig. 3: “Half rounded corner” on left, “real rounded corner” on right.

2.2 The problem under study

First of all, let us fix some basic notations. In the sequel, for any open subset w C R% with
d = 1,2, the space L?(w) will refer to the Lebesgue space of square integrable functions equipped
with the scalar product u,v — (u,v),,, where we set

(u,v)y, = / uvdx, Yu,v € L*(w).

We denote [|v], := /(v,v),. We will consider the Sobolev space H!(w) := {v € L?(w) | Vv €
L?(w)}, and define Hj(w) := {v € H'(w) | v|g, = 0} equipped with the norm H’UHH(l)(w) = || V|-
The space H™!(w) will refer to the topological dual to H{(w), made of the antilinear forms on
H{(w). Tt will be endowed with the intrinsic norm

Wl = sip L2l gp ey,
veH) (w)\{0} ||U’|H(1)(w)

where (, ) refers to the duality pairing between H™!(w) and H}(w).

The present article will focus on a transmission problem with a sign-changing coefficient. Define
the function ¢? : © — R by ¢° = o+ in Q), where 0, > 0 and o0_ < 0 are constants. For
f € H1(Q), consider the problem, in the sense of distributions:
Find u® € H3(Q) such that 0
1
—div(e®Vul) = f in Q.

Notice that when f € L2(f2), this problem also writes
Find (u’,u’) € HY(Q) x HY(Q2) such that
—or AUl = fy in Q%
ui —ud = 0 on X9
040,0us —0_0,u’ = on X°
uf, = 0 on 9Q% NN,

where 1% denotes the unit outward normal vector to % orientated from Q% to Q%. Problem (1)
can be reformulated as the integral identity

Find u® € H(Q) such that

P N | @)
(0°Vu®,Vu)g = (f,v)q . Vv € Hy(Q).

This leads us to introduce the continuous linear operator A% : H}(Q) — H~(Q) defined by

(A%u,v)q = (6°Vu, Vo), Vu,v € HY(Q).



The function u’ satisfies Problem (1) if and only if it satisfies A°u’ = f. As it is known
from [4], A% is a Fredholm operator of index 0' (with possibly a non trivial kernel) whenever
ke = 0_Jo4 # —1, as the interface X% is smooth and meets 9Q orthogonally. In [4, Th.6.2], it
is also proved that, as soon as X° presents a straight section, in the case ky, = o_ /oy = —1, the
operator A is not of Fredholm type. Actually, for this configuration, one can check that ellipticity
is lost for Problem (1) (see [48, 47] and [28]). Therefore, the situation x, = —1 cannot be studied
with the tools we propose. We refer the reader to [42] for more details concerning this case and
we discard it from now on.

In the present paper, we are interested in studying the behaviour, as § — 0, of the solution
u® to the Problem (1) when it is well-defined. Note that for § = 0, the interface no longer meets
0%} perpendicularly.

0O 00

Fig. 4: Geometry for 6 = 0.

As shown in [4] and as mentioned in the introduction, there exist values of the contrasts k, =
o_ /o, for which the operator A fails to be of Fredholm type, because of the existence of two
strongly oscillating singularities at the corner point O. More precisely, for the present geomet-
rical configuration, AY is a Fredholm operator if and only if, xk, € R* := (—o0,0) satisfies
ke ¢ [—1,—1/3]. Here, the value 3 comes from the ratio of the two apertures: 3 = (1—=n/4)/(7/4).

When AY is of Fredholm type, there is no qualitative difference between Problem (1) for § > 0,
and Problem (1) for § = 0. In this case, using the analysis we provide in this article (and which
was introduced in [29], [31, Chap.4]) we can prove that, if A? is injective, then A° is injective
for 6 small enough. Moreover, defining u’ = (A®)~'f and v = (A°)~!f, we can show that the
sequence (u%) converges to u for the norm || [1(@)- Since these results can be obtained from the
approach we develop here, in a more classical way, we have chosen not to present them.

When AY is not of Fredholm type, there is a qualitative difference between Problem (1) for
9 > 0, and Problem (1) for 6 = 0. The purpose of the present document is to study such a
qualitative transition. When k, = —1/3, the singularities associated to the corner have a more
complex structure, with a logarithmic term. The approach we present in this paper needs to be
adapted to deal with this configuration (see [29], [31, Chap.4]). In the sequel, we discard this
limit case, and therefore, we assume that

ke =0_Joy € (—1,—1/3). (3)

The important message here is that under Condition (3), for all § > 0, A? is of Fredholm type
but A° is not.

LAll through the paper, each time the term “Fredholmness” is used for A% or A°, it is understood that these
operators act from H§(Q) to H™1(9Q).



3 Limit geometries

As is usual in asymptotic analysis, we consider problems set in limit geometries independent from
d to study Problem (1) as 6 — 0. The present analysis needs to consider a far field problem set
in an outer limit geometry, and a near field problem set in an inner limit geometry.

3.1 Outer limit geometry

The first limit geometry that we wish to consider is obtained from Fig. 1 for 6 = 0, see Fig. 4 above.
We call it the outer limit geometry. Since in this geometry, the interface X° = Q% N Q9 does not
meet O perpendicularly, the operator A? is not of Fredholm type when x, € (—1,—1/3). The
goal of this paragraph is to define an appropriate functional framework for this problem recalling
the results obtained in [7]. For some g, we wish to consider a problem of the form

Find v such that —div(c’Vu) =g inQ, v=0 ondQ. (4)

Here, ¢V is the function such that ¢ = o4 in QY. We did not specify any functional framework:
we have to introduce adapted weighted spaces that endow the problem above with a Fredholm
structure.

In order to study Problem (4), according to the Kondratiev theory, we need first to describe the
singularities associated to the corner point O. Once singularities at O have been computed, all the
results become a consequence of the general theory of [26, 32] (see also [35, 27]). Singularities are
functions of separate variables in polar coordinates which satisfy the homogeneous problem in the
infinite corner. According to §4.1 in [7], the problem of finding couples (), ¢) € C x H}(0, 7) such
that div(cV(r¢(#))) = 0 in Q has non-trivial solutions only for A belonging to the following set
of singular exponents

A= (2Z\{0}) U{ip+4Z} U{—ipn+47Z}

with p=-2w[ 1= Hw_ (lo=—oxy? )

()

20404 20_+o04

In the case where o_ /o, € (—1,—1/3), we have p € (0,400), so that the set A contains only two
points in the strip |[Re{A\}| < 2, namely 4iu. For A = +ipu, the space of functions ¢ € H}(0,7)
such that div(e"V (rT*p(6)) = 0 is one dimensional, and generated by some ¢(#) (both for isu
and —iu), see [7, §4.1],

sinh(u6)

B sinh(p(m —0))
o) = cd)sinh(,u w/4)

on [0,7/4], and ¢(0) = cy sinh(p 37 /4)

on [m/4,7] (6)
for some constant ¢y € R\ {0}. We have [; 0°(6) ¢(0)%d0 > 0, according to [7, Lemm. A.2].
Hence, adjusting the constant ¢, if necessary, we can normalize ¢ so that u [ 0°(0)¢(0)%df = 1.

Remark 3.1. @ For k, = 0_/o. = —1/3, one has 0 € A. The singularities associated with the
singular exponent 0 write (r,0) — cp(8) and (r,0) — c Inr p(0), where ¢ is a constant, p(0) =6
on [0,7/4] and p(0) = (1 —6)/3 on [7/4,7]|. As previously announced, we do not study this limit
case here.

o For k, € (—1,—1/3) such that k; — —17, there holds p — +o0.

e Finally, for K, € R* such that k, ¢ [—1,—1/3], there holds AN {\ € C|Re{\} = 0} = 0.

Consequently, we can prove that A° is a Fredholm operator of index 0.

Let 65°(Q\ {O}) refer to the set of infinitely differentiable functions supported in Q \ {O}. Now



let us give a functional framework well adapted to (4). For § € R and k > 0, we define the
Kondratiev space VZ(Q) as the completion of 6§°(Q\ {O}) for the norm

ol— o 1/2
lollvi ey == (> /§2T2(5+| Bzl dx ). (7)

|| <k
To take into account the Dirichlet boundary condition on 012, for 8 € R, we introduce the space
V() == {v € V5(Q) [ v =00n 90\ {O}}.

For the definition of the trace of the elements of Vj(Q2), we refer the reader to [27, §6.2.1].
One can check that for all 8 € R, V%(Q) is equal to the completion of €5°(2) for the norm
I Hvé (@)- Moreover, using a Poincaré inequality on the arc (0,7), we can prove the estimate

lr—Lollg < ¢||Vollq for all v € V3(€). This allows to conclude that H(Q) = V(). The norm
in the dual space to V}g(Q) is the intrinsic norm

a ._ (g, v)al
1ol = b Tolvaey
veVL(Q)\{0} V5 (Q)

where (, )q refers to the duality pairing between Vé(Q)* and Vé(Q) Although we adopt the
same notation for the pairing between H™1(Q2) and H{(Q2), this will not bring further confusion.
A functional framework for (4) also requires to include a priori information about a proper
propagative behaviour of the solution at 0. For 8 € (0,2), we set

VIH(Q) = span{y(r)rite(0)} @ V1 4(Q)

||’UHV%ut(Q) = || + ”f}HVl_ﬁ(Q) for v(r,0) = cy(r)r'*¢(0) + o(r,6).

Here, the cut-off function ¢ € €*°(R;[0,1]) is such that ¢(r) =1 for r < 1 and ¢(r) = 0 for
r > 2. This kind of weighted spaces with detached asymptotic were introduced in [35, Chap. 6]
through the generalized Green formula (see also [35, Chap. 11,12]) and the following proposition
is the concretization of general results. For the proof in the particular context of this paper
(transmission problems were not considered in [35]), we refer the reader to [7, Th. 4.4].

Proposition 3.1.

For 8 € (0,2), define by density the operator AG™ : V3*'(Q) — VE(Q)* as the unique operator
satisfying (A3 u,v)q = (0"Vu, Vo)g, Yu € V3*(Q), v € €5°(Q). Then the operator A" is
Fredholm of index 0.

It can occur, depending on the geometry and the value of the coefficient o, that A%“t gets a non

trivial kernel (of course, of finite dimension since this operator is Fredholm). We discard this
possibility, considering an additional assumption

Assumption 1. For 8 € (0,2), the operator A%ut is one-to-one.

As a consequence, A%“t is an isomorphism and there exists C' > 0 (that depends on () such that
el +11llve @) < C 1AF 1) Vo= cp(r)rtg(8) + o € VE(9Q) . (8)

Remark 3.2. Assumption 1 can be slightly weaken. Indeed, in [7], it is proven that the functions
of Ker A%“t belong to VlB(Q). In other words, they do not decompose on the strongly oscillating

singularity. Thus, Assumption 1 is equivalent to assume that the only element u € V1 B(Q) (the
important point here is that Vl_/B(Q) C V3*(Q)) such that (6Vu, Vo)g = 0, Yo € Vk(ﬂ), is the
null function.

Remark 3.3. Using [7, Lemm. .1], we can establish that Assumption 1 holds for the geometry
(see Fig. 6, on right) considered in the numerical experiments of Section 7.



3.2 Inner limit geometry

The second limit geometry we want to consider is obtained by applying the homothety x — x/¢
centered at O. When this transformation is applied to €, we obtain a rescaled geometry Z% where
the rounded corner is fixed. Passing formally to the limit as § — 0, the domain Z° becomes the
limit domain = = R x (0, 400), see Fig.2. The polar coordinates in the inner limit geometry =
will be denoted (p, ). Besides, we set 0°°(x) = o4 for x € Z4.

To deal with a near field problem set in this second inner limit geometry, we need to consider
another, more appropriate, functional setting. For § € R, k > 0, we introduce the space VE(E)
defined as the completion of the set {v|z, v € €5°(R?)} for the norm

lollvsiey = (£ [0+ o Plagu ax ) " o)

|| <K

Introducing these spaces, our goal is to discriminate behaviours of functions at infinity only and
not at O. This explains why the weight p2(°*121=%) in (7) has been replaced by (1 + p)2(B+lal=k) i
(9) (notice also that the notation has been modified). In the sequel, we will impose the Dirichlet
boundary condition on 0= using the definition of the trace as in [27, §6.1.1] and working with
functions belonging to

Vé(E) = {v € Vé(E) | v=0on 85} :
For all g € R, this space coincides with the completion of %5°(Z) for the norm || va =) The

norm in the dual space to Vé(E) is defined in a usual manner, as follows

9
l9llyyey = sup |||§fH 1> |
vGVl( )\{0} Vs

where (, )z refers to the duality pairing between Vé(E)* and Vé(E) We also consider a space
prescribing a proper propagative behaviour at infinity. For 5 € (0,2) we consider

V% (E) := span{x(p)p " $(0)} & V4(E)
ollvm, ) = lel + [19llvaz)  for vip,0) = ex(p)p™"$(6) + B(p, 0).

Here, we take x = 1 — ¢ € €°°(R;[0,1]), ¥ being the cut-off function defined in the previous
paragraph. In particular, there holds x(r) = 1 for » > 2 and x(r) = 0 for » < 1. In this second
limit geometry, we have a result similar to Proposition 3.1. We do not give the proof which is
very close to the one of Proposition 3.1.

Proposition 3.2.

For 8 € (0,2), define by density the operator A"y : V"3 (E) — Vlﬂ(E)* as the unique operator
satisfying ( ifﬁu,mg = (0®°Vu,Vov)z, Yu € Vinﬂ(E), v € 65°(E). Then the operator Aifﬁ 18
Fredholm of indez 0.

In the present case, we need to impose injectivity of .Ai_nﬁ.

Assumption 2. For 8 € (0,2), the operator Aifﬂ s one-to-one.

Thus, ifﬁ is an isomorphism and there exists C' > 0 (that depends on ) such that

e[+ lollvye) < © HA%UHWB(E)M Yo = cx(p)p”o(0) +0 € VE(E) . (10)

Remark 3.4. As for Remark 3.2, we can prove that the functions of Ker Aifﬁ belong to Vé(E)
Therefore, Assumption 2 is equivalent to assume that the only element u € Vé(E) such that

(0®°Vu,Vu)z =0, Vv € Viﬁ(E), is the null function. Moreover, [7, Lemm. 4.1] allows to show
that Assumption 2 holds for the configuration investigated in Section 7.



4 Asymptotic description of the solution

In this section, we apply the matched expansions technique [51, 24] in order to derive the first
orders of the expansion of u®. In the present problem, there appears a boundary layer in the
neighbourhood of the rounded corner, so we have to compute an inner and an outer expansion.
As tools for separating outer and inner regions, we reintroduce the ¢°° cut-off functions y and v
such that

X(r)+¢(r) =1, x(r)=1 forr>2, and x(r)=0 forr <1.

In the sequel, we shall denote x:(r) = x(r/t) and :(r) = ¥ (r/t) for ¢ > 0. We shall also set
(1 - v)(r,0) := v(r/t,0) for v € L?(2). Then we decompose the right hand side f € H1(2) into
an outer and an inner contribution,

<fext7 > = <f7UX\/3>Q
f=fu+m Fy  with | (F)v)z:=(f, (Ta'v)¢¢g>n (11)
(15 - F, ) = (F, 115 - 0)=

m?

In the case where f € L2(12), this decomposition simply reads f(r,0) = £ (r,0) + 6= 2F2(r/6,0)
with f3,(r,0) = f(r,0)x(r/v/3), and Fb(p,0) = 62{(3p,0)p(pv/d). Observe that supp(fi,)
excludes D(O,V/§) while supp(F?) is included in the closure of D(O,2/+/3). As a consequence,
we have

foe €VE(Q)* and FJ e Vi4(2)", VBeR.

4.1 Outer expansion

In the outer region, we look for an expansion of u°(r,#) in the form
w'(r,0) = ug(r, 0) + a(8) (r,0) + -+ , (12)

where ud, ¢ and a(d) have to be defined. As regards the first term of this expansion, plugging
(12) into (1), we see that the following equation has to hold

uf € V3"(Q) such that

13
—div(e"'Vud) = fo, in Q. (13)

According to Assumption 1, the equation above uniquely defines ug. Moreover, by definition of
V3" (Q), we have

ud(r,0) = ¢ (r)r* o(0) + ad(r, 6) where ¢§ € C and @€ Vllg(Q) (14)

Concerning the second term on the right hand side of (12), we still do not know what is a relevant
form for the jauge function a(d), we shall determine this when applying the matching procedure
later on. Plugging (12) into (1), we find

div(e?'V¢) =0 inQ, ¢=0 ondN. (15)

We have to look for ¢ in a space wider than just Vg‘“(Q), otherwise we would have had to conclude
that ¢ = 0 which is excluded. For § € R, let us consider Ag : V}J)(Q) — Vi 5(2)" defined as the
unique operator satisfying (Agu,v)q = (6Vu, Vv)q, Yu € Vé(Q),v € Vl_ﬁ(Q) For 5 = 0, since
V() = HA(Q), there holds Ag = AY, where A° has been defined in §2.2. Equation (15) imposes
that ¢ € Ker Ag. Choosing 3 € (0,2), we know ¢ completely, up to some multiplicative constant,
according to the following proposition.

Proposition 4.1.
For 8 € (0,2), under Assumption 1, we have dim(Ker Ag) = 1.



Proof: This result is a consequence of the general theorem on index [35, Chap.4, Th.3.3]. For
ease of reading, we provide the proof for this particular problem. Set wy(r,8) = ¥ (r)r~#¢(6).
According to the construction of ¢(6), we have g = div(c"Vw) € 6§°(Q2). Hence, according to
Proposition 3.1 and Assumption 1, there exists a unique wy € V3*(€2) such that div(e"Vws) = g
in Q, so that w := w; —wy € Ker Ag. Notice that w # 0 since w—w1 € V3*(Q) and w; ¢ V3*(Q).
Thus, dim(Ker Ag) > 1.

Assume that v € Vé(Q) is another element of Ker Ag. Since 8 € (0,2) and AN{A € C | [Re{\}| <

B} = {+in, —ip}, according to [7, Th. 5.2], there exists c_, ¢y € C such that v(r,0) — (c4i(r)r et
c_Y(r)rTim)g(0) e V1 5(Q). As a consequence, v —c_w € V3"(Q), and v —c_w € Ker A§", which
implies v —c_w =10 accordlng to Proposition 3.1 and Assurnpt10n 1. Thus, dim(Ker Ag) < 1. O

Equation (15) imposes that ( € Ker Ag. Adjusting the jauge function a(d) if necessary, we can
take ¢ as the only element of Ker Az admitting the following expansion

C(r,0) = p(r)r"e(8) + cc Y (r)r*p(8) + {(r,0) "
with ¢ € V14(Q) and 8 € (0,2) .

Lemma 4.1.
The constant cc € C coming into play in the radial expansion (16) verifies |c¢| = 1.

Proof: To prove this result, let us apply the method of [32] (see also [35, Chap.6]). Since
¢ € Ker Ag, according to the definition of Ag, we have 0 = Sm{(As¢, x:()a} = Sm{ [, V(-
V(xeQ)dx} = Sm{ [, 0° (0, O, xdx}. We take a look at the behaviour of this expression when
e — 0. Using (16), we have

il [ 0%, opeixt = 7 [ o " 60(6) Sm{T0,C}0rxe rdrds
[ / - P (lecl? — 1)0yxe drdd + O()
= (Jecl” = 1) u/ 0 16@Pds [ oxedr + O
= (ec]> = 1) + O(”).
This implies |c¢|> — 1 = 0. O

To sum up, from a formal point of view, up to some remainder with respect to d, we have the
following asymptotic behaviour for r — 0,

wl(r,0) = ud(r,0)+ a(d)((r,0) +

, (17)
= (ch+a(d)ce) rvp(0) + a(6) rre(0) +

4.2 Inner expansion

In the inner region, close to O, we consider the change of coordinates r = dp, we set U®(p,6) =
u®(r, ), and look for an expansion of U%(p, 0) of the form

where U3, Z and A(S) have to be defined. Starting from (1), making the change of variables
p = 6 1r, we formally obtain .
U§ € V™(E) such that

—div(e>®VUY) = 19)
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According to Proposition 3.2, Ug is uniquely determined. Note that, by the very definition of
Vi_nﬂ (2), we have the following expansion

U (p,0) = Cy x(p)p~ " $(0) + U3 (p,0) ~ where CjeC and U3 €Vi(E).  (20)

Now, let us take a look at the second term in the asymptotics of U°®. Like for the outer expansion,
we still have not determined a relevant form for the jauge function A(d). This will be a result of
the matching procedure. Plugging (18) into (1) yields

div(c®*VZ)=0 inZ, Z=0 ond=. (21)

The function Z has to be looked for in a space wider than VT/B(E), otherwise, we would have
to conclude Z = 0, which is not relevant. For 8 € R, define A_g : Viﬂ(E) — Vé(E)* the
unique operator satisfying (A_gu,v)z = (6*°Vu, Vov)z, Vu € VEB(E), v E Vé(E) Equations (21)
determine Z € V! 5(5), for 5 € (0,2), up a multiplicative constant, according to the following
proposition.

Proposition 4.2.
For B € (0,2), under Assumption 2, we have dim(Ker A_g) = 1.

The proof of this Proposition follows the same lines as for Proposition 4.1, hence we do not present
it. Adjusting the jauge function A(0) if necessary, we can take Z(p,6) as the unique element of
Ker A_z that admits the expansion

Z(p,0) = x(p)p™"d(0) + Co x(p)p~ " $(0) + Z(p, 0)

.. (22)
with Z € V3(E) and 8 € (0,2) .
The existence of such an expansion for Z(p,0) is a consequence of a classical residue calculus
involving the Mellin symbol (with respect to p) of A_g. Again, we use the fact that, for 5 € (0,2),
ANn{A e C||Re{\}| < B} = {+ip, —ip}, where A is the set of singular exponents defined in (5).
Concerning the coefficient C, we have a result similar to Lemma 4.1.

Lemma 4.2.
The constant C, € C coming into play in the radial expansion (22) verifies |Cy| = 1.

To conclude, up to some remainder with respect to §, the field in the inner region admits the
following behaviour for p = /0 — 400,

Us(p,0) = UL(p,0)+ A(6) Z(p,0) + -
= A(8)p"$(9) + (C§ + AB)Cy)p~ () + - -+,

i, u(r0) = A(a)(g)i%(a)ﬂcg +A(5)CZ)<§)_W¢(9)+---. (23)

4.3 The matching procedure

In order to conclude the construction of the first terms of the asymptotics of ug, we still have
to determine the jauge functions a(d) and A(d). This will be achieved by applying the matching
procedure to the far field and near field expansions. Matching procedure has been described in
detail in the reference books [51, 24] and [31, Chap. 2]. In the present case it consists in equating
expansions (17) and (23) for r,6 — 0,

7\? r

(e} +a(d)ee) ro(6) + a(0) = o(6) = AG)(5) " 06) + (G + A0 (5) "o0).  (29)

11



As 7% and r~% are independent, Equation (24) leads to the following matching conditions
e+ a(d)ec=AWG)™™" and  a(d) = (CF + A(5)C,) 5. (25)

In these equations, cg, ce, Cg , Cy are known data. Equations (25) are uniquely solvable with respect
to a(d), A(d) under the following condition

57 £ ¢ Oy (26)

This condition requires comments. First, notice that the matching of expansions is subordinated
to a condition involving 6. Observe also that, since |c; C,| = 1 according to Lemmas 4.1 and 4.2,
there exists d, € (0,400) such that ¢ C, = 0 % Hence the condition (26) is violated whenever
there exists some k € Z such that § = (¢™/#)¥§,. This is an uncomfortable situation because the
set I, := { (e™/")k 5,  k € Z} admits 0 as accumulation point, so that (26) cannot be garantied
simply by imposing a condition of the form “§ € (0, do] for some Jp > 0 small enough”. For further
investigations concerning this type of phenomena in matched asymptotic methods, we refer the
reader to [24, 30, 15] and to [31, Chap.4]. In the case where (26) holds, we have the following
expression for the jauge functions

0%+ g

C9 ¢p 62 4 (9 §in
a((s)_ - _ Y& 0
1—(6/6.)7"

and  A() = G (27)

Because of these relations, as § — 0, both jauge functions are a priori unbounded, which discards
any perspective of establishing error estimates. For this reason, we have to introduce restrictions
on the set where § varies. In particular, we have to exclude a neighbourhood of L.

Definition 4.1. For a € (0,1/2), define I(a) := kjL_Cjo [ 0, b P ].

ar/p  ar/p

Fig. 5: The crosses represent the set {In(d),0 € I.}. The thick segments represent the set

{In(0),6 € I(a) }.

An elementary calculus shows that I(a) = {6 € (0, +00) | 1/(1 — (§/6,)**) < 1/(2sina)}. There-
fore, as illustrated in Fig. 5, there holds I(a) NI, = (. Note also that I(«) admits 0 as accumulation
point. In the remaining of this paper, the statement “6 — 0” should be understood in the sense
that 6 — 0 and ¢ € I(«) for some a € (0,1/2). This assumption implies that the jauge functions
remain bounded as § — 0, 7.e. there exists ¢, > 0 independent of § such that

|a(0)] + [A()] < ca (Icg] +1C5]), Vo € a). (28)

5 Construction and norm estimate of the resolvent

The main purpose of the present section is Theorem 5.1 that provides an estimate of (A‘S)_1 with
respect to § € I(«) in a well chosen norm. In a first step, using the asymptotic description of the
previous section, we will build explicitly the inverse of A%. Then, the proof of Theorem 5.1 will
be the result of two key estimates provided by Proposition 5.1 and 5.2. Note that, in the sequel,
¢ > 0 shall denote a constant independent of 4 that may vary from one line to another.
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5.1 Explicit expression of the resolvent

Thanks to a trick of [31, Chap.2], [34] which relies on the use of overlapping cut-off functions,
we construct an approximation @’ of us by means of the outer and the inner expansions. First of
all, going back to the definition of the cut-off functions ys, ¥ (see the beginning of §4), observe
that xs(r) + ¥ (r) — xs(r)(r) = 1. As an approximation of the field us from the inner and outer
expansion, we set

@5 (r,0) = ulyy (r,0)xs(r) + UBL(r/3, 0(r) — m? (r, 0) x5 (r)(r)

Wy (r.0) = ub(r,6) +a(8)(r.0). 29)
with | U(p,0) = Ug(p.6)+A©)Z(p.6).

mi(r,0) = A@G)(r/5) 6(6) + a(8)r=H(6) .

We recall that we have introduced the map 75, such that, for any function v, (75 - v)(r,0) :=
v(r/6,0). Let us check that 70 satisfies Equation (1) up to some remainder. First of all, it is
clear, from the definition of ug, Ug ,C¢, Z and ¢(0), that @9 = 0 on 9N for § small enough. For any
v € H}(9), according to the definition of the operators A‘B’ut and Aifﬂ (see Propositions 3.1 and
3.2), we have

(0°Va’, Vo)g = (09V(uly X6), V) o + (0°V (75 - (US, ¥175)), Vo), — (6°V(m®xs5v), V),
= <fext7 X6 U>Q + (UOVX57 ﬂgxtvv vvuext)
+ (F2,1/6 (1175 - 0) )z + (0° Vb 5, Uinv(Tl/5 ) = (115 - )VT)=
1) =0 =0

— (0°V(xs9), m°Vv —oVm°),.
In the calculus above, we used the fact that o® = o on supp(xs) and o = 75-0° on supp(¢)). We
also used that (6°Vm?®, Vuv)q = 0 for any v € H%(Q) such that supp(v) C supp(X5 ) according to
the construction of ¢(6). Now observe that f0 . xs = f2, and F2 1)y /5= 0 for & small enough.

Recall that f = f0, +75- and —xs% = 1—xs — 1. Let us denote M? = 7‘1/5 m®. We obtain

(0OVa’, Vv)g = (f,v)a
( OVX57( Uext — )VU—UV< Uext, m(s))g (30)

+(0%°Vy 5, Ty — M)V (715 - 0) = (115 - 0)V (T — D))

[1]

The calculus above shows that 4° satisfies the same equation as (1), up to some remainder. Note
that the dependency of ul, U and a(§), A(0) is linear with respect to f. Hence, we can consider
operators R® : H™1(Q) — H}(Q) and K° : H~1(Q) — H~1() respectively defined by

ﬁéf 49
(Kf,o)a = (0°Vxs, (W — M) Vo — 0V (@ — 1) ) (31)
+(

TP 5 =
Vs, (U — M)V (1175 0) = (115 - v)V (Ui, — M) )

[1]

for any f € H-Y(Q) and v € H}(Q). According to (30), we have the simple identity
A° RO =1d 4+ K°, (32)

where we recall that A% : H{(Q) — H™1(Q) is the operator such that (A’u,v)q = (0°Vu, Vv)g,
Vu,v € H5(Q). We are going to prove that K° is “small” so that R%- (Id 4+ K?®)~! is a right inverse
of A%. Since A° is a self-adjoint operator, this will prove that R® - (Id + K%)~! is the resolvent of
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A?. To proceed, we need an estimate of K in the operator norm for 6 — 0. This estimate will be
formulated in a §—dependent norm. We set
_ 28,2 2(B—1)(..12 1/2
”UH\/[I} S(Q) = Q(5 + )| Vo|“rdrdf + 9(5 +7) |v|“rdrdd)
(g, )] (33)
HQH\”/l S = sup W
B veH}(Q)\{0} IV VL (@)

For a fixed § > 0, there is a clear equivalence between || Hvl ,(@) and the usual norm | 1 ) 1)
However, equivalence constants depend on ¢ and, as § — 0, these two norms adopt a dlfferent
behaviour. The norms (33) are well adapted to asymptotic estimates in the present case, because
they share similarities with genuine weighted norms.

Proposition 5.1.
For any continuous operator T : HY(Q) — H~Y(Q), consider the following §-dependent operator
norm,
. ) 179l -
IT, Vi s()* = Vi)l = sup P
geH-1(2)\{0} \\9\\\/16(9)

Then for any B € (0,2), and for any € > 0 such that 5 > ¢ and § < 2 — ¢, there exists a constant
¢ > 0 independent of  such that

K2, VE 5(0)* = Vhs(Q)*|| <c(0?+6°7/2),  V5el(a)n(0,1). (34)
In particular, the operator Id + K is invertible for § € I(a) small enough.

Proof: For a given f € H7'(2), we bound [K° f|5: ()« by means of [[f[;1 ). In this optic,
8,6 B,8
observe that supg |70, xs| and supg | papwl /5| remain uniformly bounded as § — 0. Moreover,
K5 f only depends on the values of ul, — m® and U2 — M? in the regions Q° and Q'/?, with
= {x(r,0) € Rx (0,+00) | t <r <2t} for t > 0. Consequently, according to (31), for 5, e € R
whose values will be specified later, there holds

0hal < cliba =l ool o0

(35)
+c||US, - M6‘|V57€(Q1/5)|’71/6 : U||v1ﬁ+5(<@1/6)-

In the estimate above we used the fact that supp(Vys) € Q7 and supp(Vpy /5) C QY. We first
bound the terms involving the test function v € H{(€2):

lollvy, o) < 8 olvsge) < e6lvllvy on) < €8 lvllvy (q) )
Irags - ol iy = <loliv,__qary < 0" <Nl o < 6" ollvs o

Plugging (36) into (35), dividing by ||vHVé ;() and taking the supremum over all v € Hi(Q), we
obtain ’

IK° val Q) S €6 g — m(sHvi (@) +ed’ e U, - Mﬁ”v{ (Q/%) (37)
( e B—e

We ﬁrst bound the terms associated with ud,, —m®. On Q% a direct computation using (27)
yields ud , —m? = ad + a(6){ € V#( ) for all v € (—2,0) (we recall that @) and ¢ are respectively

defined in (14) and (16)). Set 8 € (0,2). Choose ¢ > 0 such that § +¢ < 2 and f—¢ > 0.
According to (28), (8), (13), (10) and (19), one has

I =, @ < 138lve, o +1a@I I, o
< N#llve, o+ e (el +1C81) (39)
<

C(||fgxt||</é+s(9)* + "E(rsl||9£ﬁ+s(5)*)'
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Now, we bound the term of (37) associated with ({i‘; — M‘j. On Q'?, thanks to (27), we find
US — MO =U§ + A(0)Z € Vl( ) for all v € (0,2) (U$ and Z are respectively defined in (20) and
(22)). Therefore, we can write

HU{;—M‘SH%%(QW) < ||ﬁg|’v1 & T A0 HZHvl _.®
< HUoHvl ERE (!Co!+|05\) (39)
<

(||fext||Vé+E(Q)* + H in”f}lﬁJra(E)*)'
To sum up, plugging (38) and (39) into (37), we find
K7 fllgs - < €6+ 6% (Ufalkin, -+ IFRl1 o)) (40)

To conclude the estimate, there only remains to examine separately each of the terms appearing
on the right hand side above. First, we need a bound for fJ,. Pick an arbitrary v € V}g 4 ()

and note that vy 5 € H{ (). Observe also that ||va||V1 y Scd” 2|y HV1 (@)- According to
(11), we have

|<fext? > ’ |<f7UX\/S>Q| <
< C57€/2Hf”\"/llm(g)* lvllve, (-

Dividing by H“HV% ROL and taking the supremum over all such v, we obtain

||f(36xt||<//13+5(9)* < C5_E/2Hf”\°/[1376(9)*~ (41)

To derive a bound for F?, pick an arbitrary v € V! g1e(E). Taking into account the definition of

F? given by (11), and since p < 2/+/4 in supp(wl/\f), we see that

L0 (R V1 R TCARO MM N
< 56Hf||\°/é’6(9)*val/\/gHVé(E)
<

co/? Il sy 1ol -

Dividing by [Jv[[y1 e and taking the supremum over all such v, we can finally write

2
1By, o < 52151y - (42)

At this stage, it is important to notice that in (41) and (42), the exponents obtained for § involve
£/2 and not . We conclude the proof of (34) by plugging (41) and (42) into (40). To prove that
Id + K? is invertible for § small enough, it suffices to observe that ||Id, Vi s = Vi ()| = 1.

O

Hence R° - (Id + K®)~! is the resolvent of the operator A%. This is an interesting result because
it shows that, as long as Assumptions 1 and 2 are satisfied, then Problem (1) is systematically
uniquely solvable for § € I(«) small enough.

5.2 Norm estimate of the resolvent

We have established that (A%)~! = R? - (Id + K®)~1. Besides Proposition 5.1 allows to obtain an
estimate for (Id + K%)~!. As a consequence, to obtain an estimate for (A%)~! it suffices to derive
a bound for R°.

15



Proposition 5.2.
For any continuous operator T : H=Y(Q) — H{(Q), consider the following §-dependent operator
norm,

y * 1T gz
1T, Vh5(Q)* — HY(Q)|| ==  sup HHOU
geH-1(Q)\{0} 9 Véﬁ(ﬂ)*

Then for any 5 € (0,2), there exists a constant ¢ > 0 independent of 6 such that
Hf{(s,\ofé,é(ﬁ)* — H{(Q) < c]ln&]l/z, Vo € (0,1)NI(c) . (43)

Proof: For some fixed f € H7!(Q), we come back to the expression of RO f = 4% given by (29).
Denote T? := {x(r,0) € R x (0, +00) | r > §}. Tt is easy to check that HX5UHH(1)(Q) <c ||’UHV(1)(T5),
Vv € H(2), Vo € (0,1). Consequently, we have
Hﬁ(SHH(l)(Q) <c ||ngt”v(1)(1r5) +c ||m6||v5(1r5) + |75 - (¢1/5U§1)||H5(Q)~ (44)
Use a straightforward calculus, take into account (28), apply (8) (resp. (10)) to ¢} (resp. CJ),
and use (41)—(42) with € = 0, to obtain
il < elmal2 (1l +ICE) < elmdl/2 (| iy + I1FE o ey

(45)
¢|1n 6|1/ Hf”\"/}g,é(ﬂ)*'

IN

As Q is bounded, there holds Hv||v(1)(T5m) <c ||v]\V£B(Q) for any v € VlB(Q) Besides, ||¢[ly1(rs) =

O(|Ind|*/?). As a consequence, using (8) and working like in (45), we find

HngtHVé(Ts) < H@%Hvé(wﬁ!a@)\HCva(W)
< clmd 2 (| + 168 |+ laf v (o)) (46)

< c‘ln(s‘l/z(“fgxt”\"/k(g)*+”P¥;Hf/16(5)*) < c|lnd|'? £l 0y

We finally deal with the third term on the right hand side of (44). Note that = N supp(vy/s5) =

=\ T?/%. We assume that § is small enough i.e. § < 2, so that § < 2/(1 + p) in Z\ T?/%. Then,
there holds

IN

75 - (?/)1/6U§1)||H(1)(Q) C||Ui§1||v(}(5\1r2/é)

¢ HUgva(E\TQ/é) +c|A(d)] HZ(d)HVé(E\’]T?/fS)

e[| (|e§ | + 1G5 1+ 108 vy (47)
s s

¢|In6[1/2 ( erxt”\"/b(g)* + ”Fianzlﬁ(E)* )

¢|Iné|/? HfH\"/g (@)

IN AN A

IN

In the calculus above, we used that HZ(&)Hvé(E\TQ/&) = O(|1n 6]'/?), as well as decomposition (20).

To conclude, there remains to plug (45), (46), (47) into (44). Since @° = Rf, and the estimate
(44) holds for any f € H~(Q), this finishes the proof. O

Proposition 5.2 was the last building block required in order to establish a norm estimate for the
resolvent of A%, We state and prove it now.

Theorem 5.1.

Let € (0,2). Under Assumptions 1 and 2, there exists dg such that Problem (1) is uniquely
solvable for all § € (0,60] N I(a), with o € (0,1/2). Moreover, there exists a constant ¢ > 0
independent of § such that

[ llgey < e ld]V2 fldiv(e®Vu') gy g Vu’ € HH(9), V6 € (0,00] N1(a).
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Proof: The invertibility result has already been established at the end of §5.1. Here, we have
to derive an upper bound for H(A(S)_l,\/é,(s(Q)* — H§(Q)|| where A° has been defined in (31).
According to (32), (34) and (43), one has

I(A%) 71,V 5(92) = HY(Q)
¢|lng|/?
(55/2 + 5575/2)‘

< RY, V() = BH@) - 10d + K9 Vh5(9)7 = Vh5(@)7 < —
O

Admittedly Theorem 5.1 does not yield a bound for (A%)~! that is uniform with respect to 4.
It predicts that H(A‘;)*l,\of}w(Q)* — V}J)(;(Q)*H does not grow faster than O(|In8|'/?). We shall
see in the next section that this does not prevent from obtaining an error estimate concerning an
asymptotic expansion of the solution u’ to (1).

6 First order asymptotics

According to Theorem 5.1, we know that for all f € H~(£2), Problem (1) is uniquely solvable in
the usual functional framework H{(Q) for § € I(«) small enough. To obtain this result, we have
used a well-suited asymptotic expansion at the first order and adapted weighted spaces. Thus,
rounding the corner, with an interface meeting the boundary perpendicularly, could be seen as a
regularization method for Problem (4) set in the outer limit geometry. In this section, our goal
is to show that this regularization process is not satisfactory. Indeed, we are going to prove that
the solution u’ depends critically on the value of the parameter §. To do this, we build a more
usual asymptotic expansion of 4%, with terms that do not depend on § (except, of course, the
jauge functions), at the first order.

We will assume that the source term f in (1) belongs to V};(Q)* with 8 € (0,2). Since H{(Q2) C
Vé(Q), there holds Vé(Q)* C H™1(Q). This implies in particular that || || ()+ Femains bounded
8,0

uniformly with respect to 6.

6.1 Construction of the expansion

To construct an expansion of u® for § € I(a), we work as in Section 4, using the method of
matched asymptotics, but this time, we do not decompose the source term f into outer and inner
contributions. This leads us to introduce the function %° such that

0 (r,0) = text (7, 0)x5(1) + Uin(r/8,0)0 (1) — m(r, 0)xs(r)p(r)

Uext(r,0) = ul(r,0) + a(6)((r,0), (48)
with Un(p,0) = A(6)Z(p,0),
m(r,0) = A(0)(r/8)*¢(0) + a(d)rp(0) .

Again, we emphasize that the definition that we provide for @’ differs from the one of 4 given in
(29) because @ is built from terms that do not depend on 6. In (48), the functions ¢ (r, ), Z(p, ), ¢(6)
are respectively set in (15)-(16), (19)-(22) and (6). We choose u" such that u® := (A%Ut)*lf €
V%“t(ﬂ). As a consequence, by the very definition of V%“t(ﬂ), there exists a constant ¢V € C such
that u®(r,0) — Ox(r)r*¢(0) € Vl_ﬂ(Q) Finally, proceeding as in §4.3, we find the that the jauge
functions must verify

0 2ip 0 Sip
' C,o A(S) : c’d

“©: =T

EEEOTALD )
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where the constants C, and J, are defined in (22) and in §4.3. In particular, (49) makes sense
thanks to the assumption ¢ € I(«).

6.2 FError estimate

Now, computing the error |Ju® — /|| 1} (), We prove that the function 1® defined by (48) is indeed

a sharp approximation of u®. First of all, plugging the expression of u® — @° in the estimate of
Theorem 5.1, we obtain, for ¢ € (0, 8) and dy small enough,

8 — @y < e[ d]? [div(e V(u —)llgs oy O E (0,00 NTa).  (50)

Let us bound the right hand side of the previous equation. For any v € H%)(Q), following §5.1, we
can write

(0.5va(5’ VU)Q = ( OV uextX(S) ) (JJV(T5 . ( in¢1/§))> VU)Q - (J‘SV(m X6¢)7 VU)Q
(f, x5 v)a + (0°V X5, Uext VU — 0V Text )0

+ (0%°V15, UiV (115 - v) — (1175 - ©)VUin)z
—(

o9V (xs ), mVuv —oVm),,.

Since —xs¢ =1 — x5 — ¢, denoting, M := 7,5 - m, we obtain
(0°V(u’ = @), Voo = (f,¢sv)a

+(0°V X5, (Uext — M)VV — 0V (Texs — M) )0 (51)
+(0®°V1 )5, (Ui — M)V (7175 -v) = (1175 - 0)V(Uin — M))=.

Let us study each of the three terms of the right hand side of (51). For the first one, there holds,

¥ v)al < C”f”\“/}g(ﬂ)* 95 U||V}3(Q) < ¢t

52
< eo" <l o

Q)
For the second and third terms of (51), working as in (36), (38) and (39), one finds successively
‘(UOVX(;, (Text — M)V — OV (Ueyt — ) )Q‘
< cf[ttext — mvaB(Qé)HUHvé(@é) < 0P ttext — m\\viﬁ(@é)’\v|’v;5(ﬂ) (53)

< s (| + ||ﬁ0Hvl_ﬁ(sz))HUHv;,é(Q) <ed’ e 11l )

and - -
‘(Uoov%/aa (Tin = M)V (7175 0) = (115 - ©)V (Tin = M) )

< c||Uin — M"Vé(Ql/é)‘|Tl/5 . UHViﬁ(Ql/s)
< cdoP ||Uin — M”Vé(Ql/fs)HUHV;,(s(Q)
< e Pollve o) < O IF Il @l lve i)

(54)

Plugging (52), (53) and (54) in (51), we can divide the resulting inequality by Hv||V15(Q) and

then take the supremum over all v € H}(€2). This leads to the existence of some constant ¢ > 0
independent of ¢ such that ||div(c®V (u® — 'aé))H\"/l S S cob—e Hval (- Going back to (50),

the previous calculus yields the error estimate ||u® — u5|]H1 < ¢|ln 5\1/2 6°= 8HfHVl . Since

this estimate holds for all £ € (0, 3), the term |In§|'/? can be removed.
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Theorem 6.1.

Let 5 € (0,2) and f € VE(Q)* Under Assumptions 1 and 2, there exists dg such that Problem (1)
is uniquely solvable for all § € (0,50] N1(a), with a € (0,1/2). Moreover, the function 4’ € H§(Q)
defined in (48) verifies, for all € in (0, /),

I’ = @l < e fllgs e V6 € (0,80 N1(a), (55)

where ¢ > 0 is a constant independent of 6 and f.

Thanks to Theorem 6.1, we can prove now the instability phenomenon as § tends to zero, the
main result of the paper.

6.3 Conclusion

Let us study the H'-norm of u® when § tends to zero. Denote S(v4) := {x(r,0) € R x
(0,400) | Vd <r < 1}. There holds H&‘SHH})(Q) > ||125||H(1)(S(\/3)). Moreover, according to (48), we

know that for x € S(\/g), the function @’ admits the decomposition @’ = m(r, 0) + a9, where °

is a term which remains bounded for the H!-norm when 6 goes to zero. By a direct computation,
one can check that we have ”mHHl(g(\/S)) > ¢|Iné|'/? as soon as ® # 0, where ¢® € C is the
0

constant such that u®(r,0) — Oy (r)r#¢(0) € Viﬁ(ﬂ) Thus, if the source term f is such that the
solution u” is strongly singular (c? # 0), then ||Q5HH5(Q) — +00 when 6 — 0. By virtue of (55), we
deduce that Hu5||Hé (@) — +oo when ¢ € I(«) tends to zero. This is not completely surprising since

we know that the limit problem for § = 0 is not well-posed in H}(Q2). But maybe the sequence
(qu) converges to some limit for some weaker norm, for example, for the L?-norm? Thanks to
our asymptotic expansion, we can prove that the answer to this question is no. Indeed, using
(48), one notices that on Q\ D(0,2), there holds @’ = u® + a(6)¢. Since, the function & — a(4)
does not converge, we deduce that (fﬁ ) does not converge for the L2-norm when § — 0. Again,
according to (55), it follows that (u°) does not converge for the L% norm”. The reflexion of the
strongly oscillating singularity on the rounded corner modifies the solution u® everywhere in €,
and not only in a neighbourhood of O. As a consequence, u® critically depends on the value of 4,
it is not stable.

7 Numerical illustration

As an illustration of the results obtained in the previous sections, let us conclude by studying on
a canonical geometry the question of the stability of Problem (1) with respect to the parameter
0. The geometry will be chosen so that we can separate variables and thus, proceed to explicit
computations. Again, we point out the following result. If the limit problem, i.e. Problem (1)
with § = 0, is well-posed in H}(Q), that boils down to say, for the chosen configuration, that
ke =0_Joy € (=00, —1) U (—1/3,0), then the solution u°® is well-defined for § small enough and
converges to u’ for the H'-norm. Conversely, if the limit problem is ill-posed in H}(22°) (not
of Fredholm type), then Problem (1) critically depends on d, even for small 6. The framework
(see Fig.6) will be slightly different from the one introduced in §2 because Qi U will not
be a fixed domain. However, the analysis we provided all along this paper could be extended
without difficulty to the geometry studied in this paragraph and we would obtain analogous
results. Finally, we present numerical simulations, using a standard finite element approximation,
to illustrate the difference in behaviour of the sequence (u‘s), depending on whether or not the
contrast belongs to the critical interval (—1,—1/3).

%In other words, (u°) and (@) are sequences which do not converge, even for the L2-norm, but which are such
that, according to (55), (u® — @°) converges in H§(Q2) when & — 0.
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0 9% 0 Q0

Fig. 6: Domains Q° and Q0.

Let us first describe the geometry. Consider § € (0,1) and define (see Fig. 6)

= {(rcosf,rsinf) |0 <r<1, n/4<0<7};
Q= {(rcos,rsinf) |s<r<1, 0<O<m/4};
= {(rcosf,rsinf) |[d<r<1, 0<O<m}.

Again, introduce the function o : © — R such that ¢® = o1 in Q%, where oy > 0 and o_ < 0
are constants. We define the continuous linear operator A% : H{(Q9) — H~1(Q?) such that

(A’u,v)gs = (0°Vu, Vo)gs, Yu,v € HH(QO).
Since the interface %0 := Qiiﬂﬁi‘i is smooth and meets 99Q° orthogonally, we can establish, using

the T-coercivity technique (see [10, 4]), that for k, = o_ /o, € R*\{—1}, for all § € (0,1), A% is
a Fredholm operator of index 0. Let us study the question of the injectivity of A°.

T-coercivity approach. In the sequel, if v is a function defined on 9, we will denote v, := U|Qi

and v_ := ’U’Qi. Introduce the operators R4, R—, T4 and T_ such that, for all u € H(l](Q‘s)7

- 2—-0) ifd <mu/2
Rows)(r0) =up(rm—30) 3 (R_u)(re)={"""™/2=0) HO<m/2,
0 else
) ug on Qi ) ~J uy —2R_u_ on Q‘i
T+u—{ —u_+2R,uy on§d T_U_{ —u_ on Q9.
One has uy = —u_ + 2R, uy on X% so Ty is valued in H{(Q°). Noticing that Ty - T, = Id,

we deduce that Ty is an isomorphism of H}(Q°). The same result holds true for T_. For all
u € HY(929), with the help of Young’s inequality, we can write, for all n > 0,

(A%, Teus] = (0 View, Vaes)gg + (o] Vo, Vu)gs — 20| Vao, VRe )y |
(U+ V’U,+, Vu"r)Qi + (‘0—‘ Vu_, vu—)Q‘i

(o | Vuo, Y )gs — 1/ (o] (R ws), V(R us))gs

(04 = [R4I* [o—1/m) Vs, Vus)gs + (lo—| (1= n) Vu—, Vu)gs .

v

Y

Therefore, if o4 /|o_| > ||Ry||> = 3 (& ko > —1/3), there exists ¢ > 0 independent of § such that
lull < (A%, Ty w) o] Vu € Hy ()
CllU H(l)(Q5) ~ U, L4+ U)qs |, u 0 .

In the case where k, < —1, we can proceed in the same way, using T_ instead of T4 (notice that

|IR_||* = 1). The previous discussion leads to a result of uniform stability under some restrictive
conditions on k.
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Proposition 7.1.
Assume that k, € (—00, —1) U (—1/3,0). Then, for all § € (0,1), the operator A° is an isomor-
phism. Moreover, there exists ¢ > 0 independent of & such that

||U5||H3(95) < C||A6U6||H—1(m)7 vu® € Hy(Q).

This proposition provides a norm estimate of the resolvent of A% with a constant that does not
blow up as ¢ tends to 0. But this result holds only for a contrast lying outside the critical interval.
For k, € (—1,—1/3), the method of the T-coercivity no longer works.

Direct approach. Let us go back to the question of the injectivity of A%. Instead of using the
T-coercivity approach, let us compute explicitly the elements of Ker A%. Consider u® a function
of H§(€9) such that A°u® = 0. The pair (uf,u’) satisfies

Aug =0 in Q%
Au® =0 in Q°
ui —ul = on 9 (56)

oy agu‘j_ —0_0pu® =0 on X°.

With the change of variables (¢,6) := (Inr,8), Problem (56) is changed in a problem set in the
truncated strip S° := (Ind,0) x (0,7). In this geometry, separation of variables is a natural
approach. Using this trick, it is easy to prove that the family {r — sin(n7(lnr —Ind)/Ind)}o2,
is a basis of L2(8,1). Decomposing u‘i and ! and since Au‘i = Au’ =0, one finds

oo _ 0— . In(r/é
ui(r, 0) = n;luin sinh (mr( o (;T)) sin (mr n](r?;{S ) )

+oo
and  ud (r,0) = ;u‘s_m sinh (nw%) sin (nﬁlnl(:;{f) )’

where u‘_shn and u? ,, are some constants. The transmission conditions lead to the additional

relations, for all n c N*,
—ub, , sinh (3n7%/(4Ind)) = w’ , sinh (nw?/(4In4))
ul, o4 cosh (3nm?/(4Ind)) = w’ , o_ cosh (n7?/(41n4)).

—-n

(57)

For n € N*, the system (57) with respect to (“i,nv u‘in) has a non trivial solution if and only if

its determinant vanishes which yields the equations, with the notation v := nn?/(41n6),

o_ sinh(3n7?/(41n)) cosh(nm?/(41nd)) + oy sinh(nm?/(41n4)) cosh(3nn2/(41né)) = 0
& o (sinh(4v?) + sinh(202)) + o4 (sinh(4v9) — sinh(202)) = 0
s\ o+—0—  l—kg
& cosh(2v)) = o To) 2T r)

e CASE kg, € (—00,—1) U (—1/3,0)
For this case, there holds (1 —k,)/(2(1+k+)) < 1. Consequently, for all n € N*, the only solution
of (57) is the null solution and A° is injective. This is consistent with Proposition 7.1.

o CASE kK, € (—1,—1/3)
In this situation, one has (1 — k)/(2(1 + k5)) > 1. For all n € N*, there exists a unique " such
that (57) has a non trivial solution:

5" nr 50 (58)
=e — :
1T acosh(s (111’2"0) )| n—oe
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Hence, A% : H)(Q2) — H~1(Q%) is an isomorphism if and only if § € (0,1)\ Unpen+ {6"}. Thus, we
obtain by an other method, for this special geometry, the result of Proposition 5.1. Note that for
this particular domain QY we can prove (see [7, Lemm. 4.1]) that Assumptions 1 and 2 hold.

Numerical illustration. Let us check this numerically. For the computations, we use the
FreeFem++> software while we display the results with Matlab® and Paraview®. For details
concerning the discretization of Problem (1), we refer the reader to [10, 40, 18]. Take f € L2(Q)
whose support does not meet O. Here, we choose f such that f(z,y) = 100 if z < 0.5 and
f(z,y) = 0if z > 0.5. Moreover, we impose o = 1. Let us consider (7);, a shape regular family
of triangulations of %, made of triangles. We assume that, for any triangle 7, one has either
T C Qi or 7 C Q° . Define the family of finite element spaces

V9 = {v € Hi (%) such that v|, € Py(7) for all 7 € 7;:5} ,
where P;(7) is the space of polynomials of degree at most 1 on the triangle 7. Let us consider the

problem
Find u) € V) such that

(59)
(0°Vul, Vud)ags = (f,v))qs, Vol € V9.
e OUTSIDE THE CRITICAL INTERVAL
In Fig. 7, we observe the variation of ||u‘,5L||Hé(Qa) with respect to 1—6 for k, = 0_ /o, = —1—107%.

Fig. 8 represents the solution u;i for this contrast and for eight values of . As it was expected,
Problem (59) seems to be stable with respect to 4.

e INSIDE THE CRITICAL INTERVAL

In Fig. 9, we display the variation of HU?LHH})(W) with respect to 1—6 for s, = 0_ /oy = —1+107%.
In accordance with the analytical computations resulting in formula (58), we observe peaks which
correspond to the values § = 6" for which A° fails to be injective. More generally the numeri-
cal experiments confirm the following important idea: when the contrast lies inside the critical
interval, the solution in the rounded geometry, when it is well-defined, critically depends on the
parameter 6. This appears clearly in Fig. 10 where we see that the solution is not stable with
respect to d not only in a neighbourhood of the corner point O but everywhere in Q (cf. discussion
of §6.3). Concerning the numerical analysis point of view, let us make the following comments.
First, notice that for small values of 4, it is very expensive to use a mesh adapted to the geometry.
Therefore, the mesh size is chosen small but independent of §. This explains why peaks do not
appear for 6 < 0.02. Remark also that we work here with a contrast very close to —1. This
may seem surprising because for £, = —1, the operators A? are not of Fredholm type, due to the
presence of singularities all over the interface [4, Th. 6.2]. However, this allows us to obtain several
peaks without being obliged to use a very refined mesh. Indeed, in this case, in (58), the coefficient
72 /(2 acosh(z(lljr”fga))) is of order —0.5. From a numerical point of view, it only requires to use
meshes which are locally symmetric with respect to the interface to avoid instability phenomena
(see [18]).

3 FreeFem++, http://www.freefem.org/ff++/.
* Matlab, http://wuw.mathworks.se/.
5 Paraview, http://www.paraview.org/.
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Contrast K = -1 — A with A =0.0001 (outside the critical interval)
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Fig. 7: Variation of ||u2||H(1J(QJ) with respect to 1 — 0.

Fig. 8: Solution u;sl for eight values of J. The contrast x, = 0_ /o is chosen equal to —1 — 1074

(outside the critical interval). The sequence (u$)s seems to converge when § — 0.
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Contrast K = -1 + A with A =0.0001 (inside the critical interval)
300 T T

250 ® =

200 e

150 - ¢ B

H’ norm of the solution

1
0

100 ]

0 — 8% l:‘: .‘e_‘,:_. '.',:v,., \’.",‘, & » 29
0.75 0.8 0.85 0.9 0.95 1

Fig. 9: Variation of ||u{ ||1/qs) with respect to 1 —4§. The dotted lines correspond to the expected
g rllHE(Q9)

values of § = §" for which A° fails to be injective (see the computations resulting in (58)).

Fig. 10: Solution u‘,sl for eight values of . The contrast k, = o_ /o, is chosen equal to —1 4 10~*

(inside the critical interval). The sequence (u{)s seems not to converge when & — 0.
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