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1 Triangular numbers
A triangular (or trigonal) number N is such that its units can be assembled in a triangle.
The first triangular numbers are S1 = 1, S2 = 1 + 2 = 3, S3 = 1 + 2 + 3 = 6, S4 =
1 + 2 + 3 + 4 = 10, S5 = 1 + 2 + 3 + 4 + 5 = 15, etc. The general formula for triangular
numbers is Sn =

∑n
i=1 i =

n(n+1)
2

.

2 Joncourt’s table of triangular numbers (1762)

Élie de Joncourt was born in Middelburg (province of Zeeland, Netherlands) in 1697 and
died in The Hague in 1765. He was trained as a pastor, was minister of the church of
’s-Hertogenbosch, and also taught mathematics in the school of ’s-Hertogenbosch.

He worked mainly as a journalist and translator, collaborating to several journals,
and translating in French several English periodicals. He also translated a number of
English books, in particular of physics and mathematics by Saunderson, ’s Gravesande,
and others.

Among Joncourt’s more personal works is his treatise on the use of triangular numbers.
This treatise was published in Latin [11], Dutch [9], English [12]1 and French [10].

Joncourt gives the triangular numbers for n = 1 to n = 19999, in two parts, for the
ranges 1 to 9999 and for 10001 to 19999. There are 90 numbers per page, except on the
last page of a range which contains only 9 numbers. There are a total of 224 pages, so
that we have 2×(111×90+9) = 19998, the triangular number for 10000 not being given.
After the table of triangular numbers, Joncourt gives a table of cubes from 1 to 600.

Joncourt’s table was computed principally in order to facilitate the extraction of
square and cubic roots [27]. It is easy to see that

Sn + Sn+1 =
1

2
[n(n+ 1) + (n+ 1)(n+ 2)] = (n+ 1)2

and therefore that Joncourt’s table allows for the computation of squares. Square roots
can be obtained by halving the number of which we desire the square root, and looking
it up in the table. For instance, for the square root of 49, we seek 24.5 and the triangular
number immediately above is 28, whose index is 7. When the number is not a perfect
square, the square root can be obtained more precisely in several steps and Joncourt
considers a number of cases.

3 The use of triangular numbers for multiplications
In the sixth chapter of the second part of his book, Joncourt describes how triangular
numbers can be used to multiply two integers. In order to compute ab, Joncourt computes
(a + b)2, a2, b2, subtracts the latter two to the first square, obtains 2ab and divides the
result by two. Using trigonal numbers, this can be achieved as follows:

1Interestingly, the reviewer of the Monthly review seemed to find Joncourt’s translation as lacking
of elegance and wished that Joncourt had been assisted by someone better acquainted with the English
language [27].
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(a+ b)2 = Sa+b−1 + Sa+b (1)
a2 = Sa−1 + Sa (2)
b2 = Sb−1 + Sb (3)

Hence

2ab = Sa+b−1 + Sa+b − Sa−1 − Sa − Sb−1 − Sb (4)

ab =
Sa+b−1 + Sa+b − Sa−1 − Sa − Sb−1 − Sb

2
(5)

Joncourt gives the following example: a = 7589, b = 6757, he finds c = a+ b = 14346,
then c2 = 205807716, a2 = 57592921, b2 = 45657049, c2 − a2 − b2 = 102557746, and
ab = 51278873.

In 1889, Glaisher also remarked that a table of triangular numbers would be convenient
for the computation of multiplications [15]. Such a table would then be as useful as a
table of quarter-squares [46, 5, 6, 25, 20, 21, 2, 3, 29].

Glaisher gave the formula

Sa−1 + Sb − Sa−b−1 = ab

with which a table of triangular numbers can be used to compute ab, with a and b not
exceeding the limit of the table [45]. For instance, if we wish to compute 123 × 241, we
find

S240 = 28920 (6)
S123 = 7626 (7)
S117 = 6903 (8)

and S240 + S123 − S117 = 28920 + 7626− 6903 = 29643 = 123× 241.
Returning to Joncourt’s example, only three table lookups are required with Glaisher’s

formula, instead of the six lookups implied by Joncourt:

Sa−1 = 28792666 (9)
Sb = 22831903 (10)

Sa−b−1 = 345696 (11)
Sa−1 + Sb − Sa−b−1 = 28792666 + 22831903− 345696 = 51278873 (12)

4 Other tables of triangular numbers
At the beginning of the 1890s, Augustin-Armand Arnaudeau (1823–1909), a graduate of
the French École polytechnique, computed a table of triangular numbers up to 100000,
but only some proofs were published in 1896 [1].2

2The manuscripts of Arnaudeau’s tables are kept in the library of the École polytechnique under
the shelf mark Ms 9. According to the online catalog, there are in fact three tables: 1) Table des
triangulaires de 1 à 100000 (401 and 186 folios), 2) Table des réciproques des nombres de 1 à 100000
(93 folios), 3) Table des sinus et tangentes (47 folios), as well as various notes and introductory material
planned for the publication.

4



Figure 1: Excerpt of Joncourt’s table. (source: Niedersaechsische Staats- und Universi-
taetsbibliothek)
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