The method of quarter-squares

The method of quarter-squares is a multiplication method which makes use of the identity

ab = 1 4 (a + b) 2 -(a -b) 2 .
If we possess a table of squares, and wish to compute the product ab, it is then sufficient to compute a + b, a -b, to look up the table for these two values, to subtract the values read in the table, and to divide the result by 4. This seems complex, but for large numbers it is more efficient than to compute directly the product. 1There have been a number of tables of squares around, in particular those of Ludolf published in 1690 [31], and those published by Séguin in 1801 and giving the squares up to 10000. But these authors did mostly not have multiplications in mind, although Ludolf showed how squares could be used to compute a multiplication. At the beginning of the 19th century, the method of quarter-squares was mentioned in passing by Laplace in 1809 [9, p. 261] and Gergonne in 1816 [13, pp. 159-160], but they did not produce tables.

2 The first tables of quarter-squares (1817)

In 1817, Voisin [51] and Bürger [START_REF] Anton | Tafeln zur Erleichterung in Rechnungen für den allgemeinen Gebrauch eingerichtet[END_REF] published independently the first tables of quartersquares. Voisin and Bürger both understood that a table of squares could be useful for multiplications, but they went one step beyond, and removed the need to divide the difference of the squares by 4. Their tables gave the quarter-squares for all integers up to 19999 (Bürger) and 20000 (Voisin).

A table of quarter-squares is also very advantageous with respect to space. Such a table is a linear table, with only one entry. With slightly more work than a mere table of multiplication, it is possible with a table of quarter-squares to do computations that would require many thousands of pages with a conventional table of multiplication, such as Crelle's table [START_REF] Crelle | Rechentafeln, welche alles Multipliciren und Dividiren mit Zahlen unter Tausend ganz ersparen, bei grösseren Zahlen aber die Rechnung erleichtern und sicherer machen[END_REF].

In 1820, in the second edition of his Philosophy of arithmetic [30, pp. 246-257], John Leslie described tables of quarter-squares, and in particular Voisin's table, of which he gave an excerpt up to 2000. Leslie expressed the hope that someone would compute a table up to 200000.

Centnerschwer's table (1825)

Jakub Centnerszwer (1798-1880) was a Polish mathematician and teacher of Jewish origin [START_REF] Centnerschwer | Encyklopedyja powszechna[END_REF]. He published several works, among them a table of quarter-squares in 1825 and a coin conversion table in 1842 [START_REF] Centnerszwer | Nowe tablice zamiany monety polskiej na rossyjska i odwrotnie[END_REF]. His son was the publisher and bookseller Gabriel Centnerszwer (1841Centnerszwer ( -1917) ) and his grandson was the chemist Mieczysław Centnerszwer (1874Centnerszwer ( -1944)).

The table of quarter-squares was published in German under the germanized name Centnerschwer [START_REF] Centnerschwer | Neu erfundene Multiplikations-und Quadrat-Tafeln, vermittelst welcher man die Produkte aller vierziffrigen und die Wurzeln aller fünfziffrigen Zahlen sehr leicht finden kann, wie auch zur Erleichterung anderer mathematischen Rechnungen[END_REF]. This table gives the quarter-squares from 0 up to 19999 on 40 pages, whereas Voisin needs 123 pages and Bürger 80 pages for the same range.

At first sight, Centnerschwer's table appears confusing, but its usage is in fact simple. In order to find the quarter-square of n = 100a + b, one first locates the column marked a (the second line, just above the line with I's and II's) and the line b. At their intersection, the table gives f (a, b) = n2 400 . For instance, 2 for n = 8763, we find the value 191975. This is not the final result, but all the digits except the last two. Then, two small tables (not reproduced here) 3 give the last two digits as a function of m = n mod 200, or more precisely as a function of n mod 100 and of the type of column in which a appears, that is "I" or "II." For m = 163, this table gives 42, as m 2 4 = 6642.25. The final result is therefore 191975|42.

The main table can also be used to find the square of any integer up to 9999. Indeed, when b is even, that is when b = 2c (0 ≤ c < 50), then we have This is then used as follows: if one wishes to compute the square of x = 100p + z, we distinguish two cases: 1) z < 50 and 2) z ≥ 50. In the first case, we will take a = 2p, and in the second case we will take a = 2p + 1. For example, if we wish to compute 3744 2 , we have p = 37 and c = z = 44. Therefore, a = 74, we are in a column marked "I" and we look up the line b = 2c = 88, where we find 140175. These are all the digits of 3744 2 , except the last two. The latter are found in a separate table (not reproduced here), as a function of the last two digits of 3744, as all squares of numbers ending with 44 end with the same two digits. The table gives 36, so that 3744 2 = 140175|36.

f (a, b) = (100a + 2c) 2 400 (1) = (100(a/2) + c) 2 100 = g(a/2, c) (2) 
If we wish to compute 4573 2 , we have p = 45 and c = z -50 = 23. Therefore, a = 91, we are in a column marked "II" and we look up the line b = 2c = 46, where we find 209123. Like above, the last two digits of the square are found in a separate table as a function of 73, so that eventually 4573 2 = 209123|29.

Incidentally, it is interesting to observe that the way Centnerschwer splits the results of his table bears some analogy with the organization of Kulik's table of quarter-squares published in 1851 [START_REF] Philipp | Neue Multiplikationstafeln : ein unentbehrliches Hülfsmittel für Jedermann, um schnell, sicher und ohne Ermüdung zu rechnen[END_REF], and thus also of Blater's There have also been several applications of quarter-squares for mechanical aids. In 1829, Schiereck invented a calculating machine based on quarter-squares [START_REF] Weiss | [END_REF] and in 1841 he devised an instrument for the measurement of the area of triangles, useful in surveying, and also based on quarter-squares [START_REF] Friedrich | Beschreibung des Pediometers, eines Instruments, um den Flächeninhalt in Karten ohne Rechnung zu erhalten[END_REF][START_REF] Haeberlin | Die Viertelquadratemethode und das Pediometer des Joseph Friedrich Schiereck[END_REF].

In a book published in 1857, Edward Sang also suggested the use of quarter-squares for multiplications [6, pp. 50-51].

The use of quarter-squares declined in the first half of the 20th century [START_REF] David | Tables of quarter-squares, sociologic[al] applications, and contributions of George W. Jones[END_REF], but Bojko in 1909 [2] and Plassmann in 1933 [START_REF] Plassmann | Tafel der Viertel-Quadrate aller Zahlen von 1 bis 20009 zur Erleichterung des Multiplizierens vierstelliger Zahlen[END_REF] each published tables of quarter-squares up to 20000. In the 1950s, however, new applications of the quarter-squares method for multiplication on analog devices surfaced, and this prompted their use for the implementation of multiplication in digital processors [START_REF] Jayashree | On binary multiplication using the quarter square algorithm[END_REF][START_REF] Johnson | A digital quarter square multiplier[END_REF].

Finally, we mention that tables of triangular numbers can also be used in a way similar to quarter-squares in order to facilitate the multiplications [8].

Figure 1: An excerpt of Centnerschwer's table [START_REF] Centnerschwer | Neu erfundene Multiplikations-und Quadrat-Tafeln, vermittelst welcher man die Produkte aller vierziffrigen und die Wurzeln aller fünfziffrigen Zahlen sehr leicht finden kann, wie auch zur Erleichterung anderer mathematischen Rechnungen[END_REF]. In the first column, notice that the prefix 90 was misplaced at 90330 instead of at 90300. 

  If a = 2p, then f (a, b) = (100p + c) 2 100 . If a = 2p + 1, then f (a, b) = (100p + 50 + c) 2 100 .

  table published in 1887 [1] and Bojko's table published in 1909 [2].

Table Range

 Range 

			Pages Density
	Voisin (1817)	20000	123	162.6
	Bürger (1817)	20000	80	250.0
	Centnerschwer (1825)	20000	40	500.0
	Merpaut (1832)	40000	400	100.0
	Kulik (1851)	30000	40	750.0
	Laundy (1856)	100000	200	500.0
	Blater (1887)	200000	200	1000.0
	Bojko (1909)	20000	20	1000.0
	Plassmann (1933)	20009	200	100.0

Table 1 :

 1 A comparison of the main tables of quarter-squares. The density is the ratio of the range by the number of pages. The tables which pack the greatest ranges in the smallest number of pages are those of Blater and Bojko.

For a survey of the quarter-square method, see the articles by McFarland[START_REF] David | Tables of quarter-squares, sociologic[al] applications, and contributions of George W. Jones[END_REF][START_REF] David | Quarter-squares revisited: earlier tables, division of labor in table construction, and later implementations in analog computers[END_REF] and Weiss[START_REF] Weiss | Die Multipliziertafeln: ihre Ausgestaltung und Verwendung[END_REF].

This example is given by Centnerschwer's on page xxviii.

This table appears apparently on a foldout, and was not digitized by Google.

Note on the titles of the works: Original titles come with many idiosyncrasies and features (line splitting, size, fonts, etc.) which can often not be reproduced in a list of references. It has therefore seemed pointless to capitalize works according to conventions which not only have no relation with the original work, but also do not restore the title entirely. In the following list of references, most title words (except in German) will therefore be left uncapitalized. The names of the authors have also been homogenized and initials expanded, as much as possible.The reader should keep in mind that this list is not meant as a facsimile of the original works. The original style information could no doubt have been added as a note, but we have not done it here.