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Error estimates for 1D asymptotic models in coaxial
cables with non-homogeneous cross-section

Sébastien Imperiale'? and Patrick Joly?*

! Department of Applied Physics and Applied Mathematics, Columbia University,
New York NY, 10027.
2 INRIA Rocquencourt, POems, domaine de Voluceau, 78153 Le Chesnay, FRANCE

Abstract. This paper is the first contribution towards the rigorous justification of
asymptotic 1D models for the time-domain simulation of the propagation of elec-
tromagnetic waves in coaxial cables. Our general objective is to derive error esti-
mates between the “exact” solution of the full 3D model and the “approximate”
solution of the 1D model known as the Telegraphist’s equation.
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1 Introduction

This work is a continuation of a previous article [4] devoted to the asymptotic model-
ing of electromagnetic waves propagations in a thin co-axial cable. By thin cable, we
mean a 3D elongated (infinitely long in this paper) cylindrical domain whose trans-
verse dimensions are small with respect to the considered wavelengths. By co-axial
cable, we mean that each transverse cross-section of the cable is not simply connected,
which is essential. Of course, as a cable is a thin structure whose transverse dimen-
sions are much smaller than the longitudinal one, one would like to use a simplified
1D model : this is even necessary for the effective efficiency of the computational tool
(one wants in particular to avoid using a 3D mesh for the thin cable). In such a sit-
uation, electrical engineers use the well-known Telegraphist’s equations for “perfect”
coaxial cables (homogeneous with circular cross-section) where the electric unknowns
are reduced to an electric potential V(x3,t) and an electric current I(x3,t), where x3
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denotes the abscissa along the cable, t is time and in absence of source

cVicv-2L_,
ot d0x3
ol oV (A1)

where the capacitance C, the inductance L, the conductance G and the resistance R
can be expressed it terms of the geometry of the cross-section. In [4], thanks to a for-
mal asymptotic expansions with respect to the small parameter § := diameter of the
cable / unit reference length, we derived a simplified 1D effective model under quite
general assumptions: the cross section is heterogeneous, slowly variable in the longi-
tudinal direction and possibly made of lossy media (i.e. with electric or magnetic con-
ductivities). To derive this effective model, we considered a family of problems posed
in domains that depend on a small geometric parameter 6 > 0. Of course, a given
cable corresponds to a given value of § but the effective model will be constructed
by an asymptotic analysis in . The resulting model appears as an extension of the
Telegraphist’s equation (1.1) currently used in the engineering community [3], [8] (in
particular, we show that the presence of lossy media induces the apparition of time
convolution terms in the limit model). The coefficients of the homogenized model are
given explicitly as the solutions of two 2D scalar elliptic problems posed in the cable
cross-section. Such models can be used as an efficient tool for the time-domain numer-
ical simulation of the propagation of electromagnetic waves in coaxial cables, which is
needed in many industrial applications. In our case, we were motivated by the simu-
lation of non-destructive testing experiments by ultra-sounds [5], where coaxial cables
are used for the electric supply process for piezo-electric transducers [9].

The present paper is the first contribution towards the rigorous justification of the re-
sults of [4]. More than a simple convergence theorem, the general objective is to derive
error estimates (in a sense that will be explained later) between the “exact” solution of
the full 3D model and the “approximate” solution of the 1D model. We focus in this
first paper on the (model) situation of a perfectly cylindrical cable (invariant under
translation in the longitudinal direction) whose cross-section is heterogeneous (con-
stitutive coefficients depend on transverse variables) but made of non-lossy media. A
more general situation will be considered in a future work.

The paper is organized as follows. In section 2, we present the considered model prob-
lem and more precisely the family of / —dependent problems that we wish to analyze.
In section 3, we recall the main results of [4] in the simplified situation considered in
this paper. Then we give the main results of this work (theorem 3.2), that provide
various error estimates under the only assumption that the data of the problem (the
source terms) are adequately “well-prepared”. Finally, in section 4, we give a detailed
proof of theorem 3.2, that relies on appropriate vector field decompositions, energy
estimates and adequate versions of Poincaré-Friedrichs inequalities (see Appendix 5).
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2 The homogenized 1D model in non-conductive cylindrical
coaxial cables

We consider a family of problems posed in cylindrical domains (cables) that depend
on a small geometric parameter § > 0 measuring the transverse dimensions of the
cables. The domain associated to the cables are denoted )°:

0% =55 xR,

where S is a connected bounded and Lipschitz reference domain (of unit diameter) in
R? (see Figure 1). In what follows, we shall denote by x = (x, x3) the 3D space variable
where x = (x1,x2) represents the transverse coordinates. An essential assumption is
that S is not simply connected:

Figure 1: Geometry of the coaxial cables.

S=0\T, T cc O

where O and T (the hole) are simply connected, Lipschitz, open sets of R?. This cor-
responds to the case where the cable contains only one metallic (perfectly conducting)
wire. However, the extension to several holes (or several metallic wires) is rather
straightforward [4]. In this case, the boundary of S has two connected components,
the exterior one (dS™) and the interior one (95™):

05T : =00, 9S  :=09T.

To define the effective model, we shall introduce an artificial cut in the cross-section,
namely a line I joining S to dS~ so that the domain:

ST:=38\T, (2.1)

is simply connected. The family of (thin) domains Q? is related to the reference do-
main () = S x R by

O’ =G;(Q),
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with the transverse scaling transformation Gs : (x1, x2,x3) — (dx1,9x2,x3). Along
0Q)’, the outward unitary normal vector n’ satisfies

a.e. Gs(x) €90, n’= (nl(x),nz(x),O)t, n = (ny,n)": 08 = R?, (2.2)

where 7 is the (2D) outward unitary normal vector to dS. Next, we assume that the
material properties, namely the electric permittivity £’ (x) and magnetic permeability
1#1°(x), do not depend on x3 and are obtained by a scaling in x = (x1,x;) of fixed
distributions over the reference domain ():

e =eoGyl, p=pog;, (2.3)

and where (¢, ) are identified to (measurable) functions defined on S that satisfy the
usual positivity properties:

O0<e_<egx)<ey, O<p_<pu(x)<py a.exes. (2.4)

The equations governing the electric field E°(x, t) and the magnetic field H’(x, t) are
Maxwell’s equations (V x denoting the usual 3D curl operator)

5 O S _ 18 iy
& ——-—VxxH=]% inQ°, t>0,
ot
: (2.5)
s OH° 5 .
}l?‘i‘VXE :0, an, t>0,
with perfectly conducting boundary conditions
E°xn®=0 onoQ)¥, t>0, (2.6)
the system being considered at rest at t = 0:
E’(x,0) = H°(x,0) = 0, a.e.x€ Q. 2.7)

To proceed in our analysis we shall assume that the source term, namely the current
density J°(x,t), has no longitudinal component, is divergence free, vanishes at time
t = 0 and is obtained by scaling in (x1, x2) of a fixed current density in () (this corre-
sponds to what we call well-prepared data):

oh | b _ _
I + o 0, J(x,00=0, aexecQ. (28)

IP=T0G5Y J=(1]0),
For the analysis, it appears judicious to introduce the tangential components
Er = (E{,E)', Hp=(Hj, H)',

of the electric and magnetic fields as well as the longitudinal components of these
fields: E$ and H3. We can rewrite the equations (2.5) with these new unknowns, using
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the following notations: for all scalar functions 1 and 2D transverse vector fields v and
w with two components v and v, or w; and w,, we define:

_(Ou dunNt o (0N gy = 90, 92 _ v du
V“Z(az'az)fmt” (aTcz ax1>'d”” ax1+82 ot = S o

Moreover, for any v = (v1,v2) and w = (wy, w2) , we shall set
VW= 1w+ v W, VX W=V Wy — Uy WY, e3 x v = (—vp,v1)h.
We will also used the following properties,
To’iu-ViZz—ﬁﬁ-Vu, engu:—EZcu, Vuxv:—v-gzcu.(ZQ)

Remark 2.1. In the sequel, we shall denote the L? scalar product in a domain D C R? (with
n the unit outgoing normal vector to dD) of two scalar functions u and i in L2(D) or two
vector fields v and ¥ in L*(D)? as

(M,iz)LZ(D) :/ uljdx, <v,5)L2(D) :/ v-0dx
D D

and || - || 2(py this associated norm. We shall also use the following Green’s formula:
(v xn,u)yn = (v, ot w)a) — (rotov,u)2q), (2.10)

valid for any (u,v) € L?(Q) x L2(Q)? such that ot u € L2(Q)? and v € L*(Q) and where
(-, -) represents the duality product between H'/?(9Q)) and H=1/2(3Q)).

The equations (2.5) can be rewritten as (with J$ = (J¢, J5))

oES oHS
& ST — e x WST—Hngjg, inQ, t>0,
oE§ ;
€ = —rot H} =0, inQ?’, t>0,
8H‘5 - (2.11)
T T | % ré 00
t E = 0, Q 7 t O/
u 6t+3xax3+ro 3 in >
s OH}
ul 8t3 +rot ES =0, inQ?, t>0.
Using (2.2), the boundary conditions (2.6) become
Ef xn=0, E3=0, ondQ’, t>0. (2.12)

Moreover, taking the divergence of the equations (2.11) and using (2.8) , we get, after
time integration, the “hidden” divergence equations:

O}
dive’ES + sﬁg 0, inQd >0,
3
2.1
I ) 58H§ ( 3)
diV‘I/lHT—F‘MW:O, 11'105, t>0.
3
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Finally, from the Maxwell’s equations (2.11), the divergence equations (2.13) and the
boundary conditions (2.12), it is classical to derive an additional hidden boundary
condition for the magnetic field (see for instance [2]):

HS-n=0, onoQ¥, t>0. (2.14)

We want to describe the behavior of (E?, H° ) when ¢ tends to 0. For this, it is useful
to apply a change of variables in order to work in a fixed geometry. Doing so, the

parameter § appears only in the coefficients of the governing equations. We introduce
the rescaled fields (E$, ES, H}, HS) defined by:

E} =E$o0Gy!, E{=Ei0G,', H}=H}oG;!, H§=H;oG;" (2.15)

We can write from (2.11, 2.12) the equations for (ES, Eg, ITI‘ST, ﬁg ) in the fixed domain Q)
(the 67! terms simply comes from derivatives in (x1,x2) and Js = (], J2)"):

( 9ES oH? ~
e ST — e x W:—Fl Tot H = Js, inQ, t>0,
OE} -
ea—t?’— ~Lrot H =0, inQ, t>0,
S - (2.16)
Hy Et 17375 _ .
MW+Q3 X @%—5 rotE3 =0, inQ, t>0,
0H} ~
ya—er&*lrotE&:o, inQ, t>0,
while from the divergence equations (2.13),
~ 0E]
o1 div eE} + 88—3 =0, inQ, t>0,
3 (2.17)

4. = OHS .
0 div ]/lHT + VW = 0, m Q, t>0.
3

The equations (2.16) are completed by zero initial conditions
E$(x,0) =0, E5(x,0)=0, H(x,0)=0, Hi(x,00=0, a.exc(Q (218)
and boundary conditions easily deduced from (2.12, 2.14)
ESxn=0, E5=0, H)-n=0, onadQ, t>0. (2.19)

To conclude this section, we recall (without proof) the standard existence, uniqueness
and regularity results (see [6] for instance) for the evolution problem (2.16, 2.18, 2.19)
together with a priori estimates that are obtained via standard energy techniques. It is
useful to introduce some notation. For integers (p, q), we set

P+

Dp'q =
dx5 ot




and for m a strictly positive integer, we introduce the Banach spaces

Wn(Q x [0,T]) = {J € L}(0, T; L2(Q)?) / DP9 ] € L'(0, T; L2(Q)?), p +q < m},

WHHQ x [0,T]) = {] e W"(Q2x [0,T]) / D" J(-,0) =0,g <m —1}.
(2.20)

Theorem 2.1. Assuming that |s satisfies
Js e W(Q x [0,T)) := L*([0, T], L*(Q)?),
the problem (2.16, 2.18, 2.19) admits a unique solution E® = (E%, ES), H® = (HS, HS) with
(B, H%) € C°([0, T], L2(Q)?)?,

which satisfies the a priori estimate (with C > 0 depending only on € and )

VEST, B Ol + G <€ [ 1s6o)loo é @2
Moreover if s € WJ'(Q x [0, T]) then,
(DP9 E¢, DP9 H°) € CO([0,T), L2(Q)?)?, p+q < m
and forany t < T

_ _ t
199 B, )l + DM B Dl < € [ IDPJ5(5) iz a5 @22)

3 Main results

Before stating the main results of this article, we briefly recap the results from [4] in
the particular context of section 2. To characterize the limit behavior of the electric and
magnetic fields (E°, H’), we need to introduce ¢s(x) and 15(x) solutions of particular
2D electro-static and magneto-static problems posed in S.

More precisely, we define ¢; € H'(S) as the unique solution of the problem

diveVgo; =0 in§,
(3.1)
ps=0 onaST, ps=1 onadS .

and s € H'(Sr) as the unique solution of the problem ( [-]r denoting the jump of a
quantity through I')

div u Vip; =0 in ST, /rlpsdx:O,
S (3.2)
[vas-n}rzo [¢s];=1 onT, V¢-n=0 ondas.
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Remark 3.1. As already emphasized in [4], ;s depends on the cut T but not its gradient. More
precisely, even though s is not in H'(S), its gradient Vs defined in the sense of distribution
in St defines a vector field in L?(S)? which does not depend on T.

Remark 3.2. In the forthcoming analysis we will used the following property proven in [4]:

— —
( rot lps, Vgos)Lz(S) = —( rot Ps, VIPS)LZ(S) =1. (33)

The limit model corresponding to the 3D equations (2.16) will be a 1D wave equation
with coefficients, called homogenized coefficients, that are obtained by some kind of
"weighted averages” of the original physical coefficients. More precisely we define
the capacitance C and the inductance L of the cable as coefficients (C,L) as

C:= /Ss(x) |V(ps(x)|2 dx, L:= /Sy(x) ‘VIIJS(XHZ dx. (34)

At the (formal) limit § — 0, the electromagnetic field becomes purely transverse:
t - t
E%(x,x3,t) ~ E%(x,x3,t) = ( EY(x, x3,t),0) = ( E%(x/9, x3,t),0> ,  (6—0),

HO(x, 33, 1) ~ HO(x, 33, 8) = ( HY(x,23,8),0) = ( H9(x/6,23,),0), (5 0)
(3.5)
where the limit transverse electric field E? and the limit transverse magnetic field
HYQ are given by (this means in particular that one has asymptotically separation of
variables between x and x3)

{ EX(x,x3,t) = V(x3,t) Vos(x),

HY(x,x3,t) = I(x3,t) Vips(x),
where V(x3,t) and I(x3, t) are the solutions of

C aa—‘t/(xs,t) + aaxlg(xg.,t) = I(x3,t), inR, t>0,

ol oV

L —(x3,t —(x3,t) =0, inR, t>0,
8t<x3 )+ax3(x3 ) in >

with (C, L) defined by (3.4) and where Is is defined by

(3.6)

(3.7)

Is(t) = [ Js(xt) - Vou(x) d (3:8)
The equations (3.7) are naturally completed with zero initial conditions
V(X3,O) = I(Xg,()) =0, x3€R. (3.9)

We now state for the limit 1D problem, the equivalent of theorem (2.1) (existence,
uniqueness, regularity).



Theorem 3.1. Assuming that [ satisfies
Js e W(Qx [0,T)),
then the problem (3.7, 3.8, 3.9) admits a unique solution
vV eC’0,T;L*(R)), I€C°0,T;L*(R)).
which satisfies the a priori estimate (C > 0 depends only on (S, €, u))
VDl + Gz < € [ 156z s,

If, moreover, Js satisfies
Js e WH(Q x [0,T)),

2
then (V,1) € (Cl(O,T :L2(R)) N C°(0, T : LZ(IR)> and for any t < T:

5 13Dy =€ 15
5500 H?ii C/ H?ii o %
We set
ehir = H 8]5 H Bls
L1(0,T;L2(Q) 8x3 LY(0,T;L2(Q0))

and more generally, for arbitrary integer p 2 1 andg > 1

|IS|qu - HDp lq]

q-1
pomay + [P Bluerzo)

We are now in position to give the main results of this article.

Theorem 3.2. Assuming that Js € W, (Q x [0, T]) (cf. 2.20), then

1Bl oo e () + 1B im0 mmn () < C O lJsliar
and for the transverse fields

AN

IET — ETOHL“’(O,T;LZ(Q)) + || Hf - HIQHL""(O,T;LZ(Q))
If, in addition, Js € W2(Q x [0, T]) then

IES — ERllr=o 120 + I1HF = HR =0 12200y < C 8 (sl + TlJsl2ar)-

Finally, if Js € W3(Q x [0, T)) then
IE§ — EIQHLW(O,T;LZ(Q)) + ||HS - FI]QHL‘”(O,T;LZ(Q))

< Co <|Is|1,2,T +Fsl2a,r + T (|sl22r + Us\s,l,T))-

C o2 (62 4+ T2) |Jshar

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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4 Proof of the main theorem

We decompose the proof in several steps. As usual, in what follows, C will denote a
generic positive scalar that may change from one line to the other. Unless specifically
mentioned, C depends only on (S, ¢, u). Note that, with the regularity assumption
on the source term Js, we deduce from theorem 2.1 and the equations (2.5) that the
solution of the full 3D problem has the regularity:

(B, H%) € C1(0, T; 12(Q)%)?, (V x B,V x H’) € C°(0, T; 12(0)%)°.

Step 1 : Proof of the estimate (3.13) for the longitudinal fields.

This step is quite immediate. Using the first and the third equations of (2.16), we
immediately get

IVES(,)lliz) < € (Hagw H%ﬁfj o)
B < ©6 (|00 g (20 )

so that, using the stability estimates (2.22) of theorem 2.1

HVI:ngL”(O,T;LZ(Q)) + HVE’gHL""(O,T;LZ(Q)) < C6 |[shar (4.1)
To conclude, it suffices to use Poincaré’s type inequalities.
For the electric field, (3.13) results from the classical Poincaré’s inequality since by
(2.19) (second equation) ES(-, x3,t) belongs to H(S) for each t > 0 and almost ev-

ery x3 € R. For the magnetic field, we can use a (generalized) Poincaré-Wirtinger’s
inequality since :

/y(x) Hi(x,x3,t)dx =0, YO<t<T, aex ek 4.2)
S
This is obtained by integrating over () the fourth equation of (2.16), after multipli-

cation by a smooth 1D test function with compact support ¢(x3). This gives, using
Green’s formula,

i(/ﬂyﬁ&odx) = —0 / /rotETxxg, )dx) ¢(x3) dxs
- 5—1/<ET><n o(x3) s dxz =0,

thanks to the boundary condition (2.19) (first equation). (4.2) follows easily since Hg
vanishes at time t = 0.
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It is then easy to obtained analogous estimates for derivatives in x3 and t of these
longitudinal fields. Indeed, since all coefficients in equations (2.16) are independent of
x3 and t, it is clear that the fields D7 E® and DP4 H? are related to D/ Js by the same
partial differential equations that the ones which link E% and H to Ts Moreover, since
the domain Q) is a cylinder, they satisfy the same homogeneous boundary condition.
Finally, provided that time derivatives of |5 or order less or equal to g4 — 1 vanish, these
fields vanish at time t = 0. From this remarks, the reader will easily check that, if

Js e WiH(Q2 x [0, T]),
then forany p+q <m
IDPA E§|| oo e () + ID7 Bl oo b)) < C 8 1DP Jlaar- (4.3)
Step 2 : decomposition of the transverse fields and related Poincaré-Friedrichs inequalities.

The decomposition we shall use is related to the following orthogonal decomposition
of spaces of square integrable 2D vector fields in S. Concerning the transverse electric
field, we first define the Hilbert spaces:

V(e) = L(S)? equipped with the inner product (1, v) := /5 eu-vdx, a4
W(e) = {u e L*(S)*/diveu € L*(S), rotu € L*(S), u x n =00n S }.
V(e) can be decomposed as (the decomposition is orthogonal with respect to (1, v), )
V(e) =U(e) @ U(e):, where U(e) := span[V gs]. (4.5)
In [4], it has been shown that U (¢) is characterized by
U(e) = {ueW()/diveu =0, rotu =0}, (4.6)

a result which is related to the following Poincaré-Friedrichs inequality (see the ap-
pendix for the proof), is:

Proposition 4.1. There exists C > 0 depending only on (S, €) such that,

VueWe), llulaes < C(lrotullpas + Idiveulas + |1 V),

) L@y
In the same way, for the transverse magnetic field, we first define the Hilbert spaces:

V = [?(5)? equipped with the inner product (u,v), := u-vdx,
M quipp p iz SP‘ (48)

W(p) ={uelL?S)*/divpu € L*(S), rotu € L*(S), u-n=00n0Ss }.

V(u) can be decomposed as (the decomposition is orthogonal with respect to (u,v),)

V(p)=U(u) @U(u)*, where U(u) := span[Vis]. 4.9)
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In [4], it has been shown that U () is characterized by
U(u) ={ueW(u)/diviu=0, rotu =0}.

It is possible to show the following Poincaré-Friedrichs inequality (that we assumed
here but can be rigorously proven)

Proposition 4.2. There exist C > 0 depending only on (S, i) such that,
VueWw), llulps < C(HrotuHLz(s) + | divgeul|2s) + ‘(u,Vl/Js)yD. (4.10)

According to the orthogonal decompositions (4.5) and (4.9), for each (x3, 1), the trans-
verse fields E‘%(-, x3,t) and H%(-, x3,t) will be splitted as follows :

ES (- x3,t) = VO(x3,t) Vs + EF° (-, x3,1),  Ef°(,x3,t) € U(e)*, (4.11)
HY (-, x3,t) = I(x3,£) Vips + HF (-, x3,8),  HY (-, x3,t) € U(p)*,

where, from the orthogonality of the decompositions, the definitions (3.4) and equali-
ties (4.11), the scalar quantities I°(x3,t) and V°(x3,t) are given by

V5<X3,t) = Ci1 (E/%(, X3, t), vgos)s ’

) (4.12)
I(x3,t) = L7 (H7(-, x3,1), Vips)

According to (3.5, 3.6), we expect that the “residual” transverse fields E?"s and ﬁ¥’5
converge to 0 when § — 0 while V°(x3,t) and I°(x3, t) converge to V(x3, ) and I(x3, t)
(the solutions of (3.7, 3.8, 3.9)). This is exactly the way the error estimates (3.14) and
(3.15) will be proven in the next two steps, using the triangular inequality:

IES — EQlli~(0m12(0) < NEF I (0 m2(00)) + 1V = VOV sl 10, 112(02))
_ (4.13)
IHS — Al r=(0m1200) < I1HF o, ma2()) + 1T = )Vl (0, 7:12(00)
which yields by a straightforward calculation exploiting the separation of variables:

IES — EQ|l (0 12(00)) < ||E¥'5HL°°(0,T;L2(Q)) +C (V= V)= 0r12(R)) i)
4.14

|HY — FI?”LW(O,T;LZ(Q)) < HHIT{'(S||L°°(0,T,-L2(Q)) + C[(I =)l 1=(0,7:12(R)) -
Step 3 : estimates of the residual transverse fields.

First note that, from the boundary conditions (2.12, 2.14) and the definitions of (¢s, {s)
we deduce the boundary equations

R, _ rTR,0 _
E;*xn=0, Hy"-n=0.
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Thus as consequences of Poincaré-Friedriches inequalities (4.7) and (4.10), we deduce
that

IER |l 1200y < C(||rot Ef’|l12(0) + [Idiv e E?(SHLZ(Q))I (4.15)
|5 1200y < C(llrot A [0y + Ildiv 1 A 1200 )- (4.16)

Moreover, from the definitions of EIT{’é and ITI?‘S given by (4.11), as well as from the
definition of ¢ and s given by (3.1, 3.2) we have

rot EIT{"S = rot E‘sT, div ¢ ER‘) div ¢ E‘%,
rot ﬁ?"s = rot H‘ST, div u HIT?,(S =div u H‘%.

Using the second and the fourth equations of (2.16), this implies that for any ¢t < T,

U 0 ~ 9]
Jeot FEC, )iy = & le S EC Dz < €8 [ 12209l s,

; a] (4.17)
= ~ s
Jrot E&C, )z = 6l B )iy < €8 [ 1202 ) e s
Moreover, using the “hidden” equation (2.17):
div ¢ ER? = 73 )< Co afs d
Idiv e Ex"ll2() = élleg e a H +8)|l12(q) ds,
(4.18)
a]s
Jdiv e F iy = 015 i < €0 / 1529z ds:
Substituting (4.17) and (4.18) into (4.15), we easily deduce that
IEF (o, m22000)) + T I (o 12200y < €6 |Jsl11,1- (4.19)

Moreover, with one more degree of regularity on the source, namely if one assumes
that Js € W3(Q x [0, T]), such estimate is easily extended into analogous estimate
about the x3-derivatives of the residual transverse fields (the details are left to the
reader):

aER<5 aHR(S
| 9xs I (0,7;12(00)) + H

”L"" or2)) < C6 |Jsl21,T- (4.20)

We can improve these estimates. Indeed, if Js € W3(Q x [0, T]), we can apply the
estimate (4.3) with (p,q) = (1,0) and (p,q) = (1,0) to obtain O(J) upper bounds for
first order derivatives in x3 and t of E§ and Hj. Then, the reader will easily verify that
substituting these inequalities into (4. 17) and (4 18) and finally into (4.15) leads to

IEX Il oo, 22(00)) + T im0, m12 () < €6 (slonr + 1sliar)- (4.21)



14 Sébastien Imperiale, Patrick Joly

Finally, with one more degree of regularity on the source, namely Js € W3(Q x [0, T]),
this estimate can extended, as before, into estimate about the x3-derivatives of the
residual transverse fields:

BEM aHRZS
I 9xs I (0,7;02(00 +||

HL‘X’ o) < C6 (Islsyr+Jshar). (422
Step 4 : proof of the error estimate ( 3.14).
We first write an equation in (v°,i°) defined by

=V~ Vandi’ =1°~I.

Multiplying the first equation of (2.16) by V @5 and the third one by Vs and integrat-
ing over the section S, we obtain (the details are left to the reader)

( aV(S 81‘5
Cai‘f’ (I'Ot l/)Squ)S)LZ( S) aTc?,
N inR, t>0,
1/, 136 aHYIE,&
NG av°
Lai—(rot (Ps,leS)LZ ax
s inR, t>0
L EfY
465 1( rot Eg;Vl/)s)LZ(S) = —( 8333 , rot lPS)LZ(S)'
(4.23)

Some important simplifications now occur. First, one can use Green’s formula (2.10)
and the fact that V¢, x n = 0 along 0(), to obtain

% ~ ~ ~
(rot Hg,Vq)s)Lz(S) — (HS, rot Vos)ias) + (Vs xn, H3 )as = 0.

Next, again using Green’s formula (2.10), where S is replaced by Sr, as well as the
boundary condition (2.19), which gives Eg = 0 along d() we get, with an appropriate
orientation of the normal vector n along I’,

— ~ — =
(‘rot E3, Vis)2(s) = (rot ES, Vbs) 12050

= (E§, 10t V) 12(5,) + ( [Vips x nr, E§ )1 + ( Vips x 1, E§ )os = 0. (4.24)
which implies
(‘Tot E, Vips)12(s) =0,
since [s|r = 1 induces [V, x n]r = 0. Finally, we use (3.3), to end up with

anS oI’ oHY?

e il I in R
C ot 8x3 S e oxz ot 9s) 12 2 Tl InR,£>0, 425)
) ) aER,5 *
L - (2 by, R >0

ot | Oxs = 9x3
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Subtracting (3.7) to (4.25), we find that (¢, %) are solution of

o’ a0 OH®

CW T ( o rot ¢s) 2 25y in R, t>0,
a v’ OER? (420
1 (% — .
Lo T o ~ oy ot Wiy R >0

To prove the convergence result of theorem 3.2, we will proceed using energy tech-
niques. We define the energy

() = C/ v°(x3,1)% dxs + L/ i (x3,1)% dxs, (4.27)
R R

where, thanks to the zero initial data, we have £ ‘5(0) = 0. Next, we apply standard
energy analysis: we multiply the two equations of (4.26) respectively by ©° and #,
we integrate along the x3 axis. After integration by parts (in the left hand sides) and
summation, we obtain

TR,

1d dHR? 5 — oE —
EaEJZ/IR( T 1ok ) dxg—/]R( Lo ok ) sy s (428)

Then, we integrate by parts the right hand side to get

1d R, 81 R, 80 —
S Ta /]R(E e Tot ) 2, )dx3—/ (AR S Tt 0s) iz A (429)

Using Cauchy-Schwarz inequality, we obtain

1d 00 o o % _
238 <5 Vol B iz + 15 Vol [B7 |z 430)

On one hand, thanks to the orthogonal decomposition (4.11), we have

OES oV? aE”
(v o3 L hIE = (v ( ) Vo H‘2+H ( Bz,
which yields
oVv° o OES.
15 ( DVl = Cll5 - ( Dllrz) < C sl (4.31)

where we have used the stability estimate (2.22). On the other hand, using separation
of variables and the a priori estimate 3.1, we also have

v .
”az("t) Vol < Cllslr (4.32)
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Finally, by (4.31, 4.32) and the triangular inequality, we get

o’ .
Haix?)(’t) vq’s HL2(Q) <C US|1,1,T- (4‘33)
In the same way, one has
i’ -
HBTCS('t) VPl < Clishar. (4.34)

Then, substituting (4.33), (4.34) and (4.19) into (4.30), we get

d
which yields
. 1
19° | (0,702 (R)) + 1| L0, 7512R)) < C (6T)2 |Jsliar. (4.35)
Finally, the error estimate (3.14) is obtained by regrouping (4.14), (4.19) and (4.35).

Step 6 : proof of the error estimate (3.15).

To improve the estimate (4.35) when more regularity is assumed for the source term,
we restart from (4.28) but do not integrate by part the right hand side. Instead, we
apply directly Cauchy-Schwartz inequality to obtain

ER(S aHR()
e + 1 e

which gives, after using Gronwall’s lemma:

1 aER5 aHR5
£(0F < € (15 lworezan + 115, luonea ) (4:36)

Then, if Js € W3(Q x [0, T]), we can use the inequality (4.20) to get

£t <Cs (Isl21,1),

and if Js € W3 (Q x [0, T]) we can use (4.22) to obtain

5~(t)% < C& (|Jslspr + slar)-
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5 Appendix

In this section, we prove the proposition 4.1. The proposition 4.2 may be proven in a
very similar way. We recall the proposition:

Proposition. There exist C > 0 depending only on (S, €) such that,

VueW(e), |ullpg < C(Hrot ullz(s) + ldive |25 + ‘(M,Vgos)

J)

The proof will be done in a classical way using contradiction arguments and the com-
pactness properties proven in ( [1], [7]):

Property 5.1. W(e) ( as defined by (4.6) ) is compactly embedded in L*(S)>.

Proof Assuming the proposition 4.1 is not true, we can construct a sequence {un}

such that
1
n

Irot il 2s) + dive | 2s) + | (1 Vi), | <

and
[unllr2s)y =1, unxn=0.

From the compactness property of W(e), we know that there exist u € W(e) such that
uy —u inL*(S)* with rotu=diveu=0, (e M,V%)Lz(s) =0, (5.1)
and the limit u also satisfy
[ull2y =1, uxn=0.

From the equation (5.1) and the definition of U(e) given by (4.6), we know that u €
U(e)* which means, from the decomposition property (4.5): u = a, Vs, with a,, € R.
And so

(u,V(ps)ezo = a,=0 = u=0,

which contradicts the fact that we expected ||u[|;2(s) = 1. O
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6 BONUS

Property 6.1. Let I be an interval of R, for all u € L2(S x I) such that du/dx3 € L2(S x I)
we have

sup [lu(x, x3) [ 12(s) < H HL2 sxny 1wl 2sxi)-
x3€l

define supp(]) = QO = S x I}, then from the step 3 it is clear that

HE?éHL“(O,T;LZ(Q\QI)) + ”ﬁ¥’5|\LW(o,T;L2(Q\Q])) < CélJshar (6.1)

Moreover, with one more degree of regularity on the source, namely if one assumes
that Js € W2(Q x [0, T]) we have

PER aZHR ?

HTHL‘” o2 T ==l rs200)) < C sl (6.2)
3 3

and from the step 3

aER5 aHR5
= o =0, T;r2(0\0))) + H?HLW or2o\q) < Co|Jslar. (6.3)

Using the property ?? we find that

sup || EX° (x, x3) || 12(s) + sup | HY (x,x3) |l 12(5) < €8 (|Jsla,r + Jsl2n,r)

X3EI] X3EI]
and
T~R,0 ~R,(5
sup | axT (x,2x3)l[12(5) + sup ||~ — (2, 23) [l 125y < C (Isli,r + Jslan,r)-
x3ER 3 x3€R X3

To conclude we use the following property



Property 6.2. We have

ou
||u||L2(Q,) <C ( sup |\E(x/x3)||L2(s))( sup ||”(x/x3)HL2(s))-

X3€I] X3€aI]

This property can be used to show that

=R, SR
HEITMHLW(O,T;LZ(Q)) + |H Iz 0,m502(0)) < €O (sl + sl2a,1)-
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