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Abstract

A new class of high order, implicit, three time step schenmessémi-discretized wave equations is introduced
and studied. These schemes are constructed using the rdadjfiation approach, generalizing thecheme. Their
stability properties are investigated via an energy aiglyghich enables us to design super convergent schemes
and also optimal stable schemes in terms of consistencyser&pecific numerical algorithms for the fully discrete
problem are tested and discussed, showing fiigency of our approach compared to second ofelgrhemes.

Keywords: Wave equations, High order numerical methods, Time diger@bn, Theta-scheme, Modified equation

1. Introduction

Linear wave equations play a great role in scientific modeénd are present in many fields of physics. For
instance, they arise in the Maxwell equations, the acowstication and the elastodynamic equation. A discrete
approximation of their solutions can be found with numdsgaulations. Spatial discretization of the above equetio
using classical finite elements methods often leads to a-diEwietized problem of the form: fing, € C?(t, RN) such

that
2

du,
Mh—zuh + Khtuph =0, Un(0)=upn, ——(0)=ugp, (1)
dt dt
whereu(t) is a vector-unknown ilRN, My, a symmetric positive definite matrix and, a symmetric positive semi-
definite matrix.

Several approaches can be adopted to tackle the time disti@t of problem (1). The so called “conservative
methods” (as for instance the leap frog scheme) preservecaet energy which is consistent with the physical
energy. They can be shown to be stable as soon as some pygitoperties of the discrete energy are satisfied,
which generally imposes a restriction, known as the CFL @andg on the time step depending on the matritgs
andKp. The leap frog scheme enters a more general class of threesgone step, energy preserving, implicit
schemes called-schemes, which are parametrized by a real numbefhe over cost of these implicit schemes
compared to explicit ones is balanced by the fact that $tybibnditions allow for a bigger time step.

For simple configurations with simple finite elements meth¢glich as; triangular elements), explicit schemes
show good performances. However they have two major drakgiaccomplex configurations that have not yet been
completely solved:

e Ifthe mesh has diierent scales of elements, or if the equations involve viiaiticients with strong contracts,
the time step must be adapted to the worst situation (foants the smallest element) because of the CFL
condition. A natural way to avoid this restriction is to usedl time stepping techniques which divide into
two categories. The locally implicit technique, as develbm [1], [2], [3] and [4], is optimal in term of CFL
restriction but “only” second order accurate in time, angliees the inversion of interface matrices. The fully
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explicit local time stepping, as developed in [5], achieiggher order time stepping but without (up to now) a
full control over the CFL condition.

e If the mass matrix is non diagonal or non block-diagonaliitgrsion (at least one time per iteration) can lead
to a dramatic over cost of the explicit schemes, whereas ro @st is observed with implicit schemes (see
remark 4.1).

The extension of conservative time discretization schembigher orders of accuracy is a hatural question. A popular
way to design explicit high order three points schemes isnibdified equation approach. In this article we extend
this approach to design new high order implicit schemes lware stable and present some optimal properties.

The paper is organized as follows. Section 2 recalls somielkmelvn results concerning the leap frog anrdchemes.

In a conclusive remark we present, in the very simple cashed-scheme, the non standard approach that we will
choose to follow in the rest of the paper. In section 3 we coosa family of energy preserving implicit fourth order
schemes, parametrized by two real numbérg); In section 4 we discuss the existence of their discretetisol
and some practical aspects of computation which can redwoercal cost. Section 5 is devoted to the study of the
stability of the newly introduced schemes via energy tegh@s. The search for “optimal” schemes is presented in
section 6, it is done by adjusting, () to increase accuracy. Finally, numerical results comtiagses schemes to
classical schemes in section 7.

In the following we will consider the semi-discretized plein

d? du,

gt Antn =0,  Un(0) = uop, E(O) = U, 2)
with A, a symmetric positive semi-definite matrix. With no loss ohgrlity: the analysis done below is valid if
An = MK,

Extensive use will be made of the spectral radius of the mayj defined ap(An) = supy-; AnV- vand coinciding
with the greatest eigenvalue 8. Its exact expression can be given in simple cases, as famics the 1D wave
equation with constant speegusing finite diferences on a regular mesh of sigdor whichp(A) = 4¢?/h?. In other
cases, the cost of its numerical evaluation (for examplie thié power iteration method) is negligible compared to the
numerical resolution of the equation.

2. Classical results

In this section we recall the definitions and some propedidbe classical leap-frog anischemes, which are
widely used for the time discretization of wave equationsthle following we denotét > 0 the time step of the
numerical method.

2.1. Preliminary notations

The centered second order approximation of the second ded@mative in time of any functioh— f(t) will be
denoted

f(t+ At) — 2 f(t) + f(t — AY)
At? ' @)

Assuming infinite smoothness dnlet us use a Taylor expansion to write the truncation erfthi@previous quantity:

D3, f(t) =

) d2 sl Ath d2m+2
D2 f(t) = @f(t)+2;mwf(t). (4)

Classicalf-schemes are based upon the use of a three points centerediapion of f(t) which, for6 € R, is
defined by
{f(t)}e = O F(t+ At) + (1 - 20) f(t) + 6 f(t — At). (5)



Assuming again infinite smoothness brwe can write the truncation error of this new quantity:

ad Ath d2m

(FO) = f())+20 oy gz | O 6)
m=1 ’

Both the leap frog scheme and thrscheme use finite fierences to discretize time in order to compute an approxi-
mation of the semi discrete solutieq of (2). Consequently, the unknowns of those schemes stariddwalues of
Un at timet” = nAt: up ~ uy(t"). The discrete versions of (3) and (5), using the same sysnhot

un+1 —2uh + un—l
DR = 5 (W= Uy + (1 - 200+ ou (7)

The following algebraic relations will be useful: for @lk R,

0 -0

{UR}@ = 5{UR}9/ + TUR, v * O, (8)

{up}e = Up + HAE?DA, U, 9)
1

{uMly = (0 - Z)AtzDituﬂ + (UM} 1/4. (10)

2.2. Classicab-schemes
The second order accurate leap-frog scheme reads

DUl + Apuf = 0, (11)

which is stable under a restriction on the time step called @ndition. More precisely, it is possible to show using
energy techniques that stability requires the followingguality to hold:

At? (12)

4
< —
P(An)
wherep(Ay) is the spectral radius of the matré,. This scheme enters a more general class of schemes called

#-schemes (convergence proofs are given in [6] and somaatiees are studied in [7],[8] and [9]) :

D3,ul + Ap{ull}y = 0. (13)

The leap-frog scheme corresponds to the ch@ieed. Other choices lead to implicit schemes. Widen 1/4, these
schemes are stable under the CFL condition
4
-
(1-46)p(An)

As long a9y > 1/4 they are unconditionally stable.

At? (14)

Let up(t) be solution of (2). The truncation error of schemes (13)auotirth order can be written

D2, un(t" MYy = AL 1 d? 0 d?
AtUn(tY) + Anfun(t™))e = At (1—2E + Ah)E

Knowing thatun(t) is solution of (2), we can replace the second order timevdtve by the matrix-Ay, giving

Un(t") + O(AL). (15)

D3, Un(t") + An{un(t")}s = —At2(0 -~ 1i2) AZup(t™) + O(AtY). (16)

This expression shows that we obtain second order accuraeypeford = 1/12, which cancels out the first consis-
tency error term, giving a fourth order scheme.



In some situations, the time step is related to the physics (for sampling reasons) and therspeadiuso(Ay) (via

the spatial discretization) is related to the geometry erdlpriori knowledge of the solution (in the case of rapidly
varying codficients or boundary layers). Therefore, they have to be densil as data for the numerical analyst. It
is then reasonable to choose a numerical scheme suitedst aeameters instead of choosing discretization param-
eters suited to the problem. A good criterion to compare migaleschemes is the céicient of the first term of the
consistency error, which is given, for the specific case @fthchemes, byi— 1/12). As these schemes give a degree
of freedom, adapting to the produciAt?o(A,) makes it possible to decrease the consistency error wiolédging a
stable scheme. This “optimization” problem is straightfard here: two cases arise, eitldfp(An) < 6, in which
case the valué = 1/12 leads to a fourth order stable scheme (relation (14) hodisf At?>p(A,) > 6, the choice of

that provides a stable scheme and minimizes the consisermyis

R
4 ARp(AY)

The non standard approach mentioned above will be adopthd miscussion that follows: instead of choosing a time
stepAt that provides a good accuracy on a given mesh with a given ricahscheme, we will invert the reasoning
and choose the best numerical scheme for a given cople(&,)).

17)

3. Construction of a family of fourth order implicit schemes

3.1. Modified equation technique for the leap frog scheme

The “modified equation” technique, introduced in [10], elealto construct higher order schemes from the second
order leap frog scheme. More precisely, the ordes2heme is obtained by adding to the leap frog schemes terms
that compensate the ¢ 1) first terms of the truncation error. This error reads Ugt) solution of (2):

Ath d2m+2

D2 Un(t") + AnUn(t") = ZZ . em+ 2) o Un(t"). (18)

Again, we can replace the second order time derivative byriigix —Ap:

Ath

mAhmth(t”) (19)

D3 Un(t") + Antn(t") = 2 )" (-1)P*
m=1
Truncating the series up to the first term, and approaalj(t8) with uy gives the fourth order scheme:

At?
DR + Antiy = T AR, = 0. (20)

The stability condition is deduced from energy argumentsraads

(21)

whereBgg = 12.
Using an Horner algorithm, this scheme is two times moresagjve than the original scheme. This over cost can be
compensated by adding stabilization terms that allow toeiage the time step as explained in [11] and [12].

3.2. Modified equation technique for thescheme

We now use the ideas of the modified equation technique apioligned-scheme (instead of the leap frog scheme,
i.e 0 = 0). Letuy(t) be solution of (2). The truncation error of thescheme (13) is:

2 d_2+ 20 )d2m
(2m+2)td2 ~ (2m)!” "V dt2m

4

Un(t"), (22)

DAUA(") + Anltn(t)lo = > AP
m=1



in which we replace the time derivatives by, as in (20):
D2, Un(t") + An{Un(t™)}s + Z em(O)AP™ AT Uy (t") = 0, (23)
m=1

where the cofficientsey(0) are defined by

20

&n(®) = 021~ @i

)- (24)

To obtain a fourth order scheme, the natural idea would beltow the modified equation procedure by keeping the
first term of the series while replacing(t") with up. This gives

1
D3,Un + Anfullls + (6 — 1—2)At2 AZul=0. (25)

Itis possible to study the stability of this scheme usinggnéechniques. As this will be a special case of the analysis
done below in section 6.1, we just give here the result : the step restriction is given by

2 BO(G)
At? < Ay (26)
where 3
12 2-3
— ife<(=——=).
1-129
By = 24‘@ . (27)
r(6,0) if 0> ( W )-

wherer (6, 0) will be introduced in the next sections and satisfig@s0) < 10, for6 > —(2 + V3)/(4V3). These
restrictions turn out to be quite penalizing since, unlikéhwhe classicab-scheme, there is no possible choiceof
that leads to an unconditionally stable scheme. Indeeddhdition (26) implies thaAt?p(A,) must bounded by

= ~ 224, (28)

2—\/1_%) 6
2- 3

supBy(0) = B
eeRp O() 0( 4\/§
3.3. New fourth order implicit schemes

Trying to improve the previous time step restriction, we @b®to introduce a new real numhere R and to
approximateuy(t") in (23) by {up},. This will lead us to consider a class of schemes paramdtbyep, ) € R?,
which includes scheme (25) when choosing 0. We will call (¢, ¢)-schemes the following schemes:

1
DUR + Anfufls + (6 — T5)AE AR, = O. (29)

Next sections are dedicated to studying the numericalilisyadnd consistency properties of this general class af tw
parameters, at least fourth order, implicit schemes.

Remark 3.1. The valued = 1/12 cancels out the new added term, retrievid@). Therefore the stability condition
has already been given i§¥4), which gives here:

6
p(An)

At? < (30)

In the following, we will consideff # 1/12.



4. Computation of the discrete solution

Scheme (29) does not seem easy to invert at first sight bedainselves powers of the matri, which can
already be dticult to invert. Yet, the computation of the solution is noeasndary question to deal with when devel-
oping a numerical scheme devoted to be actually used. Wepedp this preliminary section an enhancing algorithm
based on the complex factorization of a polynomial functibmvill allow us at the same time to introduce notations
and mathematical objects that will be widely used heredlitieing convergence, energy and stability analysis.

The first step towards implementation is to rewrite the nucaéscheme in a way that emphasizes its implicit nature.
Assuming thatp # 0, and multiplying (29) by At?, we can use the algebraic relations (8) and (9) to obtain the
equivalent scheme

1
(|h + OAC AL + (6 — 1—2)At4Aﬁ){uﬂ}w = Ul + [0 — g]APALD =: b, (31)
The computational algorithm associated to the scheme (Bbyfs two stages:

e We retrieve{up}, knowinguy by inverting the matrix polynomial

P(At?An; 6, @) = I + OA Ay + (6 — %Z)At“Aﬁ. (32)

The invertibility of the matrixP(At?Ap; 6, ¢) is equivalent to the existence of a discrete solution.

e We then use the knowledge @f?}, to computeul*:

Uﬂﬂ _ {Uﬂ}w + (;‘P - 1)“2 B uﬂ’l. (33)

The first stage of this algorithm is not straightforward hessathe matrix to invert involves powers of the matrix
An. Indeed, ifA, has a band structure (as in most classical finite elementsoag), the bandwidth 04\21 will be
even larger, which penalizes the use of direct solvers. énstime way, iterative methods mayfsu from the bad
conditioning ofP(At?An; 6, ¢) sincep(Aﬁ) = p(An)? (see for instance remark 7.1). To overcome sudhicdities, we
propose an algorithm based on the factorizatioR(af ; 9, ¢). Different cases arise according to the nature of its roots
(rt,ro):

e The roots are real. In this case invertibility is not grangi must be verified. IP(At?Ay; 6, ¢) is indeed

invertible,{up}, can be obtained in two steps, solving the linear systemsamitintermediary unknowy!:

V= (rtln = A 2 -1pn
{Uply = r*r=(r7lp — At“Ap) v,
e The roots are conjugate complex numbers= r-. As above, we introducé! computed as:
Vi = (1 — A A b, (35)

As by is a real vector, we know that the solutifuf}}, will also be a real vector. Therefore we can identify the

imaginary parts of both sides in
1

r+[2

(1 — APA) U}, = V), (36)

to get, without any additional matrix inversion:
{up}, = —ﬂ Im(vy) (37)
e Im(r) h’:
This method only requires one matrix inversion which howdvappens in the complex domain. Adapted
techniques can be used to avoid over cost (see [13], [14]).

6



Remark 4.1. Using the factorization of the polynomial matriX/R?Ay; 6, ¢), if A, = MglKh one needs to compute
the solution of linear problems of the form

(rly — AtzMﬁlKh)Xh =by, = ("M - Atth)Xh = Mpby. (38)

This shows that the mass matrix inversion is included in dgeilar matrix inversion needed by the implicit scheme.
This leads to nearly no over cost even if the mass matrix isdiagonal.

Remark 4.2. To take into account the non-homogeneous versidi2pinamely
d? du,
@Uh + ApUp = fh, Uh(O) = Uoh, E(O) = Ugh, (39)

where f is a source term, the fully discre{81) must be modified so that the fourth order accuracy is preskrve
Using the same arguments as those used to obtaihépfrom (15), one can show that, when # 0, the correct
discrete scheme is

2 n n 2 n At4 d2
P(AtAn; 6, p){upl, = by + @ At (1) + ¢ 1238

W) + 6 A~ 25 A1)
5. Energy preservation and stability

Using relation (10), ourd, ¢)-schemes (29) are equivalent to:

1 1 1 1
['h +(0- Z)AtzAh +(0- 1—2)(90 - Z)AtAAﬁ] DU + [Ah +(0- TZ)AIZAﬁ]{UE}lm =0. (40)

This simplifies to the general form: _ _
MiD2,ul + Kn{ul}1/4 = O, (41)

whereM;, andKj, are symmetric matrices defined by

~ ~ APAL; 6
Rn = An Qu(ACAY 0,¢), andiy = 2B 0E) (@2
with 1
Qi(4;6,¢) = 4+ (40 = 1) + (4p - 1)(0 - )%,
1 12 (43)
Q2(1;6,¢) =1+ (60— 1—2)/1-
Taking the euclidian scalar produet-§ of equation (41) with(*** — u"1)/2At gives the energy preservation
h h
8n+1/2 _ 8n—l/2
= 44
X 0, (44)
where the discrete energj*/? is defined by
1( ~ un+l —un un+l_ un 1(~ un+l +un un+l +un
n1/2 _ =+ h h “h hl, h h “h h
E 5 [Mh At , At ) + [Kh > , > ] (45)

One can prove that the positivity of the matriddg and K}, leads to the stability of the scheme (41). Since those
matrices depend oAy, through the polynomial®; and Q,, a suficient condition can be derived to ensure this
positivity:

Qi(4; 6,¢) = 0 andQx(1; 6,¢) = 0, VA € [0, AtPp(Ap)]. (46)

These conditions lead to an upper boundwwhthat depends on the valuesto# 1/12 andy as stated in the following
theorem:



Theorem 5.1 (CFL condition) The matrices QAt?An; 6, ¢) and Q(At?Ay; 6, ¢) are positive matrices if

p(An) A < B(6, ¢) = min(Bq, (6), Bo,(6. ¥) (47)

where

. 1
+00 if 0> 1

1-1% otherwise,

+00 if (6, ) € Dys,

Bq.(6:¢) = if (6, ) € I1a, (49)

1-40
r(0,¢) otherwise,

and
T1ya = (=00,1/4)U {1/4},

Dus = [1/4, +00) x [1/4, +00) U S~ U S*,

o 1 (46-1y
S —{QOS Z[l+m]a 9<1/12},

. 1 (46 — 1)
s ={o2 30 g 0> 112

A6, ¢) = (40— 1)* - 16 (4 — 1)(0 — 1/12),

(50)

1-40- VA0, ¢)
2(4p - 1)@ - 1/12)
Proof. The proof of this statement will be given in annex. O

r(6,¢) =

1 08 06 04 02 [} 02 04 06 08 1

2

Figure 1: Graphical representation of the CFL conditi&(fi, ¢). The dotted line represents the demarcatio®df The white areas stand for an
infinite upper bound (unconditionally stable schemes) wagithe colored scale stands for valueB ¢the darker being the lower).



Remark 5.1. The cogficients B of (26) and By of (21) can be seen as restrictions of B on specific areas oRthe
plane:
Bo(9) = B(A,0), Boo = B(0,0). (51)

The following result states that respecting the CFL condiéilmost always leads to a well-posed discrete problem:

Theorem 5.2 (Existence of the discrete solutionlf Q1(At?Ay; 6, ¢) and Q(At?Ay; 6, ¢) are positive matrices, then
P(At?An; 6, ¢) is invertible if
1 1 1

12 Ap(An) 12

Proof. We write the polynomiaP(4; 6, ¢) as a sum of two positive terms:

Q1(4; 6, 9) + 1Q2(2; 0, ¢)
y .

(6. 0) # ( )- (52)

P(1;6,¢) = (53)
Fora € [0, At?o(An)], it vanishes if and only if both terms vanish at the samepadt can only happen it = At?p(Ap)
and if (@, ¢) = (1/12— (At?p(An)) 1, 1/12). O

6. Peculiar (0, ¢)-schemes

6.1. A class of optimdh, ¢)-schemes

In the following, we are going to find the “best possible” $&af, ¢)-schemes, which means to find the optimal
values ofg andy in the R? plane that minimize the consistency error of the schemegié constraints of scheme
stability. Indeed, we know (by construction) that theseeseés are fourth order accurate in time, and the consistency
errors of order six and eight depend on the valuegarfide. The consistency error of scheme (29) is obtained, first
by evaluating the approximation (6) in the solutigift") of (2):

(Un(t)le = Un(t") = " Cn(@)APTATUR(L"), (54)
m=1
where the cofficientscy(y) are defined by
(1l 2¢
Cnle) = (U™ (55)

Then, the choice to approximatg(t") in (23) by{uy}, leads to

DZUn(t") + An{un(t")}o + €x(O) AP A {Un(t"), + i Cn(@)APTATUR (") |
"~ + & (A) A Adun(t") + e3(A) AP AlUK(t") = O(AL®),  (56)
which gives
DA, Un(t") + AnfUn(t")}y + er(B) AP AZ(UR(t")), = —e3(6, @) A AZUN(L") — £4(6, P) AP ARUN(EY) + O(AL),  (57)

where the first terms of the consistency error are

£3(6.9) = &(6) + &1(6) 1(¢) = m=n — o= — £ 460, (58a)

0 ¢ ¢ (58Db)

-1
£4(0, ¢) = e3(0) + e1() cae) = 20160+ ﬁ) + 144 12°



Regarding the stability conditions, we will see that thegyide nonlinear constraints oW, () which depend on
At?p(An). This is why we tackle this issue using a non standard pdivies : we assumet?p(Ay) to be known and
we solve the corresponding optimization problem:

Ql(/ln 0’ SD) = 07

Q0.0 50, AL APp(An)]. (50)

min |e3(6, )|,
(H,¢)E]R2| 3(6, 9)l {

If it is possible to find values o¥( ¢) that makes3 vanish in the stability region, then the optimal choicesnithese
values are the one that minimize the absolute valug .of

In section 6.1.1, we will try to mimic the super-convergepbenomenon that we find in the classiéacheme when

6 = 1/12. Indeed, this second order scheme appears to be foughardurate for the peculiar choicet 1/12.

In our case, we will see that it will be possible to obtain &atixth order schemes by restraining the choice of the
couple 6, ¢) to a curve in théR? plane corresponding to the zeros of (58a), and even stajiéhedrder schemes by
choosing a special couple on this curve that correspondeoceaf (58b). The major drawback of this powerful result
is that it can only happen for small valuesat? p(Ay).

When this approach is not possible (i p(A,) greater than a certain value), section 6.1.2 investigaltésh couple
(6, ¢) in the R? plane leads to the stable numerical scheme that minimizeslisolute value of the consistency
error (58a).

Finally in section 6.1.3, we construct “optimal” unconditally stable schemes by assuming in the optimization
process thaht? p(Ap) = +co. This will lead to @, ¢)-schemes, wher@¢andy depend on a small parameteiand that
minimize the absolute value of (58a) whé&tends to 0.

Remark 6.1. Itis possible to obtain higher ordékschemes parametrized by more real numbers. For instahee, i
extend the previous approach to the next order of approd@matve can introducés, ¢, v, ) € R* and the obtained
schemes read:

D3Uh + Anluflo + @1 OACATIUD), + AP AT e(0)(UR)y + ex(O)ca(e) (Ul | = 0. (60)

The consistency error of these schemes is given by

~At° A es(6) + ex(B)ca(p)ca(W) + ex(B)Ca() + ex(B)ca(¥) |un(t”) + O(AL), (61)

showing that these schemes are at least sixth order accurate

6.1.1. Sixth and eighth order stable schemes.
We look for stable §, ¢)-schemes such thag vanishes and such thia| is minimized. This restricts the choice
of # andy to a curve inR? described by
o =(126% - 1)Ye* - i) (62)
30"
All the values on this curve lead to a sixth order scheme. Tiility conditions require that for all € [0, At?o(An)]
we must have

2 13
S O* X)) = *x _Epx 2 >
Q1(1; 0%, ¢™) = (40* — 1)a + ( 30 +—180)/1 +4>0,

1 (63)
Qa(1;6%,0*) =1+ (0" - 1—2)/1 >0,
whereyp has been eliminated using (62). The second inequality istcaining only if6* < 1/12, in which case
12
2 - *
ACp(An) < 750 = PIO). (64)

10



The first inequality is respected if and only if the polynohf@&(2; 6*, ¢*) has no root of multiplicity one in the
interval [Q At?p(An)]. Let A(6*) be the discriminant oQ(1; 6*, ¢*):

8 7
*\ _ *\2 , “pk
AB*) = 166"+ 56" - = (65)

Different cases arise according to the convexit@gaf

e Concave whed* > 11—2%. In this case, there are two simple roots of opposite sighg positive root must be
greater tham\t?p(Ayp), that is:

140" — VA
ACp(A) < 1(07) = S 280 207 3) (66)

e Linear wheng] = 11—230. In this caseQ; is a decreasing linear function, which is positive 001{@] to which
At?p(An) must belong. This condition extends by continuity relat{66) to its singular point.

e Convex wherg* < %. In this case, we haw@; (0;6*, ¢*) < 0 and two diferent cases according to the sign of
A(6*) must be considered:

o A(0*)>0 0* ¢ [—li2 - %, —liz + %"] : Two simple roots. Therefore the lower root must be greater
thanAt?p(Ay). This condition turns out to be the same as (66).

o A(@*) <0 0" e [—%2 - %, —%2 + %] : No simple root. Therefore the first condition is automali
fulfilled.
At2p(Ah)

30
ST [ s e

126

)
XN
<N :
00\
SN

AN

XL

30 12 252 30 12

Figure 2: Bounds om\t?p(Ap) for any 6*: the scheme is stable if the coupl&t{p(Ay), 6*) lies in both hatched areas. In continuous line, we
representegh(6*) while in dotted line we represente*) whenA(6*) > 0.

To sum up, the upper bound at?p(Ay) is :

1 15
1 * * H * R
min(p(6*),r(6*)) if 6~ < 5 30"
o) gL VIS 1 VIS
12 30 12 30 (67)
. . 1 V15 1
* * _ * _
min(p(6*), r(6*)) if 12+ 30 <0< 1
1
* T Bl *
r(6*) if 7 < 6.
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In this variety of sixth order schemes, the choicéis guided by the minimization of the absolute valuegfwhich

reads
9* 11

20" ¢") = 325 5040 (68)
Itis a linear decreasing function éf, vanishing for the value
11 13
*k _ T *k _
252 ¥ 600 (69)

e ForAt?p € [0, 12°], the couple At?p(An), 6**) provides an eighth order accurate stable scheme.

o ForAt?p e [128, 57331_5], the couple At?p(An), 0**) violates the constraints (67). We can prove that miningjzin
le4(6™)| while satisfying (67) leads to the choice :

1 1
= —=—-———. 70
12" ACo(AY) 7o
e For At?p > = ﬁ it is not possible to construct sixth order stable schenmgsnare. Indeed, all the upper
bounds of (67) are lower thagq\/—_5

6.1.2. Fourth order optimal stable scheme

We consider now the values af?p(An) which could not satisfy the stability conditions of prengsection, more
precisely we assume that?p(A,) > 30/(5— V15). As seen before it is not possible to makevanish in this case,
thus we will construct a stable scheme for a givefp(A,) that minimizes its absolute value by solving (59).

The second inequality of the constraints in (59) leads to

gs L 1
T 12 AtPp(An)

For the first inequality, dferent situations arise according to the convexity and thigesht the origin 0R1(4; 6, ¢).
It divides theR? plane into six areas delimited by the valug42 and ¥4 for 6 and 1/4 for .

(71)

Let us first consider the aregd 12— 1/(At? p(An)) < 6 < 1/12, ¢ < 1/4. Qq is then a convex parabola with a negative
slope at the origin.

e The parabola crosses the y-axis wh&®@;) > 0. In this case, the interesting interval }a2 p(A,)] must
be before the first root, or in other terms, we must h@@At? p(A,)) > 0 andQ’l(Ath(Ah)) < 0. Butthe
calculation shows that these two conditions are incomegtiecause we made the assumptiodtp(Ay,) > 8.

e The parabola never crosses the y-axis whéR;) < 0 which leads to the condition:

1 (46 — 1)
¢ 31 op-113)) (72)
In this part of the plane, the sixth order consistency egardecreasing function gf for anyo:
0.0) = 55— 15+ €0 ) (73)
e¢) =360 12"

and stays positive when (72) is respected. Hencgidffixed, the value of that minimizes the absolute value &f
is the greatest value possible. As a consequence, we warihitmize |s3| on the curve

1 (40 - 12
(p=3l1+ 160- 1/12)]) (7
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which leads to the 1D minimization of:

33(9,}[1+

(40-17% \ 6 0 7
i mpvm)

160 - 1/12)] =2 7247 2880 (75)

This objective function is positive and increasing on theival [1/12 - 1/At? p(An), 1/12] as soon aat? p(A) > 4.
Therefore, the optimal values #fande in this area ofR? are given by:

1 1 .1 APp(A) 2 4

- - 2
ST aPpA) Y T4 64 3T apAn (76)

ot

It turns out that in the other areas, either it is not posgibnstruct stable schemes, or stable schemes give amgreate
consistency error. We provide in annex a proof of this statemNotice that if the produat? p(An) gets very large,
the optimal valuesf, ¢*) tend to (12, —co).

6.1.3. Fourth order unconditionally stable scheme.

When the spectral radius of the operator is not known, wenasstis infinite, which means that the positivity
of Q; andQ, must be ensured on the whdke interval. Unfortunately it is not possible to pass to theitim the
formulae ¢%, ¢*). We first notice that it is necessary to have

1 1
0> —, > —, 77
otherwiseQ; is a decreasingfline function and); a concave parabola. Again, we have to distinguish sevesalsca
depending on the slope at the origin(@{.

e Eitherf > 1/4 and stability is acquired without any other condition.

e Either 1/12 < 6 < 1/4 and the parabol@; must not cross the y-axis : its discriminant must be negdtaeling
to
—1)2
L] (78)

1
> =1
e g[1+ 160-1/12)

It both casesss is a positive decreasing function gf therefore the lowest possible valuggofust be chosen. Again,
we tackle a 1D optimization problem. Let us introduce 0 such that

1 s (=2/3+40) 1
96—12+5=><p = st (79)
The consistency error parametrizeddig given by
2 6 1
6 = —_— — —
e3(d, ¢°) = 4+12+360' (80)

Therefores must be chosen as low as possible, even if the lower bound 6tiaahievable. To sum up, we have
constructed a family of unconditionally stabl& ¢)-schemes parametrized By> 0 that minimize the consistency
error “at the limit”.

6.1.4. Conclusions
The results of previous sections are summarized in tablé.8/lith these choices of(¢)-scheme, the polynomial

P(At? p(An); 6, ¢) defined by (32) has complex roots as soon as
60 24

ACp(Ay) = —

=+ V15~ 21.8502 (81)

otherwise the roots are negative. In both cases, the ibiléytiof the matrix P(At?Ay, 6, ¢) is guaranteed.
13



p 5— 15
0 11 | p—12 p—12 0+ 12
252 | 12p 12p 125
“13120=pfl p L)1 L 4
P 1600 | 220 |6 144 4p|6 144 T3
Order| 8 6 4 4

Table 1: Optimal values af andy for a given positivey := At?p(An) and for a positive small parametgr

6.2. “Multiple roots” fourth order schemes

The schemes developed in section 6.1 lead to a complexization of the polynomial (32) as soon A8 p(Ay) is
big enough. In this section we build unconditionally staditeemes for which the polynomiB({1; 6, ¢) has a double
negative root:

P(At?An; 6, ¢) = 172(rly — APAL)2. (82)

Therefore, the inversion &f(At?Ap; 6, ¢) can be done by inverting the same matrib, - At?Ay) twice, which reduces
cost when direct solvers are used. This happens when thendisant of P(1; 6, ¢) vanishes, giving the following
relation betweer andy:

3¢?
Y11 (83)
For this choice of, the stability conditions read
1+(@©-1/12)1>0,
) 1., Ya>0. (84)
44 (40-1)1+ (67 -0+ 1—2)/1 >0,

The first condition implies thad > 1/12. The second condition cannot be respected unless thadeeakticient
is positive, which leads té ¢ [1/2 — 1/ V6,1/2 + 1/ V6]. Since ¥12 lies in this intervalp must be greater than
1/2+1/ V6, implying that the negative multiple root B{.1; 6, ¢) is given byr = —2/6. To sum up, thed, ¢)-schemes
satisfying (83) and

1 1
0> -+—=091 (85)
2 6
are unconditionally stable and we get the factorization
2
PACA 0.6) = (In + 5 Ao (86)

For these choices of(p) the absolute value of the consistency etsgris a positive and increasing function@&fso
the valued = 1/2 + 1/ V6 (which corresponds tp = 1/4) is optimal.

7. Numerical results

7.1. 1D convergence test cases

In this section we present an academical test case for whicknow the exact solution, allowing us to compute
exactly numerical errors. We consider the 1D scalar waveatimu with velocity 1 in a domain of length 1 with

14



periodic boundary conditions:

6—2u(x t) - a—zu(x t)=0, xe[0,1], u(O,t) =u(l,t) iu(o t) = iu(l t) (87)
6t2 Y axz y - ’ ) s ) - Y ) aX ) - aX Y .

The initial condition is a gaussian pulse centered in theaonThe initial velocity is such that the analytical soduri
is this gaussian pulse traveling from left to right. Moregisely, the initial conditions are

B [ eVDEINE 1P i 1x—1/2] < 1/2 - ¢ a _ 0
u(x, 0) = Up(x) = { . ifIx—1/2>1/2—& ° aU(X, 0)= —a—XUo(X),

wheres is a small parameter (in practice we choese 10-2%). The analytic solution is given by
u(x, t) = up(x — t + n) wheren e N such thax —t + n € [0, 1].

In order to solve numerically this wave equation, the ndfides is to use the second order centered finifteecence
scheme. Itis even known to provide the exact solution onleggnieshes if the time step is chosen equal to its maxi-
mal value allowed by the CFL condition. In this context (rlegunesh) it is obvious that our implicit schemes would
not compare well. They were originally designed to overcepeific dificulties as distorted meshes or rapidly vary-
ing codficients. In order to pedagogically represent these kindstb€dlties, we propose to introduce a very small
element in the mesh. It can seem artificial in this simple 1Bneple, but is numerically representative of what can
happen in 2D or 3D when realistic domains are involved.

Standard explicit ané-schemes are compared with some of the ngw)¢schemes introduced above, and with the
exact solution. The errceis computed as the sup. over time of the relative disdréterror. The estimated cost
corresponds to the total number of matrix-vector produdtis ¥, required for the simulation. Non-preconditioned
iterative methods (Conjugate Gradient and Minimal Redijciee [14]) have been used to solve the implicit schemes
in factorized form as presented in 4.

The mesh is composed of 12 identical elements surroundimgadl glement of sizer = 1074, which leads to a
spectral radiup(A,) = 5.62 x 10° when sixth order spectral finite elements with mass lumpiregused to tackle
spatial discretization (see [15]). For the explicit schethe time step is restricted to72< 107° by the CFL condition,
whereas for the implicit schemes, we impage= 0.016 orAt = 0.004. The simulation runs unfil = 10. Table 2
summarizes the performances of the chosen schemes andJighiogvs the obtained snapshots at final time.

Scheme At Error Cost
Explicit 27x107° | 24x 107 | 374957
0=1/4 1.6x102 | 23x 101 | 37158

0,¢) = (1/4,1/4) | 1.6x 102 | 28x 102 | 67526
0,0) = (6", ¢%) | 1.6x102 | 41x10°3 | 47004
(6.0) = (6", ¢%) | 40x10° | 31x10° | 73214

Table 2: Comparison between several schemes: leap-frdgiexp = 0), 6-scheme withd = 1/4, naive 0, ¢)-scheme with{, ¢) = (1/4, 1/4) and
optimal @, ¢)-scheme adapted to the produd? p(Ay) (given by equation (76)).

As expected, the small element clearly penalizes the ekpibeme: a small step step must be chosen, which in-
creases the cost of the method but also increases its agcurhis is why the final snapshot is very close to the
analytical solution, and the error is very low, for a very erpive cost. For the three following implicit schemes, we
choose a time step of@x1072. Thed-scheme witl9 = 1/4 is very cheap but behaves very poorly, as illustrated by the
snapshot and the relative error of aboi 0rhe naive, ¢)-scheme withq, ¢) = (1/4, 1/4) gives a much better error
and a nicer snapshot, even if numerical dispersion is ssibke. The optimal 4, ¢)-scheme clearly overcomes the
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Figure 3: Snapshots of the numerical solutions at final tiffigure (a) corresponds to the explicit scheme, (b) togtseheme, (c) to the naive
(6, ¢)-scheme and (d) to the optimail, ()-scheme. All implicit schemes use the time stép= 1.6 x 10°2.

naive @, ¢)-scheme, by being more accurate and cheaper. The firstvaltiserwas to be expected since the criterion
of optimality was indeed accuracy, but the second one habewt foreseen and is linked to the correlation between
the condition number of the matrR(At?Ay,; 6, ) and the consistency erres. Finally, by choosing an appropriate
time step of 40 x 1073, we recover with the optimab()-scheme the accuracy of the explicit scheme, while staying
about five times cheaper.

Remark 7.1. To highlight the interest of factorizing the polynom P instlspecific 1D case, let us focus on the
(8, ¢)-scheme with{d, ¢) = (1/4, 1/4). On the one hand, the natural approach would be to invert theim
At At
P(At?An; 1/4,1/4) = In + — — A2

(At°An; 1/4,1/4) h+4Ah+24
Its condition number is given by(Rt? p(An); 1/4,1/4) = 8.62 x 10'°. On the other hand, we can use the factorized
form introduced in section 4. The complex roots of the patyiabP read ¢ = —3 + i V15, hence the matrix to invert
is (-3 + i V15)I;, — At2A, and its condition number is equal 10" — At? p(An)l/Ir*| = 2.94x 1C°. This last matrix is
far easier to invert both in terms of computational costréteve methods) and numerical precision.

A convergence study has been lead on a regular mesh withaidér finite elements (or seventh order to obtain an
eighth order convergence curve) in space fdiredent @, ¢)-schemes. The error is computed as the sup norm in time
(hereT = 8) of the discrete.? norm (induced by the mass matrix) oftidirence with the analytical solution. The
results are given in figure 4.

We obtain the expected rates of convergence for tfierdint 0, ¢)-schemes. All the simulations and matrix inversions
have been done with an iterative method without preconditig. This is clearly non-optimal in term of computational
cost but also in term of accuracy since it induced a numelacking that prevented us to reach better accuracy with
the eighth order scheme.

7.2. Propagation of acoustic waves in a strongly heterogese€D domain

To conclude the numerical results, we present a more congplefiguration. We are interested in the propagation
of acoustic pressurp(x,t) in a square domaif2 = [-1,1] x [-1, 1] in which we assume that the propagation is
governed by the non-homogeneous equations

2
%p(x,t) —dive(X) Vp(x,t) = f(x,t), xe€eQ, Vp-n=0, XxXeoiQ, %p(x, 0)=p(x,0)=0,

wheren is the outward normalg(x) the material properties of the domain of propagation &fdt) := g(x) h(t) a
source term. The parametears) andh(t) are represented in figure 5 wheregs) is a 2D gaussian pulse centered
aroundx = 0. The explicit expressions of these @igents are

C(X) =1+ 1046_800 GX|2—0.35)2’ h('[) — (271'2(16 (t _ 01) _ 1)2 _ :I_)e—zr2 (16 (t—O.l)—l)z’ g(X) — —800\X|2.
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Figure 4: Log of the error w.r.t the log of the mesh size fdfatent ¢, ¢)-schemes and discretization parameters. optimal “multiple roots”
scheme withAt?p = 120, 0 : optimal {0, ¢)-scheme withAt2p = 120, : optimal @, ¢)-scheme withAt2p = 60, x : optimal @, ¢)-scheme with
At%p = 26, : optimal @, ¢)-scheme with\t?p = 22.
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Figure 5: Representation of the ¢beientsc(x) andh(t).
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Explicit computation of the discrete solution of this preisl may not be adapted if one wants to minimize the com-
putational cost while reaching a target, but not necegseaeity small, accuracy. Indeed, the upper bound for the
time step in explicit methods is proportional tpWmax, c(X) = 1072, This is a typical situation where implicit and
unconditionally stables schemes are often used, sincésicadise the time step is no longer related(td and can be
tuned to reach the desired accuracy and obtain a reasormabfritational cost.

We choose to compare thredtdrent types of discretization in time to a precomputed refieéerence solution:

e Schemes A & B Two standard leap frog schemes, of second and fourth ordiechvare explicit. Hence they
must be used with a very small time step. They should yieldrg geod accuracy yet being more costly than
the implicit schemes. Note that the fourth order leap frdtesee corresponds to the choidey) = (0, 0) also
called modified equation scheme.

e Scheme C The second ordet-scheme withd = 1/4. It is the most classical scheme that can be used to tackle
the implicit discretization of our problem.

e Scheme D Our fourth order discretizatior(¢)-scheme with, ¢) = (1/2 + 1/ V6, 1/4) as computed in sub-
section 6.2. This is the most easily implantable altereathat we presented and it should outperform the
second-ordef-scheme.

The same space discretization is chosen for all the nunhedogputations since we are only interested in comparing
the time discretization of a semi-discrete problem sintaequation (39). The spatial mesh is a fine enough uniform
grid of sizeh = 0.025 (1600 squared elements) and we use fifth order specitaldiements with mass lumping (see
[15]) (160801 degrees of freedom am@h,) ~ 1.2 x 10'°). Note also that the source term is handled as indicated in
remark 4.2 to avoid any accuracy loss.

The explicit schemes A and B must respect their stabilitydéton, leading to a maximal time step allowed of respec-
tively At ~ 1.8 x 10°° andAt ~ V3x 1.8x 10°°. The last two schemes C and D are unconditionally stable fifriee
step is chosen to b&t = 1.8 x 1073, which is close to the maximal time step allowed by the exjpgicheme if the
codficientc(x) was constant (equal to 1) over all of the domain. These sekegeguire one (respectively two) inver-
sions of a real matrix at each time step. The choice of theledaurth order scheme D described in subsection 6.2
has been motivated by the fact that the same (symmetriaymodigfinite) matrix must be inverted twice at each time
step, which implies that in practice only oh® factorization is performed before the iterations starin8snapshots

of the solution are presented in figure 6 and the results afitineerical experiments are summed-up in table 3.

ival 2
Type Scheme At Relatll\_/e_th(a)rror at Relative cost
B (ref) | Explicit Order 4: ,¢) = (0,0) | 3.11x 10°° Reference -

A Explicit Order 2 1.8x10™° 2.33x10° 100

B Explicit Order 4: ¢, ¢) = (0,0) | 3.11x 107° 194x 1078 1127

C 0=1/4 125x 1073 8.90x 1072 32+112

D 6.¢) = (1/2+ 1/ V6,1/4) 25x1073 4.05x 1072 2.8+ 8.0

C 0=1/4 25x10° 2.24%x 1072 3.4+207

D 6.¢) = (1/2+ 1/ V6,1/4) 5x 1073 287x1073 3.0+ 158

Table 3: Comparison between several scherhésiorm relative error al = 1.0. The cost corresponds to the duration of simulation divib
the amount of time needed to run the explicit scheme A (theafdsU factorization is the first term in the sum for the imischemes).

The reference solution is computed with the fourth ordessitalg-scheme B, with a time step oft = 3.11x 1076,
which is ten times less than the maximum value allowed. Sihedime steps taken for the explicit schemes A and
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. - . 107
Figure 6: From left to right, top to bottom: snapshots of thespure field computed with the explicit scheme A, Tor 0.105,T =0.3,T = 0.5
andT = 0.7, T = 0.9, T = 1.1. The dashed circle is parametrized[¥§ = 0.35 and represents the region whege) reaches his maximum value.
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B are very low, we see that as expected, they give a very aecsodution for a higher computational cost. More
importantly we see that the implicit-schemes C give a solution accurate from around 9% to 2% fosteacound 7

to 4 time less, however for nearly the same computational(@pg)—schemes D give solutions accurate from around
4% to 03%, outperforming the classicéischeme.

8. Conclusions and prospects

We have introduced a new family of fourth order accurateriretiimplicit, energy preserving schemes, denoted
as the ¢, ¢)-schemes, that generalize the famous second order aeéusahemes. Their stability properties have
been investigated via an energy analysis, leading to a ge@€&t. condition. We have also provided in this family
schemes that minimize the consistency error. We have focimehses with super-convergence properties that can be
used ifAt? p(An) is small enough, or optimal schemesAif p(A) is large. We have also provided unconditionally
stable schemes and finally schemes that require the sameinahtieeatment as the usugischeme but are fourth
order accurate. Numerical results show the interest of solcbmes as well as their convergence behavior.

However, we have sometimes noted the need to use precondgistrategies when a direct factorization of the finite
elements matrices was not possible. Several authors haeadglsuggested solutions to deal with the inversion of
the complex linear system occurring with the optimald)-scheme ([13],[14],[16]). These approaches still need to
be tested and adapted to theg)-scheme. A natural extension of this work would be to cosisahd analyze the
sixth order accurate schemes (see remark 6.1), whiehn even more parameters and are therefore expected to give
a very low consistency error after the optimization proceBSmally, significant extension of this work will be to
take into account dissipative terms and non trivial boupdanditions in the equations, which will be the subject of
forthcoming work.

Appendix A. Proof of theorem (5.1)

The positivity of the energy is granted as soorQaél; 6, ¢) andQ,(1; 6, ¢) are positive for any € [0, At?p(An)]:
Q1(2;0,9) =4+ (40— 1)A+ (4o - 1) - %2)/12 >0, (A.1a)

QL 6,0) =1+ (6 - %2)1 > 0. (A.1b)
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The positivity of each polynomial leads to upper boundatip(Ay), therefore the positivity of the energy is fulfilled
if At?o(Ap) is lower than the minimum of both bounds.

Positivity of Q. This polynomial is an fine function, being 1 at the origin. If its leading d¢beient is positive (if
6 > 1/12), then (A.1b) holds. In the opposite case, (A.1b) holdsd only if Qx(At?o(Ay); 6, ¢) > 0. These results
lead to the first upper bound (48).

Positivity of Q. This polynomial is an fiine function ifo = 1/4. In this case, eithet > 1/12 and (A.1a) is always
true, eithew < 1/12 and (A.1a) holds if and only @ (At?0(An); 6, ¢) > 0, which leads to the upper boung(2— 46).
Assume now thap # 1/4. The polynomial; being 4 at the origin, several possible situations ariseraiag to the
sign of the leading cdiicient and the sign of the slope at the origin:

¢ € (—o0,1/4) ¢ € (1/4, +)

0 € (1/4,+c0) | concave, slope 0 | convex, slope 0
0 € (1/12,1/4) | concave, slopg 0 | convex, slope 0
0 € (—o0,1/4) | convex,slope 0 | concave, slope& 0

The three concave situations lead to the following uppenbont?p(A,) must be lower than the positive root @f.
The formula for this positive roat(d, ¢) is given by (50). In the case convex with positive sloQe,is then positive

at the origin and increasing, thus the condition (A.1a) i®aatically fulfilled, therefore we set the upper bound to
+00. Finally, the two convex with negative slope situationsalitle more complicated. Two cases arise according to
the sign of the discriminam(9, ¢) defined in (50). Either there are no distinct roots whéf ¢) < O (if (6, ) € S*

or (0,¢) € 8), thus (A.1a) is fulfilled and we set the upper bound+®. Or there are two positive roots when
A(6, ) > 0, therefore the condition (A.1a) is fulfilled Xt?>p(Ay) is lower than the first root o, which is stillr (6, ¢)
since the sign of the leading déieient has changed.

Appendix B. Optimal order 4 stable scheme

In this appendix, we complete the proof given in 6.1.2 whitdtes that the optimal value ¢f3(6, ¢|) when
A2p(An) > 30/(5—- V15) is obtained in the quadrafit< 1/12, ¢ < 1/4} for

g1 __ 1
S 12 ARp(A)
L ACpA) 2 4 (B.1)
oo =+ ).
4 64 "3 At2p(An)
Itis shown in 6.1.2 that in this quadrant, this choice givesdptimal value ofes:
1 1 1
es(0, ¢") = (B.2)

T 360 APp(AY) | AACp(AY)?

which is lower than 1360 becausat? p(An) > 30/(5— V15). We will see that in the other regions of tiief)-plane,
either the schemes cannot be stable, either the stable ssltgve a greater consistency error.

The quadrantd < 1/12,¢ > 1/4}. The positivity of Q, on the interval [QAt? p(A,)] imposes that > 1/12 -
1/At? p(Ay). Moreover, the positivity of the concave polynontlon the same interval is respecte@if(At? p(An), 6, ¢) >
0. These two conditions are incompatible becar8e(A,) > 30/(5— V15). Therefore, there are no stable schemes
in this quadrant.
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The half spacéd > 1/12}. The positivity of Q, is granted in this area. As fdp;, we divide the space into three
zones:

e ¢ < 1/4: inthis areaQ1(4; 6, ¢) is a concave parabola whose positivity on the intervahibp(An)] is acquired
if and only if Q1(At? p(An); 6, ¢) > 0, which gives the following inequality:

}[ 4+ (40 - 1)APp(An) ]
(6 - 1/12)(At? p(An))2 ¥

4
which can be respected onlydf> 1/4 — 1/At? p(Ap).

(B.3)

e ¢ >1/4andd > 1/4: in this areaQ1(4; 6, ¢) is a convex parabola with a positive slope at the origimgédi at
the origin. It is then positive for any > 0. All schemes are stable in this region.

e v >1/4and Y12 < 0 < 1/4: in this areaQi(41; 6, ¢) is a convex parabola with a negative slope at the origin.
Its positivity on [Q At? p(An)] can be acquired either if there are no distinct roa®(y) < 0) or if the first root
r(0, ¢) is greater thamt? p(A,). The second condition can be written in a way that avoidsriersion of the
relationr (6, ¢): Qu(At? p(An); 6, ¢) > 0 andQ}(At? p(An); 6, ¢) < 0. Introducing

A _1 (40 - 17
(1.6 = g|1+ 160 - 1/12)]’
) 1, 4+ (40-1)1
’ 1 40 -1
Q -1 ==
¢(1.0) = 4[1 20— 1/12)a]’
the positivity ofQ1(1; 6, ¢) on [0, At? p(An)] is equivalent to
> U (AL p(An), 0),
> AR (A, ) or €7 ¢ AP B.5
¢ = ¢"(At" p(An), 0) or {¢ < (A p(Ar). 6). (B.5)
It is easy to show that
1
@2 (AL p(An), 6) < (AL p(An), 6), Vo> (B.6)
, 1 2
Qi (A2 Qi (Af2 -
@ (A p(An), 0) < o1 (AL p(An), 6) ® 0z A (A (B.7)
, 1 2 1
A At2 Q(Af2 - _ -
¢" (At p(An), 0) < @<1(At" p(An), 0) e bely A (A ) (B.8)

Therefore, the lower bound anwill be ¢*(At? p(Ap), 6) if 6 € (1/12,1/4 - 2/At? p(An)) andp®(At? p(An), 6)
if 6 ¢ [1/4— 2/A2 p(Ar), 1/4].

To sum up, the stable schemes of the half planel/12 are obtained in the region
1 1 2
> O (A if — <z_ £
¢ 2 ¢ (Ap(An).0),  if 5 <b<7 ZAtzp(! 3’

(B.9)
¢ > (AP p(An),0), if 6>

4 A2p(Ay)

Since the zero level set 85(0, ¢) is outside this stability zone, the minimum value is achtwn the boundary of the
zone, which leads to the following optimization problem:

02+0 ! When1<9<1 2
| 4 " 24 2880 12 7774 A2p(Ay)’
min (B.10)
0>1/12 9(1 1 ) 13 N 1 1 wheng > 1 2
6 A2p(An)" 720 4AEp(An) (A2 p(An))? T4 AZp(An)
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This function is continuous and increasing and can be erthg continuity up t@ = 1/12 : the limit value is 1360,
which is always greater than the optimal value found in tieotuadrant. This concludes our proof.
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