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Abstract

In this paper we prove two global existence results for Hughes’ model for pedestrian flows under
assumptions that ensure that the traces of the solutions along the turning curve are zero for all positive
times.
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1. Introduction

In this paper we study the one dimensional version of Hughes’ model [16] for pedestrian flows

Dep — 0, [pv<p> ‘g;p,] 0, O] = c(p) W

in the spatial domain © = ]—1, 1], together with homogeneous Dirichlet boundary conditions

p(t,—1) =p(t,1) =0, o(t,—1) = ¢(t,1) =0, t>0 (2a)
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and initial datum
p(0,2) = ) vel-1,1] . (2b)

Here z € ) is the space variable, ¢ > 0 is the time, p = p(t,z) € [0,1] is the (normalized) crowd
density, while
v(ip)=1—=p,  clp)=1/v(p)

are respectively the mean (normalized) velocity and the running cost. We denote

f(p) =pv(p)=p(1—p).

The initial datum p is assumed to be in L*°(£2;R) with ||p||,, < 1. This assumption, together with
the maximum principle proved in [13], will ensure that the cost (which is singular for p = 1) computed
along any solution of (1), (2) is well defined.

As already observed in [2, 13|, the system (1) can be rewritten as

(915/) + a:vF(taxap) =0, (33)
F(t,z,p) = sgn (x = £(1)) f(p),

&(t) 1
| cttande= [ clpit.a)ds (3b)
-1 HO)

Indeed, in order to have a unique viscosity solution to the Dirichlet problem for ¢, the derivative d,¢
can change its sign just once from positive to negative. It is therefore defined the so called turning
curve x = &(t), where (¢, -) reaches its maximum point. After integration of the second equation in
(1), the relation (3b) states the continuity of ¢(t,-) at © = £(t), and defines it implicitly. Notice that
the flux F is possibly discontinuous along x = £(t).

Definition 1. [13/ A map (t,x) — p(t,x) is an entropy weak solution of the initial-boundary value
problem (2), (3) if is in CO ([0, +oo[; L (€% [0,1[)) and for any x € [0,1] and any test function ¢ €
C (R% [0, +o0) it satisfies

1

—+o00 1
/O / o= w04 + Flt,,p.) 0] ot + / 1p(z) — x| (0, 2) dz (4a)

-1

+00 +oo
4 / F (ot —14)) — (k)] (t, ~1)dt + / F (ot 12)) — F(R) (e, 1)de (4b)
0 0

= T ) () dt 2 0 (40

where
F(t,x,p, k) =sgu(p — x) [F(t,x,p) — F(t,2,K)] .



The first line (4a) originates from the Kruzkov definition of entropy weak solution in the case of a
Cauchy problem, [17]. Line (4b) comes from the boundary condition introduced by Bardos et al. in [6],
see also [4, 8, 9, 18]. The latter line (4c) accounts for the discontinuity of the flux along the turning
curve, see [1, 3, 5, 14, 20].

Observe that the strong traces of the solution at the boundary points exist due to the genuine
non-linearity of the flux (|19, 21]) and must satisfy

f(p(t’ _1+)) > f(’{) for all k € [O,p(t, _1+)]?
f(p(t7 1_)) > f("f) for all k € [07P(t7 1_)]'

This in particular implies that

In the perspective of studying the well-posedness for problem (1), (2) a first result was proved
in [12]|, where the eikonal equation in (1) is replaced by an elliptic approximation with small fixed
parameter.

In the present article, motivated by the availability of a local Riemann solver for (1) provided
in [2], we follow the wave-front tracking approach 10, 7]: we construct a sequence of piecewise constant
approximate solutions to the Cauchy problem for (3) by solving locally the Riemann problems arising
at each jump discontinuity, and prove their convergence by providing the uniform boundedness of their
total variation.

Differently from the classical case of scalar conservation laws, we have to face two major problems
when applying the wave-front tracking method to (1): either when two wave-fronts interact or a wave-
front interacts with the turning curve, it may occur that several new fronts arise at the turning curve;
also, the total variation of the solution may generically increase.

In this paper we give sufficient conditions on the initial datum that prevent these situations from
occurring, therefore leading to the existence of a sequence of approximate solutions with uniformly
bounded total variation. Even in this somewhat simplified situation, the wave-front tracking approach
is very useful when studying the variation in time of the turning curve £(t), implicitly defined by (3b).
A convenient choice of the speed of approximate rarefactions is used, see (10c).

For numerical purposes, the wave-front tracking algorithm for (1) was analyzed in [15].

As a first existence result, we give the following theorem for the “symmetric” case. Let us denote
by S the space of functions p € L* (92;[0,1[) with |[p|lcc < 1 that are even, namely p(z) = p(—=x) for
a.e. x € (.

Theorem 2. For any initial datum p in S there exists a unique entropy weak solution p of (2), (3)
such that p(t,-) € S for allt > 0.

PROOF. If p is an entropy weak solution of (2), (3) and p(t,-) € S for all ¢ > 0, then necessarily £ = 0.
Indeed, by (3b) we have that for any ¢ > 0

/; c(p(t,x))dx = /f(t)c(,o(t,a:))dx = /1 c(p(t,—z))de = /1 c(p(t,x))dz

) -1 —£(1) —£(1)



and therefore £(t) = 0 because by definition ¢(p) > 1. As a consequence of the Rankine-Hugoniot
condition along the turning curve, we have that f (p(t,0+)) + f (p(t,0—)) = 0, namely p(t,0+) = 0.
Thus, for any fixed initial datum p in S the unique candidate in S to be the entropy weak solution
of (2), (3) is the function p : [0,4+00[xQ — [0, || ||| defined for x € [0, 1] as the entropy weak solution
to the initial-boundary value problem

Op+ 0 f(p) =0 t>0, ze]0,1[,
p(t,0) = p(t,1) =0 t>0,
p(0,x) = p(x) z €01,

namely, for any x € [0,1] and any test function ¢ € C(R x [0, 1]; [0, +00[)

—+o00 1
/0 /0 {lo - 5180 + sen(p — #) [f(p) — £ ()] Op} daxdlt
1 ~ —+o00
n /0 1P(x) — 5] (0, 2) dz + /0 F (ot 1)) — F(0)] (e, 1)
+o0
- [ o0 = £ w.0)dr 0.

From the maximum principle one has that |p(t,-)||. < [|plle < 1 for any ¢ > 0. By standard
generalized characteristic analysis, we have that p = 0 in a region that contains {(¢,z) : ¢t > 0, = €
Q, |z| <v(]|plls)t} It is therefore immediate to prove that p is an entropy weak solution of (2), (3)
in the sense of Definition 1. 0

In the next theorem we treat a different case. Let [z]; = max{x,0}, x € R.
Theorem 3. If the initial datum p € BV (€Q;[0,1]) satisfies

3[1plloe + TV (c(p) + [c(p(=1+4)) — c(1/2)] | + [e(p(1-)) — c(1/2)] < 2, (6)
then there exists an entropy weak solution of (2), (3) defined globally in time.

The proof is based on the wave-front tracking algorithm. We use the results achieved in [2, 13|, where
the solutions of the Riemann-type problems associated to (2), (3) are constructed and studied. We
underline that (6) implies that p(£1F) < (7 — v/13)/6 ~ 0.565741.

The paper is organized as follows. In Section 2 we describe the wave-front tracking algorithm
used to construct the approximate solutions to (2), (3). In Section 3, provided that (6) holds on the
initial data, we prove that the approximate solutions exist globally and finally prove Theorem 3. Some
technical lemmas are deferred to the last section.



2. The approximate solution

For any fixed integer n > 1, consider the approximation parameter € = 27" > 0 and the e-grid
G¢ = {ic:i=0,...,e '} Consider the piecewise linear function f¢ that interpolates linearly the
points (p;, f(p:)), pi € G%. Therefore f¢ coincides with f on G¢, is increasing on [0, 1/2] and decreasing
on [1/2,1].

Let p° € BV(Q;G?) be piecewise constant and define £° as the unique solution of the equation

/ * o @) do = / (@) e (7)

-1 €
We call shock waves (respectively, rarefaction waves) the decreasing discontinuities on the left of the
turning curve and the increasing discontinuities on the right of the turning curve (respectively, the
increasing discontinuities on the left of the turning curve and the decreasing discontinuities on the right
of the turning curve) of the solution to (2), (3) with p° instead of p, f¢ instead of f and constructed
with the classical Riemann solver R.. Introduce the simplified Riemann solver R, that replaces any
rarefaction wave given by R. with a rarefaction front (we shall state more precise assumptions below,
see (10c)). Apply then R; to solve each Riemann problem associated to the boundary {—1,1} and to
the jumps of discontinuity of p° away from x = £°. Denote by pT,, respectively p%, the juxtaposition
of the piecewise constant functions obtained by solving with R the Riemann problems on the left of
x = £, respectively on the right of z = &£°.

Observe that p7 and p% are well defined for sufficiently small times. By applying Theorem 6 given
below, we can construct a piecewise constant function pg such that if p® is the juxtaposition of p7 , pz
and p%, then the corresponding turning curve z§ = £° defined by

£°(t) 1
| e do= [ it ar (8)
-1 £ (t)
satisfies the Rankine-Hugoniot condition (10a) below.

In Theorem 6 we will describe how to construct the local solution pg both for ¢ = 0 and for any
positive interaction time. Before doing this, we need some notation.

Let ¢ > 0 be a time at which no interactions occur. Denote by 25(t), i = —h—1,...,—1,1,...,k+1,
with —1 = 2%, | <a§(t) <z () <xf , =1, the discontinuity lines of p* away from x§ = £, which
we call fronts. Then the approximate solution reads as

k
(3 _ (3
)= D e (), a5, (0]
where x((t) = £°(t) is the turning curve and
Pf—l/z # pr/Q ifi #0, pa_l/Q = pi/Q if and only if pil/Q =0, (9a)
Pho1j2 <1/2, Pryrje < 1/2. (9b)



The e-approximate solution p® is prolonged beyond any interaction time (namely, when one front
reaches the boundary, or two (or more) fronts approach, or one front reaches the turning curve) by
applying R, where the interaction takes place away from x = £° and by applying then Theorem 6.
Observe that, as a result of any interaction, new fronts may originate from the turning curve. However,
the resulting e-approximate solution p° keeps the structure described above. Therefore, after each
interaction time, we can use the same notation introduced before by rearranging the indices and by
considering h and k as piecewise constant functions of time. Finally, the turning curve is prolonged by
applying (8) as long as p® is well defined.

In the sequel we refer to upward jumps on the left of x = £° and to downward jumps on the right
of x = &° as rarefaction fronts, while the remaining jumps away from x = £° are called shock fronts.
The size of the jumps is defined by

oi(t) = sgn(i) {P@ilp - p§+1/2} :

By construction p* satisfies the Rankine-Hugoniot jump conditions along the turning curve and the
shock fronts, respectively

(052 = 07 12] € = 1 (02) + 1 (2 - (10a)
f (pf+1/2) —f <pf—1/2>

Pit1ja = Pic1)2

if i #0and 0; <O0. (10b)

& = sgn (i

On the other hand, we impose that any rarefaction front x5 travels with speed

0 (i) — (i)

¢ (P§+1/2) - ¢ <Pf,1/2)

where ¢ is the entropy flux associated to ¢. Indeed, since the cost function ¢ is convex in [0, 1[, we
can consider it as an entropy for (3) with entropy flux ¢ on & > £°(t) (respectively, —q on z < £°(t))
defined by

& = sgn (i if i #0 and 0; > 0, (10c)

q(p) = —c(p) + 2log c(p) . (11)

The function ¢ satisfies ¢ = ¢ f’, ¢(0) = —1 and (1 —2p) ¢'(p) > 0 for p # 1/2.

The above choice for the speed of propagation of the rarefaction fronts allows us to simplify the
terms appearing in the representation for £, see next formula (12). Indeed, since entropy conditions
hold with an equality along any classical rarefaction, the corresponding terms on the right hand side
of (12) reduce to the difference of the entropy fluxes.

In the next proposition we obtain a necessary condition on 55 which is obtained by the derivation
of equation (8).



Proposition 4 (A condition on £°). If p° satisfies (9), then
[C (931/2> t+c (P§/2)] £ = Z sgn (1) {C (Pzil/z> - ¢ (p§+1/2>} a5 . (12)
i£0

PRrROOF. To simplify the notation, we omit the dependence on € and write ¢ (pf) = ¢;. By (9) we have

5(15) h+1
L/lc@@w»dx=§julxw—ximhw2m
- =1
1 k+1

[ ot dr =3~ mia Oy,

(t) i=1
and by rearranging the indexes we have

£(t) h
/1 c(p(t,x)) do = c_p_1p +co126(8) + D [emis1ye — c1jos) T—i(t)
- =1

!

1
/g( : c(p(t,x)) dz = cpy1/2 — c12§(t) + Z [ciz1/2 = Cipry2] wi(t) .
t i=1

By taking the derivative with respect to ¢ we obtain

-1 =1

k

£(t) . h
% [/ c(p(t,x)) dx] =c_126(t) + Z [C—z‘ﬂ/z — 01/271.] i_i(t), (13a)
[c

1 .
% [/£ c(p(t,x)) dx] = —C1/2 §(t) + i—1/2 — ci+1/2] ;i (t) . (13b)

) i=1

By (8) the above quantities are equal and therefore we deduce (12). O
In the following definition we specify the properties of the e-approximate solution.

Definition 5. The piecewise constant function (t,z) — p°(t,x) as in (9) is an e—admissible approxi-
mate solution of (3) if it consists of a finite number of fronts traveling according to (10), satisfies (12)
and sup,; 0; < €.

Let us underline that the above definition does not require that p° takes values in G¢. This is motivated
by the possible appearance of states along the turning curve that do not belong to G*. We defer to the
end of this Section for further comments.



For convenience we introduce the following notation,

clp® +c | ps é ifi=0,
=> @i, @i [p°] = 3 | ) 4o (o) . (14)
i#0 sgn(7) [c <pf_1/2) —c <pf+1/2)] 5 if 1 #£0,
so that (12) rewrites as
Do [p7] = Vo] .
For later use, for any «, 5 € [0, 1] with a # (3, introduce the quantities
o) = O, P (0.8) = [c(@) T e(A X (0.B), (15
At ) = HOZEHE), B0 0) = [e(@) ~ (A Ns (@,8),  (13D)
_q(B) —a(a) _ _
Ar (o, B) = m ) P, (o, B) = q(a) —q(B). (15¢)
Clearly, if 25 is a shock front, respectively a rarefaction front, then ®; | < i1 /23 5 1 /2>,

respectively ®; [p°] = ®, <p§_1/2,p§+1/2> Moreover, if p® 1/2 #+ 91/27 then <I>0[ ] = ®¢ (p 1/2,p§/2>,
otherwise pi1/2 =0, ¢ (pe_l/z,piﬂ) is not well defined and @ [pf] = 268 = U [p°].

Some of the introduced quantities have a clear geometric interpretation in the (p, f)-plane. Indeed
A¢(oy, B) represents the slope of the segment between (o, —f(c)) and (3, f(B3)), As(a, B) is the slope
of the segment between («, f(«)) and (5, f(5)), v(«) is the slope of the segment between (0,0) and
(a, f(@)), see Figure 1, left.

Also, A\, («, B) coincides with the slope of p — f(p) at (n, f(n)) for some n between a and 3. This
fact can be easily proved by the mean value theorem applied to the function ¢(c) = —c + 2log ¢ (see
the definition of ¢, (11)), and using the identity —1 + 2/¢(p) = f'(p).

As a consequence, see Figure 1, center and right,

As(a,7) < As(0,7) = v(y) = Ae(0,7) < Ae(B,7) for all o, 8 < 7, (16)
(o, B) > Xs(B,7) for all « < B < 7. (17)

By using the definition of ®¢ and with simple calculations, one can show that ®¢(a, 3) > v(a) + v(5)
for all @ < 3, with the equality that holds if and only if @« = 0. Further properties of the just introduced
functions are collected in Section 4.

For any interaction time t = ¢; or for ¢ = 0, introduce also the quantity

LA IGESED DR A GESR (18)

i#0
x5 (t)#2g(ty)



S |
<Y

Figure 1: Left: Geometrical interpretation of the quantities introduced in (15). Center and right: Geometrical interpre-
tation of the estimates, respectively, (16) and (17).

where the sum counts the fronts of p*(t;+) that do not start from the turning curve at time ¢t = ¢,
namely, the fronts of p7 and p%.

The next theorem, which upgrades [2, Theorem 1|, shows how to construct pi once we have p7
and p%. In particular the structure of pg depends on the three parameters p—1/2(tr) = p7, (t1,€°(tr)),
p1/2(t1) = p% (tr,&8(tr)) and W, [p°] (t;+). For simplicity we omit the dependence on e.

Theorem 6. There exists Pe such that p, the juztaposition of p;, Pe and pp, is an e-admissible

approzimate solution of (3) in the sense of Definition 5. In particular we can distinguish the following
cases.

L. pe consists of rarefaction fronts on the right of the turning curve if and only if

0 < pyo(tr) < p_yyo(t) and W [p] (tr+) < O (P71/2(t1)ap1/2(t1)) : (19)

In this case the rarefaction fronts of pe are

1’§(t) = S(tf) +)‘7’ (p§,1/27p§+1/2> [t_tl]7 1= 1,... , M — 17

20(8) = E(t1) + A (5, 1y 1y (tD) [t =]
where pf/Q € };)1/2(751),/)_1/2 (t])|: is the unique p—solution of
@e (p_1otr)sp) —a(p) = - [} (tr) = a (p1p(t1))

(mal]pl/Q(t[),pf/2 [mg = {pg/Q""’pfn—l/Q} with pf_l/Z > p§+1/2, Observe that ,om+1/2(t1+) =
P1/2(t1) < pm_l/g(t1+) = pfn,1/2 <...< pl/g(tl+) = p§/2 < p_1/2(t1+) = p_l/g(tl)'

9



2. pg consists of a shock front on the right of the turning curve if and only if either

0= pfl/z(tl) < P1/2(t1) and . [p] (tr+) <w (Pq/z(tl)) +v (P1/2(t1)) ) (20)

or

0<pippltn) < pualt)  and W [o] () < =v (p_yyaltn)) = v (pupoltn),  (21)

or

0< P1/2(t1) < P71/2(751) and
P¢ (9—1/2(t1)7p1/2(t1)) < W o] (tr+) < —v <P71/2(t1)) —-v (P1/2(t1)> . (22)

In the case (20) the shock front of p s
25) = &t +v (pptn)) [t —t1],

and pil/Q(tH—) =0< pg/z(tl—}—) = p1/2(t1). In the cases (21), (22) the shock front of p is
2§(6) = €(tr) + s (650 p1jo(t0) ) [£ = ]
where pf/Q € [O,min {p71/2(t])7p1/2(t[)}|: is the unique p—solution of

Vo) (tr4) = e (p_yo(t1).0) = @ (9201 olt1))

and P1/2(t1+) = p§/2 < min {pl/g(tl+) = pfl/g(tl), p3/2(tl+) = pl/Q(tI)} with ,01/2(t[+) =0

if and only if ¥, [p] (t1+) = —v <p_1/2(t1)) —v <p1/2(t1)>.
3. pg consists of two shock fronts, one on each side of the turning curve, if and only if

piralt) # 0 and 1] (b < v (p_yot) + 0 (praltn)) . (23)

In this case the shock fronts of pe are
21(t) = §(t1) = v (1 p(t)) [t = 11).
20 =€t +v (patn)) [t = t1],
Pi1/2(tl+) =0 and pi3/2(tl+) = pi1/2(tl)'

10



4. pg consists of a shock front on the left of the turning curve if and only if either

0=pialtn) < pippltn)  and  Walpl(tr4) > v (p_yolt) = v (pult)) . (24)

or

0< 91/2(“) < Pq/z(tl) and . [p] (tr+) > v (Pq/z(tl)) to (P1/2(t1)) ) (25)

or
0 < p_yso(tr) < pysp(ts) and
v (po1otn) + v (p1a(tn)) < Welpl (tr+) < @e (p_yjoltr), o1 o(E1) ) - (26)
In the case (24) the shock front of p, is
2$,(t) = (tr) = v (p_1jolt) [t = ta),

and pyy o (tr+) =0 < p_yn(trt) = p_y p(tr). In the cases (25), (26) the shock front of p, is
284 = €(tr) = As (poajaltn). ) [E— 1),
where piz € [O,min {p71/2(t1),p1/2(t1)}{ is the unique p—solution of
W) (tr+) = 2 (p.p1yo(t) = @4 (p1lt1).0) -

and p_1/2(t1+) = p?/g < min {p_g/g(tl+) = ,0_1/2(751),,01/2@[—1-) = pl/g(tl)} with p_1/2(t1+) =

0 if and only if U, [p] (t1+) = v (p_l/Q(t1)> + v (pl/Q(tI)).
5. pg consists of rarefaction fronts on the left of the turning curve if and only if

0< p_y5(tr) < pyyolts) and U [p] (tr+) > O (P71/2(t1)ap1/2(t1)) : (27)

In this case the rarefaction fronts of pe are

xg—z(t) - g(tf) - )‘7’ (péi,1/27p§i+1/2> [t - tl] ) 1= 1, oo, m— 1,

xém(t) = f(t[) = Ar <p_1/2(t1),,0£_m+1/2) [t — t[] ,

11



where p§1/2 € ]p71/2(t1),p1/2(t1)[ is the unique p—solution of
De (p.p1ya(tn)) +a(p) = Walp] (tr+) +a (pyja(t))

3 _J ¢ 3 : 3 3
and }/771/2(“)’971/2{m g = {pfs/zv e ’pfm+1/2} with p;_y 5 > Piy1/0-
Observe that p_,, 1 ,o(tr+) = p_y9tr) < p_piqp(tr+) = pim+1/2 < < pypltrt) =

p§1/2 < pypoltrt) = P1/2(t1)-
6. pe consists of the turning curve alone if and only if

pi1y2(tr) =0, (28)

poja(tn) # prjaltr) and W) (tr+) = @ (01 poltr)s i jalt) - (29)

The 6 cases above cover all possible values of py1/2(tr), Vs [p] (t1+) and are mutually exclusive.

PROOF. For notational convenience, we write p,/o = Pi1/2(t1) and denote g (p;) = g, g(pf) = gf for

any function g: [0,1] — R.
13

(1,'="7) If pe consists of rarefaction fronts 7,

on the right of the turning curve, then

i=1,...,m, between the states p§/2, e p§mil/2, P1/2s

P12 < Pyijg < <) and E(tr+) < aS(tr+) < ... < b, (tr+),

where dcf(tri-) = A (pf71/2,pf+1/2), i=1,...,m—1, i%t+) = A (pfnil/2,p1/2). In particular

p§/2 # 0 and therefore, by (10a), we have p§/2 # p_1/2 and E(tr+) = e <p,1/2,p§/2>. Moreover, we
have pf/Q(tI) < p_1/2 because, by Lemma 8 and (16), for all p < p§/2

x’%(tﬁ—) =\ (Pi/Q’pg/z) < Uf/z < A¢ <,0,p§/2) :

As a consequence, the first condition in (19) holds. We then observe that ®q [p] (t7+) = ¢ <p,1 /25 pf /2)
and

m—1
W] (tr+) = W [p] () + D @ (65150 8501j0) + @r (P51 j000112)
i=1

=W, [p] (t;+) + Cﬁ/z —4q1/2-
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By (12) we have that

P <p_1/2,p§/2) =W, [p] (tr+) + qu —q1/2

and therefore by Lemma 10

W, [p] (t1+) = ®¢ (P71/27P§/2> — Q§/2 + 172 < P (P71/27P1/2) .

Thus also the second condition in (19) is satisfied.

(2,'=") If p¢ consists of a shock front xf on the right of the turning curve between the states p§ /2 and

p1/2, then

P12 > Pf/Q, E(tr+) < ﬁ(tl‘f‘) = As (P§/27P1/2)
and
ool (tr+) = [erjp + 65| i), W) (i) = Wal] (tr+) + @ (450 12)

By (12) we have
W [p] (t1+) = [071/2 + Cﬁ/Q} E(tr+) — @, (pﬁ/Q,mp) .

By (17) it must be p_y/5 > p§/2. In order to proceed with the proof, we have to distinguish the
following cases:
o lfp_1/0= p§/2, then by (10a) we have p-1/2 = p§/2 = 0. As a consequence

E(trt+) < As (Pi/g,ﬂ1/2> = V1/2, i <P§/Q,P1/2> =vyp— 1
and
U, [p] (tr+) < 20170 — [v12 = 1] =v_1)9 + V12
o lfp_ i) # p§/2, then £(t;+) = Y <,0_1/2,,0§/2> and therefore U, [p] (t;+) = ¥ <p§/2>, where
3 20})5 £ 3 3
(4 <p1/2) == 3 {0—1/201/2 + 1] = [v-1j2 + 1] C12 ~ [e1/2 + c1y2] P12
P-1/2 — pl/g

Clearly the map p — (p) is decreasing and

P(0) = —v_1)2 — V12, lim 1(p) = —o0, lim ¢ (p) = ¢ (p_1/2(t1), p1/2(t1)) -
plp—1/2 PTp1/2

13



Recalling that p§/2 < min {p,l/Q, ,01/2}, we deduce (21) and (22).

(3,=") If p¢ consists of a shock front xil on the left of the turning curve between the states p_; , and

pg_l/Q, and a shock front x§ on the right of the turning curve between the states p§/2 and py /o, then

Pg_l/g < p-1/2 PE/Q <p1/2;
.%35_1(15[4_) = _)\s <P—1/27P§,1/2) < é(tl—i_) < migcl(tl—i_) = )‘5 (p§/27[)1/2> '

By (17) we have A¢ (,0, pi/z) > Ag <p§/2, ,01/2) for all p < p§/2, and therefore p§/2 < ,05_1/2. Analogously,
we have — A <p_1/2, pg_l/2> > Ae <p£_1/2, p) for all p < ,05_1/2, and therefore piz > pg_l/Q. In conclusion
we proved that p§/2 = ,05_1/2 and this, by (10a), implies that pil/z = 0. Hence

o [p] (t1+) = 26(t1+),
U lp] (tr+) = Ts [p] (t1+) + Ps (p-172,0) + Ps (0, p1/2) = Vs [p] (tr+) — v_1jo + vipo

and by (12) we have
U, [p] (t1+) = 26(tr+) +v_1y2 —vi)2.-

Thus (23) holds true because —v_ /5 < E(tr+) < vy /2

(4,4=") & (5,“=") In accordance to the symmetry of the problem, the proofs are analogous to that for
the cases (2) and (1), respectively.

(6,'=") If p¢ is given by the turning curve only, then (28) and (29) follow from (10a) and (12).

(“«<") The converse is obvious by the above construction of the solutions. Indeed, for any given p_; /25
p1/2: Vs [p] (tr+), only one of the conditions (19)-(29) is satisfied because ®¢ (a, 3) > v (o) + v (8) for
any 0 < o < 8 and ®¢ (0,3) =1+ v (F). Furthermore, p¢ never consists of rarefaction fronts on both
sides of the turning curve. Indeed, as already proved, the presence of rarefaction fronts on the left of
the turning curve implies that & (tr+) > 0, as well as the presence of rarefaction fronts on the right
of the turning curve implies that & (t;+) < 0. Moreover, p¢ never consists of rarefaction fronts on one
side of the turning curve and a shock front on the other side. Indeed, for instance, the presence of
rarefaction fronts on the left of the turning curve implies that p_, /2 > 0 and & (t7+) > 0, while the

presence of a shock front on the right of the turning curve with & (t7+) > 0 implies that p_, /2= 0 and
this gives a contradiction.
The proof of Theorem 6 is then complete. U

Before the end of the section, we show how to apply the above theorem to construct an e—admissible
approximate solution p°. Let t; > 0, p°(t;, ) be piecewise constant and £°(¢;) uniquely defined by (8)
for t = t;.

14



- Step 1. Construct pj and p%, as described at the beginning of this Section. For any t > t,
with t — t; sufficiently small, p7 and p% have the following form

-2
pr(t,x) = ‘_ZhleH/Q X[xf(t),mfﬂ(t)[(x) + Pi1/2 X[af_l(t)

1[(m)7

)

k
prt,x) = pi/QX[—l,:cﬁ(t)[(x) + lefﬂ/zX[ng(t)’ngﬂ(t)[(ﬂ?)-

- Step 2. Compute the quantity U, [p°] (t7+) defined by (18), which writes

. (7] (tr+) = Y sen(i) [e (p1y2) — ¢ (fae) | @50+
i£0

- Step 3. Check which one of the conditions given in Theorem 6 is satisfied and construct the
corresponding pg.

If for instance condition (19) is satisfied, then there exists a unique pf /2 € } I /2 P4 /2 [ solution to
q)é (Pil/Q7P§/2) —q (Pﬁ/g) =0, [pe] (tl+) —q (p§/2> .
Observe that in general pi /2 does not belong to the e-grid G¢. However, even in this case, if ] I /20 pi /2 [ﬂ

3

-1z, z€ I z3 x% x5 z 1

\ PL
(3 3 k+1/2
\ P12 |P3/2

(= € € £
P_ht1/2 - P_3/2 \ P3/2 Pr—1/2

£ £ =)
P_h—1/2 P12 \ P12

Figure 2: How to prolong an e—admissible solution of (3) beyond ¢ = ¢; in the case described in Theorem 6, case 1.
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Ge = {p§/2, .. 7p§n—1/2} with p§71/2 > pr/Q, then for any ¢t > t; sufficiently small (see Figure 2)

-2
p(t,x) = A;_lpfﬂ/z X[xf(t), CCZE+1(75)[($) + P€_1/2 X[mil(t), ge(t)[($)

m—1
+ p§/2 X[Se(t)a x§ (t)[(x) + Zzl p§+1/2 X[xf(t), xirl(t)[(x)

k
X (0,010 F 2P X (), 05,40
with
§ (1) = € (k) + A (21200 0) (E—11),
25 (1) = € (tr) + A <p§,1/2,p§+1/2> (t—t1), i=1,...,m—1,
2 (8) = § () + A (1 Pige) (6= 1)

is an e-admissible approximate solution of (3) in the sense of Definition 5.

3. Proof of Theorem 3

Let p € BV(Q;]0,1]) satisfy (6). Let n be an integer > 1 and set ¢ = 1/2". We can introduce a
piecewise constant function p® € BV (Q; G%) such that

e (7°(£19)) - ¢ (p(£19))] <, TV (e(57) STV (e (7)) +efsupe},  (300)
170 < 17lc lim o=l =0, (300)

As seen in Theorem 6, in general new fronts may start from the turning curve, so that p* may well
take values outside the grid G°. However, as we will see in the next theorem, condition (6) ensures
that the e-approximate solution takes values always in G°. Here we will denote poo = ||p]| o

Theorem 7. Fore =1/2" > 0 sufficiently small, if the initial datum satisfies the condition (6), then
there exists an e—admissible approzimate solution of (2), (3) in the sense of Definition 5 with values
in G° and defined globally in time.

Proor. Consider £° given by (7), p5 (¢,-) and p%(¢t,-) as in Section 2.
Recalling the definition of the speeds (10b) and (10c), we notice that |£5| < 1 for ¢ # 0. Then,
recalling the definition of the ®; in (14), we find that

e(piap) —e(pinp)|. i#0.
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Since v(p) =1 — p, by (30a) and the assumption (6), we estimate the quantity ¥, in (18) as follows:

W [p°] (0+)] TV (¢ (pL(04))) + TV (c(pR(0+)))
TV (¢ (p) + [e(p(=14)) — c(1/2)] +[e(p(1=)) = c(1/2)]} + Cie

2 Bp < (pn)
v <,56_1/2) t+v (ﬁi/Q)

with C; = 24 {sup '} and e small enough. Above, the terms [¢(p(+1F) — ¢(1/2)]+ account for the
possible rarefactions arising at the boundaries at time ¢ = 0.

Thanks to the above bound on ¥, by Theorem 6 we deduce that only cases (20), (23), (24) and (28)
can hold true. In all of these cases we have p%, , (04+) =0.

Thus, for ¢ > 0 sufficiently small we have p* = 0 in a region which is bounded by the fronts z ;.

IAN A CIN A

Necessarily these fronts are shocks, and their speeds are given by &, (t) = £v (pi3 /2 (t))

Because of the maximum principle one has ||p°(t)[|,, < [|7°|lo0 < Poo < 1, therefore |25,| > v(poo) >
0: the region with p* = 0 contains a non-empty cone.

At each interaction we apply the algorithm and Theorem 6 to extend p° in time as described in
Section 2. We want to prove that the condition (28) always holds true by showing that no front can
reach the turning curve.

Assume that, for some ¢ > 0, one has p° (¢,£°(¢)%) = 0 for all t € |0,¢]. Now we consider £5(i—),
given by

2° (1) = > ¥

i#£0

and write the sum >, .o as 3 ;1 +> ;2. Recalling that c(p) - v(p) = 1, we can write

1 [p7] (=) + @1 [57] (=) = [ (P22 (=) ) = 1] 0 (022 ()
1= (050 (1)) | v (P52 (1)) = P2y — -
Thus
D1 [p°] (i) + @1 [07] ()| < poc - (31)

Moreover we find that, for the same constant C; as above,

2 |l < l%\c(fi;) ~e(eiy)]

B
< TV (c(p)) + [e(p(=14)) = c(1/2)] 4 + [ (p(1=)) — c(1/2)], + Cre. (32)
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Indeed, recall that the indexes are possibly rearranged at each interaction; the above sum decreases in
all possible interactions, that is: when a front leaves the domain €2; when two or more fronts interact,
with all indexes different from 41; when the interaction involves a £1 front, in which case the resulting
front will inherit the +1 index.

By virtue of (31), (32) and (6), for € small enough we have that

E(I-)] = ot TV(e(p) + [e(a(=14)) = e(1/2)]4 + e (5(1-)) = c(1/2)] . + Cre
< 2[1-pu) < 205y (i)

2

and therefore the turning curve does not reach x%; at time ¢ = . As a consequence, no new front
starts from the turning curve and we can apply the standard theory of wave-front tracking to prolong
p° after any interaction and to ensure its global existence. O

Finally we prove that, up to a subsequence, as € goes to zero p° converges to a solution of (2), (3).
By construction, see the proof of Theorem 7, we immediately have that for all ¢ > 0

1" Dlloo <17 Nl < Poos

TV (1) < TV (5°(0+) (33)
TV(7) + [5°(—14) — 1/24 + [7°(1-) — 1/2] + 27

TV (c(p) + [e(p(=14)) = c(1/2)] L + [e(p(1-)) = c(1/2)], + Cre + 2P < L

ININ A

for € small enough, where L = 2 — p.; here we used that ¢ > 1 and assumption (6). Finally observe
that

1
/ (8, 2) — (s, 2)| dz < Lt — 3.
—1

Indeed, if no interaction occurs for times between ¢ and s, then

1
| 1) = (s, o < 3|6 = 5) 5 0) (frjo — b))
-1 i#0

<[t =s| TV (p°(1) < Lt —s].

The case when one or more interactions take place for times between ¢ and s is similar, because by (10)
the map t — p°(t) is L1-continuous across interaction times.
Thus, by applying Helly’s Theorem in the form |7, Theorem 2.4|, there exists a function p €

Li . ([0,400[ x ©;[0,1]) and a subsequence, still denoted p°, such that
pF = pin Liye([0,+00[ x 4 R) as € | 0, TV (p(t)) < L,
lp(t) = p(s)lly < L[t — sf for all £, >0, ()l oo < 117l oo -

18



Regarding £°, we observe that the associated sequence is bounded and uniformly equicontinuous,
because of the uniform Lipschitz constant. Therefore, by Ascoli-Arzela theorem, we can extract a
subsequence uniformly converging to some & € WH1([0,T]; Q), for any T' > 0, with the same Lipschitz
constant (1 — pso). In particular, £ evolves in a cone where p is zero, and it is straightforward to show
that (3b) holds.

We want to prove that p is an entropy weak solution of the initial-boundary value problem (2), (3)
in the sense of Definition 1. For any fixed x € [0,1] and ¢ € C(R?;[0, +oc[), we have to prove that

+o00 1
lim inf [/ / {lp° — K| Owp + F(t,z, p°, k) Optp} dx dt
0 -1

e—0

1 +o0o
+ [ 15 @) — sl de+ [ 1) — 100} 0l -1 de
1 0

+o0

+oo
" /0 (1) = fy e dr+2 [ p v (60) ] = 0. (34)

Fix 1 € CZ(R%; [0, +00o]) and choose T > 0 such that (t,z) = 0 whenever ¢ > T. For any € > 0, we
can divide the strip [0,7] x [—1, 1] into finitely many regions I';, delimited by the wave fronts, where
p° takes a constant value denoted by p;. The indexes are chosen so that

ri(t)}
Observe that o = 0. Divide Ty in T = {(t,z) € Ty : =+ [z — &(t)] > 0}. Then

Lo={(t,z) €[0,T] x [-1,1] : 2°,(¢t) <=

IN

—+o00 1
I =/ / [1p° — K| B + F(t,x, p°, k) Opt)] da dt
0 -1

=5 [ [ w0 —sen =017 G0 = ) 10

1<0

+//5 [k Optp — f(K) Op1)] dxdt+//rg [k Opp + f(K) Optp] dz dt

+Z//p {‘ﬁi = KO +sgu (pi — k) [f (Pi) — f ()] 8351/1} dzdt.

i>0
We apply the divergence theorem on each I';. The contributions to I coming from the boundaries of
I'; can be listed as follows:
o Ip=— f_ll |p°(x) — k|9 (0,z) dz along t = 0;
A= fOT sgn (p°(t, £1F) — k) [f (p°(t, £1F)) — f(k)] ¥ (t, £1)dt along x = +1;
T
o Ic = =2f(r) [y ¥ (t,£(t))dt along &;
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o7, = fé’ O5 (t; k) ¢ (t,x5) dt along x5, for some ¢, < t, where

07 () = sen(i) sgn (pE_ajo — <) [ (pF12) = F(9)]
+ [ : Pzil/z - KH &§ — sgn(7) sgn <P§+1/2 - ’f) {f (P§+1/2> - f(’f)} .

Piv1/2 — "‘5‘ -
Therefore we obtain that I = Iy +I_y +I1 + I¢ + >, Z; and that the expression within the square
brackets in (34) is equal to

/ "1 s (56 —14) — ] [F (66, —10)) — F] (6, —1) e
-/ "1 s (6 1) — )] [F (606, 1-)) — F] 9 (6,1) e
+Z t”@*f tk) (¢, 25) dt .

Recalling that p°(t,£15) < 1/2, we easily obtain that

T
/0 11+ sgn (5 (6, £1F) — w)] [ (o° (1 £15)) — F(m)] ) (1, 1) dt > 0.

If x5 is a shock front, the term ©; has the correct sign > 0, since the shock speed is the exact one.
Hence, to complete the proof, it is sufficient to prove that for the rarefactions one has

07 (k)| < e

Pit1j2 — P571/2‘ : (35)

Indeed, if «5 is a rarefaction front, then

sgn(i) ©5 (t; k) = { Pf+1/2 - ’f‘ - Pf—1/2 - KH Ar (Pf—1/2apf+1/2>

+sgn <Pz§71/2 - ’f) {f <Pz§71/2> - f(’f)} —sgn <p§+1/2 - ’f) {f (Pz§+1/2) - f(’f)} :
If kK < min {9571/27/’%1/2} or K > max {9571/27/’;#1/2}7 then by Lemma 9

CHGIDIE

r (P§_1/Q’P§+1/2) —As <P§_1/2,Pf+1/2>‘

2
< {Pfﬂ/z - Pzil/2] se¢

P§+1/2 - P§—1/2

Pf+1/2 - p‘z?fl/2‘ :
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If & =ap;_;,,+ (1-a) Pi1 o for an a € [0,1], then again by Lemma 9
165 (t;5)| =
= [25 = pi1e = ago] A (P Pige) + 5 (Paage) + F (piaje) = 2/(6)]

Ar <p571/2’p§+1/2) —As (pzil/?’olil/?)

P12 = Piv1/2

2
= [Pi1je = Piap] |20 = 1) +2a(a—1)

2 2
< [Pf_yz - P§+1/2} (120 = 1] +2a (1 = )] < [Pf_yz - P§+1/2} <e

P§+1/2 - Pf—l/Q‘ .

In conclusion we proved (35). As a consequence, thanks to (33), we get

o

z 7
> [ et vt df <c e S |

, Pf+1/2 - Pfq/z‘ dt

zfraref.

<elltllgo T ]Sujp[TV (p°(t))

<elldllge LT

and therefore (34) holds true.

4. Technical section
In this section we estimate the quantities introduced in (15).
Lemma 8 (Estimate for \.). For any «, 3 € [0,1] with § < o we have
Ar (, B) <v(a).

PROOF. Observe that for all x > 1

r?—1
1 <
og(z) < —
Indeed the above estimate holds for z = 1 and & {3322;1 — log(m)] = (12; 12)2 > 0. Therefore

1 1 1 21 1 1
/\r<1——,1——></\r<1——,0>:m—1§—:v<1——>.
x Y x z—1 x T

Then, it is sufficient to take z = ¢(a) and y = ¢() to complete the proof.
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Lemma 9 (Estimate for |\, — X\s|). For any a, 8 € [0, 1] with o # B we have
|)‘7’ (Oé,ﬁ) - >\s (Oé,ﬂ)| < |a - B| .

PROOF. Introduce the function C' € C°([0, +o00[;R) defined by

-1 if x =0,
C(z) = I — (13”31)2 log x if x €0, 4+00] \ {1},
0 ifx=1.

Since x — C(z) is strictly increasing and limg—.40c C(2) = 1, we have that [|Cf|co(o+o0pr) = 1-
Moreover for any z,y > 1 with = # y we have

o) (-2 n (o2

Thus, it is sufficient to take z = ¢(a)) and y = ¢() to complete the proof. O

Lemma 10 (Estimates for ®;¢). For any o € [0,1] we have
(1) B — P¢ (o, B) — q(B) is decreasing in [0, af;
(2) B ®¢(B,0) + q(B) is increasing in [0, af.

PROOF. We first observe that

1 1 1 1 1 z4y—2
<I>§<1——,1——>—q<1——>:[m+y] |:———+L +y—2logy.
T Y Y y r  y-z

and that the derivative with respect to y of the above function is

(x2 - y2 + 2xy) (x2 — y2 + 2zy(y — 1))
z(z —y)%y?

(x’y) = =

and is negative for all z > y > 1. Then, it is sufficient to take z = ¢(a) and y = ¢() to complete the
proof of (1). The proof of (2) follows from the previous one by observing that ®¢ is anti-symmetric. [
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