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On the null controllability of a 3 X 3 parabolic system with non
constant coefficients by one or two control forces

Karine Mauffrey*

Laboratoire de Mathématiques, UMR 6623, UFR Sciences et Techniques, 16 route de Gray, 25030 Besangon CEDEX,
France

Abstract

This work is concerned with the null controllability of a class of 3 X 3 linear parabolic systems
with non constant coefficients by a single control force or two control forces localized in space.
We extend to this class of systems the Kalman rank condition existing for systems with constant
or time—dependent coefficients. To prove the result, we construct a solution to the controllability
issue using a suitable decomposition. With this decomposition, we are led to study the null
controllability of either a non homogeneous system of two equations by one control force acting
on the whole domain (in the case of one distributed control force for the initial 3 X 3 system),
or a non homogeneous equation by two forces acting in the whole domain (in the case of two
distributed control forces for the 3 x 3 system).

Keywords: null controllability, observability, parabolic system, Carleman inequality
2010 MSC: 93B05, 93B07, 93C20, 35K05

Résumé

Ce travail concerne la contrdlabilité a zéro, par une ou deux forces de contrdle localisée(s) en
espace, d’une classe de systemes paraboliques linéaires de trois équations a coefficients non
constants. On étend a cette classe de systemes la condition de Kalman qui existe déja pour
les systemes a coefficients constants et les systeémes a coefficients ne dépendant que du temps.
Pour démontrer ce résultat, on utilise une décomposition adaptée des solutions a controler. Cette
décomposition permet de transformer le probleme de contrdlabilité par une force (localisée en
espace) en 1’étude de la contrdlabilité a zéro d’un systeme parabolique non homogene de deux
équations par I’intermédiaire d’une seule force de contrdle agissant sur fout le domaine. De
méme, le probleme de contrdlabilité par deux forces localisées en espace se ramene a 1’étude de
la contrblabilité a zéro d’une équation parabolique non homogene par I’intermédiaire de deux
forces de contrdle agissant sur tout le domaine.

1. Statement of the main results and presentation of the method

The starting point of this work is the study of the controllability to trajectories of drug delivery
to brain tumors for a distributed parameters model (see (73) and the comments in subsection
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6.3). As we would like to apply the fixed point method described and used in the scalar case
by [13] in particular, we are naturally led to investigate the null controllability of a linear 3 X 3
parabolic system by a single control force localized in space. In the literature devoted to this
kind of systems, most of the results on null controllability by one force are proved for systems
of two equations (see for instance [2], [17] ,[18] or, more recently [1]). There are very few
results concerning the case of systems of n equations, with n > 3. To the author knowledge, the
first characterizations of the null controllability for a linear parabolic system of n equations are
proved by Ammar Khodja et al. in [3] for the case of constant coefficients and in [4] for the case
of time-dependent coefficients. For coefficients depending on both variables x and ¢, we mention
the paper of Gonzélez-Burgos and de Teresa [16] which deals with the case of cascade systems.
Recent results obtained by Benabdallah et al. in [7] and [8] for 3 X 3 systems get round the
restrictive hypothesis of cascade systems but assume a geometrical constraint on the boundary of
the control domain. For a recent survey on controllability results for parabolic systems, we refer
the reader to the paper by Ammar Khodja et al. [5].

The main goal of the present paper is to provide sufficient conditions to control a parabolic
system of three equations by one or two forces supported in space (for the boundary controlla-
bility of parabolic systems, we refer to [6]). More precisely, we analyze the null controllability
of the 3 x 3 system

0y=Ay+Ay+Bvl, inQr=Qx(0,7),
y=0 onXr =90Q x(0,T), (1)
y(,0) = )" inQ,

where Q is a bounded domain in RY (N > 1) with boundary dQ of class C?, w is an arbitrary
nonempty open subset of Q and T is a positive real number. In (1), y denotes a three compo-
nents vector y = (y1,y2,v3)7, A = (aij)1<i,j<3 1s a matrix with coefficients a;; € L*(Qr) for all
1 <i,j £ 3, B = (bij)i<i<3,<j<k 18 a control operator and v is a searched control belonging
to (L2(w x (0, T)))* with k € {1,2}. We will consider the cases where B equals one of the two

matrices
0 0 0
Bi=10]|, B=|1 0.
1 0 1

Let us introduce the following notation.
Notation 1. e Setgr = wx(0,T) and q(} = w” x (0, T) for every open subset w” C w of Q.
o W&l(gr) = W'(gr) N L™(0,T; W>*(w)), where WP=(0) = {f / D'f € L™(0), Y0 <
r < pl.

o For a given positive measurable function p defined on a subset O of Qr, let us denote by
L*(0, p) the space of functions f such that fp € L*(O), endowed with the norm || fl ;20 =

Ifoll20)-
e For any dense subspace U of a Hilbert space H, we define
W(,T;U,U") = {y € (0, T; U) | 0y € L*(0, T U')} ,
where U’ denotes the dual of U with respect to the pivot space H. The norm of an element

Y e W(O,T; U, U’) is defined by

B ) 1/2
nwm@qu=mm%QHU+MMMWmUQ :



For simplicity of notation we write, for every open subset O of €,
Wh0,T) = W(0,T; H)(O), H~'(0)),
W2(0,T) = W(0, T; H(O) N H)(0), L*(0)),

where the pivot spaces are H = L*(O) for W),(0,T) and H = H;(O) for W5(0, T), respec-
tively.

e We use the symbol ||A|| to denote the norm of A: ||A|l. = Z?Fl llaijllco, With |lajjllee =
llaijllz=co)-

We recall below the well-known result of existence and uniqueness for the solutions to the
general system

y=0 on X7, 2)

dy=Ay+Ay+f inQr,
y(,0) = y° in Q.

Proposition 1. 1. If)° € (LAQ))* and f € L*(0,T;(H™(Q))), then (2) admits a unique
solution y € (ngz(O, T))? in the distributional sense

Oy()s g1,y + (VY V22 = (A, 22 = () D1 s

for every z € (H(l)(Q))3. Moreover, y satisfies the estimate

2 CM; 0112 2
”y”(WKIZ(O!T))X S e T(”y ||(L2(Q))3 + ||f||L2(0,T;(H‘](Q))3))’

where C is a positive constant which depends neither on Y°, neither on f, nor on y, and
M7 is given by
Mr =1 +1lAllo + T(1 +JAI).
2. IfY e (Hé () and f € (L*(Qr))’, then (2) has a classical solution y € (Wé(O, T))3 with
the estimate
2 CMr (11,0112 2
Mz 07y < € (Y1 + 1201 )- 3)
with Mr and C as above.

For the proof of Proposition 1 we refer to the arguments used in the book of LadyZenskaja,
Solonnikov and Ural’ceva ([19, ch. III]). This result can also be obtained by the Galerkin method
(see, for instance [10, chap. viii]).

1.1. Main results
The aim of this paper is to prove the following controllability result.

Theorem 2 (Controllability by one force, B = By). Let us assume that a3, a3 € Wi;'(qr) and
that there exist two positive constants « and ¢ such that

laxs| = @ in gr “4)
and
det K det K
— + 0; (aﬁ) >cinqr or — + 8,(@) < -—c ingqr, 5
ays ans a5y a3
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where K = (By, AB;, A®B)) is the Kalman matrix corresponding to the matrix A and the control
matrix By. Then for every y° € (L*(Q))%, there exists at least one function v € Lz(qT) such that
the solution y to

0,y =Ay+Ay+ Byvl, inQr,

y = 0 on Xr, (6)
¥, 0) = »° in Q,
satisfies
vy, T)=0 in Q.
Remark 1. e We clearly see that if both coefficients a;3 and a,3 of the coupling matrix A

are identically equal to zero in Qr, then the first two equations in system (6) are decoupled
from the third one, so that we can not expect controllability in this case. A necessary condi-
tion for the controllability of (6) is that either a3, or a,3 does not vanish at a place, namely
either supp(a;3) # 0, or supp(a3) # 0. The method presented in this paper supposes that
supp(az3) = gr. This extends to the case supp(az3) N gr # 0. Indeed, applying Theorem
2 on a part gr = wx]0, T[ contained in supp(az3) N gr, we obtain the controllability of
system (6) in w and consequently in w D w. However, the case where supp(ay3) and the
control domain g7 are disjoint is a difficult open problem and there are only few results
concerning this geometrical configuration. We refer, in particular, to [1] for an example
of a system of two coupled parabolic equations —with coupling terms depending on the
space variable x € Q— controlled by one force acting on a region that can be disjoint from
the coupling region.

o In the statement of Theorem 2, the coefficients a;3 and a,3 play symmetric roles. More
precisely, the conclusion of Theorem 2 is still true if we replace ay3 by a3 in condition
(4), and if condition (5) is turned into

detK .
3 —6,(@)201114” or

detK ay
91( 3
aps ans

- Tl < = 1
3 < —Cc 1mdgr.
a3 a3

Note that (5) and the above condition are “equivalent” since we have formally

detK ?(detkK
o) (a2
ais aiis ais axs az

and since either a3 or a,3 satisfies (4).

The proof of Theorem 2 is based on a suitable decomposition of the solution y to (6) as
y=00-0)y+noY +F, (N
where

e Y is the solution without control,

e yis a well-chosen controlled solution of (1) associated with three control forces i.e. for
B = I (see Theorem 14),

e 6 and 7 are two truncation functions satisfying (12), and
4



e Fis to be determined such that y is a controlled solution of (6). Such a F is obtained by the
resolution of a null controllability problem for a 2 X2 non homogeneous system controlled
by only one force acting on the whole domain.

This decomposition was inspired by [17] in the case of a parabolic system of two equations.
In fact, in [17], the authors use a similar decomposition to construct, from two controls, a regu-
larized control acting on only one equation.

Remark 2. Theorem 2 generalizes the Kalman rank condition given in [4] for matrices A de-
pending only on time to the case of matrices A depending on space and time. Precisely, in [4],
the authors prove that system (1) with A € C*([0, T]; L(R")) and B € C([0, T]; LR*, R™)) (n > 2,
k > 1), is null controllable if and only if there exists a dense subset E of (0, T') such that

rank K ,(1) =n, Vt€E, (8)

where Ek,n(t) = (bo(t), -+, b,-1(F)), and the sequence (b;)o<i<n—1 1S defined by by(f) = B(¢) and
bi(t) = A(O)b;_1 () — d%b,v_.(z). Forn =3, k =1 and B = By, condition (8) writes

detK(t) 0, Vte€E,

where K(1) = (B), A(t)B, A(t)* B, - £ A(t)B,) and det K(¢) = det K()—ar3 S ar +ar; L a5, with K defined
in Theorem 2. The result of [4] mentioned above ensures the controllability of (6) under this
condition. In Theorem 2, the coefficient a,; is bounded from both sides, so that (5) is equivalent
to

detK(x,H) =T, Y(x,0) € gr or det K(x,t) <=2, Y(x0) € qr.

However, in the present paper we do not investigate the equivalence between (5) and the con-
trollability of (6), and we only deal with the case of the control matrix with constant coefficients
B;.

We also apply the decomposition (7) to prove the controllability of (1) by two forces (B = B,),
which can be stated as follows.

Theorem 3 (Controllability by two forces, B = B,). Let us assume that a\, a3 € Wi;l(qT) and
that there exists a positive constant ¢ such that

2 2 .
la|” +laisl” = ¢ inqr. &)

Then for every yO € (LA(Q))? there exists a vector v = (v, )" € (Lz(qT))2 such that the solution
y to

y=0 onZXr, (10)

0y =Ay+Ay+ Byvl, inQr,
y(,0) =)0 inQ,

satisfies
v, T)=0 in Q.



1.2. Presentation of the method

In this paragraph, we use hypothesis (4) to transform the controllability problem for system
(6) into a controllability problem for a 2 x 2 non homogeneous system. Let w’ be a nonempty
open subset of Q contained in w. Let (y,V) be a solution to

0y =Ay+Ay+7v1, in Qr,
y=0 onXr, (11)
3,00 =y, 3, T)=0 inQ.

(,v) will be suitably chosen in Section 5. Let us consider p € N and two truncation functions
ne C*(0,T])and 6 € CLZ,(Q) satisfying

0<n<l,

- supp(d) C w,
n=0 in [3T/4,T], —
6 =1onwd.

n() < Cy(T -1y, 1 €10, T],
Let Y be the solution to the system without control which is

0,Y =AY +AY inQrp,
Y=0 onXr,
Y(-,0)=y° in Q.

We search a solution y to (6) such that y(-, T) = 0 in the form
y=00-6y+ndY +F, (13)

where F(x,1t) is to be determined. Since the researched control forces v are acting on w, the
function F can be chosen with support in w X [0, T']. For fixed v, the function y defined by (13)
is a solution to (6) satisfying y(-, T') = 0 if and only if F satisfies

F(G-,00=F(-,T)=0 in w, (14)
0,F —AF —AF —h = (0,0,v)"  ingr,
where
h=-2V0-Vy— (A8)y — (17’8 — nAOY + 2nVEo - VY. (15)

Writing F = (Fy, Fa, F3)T, Fo = (F1, F2)T, Ay = (a;j)1<ij<2, and By = (a13,a23)", we see that
there exists a function v and a function F satisfying (14), with support in w X [0, T], if and only
if there exists a function F5, with

F3(:-,0)=F3(-,T)=0 inw (16)
such that the solution F to

8,Fy = AFy + AgFo + ( m )+ BoFs ingr,
Fo=0 onor := 0w X (0,T), (17)
Fo(-,0)=0 in w,

satisfies
Fo(-,T) =0 in w. (18)
In this case, the corresponding control v for system (1) is given by
v:@,F3—AF3—a31F1—a32F2—a33F3—h3. (19)
6



Remark 3. The decomposition (13) enables us to state that controlling system (6) with one
force consists in controlling the two equations of (17) with the same control force F3. In the
2 x 2 system (17) the control operator is By = (a3, a23)T and then By = aizd + ang: for
¢ = (¢1,¢2)7. To the author knowledge, the existing techniques used to prove observability
inequalities for parabolic systems do not apply for a control operator of this form (even if the
control acts on the whole domain).

In view of Remark 3, we apply a change of variables to transform (17) into a 2 X 2 system
where the control force acts only on one equation. Indeed, hypothesis (4) allows us to consider
the new variables ar

2=Gn) s 2= Fi—2F, 2= F), u=Fs, (20)
3

2
and to rewrite system (17) as

alz:Az+Xz+g+EM in gr,
7=0 onor, (21)
2(,0)=0 in w,

where B = (0,a23)", A = (@)1<ij<2 With

aiaz3—dadz a3

511 =T a0
an= -k @a-a)(3)+2v (i), )
ay = ay,
a‘ — @1d13+and;
n =T,
and . an
g=(g1,8), g1 =h— Ehz, g2 = hy. (23)

Remark 4. As explained before, z; is chosen by the mean of the change of variables (20) so
as to have one control force only. Note that —unlike the localized control force v in (6)— this
control force u acts on the whole domain w where the solution z to (21) evolves. This will be the
key point of the proofs in the following section.

To shorten notation in the sequel, we set

141l = [@11lleo + @21 lleo + [@2]lc0 + oo, (24)
where
det K
Qoo = e2 +|(A+3t)(ﬂ) + V(E)
ays |l a23 /||eo a23 /||e

K is the 3 x 3 Kalman matrix given in Theorem 2 whose determinant is
det K = a3(axna + anaiz) — ax(andaiz + andas).

Note that aj, is not a L® coefficient, but a first order operator in space. We have simplified the
adjoint of the control operator of the 2 X 2 system (17). With the new operator B*¢ = axne, for
¢ = (¢1,¢7)", we are now able to prove the controllability of (21). Rewriting conditions (16),
(18) and (19) with the change of variables (20), we have:

7



Lemma 4. [f there exists a function u € W2(0, T) satisfying
M('9 O) = I/t(', T) = 0, (25)

such that the solution z to (21) satisfies z(-, T) = 0, then there exists a function v € L*(qr) such
that the solution y to (6) satisfies y(:,T) = 0.
Moreover, v can be obtained as

ap3dsg

v=0u—Au—azz - (Clsz + )Zz —azsu — hs, (26)

ass
where h is defined by (15).

Remark 5. For the controllability of system (21) we need that the source term g belongs to an
appropriate space. By the definition of g (see (15) and (23)) this implies some constraints on the
solution (y,v) to (11).

The paper is organized as follows. Sections 2 and 3 concern the proof of Theorem 2. Section
2 is devoted to the proof of an observability inequality for the backward system associated with
(21). In Section 3 we follow the method provided by Lemma 4 to prove Theorem 2: first, we
prove that, under some hypotheses on the solution (y,v) to system (11), the reduced system (21)
is null controllable with control forces u € Lz(qT), and then, we choose a control u belonging to
W2(0, T) (so that v defined by (26) belongs to L*(gr)) and satisfying (25). In section 4, we apply
the decomposition (13) to investigate the null controllability of (1) by two forces and to prove
Theorem 3. Section 5 is devoted to the proof of the existence of a solution (¥,V) to (11) satisfying
the hypotheses required in sections 3 and 4. Some remarks and further results are discussed in
section 6.

2. An observability inequality for the non homogeneous backward system associated with
(21)

As it is usual, we state the controllability of system (21) as a consequence of the observ-
ability of its adjoint system. Let us consider the following non homogeneous backward system
associated with (21):

=0,¢1 = A¢y +an¢ +anga + fi  ingr,

~0,$y = Ay +d,¢1 +ang: + fo ingr,

$p1=¢2=0 onor,

1 T) = ¢, $a2(.T) = 49 in w,
where aj, is the formal adjoint of the operator @;». This section is devoted to the proof of the
following observability result for the solutions to (27).

27

Proposition 5. Under hypotheses of Theorem 2, for every p € N, p > 3, there exists a positive
constant Cy = Co(Ro, ||Alles €, @, p, T) (Where ||A|| is defined in (24) and R in (35)) such that for

every ¢° = (¢, ¢9)" € (L(w))* and every f = (fi, /)7 € (L*(qr))%, the solution ¢ = (¢1, $2)"
to (27) satisfies

SO 202 + f (T - 0’Igf
qr

<G ( f 3T~ 3B o) + f (T—t)prIZ)-

qr q

8



The proof of Proposition 5 is decomposed in two steps (see page 11). In the first step we
establish a weak observability inequality (38) with an observation on the two components of the
solution to system (27). In the second step we remove the first component ¢, as it is estimated
by the second one ¢,. This second step is the key point of the proof of Proposition 5 and it can
be formulated as the following lemma.

Lemma 6. Under hypotheses of Theorem 2, for every p € N, p > 3, there exists a positive
constant C; = C1(|Alleo, c, p, T) such that, for every ¢° € (L*(w))? and every f € (L*(qr))?, the
solution ¢ = (¢, d2)" to (27) satisfies

f (T - P ¢1* < C ( f (T =P ¢r% + f tp(T—t)plflz)- (28)
qr qr qr

Proof. Fix ¢ € (0, 1). To simplify notations, let us consider the function ¢ defined by
‘,D(t) = t(T - t), re [09 T]

All along the proof K = K(||X||m, p.T), K. = KE(IIXIIOO, p, T, €), and the values of those constants
may change from one line to another. Multiplying the second equation of (27) by ¢”¢; and
integrating by parts over gy, we obtain

f‘pp@ﬁbl)‘ﬁl = (P’ "' — @P@11 +an))p1a + 2f¢pv¢1-v¢2
qr qr qr
—f¢p521¢22 - fgo”(fngl + fi¢2). (29)
qr qr

Besides, by the definition of @}, and simple computations, we can prove that

fw”@2¢1)¢1 = f¢p¢1(512¢1)
qr

qr

T
—f 0 U(de;Kw,(@)]qs,zdx]dz. (30)
0 w a23 a23

Recalling hypothesis (5), we deduce from (30) that

Cf ¢’e* <
qr

Now, from (29) and (31) and using ¢’(f) = T — 2t € [T, T] and the inequality ab < ea® + ébz
for every a,b € R* and € > 0, we deduce that

cfso’%mz < 6K(f90p¢12+f so”“lwllz)
qr qr qr
+K, ( f ¢ Ve l* + f e + f ¢prI2)-
qr qr qr

Choosing € such that ¢ — €K > dc, we obtain
5Cf¢p¢12 < er s\ Ne
qr qr

4K, ( f Vs + f o3 + f w”lflz). (32)
qr qr qr
9

. €29

f (@), 1)
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To “control” the variable ¢; by the variable ¢, and the source term f, we have to eliminate the
terms in V¢, and V¢, in the right—hand side of (32). We begin by getting rid of the term in V.
To this end, we multiply the second equation of (27) by ¢”~'¢, and we integrate by parts over

qr:
f "V, - f " 9 Aps
qr qr

f O3 (012 + T1p1 + anapa + f3)

qr

-1, ~
f‘P(‘Pazz—pT‘P )¢” 3¢22+f @' @)
qr qr

+ f ¢ . (33)
qr

By the definition of aj, (see (22)) and integration by parts on w, we can prove that

detK
f@p_1(6712¢2)¢1 = —f¢l)_l(%+(A+aT)(@))¢l¢2

q q 6123 ans

-2 f ¢P“¢2V¢1.V(@).
qar az

< ezam(f 90p¢12+f ¢p+l|V¢1|2)
qr qr
doo (T?
== +1 P73y,
62(4 * )LT¢ ¢2
Combining this inequality with (33) and (32), we obtain
56f P’ < eK(fsop¢12+f wp”lemlz)
qr qr qr
+Ke( f "% + f soplflz).
qr qr

Now we choose e such that ¢ — €K > 6%c, and we deduce from this inequality that

& f oo < K ¢"+'|V¢1|2+KE( f o0, + f ¢”|f|2)- (34)

qr qr qr qr

Thus

f " @)
qr

To eliminate V¢, in the right-hand side of (34), we multiply the first equation of (27) by ¢”*'¢;.
After integrations by parts in g7, we obtain

—~ +1 ’ -~ 2
fs0p+l|V¢1|2= (¢a11—pT¢)90p¢12+fs0p+16121¢1¢2+f901+1f1¢1~
qr qr

qr qr

f ¢P+'|V¢1|zsl<( f oo+ f o0 + f so”lflz).
qr qr 10 qr qr

Hence



Combining this inequality with (34) gives

e f P12 < K f ¢P¢12+Ke( f o s% f <p”|f|2).
qr qr qr qr

For € satisfying 6>c — €K > 6°c, we deduce from this inequality that

K. _
f Sop‘plz < %(f i 3¢22 +f 90p|f|2)-
qr qr qr

This proves the lemma. O
We also recall the energy inequality satisfied by the solutions to (27).

Lemma 7. For every ¢° € (L*(w))? and every f € (L*(qr))?, the solution ¢ to (27) satisfies for
all (t1, 1) € [0, T)? such that t, < t,

5]
2 4Ry (tr— 2 4Ry (T—-
I 2 e < € R DNpEIZ 2,0 + € FT f Ol eyt
I

where
Ry = llapillo + llaille + llazille + llazzlle
1 2 2 2 2
+a (”all”oo +llaslls, + llazills + ||a22||oo)

||al3||4

H(A an| - a” (35)

” al%

Cl23

We do not give the proof of Lemma 7 which is standard.

Proof of Proposition 5. Applying Lemma 7, firstly with 1, = ¢ € [0,T/4], t, = T/4, secondly
withty =T/4,t, =t € [T/4,T/2], we obtain

T/4 T/2
2Ry T
fo IO 2yt < € fT " P2 0

T/2
oL omor f O, . (36)
A X (L)

Since

) T/4 ) 22[) T )
[a=orer <1 [ o0 e+ T [T P10t
qr 0 T/4
we deduce from (36) that

(T - 1)\l

qr

IA

T/2
2RT 2
T7e* f IO, 2,21
T/4
Tp+1 ART T/2
i f WFOIF, s,
0

22p T )
A o R O RS 37



Using the fact that the functions #’(T — 1)” and (T — ¢)” are lower bounded by a positive constant
fort € [T/4,T/2] and ¢ € [0, T /2] respectively, we obtain from (37)

/2
(T - 1/16f < c( [ ra-oers [ar- r)"||f<r>||§ww»zdt), (38)

qr qr

where C = C(Ro, p, T). Combining this inequality with (28), we finally obtain

(T -vlpP* < C ( f 3T - P3¢ +

qr qr

(T - t)”lfl2),

qr
with C = C(Ry, IIAVII‘X,, ¢, p, T). This ends the proof of Proposition 5, recalling that E*(;S = ax
with ays satisfying (4). O

Remark 6. In order to deal with the controllability of non linear systems, it is crucial to know
the explicit dependence on the parameters 7', a and ||a;jllo (i, j = 1,2,3) of the observability
constant Cy in Proposition 5. Analyzing in details the proofs of Lemma 6 and Proposition 5, we
can obtain

Co = exp(«Nr),

where « is a positive constant which depends only on p and ¢, and Ny is given by
“(a)
a3

2
, with Ry as in (35).

1 1
Nr=1+My+ +—+T+MOT+T, 39)

a?

00

where My = Ry — ”V (%)

3. Controllability of (21) and proof of Theorem 2

For the moment, let us assume that the source term g in (21) satisfies

g € (L*(qr.p))% (40)

where
p()=(T -07"?% Vre(,T). 41)

This will be proved in details in section 5.

The aim of the present section is to prove Theorem 2. According to Lemma 4, Theorem 2
will be proved if we construct a regular control u for system (21) which ensures that the control
v for system (6) defined by (26) belongs to L?*(g7). This is the subject of the following result.

Theorem 8. Let assumptions of Theorem 2 hold. Then there exists at least one function u €
Wi(O, T) satisfying (25) and such that the solution z to (21) satisfies z(-, T) = 0.

Before proving this theorem, let us recall the well-known result of existence of regular solu-
tions to the following parabolic system

z=0 onor, 42)

6,z=Az+Zz+f in gr,
2(,0)=0 in w,

whose proof can be obtained using the same method as in [19].
12



Proposition 9. For every f € (L*(qr))>, system (42) admits a unique solution z € (ij(O, 7))?,
which satisfies

CRy
”Z”(WZ(O T))z S ||f||(L2(qT))2s
where C = C(w) > 0 and Rt = (1 + T)(1 + Ry) (with Ry given by (35)).
The proof of Theorem 8 follows the idea developed by Fursikov and Imanuvilov in [15] to
prove the existence of solutions to parabolic equations which exponentially decrease at t = 7.

This method will also be applied in section 4 for the proof of Lemma 13 and in section 5 for the
proof of Theorem 14.

Proof of Theorem 8. Let us introduce the following notation
Lz =0,z - Az — Az, L'¢ = —8,¢ — A — A" 9.

For p € N with p > 8, we consider the weight functions defined for 7 € (0, T') and for k € N* by,

P = (T =) 2, puy= (T + =07

Then the observability inequality of Proposition 5 may be written as

G, OIF 2y + f p‘2|¢|2sco( f Py (B"9) + f p‘2|L*¢|2), 43)
qr qr qr

where Cy = exp(«Ny) with Ny given by (39). All along this proof, C stands for a generic positive

constant depending only on w, p and on the parameter ¢ occurring in hypothesis (5). Let us

consider, for each k € N*, the following minimization problem

B T _1 ~ .2 1 21, 12

{ mlnmznze Zk(u) =3 qu pou’ + 3 qupk|Zu| , (44)
u € L(qr, po),

where z, stands for the solution to (21) associated with u € L?(gr,po). The functional 5: [
Lz(qr,f)o) — R* is clearly differentiable, coercive and strictly convex on Lz(qr,ﬁo). Therefore,
following [20], we deduce that the minimization problem (44) admits a unique solution #; which
is characterized by the following optimality conditions

Lz =g+Bu, ingr, z=0onor, z(,0)=0, 45)
L'y =piz ingr, ¢ =0 onor, ¢(,T)=0, (46)
U = _:5623*¢k' “47)

Using (47) and (46), we can write
~ 1 0= 1 _
Tl = —f Do (B ¢)” + —f o lopal.
2 qr 2 qr

Since p; < p, we can deduce from the observability inequality (43) that

Teu) > —(||¢k< 0)||L2(w», + f 2|¢>k|2). (48)

qr



Besides, the optimality conditions also imply

— 1 — 1 -
NAUD) -= f (B ¢pr)uy — 3 f (01 + Mgy + A Pr)zi

2 qr qr

1 ~ 1 —
) O Buy + 3 f (0hzx — Az — A"Zp) i

qr qr
! )
= = k8-
2 qr
By (48), it follows that
_ Co [=
Tl < > T gl 2 gy 2
Consequently,
_ Co.
Je(uy) < 7”8”(1‘2(‘1“0))2- (49)
Besides, from (40) we have ||g||(2L2 . S T1’||g||(2L2 o By the definition of p, and the estimate
(49), we also have ”E"k”izwﬂ < ||a23||§°% fqrﬁg|uk|2 < ||a23||§OC0||g||(2Lz(qm))2, so that the source term
g + Buy in (45) belongs to (L*(gr))?, with the estimate
llg + Buell? 0 < NlaasllZ Collgll 2, -

From Proposition 9, it follows that the solution z; to (45) belongs to (W2(0, T))?, with the esti-
mate

2 kST 2
”Zk”(W“Z'(O’T))Z S € ”g”(LZ(qT’p))Z? (50)

where S7 = Ry + Ny + |lazs||. From (49) and (50), we deduce the existence of subsequences,
still denoted z; and uy, such that as k — oo, we have

u — u in L*(qr,po),
% — 2 in (W2(0, 7)),
przk = pz - in (L*(gr)*.

Passing to the weak—limit in (45) as k — +co, we see that z is the solution to (21) associated with
u. Since z € (W2(0,T))?, we have z € C([0,T]; (Hé(a)))2). The fact that pz € (L*(gr))* implies
that z(-, T') = 0, since the weight p blows up atz=T.

Note that if u belongs to W2 (0, T), then u necessarily satisfies (25), since u € L*(qr, po) and
po blows up at 7 = 0 and ¢ = T. Consequently, the proof of Theorem 8 will be ended if we prove
that u belongs to W2(0, T). Let us recall that u is given by the weak-limit of w; in L*(gr, po),
where each uy, satisfies the optimality conditions (45)-(47). Let k be fixed. The weight function
o is bounded on g7, so that the solution ¢; = (¢y.1, $1.2) to (46) belongs to (W2(0, T))>?. It follows
that u; € W2(0,T), since we have by (47) uy = —py2ax iz with axs € W3'(gr). The idea is to
prove that u;, weakly converges in W2 (0, T). This will be obtained by proving that the norm of u;
in Wf)(O, T) is bounded from above independently of k. The function y; = ﬁa 2¢, is the solution
to

L'y = py202a — 0@y ingr, =0 onar, (-, T) =0,
14



Using the facts that p > 6 and L . pRlal? < —CZOIIgII(ZL2 o) (given by (49)), we can prove that
TP,

=22 12 CN. 2 1 —2 2 CN: 2 M-

o, Py ol < e T8I 20y 2 The estimate [ 18,(,")¢el* < e TSN 2y 2 follows from the in

equality fq . p il < COIIgII(ZL2 o (obtained by combination of (48) and (49)) and the fact

that p > 8. Therefore, we have ||L*z,//k||(2L2 () < eCNTIIgII(ZL2 r )P Applying the inequality of

Proposition 9 to i, we obtain

2 C(Rr+N, 2
ARz 07 < €“F N8I 2 g

so that for a subsequence we have y; — ¢ in (W2 (0, T))2.~Then, E*wk weakly converges to E*l//
in W2(0,T), since ax; € W5'(gr). Therefore, uy = —p;2 By weakly converges to —p, 2B in
W2(0,T). By the uniqueness of the weak-limit of w; in L*(gr), we obtain u = —5525*1#, and in

particular u € W2(0, T). This ends the proof of Theorem 8. O

4. Application of the method to the controllability by two forces: proof of Theorem 3

In this section we apply the method detailed in section 1.2 to the controllability of system (1)
by two forces. The proof is more straightforward in this case than for the controllability by three
forces. Indeed, if the decomposition (13) defines a solution y to (10) controlled by two forces
v = (vi,v)T, then (14) becomes

{ F(,00=F(-,T)=0 in w,

0,F —AF —AF —h = (0,v;,v»)T  ingr, (1)

where A is given by (15). This leads to the controllability of the equation

F,=0 onor,
Fi(-,00=0 in w,

by two control forces F, and Fj3 satisfying F»(-,0) = F(-,T) = F3(-,0) = F3(,T) = 0 in w.
The two control forces v; and v, associated with y are then expressed functions of F, F; and F3
thanks to (51). For more readability, we set

{ (‘),Fl =AF1+a11F1+h1+a21F2+a31F3 ian,

:=F, w=F, w=F, u=@u,uw), Bu=ayu +au.
The result analogous to Lemma 4 is given below.
Lemma 10. If there exists u € (Wf)(O, T))? satisfying
u(-,0) =u(-,T) =0, (52)
and such that the solution 7 to

0z=Az+ayz+h +Bu ingr,
120 on o, (53)
z2(,0)=0 in w,

satisfies z(-, T) = 0 in w, then system (10) is null controllable by two forces vi and v,. Moreover,

v1 and v, can be obtained as

vy = 0y — Auy — axz — anuy — axus + h,
Vo = Oty — Ay — az12 — azuy — azzus + hs.

15



The method provided by Lemma 10 to prove Theorem 3 is similar to that provided by Lemma
4 to prove Theorem 2: first, we state that system (53) is controllable by two forces u = (u1, uy)” €
(L?(qr))?, then we construct some forces u satisfying (52) and belonging to (W2 (0, T))>.

Let us consider, for p € N, p > 1, the following weight function
po() = (T = 1)~ D"2,

Proposition 11. Let us assume that hypothesis (9) is satisfied. Then there exists u € (L*(gr, po))’
such that the solution z to (53) satisfies z(-, T) = 0 in w.

By the definition of B, it is easy to prove that Proposition 11 is true if we replace u €
(L*(gr,p0))* by u € (L*(qr))?, since the source term h; belongs to L?(gr). But we need to
construct control forces u which satisfy (52) and belong to (W2(0, T))?. This is the reason why
we introduce the weight functions p and py, where p is given by (41). It will be proved in section
5 that we can assume /; belonging to L?(Qr,p). As a consequence, Proposition 11 follows by
standard duality arguments from the following observability result.

Lemma 12. Under hypothesis (9), for every p € N, p > 1, there exists k = k(p) > 0 such that,
for every ¢° € L*(w) and every f € L*(qr), the solution ¢ to the backward system

—6,¢=A¢+a11¢+f il’qu,
¢=0 onor,

¢(T) = ¢° in w,

satisfies

f p‘%ZSeKNT( f P’ 1B I + f p‘zfz),
qr qr qr

where N = 4 + (1 + T)(1 + llanll).

We do not give the proof of this result which can be obtained by straightforward computations.
Note that the proof is simpler than that of Proposition 5, because it concerns only one equation.
In general, there is no difficulty to prove the observability inequality when the number of controls
in the forward system is greater that the number of equations, a fortiori when the control forces
act on the whole domain. _

Now, we apply the arguments of the proof of Theorem 8, with 7 replaced with

1 1
T - (L2(qr,p0)? = R, Tilw) = 5 f p3|u|2+5 f P2z
qr qr

to obtain the following result.

Lemma 13. Ifa;; and a3 belong to W;;Z(qT), then there exists u € (W2(0,T))? satisfying (52)
such that the solution z to (53) satisfies z(-, T) = 0 in w.

In view of Lemma 10, Lemma 13 gives the proof of Theorem 3.

5. Construction of y’

The aim of this section is to prove that we can construct a solution (y,v) to (11) such that the
source terms g in (21) and A, in (53) respectively belong to (L*(gr, p))* and L*(gr, p), where p is
defined by (41).

16



5.1. Statement of the results
The following result states the controllability of (1) with three forces and the existence of
solutions which exponentially decrease att = T'.

Theorem 14 (Controllability by three forces, B = L). If y° € (L*(Q))’ then there exists a
functionv € (L*(gr))* such that the solution’y to

0y =Ay+Ay+vl, inQr,
_’y\: 0 on ZT, (54)
3, 0) =" inQ,
satisfies
Y-, T)=0inQ,
and

selelorenl ) welrfonen()

Corollary 15. For every p € N, the function h defined by (15) belongs to (L*(qr,p))°, where p
is given by (41).

Proof. By the definition of &, we have
f PP < 1611, o ( f P (VI + 1) + f o’ PIY?
qr qr

qr
+ f Pl (VY1 + |Y|2)). (55)
qr

From Theorem 14 and the definition of p, we deduce thaty satisfies in particular

f P2 (VP + D) < +o0.

qr
Besides, the definitions of 7 (see (12)) and p imply that

fq P IPAVYP +1YP) < C, fq (IVYP +1YP) < GyllY Iy oy < 0.
T T

Finally, using that ’(f) = O for t € (0,7 /4) and t € (37 /4,T), we have

5 5 ) ) 3T /4 |Y|2
P PIYE < Il f P
L/‘ C([0,T]) /4 (T _ t)p

< il (_4 )”f [Y]> < +0c0
= Ml .
cawm\3r) J,
By (55), this implies that fq . P?|h)> < oo, which completes the proof of Corollary 15. O

Since 22 is bounded in g7 (according to hypothesis (4)), we deduce from Corollary 15 the fol-

. axn
lowing result.

Corollary 16. For every p € N, the function g defined by (23) belongs to (L*(qr,p))°.

To prove Theorem 14 we still apply the method developed by Fursikov and Imanuvilov in
[15]. We also refer to [11] for a similar proof. As for the proofs of Theorem 8 and Lemma 13,
the main idea is to state an observability inequality for the backward system associated with (54).
This is the goal of the next section.

17



5.2. An observability inequality for the backward system associated with (54)

The main point is to establish a weighted observability estimate without singularity at # = 0 in
the weights. First, we prove a global Carleman estimate for the solutions to the non homogeneous
backward system associated with (54):

¢=0 onXr, (56)

-09=Ap+A'¢+ [ inQr,
{ ¢, T) = ¢° in Q.

Let us first recall the global Carleman inequality satisfied by the solutions to the backward heat
equation.

Lemma 17 (Carleman inequality). There exist a positive function By € CX(Q), wo positive
constants Cy = Co(Q, w) and ¢y = co(Q, w) such that for every ¢° € L*(Q), every f € L*(Qr)
and every s > sy := co(T + T?) the solution to

0,0 =Ap+f inQr,
¢p=0 onXxr,
¢, T) =¢° in Q,

satisfies

fQ”e—ZSﬁ' [(S)’)_4 ((8t¢)2 + (A¢)2) + (S)/)_2|V¢|2 + ¢2]

< CO (f e—ZSﬂ(S,}/)—3f2 + f e—2sﬁ¢2] ,
T e

T

where 3 and y denote the functions B(x,t) = f;(ft)) (for (x,t) € Qr) and y(t) = ﬁ (for t €
0,7)).

The proof of Lemma 17 can be found in [14]. However, in [14] the author does not spec-
ify the dependence of the parameter sy on 7. This explicit dependence has been obtained in
[12]. Applying Lemma 17 to each equation of system (56) and summing the three Carleman
inequalities obtained, we can easily prove the following Carleman inequality for the solutions to
(56).

Lemma 18. Let 6 € (0,1). For every ¢0 € (L2(Q))? and every f € (LX(Q7))? the solution ¢ to
(56) satisfies

fg P[5y (19,07 +1867) + () *190F + 1o
< % (f e sy I +f e_zxﬁw)’
r qr

T?( 4C, \'3
525 :=max(so,7(6(1_06)) ||A||Z.f3), (57)

for all

where Cy and s are given by Lemma 17.
18



We deduce from the Carleman estimate of Lemma 18 the following weighted observability
estimate.

Lemma 19. Let s > s (51 given by (57)). There exists a positive constant C = C(Q, w, T, ||A|lc, )
such that for every ¢ e (L*(Q))? and every f € (L*(Q7))? the solution ¢ to (56) satisfies

fQ e [ (1088 +180P) + (T 2VE +19F

SC( f e 2B ()P + f e‘235|¢|2),
T qr

where the functions E and 7y are defined by

~ t

Blx, 1) = ZBx. 0, () = ty(@).

Remark 7. From Lemma 19 to the end of this section, both parameters s and 7" are fixed and
the constant C in the statement of Lemma 19 depends of these parameters.

Proof. Let i be a function in C*([0,T]) such that n = 1in [0,T/4], n = O in [3T/4,T] and
0<np<land ()| < co/T in [0,T] (co being a positive constant independent of 7). Let ¢
be the solution to (56) associated with ¢° and f. Then the function ¥(x,?) = n(H)$(x, t) is the

solution to
-0y =Ay+AY+g inQr,
=0 onZXr,
v, T)=0 in Q,

where g = nf—1'¢ € (L>(Qr))>. In this proof, C stands for a generic positive constant depending
only on Q, w, T, ||All and s, and k denotes a positive constant depending only on w and Q. The
values of those constants may change from one line to another. Applying (3) to ¢ and using the
definition of g and 7, we have

3T /4
2 M 2 2 2
Ry 01y < @8I, g sc( fQ e [ )
3T/4

T/4

From the definition of 8, we have ¢ 2% > ¢~ 165ollo/T* for t € [T/4,3T /4], so that the above
inequality implies that

2 2 —25B) 412
AR 207y < C( f P+ f 2P| ) (58)
Os1/4 T
Since the weights ¢2% and 7‘3 are lower bounded for ¢ € [0,37 /4], we have
f P <C f 2Py IfP. (59)
Osr/4 Q3174

The integral term | or e 2P|¢|? in (58) can be estimated by applying Lemma 18:

f e_zs'B [(S)/)_4 (lat¢|2 + |A¢|2) + (s,y)_2|v¢|2 + |¢|2]
’ 19



sk( f e (sy) NP + f e-zsﬁ|¢|2)
T qr

sK('ﬁ f 2B (sy) P+ f e‘”ﬁw), (60)
Or qr

7] —_— ~1 ~1 . . .
since e72% = 72T > ¢=2 and y~! = - > 1 for every 1 € [0, T]. This implies that

f e-2sﬁ|¢|2sk(r3 f ()P + f e_2¢|¢|2)_ (61)
T Or 4qr

Combining (58), (59) and (61), we obtain

”ll,”(zWé(O )y <C (f e’ZSﬁ(s‘,y‘)73|f|2 + f 82s,8|¢|2) .
’ Or qr

On the other hand, by the definitions of E and y, we have

2 2
||w||(W§22(07T))% Z ||¢||(W(22(0,T/4))3

> K fQ P (100 +1A0F) + (7)2IVo +10P]

T/4

where

exp(2s ming Bo/ T2
C 1+ $2T2 4 $ATH
Adding the last two inequalities, we have

fQ R[5 (10,07 +1808) + () VG + 1o

T/4

sc( f e 2B (sy) P + f e-2°‘ﬁ|¢|2). (62)
Or qr

For the estimation of e~2% [(sﬁf')“‘ (|a,¢|2 + |A¢|2) + (s7)2|Vol* + |¢|2] on [T/4,T], remark that
for (x,t) € QX [T/4,T] we have

e—ZsE(x,t) < eSsIWUHm/T2e—2sﬁ(x,r)’ ’77(1‘)—1 < %)’(l)_l,

which implies that

T —
[ [ (008 + 1807 + (57190 + 10F]

/4
T

<C f e [y (100 + 180) + (s) IV + 9P|
T/4

Combining this inequality with (60), we deduce that

T —
f L (577 (19:61 + 1A0P) + (57) IVl + I67]
T

<C ( f 2P (sy) NP + f e‘z"ﬁlcblz).
Or 20 qr



Adding this inequality with (62) gives the inequality announced in the statement of Lemma
19. O

From now on, let us choose

1 2
2 ( 4C 3 3
s = 5o+ T (55%5) IA1S, (63)

so that s > 1, with 59 and s; given by Lemma 17 and (57) respectively. In what follows, we will

use the notation: _
B

Pl = e POl D) =Pl (T = %,

Analyzing the different steps in the proof of Lemma 19, we can obtain the following estimate of
the constant C for this particular choice of s:

C = eKPT,
where k = k(w, Q) > 0 and Py is defined in the following proposition.

Proposition 20. There exists k = k(w, Q) > 0 such that, for every ¢° € (L>(Q))* and every
f € (L*(Qr))’, the solution ¢ to (56) satisfies the inequality

G, O 2 s < € ( f Vi f %W), (64)

T qr
with 1
Pr=1+ 2 + 1A + T(1+ 1Al + 1412°).

Proof. Lemma 19 applied to ¢ with s defined by (63) gives

f;z e_st I:(sﬁ/}?)—ll (lat¢|2 + |A¢|2) + (s",y')_2|v¢|2 + |¢|2]

< e ( f PR + f 502|¢|2), (65)
T qr

By the definitions of B and 7, the weights e 2P and (sy)~! are uniformly bounded from below on
Qr_s by a positive constant, so that (65) implies

C; fQ (18,67 + 1A0F + V4P +16P) < ( [ 7w | @‘2|¢|2),
T-6 T qr

2sllBglloo

withCs = e ™1 min(l, §7262, s’454), for every 6 € (0, T). The last inequality reads also

eKPT . .
[P 7( f P+ f Po 2|¢|2). (66)
ar g T qr

Using the continuous embedding (see, for instance, [10, chap. VIII])

W (0. T = 6) € C([0, T — 51 Hy(Q)),

we deduce from (66) the inequality

eC, Ol oy < €7 ( f PSP+ f ,56_2|¢|2),

Or qr
which yields (64). O]
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5.3. Proof of Theorem 14

The construction of v and y can be done in a similar way to that of u and z in Theorem 8,
the only difference being in the definition of the functional ¥;. Instead of 7, we consider the
functional I : (L*(gr,p0))° — R, defined by

1 s —
L) = 5 f po v + f v,
qr T

where y, denotes the solution to (54) associated with v and

sB(x)
T(T + 1/k— 1)

Similar arguments to those in the proof of Theorem 8 (in particular the use of observability

inequality (64)) give the existence of a functionv € (L?(g7, po))®, with M7 i S TR 20

(Pr defined in Proposition 20), such that the solution y to (54) associated with V satisfies y €

(W20, 1), 5 € (LA(Qr.p)° With [P, s < & INIEs 5 and 3, T) = 0 in (LA@Q))°. In

particular, it follows from the definition of p (see (41)) that

se(eforenl ).

Nx3
The only point remaining is to prove that Vy € (L2<QT, exp(ﬁ))] . Multiplying scalarly the

IO exp( )(T +1/k—1732, Yt e [0,T].

equation of y by p(-, )*(T — 1)*> (-, f) and integrating on [0, 7], we obtain

fQ FT -2 V5P = fQ BT - 025 (A5) + f P - 1°5%

qr

—% f (T = 1)* 9, (67)

Fromy € (L*(Qr,p))’ and the definition of p, we deduce that lim,_,7 p>(-, )T — t)*[y(-,H)]> = 0
in (L?(Q)), so that, integrating by parts on [0, T] in the last term of (67), we obtain

f P -2 VP = fQ T - 1P TAT) + f FT - 1'57

qr
T (-
5 f AL, 00 [y o
Q
1
+3 f 8@ (T = )T (68)
T
It is clear that
f PH(T =1’V (AY) < T*JIAll f P71 < & INOIE 2 -
Or Or
Besides, by the definition of p and pg, we also have

f (T -1y = | (T-0"ppoyv
qr qr

IA

1/2 2 2
r (|M|<L2<qrﬁ)>>3 + W'(L?(QT@P)
kP711.,0112
e ||y ||(L2(Q))3’ (69)
22
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and
2 [ = 210702 —1_251Bolleo/ T 12,012 Pri0)12
T fg e, 07 P < TP O L o< e PrIyOR 0 e (70)

with By given in Lemma 17. Consequently, it remains to bound the last term in (68). Since
8,%(T — 1) = ﬁZ(T — 1+ 2380(x)/T), we can write

25l1Bolls
2 2 2 2
f AFT - < (7+ =561, g,

S eKPT ||y0”(2L2(Q))3 . (71)

Combining (68)—(71), we finally obtain
f ;0\2(T - t)2 |v)7|2 S eKPTHyO”?LZ(Q))S’
T

which ensures that
1 Nx3
e (lonen (7))

by the definition of p. This completes the poof of Theorem 14.

6. Comments and further results

6.1. Controllability of n X n parabolic systems by one force.

In a forthcoming paper, we will deal with the null controllability of system (1) in the case
n >3 (thatis A = (a;j)1<ijen € (L¥(Qr))™" and B = (0,0,0,---,0, T € R™), using the same
approach as for the proof of Theorem 2 and working by induction.

6.2. The nonlinear case.

The knowledge of the dependence of the observability constant Cy (see Proposition 5 and
Remark 6) with respect to the coefficients of A is needed to study the controllability to trajectories
of systems like

0y =Ay+F(Qy) +Byvl, inQr,
y=0 onXxr, (72)
y(,0) =y° inQ,

with a nonlinearity F : R? — R®. The next step of our study is to perform a Kakutani fixed-point
argument on a linearized system of (72) to deduce a local controllability result for the solutions
to (72).

6.3. The case of distinct diffusion coefficients.

The problem of the controllability to trajectories for (72) is derived from the study of the
controllability to trajectories of the following system which models the therapy for brain tumors

0y = DAy + F(y) + Byvl, in Qr,
0,y=0 on X7, (73)
y(" O) = yo in Q.
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In this system 8,y = (9,y1,0,y2,0,y3)7 stands for the normal derivative of y = (y;,y2,y3)7, D is
a diagonal matrix given by D = diag(d,, d», d3) with d; > 0 (i = 1,2, 3) and the non linearity F is
defined by
any181y1) — (@12y2 + a13y3)y1
F(y) =| a2y28(n2) — (@1y1 + asy3)y2 |,
—@33y3

where either g;(y;) = 1, either g;(y;) = 1 — y;/k; or g;(y;) = In(k;/y;), with k; > O fori = 1,2 (see
[9] for more details). As for system (72), the study of the controllability to trajectories for (73)
begins with the study of the null controllability of the following linear system

0y = DAy + Ay + Byvl, in Qr,
ﬁvy =0 on 27‘, (74)
¥, 0) =" inQ,

where A is a 3 x 3 matrix with coefficients a;; belonging to L*(Qr). Applying the decomposition
(13) where Y is the solution to (74) with v = 0 and (y,V) is a solution to

8y = DAY + Ay + V1, in Qr,
dy=0 on Xy,
30 =),  J.T)=0 inQ,

for an open subset wy C w of Q, we obtain, after the change of variables (20), the new system
posed in gr

071 = d1Azy +E]121 + (6‘12 + 2d1V(%) -V + (d] - dz)%A)Zz + g1,
B,Zz =d)Az +521Z1 +52222 + &2 + axu,

8,z1=0,2=0 onor,
721(0) = 2,0 =0 inw,

with
detK
Cio =~ + (A - a»(“ﬁ),
a3 a3
K being given in Theorem 2. The new coefficient:
G = e + 24,V (@) Y+ (dy — dy) A (75)
a3 a3

is a second order operator in space (compare with the corresponding coefficient in the case d; =
d> = 1 we have considered in the previous sections).

Actually, the starting point of the proof of Lemma 6 is the inequality (31) which is a conse-
quence of the following property: for almost every ¢ €]0, T[, a;2(:, t) satisfies

J ¥ @it 0p) dx = [ @, Coppdxzc [ y?dx, Yy € Hi(w),
or (76)
J,v@nC. o dx < —c [ v*dx, V€ Hy(w).

An inspection of the proof of our main result shows that the assumption (5) was only needed in
the proof of Lemma 6 to establish (76) and so (31). Consequently, the assumption (5) in Theorem
2 can be replaced by the assumption (76). Now, taking into account the diffusion coefficients d;,
i =1,2,3, in the proof of Lemma 6, we get the following result.
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Theorem 21. Let us assume that a3, dy; € Wi;1 (gr) and that there exist two positive constants
a and ¢ such that
laxs| = @ in gr

and for almost every t €0, T|, either

f Y@ ) dx > ¢ f W dx, Yy € Hw) N Hj (),
or

fll/@z(',t)l//) dx < —Cflﬂz dx, ¥y € H(w) N H; (),

where iy is defined in (75). Then for every Y° € (L*(Q))3, there exists at least one function
v € L*(gr) such that the solution y to (74) satisfies

y(-,T)=0 in Q.

Proof. The proof is similar to that of Theorem 2, the main step being the proof of Lemma 6.
Consequently, we only point out the differences that appear in the proof of Lemma 6 when we
consider the diffusion coeflicients d;, i = 1,2, 3. First, note that (32) is still true because in (29)
we only have to change the integral term 2 fq . PV, - Vo, into (d; + dy) fq . ¢’V - Vo, where
(41, ¢2) is now the solution to the following backward system

=091 = diAdy +ay ¢y + axy + fi in gr,
0192 = daAg, + aj,$1 +ang + o ingr,
$r=¢2=0 onor,
¢1('7 T) = ¢07 ¢2('9 T) = ¢g in w.
The main difference consists in the estimate of V¢,. Indeed, in (33) the term fq . ©P 1|V has

to be changed in d, fq ’ ©P~ 1|V, |? and the term fq ¢’ ~l(@12¢7)¢; is now given by the formula

detK
f¢p_](512¢2)¢1 = _fwp_l(%Jr(a’erzA)(ai))m(ﬁz

(77)

q q as; ans
~2d, f ¢1’1¢2V¢1~V(@)
qr ans
+(d) — dy) f ) Ay (78)
qr az

Therefore, we need an estimate on A¢; with respect to ¢; and V¢,. This estimate is obtained by
multiplying the first equation of (77) by ¢”*>A¢;. In fact, we have

f ¢P+Z(A¢1>Zsc( f oo + f SV + f o2 4 f so””ff).
qr qr qr qr qr

Combining this inequality with (78), we obtain for € > 0 small enough

f@p_1@12¢2)¢1 SeC(f 90p¢12+f ¢p+l|V¢1|2)+Ce(f ¢p_4¢22+f 90p+2f12)'
qr qr qr qr

qr
The new estimate on fq ’ P~ 1|V, |? follows from the last inequality. Finally, the elimination of

[V | is obtained as in Lemma 6. This leads to an inequality similar to (28) but with the weight
t"~4(T — t)P~* instead of t"~3(T — )3 in front of ¢,°. O
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