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Stability of Piecewise Affine Systems with State-Dependent Delay,
and Application to Congestion Control

Christophe Fiter, Emilia Fridman

Abstract— In this work, we consider the exponential stability
of piecewise affine systems with time- and state-dependent
delay, and delayed-state-dependent switching. The stability
analysis is based on the use of Lyapunov-Krasovskii functionals,
and is divided into two parts. First, global stability conditions
are proposed in the case of systems with (state-independent)
time-varying delay. Then, local stability conditions are derived
in the case of systems with time- and state-dependent delay. In
the latter case, estimations of the domain of attraction are also
proposed. The theoretical results are applied to the congestion
control problem, which can be modelled by such systems.

I. INTRODUCTION

Systems with state-dependent delay appear in different ap-
plications, such as biological systems, metal rolling systems,
or communication networks [14], [23]. Compared to systems
with time-varying delay, they bring new challenges since
their state-dependency creates nonlinearities even in the case
of linear systems with delay.

These systems have drawn a lot of attention recently
especially because of their applications in fluid flow models
of communication networks [10], [1], [16], [17], [2], [5].
However, most of these works ignore the state-dependency
of the delay: in most of these approaches, the delay is con-
sidered constant, and local stability conditions are provided,
without any information on the domain of attraction. In [16],
it was shown that ignoring the varying part (i.e. the state-
dependent part) of the delay may lead to conservative results
or, worse, to false stability results.

Although some works concerning the stability analysis
or the stabilization of systems with state-dependent delay
exist ([23], [20], [7], [24], [3]), to our knowledge, none
has yet concerned the problem of congestion control of
communication networks.

In the present work, we want to provide tools to guarantee
the local stability of systems with state-dependent delay and
provide estimations of the domain of attraction that could be
used for congestion control.

We consider a model of communication network that
has been introduced in [1]. In this model, data sent via a
computer network is represented by a fluid, and the case of
a single bottleneck router is considered. The buffer of the
router is modeled as a bucket of infinite capacity which is
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filled with the fluid with a variable rate. This variable rate
represents the rate at which the data source sends its data
to the destination. The fluid flows out of the bucket at the
constant rate 1 which corresponds to the service rate of the
router. The rate at which the data is injected into the network
is controlled at the source. Then, if the clock is placed at the
entrance of the router’s buffer, the dynamics of the amount
of data in the buffer y(¢) can be described by the following
system:

- d) 2 y(t) > 07
y(t)/p—d) —pu}, y(t) =0,

1)
where z(t) is the sending rate of the data source, and d is a
propagation delay.

Denoting x1(t) = y(t) — yq and z2(t) = z(t) — p, with yg4
the desired amount of data in the router’s buffer, and using
the approach presented in [2], it is possible to embed the
system (1) into the following switched system:

{ i1 (t) = w2(t — (21(t) + ya) /1 — d),
i (t) = u(t),
for z1(t) > —yaq or x2(t — (x1(t) + ya)/n —d) > 0,

{ &1(t) = —1(t) — ya,
(1) = ut),
for z1(t) < —yq and zo(t — (21 (t) + ya)/p — d) < (22)
This representation motivates us to analyse the stability
of congestion control with tools adapted from works about
piecewise affine systems such as [12], [8], [13], or [18].
However, the state dependency of the delay, as well as the
delayed-state dependency of the switching law constitute new
challenges.
The contribution of this work is twofold:

y(t)

{ ottt
(1) = ul),

1) We introduce a generic stability analysis for piecewise
affine systems with both a state-dependent delay and a
delayed-state-dependent switching law;

2) We provide new stability tools for the congestion control
problem which take into account the state-dependency
of the delay.

The paper is organized as follows. First, in Section II,
we present the class of systems that will be considered
throughout the paper, and we formulate the objectives. Then,
in Sections III and IV, we present the stability analysis in
the case of time-varying delay, and in the case of time- and
state-dependent delay respectively. Finally, the application of
the theoretical results to the problem of congestion control
is presented in Section V, before concluding in Section VI.



Notations: R"*™ is the set of real n X m matrices.
P > 0pxpn (resp. P > 0,x,) means that the symmetric
matrix P € R™ " is positive (resp. positive definite). S,,, S,
and S;* denote respectively the set of symmetric, symmetric
positive, and symmetric positive definite real n X n matrices.
The set of symmetric real n X n matrices with nonnegative
entries is called SP,,. The largest (resp. lowest) eigenvalue
of a matrix M € S, is denoted Apax (M) (resp. Amin(M)).
rank(M) represents the rank of a matrix M € R™*™, and
Ker(M) its kernel. The symmetric elements of a symmetric
matrix are written as *. col{zi,---,z,} represents the
vector composed of vectors z, -, xp. The boundary
(resp. the closure) of a subset X of R™ is denoted bd(X)
(resp. cl(X)). The vector inequality z > 0,,x1 means that
each entry of the vector z € R" is nonnegative. Ogx, (resp.
Onxo or Opxo) denotes the empty matrix from R%*™ (resp.
R"™*0 or R9%9), ||z denotes the Euclidean norm of = € R",
while ||z||z, for a given matrix L = Oy, € R™*™, denotes
the seminorm (or norm if L > 0,,x,) VaT Lz. The space of
functions ¢ : [—h, 0] — R™ which are absolutely continuous
on [—h,0), have a finite limg_,o- ¢(#), and have square
integrable first-order derivatives, is denoted by WV with the

1 Idas] .
0 € [—h,0]), and

norm [|¢llyy = maxge[p,0o) [|o(0)] +
We also denote z;(0) = z(t + 0)
(0) = z(t +0) (0 € [-h,0]).

II. PROBLEM STATEMENT

We consider the piecewise affine system with a time- and
state-dependent delay and delayed-state-dependent switching

() = Ajz(t) + Ag,z(t — 7(t, z(t))) + b;, for GE(t) € X;,
3)

z(t) )))], matrices A;,

[a:(t —7(t, z(t
Ag,, b; of appropriate dimensions, a matrix G € R"¢*2",
and a covering {X; };cz of the space R™¢ into a finite num-
ber of (possibly unbounded) polyhedral cells with pairwise
disjoint interiors. Without loss of generality, it is considered
that ng < 2n and rank(G) = ng.

We denote Zp = {i € Z | Opx1 € cl(Xy)}, and Jo =
{’L el | b, = Onxl}-

The objective of the present work is to find conditions
that guarantee the local exponential stability of the origin of
system (3), for a given decay-rate, and to provide an under-
approximation of its domain of attraction. To this aim, we
make the following assumptions.

Assumption 1:

The system is linear, or piecewise linear around the origin:
b; = 0,,%1 for any ¢ € Zp (i.e. Zg C Jo).

Assumption 2:

The delay is lower-bounded and positive: there exists a scalar
ho > 0 such that

with z(t) € R", {(t) =

vVt >0, Ve € R", 7(t,z) > ho > 0. 4)

Assumption 3:
The variations of the delay are norm-state-bounded in a
neighbourhood of the origin: there exist scalars ¢ > 0 and

r > 0, a reference delay at the origin 79 > hg, and matrices
L and ¥ € S} such that

Vi >0,z € R", |zl <1 = |7(t,2)—70] < c+|z]§-
(&)

Assumption 1 ensures that the system’s origin is an
equilibrium, while Assumptions 2 and 3 extend the classic
assumptions in the case of constant or time-varying delay, to
the more general case of time- and state-dependent delay. For
simplicity, no assumption is made regarding the derivative of
the delay.

The stability analysis in the next sections will be divided
into two main parts. First, in Section III, we will consider
the case of bounded time-varying delay and provide global
exponential stability conditions. Then, in Section IV, we will
consider the case of time- and state-dependent delay, and
derive local exponential stability conditions, as well as under-
approximations of the domain of attraction.

III. STABILITY ANALYSIS IN THE CASE OF
TIME-VARYING DELAY

In this section, we consider the case of piecewise affine
systems with bounded time-varying (but state-independent)
delay. Before starting the stability analysis, we need to go
through some technical preliminaries.

A. Technical preliminaries

Following the approach introduced in [12] and [8], and
further developped in more recent studies [21], [13], or [18],
the stability analysis in this work is based on a Lyapunov
function with a piecewise quadratic part.

Unlike in the works cited previously however, here the
switching occurs not only depending on the state x(¢), but
also on the delayed state x(t — 7(¢, z(t))), since it is linked
to the position of G¢(t) in the space R™S. This brings a new
difficulty to the stability analysis. Indeed, in order to be able
to guarantee the continuity of the Lyapunov function at the
switching instants, the existing approaches require the use
of a piecewise quadratic part that is based on the extended
state £(t) which is used in the switching law:

T
However in that case, it is clear that the derivative of V
contains the derivative of the delay % (7(t,2(t))), which is
unknown and potentially unbounded.

In order to deal with this issue, the approach we propose
consists in designing a switching law for the Lyapunov
function, that is independent of the delayed state, by using
a piecewise quadratic part of the form

Vo(t) = [xgt)r P, {xﬂ , for all G'z(t) € X';, i € T,

with a matrix G’ € R™¢’*™ and a covering {X'; }iez of
the space R™¢’ into a finite number of (possibly unbounded)



polyhedral cells, designed to satisfy

V(z,y) € R" x R", Vi € T, G[ } €cX; = Gze X',

x
Y
(6)
1) Design of suitable matrix G' and polyhedral cells X';:
Let us first rewrite GG as [Gl Gg] , with matrices G; and Go
in R"¢*™ G, represents the part of the system’s switching
law that involves the non-delayed state x(t), while G5 repre-
sents the part that involves the delayed state = (¢t —7(t, z(t))).
Let (Xj)je{1, . ,ne—rank(Gs)} be a basis of Ker(G3), and
AT
design G’ = Gi.
T

ng —.rank(Gg) . .
Let us now consider the orthogonal projection from the

space generated by G¢ (i.e. R"¢) to the space generated by
G'z (i.e. R™¢") defined as:

p : R"¢ — R"¢
A
z:G{x}'—mo(z): D z2=G
Y \T
negr

Then, if we design the polyhedral cells X’; in the space R"¢’
as the image of the polyhedral cells X; in the space RS by
the orthographic projection p, it is clear by construction that
the relation (6) is satisfied.

Such a construction is presented for the congestion control
problem (Section V), in Figures 1 and 2.

2) Introduction of some notions and notations: First, we
introduce some elements that will be used to relax the LMI
stability conditions, as in the framework of [12].

Since the cells defining the covering of R are polyhedra,
we can construct matrices E; = [E; e;], with E; €
R"E: *"G and e; € R™F:, such that

E; {G;{] > Onp, x1, for GE € X;, i € 1. @)
It is assumed that the matrices F; are designed such that
e; = OnEiX1 for all 7 € Jy.

Similarly, we can construct matrices E’; = [E! e'i},
with E/i € R™"5:*"¢" and 6/1' € R™ &, with 6/1' = OnE/‘ x1
for all 7 € 779 U Jy, such that '

!
o {Glx
with the notation Z'g = {i € Z | Op, x1 € cl(X';)}.

We also introduce some elements that will be used to en-
sure the continuity of the Lyapunov function at the switching
instants, as in the framework of [8]. An important difference
here is that the cells X’; that we designed previously are not
necessarily of disjoint interiors.

We denote N’; the cells whose interior is not disjoint with
the interior of X’;, and AN’; the cells whose boundary share
a common facet with the boundary of the cell X’;. Such
a facet between the boundaries of the cells X’; and X';
(with ¢ € Z and j € N;), is contained in the hyperplan
{z € R"" | c’;fg-z —d';; = 0}, where ¢/;; € R"¢" and

} > 0n,, x1, for Gz e X', i€,

d'i; € R. Following [8], we use a parametric description of
these hyperplans of R"c’:

bd(X';) Nbd(X';) C{l'sj + Fijs | s € R" 71} (8)

for all i € Z and j € N’;, where F’;; € R x(ner—1)
is a full rank matrix whose columns span the null space
of c’iTj (they can be designed following the Gram-Schmidt
process for example), and I’;; € R’ is given by I';; =

10T =1 g
cij (¢ i) d.

B. Main stability conditions

Theorem 1: Consider scalars hg < h; < hy and a > 0.
If there exist P € S;’{*, S1, S, Ry, Ry € S;’{, Sip € R™*™,
P, € S”G” W, € S]P)nE/,’ U, € SP”EI’ q; € R™c’, and
ri €R, fori € Z (g =0y, x1 and r; = 0 if i € T U Jo),

satisfying the LMIs [R2 512 = O2n.x2n,»
* R2

ATH
Q11 -‘rGTEiTUiEiG Q12 s Azl;H

vl H ) ]
* Qoo Qag Onxn = 0(5n+1) x (5n+1)
By * Qa3 Onxn
* * * —H
ST 5 0 P ©)
G/ (Pz — E/i WiE/i)G/ > O(n+1)><(n+1), (10)
for all ¢ € Z, as well as the equality constraints
T
F'3 (P = P F'ij = O(ng—1)x (ngyr 1) (11a)
r T
F'oi(Pi—= P)lij 4+ F'3(6 — ) = O(ngi—1yx1,  (11b)

V(P = POy +2(a; — q5) i + (ri — ;) = 0, (11c)

foralli € Z, j € N'; (i <j),

P,=P;, foralli€Z, jeN'; (i <})), (11d)
with the notations
/
G= |:01an O"cl;“} , G = |:0161<n Oncll“] ’
= L TJ’ fh = My ALG a4
* * (25313)

lell) = A?Pl + PZAZ +2aP; + 51 — e—2aﬁ1 Rl,
Q) = pib + ATG " g + 206" g,

95212) = 672%2(_21%2 + S12 + 5%5),

95.313) = b?G/TQi + C];FCTVII)Z + 2ar;,

_672(”31 Ry ) Onxn
Dz = |e 22 (Ry — §1p)T | s s = | ™" (Ry — S12) | 5
01><7L 01><n

Qgg = e_2aﬁl (Sg — Sl — Rl) — e_zaﬁzRg,
Qoz = 72972515 Qg3 = —e 2272 (Ry 4 5),
Pi=P+G PG, H=HhR + (hs—h1)*Rs,  (12)

then the origin of system (3) with state-independent time-
varying delay 7(¢t) = 7(t,z(t)) in [hq, ha] is globally
exponentially stable with a decay rate a.



Proof: Consider the switched Lyapunov-Krasovskii
functional (LKF)

V(t) &2V (t,as, @) = Vo(t) + Vi(t), (13)

with

Vo(t) Pz (t), for G'x(t) € X'y, i € T,

(14a)

£ Vi(a(t) = a"

2 4Ry
Vi(t) & Vi(t, ot 24) Z/ 2"‘(‘("7“gvT(s)Skm(s)ds
k—1’t hy,

) ,
+ > (b — hi1) / / 2237 () Ry, ir(s)dsd6,
p—t —hy, t+6

(14b)
where Z(t) = col{z(t), 1}, ho = 0, and
_ _ o _po e _
P=P+GaTBG =P G4 wimp= | O"“}.
* 5 * 0

The condition (10) (along with P € S7*) ensures the
positive definiteness of Vy (and thus of V, since Si, Sa,
Ry, and Ry € Sj{), while the conditions (11) guarantee its
continuity at the switching instants.

Furthermore, it is clear that since ¢; = Op, x1 and r; =0
when i € 7' (i.e. in a neighbourhood of the origin), then one
can design scalars 6; > 0 and &2 > 0 such that &; ||z(t)|* <
V(t) < 82|23y, and therefore global exponential stability
with a decay rate o will be guaranteed if V () +2a'V (t) < 0
for all ¢t > 0.

By computing V( )+ 2aV (t) and by using some classic
upper-bounds such as Jensen’s inequality ([6], Appendix B)
and the convex approach from [19], we can show that

Q1 Q12 Q3
7TT(t) * QQQ 923 7T(t)

* * Q33
7)) + bi] T H[Aiz(t) + Ag,z(t — 7(1)) + bi],

(15)

with the notations in (12), and w(t) = col{z(t),z(t —
7(t)),1,x(t — h1),xz(t — h2)}. Further using the Schur
complement ([4], Section 2.1) and the S-procedure ([4],
Section 2.6.3), we can show that LMI (9) guarantees that
V(t) +2aV(t) <0 for all GE(t) € X; and i € T. [ ]

IV. REGIONAL STABILITY IN THE CASE OF
STATE-DEPENDENT DELAY

V(t) +2aV(t) <

+[A1I(t) =+ Adiw(t —

Now that the case of systems with time-varying delay
has been treated, we will start to study the case of systems
with time-and state-dependent delay. Note that unlike in the
time-varying case, here, the state dependency in the delay
introduces a nonlinearity in the system. Therefore, we may
only be able to guarantee local stability.

If the state = belongs to a neighbourhood of the origin,
then, thanks to Assumptions 2 and 3, it is possible to find
bounds h; and hy on the delay:

7(t,z) € [h1, ha]. (16)

Because of the symmetry in (5) with respect to 79, we can
design such bounds as

h1 = max(ho, 70 — 1), he =10+, (17)

for some scalar n > ¢ which represents the upper-bound on
the difference between 7(t, ) and the delay of reference at
the origin 7g.

Now, let us consider a neighbourhood of the origin in the
form of an ellipsoid defined by

X3(P) = {z e R" | 27 Pz < B},

for some matrix P € S;}* and scalar 3 > 0. We have the
following property.

Lemma 2: Consider 7 > ¢, hy and hy defined in (17),
B> 0, and P € S;'*. Under Assumptions 2 and 3, if there
exist scalars y; > 0 and 72 > 0 satisfying the LMIs

(18)

—L Opx1 —P Opx1
n [ * 1>< ] B { * ﬁx } Z Ony1)x(ntr), (193)

-V On><1 .| — -P On><1 -0
T2 (n—co)* * B8 | = (n+1)x(n+1)>
(19b)

then for any t > 0 and = € X5(P), 7(t,z) € [h1, hal.
Proof: Consider a scalar ¢ > 0. The S-procedure ([4],
Section 2.6.3) ensures that if there exists a scalar v; > 0 such
that (19a) is satisfied, then 27 Lz < 1 for all z € X3(P)
(i.e. such that 27 Px < f3), and thus ||z||z < 1. Then, using
Assumption 3, one shows that |7(¢,z) — 70| < ¢+ ||z||% for
any z € Xg(P).
Let us now analyse the terms hy — 7(t,#) and 7(t, ) — by
using this property. One can show that ho — 7(t, ) > ho —
70 — ¢ — ||z||y = n — ¢ — ||z||}, which is positive for any
x € Xg(P) according to (19b) and the S-procedure. For the
second term, two cases may occur. If 7 > 79 — hg, then hi =
ho and 7(t,x) — hy is positive according to Assumption 2.
Otherwise, with a similar analysis as with the first term, one
shows that 7(¢,x) —hy > 70— hy—c— ||z||} = n—c—||z||%,
which has been proved to be positive for any = € Xg(P).
Therefore, for any ¢t > 0 and = € X3(P), 7(t,z) € [h1, ha).
|

A. Main results

Theorem 3: Consider a parameter 1 > ¢ and a scalar o >
0. Consider hy = 0, and h; and ho designed in (17). Under
Assumptions 2 and 3, if there exist parameters satisfying
the conditions of Theorem 1 and scalars v; > 0, v2 > 0,
B > 0, such that the LMIs (19) are satisfied, then the origin
of system (3) is locally exponentially stable with a decay
rate . Furthermore, an under-approximation of the domain
of attraction is provided by

Dw={peW|V(0,6,9¢) <5},

with V' the Lyapunov-Krasovskii functional defined in (13).
In the case of constant initial conditions ¢ € W (i.e. such
that ¢(t) = x¢ for all ¢ € [~ha, 0]), an under-approximation
of the domain of attraction can be written explicitly as

D= U ({,TO eR" | GISCQ S Xll}
i€l

T (1)
frvem i 3] n[1] <a}).

(20)



with )
) T
Bi _ Pz + ]; HSkSk G qi 7 (22)
* T
and 2ah 2ah
e “Nk—1 _ a—2ahg
ks, = : (23)

Proof: Theorem 1 guarant%gs that the system is stable
and converges towards the origin with a decay rate « if
7(t) £ 7(t,x(t)) € [h1,ho] for all t > 0. Considering the
LKF V defined in (13), we find that if the initial conditions
¢ € W of the system are such that V (0, ¢, ¢) = V(0) < 3,
then 27 (0)Px(0) < V(0) < B, and thus 7(0) € [hy, hal,
according to Lemma 2. Then, according to the analysis
from the time-varying delay case, one gets 27 (t)Pz(t) <
V(t) < V(0) < B, and thus 7(t) € [hq, ho], for all t > 0,
which proves the local exponential stability with a domain
of attraction containing the under-approximation Dy, .

In the case of constant initiaTl condition, simple computations
show that V(0) = 1(10) B; x(10) , with B; defined in
(22), and it is clear that V' (0) < 8 if z(0) € D. ]

Theorem 3 provides an under-approximation of the domain
of attraction in the general case (Dyy), and in the particular
case of constant initial conditions (D), which arises often
in practice. The approach can be adapted to other kinds of
initial conditions, such as discontinuous ones for example
(see [15)).

Remark 1: One can obtain good estimates of the domain
of attraction D (in the case of constant initial conditions) by
using a linear search on the scalar 7, and convex optimization
algorithms similar to the ones used in [9], [11] and [22].

V. APPLICATION TO CONGESTION CONTROL

A. System description

We consider the fluid flow model of communication net-
work (1), with a linear controller

u(t) = —k1(y(t) — ya) — k2(2(t) — p).

Using a similar approach to the one presented in the

introduction, and denoting x1(t) = y(t) — yq and x2(t) =

z(t) — u, we embed (1) and (24) in the switched system (3),
with

2(t) = [xl(t)} €R? G = [1 00 0} , T =1{1,2,3},

(24)

2o (t) 00 0 1

H(t, (1)) 2 r(2(t)) = max <w +d d> ,

polyhedral cells presented in Figure 1 and defined by

X1 ={G&(t) | 21(t) < —ya and z(t — 7(¢, z(1))) < 0},
X = {G&(t) | 21(t) < —ya and z(t — 7(¢, z(t))) = 0},
Xz ={G&(t) | 21(t) > —ya},

and system matrices

—1 0 0 0
Al = A2 = |:_k1 _k2:| ) A3 = |:—I€1 _k2:| ;

0 0 0 1
Ad1 - |:0 0:|7 Ad2 _Ad'g - |:O 0:|7

- 0
- [ - ]

The parameters from the polyhedral covering of R"¢ are
designed as:

_|-1 0 _|-1 0 | Ooxz2 if yg >0,
El—{o —1}’E2—{0 1]’E3—{[1 0] if ya =0,

— — 0 if yqg > 0,
ﬁ_{oyd],ez_{oyd],eg_{ ox1 if ya

[O} if yg =0,
and the parameters from the polyhedral covering of R"™¢’
(which are presented in Figure 2) are chosen as:
G' =110],
X'1=Xs={Gz(t) | 21(t) < —ya},
X's ={G'z(t) | z1(t) > —ya},

E\=Ey=[-1], E's = { Oox1 if ya > O,

[1] if yqa =0,
o ro_ o Oox1 if ya > 0,
el_[yd]ueQ_[ydLe?)_{[o] lfyd:O,
U'1g =123 =[—ya], F'13 = F'23 = 01x0.

Finally, the parameters related to the delay (in Assump-
tions 2 and 3) are set as

Ya L0
hg=d, 9=>—=4+d, c=0, r=1, ¥ = |~ .
1 * 0

Since the condition |7 (¢, z) — 79| < ¢+ ||z||} in Assump-
tion 3 is satisfied for all ¢t > 0 and = € R"™, the matrix L in
(5) can be taken arbitrarily. In that case, fixing L = %P helps
reducing the complexity, since the LMI (19a) in Lemma 2
becomes automatically satisfied with v; = .

4 xo(t — 7(t))
X,

—yg z1(t)

Xy

Fig. 1. Delay-dependent regions on which the system’s switching law is
defined, in the space R™G generated by G&(t)

X=X
1 2 —yq

Fig. 2. Delay-free regions on which the switching law of the Lyapunov
function’s matrices is defined, in the space R™G’ generated by G’z (t)



B. Results

For the congestion control problem, in addition to the
system’s stability, we need to verify that the amount of
data in the buffer y(t) = 21(t) + ya > 0 and that the
sending rate of the data source z(t) = zo(t) + p > 0.
The first condition is guaranteed by the system’s dynamics,
while the second can be enforced by imposing the positively
invariant set X3(P) to be restricted to the half plane H =

{x — [””1} €ER? | zo > —u}, by adding the LMI condition

T
uB 0 =8
0 ) 2

For our simulations, we have chosen a desired decay rate
a = 0.01, and system parameters d = 0.8, u =4, yq = 0.2,
and kl = ]{2 =1.

The local stability conditions from Theorem 3 (with ad-
ditional LMI (25)) have solutions for any n € [c,n*
0.161]. Using a linear search on 7 and a convex optimization
algorithm (see remark 1), we can therefore obtain an under-
approximation D of the domain of attraction, as well as the
associated positive-invariant set X3(P). These two domains,
as well as simulation results, are shown in Figure 3.

0.4r

0.2r

D
AN

0.2 0.4 0.6 0.8

Fig. 3. Estimation D of the domain of attraction, ellipsoid X;g(P), and
evolution of the system’s state

VI. CONCLUSION

We have proposed a novel stability analysis for piecewise
affine systems with time- and state-dependent delay, and
delayed-state-dependent switching. The approach is based on
a Lyapunov-Krasovskii functional with piecewise quadratic
terms that allows for obtaining exponential stability condi-
tions under the form of LMIs. The case of (possibly fast)
time-varying delay is treated, before considering the case
of time- and state-dependent delay. In that latter case, the
stability domain is approximated by a union of ellipsoids,
whose volume can be enlarged thanks to a linear optimiza-
tion problem. An application to congestion control is then
presented.
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