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On the Cauchy problem for dispersive equations
with nonlinear terms involving high derivatives
and with arbitrarily large initial data

Thierry COLIN*

Centre de Mathématiques et Leurs Applications
Ecole Normale Supérieure de Cachan
61 Avenue du Président Wilson
94235 CACHAN Cedex, France

Abstract
The aim of this article is to study the Cauchy problem for general
nonlinear dispersive equations involving derivatives in the nonlinearity.
The use of some decay properties of the linear part allows us to address
the case of arbitrarily large initial data.

1 Hypotheses and statement of the result

1.1 The evolution equation

The goal of this work is to study the Cauchy problem for equations of the form

iug + Lu = F(u), (1)

where u : IR X IR" — €' and L is a linear (pseudo -) differential operator of
order m with real valued symbol denoted by {(£), and F'is a nonlinear, possibly
nonlocal operator. We will only consider the case where the linear part of (1)
is dispersive, i.e. [(§) # C&. Actually, we will address cases where the linear
group e satisfies some “decay” properties, see Section 1.2 below.

The nonlinear term in (1) will be of the following form :

Flu) = 3 £5(3(u),

where £; is a pseudo-differential operator with constant coefficients of order
l; and f; : € — € is smooth in the following sense: f;(u1 + tu2) = g;(u1, us),
with g; € C"(IR*, IR?).

*This work was partially supported by the Ministere de la Recherche et de la Technologie,
France, Contrat N° 90S0315



1.2 Hypotheses

In what follows, we denote by H® and W#? the Sobolev spaces H*(IR") and
WeP(IR"). We write now precisely our hypotheses on £;, f; and L :

e (H1) we suppose that there exists m > 2, such that e'** = Wy(¢), which is a
group on every Sobolev space H*(IR"), satisfies : for every 0 < 0 < % (in
the case where n = 1, we impose 0 < § < 1), denoting by (¢, p) the pair
(%, ﬁ) and by (¢/,p’) the conjugate exponents, we have the following
estimates, for every T € IR,

(H1) -1 [Wo(t)u < M(|T)uol 2,

0|L‘1(0;T;W%"(m_2)’p)
(H1) —2 |/ Wo(t—7)g(-;7 )dT|LqOTW2n(m 2p) = M(|T|)|9|Lq’(0;T;LP’)v

(H1) -3 |/ Wo(t = 7)g(5 7)dT| Lo (0y1;12) < M(|T|)|Q|Lq (0;T;LP" )

where M is a non decreasing function from IR" into IR".

e (H2) The second hypothesis is on the operators £; (we denote by E] their
symbols) :

IDL,(6)] < C(1+ gDl with 1, < T

2
and |a| < [g] 1

Remark 1 : Thanks to Hormander’s multiplier’s Theorem (see Torchinsky
[11]), it is clear that £;(I — A)7™%/2 maps L into LP continuously for all
1 < p < 0o. We will use this fact without notice in the course of the proof of
Theorem 1.

We now denote by | = max;—;

e (H3) The third hypothesis is on the nonlinearity :

ds > 0,05 >0and 0 < 0 < % (in the case where n = 1, we impose

0 <6 <1) such that

|15 (@lssrsr < Clulgs [ulywsies,
|fj(u)— fi)lper < C(lulgs + vl7)|u — vl s,
Wlthk—n =2 g=1-— and —i—ﬁ,fl.

With the previous hypotheses and notations, our main result reads as fol-
lows.



Theorem 1

e Under (H1), (H2), (H3), ifuy € H?® then (1) has an unique mazimal solu-
tion on [0; T (ug)[ in C([0; T (uo)[; H®). Moreover u € L(0;t; W*Hs8) for

2 1 1
—=n(z— =), Vt<T(up).
q n(2 ﬁ>7 (U‘O)
e u(t) depends continuously on uy in the following sense : if ugy — ug in
H?®, then VT < T(uyp), if n is sufficiently large u"(t) exist on a common
interval [0;T) and u™(t) — u(t) in C([0;T); H*) N LI(0; T; Wh+s5),

Remark 2 : Tt is well known that for some equations T'(ug) < 400, (even
for semilinear equations with F(u) = —|u|?u and L = A) see for example
Glassey [3].

1.3 Comments on (H1), (H2), and (H3)

In [4] Kenig, Ponce and Vega prove that if the symbol of L is an elliptic
polynomial, or if it is tensorial, then L satisfies (H1).

In section 2 below, we show that if the functions f; are C" with » > [k] 41 and
if there exists o; > n(m871_2) such that

Va with |a| <r, [(D*f;)(u)] < Ca,j|u|0j+1_|a|a (2)

then f; satisfies (H3).

The estimate (2) means that f; and its derivatives behave like a power of u,
so that Theorem 1 applies.

For example, we have :

Theorem 2 The problem

iug + (—A)'u = 57:1 alej(]u\"ju),
u(x;0) = up(7),

41

with | = maxl; < a—1,0; > wlaT) 1s locally well-posed in H® for s >
1 2l

nilz — n(a—1)o

} with 0 = maxo;.

Some results on the Cauchy problem for dispersive equations are available
in the litterature; in [5], Kenig, Ponce, Vega prove that %;‘ + 0, (uF) + Oy3u = 0
is locally well posed in H® for s depending on k. In dimension n > 2, they show
in [6] that Oyu = iAu + P(u; Pyu; @; V,u) where P is a complex polynomial
is well posed in some weighted Sobolev spaces for small initial data. There
exists another result (Klainerman-Ponce [7]) for iu; — Au = F(u; Vu) in IR"
for small initial data in H®, s > 7 + 2 under restrictive hypotheses on the form
of F.



The difference with our work is that we do not impose to the initial data
to be small, and we work in the spaces H*(IR") which are the natural spaces
corresponding to the linear part. Actually, our results are more restrictive on
the nonlinearity since we consider general situations, and therefore, we do not
have a large variety of estimates on the linear group, as it is the case for the
Airy equation which is the linear part of the KdV equation [5].

We can compare our results with the work of J.C. Saut [9]. He proves that
Qu 4 S0 O [f(t,w) + L(x;u)] = g(a;t) is well posed, where L is an elliptic
operator and f(¢,u) a polynomial in v which maximal degree depends on L.
The method used in our paper gives a slightly different result. Indeed, the
degree of f is not limited, but we replace % by a pseudo-differential operator
whose order is limited by that of L. Moreover our result holds for non elliptic
operators as long as they satisfy (H1).

2 Examples of nonlinearities satisfying (H3)

Suppose that for » > [k] + 1, f; is C" and that there exists
0; > Maz(-L,r — 1) such that

n(m—2)’

Yo with |a| <7 then |Df;(u)| < Cyj|ulo 100
We have :

Proposition 1 : If u € WP N L% then fi(u) € W5 with % =21 4+ %
J
for +00> B3 >1,2; > 1 and

’fj(u)‘WS-Hyﬂ’ S C|u|%2j |U|Ws+l,6,

This kind of inequality is essentially due to Y. Meyer [8] for the case z; =
+00. Christ and Weinstein in [2] prove a related result :

|DF (u)|zr < C|F'(w)|e| DL

1 1 1
- =+ -, O<a<landu: IR — IR.

p q T
We give the proof of Proposition 1 in the Appendix.

Now we prove that f; satisfies (H3).
Let 0 = Maxo;, take 6 given by | = W (recall that | = Maxl;) and z
given by 0 = 7.
Choose z; such that Z—j = Zie z; = “2 < z. And since we impose the condition
oj > n(m8722), we have z; > 2.
We now choose s such that H® < L* and since 2 < z; < 2z, H® < L* so that
the proposition implies that (H3) is satisfied. The application of this fact and

of Theorem 1 prove Theorem 2.



3 Proof of Theorem 1

First we transform (1) :

{ iy + Lu =30 Li(f;(w)),
u(z;0) = ug(x),

into the equivalent integral equation (we shall prove later on that they are
equivalent, see Section 3.4 below).

(INT) T (u) = Wy(t)up — z'/ot Wo(t — s)(z Li(fi(w))(s))ds = u(t).

J=1

3.1 Some estimates on 7 (u) :

Lemma 1 7 (u) satisfies

a) ’T(U)|L°°(O;T;HS)QLQ(O;T;W’““@

< Ci(1+ M(|T1)) |uo

p
ws + CoM(ITNT (3 [ul Tho o)) |l Looiwironsy
j=1
and

p
b) [T () = T ()| oorszey < CsMUTNT (3 [l fo o7:100)

j=1
+|U|z{>°(0;T;HS))|u - UIL‘J(O;T;LB)a

1 1
whereé=—/——>0.
q q

Proof : a) In order to estimate 7 (u) in L>°(0;T; H®) N L4(0; T; W) we
need to estimate two terms :
i) The linear term Wy (t)uy :

(Wo(t)uolus = |uolu (3)
since Wy (t) is unitary in H*.
[Wo(t)uolwrsss < CIWo(8)(I — D) 2ug|ynes,
but since k = W by (H1) -1, we have

‘W0<t)u0|LLZ(O;T;W’°v+S»B) S OM(|T|)|(I — A)S/2U0|L2 = C|’LLO

e (4)



Then (3) and (4) lead to

[Wo(t) ol Lo 0,1, 1) La0,rwhrssy < C1(1 4+ M(|T]))

ii) The nonlinear term f§ Wo(t — s) X-0_; L;(f;(w))(s)ds :
We estimate each term separately :

J | Jo Wolt — )L, f5(w)(s)ds]| oo or;0)
<C| /Ot Wo(t — s)(I — A)*2L;(f3(w))ds| L orsr2),

< OM(TDIT = A)2L5(f;(w)) | o ooy

by (H]')_Sa
< CMUTDIF ) et

by (H2). So that

t
|/0 Wo(t — 8)L; f;(u)(s)ds|Le(or;ms) < CM(TNT || Toe 0,110 [0 Lagoimwsss)
(6)

by (H3) and Hélder’s inequality with respect to time.

e On the other hand :

[ Wt = )25 ) (8)dsl a0

t
< C| /0 Wg(t — S)([ — A)S/ij(u)d8|LlI(O;T;W}“+lj’Bi)

by (H2),
< CM(|1 ~ /
— <| D|fj<u>’Lq/(0,T, s,ﬁj)

by (H1)-2 since k + 1 < 272

t
| [ Woalt=5)5(55 (@) (5)dslaoirvisnsy < OMATT [l [l s o aw-si
(1)

by (H3) and Hdlder’s inequality with respect to time; (5), (6) and (7) together
give the estimate of the a) of Lemma 1.

b) T (w) = T(v)|Laqorirey = | /Ot Wo(t — s) iﬁj(fj(u) — [i(0))ds| Lo, re)

< CM(IT)) Y 1fi(u) = fi(0)| e 0rinery

Jj=1



by(H1)-2,

p
< CM(|T|)T° Z |u|zjo<>(o;T;Hs) + |U|zjoo(o;T;Hs))|“ = V| LaoiiL)
Jj=1

by (H3) and Holder’s inequality with respect to time.
The proof of Lemma 1 is complete. [ |

3.2 Existence and uniqueness

Now we fix T} > 0 and we consider R’ = C|ug
constant appearing in a) of Lemma 1).

HS(]. =+ M(|T1|)), (Ol iS the

Proposition 2 Let R > R/, if T is sufficiently small, then T maps the ball of
radius R in L>(0;T; H*) N LY(0; T; W*Hs8) in itself and it is a contraction in
the norm of L4(0;T; LP).

Proof:
e Indeed by a) of Lemma 1, if T < T} then

p
T imorromisioravirs < B+ CoM (TN (Y R)R
j=1

It follows that if 7" is sufficiently small,

|T(U) ‘L°°(O;T;HS)ﬂLq(O;T;W’H'Svﬁ) <R.

e b) of Lemma 2 gives :

p
|T(U) - T('U)‘Lq((];T;Lﬁ) < C3M(’T|)T62 Z R \u - 'U|Lq(O;T;LB).
j=1

We take T' such that CsM (|T)T°23)_, R% < 1/2, thereby proving the propo-
sition. |

Now we remark that a ball in L>(0; T'; H$)NL4(0; T; Wst%P) is complete for
the norm of L4(0; T'; L?). Hence the contraction principle gives a local solution
o (INT). Since T depends only on R which in its turn depends only on |ug|gs,
the existence time of the maximal solution depends only on |u|ys i.e. :
if T'(up) (= the existence time of the maximal solution) is finite then

li t
i |u(t)

Hs = +00.
Now if u, v are two solutions to (INT) in C([0;7]; H®) then
VT < T07 |U - U|Lq(O;T;L5) = ’T<U’) - T(U>|LQ(O;T;LB)7
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p
S CSM(|T|)T6(Z |U|ZJ°°(O;T;H5) + |U|ZJ°°(O;T;H5))|U - /U|Lq(0;T;Lﬁ)
7j=1

by Lemma 1 b).
Therefore taking 71" sufficiently small :

lu— U|Lq(o;T;Lﬁ) <1/2fu— Uqu(O;T;LB)
and u = v on [0; T], thereby proving local uniqueness. [
We have proved :

Proposition 3 For all ug € H®, there exists a unique mazximal solution u to
(INT) in C([0; T (uo)[; H®). Moreover ¥t < T(ug), u € L9(0;t; Wrts5),

3.3 Continuous dependence with respect to the initial
data

Let ug € H® and ug € H® with uf — uo in H°. We note

Talo(t)) = Wltug — i [ Wot =) 3 £(f(0))ds).

Jj=1

We call u"(t) the solution to :
(INT), To(v) = v.

Proposition 4 Let T' < T(uy), if n is sufficiently large, then the solutions to
(INT),, exist on [0;T] and u, — u in C(0;T; H®) N L9(0; T; Wkts5),

Proof : By standard arguments, it is sufficient to prove a local version.

Now the calculations of section 3.2 show that there exists T > 0 depending
only on |ug|ys such that the (7,) are contraction in the ball of radius R in
L>(0; T; H?) N L4(0; T; W#t%8) for the norm of LI(0; T; LP); the rate of con-
traction being 1/2. The continuous dependence of the fixed point follows by
standard arguments. ]

3.4 Equivalence between the integral equation and the
partial differential equation

In order to finish the proof of Theorem 1, we need to show :

Proposition 5 Let u € C([0;T]; H®),
u satisfies (1) if and only if u satisfies (INT).



Proof : Let u € C([0;T); H®), then f;(u) € L* — H~* by (H3), so that by
(H2) £,(f;(u)) € H-

Next we need :

Lemma 2 i) if ug € H* then Wy(t)uo € C([0;T]; H*) N CY([0; T); H*™™) and

0
z&(Wo(t)u(J) + L(Wy(t)ug) = 0,
Wo(0)ug = up.

i) If f € LY(0;T; H*) then

Af = —i/ot Wo(t — 8) f(s)ds € C([0: T], H*) A AC((0: T]; H*™)

and 9
i
O+ Lan =1,
AF(0) = 0.
i) if v, f € L'(0; T; H*) satisfy
wy + Lv = f,

then v(0) € H*™™ exists and

v = Wo(t)o(0) — z'/ot Wolt — s) f(s)ds.

These are classic tools for unitary operators and we shall omit the proof of
these results. Now since £;(f;(u)) € H=*~" and u € C([0;T]; H®), Proposition
5 follows from Lemma 2.

The proof of Theorem 1 is now complete. [ |

Appendix
The aim of this Appendix is to prove the following theorem :

Theorem 3 Let s > 0, F € C"(IR?) with r > [s] 4+ 1. Suppose that 3o > r — 1
such that V; with |j| <,

|DIF(§)] < Cl¢lHHl, e e IR,

Then :
|F(u)|W5’3 S C1|,Ivt Zz /LL|[/V'S,p7
with
1 1
i:€+*,l<ﬂ,p<oo7
B 2z p
1 <2z< 4o



In [8], Y. Meyer shows that if F' € C>®°(IR?) with F(0) = 0 and u € WP N
L then F(u) € W*P. We shall extend his proof to the case W*? N L*, and
we derive the inequality of Theorem 3.

Proof : We take a radial nonincreasing function ¢ € D(IR") such that ¢(§) =
1 for [£] < 1/2 and p(§) = 0 if || > 1. We denote by Sk(f) = fx the partial
sum defined by :

S0 = e,
and by Ag(f) the dyadic block : Ag(f) = Sk+1(f) — Sk(f), i.e.
AP = w5 F with 9(8) = o(5) — 0(6).

The spectrum of Ag(f) is inclued in Ty = {£ € ]Rn/% < |€] < 2.2} and
f=50f)+Bo(f) + -+ Ar(f) + -

We recall the characterization of WP = {f € S'/(1—-A)*/2f € [P} for 1 <
p < oco. Then f € W*P if and only if So(f) € L and (X725 4%| A f|*)V/? € LP.
Moreover ||So(f)||re + (2520 4% Ap(£)1?) 3| | e and ||(I — A)Y2f]|» are two
equivalent norms on W*P.
We first we have :

Lemma 3 3C independent of k and f such that :

Ya € N™ 0% fi|r < C2M| £ s,

é’qu|Ak(f)|LP < 30 10%AR(f)]er < C2% Ak ()],

loa|=¢g
1 <p< 4o0.

Proof : For 1 < p < oo, it is the application of Hormander’s Multiplier’s
Theorem. For the case p = oo, see Alinhac - Gérard [1]. ]

Proof of the Theorem :
We write

F= () + 3 A

and

FU) = FUD + Y F () ~ FUL

We estimate each term :
i) The term F(foy) :
*|F(fo)l < C|fo]”*", Lemma 3 implies | fo|r» < C|f|1s and | folz= < C|f]r,
so that
[F(fo)les < Clfol7=folre- (8)

10



* We estimate now :

F(fo)= > (9F)(fo)0" fo-- 0" fo with |a| < [s + 1].

Y+ tve=a

Then by Lemma 3, |07 fo|r» < C|fo|r» and for i > 1,[0% fylr- < C|folr=,
so that
0% F (fo)les < ClfIZ:|flew, V] < [s +1]. (9)
With (8) and (9) we obtain
|F(fo)lwss < Clf|7:1 . (10)
i1) The terms F(fri1) — F(fx) :

F(fir1) = F(fi) = De(f) Jo F'(fi + tAK(f))dt = Ar(f)my,
e We first suppose that the spectrum of my(z)Ag(f)(z) is 1nclude in {|¢] <

100.2%} and we consider hio(2) = ma(2) A (f)(2).
Let o(z) = (35, 471 8;(%s hk>|2>1/2

Lemma 4

lo(2)| s < O|( ka (@) A (f)[745) 2| s

Proof : See Meyer [8].
To continue, we need

Lemma 5 For any f,
VIN| <o+ 1,|0Ymy ()| < CIM(f) ()72,
where M(f) is the mazimal function of f.
The proof of Lemma 5 depends on
Lemma 6 Let ¢ € S and p.(z) = (%), then
sup|(f = ) ()] < CM(f)(@),
for fe P, 1<p<+4oo.

For the proof of Lemma 6, see Stein [10] p. 62-64.
We can now prove Lemma 5 :

0¥ mi() <C 32 (DY) (f)[0™ fil -+ 10% i
it Fag=N

and by Lemma 6, |fi.(z)| < CM(f)(z);

moreover

0% fi(w) = %*(g%(fk)f),

= 2k (e ).

We apply Lemma 6 again with the function S71((5)%¢(%)); we obtain

0% fi.(x)] < C2l4k*CM(f)(x) and Lemma 5 follows. n

11



Now

jo(@)]1s < CLM(f)(@)|7 (3 |A(f)P45) 12 s,

k

lo(2)[Ls < CIM(f)(@)[Z: S lwss- (11)

e General case : we decompose my(x) with the following partition of 1 :

T () S S s
— 7 \1o002x ) T & Pii00.2tm

i.e. mep(x) = qr(z) + Yoo Prm().
The spectrum of g is inclued in {|¢| < 1002*}, so that the proof of the
preceding case applies to g and thanks to (11)

|ZQk Dlwss < CIFIT:Nflwse. (12)

Now the spectrum of P, is inclued in the ring

1
{ Oozkm < €] < 2.100.25Fm},

We define 1, = 3125 Prn(2)Ax(f)(x). The spectrum of Py, Ag(f) is in-
clued in the ring {£522F™ < |¢| < 3.100.25+™}, these rings taken 5 by 5 are
disjoint and we can apply the Littlewood - Paley theory on

Sr(x) = Z Pk,mAk(f) :

k€5ﬂv—|—r

We estimate

1/2
Sulwes = I (mer D)4 m>) ™

k

but

Ponlw) = [ €#S(o S m(€)de

We introduce a partition of unity on the sphere S" 1, (x,)

p=1.
SUppPXp, & # 0. We extend x,, into R"/{0} by x,(§) = (%)
Let N = [s] 4+ 1, we obtain

n, such that on

p=1
> | e e (g )& RO e,
p=1 P :
n_9—(k+m)N . 9 (k+m)N ¢ 8@% ¢
- 1100/@ “100=a— [ ) gy (Ee(3gg 46
p= p P

12



since X, is homogeneous of degre 0,

n 2—(k‘+m)N B w § Om
T 1<(?N"p)(mo o)) * axNk‘
p=1 P : P
So that N g
m m
Pln(@)] £ 32 %M )@
.Tp
by lemma 6.
It follows that
2—(I<:+m)N BN
[P ()] < CF— o= M(M(f)(2)[)2
by lemma 5,
< C27NM(IM(f)(2)]7).
So that
|Splwss < [M(|M(f ZIAk )[P4ke) /2o mm NI,
< O fI7:| Flwr27 ™02,

We obtain |l,|yss < C27"N=5| £|9.| flws» and the serie 3, [,, converges
normaly in W*?, with

1> lnlwss < CLAZ:N flwes. (13)

(10), (12) and (13) together lead to the estimate of Theorem 3. n
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