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On the standing waves solutions to a nonlocal,
nonlinear Schrodinger equation occuring in
plasma Physics

T. Colin*
Centre de Mathématiques et leurs Applications,
ENS Cachan et CNRS,

61 avenue du Président Wilson,
94235 Cachan Cedex, France.

Abstract

In this work, our goal is to study the standing waves solutions to
some generalization of the following system.

igr + Ap = —div(|VY|* V),
Ay = ¢.

We shall prove the existence of standing waves, solution to this equa-
tions and provide some stability results.

*This work was partially supported by a grant from the Ministére de la Recherche et
de la Technologie, France, Contrat no 90S0315.
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1 Introduction and statement of the results.

1.1 Introduction.

In a previous work ([4]), we study the Cauchy problem for the following
familly of system:

iy + X510 arze s = —div(| V|7 Vi)
A = ¢ (1)
¢($, O) = ¢0($)7

where ay; = ay, are real constants, the matrix (ay;) being nonsingular and
o> 0.

These systems are generalizations of the following ones which occures in
Plasma Physics (see [6]).



Ap = ¢.

If ¢ is a solution of (1), one can show that the following quantities are
invariants of the motion:

{¢¢V+A¢=—dwOV¢PV¢% (2)

m(t) = /R V() Pde = m(0), 3)
0= G ATE - Ve = B0, ()
R 2 8:1:1 o+2 ’

where ¢ is the following hermitian form:

3
u) = Z Qg UpU;.

k=1

Indeed, multiplying the first equation of (1) by 1 leads, after integration,
to:

0% 0% o2
_Z/v% V¢+/akl8$kaxl 0x;0x; /|V¢| - (5)

But [ ag ag?g{ﬂ_ 85kgxl is real, indeed an integration by parts gives:

P P Py 9
M Oa:02; 010y M Oa;02, Oxr0T;

Hence, taking the imaginary part of (5) leads to:

1%/V%V&:O

and we obtain (3). On the other hand, multiplying the first equation of
(1) by 9 and using the same method, we arrive at (with the summation
convention):

Pih
axk(‘?xl 89518:102

_i/th-v'&t‘i‘/akl :/|V¢|0V¢-V¢t~ (6)



But:

% Py P 0%y
wt axz&rz 8xk8xl n akl aZL‘Za’El 8xk8m,’
therefore,
Re( [ a R ATI 1/da Oy
kl@xiaxi Orpox,” 2 dt kl@xﬁxi 0,01
2dt/z 8:1:'1
Since

Re/|w|0vzp Vi) = (0 +2)% /|v¢|<f+2

we now obtain (4) using (6).

Let us recall the results that we have obtained concerning the Cauchy
problem in [4].
We introduce

H={yecL°nCy(R*),Vy € H'},
endowed with the norm ||V|| 4.

Theorem 1. Let 0 < o < 4.
xLet 1y € H, then there exists an unique mazimal solution on [0, T ()]

¢ € C([O, T(¢0)[7 H) to:

{ (V) + L(VY) = V(=A) " div(|Vy| V)
¥(x,0) = Po()

*Moreover, ¢ = Ay € L"(0,t, L7+?) with 2 =+ J—+2 = % forallt <T.
xThe function 1 is a solution to:

i¢r + Lo = —div(|[VY|7Vi))
Vi =o
¢(2,0) = do(x)

and if 0 < o < 3, it is the only solution in C([0,T], H).

« The solution 1 depends continuously on vy in C([0,T[, H) in the follow-
ing sense: if ¥y — 1o in H then for all T < T (1), if n is sufficiently large,
the corresponding solutions exist on a common interval [0,T] and ¥, — 1 in
C([0,T], H).



We have a result of regularity:

Theorem 2. If 1y € H with Vg € H?, then the solution given by Theorem
1 satisfies

Vi € C([0, T (o)[, H?).

In some cases, we are able to prove that the solution exists globally for
all t > 0.

Theorem 3. a)Let 1y € H, then the solution of (1) satisfies:

m(t) = /R , IV(0) e = m(0),

D= [, GV — ITUl s = £

»L‘ o+ 2

2
where q is the following hermitian form:

3
u) = Z A UgUy.

k=1

b)If the matriz (ay) is negative, then ||[¢||g remains bounded and the
solution s global in time.

c)If the matriz (ay) is positive, then if o < 3, ||¢||y remains bounded
and the solution is global in time. If o > 3, then if |[Yo||m is sufficiently
small, ||Y||g remains bounded and the solution is global in time.

d)If ¢ is a solution of (2), if Viby € H™ A W™LS for m > 4, then
there exists 0 > 0 such that, if

Vol + (Vo] mir e <6,

then the solution is global in time and there exists ¢ satisfying

{Z¢t+A¢—O
Ay = o,

such that:

vaHHm-H S C

{ IV|lwm—26 < 5
IV = Vol gmer <15



We have the following finite-time blow-up result:

Theorem 4. Let 1y € H be such that [|z|?|V]? < oo, then the solution of
(1) with L = A satisfies

lz| V| € L=(0,t, L*) N L"(0,t, L7?),

for all t < T (o).
There exists some radial initial values such that the corresponding solu-
tions blow up in finite time.

1.2 Statement of the results.

The main results of this work are:

Theorem 5. Let us suppose that the matrix a;; is positive, and let0 < o < 4.
For every w > 0, there exists a function ¢, € H satisfying:

{ —woy + L, = —div(|Vip,|" Vb,
Aww - ¢w

i.e. e, (x) satisfies (1).
Moreover, 1, is a solution to the following minimization problem:

. - _ > o,
(P ing{= [ 1Vol=0 e 11, [1V0F = [3a(v50) =

for convenient A\, i and Vi € C*(R3).
Moreover

o+42 > ad}W 2
J190ul7, [ a5 ) and [ Vi
i=1 Li
are independent of the solution 1), of (P1) that we consider.
We will prove this theorem in next section, adapting to our functionnal

setting the concentration-compactness arguments of P.L. Lions [5].
About standing waves, let us mention the following result.



Theorem 6. For allw > 0 and 0 < o < 4, there exists radial functions 1,
such that %ww € C*(R?) satisfying:

{ —woy, + Ady = —div(|Vibu|"Viby,)
Aww = (bw'

We prove this theorem using compactness properties of spaces of radial
functions (see Strauss [8]).
Moreover, these radial standing waves are related to the finite time blow up
by the following proposition.

Proposition 1 Let o = 4/3, then for allty > 0, there exists a radial function
Yo so that the corresponding solution to:

{ iy + Ap = —div(|Vy|3V)
A =¢

blows up exactly at t = t.

We can now state some stability results for these standing waves:

Theorem 7. xIf 0 < o < f, we consider

(P2) inf{2 /z )y [1Vele s (190, [ 1P = [ 19y

where 1, is a solution of (P1). Then (P1) and (P2) are equivalent.
x The set S, of standing waves (solutions of (P1) or (P2)) is stable,ie for
all € > 0 there exists 0 > 0 such that

v¢0 E H’ inf¢wesw||¢0 - wwHH < 5 —> an¢w65w||¢(vt> - 1/}W||H S €.

The first part of this theorem will be proved using concentration-compactness
methods, the second part adapting the method of Cazenave-Lions [2].

Theorem 8. xFor 0 < o < 4 we consider:

(P3) inf{5 /z - 5 [17er 2 [ 1vup,



/gq(vgi) = /gq(v(?ij)}

where 1, is a solution of (P1). Then (P1) and (P3) are equivalent.

xIf o > %, the orbite €, is unstable, i.e. there exists ¢¢ > 0 and

YO — 1), in H such that:

supg=otn foer| (., t) — €i9¢w||H > €.

The first part of this theorem will be proved using concentration-compactness
methods. For the second part, we will prove that our equations enter in the
framework of Shatah-Strauss [7].

The results of this paper were announced in [3].

2 Standing waves solutions

We want to find solutions to

{ igy + Lo = —div([VY[7V)
A = ¢

of the form e“*u(z), where L is elliptic. Therefore if we make a scaling, we

can restrict ourself to the case where L = A; i.e. we want to solve:

—wu + Au = —div(|Vv|7Vo) (1)
Av=u

In order to solve (7), we introduce the following minimization problem:
inf(~ [Ivore, oen, [1veP =1, [1av? =1},
where H = {4 € L5, Vv € H'}.

If ¢ is a solution of the minimization problem, then there exists two
numbers « and  (Lagrange mulipliers) such that:

BA%Y — aly = —div(|V|7Ve).
A suitable scaling will give a solution of (7).

8



2.1 Concentration-compactness lemma

A few notations are in order.
We set

I0up) = inf(= [ IV, 4 € 5),),
for A, u > 0, and

Swu= (€ H, [ VU= [180F = u}.
We now have:
Lemma 1.
I\, ) = I(1, Ao/l
and —oo < I(1,1) < 0.
Proof: The Lemma follows obviously from the Gagliardo-Nirenberg’s in-
equality:
VelzE < Ol Vel
|
We will use the concentration-compactness lemma of P.L. Lions (see [5]).

The aim of this section is to prove the following version of this lemma:

Lemma 2. 1)Let p, a sequence in L'(R3®) satisfying p, > 0 in R® and
[ pndx = X for a X\ > 0 fized. Then there exists a subsequence p,, satisfying
one of the three following alternatives:

i)(Compactness) : there exists y,, € R® such that Ve > 0, IR < oo such
that:

/ P, (2)dr > X — €.
ynk+BR

it)(Vanishing) : YR < oo

supyeRs/ Pn, — 0
y+Br

when k — oo.



iii)(Dichotomy) : there exists a €]0, \[ such that Ye > 0, there exists
Pr.s Po, € LL(R®) such that if k > ko :

‘/p’fllkdx - Oé‘ <€ ’pnk - (p711k +pik)’L1 S €,

Py, has compact support and dist(suppp,, , supppl, ) — 0o as k — co.

2)Moreover, if p, = |Vu,|?, with u, € H, if u, is bounded in H and if iii)
occures, then one can take p), = (|Vul, |*)* fori=1,2 and u}, are bounded
i H and satisfy

[18un 2= [, 2+ 1802, ) ¢

and
|V, — (VU}% + Vuik)hp < 0p(€),

with §,(€) — 0 when € — 0 for 2 < p <6.

Proof: The 1) is lemma I1 of P.L. Lions [5] partl. The 2) is an adaptation
of lemma III1 in [5] partl.

1) Let us recall briefly how to prove the first part, (see [5] for details).
We introduce:

Qult) = supers [ pulw)de

y+DBt

The @Q,, are nondecreasing, nonnegative functions, uniformly bounded on R*.
We can extract a subsequence @, (t) — Q(t) for every ¢t > 0, where @) is a
nondecreasing, nonnegative function. Let a = lim;_,Q(t) € [0, A].

If a = 0 then (Q = 0 and vanishing occures.

If @ = A, no mass disappears : compactness occures ( see [5] for details).

If 0 < a < A: some mass disappears, and dichotomy occures. Let us ex-
plain why: let € > 0, choose R such that Q(R) > a—e. If k is sufficiently large
we have: a—e < @y, (R) < a+¢. Moreover, one can find Ry — oo such that
Qn.(Ri) < a + €. Finally, there exists y, € R® such that [, , 5 pn, ()dx €
Ja —e,a+¢€|. Let p, = pn, 1y 15, and p2 = P LR~ (g 4 By, ) then

R<|z—yg|<Ry

The condition on the supports is satisfied and this implies that p}% pik =0
a.e.

10



2)To prove 2), we make a truncation of p,, = [Vu,,|* with regular func-
tions: let € > 0, £ € D(R?), 0 < <1, withé=1ifjzf <lTand £ =0
if |z] = 2. Let ¢ =1-¢, & = &(;) and ¢, = ¢(5). We take Ry such
that Q(R) < o — € for R > Ry. Let v € H such that |v|g < M where
M > supy|un|g.
We then have:

Lemma 3. There exists a constant C'(M) such that:

[ 18w Pdr — [ iavpar < S 0
and
| [V Pds — [ gvofar < S ()

Proof: Let us prove the first one for example. We have:
1/ A(Exv)2d — /g;mv\?d@«y - /Agw + 4/(V§R.Vv)2

4 / AERuVER Vo + 4 / VéR VoenAu + 2 / A&puEpAu,

using Holder’s and Cauchy-Schwartz inequalities we obtain that this last
quantity is lower or equal to:

36 [T o Ay oy i

+4( [ VERve) ([ av) 2 42 [ A ([ o) ([ v

But V&gr(z) = £VE(%) and Alg(z) = 7 AE(%). Moreover &, VE, AL are
bounded and [ |Vv|?, [|Av|? < M2, Since (v°)V/6 < C([ |Vv|?)'/? for all

v € H, the above expression is bounded by % as claimed. [
Choose Ry > Ry such that %Af) < e, thus
Q(Ry) > a—ce. (10)
If k is sufficiently large, then
Q. (Ry) < /WBRI Vi, |* + €. (11)

11



We define u,, = &g, (. — yi)un, € H and:
| [IVul, Pde—al < | [Val, Pdz — [ €3,(. = yo)l Vun[2de

1 [ & =y Vun, Pz — al.
(9) implies that this last quantity is smaller than:

€+ | [V, | — al < 3e,
Yk +Bry

by (10) and (11).
We may find R, — oo such that

Qn, (2Ry) < o + 2, (12)

take ¢p = ¢p, (- — yx) and uflk = ¢run, € H. We have the condition on the
supports and

/ka(WL+V%ﬂde/W{me@—%)¢M%Md$

<20 4 [0 -l — ) = 64V, P
< 2+ |V, |*dz,
Ry <|e—yp|<2Ry
using (11):
< 2e+ Qn, (2Rg) — Qn, (R1) + €
by (12):

<3e+a+2e—Qy, (Ry).
But if & > kg, |Qn, (R1) — a| < ¢, this implies that

/]Vunk (Vu,, + Vu; )|*dz < 6e

Now interpolating L? between L? and L° for 2 < p < 6 leads to
Vg, — (Vuy, +Vui )| < 6,(c).

Moreover
| [18ul, Pdz = [ €, (@ = yoldu, [Pde] < e,

and lemma 2 is proved. |

12



2.2 Application of the concentration-compactness lemma.

The aim of this section is to prove:

Proposition 2. For all A\, u > 0, the following minimization problem:

inf{= [Vl ety [190F = A, [ 180 = i}

has a solution.
Moreover, every minimizing sequence is relatively compact in H up to trans-
lations.

Proof: We follow [5]. Take ¢, € H satisfying —|V,|77% — I(\, p) with
[1VY,]? = X and [ |Av,|> = p. Let us apply lemma 2 with p, = [V, |%

Suppose that iii) occures: We apply 2) of lemma 2: there exists w}%, ,2%
bounded in H such that for k > kg

Vi, = (Vb + V5 )pov2 < dg12 — 0.

On the other hand, since V¢, in bounded in H' and hence in L7*?, we see
that

[ 19007 < Kogiale) + [ 1993, + V2, 172

Moreover dist(suppVipy, , suppVy, ) — oo so that (Vi) )*(Vip: )* =0 a.e.
This leads to

[l +vuz )2 = [19p) 1424 [ vez 7

Finally we obtain

= [Vt |72 2 = Koppa(e) = [ V0l 172 = [ 702 |7+
Then:

_f ’vwnk‘a+2 > _K50+2(€) + [<f |Vw711k|27f |A¢}Lk’2) (13)
HI( Ve 2 1AYE ),

with
12
[V —al <«

13



[IVea - —a)l <
and
p= [ 18022 [ 180, 2+ [ 18027 e

Hence possibly extracting subsequences:

f ‘valsz —7k—o0 O_é_e
with
lae —a| <€
B — (B—a)| <e
f= gty — e
We let k — oo in (13) and we obtain:

I\ 1) > =K dgya(€) + 1(ac, py) + I(BE: [15)-

Since pj + s — € < u, possibly extracting subsequences: p§ — w1, pu§ — o,
with 0 < pq + po < p. This leads to

[(A7/“'L) > I(CV,M) + [(A - a?ﬂ’2)‘
Using the explicit value of I(\, p) given by lemma 1, we get that

o A\ 1_5/4 30/4 A 1_5/4 30/4 30 /4

p? MS(X)I T / +(1_X>1 /4M2/ < /

which is a contradiction since p > uy + pe. So dichotomy does not occur.
Suppose that vanishing occurs: We use lemma I1 part II of P.L. Lions

[5]:

Lemma 4. Let 1 < p < o0, 1 < q < oo with q # o if p < N. Suppose
that w, is bounded in LY(RY), and Vu,, is bounded in LP(R™) and

30/4
+M2/

supyesz/ [un|?dr —p 00 0
y+Br

for one R > 0.
Np

Then u,, — 0 as n — oo in L*(RY) for all a €]q, ol

14



For the proof see [5].
In our case p = 2, N = 3, ¢ = 2. Then Vu, — 0 in L°*2, this is a
contradiction since I(A, p) < 0, and vanishing does not occur.

Hence i) occurs:
«We define &n = ¥,(. + yn), possibly extracting a subsequence we have
Vi), — Vi in H' and L7+ weak. Moreover \ > By, |V, |2dz > X\ —¢; then

since V1, is bounded in H._ Vi, — V4 in L2 strong and this leads to:
Az [ IViPzA-e
Br
Letting R — oo and € — 0 gives:
/|V@Z|Q — A= limn/ IV 2.

This implies that Vi), — Vi) in L? strong.
*But Vi, is bounded in H 1 and hence in L interpolation implies that:
Vi, — Vi in LP strong for 2 < p < 6 in particular for p = o + 2, it follows

that .
10 ) = = [ 19572,

#In order to conclude, we still have to show that [|AY)? = p. We note:
J1APP = v.

If v =0, then ¢ = 0, and this is a contradiction.
If 0 < v < p, Gagliardo-Nirenberg’s inequality implies:

—I()\,/ub) < C>\1—0/4]/30/4’
and
I(Aa/'o > _Cv)\l—a/4y3a/4 > _C/\l—a/4y3o/4 _ I(/\,,u),
which is a contradiction, so that v = x, and Ay — A in L? strong. |

We still have to prove the second part of Theorem 5. Indeed, we found ¢
satisfying
—div(|VY|"VY) = aA¢ + B¢
Ay =9,

15



a and [ being Lagrange multipliers. We introduce ¢(z) = a¢(bz) for a,b # 0.
One obtains:
|a]

a(ab® A + 5) = —a(m)adiv(lvlﬁl"vtﬁ)'

Let us take a = b and b* = Fiw we find:

B+ vA = —div(| V|7 V),

where v = +1.
We first prove a result of regularity:

Lemma 5. If Vi is a solution of:

{ B+ vAS = —div(|Vi|7Vi))
Ay = ¢,

with ¢ € H, then Vi € C*(R?).

Proof:Let us take Vi € H® with s > 1, then V¢ € L* with i =
that ]
V|t € LB ¢ H™®

with sq = W Now V) satisfies:
EF(\VY|7VY) = BF¢ + v[E[PFo

and
f
Vel 7ol < |5 épi’o e (VYY)

and all these terms are in L?(|¢| > 1), hence ¢ € H!™*0 and Vi) € H>™50 =
He'. If now we define s; = 4527 4+ 5;_1(c + 1) and sy = 1, then s; — o0
therefore if j is sufficiently large, then Vi € H?/?*¢ which is an algebra,
we conclude that div(|Vy|7V) € HY?¥ and ¢ € H®/?*; this leads to the

result. [ |

16



Lemma 6. We have:
=8 [ 19+ [19]2 = [1vpl+2
Proof: Let us multiply
B+ vAp = —div(|V|"Vip)

by v € D(R?), after integration, one obtains:

—5/w.vfu+u/¢m :/|V1M"V¢.Vv.

Let v, € D(R?) such that v, — ¢ in H, passing to the limit leads to the
lemma. [ |

Proposition 3. v satisfies

5/2/|V¢|2 + 1//2/ 19| = (1 — O?’H)/|v¢|a+2

Proof: This identity is called Pohozaev Identity, and we proceed as follows:
we multiply the equation by (z.V)1 and then integrate. However, this is not
directly possible since we do not know the exact behavior of ¢ at infinity.
We will use (2.V))e " and then we make ¢ — 0. We leave the detail of the
proof in the Appendix. [ |

The relationships given by lemma 6 and lemma 3 lead to:

4—o0 -
5/|V¢|2= —M/WW 2

and 8 < 0. On the other hand:

1

1
V/ |* = 3(5 - m) / [Vy]7H2 >0

and v = +1. Let w = —f, we have found ¢ satisfying

{ —wo + Ap = —div(|Vip|7 V)
A =¢

17



and the equalities

{ w [ IV + [ 192 = [ [Vplo+? (14)
—w [V + J16P = (2 — 555) [ V|72,

So we have proved Theorem 5 for one w, by scalling, using the homogeneous

properties of the equation, we have a solution for every w > 0. Moreover,
thanks to the relationships (14), the values of [ |[Vw|72 [|V4|?, []A|?
are the same for all the solutions of

inf{= [ IV, [V = Mw), [ |8 = p(w)}.

2.3 Radial standing waves.

The aim of this section is to prove that there exists some radial standing
waves for the equation:

i+ A¢ = —div(|VY|7V) 15)
Vi = ¢,
i.e. solution of the form e“!¢(z) with ¢ depending only on r. Then (15)
becomes 1.d(,.2do 1 d(.2d¢odd
{ ool L (10
=)
Multiplying by r? and then integrating leads to
d 1d,,dp . "
—wr dr<r2 dr<r dr>> =~ 7
Now let f = 1),, f satisfies:
d*f  2df 2
ZJ 429 =) f =—|fl°f. 1
e @ ) =l (1)

In order to solve (17), we consider the following minimization problem:

IO ) = inf{— / T g, / T P2dr 42 / Y Pdr =, / T Prldr = 2}
0 0 0 0
(18)
About (18), we first prove:

18



Lemma 7. xFor f € H}(R?), [°|f|*dr makes sense and

/°° fPdr < 4/°° IV f 22
0 0
x T(\, p) > —oo.

Proof: Since f € H!(R?), f as a function of one variable is
in H'([ar, +00]) for all @ > 0, and

) = @) = [ 20 F Wt Yy,

Integrating for = € [¢, y| leads to

Pow-o- [ Fwd = ['([ 2007 ®d)d.
We use Fubini’s theorem in order to obtain
[ @z = o) -0 - [ 2005w - .

Moreover,

[ 1P@ldr < 172w — ol + 2 [ I 0ldn ([ ¢ - P @) a2
This implies that

(fﬁy |f2(m)|dx)1/2 < (fg(t _ 6)2|f’(t)|2dt)1/2 (19>
+UI(E = 1 (O)Pdt + 2 (y)(y — D2,

Now since f € HY(R?), we have |f(y)| < Cly|™*|f|m (see Berestycki-Lions
[1]). Letting € — 0 and y — oo in (19), we get

| farde <4 [TI7 PR
0 0

as claimed.
A Gagliardo-Nirenberg’s inequality gives:

/oo f0'+2,r2dr < C(/oo f27ﬂ2d7a)170/4(/00 f/27”2d7")30/2,
0 0 0

therefore
[(}\’M) > _C)\lfa/4’u30/4

and (A, p) > —o0. |

19



We now solve problem (18).

Proposition 4. The minimum.:
IO\ ) = inf{— / FoR22 / F2r2dr 42 / Pdr = p, / F2dr = 2}
15 attained.

Proof: Let us take a minimizing sequence f,, such that

= [T gt = 1)
0

and

/ 2r2dr + 2/ fdr = p, / f2ridr = .
0 0 0

Then we can suppose that f, — f in H!(R3) weakly and since the injection
of H(R?®) in L°T%(R3) is compact (see Strauss [8]), then f, — f in L7
strong, so that

o422 o422
—/ frf+rdr—>—/ for2r3dr.
0 0

Moreover f +— [ f2dr is convex and continuous on H}!(R?), thus it is weakly
lower semi-continuous and

bE/OOf'QTQdT+2/OOf2dr§M,
0 0

az/oof2r2dr§)\.
0

We define f(z) = af(fz), with «, 3 satisfying

~ 2
A= /f27"2dr = gga,
2

= /f’2r2dr + Q/fzdr = O;b.

We obtain
o+2

—/f0+27“2d7’:—a

5 I(A, ).
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By definition of I(\, u) we get

—/f‘7+2r2d7“ > I(\ p).

This implies that

aa+2
since I (A, ) < 0. Now g—i = 2 and 8 = (&)Y? and %:2 = (L)3o/A(2)lma/t >
1. Together with (20), this inequality implies that A = a and g = b and the
minimum is attained. [

For all v € D(R")

—/|f|”fm“2dr = 204/fm"2dr + 2/6’/3]07“21)'6# +4ﬂ/fvd7’,
r
so that we found a solution of (16).

We still have to prove Proposition 1.

Proposition 1. Let o = 4/3, then for all ty > 0, there exists a radial
function 1y so that the corresponding solution to:

{ i + D¢ = —div(|Vy V)
AY=¢
blows up exactly at t = t,.

Proof: If we restrict (1) to the radial functions, we obtain

2
g + Au — —u = —|ul|u 21
¢+ |ZE|2 | | ) ( )
where u = 1),.. This last equation satisfies the pseudo-conformal transforma-
tion laws, i.e if u(z,t) is a solution of (21), then the function

1 a=?2_ x 1
'U(l’,t) = 25376 4t U(g,g)

is a solution to (21) too. If we apply this transformation to any radial
standing waves that we found, we obtain the Proposition. [
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3 Stability of standing waves

In the previous section, we found some functions ¢, satisfying

A, — wo, = —div(|Vib,|"Vi,,)

V1), are solutions of the following minimization problem

(P1) mf{—/ VY72, e H /|w|2 =\ /|A¢|2 = u}.
Each solution of (P1) satisfies:

{ w [Vl = (735 = 3) J VY| 7*,
J16ul? =3(5 = 533) [ [V|7*2

and since V1), is a solution of (P1), the quantities [ |V, |?, [ |[V,|7T2 and
[ |¢w|? do not depend on the solution of (P1) that we consider, but only on
w. The aim of this section is to investigate the stability of these standing
waves. A few notations are in order:

{ E() = [GIAYP — 5[ VY| dx
QW) =3 JIVYP.
So that (22) becomes E'(¢) + w@' () = 0. In order to prove the stability

and instability properties, we introduce new minimization problems and we
prove:

(23)

(24)

Proposition 5. If 0 < 4/3, then the following minimization problem has a
solution

(P2) min{E(), v € H, [Vl = [|V6u} = —a

with a > 0.
Moreover, let 1, € H such that E(1,) — —a and [ |V,]* — [|V,|?, then
there exists y, € R* such that v, (. — y,) is compact in H.

Proposition 6. If0 < o < 4, then the following minimization problem has
a solution:

- 1
(PyMin{——— [ (Vo7 *+5 [190P, e i, [|a0f = [|avP}= b
with b > 0.
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3.1 Proof of the propositions.
3.1.1 First proposition.

We fix 0 < 0 < 4/3. We first prove that the minimum is finite. Indeed,
Gagliardo-Nirenberg’s inequality gives:

. 2\30/4 } 2
B(w) = =C([ 1av)/ + 2 [1auf?
for ¢ € H such that [ |Vy|* = [ |V, |*. Since o < 4/3,

1
—C([ auyert 4 [ lape

is bounded from below and —a > —oo0.
Let us now show that —a < 0. Indeed, consider v € H such that [|Vy|* =

[ [Vibu[? and §(x) = arp(Bz) for a, 8 > 0, then if o* = 3, [ |VY[? = [[Vy|*

and
~ . o+2 2
B() =~ [V % [lage

Since 30/2 < 2, for § small, F(¢)) <0 and —a < 0.
Using the same technique as for the proof of Theorem 5, in particular the

concentration-compactness lemma, one can prove that (152) has a solution.
[

3.1.2 Second proposition.

Gagliardo-Nirenberg’s inequality yields:
1 w w
_ o2 | W 2 / 2\1-0/4 7/ 2
— [Vl S [Iver = o[ [ve i+ 2 o
for all ¢ € H such that
[1ave = [

Since 1 — 0/4 < 1, we obtain that —b > —oc. )
On the other hand, for ¢ € H with [|Ay]> = [|A,|*, we define: ¥(z) =
atp(%). We have [|AY|? = [|Ai,|*, and

1 . w - 1
IR NYNALES 7/ 2 _ _
0+2/| 4 +2 Vol o+2

ot [1vpr 4 Sat [ vy
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Thus if « is small enough, this last quantity is negative.
To prove that problem (P2) has a solution, we proceed as for the proof of
theorem 5. [

3.2 Equivalent problems
Problem (P2) is equivalent to:

(P2jing {5 [ 1807 = —— [1vel2+2 [1vup, [1vep = [190l)

for o < %.
Problem (P3) is equivalent to:

(PR)ins (5 [180P = —— [1vorr2+ 2 [190p, [1a0P = [1awp}

for o < 4.
We now investigate the relationships between (P1), (P2) and (P3).

Proposition 7. Let 0 < o < 3, then (P1) and (P2) are equivalent.

Proof: Let us write the Euler-Lagrange equation corresponding to problem
(P2): there exists a Lagrange multiplier v so that:

A% + div(|Vp|7Vih) — wAYp = yA). (25)

It is roughly the same equation as in the proof of Theorem 5, so that the
corresponding result of regularity apply and if we multiply (25) by ¢ and
then integrate, we obtain

J186 = [1991+2 @ +9) [ 199 = 0. (26)
Multiplying (25) by (2.V)¥ and then integrating leads to:
1 3 w+y
- A 2 o 1 o+2 2 = 0. 2
5 [P+ (= =1 [Iver =222 [ivep =0 ()

We make a combination of (26) and (27):
2
2 [1a0P =301~ ) [ Vel (28)
o+ 2
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6
(1= —5) [ 1012 = =200 +9) [ |Vul* (29)
We note A = [ |V, |> = [ |[V]?, we have, using (28) and (29):

2 2
/‘V¢|o‘+2 — (U + )(w + 7)/\ (30>
4—0
and 30 )
+7
Ayl =221y 1
[lavp =275 (31)
An analogue calculation, using the corresponding formulas for Vi, leads to
2w(o + 2)
W7 = 0 32
I T (32)
and 5
Al = 2\
[l = 27 (33)
Hence | . A3 2
- o+2 4 = [ Ay 2= AT 34
— [ IV 5 [ 18w o] (34)
while . ) ( A "
B o2 | A2 = w+y o —
U+2/]V¢| * 2/‘ vl 2(4—-o0) (35)
Since 30 —4 < 0 and E(,) > E(v), (34) and (35) imply
v 2 0. (36)

Set @(m) — atp(a?x), then [|Vy|*> = [|Vi[?, and we choose a such that
J1AY? = [|Av|?, this gives:

at = (37)

Using (37), we obtain that

_/|V¢~)|a+2 _ _a3a—4/|v¢w|0+2.
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If we use the definition of (P1), we find

_/|v¢w|o+2 S _a3074/|v¢w‘0+2
or equivalently
12> a,

and since 30 —4 < 0, &« > 1 and v < 0. Together with (36), this inequality
implies
v =0.

In fact, we have proved that if ¢ is a solution of (P2), and 1), is a solution

of (P1), then
J1vol = [1vu.p,
J1av = [ 18P,

J1ver = [1o)me,
so that (P1) and (P2) are equivalent, and the proposition is proved. |

Proposition 8. Let 0 < 0 < 4, then (P1) and (P2) are equivalent.

Proof: Let us write the Euler-Lagrange equation corresponding to problem
(P3)

div(|Vh|7Vih) — wAp + A% = §A%), (38)
where 4 is a Lagrange multiplier. Multiplying (38) by ¢ and then integrating
leads to:

(1=6) [ 18P +w [1ef = [ vy (39)
Multiplying (38) by (x.V) and integrating gives

1—-9¢ w 3
— A2——/ 2=1———f/ 7, 4
- [180P =2 [Vl = (1 - =) [ 17yl (40)
Making linear combination of (39) and (40), we obtain

3 1

w [ IVl = (5 = 5) [ 19 (41)
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and

(1-0) [16P =30 - ——) [ IVl (12)
We recall that for ¢, the solution of (P1) we have
o [IV0uf = (=5 = 3) [ IV017+ (13)
and ] 1
J16u? =3 = —) [ IVel* (44)

so that, using (43) and (44), we get that
1 +2 W/ 2 1 2
_ o2 Y 2= == [1ag, 2
— [Vl L [1vl = [ 1awd
On the other hand, using (41) and (42)
1 42 w/ 9 1 —5/ 9 1 —6/ 9
7 = =—— [ |AY|P = ——— [ |AYy,
5 [Vl + S 1V = -2 [lavP = === [1aw
and necessarily
0 <0. (45)
If we let u = [|AY|? = [|Ay,|?, we get:

2(1 -6 2
[ivupee < 202D, gy joee

2(0 +2)
30

[ivup =020 gy p-to2, (47)

3wo
Set (x) = ap(%), then [|Ap|> = [|Ad|?, and we choose « such that
[|VY|? = [ |V4h,|?. Using (46) and (47), we obtain ot = 7. Then

— [IVaIT = —a [ Vi,

poo (46)

and

so that
_/‘vww|a+2 S _a—a/|v¢w|a+2
and « > 1 therefore
6> 0.

This inequality with (45) implies that § = 0, and we conclued as for the
previous proposition. [ |
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3.3 Stability for o < 4/3.

Adapting the method of Cazenave-Lions [2], we may prove the second part
of Theorem 7. Let S, the set of standing waves, solutions of (P1) or (P2).
Let us suppose that this set is unstable under the flow of

(V) + A(VY) = V(=A) " div(|[Ve|7V). (48)
There exists 0 € H, ¢, € R and € > 0 such that
infppesoltn = Yolu — 0
and the solution v, (t) of (48) with ,,(0) = vy satisfies
infyppes|tn(tn,.) = uln 2 €
We have that

JIVYRI72 = [ [V |72,
J1AYR = [ A,

Since E and @ are conserved by the flow of (48), we know that

Q(¢n(tn)) = Q)

{ JIVUR? = [ V],

and
E(wn(tn)) - E(%) = —a.
By proposition 5, 1, (t,) is compact up to translation and

which is a contradiction. [ |

3.4 Instability for o > 4/3.

The aim of this section is to show how it is possible to adapt the proof of
J.Shatah and W.Strauss [7] (which works for the Klein-Gordon equation), to
our problem. We introduce

d(w) = E(y,) + wQ ().
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Then, since (P1) and (P3) are equivalent
A(w) = inf{E(w) +wQu), ue H, [|Auf= [|Av[2.
Using the relationships (32) and (33), we obtain that
1 2
aw) = 5 [ 1802

Let us now find the dependence of d(w) in w. Let 1, () = ath(Sz), 1) satisfies:

w o 1
aaﬁo aoﬁo‘—Q

A*) = —div(|VY|7V )
we take a and 3 such that a”$°72 = 1 and a°3° = w, this leads to:

11
a=ws"2, f=w

/|A¢1|2.

This function is strictly concave if and only if % < 0 < 4, and from now on,
we fix such a o.

Then ¢ = 1)1 and

=

2_
wo

d(w) =

Lemma 8.
d'(w) = Q(thw).
Proof: Indeed, d(w) = E(1,) + wQ(1),) and
My,
1) =< B'() + w@(), 52 > +Q(b.)
But
El(l%) + WQ/<¢0J) = 07
thereby proving the lemma. |
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Lemma 9. Fiz w = wy and Vg = y,. The for all C* curve u(\) such that
u(0) = thy and Q(u(A)) = Q(vo) then
d2
g2 ) =0 =< (E" (%) + wo@" (¥0))yo. yo >,

where yo = u'(0).

Proof: e
WE(U()\)) =< E"(u(\)u', v >+ < E'(u),u” > . (49)
On the other hand, since @) is constant along the curve:
< Q"(wu v >+ < Q'(u),u” >=0 (50)
and (49)4wp (50)|r=0 gives the result, since E'(1y) + wo@' (1) = 0. |
We introduce: .
Vx(w, z) = (V%)(W)’
e Q)
N(w) = S8 51
“ = Q) oy

Then we have Q(x(w,z)) = Q(v).

Lemma 10.
d2

B @) mn < &' (0).

Proof: we define a(w) = E(x(w)) — d(w) + wd'(wp), then a(wy) = 0 by
definition of E, () and d and lemma 8. Therefore by the definition of x and
since Q(x(w)) = Q(¢), we have:

)\3
o+ 2

Nw
J v+ = [1va
Using the relationships (32) and (33), one obtain:

4 —
w [190l = =7 [l (52)

B(x(w)) = ~wQ(o) + 5 [ 1A -
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1w = 2212 g (53)

whence
AN 5
B(x(w)) = —wQo) + (5 = 5 [ 160"
Since % — %3 < % for A > 0 we have:

E(x(w)) < —wd'(wo) + d(wo)

and a(w) < 0, therefore a(w) is maximum for w = wy and %(wo) < 0. The
lemma follows. |

Lemma 11. We have:
E(x(w)) < E(o),

for w # wy, w near wy.

Proof: First we note that

L B0 o =< B (), o) > (54)

dx
< Q). D) >= 0. (55)
w
(54)4wp(55) leads to
d d
L B(x(w)) =< B'(to) + @' (to), T (w0) >=0.
Moreover %E(X(w)ﬂw:wo < d"(wp) < 0 so that E is localy maximal in 1
and the lemma is proved. [ |
We define: OV ()
X(w
yO = aw ’WZUJO‘ (56)

About 1y, we prove:
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Lemma 12. (a)< (E" (o) + wo@" (¥0))Yo, yo >=< d"(wo).
(b) < Q' (¢o),yo >= — | Viho.yo = 0.
(¢) [ Aty div(yo) > 0.

Proof: (a) follows from lemmas 9 and 10.

(b) is trivial.

(c) By definition of x, [ |Ax(w)[*dx = X [ |At,|?, hence by differentiation in
W = Wp:

2 / Ao div(yo) = / | Ado|? + 3d (wo), (57)

Since d(w) = 3 [ |At,[*. But A3 = “O) , therefore differentiation in w = wy
leads to

3X(w0) = _Cclll((:)(?))

But d”(wp) < 0, so that X' (wp) > 0 and the lemma follows. |

Set
G={f € (H'(R*)? 3 €D suchthat f = Vi}.

We know that (see [4])
G={Vy, peL°nNCy Vi€ HY}.
Let I the following injection of G in G:

G— G
Vu — [(Vu)

defined by:
I(Vu), Vv >= Re/Vu.VT).

With this preliminaries, we are in the mathematical setting of Shatah-Strauss
[7] and we have the result of Theorem 8.
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Appendix.

A Proof of proposition 2.

Proposition 3. 1 satisfies

3

B/2/|V¢|2+u/2/|¢|2 =(1- M)/Wwﬁg

Proof: We multiply the equation:
Bé + eAg = —div(|V|"V)
by (:E.V@Z))e*“Q, and we compute every terms:

i) [ (e Ve .

By numerous integrations by parts we get that

1
/ Ola. Ve = 2 / IV 2e " 4 2 / e~ (2.V)? — / V| 2a2e .
(58)
When we make ¢ — 0, [ |[Vip|2e=" — [ |V4)|? by Lebesgue’s theorem.
The other terms will be treated by:

Lemma 13. Let f € L1 (R?) then
e/fx2e_€x2da: — 0,

as € — 0.

Proof: Consider g(z) = 2% =", then [g(z)| < le~!. Define r. = —L;, then
g(re) = 61%6*61/2 < 61% We have

—er2 2 )
e/fx2e “dx = e/ fale dw+e/ fale " dux.
|z <re || >re
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Hence
e/fx2€_“”2dx < 61/2/” fdx + f(z)e tdx
x|<Te

|z|>re

< 61/2/ fdx +/ f(x)e tdx — 0,
R? |z[>7e

as € — 0 since r. — oo. And the lemma is proved.

Using lemma 13, and passing to the limit in (58) leads to:

tim [ 6(e.V0)e " = L[99

i) [ div(| V| V) (2.Vip)e=.

By numerous integrations by parts, one obtain:

J div([VY[7VY) (2. Ve ™ = (25 — 1) [ |[Vy[7H?
+2€ [ (2. V)| Vi|7e " — efx2|w|ff+2e—ew2.

Using lemma 13 and letting ¢ — 0 in (60) leads to:

iy [ dio(| Vo1V @ Vo) = (5 = 1) [ Vel

iii) [ Agp(x.Vp)e <.

Numerous integrations by parts and the use of lemma 13 leads to:

hm/Aqb 2. V)e = = /|¢>|2

From (59), (61) and (62) we deduce

€ 3
s [iver S o= - 2 [ vl

as claimed in the proposition.

(60)

(61)

(62)
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