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EXACT RELAXATION FOR POLYNOMIAL OPTIMIZATION ON
SEMI-ALGEBRAIC SETS

MARTA ABRIL BUCERO, BERNARD MOURRAIN

ABSTRACT. In this paper, we study the problem of computing the infimum of a real poly-
nomial function f on a closed basic semialgebraic set S and the points where this infimum
is reached, if they exist. We show that when the infimum is reached, a Semi-Definite
Program hierarchy constructed from the Karush-Kuhn-Tucker ideal is always exact and
that the vanishing ideal of the KKT minimizer points is generated by the kernel of
the associated moment matrix in that degree, even if this ideal is not zero-dimensional.
We also show that this relaxation allows to detect when there is no KKT minimizer.
Analysing the properties of the Fritz John variety, we show how to find all the minimiz-
ers of f. We prove that the exactness of the relaxation depends only on the real points
which satisfy these constraints. This exploits representations of positive polynomials
as elements of the preordering modulo the KKT ideal, which only involves polynomials
in the initial set of variables. The approach provides a uniform treatment of different
optimization problems considered previously. Applications to global optimization, op-
timization on semialgebraic sets defined by regular sets of constraints, optimization on
finite semialgebraic sets and real radical computation are given.

1. INTRODUCTION

The problem we consider in this paper is the following:

) i f
st gl(x) = =gn,(x) =0

gi (%) >20,...,9%,(x) >0

where f, g7, ... ’9217 gf, e ,gjl; € R[x] are polynomial functions in n variables x1, ..., x,.

Hereafter, we fix the set of constraints g = {¢?,...,¢% :9/,...,9:5,} = {&°;g"} and
denoted by S the basic semi-algebraic set defined by these constraints.

The points x* € S which satisfy f(x*) = infxegs f(x) are called the minimizers points
of f on S. If the set of minimizers is not empty, we say that the minimization problem is
feasible.

The objectives of the method we consider are to detect if the minimization problem
is feasible and to compute the minimum value of f and the minimizer points where this
minimum value is reached, when the problem is feasible. Though this global minimization
problem is known to be NP-hard (see e.g. [24]), a practical challenge is to devise methods
which can approximate or compute efficiently the solutions of the problem.

About a decade ago, a relaxation approach has been proposed in [13] (see also [29], [35])
to solve this difficult problem. Instead of searching points where the polynomial f reaches
its minimum f*, a probability measure which minimizes the function f is searched. This
problem is relaxed into a hierarchy of finite dimensional convex minimization problems,
which can be solved by Semi-Definite Programming (SDP) techniques. The sequence of
SDP minima converges to the minimum f* [13]. This hierarchy of SDP problems can be

formulated in terms of linear matrix inequalities on moment matrices associated to the
1
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set of monomials of degree t or less, for increasing values of t. The dual hierarchy can be
described as a sequence of maximization problems over the cone of polynomials that are
Sums of Squares (SoS). A feasibility condition is needed to prove that this dual hierarchy
of maximization problems also converges to the minimum f*, i.e. that there is no duality
gap.

This approach provides a very interesting way to approximate a global optimum of a
polynomial function on S. But one may wonder if using this approach, it is possible to
compute in a finite number of steps, this minimum and the minimizer points when the
problem is feasible. From a computational point of view, the following issues need to be
addressed:

(1) Is it possible to use an exact SDP hierarchy, i.e. which converges in a finite number
of steps?

(2) How can we recover all the points where the optimum is achieved if the optimization
problem is feasible?

To address the first issue, the following strategy has been considered: add polynomial
inequalities or equalities satisfied by the points where the function f is minimum.

A first family of methods are used when the set S is compact or when the minimizer
set can be bounded easily. By adding an inequality constraint, one can then transform S
into a compact subset of R", for which exact hierarchies can be used [13], [22]. It is shown
in [17] that if the complex variety defined by the equalities g = 0 is finite (and thus S is
compact), then the hierarchy of relaxation problems introduced by Lasserre in [13] is exact.
It is also proved that there is no duality gap if the generators of this ideal satisfy some
regularity conditions. In [27], it is proved that if the real variety defined by the equalities
g? = 0 is finite, then the hierarchy of relaxation problems introduced by Lasserre is exact,
this answers an open question in [18].

In a second family of methods, equality constraints which are naturally satisfied by
the minimizer points are added. These constraints are for instance the gradient of f when
S = R" or the Karush-Kuhn-Tucker (KKT) constraints, obtained by introducing Lagrange
multipliers. In [28], it is proved that a relaxation hierarchy using the gradient constraints
is exact when the gradient ideal is radical. In [23], it is shown that this gradient hierarchy
is exact, when the global minimizers satisfy the Boundary Hessian condition. In [5], it
is proved that a relaxation hierarchy which involves the KKT constraints is exact when
the KKT ideal is radical. In [9], a relaxation hierarchy obtained by projection of the
KKT constraints is proved to be exact under a regularity condition on the real minimizer
points!. In [25], a similar relaxation hierarchy is shown to be exact under a stronger
regularity condition for the complex points of associated KKT varieties. These regularity
conditions require that the gradient of the active constraints evaluated at the points of .S or
of some complex varieties are linearly independent. Thus they cannot be used for general
semi algebraic sets S, for instance when S is a real non-complete intersection variety.

Moreover, the assumption that the minimum is reached at a KKT point is required.
Unfortunately, in some cases the set of KKT points of S can be empty. As we shall see,
this obstacle can be removed using Fritz John variety (see [11, 21]). There is not much
work dedicated to this issue (see [14]).

The case where the infimum value is not reached has also been studied. In [33], relaxation
techniques are studied for functions for which the minimum is not reached and which satisfy
some special properties “at infinity”. In [8], tangency constraints are used in a relaxation
hierarchy which converges to the global minimum of a polynomial, when the polynomial

IThe results of this paper are true but a problem appears in the proof which we fix in the present paper.
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is bounded by below over R™. In |7], generic changes of coordinates and a partial gradient
ideal are used in a relaxation hierarchy which also converges to the global minimum of f
on R".

In the cases studied so far, the exactness of the relaxation is proved under a genericity
condition or a compactness property. From an algorithmic point of view, the flat extension
condition of Curto-Fialkow [4] is used in most of the works [10, 17, 16, 18] to detect
the exactness of the hierarchy, when the number of minimizers is finite. In [26], it is
proved that the Curto-Fialkow flat extension criterion is eventually satisfied on truncated
moment matrices under some regularity conditions or archimedean conditions. In [12], a
sparse extension [19] of this flat extension condition is used to compute zero-dimensional
real radical ideals.

The second issue is related to the problem of computing all the minimizer points, which is
also important from a practical point of view. In [16], the kernel of moment matrices is used
to compute generators of the real radical of an ideal. This method is improved in [12] to
compute a border basis of the real radical, involving SDP problems of significantly smaller
size, when the real radical ideal is zero-dimensional. The case of positive dimensional real
radical ideal is analysed in [31] and [20]. The problem of computing the minimizer ideal for
general optimization problems from exact relaxation hierarchies has not been addressed,
though it is mentioned in [26] for zero-dimensional minimizer ideals

Notice that Problem (1) can be attacked from a purely algebraic point of view. It reduces

to the computation of a (minimal) critical value and polynomial system solvers can be used
to tackle it (see e.g. [30], [6]). But in this case, the complex solutions of the underlying
algebraic system come into play and additional computation efforts should be spent to
remove these extraneous solutions. Semi-algebraic techniques such as Cylindrical Algebraic
Decomposition or extensions [32] may also be considered here, providing algorithms to solve
Problem (1), but suffering from similar issues.
Contributions. Our aim is to show that for the general polynomial optimization problem
(1), exact SDP relaxations can be constructed, which either detect that the problem is
infeasible or compute the minimal value and the ideal associated to the minimizer points.
The main contributions are the following;:

e We prove that exact relaxation hierarchies depending on the variables x can be
constructed for solving the optimization problem (1) (see Theorem 6.3 and Theorem
5.10).

e We show that even if the minimizer points are not KKT points, we can find them
using the Fritz John variety (see Section 3.3 and Section 3.4). We describe an
approach, which splits this minimizer set into the KKT minimizer set and the
singular minimizer set which can be recursively computed using the same method.

e We prove that if the set of KKT minimizers is empty, the SDP relaxation will
eventually be empty (Theorem 6.3).

e We prove that the KKT minimizer ideal can be constructed from the moment
matrix of an optimal linear form, when the corresponding relaxation is exact, even
if the ideal is not zero-dimensional (Theorem 5.10).

e We prove that the exactness of the relaxation depends only on the real points which
satisfy these constraints (Theorem 5.10).

e We provide a general approach which allows us to treat in a uniform way and to
extend results on the representation of polynomials which are positive (resp. non-
negative) on the critical points (see [5] and Theorem 4.9) and on the exactness of
relaxation hierarchies (see (28], [8], [16], [25], [12], [27] and Theorem 6.2, Theorem
6.4, Theorem 6.5, Theorem 6.6).
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Content. The paper is organized as follows. In Section 2, we recall algebraic concepts
and describe the hierarchy of finite dimensional convex optimization problems considered.
In Section 3, we analyse the varieties associated to the critical points of the minimization
problem. Section 4, is devoted to the representation of positive and non-negative polyno-
mials on the critical points as sum of squares modulo the gradient ideal. In Section 5, we
prove that when the order of relaxation is big enough, the sequence of finite dimensional
convex optimization problems attains its limit and the minimizer ideal can be generated
from the solution of our relaxation problem. In Section 6, we analyse some consequences
of these results. Finally, Section 7 contains several examples which illustrate the approach.

2. IDEALS7 VARIETIES, OPTIMIZATION AND RELAXATION

In this section, we recall some algebraic concepts as ideals and varieties and we set our
notation.

2.1. Ideals and varieties. Let K[x] be the set of the polynomials in the variables x =
(z1,..., ), with coefficients in the field K. Hereafter, we choose? K = R or C. Let K
denotes the algebraic closure of K. For a € N”, x% = 2" --- 20" is the monomial with
exponent o and degree |a| = ), «;. The set of all monomials in x is denoted M = M (x).
For t € NU{oo} and B C K[x], we introduce the following sets:

e B, is the set of elements of B of degree < t,

o (B)={Yjep s [ | fe€B,\feK} is the linear span of B,

e (B)= {ZfeBpff | py € K[x], f € B} is the ideal in K[x] generated by B,

® By = {zfeBt prf|pre€ K[x]t,deg(f)} is the vector space spanned by {x“f | f €
By, |a| <t —deg(f)},
e Of = {Zlizl p?|leN,p; € R[x]t} is the set of finite sums of squares of polyno-
mials of degree < t; QT = Q&.
By definition Byy C (B) NK[x]; = (B);, but the inclusion may be strict.

By convention, a set of constrains C' = {c?,...,¢% ;s ¢f,..., ¢} } C R[x] is a finite set of
polynomials composed of a subset C° = {c?,... ’621} corresponding to the equality con-
straints and a subset CT = {c], ... , ¢} corresponding to the non-negativity constraints.

For two set of constraints C,C’ C R[x], we say that C C C’ if C° ¢ C" and C* C C'*.

Definition 2.1. For t € N U {oco} and a set of constraints C = {c?,...,c%l; ety
¢t} C R[x|, we define the (truncated) quadratic module of C' by

no n2
Q(C) =D A hi+so+ Y cf 55| hi € R[X|y_geg(e0), 50 € Q51 € QF deget2 )
i=1 j=1 !

If C is such that C° = C° and C* = {[[(c])* -+ (c,)™ | & € {0,1}}, Qi(C) is also
called the (truncated) preordering of C' and denoted Py(C). When t = oo, P(C) := Puo(C)

is the preordering of C. The (truncated) preordering generated by the positive constraints
is denoted P*(C) = P(CT).

Definition 2.2. Given t € NU{oco} and a set of constraints C C R[x], we define

Ni(C) :={A € (R[x]21)" | A(p) > 0, Vp € &(C),A(1) =1}.
When we replace Q4(C) by P(C) in this definition, we denote the corresponding set by
L:(C).

2For notational simplicity, we consider only these two fields, but R and C can be replaced respectively
by any real closed field and any field containing its algebraic closure.
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Given a set I C K[x] and a field L D K, we denote by
VEI) :={z el | f(x)=0Vfel}

its associated variety in L". By convention V(I) = V¥(I), where K is the algebraic closure
of K. We also consider sets of homogeneous equations I and the varieties PV(I) (resp.
PVR(I)) defined in the projective space P" (resp. the real projective space RP").

For a set V' C K", we define its vanishing ideal

Z(V):={peK[x] | p(v) =0Vv eV}
For a set V C L™ with L D K, VK = V N K". Hereafter, we take K = R and L = C, so
that V(I) = VE(I), VR(I) = V()R = V(I) N R".
Definition 2.3. For a set of constrains C = (C°;C*) C R[x],
S(C) = {xeR"|x)=0VL e’ ¢"(x) >0V € CT},
ST(C) = {xeR"|c"(x)>0Vc" €C}.
To describe the vanishing ideal of these sets, we introduce the following ideals:
Definition 2.4. For a set of constraints C = (C°;C*) C R[x],
VCO = {peR[x] | p™ e (C°) for somem e N\ {0}}
VOO = {peR[K|p*™ +qe (C° for somem eN\{0},qe Q"}
VCO = {peR] |pP"+q € (C7) for somem e N\{0},q € PHC)}
These ideals are called respectively the radical of C°, the real radical of C°, the C*-radical
of CY.
Remark 2.5. If O =), then CW = V0.
The following three famous theorems relate vanishing and radical ideals:

Theorem 2.6. Let C = (C%;C™) be a set of constraints of R[x].
(i) Hilbert’s Nullstellensatz (see, e.g., [3, §4.1]) VOO = Z(VC(C)).
(ii) Real Nullstellensatz (see, e.g., [1, §4.1]) ¥VCO = Z(VR(CY)).
(iii) Positivstellensatz (see, e.g., [1, §4.4]) VOO = I(S(C)) = T(VR(C®) N ST(C)).

2.2. Relaxation hierarchy. The approach proposed by Lasserre in [13] to solve Problem
(1) consists in approximating the optimization problem by a sequence of finite dimensional
convex optimization problems, which can be solved efficiently by Semi-Definite Program-
ming tools. This sequence is called Lasserre hierarchy of relaxation problems. Let C be
a set of constraints in R[x] such that S(C') = S(g). Hereafter, we consider the relaxation
hierarchy associated to preordering sequences:

e C L (C) C Ly(C) C-e- and -+ CP(C) CPyyg(C) C -+

These convex sets are used to define extrema that approximate the solution of the mini-
mization problem (1).

Definition 2.7. Let t € N and let C' be the set of constraints in R[x]|. We define the
following extrema:

° fé‘ - infxES(C’) f(X)7

o flo=inf {A(f) s.t. A€ Ly(C)},

o fi@i=sup {yERs.t. f—yeP(C)}.
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By convention if the corresponding sets are empty, f& = —oo, fi¢i = —oo and ffc = +00.

Remark 2.8. We have f% < f{o < f¢.

Indeed, if there exists v € R such that f —~ = q € Pi(C) then VA € Li(C), A(f —~) =
A(f) —~v = A(q) > 0, which proves the first inequality.

Since for any s € S, the evaluation 1g : p € R[x| — p(s) is in Li(C), we have 15(f) =
f(s) > ft’fc. This proves the second inequality.

As Li11(C) C Li(C) and Pi(C) C Piy1(C) we have the following increasing sequences

for t € N:

...f;"cgftﬂﬂ’cg Sf(*j and --- gfg Sf;—ﬁ,() <. Sf(*;
The foundation of Lasserre relaxation method is to show that these sequences converge to
f&, see [13].

We are interested in constructing hierarchies for which, the minimum f7 is reached
in a finite number of steps. Such hierarchies are called ezact. We are also interested to
compute the minimizers points. For that purpose, we introduce now the truncated Hankel
operators, which play a central role in the construction of the minimizer ideal of f on S.

Definition 2.9. Fort € N and a linear form A € (R[x]o)*, we define the truncated Hankel
operator as the map M} : R[x]; — (R[x]¢)* such that M} (p)(q) = A(pq) for p,q € R[x];.
Its matriz in monomial bases of R[x]; and (R[x];)* is also called the moment matriz of A.

The kernel of the truncated Hankel operator is
(2) ker Mj = {p € R[x]¢ | Alpq) =0 Vq € R[x]}.
Given t € N and C = {0} and A, A’ € R[x]},, we easily check the following properties:
e Vp € R[x);, A(p?) = 0 implies p € ker M}.
° keer\_FA, = keer\ Nker M¢, .

The kernel of truncated Hankel operator is used to compute generators of the minimizer
ideal, as we will see.

3. VARIETIES OF CRITICAL POINTS

Before describing how to compute the minimizer points, we analyse the geometry of this
minimization problem and the varieties associated to its critical points. In the following,
we denote by y = (x,u,v) and z = (x,u,Vv,s), the n+n; +ng and n+ ny + 2ny variables
of these problems. For any ideal J C R[z], we denote J* = J N R[x]. The projection of
C" x C™*2m2 (yesp. C™ x C™*+"2) on C" is denoted 7*.

3.1. The gradient variety. A natural approach to deal with constraints in optimization
problems is to introduce Lagrangian multipliers. Replacing the inequalities g;r > 0 by the
equalities g;r — 5% = 0 (adding new variables s;) and introducing new parameters for all
the equality constraints yields the following minimization problem:

3 inf X

( ) (x,u,v,s)ER" x R*1+2n2 f( )

s.t. VF(x,u,v,s) =0

where F(x,u,v,s) = f(x) — Z?:ll u;gi(x) — Z?il Uj(gj—"—(x) - 82)7 u = (U1, ..., Un,), V=
(U1, .eey Upy ) and 8 = (81, ..., Spy)-
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Definition 3.1. The gradient ideal of F(z) is

Igrqa = (VF(2z)) = (1, ...,Fn,g?,...,ggl,gf — s%, ...,g:{Q — 522,0151, vy UnySny ) C Rz]

agY dg . L
where F; = 86{ 271 LU 8%, 272 L) 8% . The gradient variety is Vgyqq = V(Igrad) and

we denote VX . = 1%(Vyrad)-

gra

Definition 3.2. For any F' € Rz], the values of F' at the (resp. real) points of V(VF') =
Vgrad are called the (resp. real) critical values of F.

We easily check the following property:
Lemma 3.3. F ‘ngd f ‘ngd

Thus minimizing F' on Vj,.qq is the same as minimizing f on Vj,.q, that is computing
the minimal critical value of F.

3.2. The Karush-Kuhn-Tucker variety. In the case of a constrained problem, one
usually introduce the Karush-Kuhn-Tucker (KKT) constraints:

Definition 3.4. A point x* is called a KKT point if there exists ui, ..., Up,,V1,...,Vn, € R
s.t.

Z:uZVgZ Zv]Vg] ) =0, ¢)(x*) =0, ngf(x*) =0.

The corresponding minimization problem is the following:

(4) (x,u,v)lerllg"*”lw fx)
s.t. Fi=---=F,=0
91 = 921 =0
g ==y gn, =0

1
gf‘ZO,...,gerZO

0 +
- __ Of ni 89' n2 Aagj
where Fz = 9z; Z] 1 Uy 8:1: ijl Uy ox; *

This leads to the following definitions:
Definition 3.5. The Karush-Kuhn-Tucker (KKT) ideal associated to Problem (1) is

(5) IKKT - (Fla "',Fnag(l)7 ""gglavlgf’ "‘?’UTLQ.g;:,—Q) - R[Y]
The KKT wvariety is Vkxr = V(Ixgxr) C C* x C"'*"2 gnd the real KKT wvariety is

VEKT = Vikgr N (R™ x R™MT2) - [ts projection on x is Vi er = 7(Vkkr), where 7 is
the projection of C* x C™ "2 onto C".

The set of KKT points of S is denoted Sk g7 and a KKT-minimizer of f on S is a point
x* € SkxT such that f(x*) = minkes, o f(X).
Notice that V3, KT = m™X(Vkkgr) = 7™ (VE4r), since any linear dependency relation

between real vectors can be realized with real coeflicients.
The KKT ideal is related to the gradient ideal as follows:

Proposition 3.6. Ixxr = Igqq N R]y].
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Proof. As si(s;v;) + vi(gi'" — 822) = vigf Vi=1,...,n2, we have Ixgr C Igqq NR[y].

In order to prove the equality, we use the property that if K is a Groebner basis of Iy,.4q
for an elimination ordering such that s > x,u,v then K NR[y]| is the Groebner basis of
Iyraa NR[y] (see [3]). Notice that s;(s;v;) +vi(g — s?) = vig;" (i = 1,...,n2) are the only

S-polynomials involving the variables si,...,s,, which may have a non-trivial reduction.
Thus K N R[y] is also the Groebner basis of Fi, ..., Fy,, 7, ...,ggl,vlgf,...,vmgj{2 and we
have (K) NR[y] = Igraa N R]y] = Ik k7. O

The KKT points on S are related to the real points of the gradient variety as follows:

Lemma 3.7. Sgxr = 7%V, ,q) = Vg’i’ﬁl NS*(g).

Proof. A real point y = (x,u,v) of Virp lifts to a point z = (x,u,v,s) in VE_. if and

grad’
only if, g;"(x) > 0 for i = 1,...,ny. This implies that Vi jp = ﬂ'y(Vg]R;iad) NS*(g), which
gives by projection the equalities Sk g7 = Wx(Vg]R;iad) NSt(g) = Wx(Vgﬂfad) since a point x
of Vgﬂfad satisfies g;.L(x) >0 for j € [1,n2]. O

This shows that if a minimizer point of f on S is a KKT point, then it is the projection
of a real critical point of F.

3.3. The Fritz John variety. A minimizer of f on S is not necessarily a KKT point.
More general conditions that are satisfied by minimizers were given by F. John for poly-
nomial non-negativity constraints and further refined for general polynomial constraints
[11, 21|. To describe these conditions, we introduce a new variable uy and denote by y’

the set of variables y’ = Let F0 = ug 20— y2m 4,20 5ona ) 007
e set of variables y’ = (x,uo,u,v). Let F/"* =uo - — > 271  ujgt — 202 vj5n-.
Definition 3.8. For any v C [1,n1], let

(6) I, = (F,  FY g, gn o1g) s vny gl usi € 9) C Ry’

For m € N, the m'™ Fritz-John (FJ) ideal associated to Problem (1) is

(7) IFy = Niyj=m Iy

Let Vi, = V(I};) € C" x Pt The m™ FJ variety is Vi = V(IF;) = Upyjem Vi
and the real FJ variety s V}Z’R = VI N R™ x RP™*™2 [is projection on X is V}rfjx =
(V) = 7x(Vi,). When m = maxxes rank([Vgd(x),...,VgS (x)]), the m'™™ F.J variety
1s denoted Vi .

Notice that this definition slightly differs from the classical one [11, 14, 21], which does
not provide any information when the gradient vectors Vg?(x),i = 1...n; are linearly
dependent on S.

Proposition 3.9. Any minimizer x* of f on S is the projection of a real point of V}RJ.

Proof. The proof is similar to Theorem 4.3.2 of [21]. At a minimizer point x* (if it exists)
We consider a maximal set of linearly independent gradients Vg?(x*) for j € v (with

\'y]IRS m) and apply the same proof as [21]|[Theorem 4.3.2]. This shows that x* € Vg:]R C
VR O

Definition 3.10. We denote by Ving = Vrg N V(ug) the intersection of Vij with the
hyperplane ug = 0.
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We easily check that the “affine part” of Vp; corresponding to ug # 0 is the variety
Vi kr. Thus, we have the decomposition
Vi = Vsing U Vk KT,

Its projection on C" decomposes as

(8) V})‘—'(J - ‘/s)z(ng U V;KT
Let us describe more precisely the projection V¥, onto C". For v = {ji,...,jk} C [1,n2],
we define
A, = [V, Vgl,....Vgp,,Vgl,....,Vgl]
V, = {xeC"|g{(x)=0,i=1...n1, g;'(x) =0,j € v,rank(A4,) < m+ |v|}.

Let AY,..., A} be polynomials defining the variety {x € C" | rank(4,) < m + |[v[}. If
n > m+|v|, these polynomials can be chosen as linear combinations of (m+|v|+ 1)-minors
of the matrix A,, as described in |2, 25]. If n < m + |v|, we take [, =0, AY =0. Let I'ps
be the union of g° and the set of polynomials

(9) u,i = A?Hg;_7
J¢v
fori=1,...,0,,v C [0,na].
Lemma 3.11. ViX; = U,ciongVo = V(T ry).
Proof. For any x € C", let v(x) = {j € [1,n2] | g}"(x) = 0}.

Let y’ be a point of Vry, x its projection on C" and v(x) = v = {j1,...,jx}. We
have g;-L(x) # 0, v; =0for j € vand AY = 0 for i = 1,...,1,. This implies that
rank(A,(x)) < m+ |v| and there exists (ug, U1, ..., Up;, V1,---,Vn,) # 0 and v C [1,n9] of
size |y| < m such that

uVf + u1Vg? Lt unggl + 1)1Vg;; NI vng;; =0,

with w; = 0, i € v C [1,n1]. Therefore x € 7%(Vpy), which proves that V(g°, g,.i,v C
[O,ng],i =1... ly) C WX(VFJ).
Conversely, if x € (Vg ) then x € Vi(x) € U, V,, which is defined by the polynomials

9%,....9% and g,; :== AY ngyg;f, fori=1,...,1,,v C[0,ng]. O

Remark 3.12. The real variety WX(V}]SJ) = VZ;NR" can also be defined by g and the set
Dy of polynomials

(10) gy =AY Hg]‘" where A = det(A, AL),
Jgv
for v C [0,n2] and n > m + |v|, as described in [9].
Similarly the projection V¥, onto C" can be described as follows. For v = {ji,...,ji} C
[1"’12]?
Bl/ - [vg:(l]7"'7vggl7vg‘;"17"'7vg‘;’;]
W, = {xeC"|¢{(x)=0,i=1...ny, g;'(x) =0,j € v,rank(B,) < m+ |v| — 1}.

Let ©F,...,0] be polynomials defining the variety {x € C" | rank(B,) < m + |v| — 1}
and let I'g;,g be the union of g and the set of polynomials

(11) ovi =0 [ gf,
Jgv
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for v C [0,me],i=1...1,.
We similar arguments, we prove the following

Lemma 3.13. VX = Uyc[o,m]wy = V(Psing)-

sing

3.4. The minimizer variety. By the decomposition (8) and Proposition 3.9, we know
that the minimizer points of f on S are in

(12) Sry = SkkrT U Ssing

where Sy = m(VE)NS = X(VEINST(g), Skt = (Vi ier)NS = 7% (VEer)NST (),
Ssing = wx(‘/;ﬂfng) ns = WX(VS[%LQ) N S*(g). Therefore, we can decompose the initial
optimization problem (1) into two subproblems:

(1) find the infimum of f on Sk x7;
(2) find the infimum of f on Sging;

and take the least of these two infima. Since the second problem is of the same type as
(1) but with the additional constraints o, ; = 0 described in (11), we analyse only the first
subproblem. The approach developed for this first sub-problem is applied recursively to
the second subproblem, in order to obtain the solution of Problem (1).

Definition 3.14. We define the KKT-minimizer set and ideal of f on S as:

Sonin = {X* € SgrT s.t. Vx € SKKT,f(X*) < f(X)}
— T(Syun) C RX].

Imin

A point x* in Sy, is called a KKT-minimizer. Notice that I g C Lyin and that I,
is a real radical ideal.

We have I, # (1), if and only if, the KKT-minimum f* is reached in Sk x7.

If ny = ng = 0, L, is the vanishing ideal of the critical points x* of f (satisfying
V f(x*) = 0) where f(x*) reaches its minimal critical value.

Remark 3.15. If we take f = 0 in the minimization problem (1), then all the points of S
are KKT-minimizers and I, = Z(S) = &\/g0. Moreover, IxkrNR[x] = (¢,...,9%,) =
(g°) since Fy, ... ,Fn,vlgf, e ,vmg?{Q are homogeneous of degree 1 in the variables u,v.

4. REPRESENTATION OF POSITIVE POLYNOMIALS

In this section, we analyse the decomposition of polynomials as sum of squares modulo
the gradient ideal. Hereafter, Jy,qq is an ideal of R[z] such that V(Jyrad) = Vyreq and C'is
a set of constraints in R[x] such that ST(C) = ST (g).

The first steps consists in decomposing Vj,.qq in components on which f has a constant
value. We recall here a result, which also appears (with slightly different hypotheses) in
[28, Lemma 3.3]3.

Lemma 4.1. Let f € R[x] and let V be an irreducible subvariety contained in VE(Vf).
Then f(z) is constant on V.

Proof. 1f V' is irreducible in the Zariski topology induced from C[x], then it is connected
in the strong topology on C™ and even piecewise smoothly path-connected [34]. Let z, y
be two arbitrary points of V. There exists a piecewise smooth path ¢(t) (0 <t < 1) lying
inside V' such that z = ¢(0) and y = ¢(1). Without loss of generality, we can assume

3In its proof, the Mean Value Theorem is applied for a complex valued function, which is not valid. We
correct the problem in the proof of Lemma 4.1.
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that ¢ is smooth between x and y in order to prove that f(z) = f(y). By the Mean Value
Theorem, it holds that for some t; € (0, 1)

Re(f(y) = f(x)) = Re(f((1)))'(t1) = Re((Vf(o(t1))  ¢'(t1))) =0

since Vf vanishes on V. Then Re(f(y)) = Re(f(z)). We have the same result for the
imaginary part: for some t5 € (0,1)

Im(f(y)) — Im(f (2)) = Im(f ((2)))'(t2) = Im((V f((t2)) * ¢ (t2))) = 0

since V f vanishes on V. Then Im(f(y)) = Im(f(z)). We conclude that f(y) = f(z) and
hence f is constant on V. O

Lemma 4.2. The ideal Jyrqq can be decomposed as Jgrqq = JoNJ1 N -NJs with V; = V(J;)

and W; = 7%(V;) where 7*(V;) is the projection of V; on C" such that
o f(Vi)=Ff€C, fi# fifi#7,
e WENSH(C)#D fori=0,...,r,
e WENSHC)=0 fori=r+1,...,s,
® fo<--<[fr

Proof. Consider a minimal primary decomposition of Jy,q4:

Jgrad:Q(]m"'sz’a

where Q; is a primary component, and V(Q;) is an irreducible variety in C"**t"1+272 included
in Vyyqq. By Lemma 4.1, F' is constant on V(Q;). By Lemma 3.3, it coincides with f on
each variety V(Q;). We group the primary components @Q); according to the values fo, ..., fs
of f on these components, into Jy,...,Js so that f(V(J;)) = f; with f; # f; if i # j.

We can number them so that WX(%)R NST(C) is empty for i =r+1,...,s and contains
a real point x; for ¢ = 0,...,r. Notice that such a point x; is in &, since it satisfies
°(x;) = 0 Vg € C° and gt (x;) > 0 Vg© € CT. As it is the limit of the projection of
points in V(J;) on which f is constant, we have f; = f(x;) € R for i = 0,...,r. We can
then order Jy,...,J,. so that fo < - < f.. O

Remark 4.3. If the minimum of f on S is reached at a KKT-point, then we have fy =
minges f(X)

Remark 4.4. If VE

grad — 0, then for alli=0,...,s, VVZJR NST(C) =0 and by convention,
we take r = —1.

Lemma 4.5. There exist po,...,ps € C[x| such that
® Zf:o pi=1 mod Jgrady
® pi €Nz ),
e p; €ER[x| fori=0,...,r.

Proof. Let (L;)i=o,..s be the univariate Lagrange interpolation polynomials at the values

fos--oy fs € C and let ¢;(x) = L;(f(x)).
The polynomials ¢; are constructed so that
o ¢;(V;) =0if j #1,
e ¢(Vi) =1,
where V; = V(J;). As the set {f41,..., fs} is stable by conjugation and fy, ..., f, € R, by
construction of the Lagrange interpolation polynomials we deduce that q, ..., q € R[x].
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By Hilbert’s Nullstellensatz, there exists N € N such that qu € ﬂj;ﬁi Jj. As ijo qév =

1 on Vjpqq and qqujv =0 mod (), Ji = Jgraa for i # j, we deduce that there exists N’ € N
such that

S
0 = (1—Zq§V)N, mod Jy,qq
j=0

S

= 1-) (1-1-¢")) mod Jgraq-
j=0

As the polynomial p; = 1 — (1 — qu)Nl € Clx] is divisible by qjv, it belongs to ﬂj# Jj.
Since ¢; € R[x] for j = 0,...,r, we have p; € R[x| for j = 0,...,r, which ends the proof

of this lemma. O
Lemma 4.6. —1 € PT(C) + (N>, J)-

Proof. As Uy, ™ (Vi) NSH(C) = VR(Na, SNRK)NSH(C) = V(o JEINSH(C) = 0,
we have Z(V*(N),o, JX) NST(C)) = R[x] 2 1 and by the Positivstellensatz (Theorem 2.6

(iif)),
—1ePHC)+ ([T

>

Corollary 4.7. If Spin = 0, then —1 € PT(C) +

Proof. It Spin = 0, then f has no real KKT critical value on S(C) and r = —1. Lemma
4.6 implies that —1 € PT(C) + (N, /&) = PH(C) + O
In this case, Vp € Rx], p = 3((p+1)* = (p— 1)) € PH(O) + % 0
that V(C) c Vorad then Sy, = 0 if and only if —1 € P(C).
We recall another useful result on the representation of positive polynomials (see for

instance [5]):

Lemma 4.8. Let J C R(z] and V = V(J) such that f(V) = f* with f* € RT . There
exists t € N, s.t. Ve >0, ¢ € R[x] with deg(q) <t and f + ¢ = ¢*> mod J.

X
grad*

X
grad*

If C° is chosen such

Proof. We know that Jf:j; — 1 vanishes on V. By Hilbert’s Nullstellensatz ( ]ftfe ~DleJ
for some [ € N. From the binomial theorem, it follows that

-1

fHe e 1/2> fre pdef g
(1+(f*+6 1)) _Z<k (f*+€ 1) —Wmodj

Then f + € = ¢® mod J. O

In particular, if f* > 0 this lemma implies that f = (f — 2 f*) + 3 f* = ¢° mod J for
some ¢ € R[x].

Theorem 4.9. Let C' C R[x] be a set of constraints such that ST(C) = ST(g), let f € R[x],
let fo < -+ < fr be the real KKT critical values of f on S and let po,...,p, be the
associated polynomials defined in Lemma 4.5.

(1) f - Z;:O fng € P+(C) + J;rad'
(2) If f >0 on Skkr, then f € PT(C) +/Jgraa-
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(3) If f >0 on Skkr, then f € PT(C) +

X
grad*

Proof. By Lemma 4.5, we have

1= (Zpi)z = szz mod Jgrad-
=0

1=0

Thus f = Zf:(] fp? mod Jgrad-
By Lemma 4.6, =1 € P(C) + (M-, JX) so that f = 1((f +1)2 - (f —1)?) € PH(C) +
ﬂj>,~J]’»‘ and

(13) Y F e PO+ () IF=PHO) + s

i>r 7=0

As the polynomial (f — f;) p? vanishes on V44, we deduce that

f= Zfzpﬁerpﬁm/J;‘md Zfzpﬂr?’* (C) + 1/ T%

i=r+1

which proves the first point.
If f>0on Skgr, then f; >0 fori=0,...,rand > ., fip? € PT(C) so that

fePT(C)+ ,/J*

grad’

which proves the second point.
If f>0on Skxr by Lemma 4.8, we have fp? = ¢? mod JX _, with ¢; € R[x], which

gra
shows that
T T
Zflp?:ZqZQ mOdJrad

Therefore, Y\ fip? € P*(C) + Joad and f € PH(C) + J .4 by (13), which proves the

third point. O

This theorem involves only polynomials in R[x] and the points (2) and (3) generalize
results of [5] on the representation of positive polynomials.
Let us give now a refinement of Theorem 4.9 with a control of the degrees of the poly-

nomials involved in the representation of f as an element of P*(C) + J grad:

Theorem 4.10. Let C C R[x] be a set of constraints such that V(CY) C VX aq and ST(C) =
St(g). If f >0 on Skkr, then there exists ty such that Ve > 0,

fH+eePy,(C).

Proof. Let Jyraa = (C°) N Iyaa C R[z], so that V(Jyraa) = Vyraa since V(C) C rad:
Using the decomposition (13) obtained in the proof of Theorem 4.9, we can choose t{, € N
and to > t{, € N big enough such that deg(p;) < to/2 and

> 0P €PL(O) + Jgraa NRX]yy C Piy(C),
1>r

since J3 4 = cHNIx grad C (CY). Then Ve > 0,

(14) SU+Op; =D i+ > eni €Pi(C)

i>r i>r i>r
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AsVe>0, f+e>0o0n Sggr, ie, fi+e>0fori=0,...,r, we deduce from Lemma
4.8 that if ¢g is big enough, we have

(15) (f+e)pi =q¢ mod Clh, NR[x]
with deg(q;) < to/2 fori=0,...,r.
Since 1 — "% ;p? =0 mod (C?), we can choose to big enough so that

S

(16) (f+e) =D (f+e)pieChyNRIx].
=0

From Equations (14), (15), (16), we deduce that if ¢y € N is big enough, Ve > 0
f +ec€ Pto (C),

which concludes the proof of the theorem. O

5. FINITE CONVERGENCE

In this section, we show that the sequence of relaxation problems attains its limit in
a finite number of steps and that the minimizer ideal can be recovered from an optimal
solution of the corresponding relaxation problem. We use the following notation:

L f* = infxESKKT f(X)
® Spin = {X* € SKKT | f(X*) = f*}

We first show that S,,;, = () can be detected from an adapted relaxation sequence:

Proposition 5.1. Let C' = (C% C™) be a set of constraints of R[x|, such that Sy, C S(O)
and V(C®) C V¥ and C = g, Then Spin = 0, if and only if, there to € N such that
vt > to, L1(C) = 0.

Proof. Let Jyraq = (C°) N Iyraq and let €7 be a set of constraints such that (C"Y) =
Jgraa NR[x] = J7 , and C't = g* be a finite set. By hypothesis, V(Jyrqa) = Vyrad. We
deduce from Corollary 4.7 that if S,,;,, = (), then

—1 e PHC') +(C?) C P(C) = UsenPi(C).

Thus there exists ty such that —1 € P,(C) for t > to, which implies that £,(C') = 0, since
if there exists A € £;(C), then A(1) =1 and A(—1) > 0.

Conversely, suppose that Sy, # 0 contains a point x*. As Sy, € S(C), for all ¢t € N
the evaluation 1. at x* restricted to R[x]o is an element of L(C) # 0. O

This proposition gives a way to check whether S,,;, = 0, using the relaxation sequence
L:(C). We are now going to analyse the case where f has KKT minimizers on S.

From now on, we assume that Sy,in # 0.

First, we recall a property similar to [15, Claim 4.7|:
Proposition 5.2. Let C = (C° CV) be a set of constraints of R[x]. There exists tg € N
such that ¥t > to, YA € £4(C), “VCO C (ker MY).

Proof. Let CY = {g1,...,q;} and let qi,...,qx be generators of J := C+\/C’O. By the

Positivestllensatz, for j € 1,...,k, there exist m; € N* and polynomials W) € R[x] and
o; € PT(C) such that

l
2m; .
= Y,
r=1
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Let us take tg € N big enough such that u&j)gr € Cy,y and o € P;g(C’). Then for
all t > to and all A € L,(C), we have A(uﬁj)gr) =0, A(q?mj) > 0, A(gj) > 0 and
A(q]?mj) + A(oj) = 0, which implies that A(q?mj) =0 and g¢; € ker M}. This proves that
(g1, q) = J C (ker M}). O

Remark 5.3. With the same arguments, we can show that for any t' € N, there exists
ty > t' such that Vt > t(, VA € L4(C),

Q) C ker My,

where Q = {q1,...,qx} generates J = C+\/ .

The next result shows that in the sequence of optimization problems that we consider,
the minimum of f on Sk is reached from some degree.

Theorem 5.4. Let C' be a set of constraints of R[x| such that Sy C S(C) C V;ET.
There exists t1 > 0 such that ¥Vt > tq,

(1) ffe = f* is reached for some A* € L4(C),

(2) VA* € Li(C) with A*(f) = fﬁc = f*, we have p; € ker M§., Vi=1,...,r,

(3) if V(C°) C VEgr then f5% = fl'o = [*.

Proof. By Theorem 4.9(1) applied to f — f*, we can write

F=r=> (fi-f)pi+h+g
i=1
with h € PT(C) and g € \/Tr0a "R[x| = Ik kT NR[x] C /T g7 NR[x] (by Proposition

3.6). Since S(C) C Vg’[ﬂfT = (VR r), we have ¥/Trrr NR[x] C Z(S(C)) = /(CY)
by the Positivstellensatz. We deduce that g € ot/ (CY). By proposition 5.2, there exists
t1 > tp such that for all ¢ > ¢1, for all A € £,(C), A(g) =0, A(h) > 0.

Let us fix ¢t > ¢; and A* € £,(C) such that A*(f) = ftf,tc Then

T
A(f = 1) = DU = [N (]) + A ().
i=1
As fi— f* = fi— fo > 0, A*(p?) > 0 and A*(h) > 0 (h € P,7(C)), we deduce that
A(f=f)=A(f)—f=0.

As ) # Spin, € S(C), we have A*(f) < f* (by Remark 2.8), so that A*(f) = ft!fc = f*,
which proves the first point. Hence for i = 1,...,r, A*(p?) = 0 and p; € ker M}., which
proves the second point.

To prove that f7¢7 = f* when V(C%) C V¥ r, we apply Theorem 4.10 to f — f* which
is positive on Skxrr. Let us take Jyrqq = (C%n Iyraqa C R[z]. We denote by C the set of
constraints such that C° is a finite family of generators of Jgraa N R[x] and Ct=cCt.

By Theorem 4.10, there exists ¢y such that Ve > 0,

= +eePy(C).
As (C% = (C° N Iyaa C (C), we can choose t; > to such that C’<t0> C O,y and

Pi, (C) C Py, (C).
Then Vt > t1, f — f*+ € € P(C). Hence by maximality, Ve > 0, f* — e < fi&. We

deduce that f* < f7¢7, which implies that f7¢¥ = [1'c = [* and proves the third point. [
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As for the construction of generators of C+\/I xxT (Proposition 5.2), we can construct
generators of I,,;, from the kernel of a truncated Hankel operator associated to any linear
form which minimizes f, using the following propositions:

Proposition 5.5. I, = (p1,...,0r) + /T op-

Proof. First of all, we proof that IZ. = (p1,....,pr) + ct Lyraa = (D1, s 0r) + ¥/ graa-
Using the decomposition of Lemma 4.2 and the polynomials p; of Lemma 4.5, we have

VR

grad = (V()UV1U U%)ﬂRn+nl+2n2:%RU---UWR’

By construction, Z(V}) = IZ,,,, pi(Vat) =0 for i = 1,...,s and p; € R[x] for i =0,...,7r
This implies that p; € 1%, fori=1,...,r.
As VOR - de, we also have CJ{/Igmd c Iz

min*
We have proved so far that (p1,...,p,)+ © <t /T grad C I7,;,. In order to prove the reverse
inclusion, we denote by g¢1,..., ¢y, a family of generators of the ideal IZ, . Take one of

these generators ¢; (1 < j < m). By construction, ¢;po(Vgt) = 0 and ¢;po(V;¥) = 0 for

t=1,...,r, which implies that ¢;po € ct /1 grad-
By Lemma 4.5, we have the decomposition

¢ =aj(po+p1+---+p5) mod Lyraa © °V/Igraa.

Moreover (py41+ -+ ps) € R[z] and vanishes on V¥ for k =0,...,r. Thus (py41+ -+

ps) € CT/Igmd and we deduce that g; € (p1,...,pr) + Cf/Igmd. This proves the other
inclusion and the first equality.

As ‘/;R;ad ‘/;R;ad NS*(C) (Remark 3.7), by the Positivstellensatz, ©7 /Igrad = /1 grads
which proves the second equality.
By the Positivstellensatz and Remark 3.7, we have

Vigraa NRx] = {/Tgraa NR[x T (Vgraa) = L (Viexer) N SH(C)) = VT per

and
Imin - Irzmn N R[X] = (pl, apr ‘|' C+\/ grad N R pla . -apr) + o I}((KT'
which proves the equality. O

Theorem 5.6. For C C R[x] with Sy, C S(C) C VI};’IH{%T, there exists to € N such that
Vit > to, for A* € Li(C) with A* = ft’fc, we have Iy, C (ker M}.).

Proof. To prove the inclusion we take to = max{to,t;} and we combine Proposition 5.5
with Proposition 5.2 for C' C R[x]| and Theorem 5.4. O

We introduce now the notion of optimal linear form for f. Such a linear form allows us
to compute Iin.
Proposition 5.7. For A* € L,(C) and p € R[x]|, the following assertions are equivalent:
(i) rankM}. = MAXpe 2,(C),A(p)=pl' ¢ rank M} .
(ii) VA € £4(C) such that A(p) = pl', ker M}. C ker M.
We say that A* € L(C) is optimal for p if it satisfies one of the equivalent conditions
(1)-(ii)-

A proof of this proposition can be found in [12|(Proposition 4.7).
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Remark 5.8. A linear form A* € L4(C) optimal for p can be computed by solving a
Semi-Definite Programming problem by an interior point method [14]. In this case, the
solution A* obtained by convex optimization is in the interior of the face of linear forms
that minimize f.

The next result, which refines Theorem 5.6, shows that only elements in I,,,;, are involved
in the kernel of a truncated Hankel operator associated to an optimal linear form for f.

Theorem 5.9. Lett € N such that f € R[x]y and let C C R[x]y with Spin € S(C). If
A* € L4(C) is optimal for f and such that A*(f) = f*, then ker M}. C L.

Proof. 1t is similar to proof of Theorem 4.9 in [12]. O

The last result of this section shows that an optimal linear form for f yields the gener-
ators of the minimizer ideal I,,;, in high enough degree.

Theorem 5.10. Let g C R[x] be a set of constraints with Syyn # 0. For a set of constraints
C C R[x] with Syin C S(C) C VI’;’}?T, there exists ty € N (defined in Theorem 5.6) such
that Vt > to,

o flc = minxesyor (%) is reached for some A* € Li(C),

o VA* € L4(C) optimal for f, we have A*(f) = f* and (ker M%.) = Lnin,

o if V(CY) C VEr then e = fﬁc = f*.
Proof. We obtain the result as a consequence of Theorem 5.4, Theorem 5.6 and Theorem
5.9. O

The same results hold if we replace C' by any other finite set defining a real variety such
that Sy C S(C) C Visier-

Remark 5.11. We can also replace the initial set of constraints g by any other set g
defining the same semi-algebraic set S = S(g) = S(&) and consider the KKT variety
associated to g.

6. CONSEQUENCES

Let us describe now some consequences of these results in specific cases, which have
been previously studied.

6.1. Global optimization. We consider here the case ny = no = 0. Theorem 4.9 implies
the following result (compare with [28]):

Theorem 6.1. Let f € R[x].

(1) If the real critical values of f are positive, then f € QF + (aaTJi, cey aa:; ).
(2) If the real critical values of f are strictly positive, then f € QF + (%, ce %)
In particular, if there is no real critical value, then f € Q" + (aa—f7 e aa f ).
T Tn

A consequence of Proposition 5.1 and Theorem 5.10 is the following:

Theorem 6.2. Let f € R[x] and C = {%, e BT];} Then, there exists to € N, such that
Vit > to either Li(C) =0 and Spin = 0 or

(1) 26 = flf,‘c = [* = mingegrn f(X) is reached for some A* € L,(C),

(2) VA* € L4(C) optimal for f, ker M} generates L.

The first point of this theorem can also be found in [28|.
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6.2. General case. A direct consequence of Proposition 5.1 and Theorem 5.10 is the
following;:

Theorem 6.3. Let C' C R[x]| be a set of constraints such that
o (C%) = Ixgr NR[X],
° C—f— — g-i-_
Then there exists tg € N such that ¥Vt > tg, either L(C) =0 and Spin =0 or

o [P0 = ftMC = MinxeSy p f(X) is reached for some A* € Li(C),

o VA* € L4(C) optimal for f, we have A*(f) = f* and (ker M%.) = Lnin.

The set C? is constructed so that V(CY) = V1. As we have seen, the weaker condition
Smin C S(C) C V¥ is sufficient to have an exact relaxation sequence.

The generators C° of I N R[x] can be computed by elimination techniques (for
instance by Groebner basis computation with a product order on monomials [3]).

6.3. Regular case. We consider here a semi-algebraic set .S such that its defining con-
straints intersect properly. For any x € C", let v(x) = {j € [1,n2] | g;-r (x) = 0}.

Definition 6.4. We say that a set of constraints g = (g(l),...ggl; gf, . ,g;{2) 1S Teqgu-
lar if for all points x € S(g) with v(x) = {j1,...,jr}, the vectors Vg{(x),..., Vg9 (x),
ng'-t (X),. .., Vg;; (x) are linearly independent.

This condition is used for instance in [9]. It implies that Vx € S, [v(x)] < n —ny
and that B,(x)(x) is of rank ny + |v(x)|. A stronger condition, called the C-regularity,
corresponds to sets of constraints such that Vx € C", B,y (x) is of rank n1 + [v(x)].
This condition is used for instance in [25]. It is satisfied for semi-algebraic sets defined by
“generic” constraints when n; < n as shown in [25].

If g is regular, then for all points x in S the rank of B, (x)(x) is n1 +|v(x)| and Ssing = 0.
The decomposition (12) implies that Sp; = Sk and that all minimizer points of f on
S are KKT points. If moreover g is C-regular, then V35, = V(I'ry) = V¥

We deduce from Theorem 5.10 the following result:

Theorem 6.5. Let g C R[x| be a reqular set of constraints and let C C R[x]| be the set of
constraints such that

o CO=Tpy defined in (9) (resp. CO = ®p; defined in (10)),

o O = g-i-_
Suppose that minygcs(g) f(x) is reached at some point of S(g). Then, there exists to € N

such that ¥Vt > tg,
(1) fﬁc = f* = minges(g) f(%) is reached for some A* € Li(C),
(2) VA* € L£4(C) optimal for f, ker M%. generates IX, .

(3) If g is C-regular and C° = Ty, then e =tHo=1"

By Lemma 3.11 and Remark 3.12, C' is constructed so that Sy, C S(C) = Skrr C
VKT

Points (1) and (3) are proved for C° = I'p; in [25] under the condition that g is C-
regular. These points can also be found in [9] for C° = g® U ®1; under the condition that
g regular (but a problem appears in the proof: the vanishing of the polynomials ®; at a
point x € C" does not imply that rank A, (x) < n1 + [v(x)]).

In this case, the relaxation constructed with I'p; (or ® ) is exact and can be used to
compute the minimizer ideals of f on the semi-algebraic set S.
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6.4. Zero dimensional real variety. Let g C R[x]| be a set of constraints such that
VER(g0) is finite and let S := S(g). By remark 5.11, we can assume that S is defined by
a set of constraints g such that (g") is radical. Then Vx € V(g”) = V(g"), the Jacobian
matrix By(x) (x) associated to g° is of rank n. Therefore we have V(g?) = V(g°) = V¥ xr
and any point of S is a KKT-point: S = Sp; = Skrr. Consequently, we deduce from
Theorem 5.10 the following result:

Theorem 6.6. Let g = (g%, g%) C R[x] be a set of constraints such that V*(g) is finite.
Then there exists tg € N such that VYt > tg,

(1) fig° = flg = f* = mingeg(g) f(x) is reached for some A* € Li(g),

(2) VA* € Li(g) optimal for f, ker M}. generates L.

This answers an open question in [18|. The first point was also solved in [27| using
dedicated techniques.

6.5. Smooth real variety. We consider a set of constraints g = {¢?, ..., ggl} C R[x] such
that V®(g°) is equidimensional smooth and g* = ). This means that S = S(g) = V¥(g?) is
the union of irreducible components of the same dimension d and that for any point x € S,
By(x) = [Vg)(x),..., VgD (x)] is of rank m = dim S = n—d. Therefore, Sging = 0. In this
case, V f(x) is a linear combination of Vg{(x),...,Vgd (x), if and only if, rankAy(x) < r.

The set I'py defined in (9) (or C° = g U ® 5 defined in (10)), or the union A"~¢ of g?
and the set of (n —d +1) X (n — d + 1) minors of the Jacobian matrix of {f,¢?,...,¢% },
which contain the first column V f define the variety Sx 7.

We deduce from Theorem 5.10, the following result:

Theorem 6.7. Let g = {g?,... ,ggl} C R[x] such that S = VR(g) is an equidimensional
and smooth variety of dimension d.

Let C C R[x] be the set of constraints such that C = Ty defined in (9) (or C° = ®py
defined in (10), C® = A=) Then there exists tg € N such that Yt > tg, either L;(C) = ()
and Syin =0 or

(1) ffe = f* = minxes f(x) is reached for some A* € L(C),
(2) VA* € Li(C) optimal for f, ker ML, generates Inip.

6.6. Known minimum. In the case where we know the minimum f* of f on the basic
closed semi-algebraic set S, we take g’ with g° = {g®, f—f*} and g't = gT. Let S = S(g),
S" = 8(g'). By construction Sy, C S" and S’ = St o and V(g%) C VE i1 (g"°). Theorem
5.10 applied to g’ implies the following result:

Theorem 6.8. Let g = {g?,...,ggl;gf,...,g;;} C R[x]. Let f* be the minimum of f
and C C R[x] the set of constraints such that C° = {g°, f — f*} and C* = g*. Then there
exists to € N such that ¥Vt > t,

(1) ff“cs = flf‘c = f* = minges(o) f(x) is reached for some A* € Ly ¢,

(2) VA* € L4(C) optimal for f, ker M} generates L.

6.7. gT-radical computation. In the case where f = 0, by Remark 3.15 all the points
of S are KKT points and minimizers of f so that Sy, = S = Skkr. Moreover, I .r =
(¢?,... ,921) since Fi,..., F,, vlgi", e ,vmg;; are homogeneous of degree 1 in the variables
ULy wyUpys UL,y -, Un,. We deduce the following result:

Theorem 6.9. Let g = {g?,...,ggl;gf, . 9} C R[X]. There exists to € N such that
Vi > ty, YA* € Li(g) optimal for 0, we have (ker M%.) = Z(S) = #/(g).
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This gives a way to compute °1/(C0) (see also [20]), which generalizes the approach of
[16], [12] or [31] to compute the real radical of an ideal.

7. EXAMPLES

This section contains examples that illustrate different aspects of our method. In the
case of a finite number of minimizers for a function f on the semi-algebraic set S defined
by the set of constraints g, the approach we describe leads to the following algorithm:

(1) Compute C C R[x] such that C° generates Ik NR[x] and CT = g7;

(2) ¢ := [ max{deg(f),deg(g?),deg(g;])}]

(3) Compute A* € £,(C') optimal for f (solving a finite dimensional SDP problem by
an interior point method);

(4) Check the convergence certificate for M. (by flat extension [10, 19]);

(5) If it is not satisfied, then ¢ := ¢ + 1 and repeat from step (2);
Otherwise compute K := ker M}..

Output f* = A*(f) and the generators K of .
Example 7.1. We consider the “ill-posed” problem
min z s.t 22 > 0.

The ideal Ikt is Ixxr = (1 — 3via®,v12%) = (1). Thus Vgt = 0. According to the
decomposition (12), Spj = Ssing and we compute the minimum of x on Ssing, which is
defined by x> = 0:

min z s.t 22 = 0.

Now according to section 6.4, the relaxation associated to this problem is exact and yields
the solution x = 0.

Example 7.2. We consider the following problem

min - f(z,y,2) = 2* +y* + 2%
r+z+1 x4y y+z ><1

st rank T4+y  y+z x+z+1

or equivalently
min  f(z,y,2) = 22 + y? + 2%;
st (x+2+1)(y+2)—(z+y)* =0
(z4+z2+1)? = (y+2)(z+y) =0;
(o424 D@+y) - (y+2)° =0
This corresponds to computing the closest point on a twisted cubic defined by 2 X 2 minors.
The set of constraints g is not regular but S(g) = VR (g°) is a smooth real variety.

In the first iteration of the algorithm, the order is 1, the size of the Hankel matriz M}
is 3, min A(f) = 1 and there is no duality gap. The flat extension condition is satisfied
for M/{ and thus we have found the minimum. The algorithm stops and we obtain I, =
(x,y — 1,2). The points that minimize f are {(x =0,y =1,z =0)}.

Example 7.3. We consider the Motzkin polynomial,
min f(z,y) = 1 + z*y? + 22y* — 32%°

which is non negative on R? but not a sum of squares in Rlx,y]. We compute its gradi-
ent ideal, Iprqa(f) = (—6zy® + 2zy* + 423y?, —6ya? + 2yxt + 4y32?), which is not zero-
dimensional.
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In the first iteration of the algorithm, the order is 3, the size of the Hankel matrix M/?{
is 10, min A(f) = —216. The flat extension condition is not satisfied hence we try with
degree 4.

In the second iteration the order is 4, the size of the Hankel matrix M/‘{ is 15, min A(f) =
0, there is no duality gap. The flat extension condition is satisfied for Mj{ and we have
found the minimum. The algorithm stops and we obtain Ly, = (x2—1,y%>—1). The points
that minimize f are {(x = L,y =1),(x =L,y = -1),(z = -1,y =1),(z = -1,y = —1)}.

For this example Gloptipoly must go until order 9 in order to satisfy the flat extension
condition.

Example 7.4. We consider the Robinson polynomial

min f(z,y) =1+ 2% — 2 — 22 + 8 — gt — 42 — 2y? — 22yt + 302y’
which is non negative on R? but not a sum of squares in Rz, y]. We compute its gradient
ideal,
Lyraa(f) = (625 — 42 — 22 — 4a3y? — 22y + 62y?, 6y° — 4y° — 2y — 4y32? — 2ya* + 6ya?)
which is not zero-dimensional.

In the first iteration, the order is 3, the size of the Hankel matrix M/?{ is 10, min A(f) =
—0.93. The flat extension condition is not satisfied hence we try with degree 4.

In the second iteration the degree is 4, the size of the Hankel matriz Mj‘( is 15, min A(f) =
0. There is no duality gap. The flat extension condition is satisfied for M/‘r{ and we have
found the minimum.

The algorithm stops and we obtain Iy, = (23 — x,y3 — y,2%y? — 22 —y? +1). The
points that minimize f are {(x =1,y =1),(x =1,y =—-1),(z=-1,y=1),(x = -1,y =
—-1),(z=1y=0),(z=-1y=0),(z=0,y=1),(z =0,y = —1)}.

For this example, Gloptipoly must go until order 7 in order to satisfy the flat extension
condition.

Example 7.5. We consider the homogeneous Motzkin polynomial with a perturbation € =
0.005,
min  f(xz,y,2) = oty? + 2%yt — 3229?22 + 26 4 e(2? + 9% 4 22);
st h(z,y,2)=1—-22—92—-22>0
This example coming from [18, Example 6.25] is a case where the constraints g define a
compact semi-algebraic set, but the direct relaxation using the associated quadratic module
or preordering is not exact.
We add the projection of the KKT ideal and we have the similar problem
min  zty? + 22yt — 322y?2% + 25 +0.005(z? + 32 + 22);
st —dzaty — 20222y + 1222y2° — 0.062y° + 12.06y2° = 0;
—20z23y? — dzay* + 1229223 — 0.0622° 4+ 12.0622° = 0;
(423y? + 22yt — 629?22 4+ 0.0325) (=22 —y? — 22 + 1) = 0;
(2zty + 422y® — 622y2? + 0.03y°) (=22 — y? — 22 + 1) = 0;
(—62%y%2 +6.032°)(—2% —y? — 22 + 1) = 0;
where the first three equations are the 2 x 2 minors of the Jacobian matriz of f and h and
the last three equations are the gradient ideal of f multiplied by h.

In the first iteration the order is 5, the size of the Hankel matriz M3 is 167, min A(f) =
0, there is no duality gap. The flat extension condition is satisfied for Mf{ and we have
found the minimum. The algorithm stops and we obtain Ly, = (x,y,z). The point that
minimize f is (0,0,0).

For this example, the flat extension condition does not hold with Gloptipoly if ¢ < 0.01.
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Finally with these two last examples we show that even the minimizer ideal I,,,;, is not
zero-dimensional we can recover it from a solution of the relaxation problem.

Example 7.6. We consider Motzkin polynomial over the unit ball:
min  f(z,y,2) = ty? + 22yt — 3229222 + 25,
st h(z,y,z)=1—-a2—9%>—-22>0
The polynomial f is homogeneous and non negative on R® but not a sum of squares in
Rz, y, 2].

We add the projections of KKT ideal and we have the similar problem

min z4y? 4+ 2%y* — 32%y%2% + 25,

s.t —4xy5 + 12xy3z2 + 4ym5 — 12x3yz2 =0;
—dzxty — 2022y + 122%y23 + 12y2° = 0;
—20z23y? — dzayt + 122y223 + 1222° = 0;

(423y? + 22yt — 62y?2?)(—2? —y? — 22 + 1)

22ty + 42%y® — 62%y2?)(—2? —y? — 22 + 1)

(—622y%2 + 62°)(—2? —y? — 22 + 1) = 0;
where the first three equations are the 2 X 2 minors of the Jacobian matriz of f and h and
the last three equations are the gradient ideal of f multiplied by h.

0;
0

)

In the first iteration the order is 5, the size of the Hankel matriz M3 is 156, min A(f) =
0, there is mo duality gap. We compute the kernel of this matriz: ker M} = (z(y* —
22),2(y? — 2%), 2(2? — 22),y(2? — 2?)). It generates the minimizer ideal I, = (2(y? —
22),2(y? — 22), 2(2? — 22),y(2? — 2?)) defining 6 lines: (y + z,x & 2), (v, 2), (y,2). Here
V(I pmin) is not included in S.

Example 7.7. We consider minimization of a linear function on a torus:

st 9—1022 — 10y% + 622 + 2t + 2022 + 22222 + 2222 +yt 4+ 24 =0

In the first iteration, the order is 2, the size of the Hankel matriz M?\ is 10, min A(f) = —1,
there is no duality gap. We compute the kernel of this matriz: ker M/% = (2?2 +y? —4,z(z+
1),y(z+1),2(z+1), (2+1)) which generates the minimizer ideal I, = (x?+y% —4,2z+1),
defining a circle which is the intersection of the torus with a tangent plane. Notice that the
multiplicity of this intersection has been removed in I, .
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