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EXACT RELAXATION FOR POLYNOMIAL OPTIMIZATION ON
SEMI-ALGEBRAIC SETS

MARTA ABRIL BUCERO, BERNARD MOURRAIN

ABSTRACT. In this paper, we study the problem of computing by relaxation hierarchies
the infimum of a real polynomial function f on a closed basic semialgebraic set S and the
points where this infimum is reached, if they exist. We show that when the infimum is
reached, a relaxation hierarchy constructed from the Karush-Kuhn-Tucker ideal is always
exact and that the vanishing ideal of the KK'T minimizer points is generated by the kernel
of the associated moment matrix in that degree, even if this ideal is not zero-dimensional.
We also show that this relaxation allows to detect when there is no KKT minimizer. We
prove that the exactness of the relaxation depends only on the real points which satisfy
these constraints. This exploits representations of positive polynomials as elements of the
preordering modulo the KKT ideal, which only involves polynomials in the initial set of
variables. The approach provides a uniform treatment of different optimization problems
considered previously. Applications to global optimization, optimization on semialgebraic
sets defined by regular sets of constraints, optimization on finite semialgebraic sets, real
radical computation are given.

1. INTRODUCTION

Optimization problems appear in many areas of Scientific Computing. Local methods
such as gradient descent are often employed to handle them. These methods can be very
efficient to compute a local minimum, but the output depends on the initial guess and they
give no guarantee of a global solution.

The problem we consider in this paper, is how to compute and certify a global optimum
of a polynomial function on semi-algebraic sets if it is reached. Reformulating the problem
as the computation of a (minimal) critical value, polynomial system solvers can be used
to tackle it (see e.g. [34], [6]). But in this case, the complex solutions of the underlying
algebraic system come into play and additional computation efforts should be spent to
remove these extraneous solutions. Semi-algebraic techniques such as Cylindrical Algebraic
Decomposition or extensions [35] may also be considered here but suffer from similar issues.
Though the global minimization problem is known to be NP-hard (see e.g. [28]), a practical
challenge is to devise methods which take into account “only” the real solutions of the
problem or which can approximate them efficiently.

Previous works. About a decade ago, a relaxation approach has been proposed in
[16] (see also [33], [38]) to solve this difficult problem. Instead of searching points where
the polynomial f reaches its minimum f*, a probability measure which minimizes the
function f is searched. This problem is relaxed into a hierarchy of finite dimensional
convex minimization problems, that can be solved by Semi-Definite Programming (SDP)
techniques, and which converges to the minimum f* [16]. This hierarchy of SDP problems
can be formulated in terms of linear matrix inequalities on moment matrices associated
to the set of monomials of degree < ¢t € N for increasing values of t. The dual hierarchy
can be described as a sequence of maximization problems over the cone of polynomials

which are Sums of Squares (SoS). A feasibility condition is needed to prove that this dual
1
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hierarchy of maximization problems also converges to the minimum f*, ie. that there is
no duality gap.
From a computational point of view, the following issues need to be addressed:

(1) Is the hierarchy of optimization problems ezact, ie. does it convergence in a finite
number of steps?

(2) Is there a criterion to detect when the optimum is reached, that will eventually be
satisfied?

(3) When the convergence criterion is satisfied, how can we recover all the points where
the optimum is achieved?

To address the first issue, the following strategy has been considered: add polynomial in-
equalities or equalities satisfied by the points where the function f is minimum. Inequality
constraints can for instance be added to restrict the optimization problem to a compact
subset of R"™ and to make the hierarchies exact [16], [25]. Natural constraints which do
not require apriori bounds on the solutions are for instance the vanishing of the partial
derivatives of f. A result in [20] shows that if the complex variety of the ideal generated
by the equalities of the semialgebraic set is finite, then the hierarchy of relation problems
introduced by Lasserre in [16] is exact. It is also proved that there is no duality gap if the
generators of this ideal satisfy some conditions.

In [32], it is proved that a relaxation hierarchy using the gradient constraints is exact
when the gradient ideal is radical. In [26], it is shown that this gradient hierarchy is exact,
when the global minimizers satisfy the Boundary Hessian condition; In [5], it is proved
that a relaxation hierarchy which involves the Karush-Kuhn-Tucker constraints is exact
when the KKT ideal is radical. In [29], a relaxation hierarchy obtained by projection of
the KKT constraints is proved to be exact under some regularity conditions. In [9], the
exactness of a relaxation hierarchy related to the real KKT variety defined by a radical
ideal is also analyzed under similar regularity conditions.

The case where the infimum value is not reached at points which satisfied the KKT
constraints, has also been studied. In [36], relaxation techniques are studied for functions
for which the minimum is not reached and which satisfies some special properties “at
infinity”. In [8], tangency constraints are used in a relaxation hierarchy which converges to
the global minimum of a polynomial, when the polynomial is bounded by below over R™.
In [7], generic changes of coordinates and a partial gradient ideal are used in a relaxation
hierarchy which also converges to the global minimum of f on R".

In the cases studied so far, the exactness of the relaxation is proved under a genericity
condition or compactness property.

The second issue is also important from an algorithmic point of view, to certify when
the minimum is reached. In [20], [19], a stopping criterion based on Curto-Fialkow flat
extension condition [4] is used in a relaxation hierarchy for optimization on finite algebraic
varieties and for real radical computation. This criterion is also used in [32], where an algo-
rithm is described to compute the global minimum of the polynomial function f when this
minimum is a reached and when the gradient ideal is zero-dimensional. An improvement
of the flat extension criterion [23] is used in [15] to compute the real radical of an ideal
when this real radical is zero-dimensional. The convergence criterion is combined with a
normal form criterion [27] to detect when a border basis of the real radical is computed.
In [30], it is proved that a Curto-Fialkow flat extension criterion is eventually satisfied on
truncated moment matrices, in relaxation hierarchies [16], [32], [29] with a finite number
of minimizers, under some regularity conditions or archimedean conditions.

The third issue is related to the problem of computing all the points which realize the
minimal value, which is also important from a practical point of view. In [19], the kernel
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of moment matrices are used to compute generators of the real radical of an ideal. This
method is improved in [15] to compute a border basis of the real radical, involving SDP
problems of significantly smaller size, when the real radical ideal is zero-dimensional. The
problem of computing the minimizer ideal has not been addressed so far in exact relaxation
hierarchies, though it is mentioned in [30] for zero-dimensional minimizer ideals.

An interesting feature of these hierarchies of SDP problems is that, at any step they
provide a lower bound of f* and the SoS hierarchy gives certificates for these lower bounds
(see e.g. [14]). In [10, 12] it is also shown how to obtain “good” upper bounds by pertur-
bation techniques, which can directly be generalized to the approach we propose in this
paper.

Contributions. The main contributions are the following:

e We prove that exact relaxation hierarchies depending on the variables x can be
constructed for general polynomial optimization problems on basic closed semi-
algebraic sets (Theorem 6.3).

e We also prove that the KKT minimizer ideal can be constructed from the Moment
matrix of an optimal linear form, when the corresponding relaxation is exact, even
if the ideal is not zero-dimensional (Theorem 5.10).

e We prove that the exactness of the relaxation depends only on the real points which
satisfy these constraints (Theorem 5.10).

e We provide a general approach that allow us to treat in a uniform way and to
extend results on the representation of polynomials which are positive (resp. non-
negative) on the critical points in [5] (see Theorem 4.9) and on the exactness of
relaxation hierarchies in [32], [8], [19], [29], [15], [31] (see Theorem 6.2, Theorem
6.4, Theorem 6.5, Theorem 6.6).

Content. The paper is organized as follows. In Section 2, we recall algebraic concepts, we
define our minimization problem and describe the hierarchy of finite dimensional convex
optimization problems that we consider. In Section 3 we analyze the varieties associated to
the critical points of the minimization problem. Section 4 is devoted to the representation
positive and non-negative polynomials on the critical points as sum of squares modulo the
gradient ideal. In Section 5 we prove that when the order of relaxation is big enough,
the sequence of finite dimensional convex optimization problems attains its limit and the
minimizer ideal can be generated from the solution of our relaxation problem. In Section 6,
we analyze some consequences of these results. Finally, Section 7 contains several examples
which illustrate the approach.

2. IDEALS, VARIETIES, OPTIMIZATION AND RELAXATION

In this section, we recall some algebraic concepts as ideals and varieties, we define our
minimization problem and we set our notation.

2.1. Ideals and varieties. Let K[x] be the set of the polynomials in the variables x =
(z1,..., x,), with coefficients in the field K. Hereafter, we will choose! K =R or C. Let
K denotes the algebraic closure of K. For a € N* x* = z{* --- 22" is the monomial with
exponent o and degree |a| = ). «;. The set of all monomials in x is denoted M = M(x).

For t € NU {oco} and S C K[x], we introduce the following sets:

e S, is the set of elements of S of degree < t,
e (S)= {Zfes Ar f | f €S, Af €K} is the linear span of S,

IFor notational simplicity, we will consider only these two fields in this paper, but R and C can be
replaced respectively by any real closed field and any field containing its algebraic closure.
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o (5)= {Zfespff | py € K[x], f € S} is the ideal in K[x] generated by S,

o Sy = {Zfest prflpye K[X]t—deg(f)} is the vector space spanned by {x*f | f €
Sty |of <t —deg(f)},
+_ 5l 2 , : :
e O = {Zi:l p; |l eN,p e ]R[X]t} is the set of finite sums of squares of polyno-
mials of degree < t; QT = Q&.
By definition Sy C (S) NK[x]; = (S):, but the inclusion may be strict.

By convention, a set of constrains G = {¢?, ... ,ggl; gi s g1, } C R[x] is a finite set of
polynomials composed of a subset G = {¢?,..., ggl} corresponding to the equality con-
straints and a subset G = {gf, ey g;;} corresponding to the non-negativity constraints.

For two set of constraints G, G’ C R[x], we say that G C G’ if G € G° and G+ C G'*.

Definition 2.1. For t € NU {oo} and a set of constraints G = {g?,...,9%.; 91 ...,
9.} C R[x], we define the (truncated) quadratic module of G by

no n2
Q(G) = {Z 9 hi + 50 + Zg;r 57 | hi € R[x]5;_qeg(g0)s 50 € oy, i € Q:r—deg(g*)/Q}'
i=1 j=1 !

If G is such that G = G° and G = {[[(¢{)" -+ (g;},)"> | & € {0,1}}, Qu(@G) is also
called the (truncated) preordering of G and denoted Pi(G). When t = 0o, P(G) := Pxo(G)

is the preordering of G. The (truncated) preodering generated by the positive constraints is
denoted PT(G) = P(GT).
Definition 2.2. Given t € NU{oco} and a set of constraints G C R[x], we define
Ni(G) :={A € (R[x]21)" | A(p) > 0, Vp € Q(G),A(1) =1}.
When we replace Q4(G) by Py(G) in this definition, we denote the corresponding set by
Li(G).
Given a set I C K[x] and a field L D K, we denote by
VED) = {z e L™ | f(z) =0Vf eI}
its associated variety in L". By convention V(I) = VK(I ), where K is the algebraic closure
of K. Hereafter, we will also consider sets of homogeneous equations I and the varieties
PV(I) (vesp. PVR(I)) defined in the projective space P" (resp. the real projective space
RP™).

For a set V' C K", we define its vanishing ideal
Z(V):={peK[x]|p(v) =0VveV}.

For a set V C L™ with L D K, VK = V N K". Hereafter, we will take K =R and L = C,
so that V(I) = VE(I), VR(I) = V()R = V(I) N R".

Definition 2.3. For a set of constrains G = (G°; G1) C R[x],
S(G) = {xeR"| %) =0V’ €@ gM(x)>0Vg" € G},
ST(@) = {xeR"|g"(x)>0Vg" € G}
To describe the vanishing ideal of these sets, we introduce the following ideals:
Definition 2.4. For a set of constraints G = (G°; Gt) C R[x],
VGO = {peR[ | p" e (G for somemeN\{0}}
VGO = {peR[X|p* +qe (G for somem eN\{0},qeQt}
VGO = {peRN[p™ +q€ (") for somem €N\ {0},q € PH(G)}
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These ideals are called respectively the radical of G°, the real radical of G°, the G -radical
of GO.
Remark 2.5. If GT = (), then VGO = ¥/
The following three famous theorems relate vanishing and radical ideals:
Theorem 2.6. Let G = (G°;G) be a set of constraints of R[x].
(i) Hilbert’s Nullstellensatz (see, e.g., [3, §4.1]) VGO = Z(VE(G?)).
(ii) Real Nullstellensatz (see, e.g., [1, §4.1]) VGO = Z(VR(GY)).
(ifi) Positivstllensatz (see, e.g., [1, §4.4]) VGO = T(S(G)) = Z(VR(GO) N SH(Q)).

2.2. Minimization problem. Let f,¢?, ... 79217 gl ... .9, € R[x] be polynomials func-
tions. The minimization problem that we consider all along the paper is the following:
(1) inf ~ f(x)
x€R™
s.t. Px)=---= ggl(x) =0

gi"(x) >0, ...,g:{Q (x)>0

More precisely, the objectives of the method we are going to describe are to compute the
minimum value when f is bounded by below and the points where this minimum value is
reached if they exists.

Hereafter, we fix the set of constraints g = {g?,... ,ggl;gf, ...»g1.} and denoted by
S = S(g) the basic semi-algebraic set defined by the constraints of our minimization
problem (1).

When ny = ng = 0, there is no constraint and S = R"™. In this case, we are considering
a global minimization problem.

The points x* € S which satisfy f(x*) = infxes f(x) are called the minimizers of f on
S. If the set of minimizers is not empty, we say that the minimization problem is feasible.

2.3. Relaxation hierarchy. The approach proposed by Lasserre in [16] to solve Problem
(1) consists in approximating the optimization problem by a sequence of finite dimensional
convex optimization problems which can be solved efficiently by Semi-Definite Program-
ming tools. This sequence is called Lasserre hierarchy of relaxation problems. Hereafter,
we are going the consider the relaxation hierarchy associated to preordering sequences:

o C L1 (G) C Ly(G) C--- and -+ CPUG) CPiyr(G) C -+

These convex sets are used to define extrema that approximate the solution of the mini-
mization problem (1).

Definition 2.7. Let t € N and let G be set of constraints in R[x]. We define the following
extrema:

o f& =infxesq) f(x),

. ft‘fG = inf {A(f) s.t. A € Li(G)},

o fieg=sup {yeER st f—yePG)}

By convention if the corresponding sets are empty, f& = —oo, fi¢i = —oo and ft“G = +00.

Remark 2.8. We have [ < f{o < f¢.

Indeed, if there exists v € R such that f — v = q € Py(G) then VA € Li(G), A(f —~) =
A(f) —~v = A(q) > 0, which proves the first inequality.

Since for any s € S, the evaluation 1g : p € R[x| — p(s) is in Li(G), we have 15(f) =
f(s) > ft’fG. This proves the second inequality.
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As Li11(G) C Li(G) and Pi(G) C Piy1(G) we have the following increasing sequences

for t € N:

...f{fcgfﬁrl’cg Sfé; and --- ts,%f SftsiiGS Sfé;
The foundation of Lasserre relaxation method is to show that these sequences converge to
f&, see [16].

Hereafter, we are interested in constructing hierarchies for which, the minimum f is
reached in a finite number of steps. Such hierarchies are called exact. We are also interested
to compute the minimizers points. For that purpose, we introduce now the truncated
Hankel operators, which will play a central role in the construction of the minimizer ideal

of fonS.

Definition 2.9. For a t € N with R[x]; C R[x] and a linear form A € (R[x]a)*, we define
the map M} : R[x]; — (R[x])* by Mi(p) = A(pq) for p,q € R[x]t. Thus M} is called a
truncated Hankel operator, defined on the subspace R[x];.

Its matrix in monomial bases of R[x|; and (R[x]9;)* is also called the moment matrix of
A.

Definition 2.10. We define the kernel of the truncated Hankel operator:
(2) ker Mj = {p € R[x]¢ | A(pq) =0 Vq € R[x];}.

Given t € N and G = {0} and A, A" € R[x]},, we easily check the following properties:
e Vp € R[x);, A(p?) = 0 implies p € ker M}.
° kerM/t\_FA, = ker M} Nker M%,.
The kernel of these truncated Hankel operators will be used to compute generators of
the minimizer ideal, as we will see.

3. VARIETIES OF CRITICAL POINTS

Before describing how to compute the minimizer points, we analyze the geometry of this
minimization problem and the varieties associated to its critical points. In the following,
we will denote by y = (x,u,v) and z = (x,u,v,s), the n + ny + ny and n + ny + 2ns
variables of these problems. For any ideal J C R|z], we will denote J* = J NR[x]|. The
projection of C" x C™*272 (yesp. C" x C"*7"2) on C" is denoted 7*.

3.1. The gradient variety. A natural approach when dealing with constraints in op-
timization problems is to introduce Lagrangian multipliers. Replacing the inequalities
g;r > 0 by the equalities g;r — 5% = 0 (adding new variables s;) and introducing new
parameters for all the equality constraints yields the following minimization problem:

(3) inf f(x)

(x,u,v,s)ER™ xR"1+2n2
s.t. VF(x,u,v,s) =0

where F(x,u,v,s) = f(x) — Z?:ll u;gi(x) — 2?21 Uj(gj—"—(x) - S?)? u = (U1, ..., Un,), V=
(U1, eey Upy) and 8 = (81, ..., Spy )-

Definition 3.1. We define the gradient ideal of F(z):
Iyraqa = (VF(2z)) = (Fi, ...,Fn,g?7 ...,ggl,giF — s%, ...,g:{Q — 322,1)131, vy Uny Sny ) C R[2]

dgY dgT . . .
where F; = g—i — z;il ujaim’i — zyil Ujaimji' The gradient variety is Vgraq = V(Igraa) and

X —
we denote V3 ) = ™ (Vyrad)-
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Definition 3.2. For any F' € Rz], the values of F' at the (resp. real) points of V(VF') =
Vgrad are called the (resp. real) critical values of F.

We easily check the following property:
Lemma 3.3. F' |y, .= [ [V,u4-

Thus minimizing F' on Vj,.qq is the same as minimizing f on Vj,.qq, that is computing
the minimal critical value of F.

3.2. The Karush-Kuhn-Tucker variety. In the case of a constrained problem, one
usually introduce the Karush-Kuhn-Tucker (KKT) constraints:

Definition 3.4. A point x* is called a KKT point if there exists ui, ..., Up,,V1,...,0n, € R
s.t.

ni n2
V) =Y u Vgl (x*) =Y vVgl (x*) =0, ¢f(x*) =0, vgf (x*) = 0.
i=1 j=0
The corresponding minimization problem is the following:
(4) (x,u,vferﬁgnwm fx)
s.t. F=--=F,=0
=g, =0
bt = = g, =0

ngO,...,gerZO

0 +
where F; = owi Zj:l Ui e, — Zj:l Vi Bz,

This leads to the following definitions:
Definition 3.5. The Karush-Kuhn-Tucker (KKT) ideal associated to Problem (1) is
(5) IKKT - (Fla ceey Fna g?? seey gglavlgf’ ceey ’UTLQ.g;:,—Q) - R[Y]

The KKT wvariety is Vkxr = V(Ixgr) C C* x C"'*"2 and the real KKT wvariety is
VR er = Vg NR™ x RMF2 - [ts projection on x is VEeq = 7%(Vigr), where 7% is the
projection of C* x C™T"2 onto C™.

The set of KKT points of S is denoted Sk g7 and a KKT-minimizer of f on S is a point
x* € Skrr such that f(x*) = mingegs, o f(X).
x —> R TR N . . .
Notice that VK’}]?T = 7*(Vkgr) = WX(V[H(%KT), since any linear dependency relation
between real vectors can be realized with real coefficients.
The KKT ideal is related to the gradient ideal as follows:

Proposition 3.6. Ixxr = Isqq N R]y].

Proof. As s;(s;v;) + vi(g;L —s7) = vig;L Vi=1,...,n9, we have Ix g7 C Igrqq N R]y].

In order to prove the equality, we use the property that if K is a Groebner basis of Iy,qq
for an elimination ordering such that s > x,u,v then K NR[y]| is the Groebner basis of
Iyraa NR]y] (see [3]). Notice that s;(s;v;) + vi(g;" — s?) = vig;" (i =1,...,n2) are the only
S-polynomials involving the variables si, ..., sy, which may have a non-trivial reduction.
Thus K N Rly] is also the Grobner basis of Fi, ..., Fy, ¢, ...,% ,v1g] ..., v, g7, and we
have (K) a R[Y] = Igrad N R[y] = IkKT- 0
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The KKT points on S are related to the real points of the gradient variety as follows:

Lemma 3.7. Sgxr = 7%V, ,) = Vg’i’ﬁl NS*(g).

Proof. A real point y = (x,u,v) of V&, lifts to a point z = (x,u,v,s) in V;Riad, if and

only if, g;(x) > 0 for i = 1,...,ny. This implies that Vi jp = ﬂ'y(Vg]R;iad) NS*(g), which
gives by projection the equalities Sk xr = Wx(Vgﬂfad) NSt(g) = Wx(Vgﬂfad) since a point x
of Vgﬂfad satisfies g;.L(x) >0 for j € [1,n2]. O

This shows that if a minimizer point of f on S is a KKT point, then it is the projection
of a real critical point of F.

3.3. The Fritz John variety. A minimizer of f on S is not necessarily a KKT point.
More general conditions that are satisfied by minimizers were given by F. John for poly-
nomial non-negativity constraints and further refined for general polynomial constraints
[13, 24|. To describe these conditions, we introduce a new variable uy and denote by y’

the set of variables y’ = Let FY = ug 2L — Y7 ;2% _ywna 000
e set of variables y’ = (x,uo,u,v). Let F{"* =uo - — > 71  wjgt — 202 vj5.-.
Definition 3.8. For any v C [1,n4], let

(6) I}, = (F/", . F" g9, ...,ggl,vlgf, e Ung Gy Ui 1 € ) C Ry’

For m € N, the m'™ Fritz-John (F.J) ideal associated to Problem (1) is

(7) I}PJ = m|ﬂ/|:mI;‘y7J‘

Let Vi, = V(I};) € C" x Pt The m™ FJ variety is Vi = V(IF;) = Upyjem Vi
and the real F.J variety is V}Z’R = VI N R™ x RP™"2 [ts projection on x is Vi3~ =
(V) = nX(VE,). When m = mazxes rank([Vg)(x),...,Vgh (x)]), the m™ F.J variety
will be denoted V.

Notice that this definition slightly differs from the classical one [13, 17, 24], which does
not provide any information when the gradient vectors Vg?(x),i = 1...n; are linearly
dependent on S.

Proposition 3.9. Any minimizer x* of f on S is the projection of a real point of VIIBJ

Proof. The proof is similar to Theorem 4.3.2 of [24]. At a minimizer point x* (if it exists)
We consider a maximal set of linearly independent gradients Vg?(x*) for j € v (with
|7] < m) and apply the same proof as [24|[Theorem 4.3.2]. This shows that x* € Vg:]R C
Ve, O
Definition 3.10. We denote by Viing = Vry N V(ug) the intersection of Vi with the
hyperplan ug = 0.

We easily check that the “affine part” of Vp; corresponding to ug # 0 is the variety
Vi kr. Thus, we have the decomposition

Vig = Vsing U VkkT,
Its projection on C" decomposes as

(8) VE, = VX, UVEer.

sing
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Let us describe more precisely the projection V¥, onto C". For v = {ji,...,jk} C [1,n2],
we define
A, = [V, Vg, Vg, Vg, ....,Vgl]
V, = {xeC"|g)(x)=0,i=1...n, g;'(x) =0,j € v,rank(A,) < m+ |v|}.

Let AY,..., A} be polynomials defining the variety {x € C" | rank(4,) < m + |[v[}. If
n > m+ |v|, these polynomials can be chosen as linear combinations of (m+|v|+1)-minors
of the matrix A,, as described in |2, 29]. If n < m + |v|, we take [, =0, AY = 0. Let I'p;
be the union of g° and the set of polynomials

(9) Gui = Alzj H g;_’

fori=1,...,1,,v C [0,ns].
Lemma 3.11. V¥, = Uycjon) Vo = V(LFy).

Proof. For any x € C", let v(x) = {j € [1,n2] | g;.r(x) = 0}.

Let y’ be a point of Vgy, x its projection on C" and v(x) = v = {j1,...,jx}. We
have gj(x) # 0, v; =0for j € vand AY = 0 for i = 1,...,1,. This implies that
rank(A,(x)) < m+ |v| and there exists (ug, U1, ..., Up;, V1,---,Vn,) # 0 and v C [1,n9] of
size |y| < m such that

uVf+u Vgl + - + unggl + U1Vg;{ 4+ 4 vnQVg;»; =0,
with w; = 0, i € v C [1,n1]. Therefore x € 7%(Vpy), which proves that V(g°, g,.;,v C
[O,ng],i =1... l,/) C WX(VFJ).
Conversely, if x € 7*(Vpy) then x € V() C U, V), which is defined by the polynomials

¢,...,90, and g,; == AY ngl,g]'.", fori=1,...,1,,v C[0,ng]. O

Remark 3.12. The real variety WX(VIQ@J) = VZ; NR" can also be defined by the union of
g? and the set @y of polynomials

(10) gy =AY l_Ig;r where AY = det(A, A7),
J¢v
for v C [0,n2] and n > m + |v|, as described in [9].

X

Similarly the projection onto C™ can be described as follows. For v = {j1,...,jx} C

sing
[1,n2],
B, = [Vgh,...,Vg, Vg, ...,Vgl]
W, = {xeC"|@dx)=0,i=1...n, g;»r(x):0,jEu,rank(By)§m+|l/|—1}.

Let ©F,...,0] be polynomials defining the variety {x € C" | rank(B,) < m + |v| — 1}
and let I'g;,g be the union of g and the set of polynomials

(11) Ov,i = @I;ng_a
jev
for v C [0,n9],i=1...1,.
We similar arguments, we prove the following

Lemma 3.13. V3 = = U,cion Wy = V(Tsing)-

sing
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3.4. The minimizer variety. By the decomposition (8) and Proposition 3.9, we known
that the minimizer points of f on S are in

(12) Spy=SkkT U Ssing

where Spy = ™ (Vi))NS = (Vi )NST (), Sk = 7 (Viggr)NS = 7 (Viggr) NS (),
Ssing = WX(Y/sﬂfng) ns = ﬂx(‘/'sﬂfng) N ST(g). Therefore, we can decompose the initial
optimization problem (1) into two subproblems:

(1) find the infimum of f on Sk x7;

(2) find the infimum of f on Sging;

and take the least of these two infima. Since the second problem is of the same type as (1)
but with the additional constraints o; , = 0 described in (11), we will analyze only the first
subproblem. The approach developed for this first sub-problem will be applied recursively
to the second subproblem, in order to obtain the solution of Problem (1).

Definition 3.14. We define the KKT-minimizer set and ideal of f on S as:

Smin = {x" € Skxr s.t. Vx € Sgrr, f(x*) < f(x)}

A point x* in Sy, is called a KKT-minimizer. Notice that Ix g C Lnin and that I,
is a real radical ideal.

We have I, # (1), if and only if, the KKT-minimum f* is reached in Sk x7.

If ny = ng = 0, Ly is the vanishing ideal of the critical points x* of f (satisfying
V f(x*) = 0) where f(x*) reaches its minimal critical value.

Remark 3.15. If we take f = 0 in the minimization problem (1), then all the points of S
are KK T-minimizers and Lz, = Z(S) = 8\/g%. Moreover, Ixgp NR[x] = (9Y,...,90) =
(g°) since Fy, ... ,Fn,vlgf, . ,vmg;{Q are homogeneous of degree 1 in the variables u,v.

4. REPRESENTATION OF POSITIVE POLYNOMIALS

In this section, we are going to analyze the decomposition of polynomials as sum of
squares modulo the gradient ideal. Hereafter, Jy,.q is an ideal of R]z] such that V(Jgrad) =
Vyrad and G is a set of constraints in R[x] such that ST(G) = ST (g).

The first steps consists in decomposing V.4 in components on which f has a constant
value. We recall here a result, which also appears (with slightly different hypotheses) in
[32, Lemma 3.3]>.

Lemma 4.1. Let f € R[x] and let V' be an irreducible subvariety contained in VE(Vf).
Then f(z) is constant on V.

Proof. 1f V is irreducible in the Zariski topology induced from C[x], then it is connected
in the strong topology on C™ and even piecewise smoothly path-connected [37]. Let z, y
be two arbitrary points of V. There exists a piecewise smooth path ¢(t) (0 < ¢ < 1) lying
inside V' such that z = ¢(0) and y = ¢(1). Without loss of generality, we can assume
that ¢ is smooth between x and y in order to prove that f(z) = f(y). By the Mean Value
Theorem, it holds that for some t; € (0,1)

Re(f(y) — f(z)) = Re(f (1)) (t1) = Re((V f(¢(t1)) * ¢'(t1))) =0

2In its proof, the Mean Value Theorem is applied for a complex valued function, which is not valid. We
correct the problem in the proof of Lemma 4.1.
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since Vf vanishes on V. Then Re(f(y)) = Re(f(z)). We have the same result for the
imaginary part: for some ty € (0,1)

Im(f(y)) — Im(f(2)) = Im(f(¢()))'(t2) = Im((Vf(e(t2)) * ¢'(t2))) = 0

since V f vanishes on V. Then Im(f(y)) = Im(f(z)). We conclude that f(y) = f(z) and
hence f is constant on V. O

Lemma 4.2. The ideal Jgrqq can be decomposed as Jgrqq = JoNJ1N---NJg with Vi = V(J;)

and W; = 7x(V;) where 7*(V;) is the projection of V; on C" such that

o f(Vi)=Ff€C, fi # fj ifi # ],

e WENSHG) #0 fori=0,...,r,

e WENSHG) =0 fori=r+1,...,s,
o fo<- <[

Proof. Consider a minimal primary decomposition of Jg,qq:

Jgrad:Q(]m"'sz’a

where Q; is a primary component, and V(Q;) is an irreducible variety in C"*t"1+272 included
in Vyyqq. By Lemma 4.1, F' is constant on V(Q;). By Lemma 3.3, it coincides with f on
each variety V(Q;). We group the primary components @; according to the values fo, ..., fs

of f on these components, into Jy,...,Js so that f(V(J;)) = f; with f; # f; if i # j.
We can number them so that ﬂX(Vi)R NST(G) is empty for i = r+1,...,s and contains

a real point x; for ¢ = 0,...,r. Notice that such a point x; is in &, since it satisfies
°(x;) = 0Vg" € G° and gt (x;) > 0 Vg™ € G*. As it is the limit of the projection of
points in V(J;) on which f is constant, we have f; = f(x;) € R for i = 0,...,r. We can
then order Jy, ..., J,. so that fo <--- < f,. O

Remark 4.3. If the minimum of f on S is reached at a KKT-point, then we have fy =
minges f(x).

Remark 4.4. If Vgﬂfad =), then for alli=0,...,s, WENST(G) =0 and by convention,
we take r = —1.

Lemma 4.5. There exist po,...,ps € C[x| such that
° Zf:o pi =1 mod Jypqq,
* pi €z
e pi ER[X] fori=0,...,r.

Proof. Let (L;)i=o,... s be the univariate Lagrange interpolation polynomials at the values

foy--o, fs € C and let ¢;(x) = L;(f(x)).

The polynomials ¢; are constructed so that

o« qi(V}) = 0if j #1,

° (Vi) =1,
where V; = V(J;). As the set {fr41,..., fs} is stable by conjugation and fo,..., f, € R, by
construction of the Lagrange interpolation polynomials we deduce that qo, ..., q, € R[x].

By Hilbert’s Nullstellensatz, there exists N € N such that ¢ € Mz Ji- As D5 qjy =

1 on Vjpqq and qZquv =0 mod (), Ji = Jgraa for i # j, we deduce that there exists N’ € N
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such that
S
0 = (1- quV)N mod Jy,qq
§=0
S
= 1= Z(l - (1 - Q§V)N ) mod Jgrad-

Jj=0

As the polynomial p; = 1 — (1 — qu)N/ € CJx] is divisible by qjv, it belongs to (), ; J;-
Since ¢; € R[x] for j = 0,...,r, we have p; € R[x| for j = 0,...,r, which ends the proof

of this lemma. m
Lemma 4.6. —1 € P (G) + (N>, J)-
Proof. AsUy., 70V NSH(E) = V(s HORKDNSH(G) = VR, JINSH(G) = 0,

we have Z(VE(N
(iii)),

isr JX)NST(G)) = R[x] > 1 and by the Positivstellensatz (Theorem 2.6
—1ePHG) + ([T

i>r

Corollary 4.7. If Spin = 0, then —1 € PT(G) + I orad-

Proof. It Spin = 0, then f has no real KKT critical value on S(G) and r = —1. Lemma

4.6 implies that —1 € 73+(G) + (ﬂfzo JX) = P+(G) + J;(rad' =

In this case, Vp € R[x], p = $((p+1)? = (p—1)*) € PT(G) + Jovaa- 1 GY is chosen such
that V(GY) C Voraq then Smin = 0 if and only if —1 € P(G).

We recall another useful result on the representation of positive polynomials (see for
instance [5]):

Lemma 4.8. Let J C R(z] and V = V(J) such that f(V) = f* with f* € RT . There
exists t € N, s.t. Ve >0, I¢q € R[x] with deg(q) <t and f + ¢ = ¢*> mod J.

Proof. We know that £ *€ — 1 vanishes on V. By Hilbert’s Nullstellensatz ( e ey

f*+ f*+€
for some [ € N. From the binomial theorem, it follows that
-1
f‘|’€ 1/2 <1/2> f‘|‘€ L def q
1+ -1 = -1 = mod J
G- = () -0
Then f + € = ¢> mod J. O

In particular, if f* > 0 this lemma implies that f = (f — %f*) + %f* = ¢%> mod J for
some ¢ € R[x].

Theorem 4.9. Let G C R[x] be a set of constraints such that ST(G) = ST(g), let f € R[x],
let fo < -+ < fr be the real KKT critical values of f on S and let pg,...,p, be the
associated polynomials defined in Lemma 4.5.
(2) If f >0 on Skxr, then f € PT(G) + /T .4
(3) If f >0 on Skkr, then f € PT(G) + J*

grad”®
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Proof. By Lemma 4.5, we have

S S
1= (Z pi)? = pr mod Jyqd-
i=0 i=0

Thus f =37, fp? mod Jgrad-
By Lemma 4.6, —1 € PT(G) + (Mjsr J5) so that f = H(f+D)2=(f-1)?) e PTG+
Nj>rJ; and

(13) S ePHG) + (TP =PHE) + Tau
j=0

i>r

As the polynomial (f — fl) vanishes on V.4, we deduce that

f= Zfzp@+ Z Foi 4\ g = Zfzpﬂr?’* + /T

i=r+1

which proves the first point.
If f>0on Skgr, then f; >0 fori=0,...,rand >, fip? € PT(G) so that

fFePHG) + /T uir

which proves the second point.
If f>0on Skgr by Lemma 4.8, we have fp? = ¢ mod Jorad With ¢; € R[x], which

shows that
T T
Zfzpfzzqzz mOdJrad

Therefore, i, fip? € 73+(G) + I g and f € PH(G) + JX 4 by (13), which proves the
third point. O

This theorem involves only polynomials in R[x] and the points (2) and (3) generalize
results of [5] on the representation of positive polynomials.
Let us give now a refinement of Theorem 4.9 with a control of the degrees of the poly-

nomials involved in the representation of f as an element of P*(G) + J grad:

Theorem 4.10. Let G C R[x] be a set of constraints such that V(G?) C VX aq and ST(G) =
St(g). If f >0 on Skkr, then there exists to such that Ve > 0,

f+eePy(G).

Proof. Let Jyraa = (G°) N Iyraa C R[z], so that V(Jyraa) = Vyraa since V(GP) C Vg);ad
Using the decomposition (13) obtained in the proof of Theorem 4.9, we can choose t, € N

and to > t{, € N big enough such that deg(p;) < to/2 and
> fpie Pi(G) + Jyraa NRIx]yy C Py (G),
i>r

since J3 4 = (GYNIx grad C (GY). Then Ve > 0,

(14) D (fH+ap; = i+ eri €Pi(@)

i>r > i>r
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AsVe>0, f+e>0o0n Sggr, ie, fi+e>0fori=0,...,r, we deduce from Lemma
4.8 that if ¢g is big enough, we have

(15) (f +e)pi =g mod Gy, NRX]

(to
with deg(q;) <to/2 for i =0,...,r.
Since 1 — "% p? =0 mod (G°), we can choose to big enough so that
(16) (F+6) =D (f+)pf € Glyyy NR[X].
=0
From Equations (14), (15), (16), we deduce that if ¢y € N is big enough, Ve > 0
fH+ee Pto (G),

which concludes the proof of the theorem. O

5. FINITE CONVERGENCE

In this section, we show that the sequence of relaxation problems attains its limit in
a finite number of steps and that the minimizer ideal can be recovered from an optimal
solution of the corresponding relaxation problem. We will use hereafter the following
notation:
o [ =infxesipr f(x)
L d min:{X* 6SKKT| f(X*) :f*}
We first show that S,,;, = 0 can be detected from a adapted relaxation sequence:

Proposition 5.1. Let G = (G°;G") be a set of constraints of R[x], such that Spn C S(G)
and V(G®) C V¥ and G = g, Then Spmin = 0, if and only if, there to € N such that
vt > to, Li(G) = 0.

Proof. Let Jyraq = (G°) N Ijeq and let G’ be a set of constraints such that (G") =
Jgraa NR[x] = J3 , and G't = g* be a finite set. By hypothesis, V(Jyr0a) = Vyrad. We
deduce from Corollary 4.7 that if S,,;,, = (), then

~1€PHG) + (G?°) C P(G) = UenPi(G).

Thus there exists ty such that —1 € P;(G) for t > to, which implies that £,(G) = 0, since
if there exists A € £4(G), then A(1) =1 and A(—1) > 0.

Conversely, suppose that Sy, # () contains a point x*. As S,,;, C S(G), for all t € N
the evaluation 1. at x* restricted to R[x]o is an element of L.(G) # 0. O

This proposition gives a way to check whether S,,;, = 0), using the relaxation sequence
L(G). We are now going to analyse the case where f has KKT minimizers on S.

From now on, we assume that Sy,in # 0.

First, we recall a property similar to [18][Claim 4.7]:
Proposition 5.2. Let G = (G°;GT) be a set of constraints of R[x]. There exists tg € N
such that ¥t > to, YA € L4(G), VGO C (ker MY).

Proof. Let G% = {g1,...,q;} and let qi,...,qx be generators of J := G+\/G0. By the

Positivestllensatz, for j € 1,...,k, there exist m; € N* and polynomials W) € R[x] and
o;j € PT(G) such that

l
2m; .
= Y s,
r=1
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Let us take tg € N big enough such that ugj)gr € Gy, and o0; € P;;(G). Then for
all t > to and all A € L,(G), we have A(uﬁj)gr) =0, A(q?mj) > 0, A(gj) > 0 and
A(q?mj) + A(oj) = 0, which implies that A(q?mj) =0 and g¢; € ker M}. This proves that
(q1,--.,q) = J C (ker M}). O

Remark 5.3. With the same arguments, we can show that for any t' € N, there exists
ty > t' such that Vt > t;, VA € L4(G),

Q) C ker My,

where Q = {q1,...,qx} generates J = G+\/ GY.

The next result shows that in the sequence of optimization problems that we consider,
the minimum of f on Sk 7 is reached from some degree.

Theorem 5.4. Let G be a set of constraints of R[x] such that Sy, C S(G) C V;ET.
There exists t1 > 0 such that ¥Vt > tq,

(1) flg = I* is reached for some A* € L4(G),

(2) VA* € Li(G) with A*(f) = ft‘fG = f*, we have p; € ker M§., Vi=1,...,r,

(3) if V(G°) C VEgr then [ = fl'o = [*.

Proof. By Theorem 4.9(1) applied to f — f*, we can write

F=r=> (fi-f)pi+h+yg
i=1
with h € PT(G) and g € \/Tr0a "R[x| = Ik g NR[x] C ¥/Ix g7 NR[x] (by Proposition

3.6). Since S(G) C Vg’[ﬂfT = (VR r), we have ¥/Trrr NR[x] C Z(S(G)) = /(GO)
by the Positivstellensatz. We deduce that g € Y (GY). By proposition 5.2, there exists
t1 > to such that for all ¢ > ¢1, for all A € £,(G), A(g) =0, A(h) > 0.

Let us fix ¢t > ¢; and A* € £,(G) such that A*(f) = ftffG Then

T
N(f = %) = Do (fi = FON(]) + A (D).
i=1
As fi— f* = fi— fo > 0, A*(p?) > 0 and A*(h) > 0 (h € P,/ (G)), we deduce that
A (f=f)=A(f)—f=0.

As 0 # Smin C S(G), we have A*(f) < f* (by Remark 2.8), so that A*(f) = f{ = f*,
which proves the first point. Hence for i = 1,...,r, A*(p?) = 0 and p; € ker M}., which
proves the second point.

To prove that f7¢; = f* when V(G?) C V¥ r, we apply Theorem 4.10 to f — f* which
is positive on Skxr. Let us take Jyrqq = (G N Iyraqa C R[z]. We denote by G the set of
constraints such that G° is a finite family of generators of Jgraa N R[x] and Gt =GT.

By Theorem 4.10, there exists ¢y such that Ve > 0,

= +eePy(G).
As (G°) = (G°) N Iyea C (G°), we can choose t; > tg such that é<t0> C Gy, and

Pi, (G) C Py (G).
Then Vt > t1, f — f* + € € P(G). Hence by maximality, Ve > 0, f* — e < fi5. We

deduce that f* < f7¢7, which implies that f7¢¥ = [1'c = [* and proves the third point. [



16 MARTA ABRIL BUCERO, BERNARD MOURRAIN

As for the construction of generators of G+\/I xxT (Proposition 5.2), we can construct
generators of I,,;, from the kernel of a truncated Hankel operator associated to any linear
form which minimizes f, using the following propositions:

Proposition 5.5. I, = (p1,...,0r) + /T8 gep-

Proof. First of all, we proof that I%, = (p1,...,pr) + €\ Igrad = (D1, s 0r) + ¥/ grad-
Using the decomposition of Lemma 4.2 and the polynomials p; of Lemma 4.5, we have

Vgrad_ (‘/OUVI .U‘/S)ﬂRn-l-nH—an :‘/ORU...U‘/TR’

By construction, Z(Vt) = L, pi(Vot) =0 for i =1,...,s and p; € R[x] for i =0,...,r
This implies that p; € I, fori=1,...,7.

As VOR - Vﬁ,ad, we also have €% /grad C Lmin-

We have proved so far that (p1,...,p,)+ ¢T/T grad C Imin. In order to prove the reverse
inclusion, we denote by qi,..., ¢, a family of generators of the ideal I,,;,. Take one of
these generators ¢; (1 < j < m). By construction, g;po(Vgt) = 0 and g;po(V;¥) = 0 for
t=1,...,r, which implies that g;py € ¢t /Lygrad-

By Lemma 4.5, we have the decomposition

¢ =aj(po+p1+---+p5) mod Lyraa © V/Igraa.

Moreover (py41+ -+ ps) € R[z] and vanishes on V¥ for k=0,...,r. Thus (py41+ -+
ps) € GJ{/Igmd and we deduce that ¢; € (p1,...,pr) + GT/Igmd. This proves the other

inclusion and the first equality.

As Vﬁ,ad Vﬁ,ad NST(G) (Remark 3.7), by the Positivstellensatz, 3 /1grad = ¥/ grad,
which proves the second equality.
By the Positivstellensatz and Remark 3.7, we have

Vigraa NRx] = {/Tgraa NR[x T (Vgraa) = L (Viexer)* N SH@)) = /T per

and
Imin Irzmn N R[X] - (p17 . 7pr + G+\/ grad N R pla . -ypr) + ey I}((KT
which proves the equality. O

Theorem 5.6. For G C R[x] with Sy, C S(G) C V[’é’[ﬂﬁT, there exists to € N such that
Vt > ty, for A* € Li(G) with A* = fI', we have Inn C (ker MJ.).

Proof. To prove the inclusion we take to = max{to,t;} and we combine Corollary 5.5 with
Proposition 5.2 for G C R[x] and Theorem 5.4. O

We introduce now the notion of optimal linear form for f. Such a linear form will allow
us to compute I,,;, as we will see.
Proposition 5.7. For A* € L4(G) and p € R[x]|, the following assertions are equivalent:
(i) rankM}. = MAT\e £, (G)A(p)=p" rankMt
(ii) VA € L(GQ) such that A(p) = pt’G, ker M}. C ker M}.
We say that A* € L4(G) is optimal for p if it satisfies one of the equivalent conditions
(1)-(ii).

A proof of this proposition can be found in [15](Proposition 4.7).



EXACT RELAXATION FOR POLYNOMIAL OPTIMIZATION ON SEMI-ALGEBRAIC SETS 17

Remark 5.8. A linear form A* € L4(G) optimal for p can be computed by solving a Semi-
Definite Programming problem by an interior point method |17]. In this case, the solution
A* obtained by convex optimization will be in the interior of the face of linear forms which
minimize f.

The next result, which refines Theorem 5.6, shows that only elements in I,,,;, are involved

in the kernel of a truncated Hankel operator associated to an optimal linear form for f.

Theorem 5.9. Lett € N such that f € R[x]y and let G C R[x]y with Spin C S(G). If
A* € L4(G) is optimal for f and such that A*(f) = f*, then ker M}. C Inin.

Proof. It is similar to proof of Theorem 4.9 in [15]. O

The last result of this section shows that an optimal linear form for f yields the gener-
ators of the minimizer ideal I,,;, in high enough degree.

Theorem 5.10. Let g C R[x] be a set of constraints with Syn # 0. For a set of constraints
G C R[x] with Syin C S(G) C V;;’}?T, there exists ty € N (defined in Theorem 5.6) such
that Vt > to,

o flo = minxesyor (%) is reached for some A* € Li(G),

o VA* € L4(G) optimal for f, we have A*(f) = f* and (ker M%.) = Lnin,

o if V(GY) C VEr then e = f;fG = f*.
Proof. We obtain the result as a consequence of Theorem 5.4, Theorem 5.6 and Theorem
5.9. O

The same results hold if we replace GG by any other finite set defining a real variety such
that Sy C S(G) C Visier-

Remark 5.11. We can also replace the initial set of constraints g by any other set g
defining the same semi-algebraic set S = S(g) = S(g) and consider the KKT variety
associated to g.

6. CONSEQUENCES

Let us describe now some consequences of these results in specific cases, which have
been previously studied.

6.1. Global optimization. We consider here the case ny = no = 0. Theorem 4.9 implies
the following result (compare with [32]):

Theorem 6.1. Let f € R[x].

(1) If the real critical values of f are positive, then f € QF + (aaTJi, cey aa:; ).
(2) If the real critical values of f are strictly positive, then f € QF + (%, ce %)
In particular, if there is no real critical value, then f € Q" + (aa—f7 e aa f ).
T Tn

A consequence of Proposition 5.1 and Theorem 5.10 is the following:

Theorem 6.2. Let f € R[x] and G = {%, e BT];} Then, there exists tg € N, such that
Vit > to either Li(G) =0 and Spin = 0 or

(1) f£& = f{q = f* = minxern f(x) is reached for some A* € L(G),

(2) VA* € L(G) optimal for f, ker M}, generates L.

The first point of this theorem can also be found in [32].
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6.2. General case. A direct consequence of Proposition 5.1 and Theorem 5.10 is the
following;:

Theorem 6.3. Let G C R[x| be a set of constraints such that
e (G°) = Ixkr NR[X],
° G+ — g-i-_
Then there exists tg € N such that ¥Vt > tg, either L(G) =0 and Spin =0 or

o iU = ffG = MinxeSy p f(X) is reached for some A* € Li(G),

o VA* € L4(G) optimal for f, we have A*(f) = f* and (ker M%.) = Lnin.

The set G is constructed so that V(GY) = V1. As we have seen, the weaker condition
Smin C S(G) C V¥ ep is sufficient to have an exact relaxation sequence.

The generators G° of Ik N R[x] can be computed by elimination techniques (for
instance by Grobner basis computation with a product order on monomials [3]).

6.3. Regular case. We consider here a semi-algebraic set .S such that its defining con-
straints intersect properly. For any x € C", let v(x) = {j € [1,n2] | g;-r (x) = 0}.

Definition 6.4. We say that a set of constraints g = (g(l),...ggl; gf, . ,g;{2) 1S Tequ-
lar if for all points x € S(g) with v(x) = {j1,...,jr}, the vectors Vg{(x),..., Vg9 (x),
ng'-t (X),. .., Vg;; (x) are linearly independent.

This condition is used for instance in [9]. It implies that Vx € S, [v(x)] < n —ny
and that B, (yx)(x) is of rank ny + |[v(x)|. A stronger condition, called the C-regularity,
corresponds to sets of constraints such that Vx € C", B,y (x) is of rank n1 + [v(x)|.
This condition is used for instance in [29]. It is satisfied for semi-algebraic sets defined by
“generic” constraints when n; < n as shown in [29].

If g is regular, then for all points x in S the rank of B, (x)(x) is n1 +|v(x)| and Ssing = 0.
The decomposition (12) implies that Sp; = Sk and that all minimizer points of f on
S are KKT points. If moreover g is C-regular, then V¥, =V(g° UTp;) = V¥,

We deduce from Theorem 5.10 the following result:

Theorem 6.5. Let g C R[x| be a reqular set of constraints and let G C R[x]| be the set of
constraints such that

o GO =Tpy defined in (9) (resp. G = ®p; defined in (10)),

e G = g-i-_
Suppose that minygcs(g) f(x) is reached at some point of S(g). Then, there exists to € N

such that ¥Vt > tg,
(1) ft’fG = f* = minges(g) f(%) is reached for some A* € Li(G),
(2) VA* € L4(G) optimal for f, ker M%. generates I, ,

3) If g is C-reqular and G° = g® UT ry, then f5% = fl'' = f*.
t,G t,G

By Lemma 3.11 and Remark 3.12, G is constructed so that Sy, C S(G) = Skrr C
VKT

Points (1) and (3) are proved for G = g UTx, in [29] under the condition that g is
C-regular. These points can also be found in [9] for GY = g® U W7 under the condition
that g regular (but a problem appears in the proof: the vanishing of the polynomials ¥V ;
at a point x € C" does not imply that rank A, (x) < n1 + [v(x)]).

In this case, the relaxation constructed with I'p; (or ® ) is exact and can be used to
compute the minimizer ideals of f on the semi-algebraic set S.



EXACT RELAXATION FOR POLYNOMIAL OPTIMIZATION ON SEMI-ALGEBRAIC SETS 19

6.4. Zero dimensional real variety. Let g C R[x]| be a set of constraints such that
VE(g0) is finite and let S := S(g). By remark 5.11, we can assume that S is defined by
a set of constraints g such that (g") is radical. Then Vx € V(g°) = V(g"), the Jacobian
matrix By(x) (x) associated to g° is of rank n. Therefore we have V(g?) = V(g°) = V¥xr
and any point of S is a KKT-point: S = Sp; = Skrr. Consequently, we deduce from
Theorem 5.10 the following result:

Theorem 6.6. Let g = (g%, g%) C R[x] be a set of constraints such that V*(g) is finite.
Then there exists to € N such that VYt > tg,

(1) fig° = flg = f* = mingeg(g) f(x) is reached for some A* € Li(g),

(2) VA* € Li(g) optimal for f, ker M}. generates Ipip.

This answers an open question in [22|. The first point was also solved in [31]| using
dedicated techniques.

6.5. Smooth real variety. We consider a set of constraints g = {¢?, ... ,ggl} C R[x] such
that V®(g°) is equidimensional smooth and g* = ). This means that S = S(g) = V¥(g?) is
the union of irreducible components of the same dimension d and that for any point x € S,
By(x) = [Vg(x),..., VgD (x)] is of rank m = dim S = n — d. Therefor, Ss;ng = 0. In this
case, V f(x) is a linear combination of Vg{(x),...,Vgd (x), if and only if, rankAy(x) < r.

The set T'z; defined in (9) (or G° = g? U® g defined in (10)), or the union A"~ of gb?
and the set of (n —d +1) X (n — d + 1) minors of the Jacobian matrix of {f,¢?,...,¢% },
which contain the first column V f define the variety Sx 7.

We deduce from Theorem 5.10, the following result:

Theorem 6.7. Let g = {g?,... ,ggl} C R[x] such that S = VR(g) is an equidimensional
and smooth variety of dimension d.

Let G C R[x] be the set of constraints such that GO = T'p; defined in (9) (or G° = ®py
defined in (10), G® = A"=%) Then there exists tg € N such that Yt > to, either Li(G) = ()
and Syin =0 or

(1) flg =" = minkes f(x) is reached for some A* € Li(G),
(2) VA* € Li(G) optimal for f, ker ML, generates Inip.

6.6. Known minimum. In the case where we know the minimimun f* of f on the basic
closed semi-algebraic set S, we take g’ with g° = {g%, f—f*} and g't = gT. Let S = S(g),
S" = 8(g'). By construction Sy, C S and S’ = St o and V(g%) C VE 1 (g"°). Theorem
5.10 applied to g’ implies the following result:

Theorem 6.8. Let g = {g?,...,ggl;gf,...,g;;} C R[x]. Let f* be the minimum of f
and G C R[x] the set of constraints such that G° = {g°, f — f*} and G* = g*. Then there
exists tyg € N such that ¥Vt > t,

(1) ff‘és = flf‘G = f* = minges(@) f(x) is reached for some A* € Ly q,

(2) VA* € L(G) optimal for f, ker M} generates L.

6.7. GT-radical computation. In the case where f = 0, by Remark 3.15 all the points
of S are KKT points and minimizers of f so that Sy, = S = Skgr. Moreover, I . =
(¢?,... ,921) since Fi,..., F,, vlgi", e ,vmg;; are homogeneous of degree 1 in the variables
ULy wyUpys UL,y - .., Uny. We deduce the following result:

Theorem 6.9. Let G = {¢¥,....¢% ;g1 ....,9},} C R[x|. There exists to € N such that
Vi > ty, YA* € L4(G) optimal for 0, we have (ker M%) = Z(S) = \/(GY).
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G+

This gives a way to compute (GY), which generalizes the approach of [19] or [15] to

compute the real radical of an ideal.

7. EXAMPLES

This section contains examples which illustrate different aspects of our method. In the
case of a finite number of minimizers for a function f on the semi-algebraic set S defined
by the set of constraints g, the approach we describe leads to the following algorithm:

(1) Compute G C R[x] such that GY generates Ixxr NR[x] and GT = g7;

(2) ¢ := [§ max{deg(f),deg(¢?), deg(g;)};

(3) Compute A* € L(G) optimal for f (solving a finite dimensional SDP problem by
an interior point method);

(4) Check the convergence certificate for M. (by flat extension |11, 23]);

(5) If it is not satisfied, then ¢ := ¢ + 1 and repeat from step (2);
Otherwise compute K := ker M}..

Output f* = A*(f) and the generators K of I.
Example 7.1. We consider the “ill-posed” problem
min z s.t z° > 0.

The ideal Ikt is Ixxr = (1 — 3via®,v12%) = (1). Thus Vgt = 0. According to the
decomposition (12), Spj = Ssing and we compute the minimum of x on Ssing, which is
defined by x> = 0:

min z s.t 22 = 0.

Now according to section 6.4, the relaxation associated to this problem is exact and yields
the solution x = 0.

Example 7.2. We consider the following problem

min - f(z,y,2) = 2% +y° + 2%
r+z+1 x4y y+z ><1

st rank T4+y  y+z x+z+1

or equivalently
min  f(z,y,2) = 22 + y? + 2%
st (x+2+1)(y+2)—(z+y)* =0
(z4+z2+1)? = (y+2)(z+y)=0;
(o 2+ D) +5) ~ (y+2) =0
This corresponds to computing the closest on a twisted cubic defined by 2 x 2 minors. The
set of constraints g is not reqular but S(g) = V¥(g%) is a smooth real variety.
In the first iteration of the algorithm, the order is 1, the size of the Hankel matriz M} is
3, min A(f) = 1, there is no duality gap. The flat extension condition is satisfied for M}\
and we have found the minimum. The algorithm stops and we obtain I, = (z,y — 1, 2)
and the points which minimize f, {(x =0,y =1,z =0)}.

Example 7.3. We consider the Motzkin polynomial,
min f(z,y) = 1 + z*y? + 22y* — 32%?

which is non negative on R? but not a sum of squares in Rlx,y]. We compute its gradi-
ent ideal, Iprqa(f) = (—6xy® + 2zy* + 423y?, —6ya? + 2yx* + 4y32?), which is not zero-
dimensional.
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In the first iteration of the algorithm, the order is 3, the size of the Hankel matrix M/?{
is 10, min A(f) = —216. The flat extension condition is not satisfied hence we try with
degree 4.

In the second iteration the order is 4, the size of the Hankel matrix M/‘{ is 15, min A(f) =
0, there is no duality gap. The flat extension condition is satisfied for Mj{ and we have found
the minimum. The algorithm stops and we obtain I, = (x? — 1,y?> — 1) and the points
which minimize f, {(zx =1,y =1),(z =1, y=-1),(z = -1,y =1),(x = -1,y = —1)}.

For this example Gloptipoly must go until order 9 in order to satisfy the flat extension
condition.

Example 7.4. We consider the Robinson polynomaial

min f(z,y) =1+ 2% — 2 — 22 + 8 — gt — 42 — 2ty? — 22yt + 302y’
which is non negative on R? but not a sum of squares in Rz, y]. We compute its gradient
1deal,
Lyraa(f) = (625 — 4a® — 22 — 4a3y? — 22y + 62y?, 6y° — 4y° — 2y — 4y32? — 2yat + 6yz?)
which is not zero-dimensional.

In the first iteration, the order is 3, the size of the Hankel matrix M/?{ is 10, min A(f) =
—0.93. The flat extension condition is not satisfied hence we try with degree 4.

In the second iteration the degree is 4, the size of the Hankel matriz Mj‘( is 15, min A(f) =
0. There is no duality gap. The flat extension condition is satisfied for M/‘r{ and we have
found the minimum.

The algorithm stops and we obtain Iy, = (23 — z,y3 — y, 2%y? — 22 — y? + 1) and the
points which minimize f, {(x = 1,y = 1),(x = L,y = —1),(x = -1,y =1),(z = -1,y =
—-1),(z=1y=0),(z=-1y=0),(z=0,y=1),(z =0,y = —1)}.

For this example, Gloptipoly must go until order 7 in order to satisfy the flat extension
condition.

3

Example 7.5. We consider the homogeneous Motzkin polynomial with a perturbation € =
0.005,
min  f(z,y,2) = oty? + 2%yt — 3229?22 + 26 4 (2 + 9% 4 22);
st h(z,y,2)=1—-22—92—-22>0
This example coming from [21][Example 6.25] is a case where the constraints g define a
compact semi-algebraic set, but the direct relaxation using the associated quadratic module
or preordering is not exact.
We add the projection of the KKT ideal and we have the similiar problem
min zy? + 2%y* — 322?22 + 25;
st —dzaty — 20222y + 1222y2° — 0.062y° + 12.06y2° = 0;
—20z2%y? — dzay* + 1229223 — 0.0622° 4+ 12.0622° = 0;
(423y? + 22yt — 629?22 4+ 0.0325) (=22 —y? — 22 + 1) = 0;
(2zty + 422y® — 622y2? + 0.03y°) (=22 — y? — 22 + 1) = 0;
(—62%y%2 4+ 6.032°)(—2% —y? — 22 + 1) = 0;
where the first three equations are the 2 x 2 minors of the Jacobian matriz of f and h and
the last three equations are the gradient ideal of f multiplied by h.

In the first iteration the order is 5, the size of the Hankel matriz M3 is 167, min A(f) =
0, there is no duality gap. The flat extension condition is satisfied for Mf{ and we have
found the minimum. The algorithm stops and we obtain I, = (z,y,z) and the point
which minimize f is (0,0,0).

For this example, the flat extension condition does not hold with Gloptipoly if ¢ < 0.01.
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Finally with these two last examples we show that even the minimizer ideal I,,,;, is not
zero-dimensional we can recover it from a solution of the relaxation problem.

Example 7.6. We consider Motzkin polynomial over the unit ball:
min  f(z,y,2) = ty? + 22yt — 3229222 + 25,
st h(z,y,z)=1—-a2—92—-22>0
The polynomial f is homogeneous and non negative on R® but not a sum of squares in
Rz, y, 2].

We add the projections of KKT ideal and we have the similiar problem

min z4y? 4+ 2%y* — 32%y%2% + 25,

s.t —4xy5 + 12xy3z2 + 4ym5 — 12x3yz2 =0;
—dzxty — 2022y + 122%y23 + 12y2° = 0;
—20z2%y? — dzayt + 122y223 + 1222° = 0;

(423y? + 22yt — 62y?2?)(—2? —y? — 22 + 1)

22ty + 42%y® — 62%y2?) (-2 —y? — 22 + 1)

(—622y%2 + 62°)(—2? —y? — 22 + 1) = 0;
where the first three equations are the 2 X 2 minors of the Jacobian matriz of f and h and
the last three equations are the gradient ideal of f multiplied by h.

0;
0

)

In the first iteration the order is 5, the size of the Hankel matriz M3 is 156, min A(f) =
0, there is mo duality gap. We compute the kernel of this matriz: ker M} = (z(y* —
22),2(y? — 22), 2(2? — 22),y(2® — 2?)). It generates the minimizer ideal I, = (2(y? —
22),2(y? — 22), 2(2? — 22),y(x? — 2?)) defining 6 lines: (v +y,x + 2), (x,2), (y,2). Here
V(I pmin) is not included in S.

Example 7.7. We consider minimization of a linear function on a torus:

st 9—102% — 10y% + 622 + 2t + 2022 + 22222 + 2222 +yt 4+ 24 =0

In the first iteration, the order is 2, the size of the Hankel matriz M?\ is 10, min A(f) = —1,
there is no duality gap. We compute the kernel of this matriz: ker M/% = (2?2 +y? —4,z(z+
1),y(z+1),2(z+1), (2+1)) which generates the minimizer ideal I, = (x?4+y*—4,2z+1),
defining a circle which is the intersection of the torus with a tangent plane. Notice that the
multiplicity of this intersection has been removed in I, .
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