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CERTIFIED RELAXATION FOR POLYNOMIAL OPTIMIZATION ON
SEMI-ALGEBRAIC SETS

MARTA ABRIL BUCERO, BERNARD MOURRAIN

ABSTRACT. In this paper, we describe a relaxation method to compute the minimal
critical value of a real polynomial function on a semialgebraic set S and the ideal defining
the points at which the minimal critical value is reached. We show that any relaxation
hierarchy which is the projection of the Karush-Kuhn-Tucker relaxation stops in a finite
number of steps and the ideal defining the minimizers is generated by the kernel of
the associated moment matrix in that degree. Assuming the minimizer ideal is zero-
dimensional, we give a new criterion to detect when the minimum is reached and we
prove that this criterion is satisfied for a sufficiently high degree. This exploits new
representation of positive polynomials as elements of the preordering modulo the KKT
ideal, which only involves polynomials in the initial set of variables.

1. INTRODUCTION

Optimization problems appear in many areas of Scientific Computing. Local methods
such as gradient descent are often employed to handle them. These methods can be very
efficient to compute a local minimum, but the output depends on the initial guess and they
give no guarantee of a global solution.

The problem we consider in this paper, is how to compute and certify a global optimum

of a polynomial function on semi-algebraic sets if it reached. Reformulating the problem
as the computation of a (minimal) critical values, polynomial system solvers can be used
to tackle it (see e.g. [28], [6]). But in this case, the complex solutions of the underlying
algebraic system come into play and additional computation efforts should be spent to
remove these extraneous solutions. Semi-algebraic techniques such as Cylindrical Algebraic
Decomposition or extensions [31] may also be considered here but suffer from similar issues.
Though the global minimization problem is known to be NP-hard (see e.g. [23]), a practical
challenge is to devise methods which take into account “only” the real solutions of the
problem or which can approximate them efficiently.
Previous works. About a decade ago, a relaxation approach has been proposed in
[15] (see also [27], [35]) to solve this difficult problem. Instead of searching points where
the polynomial f reaches its minimum f*, a probability measure which minimizes the
function f is searched. This problem is relaxed into a hierarchy of finite dimensional
convex minimization problems, that can be solved by Semi-Definite Programming (SDP)
techniques, and which converges to the minimum f* [15]. This hierarchy of SDP problems
can be formulated in terms of linear matrix inequalities on moment matrices associated
to the set of monomials of degree < ¢t € N for increasing values of t. The dual hierarchy
can be described as a sequence of maximization problems over the cone of polynomials
which are Sums of Squares (SoS). A feasibility condition is needed to prove that this dual
hierarchy of maximization problems also converges to the minimum f*, ie. that there is
no duality gap.

From a computational point of view, the following issues need to be addressed:
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(1) Is the hierarchy of optimization problems ezact, ie. does it convergence in a finite
number of steps ?

(2) Is there a criterion to detect when the optimum is reached, that will eventually be
satisfied ?

(3) When the convergence criterion is satisfied, how can we recover all the points where
the optimum is achieved ?

To address the first issue, the following strategy has been considered: add polynomial in-
equalities or equalities satisfied by the points where the function f is minimum. Inequality
constraints can for instance be added to restrict the optimization problem to a compact
subset of R"™ and to make the hierarchies exact [15]|, [20]. Natural constraints which do
not require apriori bounds on the solutions are for instance the vanishing of the partial
derivatives of f. A result in [18] shows that if the complex variety of the ideal generated
by the equalities of the semialgebraic set is finite, then the hierarchy of relation problems
introduced by Lasserre in [15] is exact. It is also proved that there is no duality gap if the
generators of this ideal satisfy some conditions.

In [26], it is proved that a relaxation hierarchy using the gradient constraints is exact
when the gradient ideal is radical. In [21], it is shown that this gradient hierarchy is exact,
when the global minimizers satisfy the Boundary Hessian condition; In [5], it is proved
that a relaxation hierarchy which involves the Karush-Khun-Tucker constraints is exact
when the KKT ideal is radical. In [24], a relaxation hierarchy obtained by projection of
the KKT constraints is proved to be exact under some regularity conditions. In [9], the
exactness of a relaxation hierarchy related to the real KKT variety defined by a radical
ideal is also analyzed under similar regularity conditions.

The case where the minimum value is not reached at points which satisfied the KKT
constraints, has also been studied. In [33], relaxation techniques are studied for functions
for which the minimum is not reached and which satisfies some special properties “at
infinity”. In [8], tangency constraints are used in a relaxation hierarchy which converges to
the global minimum of a polynomial, when the polynomial is bounded by below over R™.
In [7], generic changes of coordinates and a partial gradient ideal are used in a relaxation
hierarchy which also converges to the global minimum of f on R™. In [6], this approach is
extended to polynomial minimization on smooth equidimensional algebraic varieties with
constraints defining a radical ideal.

The second issue is also important from an algorithmic point of view, to certify when
the minimum is reached. In [18], [17], a stopping criterion based on Curto-Fialkow flat
extension condition [4] is used in a relaxation hierarchy for optimisation on finite algebraic
varieties and for real radical computation. This criterion is also used in [26], where an algo-
rithm is described to compute the global minimum of the polynomial function f when this
minimum is a reached and when the gradient ideal is zero-dimensional. An improvement
of the flat extension criterion [19] is used in [14] to compute the real radical of an ideal
when this real radical is zero-dimensional. The convergence criterion is combined with a
normal form criterion [22] to detect when a border basis of the real radical is computed.
In [25], it is proved that a Curto-Fialkow flat extension criterion is eventually satisfied on
truncated moment matrices, in relaxation hierarchies [15], [26], [24] with a finite number
of minimizers, under some regularity conditions or archimedean conditions.

The third issue is related to the problem of computing all the points which realize the
minimal value, which is also important from a practical point of view. In [17], the kernel
of moment matrices are used to compute generators of the real radical of an ideal. This
method is improved in [14] to compute a border basis of the real radical, involving SDP
problems of significantly smaller size, when the real radical ideal is zero-dimensional. The
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problem of computing the minimizer ideal has not been addressed so far in exact relaxation
hierarchies, though it is mentioned in [25| for zero-dimensional minimizer ideals.

An interesting feature of these hierarchies of SDP problems is that, at any step they

provide a lower bound of f* and the SoS hierarchy gives certificates for these lower bounds
(see e.g. [13]). In [10, 12] it is also shown how to obtain “good” upper bounds by pertur-
bation techniques, which can directly be generalized to the approach we propose in this
paper.
Contributions. We consider the problem of computing the minimal critical value of a
polynomial f on a semi-algebraic set S C R"™ defined by equations g = 0 and inequalities
h > 0.

The main results are the following (Theorem 5.15, Corollary 5.16):

e Any hierarchy of relaxation problems based on the KKT constraints or on their
projection is exact.

e When the minimum is reached (for a sufficiently high degree), the kernel of the
moment matrices associated to the solution of the corresponding SDP problem is
a generating family of the minimizer ideal.

This applies to any polynomial constraints which real variety intersected with the set of real
points where H > 0 is between (the projection of) the real KKT variety and (the projection
of) the minimizer variety. It generalizes results on the exactness of the hierarchy in [26], [5]
or [24], [9] which all require regularity conditions. It also shows that the minimizer ideal
can be constructed from the kernel of moment matrices associated to the corresponding
semi-definite programming problem.

When f = 0, this yields a new method to compute {/(G) which extends the approach
in [19], [17], [14].

For polynomials which are positive on S, we give new decomposition of polynomials as
elements in the preodering module of H, modulo the KKT constraints, which only involves
polynomial in R[x]. This generalizes results in [5].

In the case where the minimizer ideal is zero dimensional, we give a new criterion to

detect when the minimum is reached, based on the flat extension condition in [19]. This flat
extension condition is weaker than the one described in [25], since it allows more freedom
in the choice of the submatrices of the moment matrices. Finally, we prove that when
the relaxation order is big enough, this criterion is satisfied. Hence, this approach yields
a complete algorithm which increments the order of relaxation and check the convergence
certificate until it is satisfied.
Content. The paper is organized as follows. Section 2 recalls the concepts of algebraic
tools as ideals, varieties and we define our minimization problem and we set our notation.
In section 3 we describe the sequence of finite dimensional optimization problems on which
we apply SemiDefinite Programming methods. In section 4 we analyze the decomposition
of polynomials as sum of squares modulo the gradient ideal. In section 5 we prove that
when the order of relaxation is big enough, the sequence of finite dimensional optimization
problems attains its limit and the minimizer ideal can be generated from the solution of
our relaxation problem. In section 6, we analyse some consequences of this result. Finally
in the section 7, we describe a criterion to detect when we have found the minimum based
on a flat extension property, when the minimizer ideal is zero-dimensional. We prove also
that when the order of relaxation is big enough, this criterion is satisfied.
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2. IDEALS, VARIETIES AND OPTIMIZATION

In this section, we recall some algebraic concepts as ideals and varieties, we define our
minimization problem and we set our notation.

2.1. Ideals and varieties. Let K[x] be the set of the polynomials in the variables x =
(1,..., xn), with coefficients in the field K. Hereafter, we will choose! K = R or C. Let
K denotes the algebraic closure of K. For o € N?, x® = z{? - 2 is the monomial with
exponent o and degree |a| = ), «;. The set of all monomials in x is denoted M = M (x).
For a polynomial f = )  fox®, its support is supp(f) := {x* | fo # 0}, the set of
monomials occurring with a nonzero coefficient in f.

For t € N and S C K[x], we introduce the following sets:
e S, is the set of elements of S of degree < t,
o (S)= {Zfes Ar f | f €8S, Af €K} is the linear span of S,
o (5)= {Zfespff | py € K[x], f € S} is the ideal in K[x] generated by S,
® Sy = {Zfest prflpye K[x]t,deg(f)} is the vector space spanned by {x*f | f €

S |a] <t deg(f)}.
e ST:=SUxSU...Ux,S is the prolongation of S by one degree,
e S-S={ab|a,be S}
Therefore, S; = S N K[x]q,
Sy € (S) NK[x]; = (S)¢, but the inclusion may be strict.
A set of monomials B is said to be connected to 1 if 1 € B and for every monomial
m # 1in B, m = x;,m’ for some iy € [1,n] and m’ € B.
Given a vector space & C K, its prolongation E* := E + x1E + ... + 2,F is again a
vector space.
A vector space FE is said to be connected to 1 if 1 € E and any non-constant polynomial
p € E can be written as p = po+ > .., ;p; for some polynomials py, p; € E with deg(pg) <

deg(p), deg(p;) < deg(p) — 1 for i € [1,n].
Obviously, E is connected to 1 when E = (B) for some monomial set B C M which is
connected to 1. Moreover, E* = (B™) if E = (B).

Given an ideal I C K[x] and a field L. D K, we denote by
Ve(I) i={z e L"| f(z) =0Vf €I}
its associated variety in L". By convention V(I) = VE(I).
For a set V' C K", we define its vanishing ideal
ZV):={feKx]| flv)=0VveV}.
Furthermore, we denote by
VI:={fecK[x] | frel forsomem e N\ {0}}

the radical of I.
For K = R, we have V(I) = V®(I), but one may also be interested in the subset of real

solutions, namely the real variety V®(I) = V(I) N R". The corresponding vanishing ideal
is Z(VR(I)) and the real radical ideal is

VI :={peR[x|p* + Zq? € I for some ¢; € R[x],m € N\ {0}}.
J

IFor notational simplicity, we will consider only these two fields in this paper, but R and C can be
replaced respectively by any real closed field and any field containing its algebraic closure.
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Obviously,

I CVICIWO()), 1< VICI(VR)).
An ideal T is said to be radical (vesp., real radical) if I = /T (vesp. I = V/I). f I CRis
real radical, then I is radical and V(I) = VR(I) C R if [VR(I)| < oo.

Definition 2.1. Given a vector space E C R[x| and H = {hq,...,h,,} C R[x]| we define
the quadratic preordering of H on E by

(1) PelH)={ S schf - h s €SB s bk € (B E)
ec{0,1}"2
If E =R[x]¢ (resp. E = R[x]), we denote Pp(H) by P(H) (resp. P(H)). Ifx = (x/,x")
and E = R[x); (resp. E = R[x]) and H C R[X'], we also denote Pr(H) by P;(H)X (resp.
73}}/) If H = (), we denote respectively 7325,73,73;‘/ or PX, where Py = S R[x]|Z, P =
S Rx]2, PX = S R[X)? and PX = S R[X')? and sets of sum of squares polynomials.
Definition 2.2. For sets of polynomials G, H C R[x], we denote

Wi(H) = {xeR"|h(x)>0Vhe H},
W(G,H) = {xeR"|g(x)=0VgeG,h(x)>0VheH}.

Definition 2.3. ¥T = {p € R[x] | Im € N s.t p?™ + P(H) € I}
Remark 2.4. If H =0, then VI = V1.
The following three famous theorems relate vanishing and radical ideals:

Theorem 2.5.

(i) Hilbert’s Nullstellensatz (see, e.g., [3, §4.1]) VI = Z(VE(I)) for an ideal I C
Clx].

(ii) Real Nullstellensatz (see, e.g., [1, §4.1]) VT = Z(VR(I)) for an ideal I C R[x].

(iii) Positivestellensatz (see, e.g., [1, §4.4]) ¥T =Z(W(I, H)) for an ideal I C R[x].

2.2. Minimization problem. Let f,g1,...,0n,,R1,..,hn, € R[x]| be polynomial func-
tions. The minimization problem that we consider all along the paper is the following:
compute

minxern f(x)

st g1(x) =+ =gn, (x) =0

(2) hi(x) >0, ..., hp,(x) >0
We denote S the basic semi-algebraic set S = {x € R" | g1(x) = -+ = gp,(x) =0, h1(x) >

0,.... hp, (x) > 0} and by H = {hq, ..., hp, }.

When n; = ng = 0, there is no constraint and & = R". In this case, we are considering
a global minimization problem.

The points x* € R™ which satisfies f(x*) = minxes f(x) are called the minimizers of
f on S. If the set of minimizers is not empty, we say that the minimization problem is
feasible.

The Karush-Kuhn-Tucker variety. In the case of a constrained problem, one usually intro-
duce the Karush-Khun-Tucker (KKT) constraints:
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Definition 2.6. A point x* is called a KKT point if there exists ui, ..., Up,,V1,..., U, € R
s.t.

ni n2
V) =Y wiVai(x*) = > 0 Vhi(x*) =0, gi(x*) =0, vili(x*) = 0.
i=1 =0

The corresponding minimization problem is the following:

min(x7u7v)eRn+nl ng f(.’E)

S.t.Flz"':Fn:O

gl=-=gn =0

U1h1:"':7)n2hn2:0

(3) hl Z 0)"'ahn2 2 0
0q.: Oh;
where F; = g—mfi - Z?;l Uja%i - 2?11 Uj amji'

This leads to the definitions of the following ideal and varieties:
Definition 2.7. The Karush-Kuhn-Tucker (KKT) ideal associated to problem (2) is

(4) IKKT = (F17 ey Fnagla "'7gn17vlh17 ...,’UthnQ) - R[y]

The KKT variety is Vi kr = V(Ixk k) C C"7™*"2 and VE . = 7 (Vi k), where 7 is
the projection of C*t™tnz on C7,

The set of KKT points of § is denoted Sk g7 and a KKT-minimizer of f on S is a point
x* € Skkr such that f(x*) = minkes, , f(x). A minimizer of f on S is not necessarily
a KKT point, but often it is possible to reformulate the minimization problem so that the
minimizers become KKT points.

The gradient variety. Replacing the inequalities h; > 0 by the equalities h; —s? = 0 (adding
new variables s;) and introducing Lagrange multipliers yields the following minimization
problem:

min(x7u7V7S)ERn+n1+2 no f(X)
(5) s.t. VF(x,u,v,s) =0
f(z) — Z?:ll u;gi(z) — Z;Lil vj(hj(x) - S?)v u = (ug,...,Un,), V=

where F(x,u,v,s) =
(U1, .eey Upy) and 8 = (81, ..., Spy)-

In the following, we will denote by y = (x,u,v) and z = (x,u,v,s), the n + n; + ny
and n + nj + 2ny variables of these problems. For any ideal J C Rz], we will denote
J* = JNR[x] and JY = JNR[y]. The projection of C**™1+272 on C" (resp. C"+™+712)
is denoted 7* (resp. 7).

Definition 2.8. We define the gradient ideal of F(z):

Igrad — (VF(Z)) — (Fla "',Fnagla "'7gn1?h1 - S%,---ahnz - 522,’0151, "',vngsng) - R[Z]

0 dg, Oh; . . .
where F; = amfi - Z;‘;l Uj gt — Z;Lil Vjgar- The gradient variety is Vgrqq = V(Igraa) and

we denote V. ;= ™ (Vgrad), ‘/g};"ad = 7Y (Vgrad)-

Definition 2.9. For any F' € R|z], the values of F' at the (real) points of V(VF') are called
the (real) critical values of F.

IfF = f—=%" uigi — yil vj (hj — s?), they will also be called the (real) KKT critical
values of f.
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Remark 2.10. A real pointy = (x,u,v) of Virp lifts to a point z = (x,u,v,s) in Vg]R;:ad,
if and only if, hi(x) >0 fori=1,...,n9, so that Vs "Wy (H) = ﬂy(Vgﬂfad).
The KKT ideal is related to the gradient ideal as follows:
Proposition 2.11. Ixgr = I5qqa N Ry].
Proof. As si(s;v;) + vi(h; — s?) =wv;h; Vi =1,...,n2, we have Ixgr C Igrqqa N Ry].
In order to prove the equality, we use the property that if K is a Groebner basis of Iy,.4q

for an elimination ordering such that s > x,u, v then K NR[y]| is the Groebner basis of
Iyraa N R[y] (see [3]). Notice that s;(s;v;) 4+ vi(hi — s2) = vih; (i = 1,...,n2) are the only

S-polynomials involving the variables si, ..., s, which may have a non-trivial reduction.
Thus K N R[y] is also the Groebner basis of Fi,..., Fy, g1, -y Gnys V101, ooy Uny By, and we
have (K) N R[Y] = lgrad N R[Y] = IkgKr. [l

The minimizer variety. We easily check the following property:
Lemma 2.12. F'ly, .= f [V,
Thus minimizing F' on Vj;4q is the same as minimizing f on V4.
Definition 2.13. We define the minimizer variety and ideal of f on S as:
Vinin = {z* = (x*,u*,v*,s*) € R"™T212 54 VER(x* u*,v* s*) = 0 and f(x*) is minimum}
Imin = Z(Vinin)-
We will also denote V. =7 (Vyin) and VX

min Wx(vmin)'

Notice that I,,;, is a real radical ideal.

If ny = ng =0, Ly is the ideal defining the critical points x* of f (satisfying V f(x*) =
0) where f(x*) reaches its minimal critical value.

By definition, a point z* = (x*,u*, v*,s*) in V,;, is such that x* = 7%(z*) is a KKT-
minimizer.

By construction, Ixxr C Ipin and I, # (1) if the minimum f* is reached in
= Vi OW,(H).
Remark 2.14. If we take f = 0 in the minimization problem (2), then all the points of S

are KK T-minimizers and I, = Z(S) = X/(G). Moreover, Ixxr NR[X| = (91,3 9n,)
since Fi, ..., Fp,vihi, ..., Un,hy, are homogeneous of degree 1 in the variables u,v.

3. HIERARCHY OF RELAXATION PROBLEMS

In this section, we describe the sequence of finite dimensional optimization problems that
we consider. It is a generalization of Lasserre hierarchy of relaxation problems, in which
we control the vector space of polynomials on which we apply Semi-Definite Programming
methods.

Definition 3.1. Given a vector space E C R[y| and finite subsets G, H C R|y|, we define
(6) Pecu = {g—|—h| g € <G>ﬂ<E-E>, hGPE(H)}.
If E=R[yl; and G' = Gy, we denote Pp.cr.g by Pre,u and Py g g = Perrix),¢.H-

By definition, Pg g, u is a cone of polynomials included in the cone of polynomials of
(E - E) which are positive on the semi-algebraic set S. When F is a vector space of finite
dimension, Pg g, is the projection of the sum of a linear space and the convex cone of
positive quadratic forms on E* x E*.

Notice that if E C E', G C G’ and H C H' then Pr.c,u C Per a1
We consider now its dual cone.
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Definition 3.2. Given a vector space E C R[y| and finite subsets G, H C R|y|, we define
™ Lram={Ae (B BY | A() >0, ¥e Pran}.
If E=R]y]; and G' = Gay), we also denote L i by Logm and L ¢ g = Lenrix,6,H-

By this definition, for any element A € Lg ¢ g and any g € G, we have A(g) = 0.

When F is a vector space of finite dimension, Lg ¢ g is the intersection of the closed
convex cone of semi-definite positive quadratic forms on £* x E*. with a linear space, thus
it is a convex closed semi-algebraic set. More details on its description will be given in
Section 7.

Notice that if £ C E', G C G' and H C H' then Lp vy C Lp,c.H-

We consider now truncated Hankel operators, which will play a central role in the con-
struction of the minimizer ideal of f on S.

Definition 3.3. For a vector space E C R|y|] and a linear form A € (E - E)*, we define
the map MF : E — E* by MF(p) =p-A forp € E. Thus MF is called a truncated Hankel
operator, defined on the subspace E.

Definition 3.4. We define the kernel of the truncated Hankel operator:
(8) ker ME¥ = {pe E|p-A=0,ie Alpg) =0Vqc E}.

When E = R[y]; for t € N, MF is also denoted Mj.

Given a subspace Ey C E, A induces a linear map on (Ey - Fy) and we can consider the
induced truncated Hankel operator Mf“ : By — (Ep)* as the “restriction” of MF. Below
we will deal with the following sets and minimums, in order to define our primal-dual
problems.

We will need the following result:

Lemma 3.5. For any vector space E and G = {0} and A, A" € (E - E)*, we have:
e Vp € E, A(p?) = 0 implies p € ker ME.
. keerJrA/ = ker Mf Nker ME.

Proof. The first point is a consequence of the positivity of M f\E .

For the second point, Vp,q € E, Vt € R, A((p+tq)?) = t*A(¢?) +2tA(pq) > 0. Dividing
by t and letting ¢ go to zero yields A(pq) = 0, thus showing p € ker M f . The inclusion
ker Mf N ker Mf, C ker M/fa_/\, is obvious.

Conversely, let p € ker My /. In particular, (A + A')(p?) = 0, which implies A(p?) =
AN (p?) = 0 (since A(p?), A'(p?) > 0) and thus p € ker My Nker M. O

Definition 3.6. Let E be a subspace of Rly| such that 1 € E and f € (E - E) and finite
subsets G, H C Rly]. We define the following extrema:

b f* = ianESKKT f(X)7

° fg,G,H = inf {A(f) s.t. A e ﬁE,G,H7 A(l) = 1},

o feg=swp{yER st f—v€E€Prcu}t
If E = Rlyl; (resp. E = R[y]) and G' = Gay) we also denote fg7G,7H by f;‘G’H (resp.
fey ) md fE8 i by & (resp- £385 4)-

Remark 3.7. By convention if the sets are empty, f7’¢; g = —00 and fg,G,H = +4o00.

We now analyse the relations between these different extrema.

Remark 3.8. Let E C E' be two subspaces of Rly| and G C (E- E), G' C (E' - E') with
G C G’ then we directly deduce that
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u u
hd fE,G,H < fE/,G/,H’
* fEen = 5 n
from the fact that Lg ¢r.n C Le,c.i and Pe.c.un C Pe.a' H-

If we suppose Viin # () and we take VY. C WR(G, H), we have the following relations

min
between the extrema.

Proposition 3.9. Let G C Ry]| such that V>

min CW(G, H). Then [ 5 < fgan < [
Proof. We have fi°¢. 1 < fls o because if there exists v € R such that f—v € Pg,q,m, ie.
f—y=s+gwiths € Pggandg e (G)N(E-E), then VA € Ly g u, A(f—7v) =A(f)—v >
0. We deduce that A(f) >~ and we conclude f BoH S fgg’ - For the second inequality,
let y* be a point of VY. such that f(x*) is the mininum and let 1y+ € Rly]* : p — p(y*)
be the evaluation at y*.Then we have 1y+«(1) = 1 and 1y«(p) > 0 Vp € Pg g, u such that
p=g+qwith g € (G) N (E - E) and h € Pgpy since 1y-(p) = p(y*) = g(y*) + h(y”),
g(y*) = 0 and h(y*) > 0 due to V), C W(G, H), so that 1y« € L g n. We deduce the
inequality f& an < f* O
Following the relaxation approach proposed in [15|, we are now going to consider a
hierarchy of convex optimization problems and show that for such a hierarchy, the minimum
f* is always reached in a finite number of steps. Let us consider the sequence of spaces

- CLiyign CLygu C-- and - CProu C Py, C -
for t € N, . Using Remark 3.8 and VY. C W(G, H) the fact that (G) = UtenGpy, we

min

check that
e the increasing sequence --- f{'c ; < ft“+1 apg < < f*, fort e N converges to
Ty < 1"
e the increasing sequence --- 7% 5y < [P o g < -+ < f*, for t € N converges to

508 *
f(G’),H < f .
4. REPRESENTATION OF POSITIVE POLYNOMIALS

In this section, we are going to analyze the decomposition of polynomials as sum of
squares modulo the gradient ideal. Hereafter, Jy,qq is an ideal of R]z] such that V(Jgrad) =
%rad-

The first steps consists in decomposing Vj,4q in components on which f has a constant
value. We recall here a result, which also appears (with slightly different hypotheses) in
[26, Lemma 3.3]°.

Lemma 4.1. Let f € R[x] and let V be an irreducible subvariety contained in VE(Vf).
Then f(zx) is constant on V.

Proof. If V is irreducible in the Zariski topology induced from Clx], then it is connected
in the strong topology on C™ and even piecewise smoothly path-connected [34]. Let z, y
be two arbitrary points of V. There exists a piecewise smooth path ¢(t) (0 < ¢ < 1) lying
inside V' such that z = ¢(0) and y = ¢(1). Without loss of generality, we can assume
that ¢ is smooth between z and y inorder to prove that f(x) = f(y). By the Mean Value
Theorem, it holds that for some t; € (0, 1)

Re(f(y) — f(x)) = Re(f(¢(1))) (t1) = Re((Vf(o(t1)), ¢ (t1))) = 0

2In its proof, the Mean Value Theorem is applied for a complex valued function, which is not valid. We
correct the problem in the proof of Lemma 4.1.
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since Vf vanishes on V. Then Re(f(y)) = Re(f(z)). We have the same result for the
imaginary part: for some t5 € (0,1)

Im(f(y)) — Im(f(2)) = Im(f(@()))'(t2) = Im((Vf((t2)), ¥  (2))) = 0

since V f vanishes on V. Then Im(f(y)) = Im(f(z)). We conclude that f(y) = f(z) and
hence f is constant on V. O

Lemma 4.2. The ideal Jgrqq can be decomposed as Jgrqq = JoNJ1N---NJg with V; = V(J;)

and W; = x(V;) where 7*(V;) is the projection of V; on C" such that

o f(V;) =1 €C, fi# fjifi#J,

e WENW,(H)#0 fori=0,...,r,

e WENW,(H)=0 fori=r+1,...,s,
o fo<- <[

Proof. Consider a minimal primary decomposition of Jg,qq:

Jgrad:Q(]m"'sz’a

where Q; is a primary component, and V(Q;) is an irreducible variety in C"*t"1+272 included
in Vyrqq. By Lemma 4.1, F is constant on V(Q;). By Lemma 2.12, it coincides with f on
each V(Q;). We group the primary components @); according to the values fy,..., fs of f

on these components, into Jy,...,Js so that f(V(J;)) = fi with f; # f; if i # j.
We can number them so that ﬂX(W)RﬂW+(H) is empty for ¢ = r+1,..., s and contains a

real point x; fori = 0,...,r. Notice that such a point x; is in S, since it satisfies g;(x;) = 0
for j=1,...,n1, hp(x;) >0 for k =1,...,ny. As it is the limit of projections of points in
V(J;) on which f is constant, we have f; = f(x;) € R for i = 0,...,r. We can then order
Jo, ..., Jr so that fo < -+ < fpr. O

Remark 4.3. If the minimum of f on S is reached at a KKT-point, then we have fy =
minges f(x).

Remark 4.4. If ‘/gR;ad = (), then for alli=0,...,s, WRNW,(H) = 0 and by convention,
we take r = —1.

Lemma 4.5. There exist po,...,ps € C[x| such that
° Zf:o pi =1 mod Jypqq,
* pi €z i
e pi € R[x| fori=0,...,r.

Proof. Let (L;)i=o,.. s be the univariate Lagrange interpolation polynomials at the values

fos--o, fs € C and let ¢;(x) = L;(f(x)).

The polynomials ¢; are constructed so that

o« (V) =0if j #1,

e (Vi) =1,
where V; = V(J;). As the set {fr41,..., fs} is stable by conjugation and fy,..., f, € R, by
construction of the Lagrange interpolation polynomials we deduce that qo, ..., q, € R[x].

By Hilbert’s Nullstellensatz, there exists N € N such that ¢ € Mz Jj- As >0 qév =

1 on Vjpqq and qZquv =0 mod (), J;i = Jgraa for i # j, we deduce that there exists N’ € N
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such that
S
0 = (1- ZqéV)N/ mod Jg,q4
=0

S

= 1-) (1-(1-¢")N) mod Jyraq-
j=0

As the polynomial p; =1 — (1 — q§V)N/ € Clx] is divisible by qév, it belongs to ﬂj# Jj.
Since ¢; € R[x] for j = 0,...,r, we have p; € R[x| for j = 0,...,r, which ends the proof
of this lemma. O

Lemma 4.6. —1 € P*(H) + (;>, /).

Proof. AsJ;., (Vo) MW, (H) = VE(Nisy SNRXD)NIWL(H) = VE(N,o, J)NW4L(H) =
0, we have ZOWV®(N,, JX) N W4 (H)) = R[x] > 1 and by the Positivestellensatz (Theorem
2.5 (iii)),

i>r

—1 € P*(H) + ([ )
i>r
O
Remark 4.7. ]ngEfad =0, then —1 € P*(H)+ (N, J) = PX(H)+J;‘Tad and Vp € R[x],
p=3(p+1)?~(p—1)) € PX(H) + I3
We recall another useful result on the representation of positive polynomials (see for
instance [5]):

Lemma 4.8. Let J C R(z] and V = V(J) such that f(V) = f* with f* € Rt . There
exists t € N, s.t. Ve >0, Iq € R[x] with deg(q) <t and f + ¢ = ¢*> mod J.

Proof. We know that f:j:e — 1 vanishes on V. By Hilbert’s Nullstellensatz ( ftfe ~DeJ

for some [ € N. From the binomial theorem, it follows that
-1

fre e 1/2> fre wdef 4
(1+(f*+€ 1)) _Z<k (f*+€ 1)k = f*+6modJ
Then f 4 € = ¢ mod J. U

In particular, if f* > 0 this lemma implies that f = (f — %f*) + %f* = ¢%> mod J for
some ¢ € R[x].

Theorem 4.9. Let f € R[x], let fo < -+ < f, be its real KKT critical values of f on S
and let pg, ..., p, be the associated polynomials defined in Lemma 4.5.

(1) f=X1fip? € PX(H)+ Jrad-

(2) If £ 2 0 on Sxcr, then f € PX(H) + [T .
(3) If f > 0 on Sk, then f € P*(H) + Jorad
Proof. By Lemma 4.5, we have

S S
1= (Z pi)’ = szz mod Jyqad-
i=0 i=0

Thus f =37 o fp? mod Jyraq.
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By Lemma 4.6, —1 € P*(H) + ((;5, J¥) so that f = 1((f+1)> = (f — 1)) € P*(H) +
Nj>rd and

S
> I e PXH) + (I = PX(H) + Jgrau
1>r 7=0
As the polynomial (f — f;) p? vanishes on V44, we deduce that

F=Y"0nd+ > I+ [ Ta = > FipE+ PH) + /T
=0

i=r+1 i=0
which proves the first point.
If f>0on Sgkr, then f; >0fori=0,...,rand >, fip? € P*(H) so that

feP(H)+ Jvads

which proves the second point.
If f> 0 on Skxr by Lemma 4.8, we have fp? = ¢> mod Jovaq With ¢; € R[x], which
shows that

T s
Z fi p? = Z qi2 mod J;rad € PX(H) ;rad'
=0 1=0
This proves the third point. O

Notice that the points (2) and (3) of this theorem are generalization of results [5| on the
representation of positive polynomials, which only involves polynomials in R][x].
Let us give now a refinement of Theorem 4.9 with a control of the degrees of the poly-

nomials involved in the representation of f as an element of P*(H) + J3 ;.

Theorem 4.10. let H = {hi,...,hy,} and G C Rz] such that Jyrqq = (G). If f >0 on
Sk kT, then there exists tg such that Ve > 0,

f +e€c€ Pt)((),G,H'

Proof. Let us look more carefully at the decompositions obtained in the proof of Theorem
4.9. As Jgraqd = (@), we can choose ty € N big enough such that

> fpl €PR(H) + Gupy NRIX] =Py g pr

i>r

and deg(p;) < to/2. Then Ve > 0,

(9) Y (frapi =) fri+Y vl €Pran
i>r i>r i>r

AsVe>0, f+e>0o0n Sggr,ie, fi+e>0fori=0,...,r, we deduce from Lemma
4.8 that if tg is big enough, we have
(10) (f+e)p? =q? mod Gy NR[x]

with deg(q;) <to/2 fori=0,...,r.
Since 1 — 37 p? =0 mod (G), we can choose ¢y big enough so that

S

(11) (f+6) =Y (f+)p] € Gy NR[x].

i=0
From Equations (9), (10), (11), we deduce that if ¢y € N is big enough, Ve > 0
f +ec P;;,G,H7
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which concludes the proof of the theorem. O

5. FINITE CONVERGENCE

In this section, we show that the sequence of relaxation problems attains its limit in a
finite number of steps and that the minimizer ideal can be recovered from a solution of the
relaxation problem. Two types of minimization problems are considered. One involves the
KKT-ideal and polynomials in the variables y and the other one is obtained by intersection
with the ring of polynomials in x. In this section, we assume that V,,;, # 0, that is f* is
reached for some point x* € Sk k7.

Proposition 5.1. Let G, H be finite subsets of R[y|. There exists tog € N such that Vt > to,
VA € Ly, % C (ker Mf\)

Proof. Let G = {¢q1,...,q:} and let ¢,...,qr be generators of J := = V/G. By the Pos-

itivestellensatz, for j € 1,...,k, there exist m; € N* and polynomials u(] ) ¢ Rly] and
o; € P(H) such that

l
2m.; .
= Yl
r=1

Let us take tg € N big enough such that u&j)gr € Gy and 0 € Py, . Then for all ¢ > 1o
and all A € £y ¢ 1, we have A(u7(» )gr) =0, Aq 2m]) >0, A(oj) >0 and A(qu.mj) +A(oj) =
0, which implies that A(q; " j 7) = 0 and g; € ker M}. This proves that (¢q1,...,q) = J C
(ker M}). O

Remark 5.2. With the same arguments, we can show that for any t' € N, there exists
ty > t' such that Vt > t, VA € Ly¢ 1,

Q) C ker My,

where Q = {q1,...,qx} is a generating family of J = VG.

The next result shows that in the sequence of optimization problems that we consider,
the minimum of f on Sk 7 is reached from a certain degree.

Theorem 5.3. For G C Rly] with V>, C W(G,H) C V,p, there exists t; > 0 such
that ¥t > t,

(1) ftl,LG’,H = f* is reached for some A* € Ly H,

(2) VA* € Ly g,g with A*(f) = ftﬂG,H = f*, we have p; € ker M%., Vi=1,...,r,

(3) if V( ) C VKKT then fsos ft!,tG’,H = f*

Proof. By Theorem 4.9 (1) applied to f — f*, we can write

T

f—f*=§j(f-—f*)p?+h+g.

with h € P(H)* and g € \/I;(rad - \/ grad = VIkkr (by Proposition 2.11). Since

W(G, H) C VEr, by the Positivestellensatz, we have g € ¥/Ixxr C {/(G). By propo-
sition 5.1, there exists ¢; > to such that for all ¢ > ¢, for all A € Ly qm, Alg) = 0,
A(h) > 0.
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Let us fix t > ¢; and A* € L, ¢ g such that A*(f) = ft!fG,H' Then
T
A*(f = 1) = (fi = FON(pF) + A*(h).
i=1
As fi — f* = fi— fo > 0, A*(p?) > 0 and A*(h) > 0 (h € Pypy), we deduce that
N(F= ) = A ) = =0,

As Viin # 0, VY. C VE(@G), by Proposition 3.9, we have A*(f) < f*, so that A*(f) =
ft}fG,H = f*, which proves the first point. Hence for i = 1,...,r, A*(p?) = 0 and p; €
ker Mf\*, which proves the second point.

To prove that f%7y = f* when V(G) C Vkgr, we apply Theorem 4.10 to f — f*
which is positive on Sgg7. Let us take Jyrqqa = (G) N Igraa C R[z] so that V(Jypea) =
V(G) U Vyrad = Vgraa since V(G) C Vg gr. We denote by G a finite family of generators
of Jgrad-

By Theorem 4.10, there exists ¢y such that Ve > 0,

As G' C (G), we can choose t; > t{, such that G’<t0> C G-

Then Vit > &1, f— f*+€ € P¥y + Gy = Prg,u- Hence by maximality, Ve > 0, f* —e <
fi¢ p- We deduce that f* < f7eF ;, and by Proposition 3.9, we have fi¢7 ; = fﬁG,H =
[

A similar result holds for polynomials in the variables x:

Corollary 5.4. For G C R[x] with V¥,
such that ¥Vt > tq,

(1) ft!,tG,H = f* is reached for some A* € Ly H,

(2) VA* € Ly g,g with A*(f) = ftffG,H = f*, we have p; € ker M}., Vi=1,...,r,

(3) if V(G) C 7*(Vkkr) then fig,(g,H = fz:,L,LG,H = f*.
Proof. Let us take G’ C R[y] such that (G') = (G) + Ixxr € Rly]. Then VY. < VR(G")N

min
Wy (H) C VEr and by Theorem 5.3, ftl,LG/,H = f* is reached for some A* € Ly o/ g and
pi € ker Mt..
Let A’ be the restriction of A* € Ly v i to R[x]2¢. By construction, A*(f) = A'(f) = f*,
AN € LG .m and p; € ker M},
If moreover V(G) C 7%(Vyraa), then V(G') C 7Y (Vyraa) = Vkrr. By application of
Theorem 4.10, Ve > 0, f — f* + ¢ € Pl g C Prg,u and we deduce that f727 = f*. U

C W(G,H) C m*(VEr), there exists t1 > 0

Remark 5.5. Under some conditions such as Pg g ts archimedean or Boundary Hessian
conditions are satisfied, it is possible to prove f — f* € P m |29, 32, 21, 11] and there is no
S0S

duality gap: fi5 g = ftﬂG g = [ ift is high enough degree. The exactness of the hierarchy
and generators of the minimizer ideal can then be deduced in a similar way.

As for the construction of generators of ¥/Ix i (Proposition 5.1), we can construct
generators of IX. from the kernel of a truncated Hankel operator associated to any linear
form which minimizes f, using the following propositions:

Proposition 5.6. I, = (p1,....0r) + ¥/ 1graa = (P15 0r) + ¥/ 1grad-

Proof. Using the decomposition of Lemma 4.2 and the polynomials p; of Lemma 4.5, we
have

VE = (UVIU-- UV nRMMH2m — VR g VR,
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By construction, Z(V}) = L, pi(Vot) =0 for i =1,...,s and p; € R[x] for i = 0,...,r
This implies that p; € I, fori=1,...,7.

As VbR C V;Riad, we also have §/Igrqd C Inin.

We have proved so far that (p1,...,pr) + ¥/1grad C Imin. In order to prove the reverse
inclusion, we denote by ¢1,..., ¢, a family of generators of the ideal I,,;,. Take one of
these generators ¢; (1 < j < m). By construction, ¢;po(Vyt) = 0 and ¢;po(V;¥) = 0 for
t=1,...,r, which implies that ¢jpo € {/Igrad-

By Lemma 4.5, we have the decomposition

g = qj(po +p1+---+ps) mod Igraa C ma
Moreover (py41 + --- + ps) € R(z] and vanishes on VkR for k = 0,...,7. Thus (pr41 +

-+ ps) € {/1grqq and we deduce that g; € (p1,...,pr) + {/Igraa- This proves the other
inclusion and the first equality.

As Vg]R;iad deﬂWJr( ) (Remark 2.10), by the Positivestellensatz, /1400 = /1 gmd,
which proves the second equality.

Corollary 5.7. I’ . = (p1,....pr) + VIkkT.
Proof. We obtain the result as a consequence of that Iz;m = Imin NR]y] and %/1, gmd

B/14rqa N Ry] wy(%ﬂfdd)) =IZ(mY (Vi) "W, (H)) = % I;,rad By remark 2.10,
™ (Vgrad) = VKKTmWwL( ) then Z(¥ (Vy5,0) = I(Viger N Wi (H)) = Vikkr. [

Corollary 5.8. IX, = (p1,....,pr) + /I e

min

Proof. The proof is similar to 5.7. U
Theorem 5.9. For G C Rly] with V¥. < VR(G)Nn W, (H) C V}?KT, there exists ta € N

mwn

such that Vt > ta, for A* € Ly g u with A* = fl' ;, we have IY,. C (ker M}.).

min

Proof. To prove the inclusion we take to = max{tg,t1} and we combine Corollary 5.7 with
Proposition 5.1 and Theorem 5.3. U

Corollary 5.10. For G C R[x] with VX, C VR(G)Nn W, (H) C WX(V}I({KT), there exists

min

to € N such that ¥t > to, for A* € Ly g g with A* = ft“GH, we have IX.  C (ker Mt*).

man

Proof. To prove the inclusion we take to = max{to,t;} and we combine Corollary 5.8 with
Proposition 5.1 for G C R[x] and Corollary 5.4. O

We introduce now the notion of generic linear form for f. Such a linear form will allow
us to compute I . as we will see.

Proposition 5.11. For A* € Lg g u and p € Rly], the following assertions are equivalent:
(i) rankME = maerﬁE’G’H,A(p):p%’G’Hranka,
(ii) VA € Lg.g,u such that A(p) = p%,G,H’ ker ME, C ker ME.

(iii) rankM 0 = MATNcr 6 A( rank M~ for any subspace Ey C E.

p):p‘é7g7H
We say that A* € Lg.q g is generic for p if it satisfies one of the equivalent conditions
(1)-(iii).

Proof. (i) = (ii): Note that (A + A*) € Lpepm and 3(A + A*)(p) = ply oy and

ker Mf(A+A*) = ker M¥ Nker MF, (using Lemma 3.5). Hence, rankME(A+A*) > rank M E,

and thus equality holds. This implies that ker M f( ArAr) = ker ME, A~ s thus contained in
2
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ker ME.

(ii) = (iii): Given Ey C E, we show that ker Mr? C ker My°. By Lemma 3.5, we have
ker Mff C ker Mf* and, by the above, we have ker Mf* C ker Mf

(iii) = (i) This implication is obvious. O

Remark 5.12. When E is a finite dimensional vector space, a linear form A* € Lg.a n
generic for p can be computed by solving a Semi-Definite Programming problem by an
interior point method [16]. In this case, the solution A* obtained by convex optimization
will be in the interior of the face of linear forms which minimize p.

The next result, which refines Theorem 5.9, shows that only elements in I”, . are involved
in the kernel of a truncated Hankel operator associated to a generic linear form for f.

Theorem 5.13. Let E C Rly| such that 1 € E and f € (E - E) and let G,H C (E - E)
with O # VY. C W(G,H). If \* € Lgqu is generic for f and such that A*(f) = f*,
then ker ME. C IY. .
Proof. Let p € ker ME, and y* € VY. with x* = 7%(y*). Then y* € Vi N W, (H)
and f(x*) = f* is minimum on Sk k7. Let 1,. denotes the evaluation at y* restricted to
Our objective is to show that p(y*) = 0. Suppose for contradiction that p(y*) # 0. We

know that 1. € Lg G since VY. C VR(~G) NWi(H) and 1.(f) = f(x*) = f*. We
define A = 1(A* + 1y+). By construction, A € Lg g g and A(f) = L(A*(f) +1,(f)) =
LAY (f) + F(x)) = f*. As p € ker ME.,

. 1, ., 1, .

Ap?) = (A (0%) + 1y (0%)) = 5p*(y") #0
thus p € ker ML, \ ker M/{E and by the maximality of the rank of ME,, ker M/{E ¢ ker ME..
Hence there exits p € kerM/f\E \ ker ME.. Then 0 = Mf(ﬁ) = J(ME.(p) + Mf;* (p)) =

L(ME.(P) + Bly*) -1y.). As Mf.(p) # 0 implies p(y*) # 0. On the other hand,
0= MEG)(p) = A(pp) = 5 (A°(0p) + ply )ily")) =

1 ~ AT
= 5 (MR- (p)(P) + p(y")B(Y")-
Aspe keer*, we have

0= MEG)) = 5 (o(y)ily").

As p(y*) # 0 and we have supposed tpat p(y*) # 0, it yields a contradiction. O
Corollary 5.14. Let E C R[x]| such that 1 € E and f € (E-E) and let G,H C (E - E)

with VX, CVRG)NWy(H). If A* € Lg g u is generic for f and such that A*(f) = f*,
then ker ME. C IX,, .
Proof. 1t is a consequence of Theorem 5.13, since VX, = (VY. ). U

The last result of this section shows that a generic linear form for f yields the generators
of the minimizer ideal I’ . in high enough degree.

Theorem 5.15. For G C Rly] with V¥, C W(G,H) C Vi er, there exists to € N (defined

min

in Theorem 5.9) such that ¥t > tg,
o fl'c g =["is reached for some A* € Ly 1,
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o for A* € Lyc.m generic for f, we have A*(f) = f* and (ker M}.) =17, .
Proof. We obtain the result as a consequence of Theorem 5.3, Theorem 5.9 and Theorem

5.13. ]

Similarly, the combination of Corollary 5.4, Corollary 5.10 and Corollary 5.14 yields the
following result:

Corollary 5.16. For G C R[x] with VX, C VR(G) "W, (H) C 7*(VE,p), there erists

to € N (defined in Corollary 5.10) such that ¥t > ta,
o fl'o = [* is reached for some A* € Ly 1,
o VA* € L1 q.u generic for f, we have A*(f) = f* and (ker M%.) = IX

min*
Direct consequences of these results are the following:

e IfG={F,....,F,91,-..,9n,,V1h1,...,Un,ho}, the hierarchies of relaxation prob-
lems associated to Py ¢, r and Ly g g are exact.
e For t € N high enough and for A* € £, ¢ i generic for f, we have A*(f) = f* and
ker M}. generates I . .
The same results hold if we replace G by any other finite set defining a real variety V¥ (QG)
such that VY. C VR(G) N W, (H) C VEgp. or for G C R[x] such that VX, C VR(G) N

Wi (H) € 7 (VEep)-

6. CONSEQUENCES

Let us describe now some consequences of these results in specific cases, which have
been previously studied.

6.1. Global optimization. We consider here the case ny = ng = 0. Theorem 4.9 implies
the following result (compare with [26]):

Theorem 6.1. Let f € R[x].

(1) If the real critical values of f are positive, then f € P* + (gf ) aa—f)
x1 T

(2) If the real critical values of f are strictly positive, then f € P* + (gz—{, e 8(91_{1)'

In particular, if there is no real critical value, then f € P* + (%, cee 88;; ).

A consequence of Corollary 5.16 is the following:

Theorem 6.2. Let f € R[x| and G = {aaf,...,a—f}. Suppose that mingegrn f(x) is
x| Tn
reached at some point of R™. Then, there exists ty € N, such that ¥t > tg
(1) fie = [t = [" = mingern f(x) is reached for some A* € Ly q,

(2) VA* € Ly with A*(f) = fl'; generic for f, ker M}. generates L.

The first point of this theorem can also be found in [26].

6.2. Generic case. For any x € C", we denote J(x) = {j € [1,n2] | h;(x) = 0}.
Let (x,u,v) be a point of Vg gr and J(x) =J = {j1,...,Jx}. Thenv; =0if j ¢ J and
the kernel of the matrix

AJ = [Vf, Vgl, .. .,Vgnl,thl, N ’thk]‘
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contains the vector (1, —uq,..., —Up,, —vj,,..., —vj, ). This implies that the matrix Ay is
of rank < nj + |J|. Let
W; = {xeC"|gi(x)=0,...,9n,(x) =0,hj,(x) =0,...,hj,(x) =0}
Vy = Wyn{xeC"|rank(Ay) <ni+ |J|}.
We have WX(VKKT) C UyVj.
Suppose moreover that W is smooth, that is,

[Vgl, ey ng,thl, e ,thk]
is of maximal rank max(n,n; + |J|). We use the convention that if W is empty, then
it is smooth. Let x € W;. The condition rank(A;) < nj + |J| implies that there exists
ULy .o e s Upq, Vs - ., 05, € Csuch that
VIx) —uiVgi(x) = — up, Vgn, (X) — v, Vhj, (x) = — V5, Vhj, (x) = 0.
and x € 7™ (Vg gr). Thus, if VJ C [1,n2], Wy is smooth, then 7* (Vi rr) = U; V.
Definition 6.3. We say the (g1,...9ny;P1y- -, hny) is C-reqular if VJ C [1,n9] Wy is

smooth, or equivalently for all points x € C" with J(x) = J = {j1,...,Jk}, the vectors
Vgi1(x),...,Vgn, (%), Vhj (x),...,Vh;, (x) are linearly independent.

Let A{, ... ’Ai]J be polynomials defining the variety {x € C™ | rank(A;) < n; + |J|}.
Notice that if ny + |J| > n, we can take A7 = 0.
We easily check that U;V; is defined by the polynomials g, ..., g, and

g1i = A ] s
iéJ
fori=1,...,1;,J C[0,n2].
Thus when (g1,...9n,;h1,...,hp,) is C-regular (ie. all Wy are smooth), 7 (Vg gr) =
V(G). If moreover f reaches its minimum at x* € S, then rank(A4 j(x+)) < n1 +[J(x*)| and
x* is a KKT-point. We deduce from Corollary 5.16 the following result:

Theorem 6.4. Suppose that (g1, ... gny; R, hny) is C-regular and that f € R[] reaches
its minimum on S. Let G be the set g;, g5 ; fori=1,...,n1, j=1,...,1;,J C [0,na].
Then there exits ty € N such that Vt > i,

(1) feen= flo g = f* = minges f(x) is reached for some A* € Ly g,

(2) VA* € Et,Gj with A (f) = ft}fG,H generic for f, ker M}. generates L.

The first point can also be found in [24, Theorem 2.3| for special generators A/ under a
similar genericity condition (|24, Assumption 2.2]). This condition is generically satisfied
for semi-algebraic sets when n; < n.

6.3. Regular semi-algebraic sets. Another type of regularity condition over § is fre-
quently used:

Definition 6.5. The semi algebraic set S = W(G, H) is regular if for allx € S, the vectors
Vgi1(x),...,Vgn, (%), Vhj (x),...,Vh;, (x) such that hj(x) = 0 are linearly independent.

Over the real, the condition that rank(A;) < nj; + |J| can be rewritten as
Ay =det(A;AT) = 0.

Let G be the set of polynomials g1,...,g,, and g5y = Ay ngj h; for all non-empty subset
Jof {1,...,na}.
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As in the previous section, we easily check that if S is regular, then S = W(G, H) C
(V7). Similarly, if f reaches its minimum at x* € S, then rank(A jx+)) < n1+]J(x")|
and x* is a KKT-point. Corollary 5.16 implies the following result:

Theorem 6.6. Suppose that S is reqular and f € R[x] reaches its minimum on S. Let
G be the set of gi, i = 1,...,n1, g5, J C {1,...,n2}. Then there exits tg € N such that
vt > 1o,

(1) fle g = f* =minges f(x) is reached for some A* € LG m,
(2) VA* € Ly g.g with A*(f) = fl'c y generic for f, ker M}. generates I,
(3) If moreover (g1,...9ny;P1y-- -, hny) is C-regular, then ficu=1r"

This theorem provides a generalization of a result in |9, Theorem 3.4, where the con-
dition that (G) is radical is removed and the C-regularity is replaced by the regularity on
S.

6.4. H-radical computation. In the case where f = 0, by Remark 2.14 all the points of
S are KKT points and minimizers of f so that VX, =VE,.=V(%/(g1,...,9n,)). More-
over, I%er = (g1,..,9n,) since F1,..., F,, vihy,...,vp,ho are homogeneous of degree 1
in the variables u1,...,Up,,v1,...,0,,. We deduce the following result:

Theorem 6.7. Let G = {g1,...,9n,}, H = {h1,...,hn,} C R[x|. There exists t € N
such that ¥t < ty, VA* € Ly g u generic for 0, we have (ker M%.) = {/(G).

H

This gives a way to compute %/(G), which generalizes the approach of [17] or [14] to
compute the real radical of an ideal. In the case where {/(G) is zero-dimensional, a

convergence certificate will be described in the next section.

7. CONVERGENCE CERTIFICATION

In this section, we describe a criterion to detect when the kernel of a truncated Hankel
operator associated to a generic linear form for f yields the generators of the minimizer
ideal. It is based on a flat extension property [19] and applies to global polynomial opti-
mization problems where the minimizer ideal I,,;, is zero-dimensional. In this section, we
assume that Vj,;, # 0, that is f* is reached for some point x* € Sk 7.

7.1. Hankel operators and positive linear forms. This section is based on [14].

Definition 7.1. For A € R[x]*, the Hankel operator My is the operator from R[x] to R[x]*
defined by

(12) My :peR[x]—p-AeR[x]"

To analyse the properties of A, we study the quotient algebra K[x]/ker My = Aj. A
first result is the following (see e.g. [14]):

Lemma 7.2. The rank of the operator My is finite if and only if ker My is a zero-
dimensional ideal, in which case dimK[x]/ker My = rank M. Moreover, if B is a fi-
nite subset of K[x| such that |B| = rankMP = dimK[x]/ker My, then B is a basis of
K[x]/ ker Mjy.

For a zero-dimensional ideal I C K[x] with simple zeros V(I) = {(1,...,(} € K", we
have I+ = (L¢),...,1¢.) and the ideal I is radical as a consequence of Hilbert’s Nullstel-
lensatz. When I = ker My, this yields the following property.
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Proposition 7.3. Let K = C and assume that rankMy = r < co. Then, the ideal ker My
1s radical if and only if

T
(13) A= Z Nile, with Ay € K— {0} and ¢; € K" pairwise distinct,
i=1
in which case ker My = I(C1,...,¢) is the vanishing ideal of the points (i, ..., (.

As a corollary, we deduce that when K = R and rankMp = r < 0o, the ideal ker My is
real radical if and only if the points ¢; are in R™.

Definition 7.4. We say that A € R[x]* is positive, which we denote A = 0, if A(p?) >0
for all p € R[x]. We have that A = 0 if and only if My = 0. If moreover A(1) =1, we say
that A is a probability measure.

This term is justified by a theorem of Riesz-Haviland [30], which states that a Lebesgue
measure on R” is uniquely determined by its value on the polynomials € R[x]. In particular,
if A = 0 and A(1) = 1, there exists a unique probability measure p such that Vp €
R[x], A(p) = [pdp.

An important property of positive forms is the following;:

Proposition 7.5. Assume rankMy = r < co. Then A 3= 0 if and only if A has a decompo-
sition (13) with A; > 0 and distinct ; € R", in which case V(ker My) = {(1,...,(} C R

In particular, it shows that if A = 0, then ker M} is a real radical ideal.
7.2. Flat extensions.

Definition 7.6. Given vector subspaces Ey C E C K[y] and A € (E - E)*, MF is said to
be a flat extension of its restriction Mfo if rank MF = rank Mfo,

We recall here a result from [19], which gives a rank condition for the existence of a flat
extension of a truncated Hankel operator.

Theorem 7.7. Consider a monomial set B C M connected to 1, a linear space E with
Bt C E and a linear function A defined on (E - E). Assume that rank MF = rank MP =
|B|. Then there exists a (unique) linear form A € K[y]* which extends A, i.e., A(p) =
A(p) for all p € (E - E), satisfying rank M; = rank M¥. Moreover, we have ker M; =
(ker MF).

In other words, the condition rank M¥ = rank MP = |B| implies that the truncated
Hankel operator M¥ has a (unique) flat extension to a (full) Hankel operator Mj.

Proposition 7.8. If there exists A € Lg g g with ker ME = {0}, then von=feon

Proof. If ker M¥ = {0} implies that A = 0, i.e, M¥ > 0. Hence by Slater’s Theorem of [2]

we have the strong duality then fz’¢, = ngH O

Theorem 7.9. Suppose that Vi, # 0. Let B be a monomial set connected to 1, E C R]y]
with BY CE,G-BC(E-E), H-B-BC(E-E) and V>, CVR(G)NW_(H) C VEr.

Let A* € Lg.g m such that A* is generic for f and satisfies the flat extension property:
rank MY, = rank M{. = |B|. Then f* = f§ oy = f58 i and (ker ML) = I),,..
Proof. As rank MF, = rank MP. = |B|, Theorem 7.7 implies that there exists a (unique)
linear function A* € K[y]* which extends A*. As rank Mj;. = rank M = |B| and

ker M. = (ker Mf), any polynomial p € R[y] can be reduced modulo ker M}, to a
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polynomial b € (B) so that p — b € ker M;.. Then A*(p?) = A*(b?) = A*(b?) > 0 since
A € Lg g . This implies that A* = 0. By Proposition 7.5, A* has a decomposition
A =31 Nl with \; > 0 and ¢; € RFmtne,

By Lemma 7.2, B is a basis of R[y|/Z((1,...,(,) and there exist (interpolation) poly-
nomials by, ..., b, € (B) satisfying b;({;) = 1 if ¢ = j and b;((;) = 0 otherwise. We deduce
that for s = 1,...,r and for all elements g € G,

A*(big) = 0 = A*(big) = Xig(G)-
As \; > 0 then ¢(¢;) = 0. Similarly, for all h € H,
A" (bFh) = A*(bFh) = Aih(G) = 0

and h(¢;) > 0, hence ¢; € W(G, H) C VEpr N W4 (H) = Skir. We deduce thatf((;) >
fr= minxeSKKTf(X)‘ B

As A* =377 N1, with A; > 0 and ¢ € R"™™™ %72 and as A*(1) = A*(1) =1 \i =
1, we have A*(f) = A*(f) = fg,Gﬂ = > 1 Nif(G) > f*. By Proposition 3.9, we deduce
that A*(f) = f* and f(¢;) = f* for i = 1,...,r so that {(1,...,GFC VY. .

By Proposition 7.5, Theorem 7.7 and Theorem 5.13, we have

ker Mz, = Z(C1y--.,6) = (ker ME) C I?,

in-
We deduce that {¢1,...,¢ .} = V(IY,,) and that (ker ME) =1Y. .

As we have the flat extension condition, ker M fi = {0} and by Proposition 7.8, there
is no duality gap: ng’H = fE&n As A € Lpeu C Lpgu then A*(f) = fg,(;ﬂ =
ngH = f*. We know that fz°¢ < fﬁG’H and also f’e y < fi'G - Hence fva’H =
#ow=1"
Corollary 7.10. Suppose that Vyin # 0. Let B be a monomial set connected to 1, E C R[x]
with BY CE, G-BC (E-E), H-B-B C (E-E) and VX,, C W(G,H) C 7™*(VExkr)

man

and B-G C (E-E). Let A* € Lggn such that A* is generic for f and satisfies the
flat extension property: ranka* = rank Mfi = |B|. Then there is no duality gap, f* =

fg,G,H = fﬁfSG,H and (ker Mf*) = L

Notice that if the hypotheses of this theorem are satisfied, then necessarily I, is zero-
dimensional.

This theorem gives a convergence certificate to check when the minimum f* is reached
and when a generating family of the minimizer ideal is obtained. It generalizes the flat
truncation certificate given in [25].

7.3. Certificate verification. Finally it remains to prove that when the order of the
relaxation is big enough, the convergence certificate is satisfied. Therefore, this approach
yields a complete algorithm that we describe hereafter.

Theorem 7.11. Let G C Rly] with VY. C W(G,H) C V. Suppose that V¥, s finite
and not empty. Then, there exists t3 € N s.t. Vt > t3, and VA* € Ly n generic for f,
there exists a vector space E C Rly]; and B connected to 1 such that

d f € <E ’ E>’

e BPCE,G-BC(E-E), H-B-BC(E-FE),

e rank MF, = rank M = |B|.

Proof. Let G’ = {g1, ...9s} € R]y] be a generating family of I, . Since (G') = I, is zero

dimensional, there exists a finite set B of monomials connected to 1, which is a basis of
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dimR/I). . Let ¢ € N be chosen so that BT C Rly]y, f € Rly|2y, G- B C R[y]y and
H-B-B CRly]y. We have Rly|y = (B) ® (I7. )¢ and B -G C Ry]|ay.

Let t” € N be chosen so that (I, )y = G y MRyl and we have

Rlyly = (B) & (Gl N R[ylw).

By Theorem 5.15 and Remark 5.2, there exists t3 € N such that Vt > t3, VA* € Ly g n
generic for f, we have A*(f) = f* and G’<t,,> C ker Mj}..

Let us take E = R[y]y. By construction, f € (F- E) = Rly|oy, BT CEG-B C (E - E)
and H-B-B C (E-E). As

(Glym NRIyly) C (ker M{- NR]y]y) = ker M,

in

we have rank MF. <rank MP < |B|.

As (G') = (ker ML) = I7, . we have rank MY, > Rly]y /(I )¢ = |B|. Hence we
conclude that rank ME. = rank MP. = |B| and that the convergence certificate is satisfied
for all ¢t > t3 for some vector space E = R[y]y. O

Corollary 7.12. Let G C R[x] with VX, C W(G,H) C m(VEr). Suppose that VX, is
finite. Then, there exists t3 € N s.t. Vt > t3, and VA* € Ly g g generic for f, there exists
a vector space E C R[x|; and B connected to 1 such that

o fe(E-E),

e BFCE,B-GC(E-FE), H-B-BC(E-E)

o rank MF, = rank M = |B|.

Proof. Direct consequence of the fact that IX, =1IY. NR[x]. O
This leads to the following algorithm to compute f* and the minimizer ideal when min-

imizer variety is finite, which increments the order of relaxation and check the convergence

certificate until it is satisfied:

Algorithm.

Input:f € R[x], G C R[x] such that VY

Y CWI(G,H) CVier, H={h1,... ,hn, }.

(1) ¢ = [} max{des(), dea(gs), des(hy)}

(2) Compute A* € L; ¢ i generic for f (solving a finite dimensional SDP problem by
an interior point method);

(3) Check the convergence certificate for M}.;

(4) If it is not satisfied, t := ¢ + 1 and repeat from step (2);
Otherwise compute K := ker M%..

Output: f* = A*(f), K generators of I,

in’
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