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The statistical Riemannian framework was pretty well developped for finite-
dimensional manifolds [28, 20, 22, 6, 7, 8, 23]. For Lie groups, left or right
invariant metric provide a nice setting as the Lie group becomes a geodesically
complete Riemannian manifold, thus also metrically complete. However, this
Riemannian approach is fully consistent with the group operations only if a
bi-invariant metric exists. Unfortunately, bi-invariant Riemannian metrics do
not exist on most non compact and non-commutative Lie groups. In particular,
such metrics do not exist in any dimension for rigid-body transformations, which
form the most simple Lie group involved in biomedical image registration.

The log-Euclidean framework, initially developed for symmetric positive def-
inite matrices [4], was proposed as an alternative for affine transformations based
on the log of matrices [2] and for (some) diffeomorphisms based on Stationary
Velocity Fields (SVFs) [3]. The idea is to rely on one-parameter subgroups,
for which efficient algorithms exists to compute the deformation from the ini-
tial tangent vector (e.g. scaling and squaring).In [5, 24], we showed that this
framework allows to define bi-invariant means on Lie groups provided that the
square-root (thus the log) of the transformations was existing.

The goal of this note is to summarize the mathematical roots of these al-
gorithms and to set the bases for comparing their properties with the left and
right invariant metrics. The basis of our developments is the structure of affine
connection instead of Riemannian metric. The connection defines the paral-
lel transport, and thus a notion of geodesics (auto-parallel curves). Many local
properties of Riemannian manifolds remains valid with affine connection spaces.
In particular, there is still a local diffeomorphisms between the manifold and
the tangent space using the exp and log maps. We explore invariant connections
and show that there is a unique bi-invariant torsion-free Cartan-Schouten con-
nection for which the geodesics are left and right translations of one-parameter
subgroups. These group geodesics correspond to the ones of a left-invariant
metric for the normal elements of the Lie algebra only. When a bi-invariant
metric exists (we show that this is not always the case), then all elements are
normal and Riemannian and group geodesics coincide. Finally we summarize
the properties of the bi-invariant mean defined as the exponential barycenters
of the canonical Cartan connection.



1 Cartan-Schouten connections on Lie groups

Let G be a Lie group, i.e. is a smooth manifold provided with an identity
element Id, a smooth composition rule (g,h) € G xG — goh € G and a smooth
inversion rule f — f© which are both compatible with the manifold structure.
We denote by C*°(G) the algebra of smooth functions on the group and by I'(G)
the algebra of derivations dx ¢ of such functions (i.e. smooth vector fields on
G). The Lie bracket is [X,Y](¢) = Ox0y ¢ — Oy Ix .

The canonical automorphisms L, : f — gof and Ry : f — fog are called the
left and the right translations. The differential DL, of the left translations maps
the tangent space T,G to the tangent space T, ;G and maps maps any vector
x € TG to the vector DLy.x € T,G, giving rise to the left-invariant vector
field X]| g = DLg.x. The sub-algebra of left-invariant vector fields is called the
Lie algebra of the group G. It is identified to with the tangent vector space at
identity provided with the additional bracket operation: g = (T'1aG, +, -, [, ])-

The adjoint Ad(g).z = DLg|,-1). DRyl 1a-2 = DRy |g-DLg|1a.2 is the
automorphism of the Lie algebra obtained by differentiating the conjugation
Cy(f) = g.f.g"» with respect to f. It maps each element of the group to a linear
operator which acts on the Lie algebra: this is called the Adjoint representation.
The subgroup Ad(G) of the general linear group GL(g) is called the adjoint
group. The properties of this representation and the existence of bi-invariant
metrics for the group G are linked.

1.1 One parameter subgroups

The flow 7, (t) of a left-invariant vector field X = DL.z starting from Id is a
one parameter subgroup, i.e. a group morphism from (G, Id,.) to (R,0,+):

Yo (5 +1) =72 (8) V2 (t) = Ya(t + 5) = Ve (t) .72 (5).

The group exponential is defined from these one-parameter subgroups with
Exp(z) = 7,(1). It is diffeomorphic locally around 0. More precisely, since the
exponential is a smooth mapping and its differential map is invertible at Id, the
inverse function theorem guarantees that it is a diffeomorphism from some open
neighborhood of 0 to an open neighborhood of Exp(0) = Id [25]. This implies
that one can define without ambiguity a logarithm in an open neighborhood of
Id. In the following, we write it = Log(g). The absence of an inverse function
theorem in infinite dimensional Fréchet manifolds prevents the straightforward
extension of this property to general groups of diffeomorphisms [13].

1.2 Affine Connection Spaces

The one parameter subgroup =, (t) is a curve starting from identity with tangent
vector x € g >~ T19G. One could wonder if this curve could be seen as a geodesic.
To answer this question, we first need to define geodesics.

When one wants to compare data in the tangent space at one point of the
group with data in the tangent space at another one point of the group, one needs
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to define a mapping between these two tangent spaces because they are not the
same spaces: this is the notion of parallel transport. The (affine) connection
is the infinitesimal version of this parallel transport for the tangent bundle.
This is a bilinear map (X,Y) € I'(G) x I'(G) — VxY € I'(G) which is smooth
and C*°(G)-linear in the first variable, and satisfies Leibniz rule Vx(¢Y) =
Ox¢Y + ¢V xY in the second variable (i.e. is a derivation).

In a local chart, a vector field X = >, 2°0; has coordinates z° € C*°(G). Us-
ing the above rules, we can write the connection VxY = 0xY +3,; z'yIV,0;,
which means that the connection is completely determined by the n? functional
coordinates (the Christoffel symbols) V,0; = >, T'¥;0%. Thus, the connection
encode how the projection from one tangent space to the neighboring one modi-
fies the standard derivative of a vector field in a chart. On a curve, this allows us

to quantifies the acceleration. Let X |, = 4 be a vector field along a curve ~(t)
on G. The covariant derivative is (in Einstein notations): Dd—f = §F 44149 Ffj()k.

Geodesics in an affine connection space are defined as the curves that remain
parallel to themselves (auto-parallel curves), or equivalently as the curves which
have no acceleration. Thus, v(t) is a geodesic if V5% = 0. In a local coordinate
system where 4 = Y, 4'0;, the equation of the geodesics is thus: 5% +Ffjf'yi?yj =
0. We retrieve the standard equation of the geodesics in Riemannian geometry
without having to rely on a metric. Since geodesics are locally defined by a
second order ordinary differential equation, the geodesic 7(,.)(t) starting at
any point p with any tangent vector v is defined for a sufficiently small time.
Thus, the exponential map Exp,,(v) = v(p,)(1) can be defined for a sufficiently
small neighborhood and is a local diffeomorphism. Moreover, the strong form
of the Whitehead theorem holds: each point of an affine connection space, has
a normal convex neighborhood (NCN) in the sense that for any couple of points
(p, q) in this neighborhood, there exists a unique geodesic y(t) joining them that
is entirely contained in this neighborhood. Moreover, the geodesic v(t) depends
smoothly on the points p and gq.

1.3 Cartan-Shouten connections

Let us look at invariant connections. Left-invariant connections are completely
determined by their action on the sub-algebra of left-invariant vector fields. Let
X = DL.z and Y = DL.y be two left-invariant vector fields: the field Vj(f/ =
DL(V Y| 14) is determined by its value at identity a(z,y) = VY |14 € g.

Among the left-invariant connections, we call Cartan-Schouten connections
the ones for which geodesics going through identity are one parameter sub-
groups. This definition taken from [25, Def. 6.2 p.71] and generalizes the three
classical 4+, — and 0 Cartan-Schouten connections defined in [9].

Theorem 1 Cartan-Schouten connections are characterized by the property a(x, z) =
0 for all x € g. Bi-invariant connections are characterized by the condition:
a(lz,z),y) + a(z, [2,9]) = [z, a(z,y)] Va,y,z € g. The one dimensional family
of connections generated by a(x,y) = Mz, y] satisfy these two conditions.

Moreover, there there is a unique symmetric Cartan-Schouten bi-invariant
connection called the canonical Cartan connection of the Lie group (also called
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mean or 0-connection) defined by a(xz,y) = [z, y] for all z,y € g, i.e. V)Zf/ =
%[)N(,Y] for two left-invariant vector fields.

It was shown by Laquer [14] that the family a(z,y) = A[z, y] exhausts all the
bi-invariant connections on compact simple Lie groups ezcept for SU(n) with
n > 3 in which case there is a two-dimensional family of bi-invariant connections.

All the connections of the family a(x,y) = Az, y] have the same bi-invariant
geodesics because they share the same symmetric part VxY 4+ Vy X =0xY +
Oy X. These group geodesics are left and right translates of one-parameter sub-
groups. From a computational point of view, this is particularly interesting since
we can write the exponential map at any point using the group exponential:

Expg(v) =740(1)=go exp(DLg<.1)v) = exp(DRg<.1>v) og

Moreover, we have g. Exp(z) = Exp(Ad(g).z).¢g and for all g in G, there exists
an open neighborhood Wy of g € G (namely W, = V.Ng.V,.g"" where V. is any
NCN of e) such that for all m € W, the quantities Log(m) and Log(g.m.g") are
well-defined and are linked by the relationship Log(g.m.g") = Ad(g). Log(m).
Notice that in general the NCN WV, depends on g unless we can find a NCN V,
that is stable by conjugation.

Expressed in the basis of left-invariant vector fields, the torsion is T'(x,y) =
2a(z, y)—[z, y] while the curvature is R(z,y)z = A(A—1)[[z, y], z]. For A = 0 and
A = 1, the curvature is null (but there is torsion!). These two flat connections
are called the left and right (or + and -) Cartan connections. For A = 1/2,
we get the canonical Cartan connection (also called mean or 0-connection). In
fact, among the Cartan-Schouten connections, the — connection is the unique
one for which all the left-invariant vector fields are covariantly constant; the
+ connection is the only one for which all the right-invariant vector fields are
covariantly constant; and the 0-connection is the only one which is torsion-free
(it has curvature, but its curvature tensor is covariantly constant).

2 Invariant Riemannian metrics

Let g(X,Y)|n = ( X|n | Yn),, be a smooth bilinear symmetric form on 7'G which
is positive definite everywhere (a Riemannian metric). Its Levi-Civita connec-
tion is the unique torsion free connection which is compatible with the metric:
Ox(Y | Z)=(VxY |Z)+ (Y | VxZ). The proof of uniqueness is construc-
tive with Khoszul formula, which uniquely defines the the scalar product of the
connection with any vector field: 2(VxY | Z) =0x(Y |Z)+0v (X | Z) —
07 (X |Y) +([X,Y] |Z) - ([X.Z] [Y) — ([V,Z] | X). Let [g9] = [g:,]"
be the inverse of the metric matrix. In a local coordinate system, we have
(Vo,0; | Ok) = gmil'}}, so that Khoszul formula defines the Christoffel symbols
of the Levi-Civita connection with the classical formula

. 1
;k = igzm (akgmj + ajgmk - amgjk) .



In the case of Lie groups, we can require the metric to be left-invariant
(invariant by the left translation), or right-invariant. The left-invariance requires
all left translations to be isometric. It is easy to see that such metrics are
determined by the inner product at the identity. Let @) be a positive definite
symmetric bilinear form on g x g. This metric on T1qG can be transported on
each tangent space T,G by left translation: Qy(X,Y) = Q(DL,» X, DLy »Y).
Thus, it defines a left-invariant Riemannian metric on G:

(X |Y)r =Qy(X,Y) =Q(DLy» X, DLy1)Y)

Let ad* be the metric adjoint operator defined as the unique bilinear operator
satisfying for all vector fields X,Y,Z € T'G: (ad*(Y,X) | Z) = ([X,Z] | V),
and let us denote by ady(z,y) its restriction to the Lie algebra. Rewriting
Khoszul formula in the sub-algebra of left-invariant vector fields shows that the
Levi-Civita connection of a left-invariant metric is characterised by:

af,y) = 5 (9] — ady(r.y)  ad3(y.))

Since the symmetric Cartan connection is determined by a(z,y) = %[z, ],
we see that the geodesic *y(LI d@)(t) of a left-invariant Riemannian metric is a one
parameter subgroups if and only if adj(z,z) = 0. Thus, the symmetric part
of ady encodes the deviation of the geodesics from one parameter subgroups.
Elements x € g of the Lie algebra for which this holds are said normal.

2.1 Bi-invariant metrics

The right-invariance case is similar to the left-invariance one. In fact, all right-
invariant metrics can be obtained from left-invariant metrics by inversion since
for any two elements g, h of G, we have g.h = (At .gtV)D,

A left-invariant Riemannian metric on a Lie group is bi-invariant if and only
if for all ¢ € G, the adjoint operator Ad(g) is an isometry of the Lie algebra
g: (Ad(g9)y |Ad(g)z) = (y | z), or equivalently if and only if for all elements
x,Y,2 € @

([z.y] [2)+(y |[z,2]) =0 or ady(z,y)+ady(y,z) =0

A bi-invariant metric is invariant w.r.t. inversion and has the group geodesics
of G for geodesics. An interesting consequence is that any Lie group with a bi-
invariant metric has non-negative sectional curvature K (z,y) = 1|/[z,y]||* for
any two orthonormal vectors x,y of the Lie algebra. Bi-invariant Riemannian
and pseudo-Riemannian metrics on Lie groups were studied in [18, 19].

If a bi-invariant metric exists for a Lie group, then Ad(g) is an isometry
of g and can thus be looked upon as an element of the orthogonal group
O(n) where n = dim(G). As O(n) is a compact group, the adjoint group
Ad(G) = {Ad(g)/g € G} is necessarily included in a compact set, a situation
called relative compactness. This notion actually provides an excellent crite-
rion, since the theory of differential forms and their integration can be used to
explicitly construct a bi-invariant metric on relatively compact subgroups [26,
Theorem V.5.3.].



Theorem 2 The Lie group G admits a bi-invariant metric if and only if its
adjoint group Ad(G) is relatively compact.

For compact Lie groups, the adjoint group is the image of a compact set
by a continuous mapping and is thus also compact. Thus, bi-invariant metrics
exist in such a case. This is the case of rotations, for which bi-invariant Fréchet
means have been extensively studied and used in practical applications. In the
case of commutative Lie groups, left and right translations are identical and
any left-invariant metric is trivially bi-invariant. Direct products of compact
Abelian groups obviously admit bi-invariant metrics but Theorem 2 shows that
in the general case, non-compact and non-commutative Lie groups which are
not the direct product of such groups may fail to admit a bi-invariant metric.
This is indeed the case for the semi-direct product of Euclidean motions SE(n).

3 Bi-invariant means as exponential barycenters

In a manifold with Riemannian metric ||.||,, at point m, the Fréchet mean of a
set of points {z;} are the absolute minima (the Karcher means being the local
minima) of the variance o?(m) = 13 dist(m,z;)? = 1Y, | log,, ()2,
where log,, is the Riemannian logarithmic map at the point m. When a mean
points is not located on the cut locus of one of the data points, it is characterized
by a null gradient of the variance, i.e ), log,, (x;) = 0. The existence of Karcher
means is ensured when the variance is finite at one point. The uniqueness of
the Fréchet/Karcher mean was investigated in [11, 12, 16, 1, 27].

An efficient algorithm to compute a Karcher mean is the Gauss-Newton

iteration
Mi41 = €XPyy, (% > log,, (ch)) : (1)

This algorithm has been regularly used in the literature with varying justifica-
tions but always excellent numerical efficiency (see e.g. [22, 23] for homogeneous
manifolds including SO(3) and SE(3), [15] for shape spaces). The study of the
convergence of this specific algorithm was performed in [15, 16] in the context
of the Fréchet mean, while [10] investigated more generally the convergence of
algorithms of the type miy1 = exp,,, (Y (m;)) to the zeroes of the vector field
Y on a Riemannian manifold. Very few works deal with Newton iterations on
Lie groups or affine connection spaces. Notable exceptions are [21, 17] which
propose Newton algorithms to optimize general functions on non compact Lie
groups based on Cartan-Schouten connections.

In the particular case of Lie groups provided with a bi-invariant metric
(but only in this case), the metric geodesics correspond to group geodesics and
the group logarithm and Riemannian logarithm are the same. The Karcher
means are automatically bi-invariant and characterized by the simpler barycen-
tric equation:

>; Log(m".z;) = 0.

This equation is left-, right- and inverse-invariant, since it derives from a bi-
invariant metric. The corresponding Gauss-Newton iteration can be be written
as follows.
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Algorithm 1 (Barycentric Fixed Point Iteration on Lie Groups.) Initialize
myg, for example with mg := x1. Iteratively update the estimate of the mean by:

M1 := my.Exp (% Ef\il Log(mﬂ’“.xﬂ) , until convergence (|| Log(m{"” msi1)lle <

e.o(my)).

When a bi-invariant Riemannian metric fail to exist on a Lie group, we can-
not use the notion of Fréchet or Karcher mean. However, the above barycentric
iteration continues to make sense. The key idea developed in [24] is to consider
Eq.(1) as an exponential barycenter of the canonical Cartan connection. This
definition has all the desirable invariance properties, even when bi-invariant
metrics do not exist. Moreover, we can show the existence and uniqueness of
the bi-invariant mean provided the dispersion of the data is small.

Definition 1 (Bi-invariant Means) Let {x;} be a finite set of data points
belonging to the an open set V such that Log(g™V.x;) and Log(xz;.g™") =
Ad(g). Log(g©".x;) exists for any point g € V. The points m € Vg, which are
solutions of the (group) barycentric equation ), Log(m".z;) = 0 (if there are
some) are called bi-invariant means.

This definition is close to the Riemannian center of mass (or more specifically
the Riemannian average) of [10] but uses the group logarithm instead of the
Riemannian logarithm. Notice that the group geodesics generally cannot be
seen as Riemannian geodesics as the canonical Cartan connection is non metric
so that our definition cannot be equivalent (in general) to the Fréchet or Karcher
mean of some Riemannian metric.

Theorem 3 The bi-invariant means are left-, right- and inverse-invariant: if m
is a mean of {x;} and h € G is any group element, then h.m is a mean of {h.x;},
m.h is a mean of the points {x;.h} and m*" is a mean of {x{"}. Moreover, if
the data points belong to a sufficiently small normal convex neighborhood V of
some point g € G, then there exists a unique solution of the barycentric equation
iV and the barycentric fixed point iteration on Lie groups converges at least
at a linear rate towards this unique solution, provided the initialization is close
enough to g.
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