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Bi-invariant means on Lie groups with Cartan-Schouten connections

. For Lie groups, left or right invariant metric provide a nice setting as the Lie group becomes a geodesically complete Riemannian manifold, thus also metrically complete. However, this Riemannian approach is fully consistent with the group operations only if a bi-invariant metric exists. Unfortunately, bi-invariant Riemannian metrics do not exist on most non compact and non-commutative Lie groups. In particular, such metrics do not exist in any dimension for rigid-body transformations, which form the most simple Lie group involved in biomedical image registration.

, we showed that this framework allows to define bi-invariant means on Lie groups provided that the square-root (thus the log) of the transformations was existing.

The goal of this note is to summarize the mathematical roots of these algorithms and to set the bases for comparing their properties with the left and right invariant metrics. The basis of our developments is the structure of affine connection instead of Riemannian metric. The connection defines the parallel transport, and thus a notion of geodesics (auto-parallel curves). Many local properties of Riemannian manifolds remains valid with affine connection spaces. In particular, there is still a local diffeomorphisms between the manifold and the tangent space using the exp and log maps. We explore invariant connections and show that there is a unique bi-invariant torsion-free Cartan-Schouten connection for which the geodesics are left and right translations of one-parameter subgroups. These group geodesics correspond to the ones of a left-invariant metric for the normal elements of the Lie algebra only. When a bi-invariant metric exists (we show that this is not always the case), then all elements are normal and Riemannian and group geodesics coincide. Finally we summarize the properties of the bi-invariant mean defined as the exponential barycenters of the canonical Cartan connection. 1

Cartan-Schouten connections on Lie groups

Let G be a Lie group, i.e. is a smooth manifold provided with an identity element Id, a smooth composition rule (g, h) ∈ G × G → g • h ∈ G and a smooth inversion rule f → f (-1) which are both compatible with the manifold structure. We denote by C ∞ (G) the algebra of smooth functions on the group and by Γ(G) the algebra of derivations ∂ X φ of such functions (i.e. smooth vector fields on

G). The Lie bracket is [X, Y ](φ) = ∂ X ∂ Y φ -∂ Y ∂ X φ.
The canonical automorphisms L g : f → g•f and R g : f → f •g are called the left and the right translations. The differential DL g of the left translations maps the tangent space T h G to the tangent space T g.h G and maps maps any vector x ∈ T Id G to the vector DL g .x ∈ T g G, giving rise to the left-invariant vector field X| g = DL g .x. The sub-algebra of left-invariant vector fields is called the Lie algebra of the group G. It is identified to with the tangent vector space at identity provided with the additional bracket operation: g = (T Id G, +, ., [., .]).

The adjoint Ad(g).x = DL g | g (-1) .DR g (-1) | Id .x = DR g (-1) | g .DL g | Id .

x is the automorphism of the Lie algebra obtained by differentiating the conjugation C g (f ) = g.f.g (-1) with respect to f . It maps each element of the group to a linear operator which acts on the Lie algebra: this is called the Adjoint representation. The subgroup Ad(G) of the general linear group GL(g) is called the adjoint group. The properties of this representation and the existence of bi-invariant metrics for the group G are linked.

One parameter subgroups

The flow γ x (t) of a left-invariant vector field X = DL.x starting from Id is a one parameter subgroup, i.e. a group morphism from (G, Id, .) to (R, 0, +):

γ x (s + t) = γ x (s).γ x (t) = γ x (t + s) = γ x (t).γ x (s).
The group exponential is defined from these one-parameter subgroups with Exp(x) = γ x (1). It is diffeomorphic locally around 0. More precisely, since the exponential is a smooth mapping and its differential map is invertible at Id, the inverse function theorem guarantees that it is a diffeomorphism from some open neighborhood of 0 to an open neighborhood of Exp(0) = Id [START_REF] Postnikov | Geometry VI: Riemannian Geometry[END_REF]. This implies that one can define without ambiguity a logarithm in an open neighborhood of Id. In the following, we write it x = Log(g). The absence of an inverse function theorem in infinite dimensional Fréchet manifolds prevents the straightforward extension of this property to general groups of diffeomorphisms [START_REF] Khesin | The Geometry of Infinite Dimensional Lie groups[END_REF].

Affine Connection Spaces

The one parameter subgroup γ x (t) is a curve starting from identity with tangent vector x ∈ g T Id G. One could wonder if this curve could be seen as a geodesic.

To answer this question, we first need to define geodesics.

When one wants to compare data in the tangent space at one point of the group with data in the tangent space at another one point of the group, one needs to define a mapping between these two tangent spaces because they are not the same spaces: this is the notion of parallel transport. The (affine) connection is the infinitesimal version of this parallel transport for the tangent bundle. This is a bilinear map (X, Y ) ∈ Γ(G) × Γ(G) → ∇ X Y ∈ Γ(G) which is smooth and C ∞ (G)-linear in the first variable, and satisfies Leibniz rule ∇ X (φY ) = ∂ X φY + φ∇ X Y in the second variable (i.e. is a derivation).

In a local chart, a vector field

X = i x i ∂ i has coordinates x i ∈ C ∞ (G).
Using the above rules, we can write the connection ∇ X Y = ∂ X Y + ij x i y j ∇ ∂i ∂ j , which means that the connection is completely determined by the n 3 functional coordinates (the Christoffel symbols)

∇ ∂i ∂ j = k Γ k ij ∂ k .
Thus, the connection encode how the projection from one tangent space to the neighboring one modifies the standard derivative of a vector field in a chart. On a curve, this allows us to quantifies the acceleration. Let X| γ = γ be a vector field along a curve γ(t) on G. The covariant derivative is (in Einstein notations):

D γk dt = γk + γi γj Γ k ij ∂ k .
Geodesics in an affine connection space are defined as the curves that remain parallel to themselves (auto-parallel curves), or equivalently as the curves which have no acceleration. Thus, γ(t) is a geodesic if ∇ γ γ = 0. In a local coordinate system where γ = i γi ∂ i , the equation of the geodesics is thus: γk + Γ k ij γi γj = 0. We retrieve the standard equation of the geodesics in Riemannian geometry without having to rely on a metric. Since geodesics are locally defined by a second order ordinary differential equation, the geodesic γ (p,v) (t) starting at any point p with any tangent vector v is defined for a sufficiently small time. Thus, the exponential map Exp p (v) = γ (p,v) (1) can be defined for a sufficiently small neighborhood and is a local diffeomorphism. Moreover, the strong form of the Whitehead theorem holds: each point of an affine connection space, has a normal convex neighborhood (NCN) in the sense that for any couple of points (p, q) in this neighborhood, there exists a unique geodesic γ(t) joining them that is entirely contained in this neighborhood. Moreover, the geodesic γ(t) depends smoothly on the points p and q.

Cartan-Shouten connections

Let us look at invariant connections. Left-invariant connections are completely determined by their action on the sub-algebra of left-invariant vector fields. Let X = DL.x and Ỹ = DL.y be two left-invariant vector fields: the field

∇ X Ỹ = DL(∇ X Ỹ | Id ) is determined by its value at identity α(x, y) = ∇ X Ỹ | Id ∈ g.
Among the left-invariant connections, we call Cartan-Schouten connections the ones for which geodesics going through identity are one parameter subgroups. This definition taken from [25, Def. 6.2 p.71] and generalizes the three classical +, -and 0 Cartan-Schouten connections defined in [START_REF] Cartan | On the geometry of the group-manifold of simple and semisimple groups[END_REF].

Theorem 1 Cartan-Schouten connections are characterized by the property α(x, x) = 0 for all x ∈ g. Bi-invariant connections are characterized by the condition: α([z, x], y) + α(x, [z, y]) = [z, α(x, y)] ∀x, y, z ∈ g. The one dimensional family of connections generated by α(x, y) = λ[x, y] satisfy these two conditions.

Moreover, there there is a unique symmetric Cartan-Schouten bi-invariant connection called the canonical Cartan connection of the Lie group (also called mean or 0-connection) defined by α(x, y) = 1 2 [x, y] for all x, y ∈ g, i.e. ∇ X Ỹ = 1 2 [ X, Ỹ ] for two left-invariant vector fields.

It was shown by Laquer [14] that the family α(x, y) = λ[x, y] exhausts all the bi-invariant connections on compact simple Lie groups except for SU (n) with n > 3 in which case there is a two-dimensional family of bi-invariant connections.

All the connections of the family α(x, y) = λ[x, y] have the same bi-invariant geodesics because they share the same symmetric part

∇ X Y + ∇ Y X = ∂ X Y + ∂ Y X.
These group geodesics are left and right translates of one-parameter subgroups. From a computational point of view, this is particularly interesting since we can write the exponential map at any point using the group exponential:

Exp g (v) = γ g,v (1) = g • exp(DL g (-1) v) = exp(DR g (-1) v) • g
Moreover, we have g. Exp(x) = Exp(Ad(g).x).g and for all g in G, there exists an open neighborhood W g of g ∈ G (namely W g = V e ∩g.V e .g (-1) where V e is any NCN of e) such that for all m ∈ W g the quantities Log(m) and Log(g.m.g (-1) ) are well-defined and are linked by the relationship Log(g.m.g (-1) ) = Ad(g). Log(m). Notice that in general the NCN W g depends on g unless we can find a NCN V e that is stable by conjugation.

Expressed in the basis of left-invariant vector fields, the torsion is T (x, y) = 2α(x, y)-[x, y] while the curvature is R(x, y)z = λ(λ-1)[[x, y], z]. For λ = 0 and λ = 1, the curvature is null (but there is torsion!). These two flat connections are called the left and right (or + and -) Cartan connections. For λ = 1/2, we get the canonical Cartan connection (also called mean or 0-connection). In fact, among the Cartan-Schouten connections, the -connection is the unique one for which all the left-invariant vector fields are covariantly constant; the + connection is the only one for which all the right-invariant vector fields are covariantly constant; and the 0-connection is the only one which is torsion-free (it has curvature, but its curvature tensor is covariantly constant).

Invariant Riemannian metrics

Let g(X, Y )| h = X| h | Y h h be a smooth bilinear symmetric form on T G which is positive definite everywhere (a Riemannian metric). Its Levi-Civita connection is the unique torsion free connection which is compatible with the metric:

∂ X Y | Z = ∇ X Y | Z + Y | ∇ X Z .
The proof of uniqueness is constructive with Khoszul formula, which uniquely defines the the scalar product of the connection with any vector field: 2

∇ X Y | Z = ∂ X Y | Z + ∂ Y X | Z - ∂ Z X | Y + [X, Y ] | Z -[X, Z] | Y -[Y, Z] | X . Let [g ij ] = [g ij ] (-1)
be the inverse of the metric matrix. In a local coordinate system, we have

∇ ∂i ∂ j | ∂ k = g mk Γ m
ij , so that Khoszul formula defines the Christoffel symbols of the Levi-Civita connection with the classical formula

Γ i jk = 1 2 g im (∂ k g mj + ∂ j g mk -∂ m g jk ) .
In the case of Lie groups, we can require the metric to be left-invariant (invariant by the left translation), or right-invariant. The left-invariance requires all left translations to be isometric. It is easy to see that such metrics are determined by the inner product at the identity. Let Q be a positive definite symmetric bilinear form on g × g. This metric on T Id G can be transported on each tangent space T g G by left translation: Q g (X, Y ) = Q(DL g (-1) X, DL g (-1) Y ). Thus, it defines a left-invariant Riemannian metric on G:

X | Y L g = Q g (X, Y ) = Q(DL g (-1) X, DL g (-1) Y )
Let ad * be the metric adjoint operator defined as the unique bilinear operator satisfying for all vector fields X, Y, Z ∈ ΓG: ad * (Y, X) | Z = [X, Z] | Y , and let us denote by ad * g (x, y) its restriction to the Lie algebra. Rewriting Khoszul formula in the sub-algebra of left-invariant vector fields shows that the Levi-Civita connection of a left-invariant metric is characterised by:

α(x, y) = 1 2 [x, y] -ad * g (x, y) -ad * g (y, x)
Since the symmetric Cartan connection is determined by α(x, y) = 1 2 [x, y], we see that the geodesic γ L (Id,x) (t) of a left-invariant Riemannian metric is a one parameter subgroups if and only if ad * g (x, x) = 0. Thus, the symmetric part of ad * g encodes the deviation of the geodesics from one parameter subgroups. Elements x ∈ g of the Lie algebra for which this holds are said normal.

Bi-invariant metrics

The right-invariance case is similar to the left-invariance one. In fact, all rightinvariant metrics can be obtained from left-invariant metrics by inversion since for any two elements g, h of G, we have g.h = (h (-1) .g (-1) ) (-1) .

A left-invariant Riemannian metric on a Lie group is bi-invariant if and only if for all g ∈ G, the adjoint operator Ad(g) is an isometry of the Lie algebra g: Ad(g)y | Ad(g)z = y | z , or equivalently if and only if for all elements x, y, z ∈ g:

[x, y] | z + y | [x, z] = 0 or ad * g (x, y) + ad * g (y, x) = 0 A bi-invariant metric is invariant w.r.t
. inversion and has the group geodesics of G for geodesics. An interesting consequence is that any Lie group with a biinvariant metric has non-negative sectional curvature K(x, y) = 1 4 [x, y] 2 for any two orthonormal vectors x, y of the Lie algebra. Bi-invariant Riemannian and pseudo-Riemannian metrics on Lie groups were studied in [START_REF] Medina | Groupes de lie munis de mtriques bi-invariantes[END_REF][START_REF] Medina | Algèbres de lie et produit scalaire invariant[END_REF].

If a bi-invariant metric exists for a Lie group, then Ad(g) is an isometry of g and can thus be looked upon as an element of the orthogonal group O(n) where n = dim(G). As O(n) is a compact group, the adjoint group Ad(G) = {Ad(g)/g ∈ G} is necessarily included in a compact set, a situation called relative compactness. This notion actually provides an excellent criterion, since the theory of differential forms and their integration can be used to explicitly construct a bi-invariant metric on relatively compact subgroups [26, Theorem V.5.3.].

Theorem 2

The Lie group G admits a bi-invariant metric if and only if its adjoint group Ad(G) is relatively compact.

For compact Lie groups, the adjoint group is the image of a compact set by a continuous mapping and is thus also compact. Thus, bi-invariant metrics exist in such a case. This is the case of rotations, for which bi-invariant Fréchet means have been extensively studied and used in practical applications. In the case of commutative Lie groups, left and right translations are identical and any left-invariant metric is trivially bi-invariant. Direct products of compact Abelian groups obviously admit bi-invariant metrics but Theorem 2 shows that in the general case, non-compact and non-commutative Lie groups which are not the direct product of such groups may fail to admit a bi-invariant metric. This is indeed the case for the semi-direct product of Euclidean motions SE(n).

Bi-invariant means as exponential barycenters

In a manifold with Riemannian metric . m at point m, the Fréchet mean of a set of points {x i } are the absolute minima (the Karcher means being the local minima) of the variance σ 2 (m) =

1 n i dist(m, x i ) 2 = 1 n i log m (x i ) 2
m , where log m is the Riemannian logarithmic map at the point m. When a mean points is not located on the cut locus of one of the data points, it is characterized by a null gradient of the variance, i.e i log m (x i ) = 0. The existence of Karcher means is ensured when the variance is finite at one point. The uniqueness of the Fréchet/Karcher mean was investigated in [START_REF] Karcher | Riemannian center of mass and mollifier smoothing[END_REF][START_REF] Kendall | Probability, convexity, and harmonic maps with small image I: uniqueness and fine existence[END_REF][START_REF] Le | Estimation of Riemannian barycenters[END_REF][START_REF] Afsari | Riemannian l p center of mass: existence, uniqueness, and convexity[END_REF][START_REF] Yang | Medians of probability measures in Riemannian manifolds and applications to radar target detection[END_REF].

An efficient algorithm to compute a Karcher mean is the Gauss-Newton iteration m t+1 = exp mt

1 n i log mt (x i ) . (1) 
This algorithm has been regularly used in the literature with varying justifications but always excellent numerical efficiency (see e.g. [START_REF] Pennec | L'incertitude dans les problèmes de reconnaissance et de recalage -Applications en imagerie médicale et biologie moléculaire[END_REF][START_REF] Pennec | Intrinsic statistics on Riemannian manifolds: Basic tools for geometric measurements[END_REF] for homogeneous manifolds including SO(3) and SE(3), [START_REF] Le | Locating Fréchet means with application to shape spaces[END_REF] for shape spaces). The study of the convergence of this specific algorithm was performed in [START_REF] Le | Locating Fréchet means with application to shape spaces[END_REF][START_REF] Le | Estimation of Riemannian barycenters[END_REF] in the context of the Fréchet mean, while [START_REF] Groisser | Newton's method, zeroes of vector fields, and the Riemannian center of mass[END_REF] investigated more generally the convergence of algorithms of the type m t+1 = exp mt (Y (m t )) to the zeroes of the vector field Y on a Riemannian manifold. Very few works deal with Newton iterations on Lie groups or affine connection spaces. Notable exceptions are [START_REF] Owren | The Newton iteration on Lie groups[END_REF][START_REF] Mahony | The geometry of the Newton method on non-compact Lie groups[END_REF] which propose Newton algorithms to optimize general functions on non compact Lie groups based on Cartan-Schouten connections.

In the particular case of Lie groups provided with a bi-invariant metric (but only in this case), the metric geodesics correspond to group geodesics and the group logarithm and Riemannian logarithm are the same. The Karcher means are automatically bi-invariant and characterized by the simpler barycentric equation:

i Log(m (-1) .x i ) = 0. This equation is left-, right-and inverse-invariant, since it derives from a biinvariant metric. The corresponding Gauss-Newton iteration can be be written as follows.

Algorithm 1 (Barycentric Fixed Point Iteration on Lie Groups.) Initialize m 0 , for example with m 0 := x 1 . Iteratively update the estimate of the mean by: 1) .x i ) , until convergence ( Log(m (-1) t .m t+1 ) e < .σ(m t )).

m t+1 := m t .Exp 1 N N i=1 Log(m t ( - 
When a bi-invariant Riemannian metric fail to exist on a Lie group, we cannot use the notion of Fréchet or Karcher mean. However, the above barycentric iteration continues to make sense. The key idea developed in [START_REF] Pennec | Exponential Barycenters of the Canonical Cartan Connection and Invariant Means on Lie Groups[END_REF] is to consider Eq.( 1) as an exponential barycenter of the canonical Cartan connection. This definition has all the desirable invariance properties, even when bi-invariant metrics do not exist. Moreover, we can show the existence and uniqueness of the bi-invariant mean provided the dispersion of the data is small. Definition 1 (Bi-invariant Means) Let {x i } be a finite set of data points belonging to the an open set V such that Log(g (-1) .x i ) and Log(x i .g (-1) ) = Ad(g). Log(g (-1) .x i ) exists for any point g ∈ V. The points m ∈ V g which are solutions of the (group) barycentric equation i Log(m (-1) .x i ) = 0 (if there are some) are called bi-invariant means.

This definition is close to the Riemannian center of mass (or more specifically the Riemannian average) of [START_REF] Groisser | Newton's method, zeroes of vector fields, and the Riemannian center of mass[END_REF] but uses the group logarithm instead of the Riemannian logarithm. Notice that the group geodesics generally cannot be seen as Riemannian geodesics as the canonical Cartan connection is non metric so that our definition cannot be equivalent (in general) to the Fréchet or Karcher mean of some Riemannian metric.

Theorem 3 The bi-invariant means are left-, right-and inverse-invariant: if m is a mean of {x i } and h ∈ G is any group element, then h.m is a mean of {h.x i }, m.h is a mean of the points {x i .h} and m (-1) is a mean of {x (-1) i }. Moreover, if the data points belong to a sufficiently small normal convex neighborhood V of some point g ∈ G, then there exists a unique solution of the barycentric equation in V and the barycentric fixed point iteration on Lie groups converges at least at a linear rate towards this unique solution, provided the initialization is close enough to g.