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LARGE DEVIATIONS FOR THE LOCAL FLUCTUATIONS OF
RANDOM WALKS AND NEW INSIGHTS INTO THE “RANDOMNESS”
OF PI

JULIEN BARRAL AND PATRICK LOISEAU

ABSTRACT. We establish large deviations properties valid for almost every sample path of a
class of stationary mixing processes (X1, ..., X,,...). These properties are inherited from
those of S, = Yi"; X; and describe how the local fluctuations of almost every realization
of S, deviate from the almost sure behavior. These results apply to the fluctuations of
Brownian motion, Birkhoff averages on hyperbolic dynamics, as well as branching random
walks. Also, they lead to new insights into the “randomness” of the digits of expansions in
integer bases of Pi. We formulate a new conjecture, supported by numerical experiments,
implying the normality of Pi.

1. INTRODUCTION

Given a sequence of i.i.d. real valued random variables (X,,),>1, large deviations theory
provides a precise estimate of the probability that the random walk S, = Y7 | X; deviates
from its almost sure asymptotic behavior, as long as X possesses finite exponential moments
on a non trivial domain. In particular, if A(A) = log E(exp(AX7)) is finite over an interval
Dy whose interior contains 0 then (see Cramer’s theorem in [12] Ch 2.2 or Gértner-Ellis’
theorem at the end of this section)

° T .
(1.1) V2 € N(Dy), lim Tim Elog,un([x — 6,1+ €)= —A*(x),
where p, is the distribution of S,,/n and A*(x) = sup,cp{A\z — A(\)}. Notice that the case
x = N'(0) = E(X;) corresponds to the almost sure asymptotic behavior of S,,(w) given by
the strong law of large numbers: S,(w)/n — E(X;) as n — oo, and A*(E(X;)) = 0.

In this paper, we show that this large deviation principle (LDP) is transfered to almost
every path of the random walk, though the behavior of Sy (w)/N is prescribed by the strong
law of large numbers. To see this, we look at the deviations from this behavior over the
blocks (X(j_1yn+1(w), -+, Xjn(w)) of length n < N picked up in (X;(w))1<i<n. Specifically,
we define

ASn(j,w) = Sjn(w) = Sji-1n(w)
and for N = k(n) - n with k(n) — oo as n — oo, we seek a LDP providing the almost sure
asymptotic behavior of #{1 < j < k(n) : AS,(j,w) € [n(z — €),n(z + €)]} and its possible
connection with . Such a LDP would describe the local fluctuations of S,,. We shall
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2 JULIEN BARRAL AND PATRICK LOISEAU

obtain the following result as a special case of a more general statement (Theorem [2.3)). We
consider the random sequence of Borel measures (p),>1 on R defined as

5 (B) = #{1<j < k(n)k:(gsn(j,w)/n € B}

as well as their logarithmic generating functions

(for every Borel set B),

k(n)

AN = Tlllog/ReXp(n)\x) dps(z) = Tlllog (k(ln) exp()\ASn(j,w))> (A € R).

j=
Theorem 1.1. Let (k(n)),>1 be a sequence of positive integers. Let Ay € Dy and denote
N(No) as zg.
(1) If h%r_l&)rolf > A*(xg) then there exists a neighborhood U of Ao in Dy such that,
with probability 1, for all A € U
(1.2) lim AY(\) = A(N),

n—o0

log k(n)

and

1
lim lim — log u ([xo — €, 20 + €]) = —A*(x0).

e—=0n—oo n

log k
(2) If lim supogn(n) < N*(xg) and € is small enough, with probability 1, for n large
n—oo

enough the set {1 < j < k(n) : AS,(j,w) € [n(zo — €),n(xo +€)]} is empty.

log k
(3) If lim log k(n) = AN*(xg) then, with probability 1, for all t > 1 we have
n—00 n
(1.3) lim AZ(tAo) = A(Ao) + (£ — 1) Aoo.

Remark 1.1. (1) The previous result will be extended to weakly dependent sequences such
that A(A) = lim,,_ + log E(exp(\S,)) exists as n tend to oo for each A in an open interval.
For such sequences, one also has a strong law of large numbers so that for each ng > 1, one
has

1 1& , 1
lim Lo (Y exp(AAS,, (1.))) = - g E(exp(AS.)).
j=1

k—00 Ny
hence
(1.4) lim lim ! log (l zk: exp(AAS,, (7, w))) =A(N).
n—00 k—oco N, k =

In Theorem we give, in terms of the growth of log(k)/n, a fine measurement of how
L log (% K exp(AAS, (4, w))) is close to A(N).

(2) Theorem [1.1| cannot be obtained as a consequence of ([1.4)).

Let us show how Theorem applies to the description of the dyadic expansion of real
numbers. For ¢ € [0,1] and i > 1 denote by ¢; the i*" digit of the dyadic expansion of ¢ (the
dyadic points, which have two expansions, are of no influence in our study): ¢t = ;5 ;27"
Let P, stand for the Bernoulli product of parameter p € (0,1), so that the X;(t) = ¢,
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are i.i.d. Bernoulli variables of parameter p under IP, (P, is the Lebesgue measure). By
the strong law of large numbers, for P,-almost every ¢, limy_o SN, ¢;/N = p. Here,
Dy = R, A(A) = log(1 — p + pexp(})), N'(R) = (0,1), and A*(z) = zlog(z/p) + (1 -
z)log((1 —z)/(1 —p)) = H(P,|P,) for all z € (0,1). As a consequence of Theorem [1.1|(1)
en . logk(n)

if hgg 1£f _—

> —min(log(p),log(1 — p)), for P,-almost every ¢, for all x € (0,1)

lim lim —log (k— {1 <j<kn): ( > ti) € [n(x — e),n(z+e)]}) = —A*(x).

sonTeem (n) (j—1)n<i<jn

Once one has such a result, it is very tempting to investigate whether or not it highlights
questions related to the distribution of digits for numbers suspected to be normal in a
given integer basis m > 2, i.e. such that for every ny > 1, for every finite sequence
(€1,..,€ny) € {0,...,m — 1}, the frequency of the occurrence of (e1,...,&,,) in the
m-adic expansion of t = ;51 t;m ™" is equal to m™", i.e.

.1 . —n
(1.5) khﬁlrgD E#{l <i<k:(tiy . tigng—1) = (€1 Eny)} =m0,

Indeed, for such numbers like the fractional part of Pi, numerical experiments support the
conjecture that holds, showing that these numbers share statistical properties with
almost every realization of a sequence X of independent random variables uniformly dis-
tributed in {0,...,m — 1}, and in this sense are “random”. The recent discovery of the
so-called BBP algorithm [2], to compute the n'* digit without computing the preceding
digits, has opened new perspectives on this question [3]. Theorem leads to strengthen
the conjecture about the “randomness” of Pi: the sequence of digits of Pi in a given integer
basis obeys the same large deviations properties as almost every realization of X (see con-
jecture for a precise statement). This conjecture, which implies the normality of Pi, is
supported by numerical experiments presented in Section [}

We will obtain extensions of Theorem valid for a class of R%valued stationary mixing
processes. We will also obtain a general result concerning the transfer of LDPs valid for
random walks taking values in a separable normed vector space to LDPs valid for the lo-
cal fluctuations of almost every realization of such random walks. These results are stated
in Section [2| and illustrated with several natural examples in Section [3] namely Brownian
motion, Birkhoff sums on symbolic spaces and some of their geometric realizations, branch-
ing random walks on Galton-Watson trees, and Poissonian random walks on Poisson point
processes. The proofs of the main results are given in Sections [5| and [6]

We end this section by recalling general facts about large deviations theory.

General facts about large deviations theory. Let )Y be a topological space and By
stand for the completed Borel o-field. Let (u,)n>1 be a sequence of probability measures
on (Y,By). Let I : Y — [0,00] be a lower semi-continuous function. The domain of I is
defined as Dy = {z : I(z) < oo}.

One says (see [12] Ch. 1.2) that (p,),>1 satisfies in ) the LDP with rate function I if for
all set I' € By.

1
(1.6) —inf I(x) < liminf —log n(T) < lim sup -~ log (L) < —inf I(x).

zel n n—00 zel
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The function [ is said to be a good rate function if, moreover, for any o € R the level set
{z €Y :I(z) < a} is compact.

One says that (i, ),>1 satisfies in ) the weak LDP with rate function [ if the upper bound
in holds when T is a compact subset of ).

The sequence (p,)n>1 is said to be exponentially tight if for every o < oo there exists
a compact set K, C Y such that limsup,,_,., = log u,(KS) < —a. In this case, if (p,)n>1
satisfies the weak LDP with rate function I then it satisfies the LDP with good rate function
I (see [12] Lemma 1.2.18).

Large deviation principles have been derived successfully for various stochastic processes
(see, e.g. [15], 43, 45, [12]) as well as for dynamical systems (see, e.g. [33] 34} 40]).

The Gartner-Ellis theorem. It is sometimes possible to derive, or relate, such a principle
with the logarithmic generating functions of the measures u, whenever ) is a topological
vector space. In this paper, when we use such a connection, we take Y = R? (d > 1).
Then, the main tool is the Gartner-Ellis theorem whose statement requires the following
assumptions and definitions (see [12] Ch. 2.3, and [12] Ch. 4.5.3 for a version in topological
vector spaces). Let (-,-) stand for the canonical scalar product on RY. Let (p,)n>1 be a
sequence of probability measures on (R? Bga). For each n > 1 let

A(N) = ;log /Rd exp(n{\, z)) dun(z) (A € RY).

Assume (A): For each A € RY A()\) = lim,,_,, A,,(\) exists as an extended real number.
Further, the origin belongs to the interior of Dy = {\ € R%: A()\) < oo},

The Fenchel-Legendre transform of A is defined as
A (z) = sup{(\,z) — A(A) : A € R} (2 € RY),
and one sets Dy- = {x € R?: A*(z) < oo}.

Definition 1.2. y € R? is an exposed point of A* if for some A € R? and all z # y € R¢,
(N y) — A (y) > (A\,x) — A*(x). Such a A is called an exposing hyperplane.

Definition 1.3. Let L : R? - RU{cc} and D = {\ € R?: L()\) < co}. The function L
is said essentially smooth if:

(a) Dy, is non-empty.

(b) L is differentiable throughout Dy..

(¢) L is steep, namely, lim, . |[VL(\,)| = oo whenever (\,),>1 is a sequence in Dy, con-

o

verging to a boundary point of Dy.

Remark 1.2. Corollary 25.1.2 of [36] ensures that the exposed points of A* are precisely
those = of the form VA(X) for some X\ € Dy. Moreover, Theorem 25.5 of [36] ensures that

A s differentiable almost everywhere in \ € f)A, and if it is differentiable everywhere in
\ € Dy, then it is C*.

Theorem 1.4. (Gértner-Ellis) Under the above assumption (A):
(1) For any closed set F C R,

1
lim sup — log i, (F) < — inf A*(x).
n

n—00 zeF
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(2) For any open set G C R,

n—oo n zeGNF

lim infllog tn(G) > — inf A*(z),

where F is the set of exposed points of N* whose exposing hyperplane belongs to ZO)A.
(3) If A is essentially smooth and lower semi-continuous, then the LDP with good rate
function A* holds in R for (pn)n>1-

A local version of this result is the following. It can be deduced from the proof of Gértner-
Ellis’ theorem. Throughout, B(\, r) stands for the closed ball of center A and radius r.

Theorem 1.5. Suppose that A = lim,,_,. A, exists and is finite over an open set D. At
any point X of D at which A is differentiable, one has

lim Tim ~ log jin (B(VA(A), €)) = —A*(VA(M)).

e—~0n—o0 N,

Remark 1.3. In Theorem [I.5| we do not require that 0 € D. This is because one goes
back to this assumption by a standard reduction, systematically used in the proof of the
lower bound part of Gértner-Ellis’ theorem, as follows. Fix any Ay € D and replace p,
by the measure dfi,(z) = exp(n{Xo, z) — nAn(Ao))dpn(z). Then replace A, (A) by A, (\) =
Llog fpa exp(n(A, ) dfin (@) = Ay (X + Xo) — Ap(Ao).

2. LARGE DEVIATIONS PRINCIPLE FOR LOCAL FLUCTUATIONS OF RANDOM WALKS

We need a few notation and definitions related to the notion of weak dependence.

Let (£2,A,P) be a probability space. Given two sub-c-algebras U and V of A, their
a-mixing coefficient is defined as (see [35] for a detailed account):

(2.1) a(Ud, V) = sup {|P(U)P(V) —B(UNV)|: U €U,V € V}.

Let (E,T) be a measurable space. We consider X = (X;);en,, a stationary process
defined on (£2,.4,P) and taking values in E.
For each n > 1, we define

(22) X® = (X{)iz1 = (Xag-111, -+, Xin) )iz1.
Let T denote the shift operation on EN+:
T(l’l,JTQ,. . ) = (I‘Q, . )

We will assume that X satisfies some mixing properties.
The Rosenblatt [37] mixing coefficients (ax,m)m>0 of the sequence (X;);en, are defined
as:

(2.3) axo=1/2 and ax,, =sup{a(c(Xy: k <i),0(X;:7>i+m)):i>1} form > 1
Then, for u € [0, 1], one defines

ay (u) = inf{m : ax,, <u}.

For each n > 1 we let S,®(X) stand for a measurable function of (X,TX,..., T"'X)
taking values in a normed vector space (), ||||) endowed with the completed Borel o-field
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By. A typical example will be the Birkhoff sums 327-] ®(77.X) associated with a measurable
function ® : EN+ — ).

For each n > 1, denote by p, the distribution of the random variable S, ®(X)/n (viewed
under P).
If Y = R? we define the sequence of logarithmic moment generating functions

(24) A,(\) = ;logEeXp (X, S, ®(X))) = ilog /]Rd exp(n{\, ) dp,(z) (A € RY).

Our results will use assumptions among the following. They are divided into three types.
(1) Large deviations properties.

(A1) The sequence (fi,)n>1 satisfies in ) the LDP with rate function denoted by I.
(A1’) Y = R? and there exists a convex open set D in R? such that

A = lim A, (M)

exists and is finite for each A\ € D.
(A1) Y = R and for each A € R4 A()\) = lim,, ,o, An()\) exists as an extended real
number, and the origin belongs to the interior of Dy = {A : A(\) < oo}.

(2) Mixing properties.

(A2) M, = J; (ax'(u))*du < oo for all h > 0.
(A2’) There exists v > 0 and § > 0 such that ax,, = O(exp(—ym?)).

(3) Approximation properties.
(A3) There exists a sequence (S,®,,),>1 of functions from EN+ to Y such that each S,,®,,
depends only on the 2n first coordinates and
Op = sup [|S,®(2) — Spn®,(2)]|/n = o(1) as n — oc.

zeEN+

Condition (A3) holds in particular if S, ®(X) is given by the Birkhoff sums of a function
® defined on EN+ and there exists a sequence of functions (®,,),>; defined on EN+ depending
on the n first coordinates only, such that sup, g, [[®(2) — ®,(2)]| = o(1) as n tends to oo.
If there exists an integer p > 1 such that ® depends on the p first coordinates only, then
one can take ®,, = ® for n large enough, and then ¢,, = 0.

Now, we introduce the family of (random) probability measures for which we obtain large
deviations results.

We fix an increasing sequence of positive integers (k(n)),>1, and for every w € € and
n > 1, we define

1 k(n) )
1 = —— 3" 0, () with 2, ;(w) = S, TV X (w))/n.
k(n) 3 7
In other words, for each Borel set B C R¢, we have
#{1 < j<k(n): STV V"X (w))/n € B}
k(n)

i (B) =
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If Y = R?, we also define
1
A2 = ~log [ exp(n(h, 2))dus ().
n R4

Now we start with results on the direct transfer of the LDP for S, ®(X) to the LDP for
the local fluctuations of almost every realization of .S, ®(X).

Theorem 2.1. Assume (A1-3).

log k
(1) Let x € Dy. If lim inf log k(n) > [(x) then, with probability 1,
n—00 n

1 1
lim liminf —log ) (B(z,€)) = lim limsup —log e (B(z,€)) = —I(z).
n

e—0t n—o0 N e—0t n—ooo

log k
If lim sup M < I(x) then there exists € > 0 such that, with probability 1, for n
n—00 n

large enough the set {1 <j<kn):S,®TV-Y"X(w))/n € B(z, e)} is empty.
(2) Let x € Y\ Dy. With probability 1,
1
lim hmsupﬁlogu"rj(B(x, €)) =—1(x) = —o0.

e—0t n—ooco

(3) If (tin)n>1 is exponentially tight, then so is (u)n>1 almost surely.
Theorem 2.2. Assume (Y, || ||) is separable, as well as (A1-3). Suppose that sup,cp, I(x) <
1 1
oo and liminf og k(n) > sup I(z), or that lim og k(n)

n—0o0 n mG'DI n n
satisfies in Y the weak LDP with rate function I. If, moreover, (i,)n>1 is exponentially

tight, then (ue),>1 satisfies in Y the LDP with good rate function I.

= 00. With probability 1, (1%)n>1

Next we give results concerning the transfer of convergence properties for A,, to conver-
gence properties for A¥. It is worth mentioning that under the assumptions of Theorem
if one has additional information like ||S,®||cc = O(n), then Varadhan’s integral lemma
(see [12] Th. 4.3.1) together with Theorem directly provides the almost sure pointwise
convergence of A* to A as n — oo.

Theorem 2.3. Assume (A1°) and (A2-3). Let Ao € D at which A is differentiable and
denote VA(XNg) as xo.

1
(1) If lim inf log k(n) > A*(xq) then there exists r > 0 such that B(\g,r) C D and, with
n—00 n

probability 1, A¥ converges uniformly to A over B(Xg, 7).
log k(n)

(2) If l%gg)lf > A*(xq) then, with probability 1,

1
(2.5) lim lim — log & (B (2o, €)) = —A*(20).

e—=0n—oo n
log k

If limsupM < A*(
n

n—oo

large enough the set {1 < j < k(n): S, ®(TU=Y"X (w))/n € B(xg,€)} is empty.

xg), there exists € > 0 such that, with probability 1, for n
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log k(n)

(3) If lim = AN(zg) and t > 0 — A(t)g) is strictly convex at 1 then, with

probability 1, for allt > 1 we have
(2.6) dim A7 (tAo) = A(Ao) + (£ — 1)(Ao, o).

Remark 2.1. (1) The almost sure large deviations equality (2.5)) provided by Theorem [2.3|(2)
is a direct consequence of Theorem [2.3(1) and Theorem

(2) In Theorem (3), since we consider a sequence of i.i.d. real valued random variables,
if t > 0 — A(tXo) is not strictly convex at 1 this means that X is constant, and the result
obviously still holds.

The following result is a direct consequence of Theorem [2.3|1) and [1.4]

Corollary 2.1. Assume (A1”) and (A2-3).

log & log k
Suppose that sup,cp, A*(z) < oo and liminf og k(n) > sup A*(x), or lim M _
n— o0 n 2€D, n—oo n

oo. With probability 1, A% converges uniformly to A on the compact subsets of Dy, hence
the assertion of parts (1) and (2) of Theorem hold for (p)n>1. If, moreover, A is
essentially smooth and lower semi-continuous, the assertion of part (3) of Theorem
holds for (1<) p>1, i.e. (U)p>1 satisfies in R the LDP with good rate function I = A*.

Next we want to measure more finely how big must be k(n) for A¥(\) to converge to A()\)
when A is smooth.
If Y = RY for any n > 1 and any subset B of D, let

A(B) = sup{|A(N) — A,(N)|: A € B},
On®(B) = (sup [[ADISh® = SnPnlloc/m,

(N, ®)(B) = 0,A(B)+,9(B),
and if A is twice continuously differentiable, let
A*(B) = sup{A*(VA(N)): X € B},
&(B) = sup{[[VA(N) : A € B},

&(B) = sup {; IADZAMA: X € B}

§(B) = A'(B)+&(B),
where D?A()) stands for the Hessian matrix of A at .
If BC R and p € R% we define B, as {\ € R?: d(\, B) < p}, where d stands for the
Euclidean distance.

Theorem 2.4. Suppose that (A1’), (A2’) and (A3) hold, and A is twice continuously
differentiable over D. Let B be a compact subset of D and let p > 0 such that B, C D.
Suppose that there exists a positive sequence (€,)n,>1 converging to 0 such that

(2.7) 2;1 exp < — Ven|log(k(n)) — n/l*(B)])eT_L(‘H?’m exp (3n[§(Bp)en + 0, (A, @)(Bp)]) < 00.

Let n > 0. With probability 1, for n large enough,
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where E(n,n) = (n + 2 (B))en + 0n(A, ®)(B,), or E(n,n) = E(n) = e (l + €,)/n +
dn (A, ®)(B,) if B consists of only one point.

Remark 2.2. (1) It follows easily from the proof of Theorem[2.4] (see (5.10))) that if B = {A},
then in (2.7)) one can replace (d+3/2) by 3/2 to get the same conclusions as in Theorem

(2) If the X; are i.i.d, a simple modification of the proof using Lemma [5.1|2) rather than
Lemma [5.1(1) makes it possible to replace (d 4+ 3/2) by (d+ 1) in (2.7).

(3) In the context described in Section [3.2, where X takes values in a symbolic space,
S,®(X) represents the Birkhoff sum of a continuous R%valued potential ® and the law of
X is a Gibbs measure, we will give conditions under which both 6,A(B,) and §,®(B,) are

O(1/n). Then, a choice like €, = ylog(n)/n and log(k(n))/n — A*(B) > /7' log(n)/n with
VY > d+5/2 4 3v£(B,) ensures that holds and &(n,n) = O(e,) = O(log(n)/n).

Remark 2.3. As a first explicit example of situation to which Theorems 2.3 and [2.4] can
be applied, let us consider products of random invertible matrices applied to a normalized
vector. Let u be a probability measure on GL,,(R). Suppose that the support of 1 generates
a strongly irreducible and contracting semi-group (see Ch. III in [9] for the definition).
Suppose also that exp(r max(log™ ||z||,log™ ||z7!||)) is p-integrable for some 7 > 0. Let
X = (X;)i>1 be a sequence of independent random matrices distributed according to p. Fix
a unit vector z and set S,®(X) = log || X, ---X; - z||]. There exists (see Ch V.6 in [9]) a
neiborhood D of 0, independent of z, such that the limit A of A, exists and is analytic on
D (the derivative of A at 0 is the upper Lyapounov exponent associated with ).

In the case where the X; take values in R? and are i.i.d, we also have the following
improvement of Theorem

Theorem 2.5. Suppose that the X; are i.i.d and take values in R?. Suppose also that
Sp®(X) = Sp, X, and A(N) = logEexp((\, X1)) is finite over a convex open subset of
R4,
Let B be a compact subset of D and let p > 0 such that B, C D. Suppose that there exists

a positive sequence (€,),>1 converging to 0 such that

> exp ( — Venllog(k(n)) — n/l*(B)])e;(d“) exp (fg(Bp)enn) < 00.

n>1
The same properties as in Theorem hold, with €(n,n) = (n + 2&(B))en, or E(n,n) =
En) =e,(1+€,)/n if B consists of only one point.

Remark 2.4. If B = {\}, in Theorem[2.5 we can take €, = vlog(n)/n and log(k(n))/n —

A*(VA(N)) > /v log(n)/n with /47 > d+2+7-5 ]AD*A(MNA. Then E(n) < (14€,)e,/n =
vlog(n)/n® +~2log(n)?/n®.

3. EXAMPLES

This section describes various contexts to which our results can be applied. We investi-
gate applications to Brownian motion (Section [3.1), dynamical systems and number theory
(Sections and [3.3), branching random walks (Section [3.4]) and Poissonian random walks

3.9)

(Section
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3.1. Fluctuations of the increments of Brownian motion. Let (Wt)te[o,u be a d-
dimensional standard Browian motion defined on a probability space (€2, A, P). Let (k(n)),>1
be a sequence of positive integers. For each n > 1 and 1 < j < n we denote [(7 —1)/n, j/n]
by J, ; and the increment of W over the interval J, ; is then denoted by AW (J,, ;).
For every w € Q and n > 1, define
w 1 i 1/2
Mo = ) Z O, 5(w)y With 2 j(w) = (k(n)/n)“AW (Jem) ;)-

In other words, for each Borel set B C R¢, we have

#1135 < k() (k(n) /) AW (Jy) € B
pn (B) = o) :

The following result is essentially a refinement of Theorem applied to a sequence of
independent centered Gaussian vectors with covariance matrix the identity. We will give a
short proof in Section [6.1}

Theorem 3.1. Let R > 0. Suppose that there exists a positive sequence (€,)n,>1 converging
to 0 such that
(3.1) S exp (= veallog(k(n) — n(1 + yan) B2/2)])ex* < o

n>1

With probability 1, for every Borel subset T" ofB (0, R) . holds for (1s)n>1, with rate
function I(x) = HxH /2.

The choice ¢, = ylog(n)/n and log(k(n))/n—(1+/6,)R?*/2 > \/+'log(n)/n with \/7" >
2 yields .

We also have a functional result based on the LDP established by Schilder (see [12] Th.
5.2.3): for n > 1, let v, stand for the distribution of W/4/n as a random element of Cy([0, 1]),
the space of R%valued continuous functions ¢ over [0, 1] such that ¢(0) = 0. Then (,)n>1
is exponentially tight and satisfies in Cy([0, 1]) the LDP with good rate function

1(¢) = {%fol ¢'(t)2dt if € H!

. )
00 otherwise

where H! stands for Sobolev space of absolutely continuous elements of Cy([0, 1]) with square
integrable derivative.

It follows from Shilder’s theorem that if X = (X;);>; is a sequence of independent standard
Brownian motions and S,, = X;+- - -+ X,,, the distributions of the variables S,, /n also satisfy
in Cy([0,1]) the LDP with rate I. Consequently we get almost surely the LDP with rate
I for the local fluctuations of S,, in the sense of Theorem This essentially yields the
following result.

For each n > 1 and 1 < j < k(n) denote by Wy, the standard Brownian motion
t€[0,1] = k(n)2(W((t+ (5 —1))/k(n) —W((j — 1)/k;( ))). For every w € Q and n > 1,
define .

[y = W Z 5:vk(n),j(w)v with xk(n)»j(w) = 7;1(/2”'

=1
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log k
Theorem 3.2. Suppose that nh_)rglo 0g k(n) = oo. With probability 1, (1)n,>1 satisfies in

n
Co([0,1]) the LDP with good rate function I.

Remark 3.1. It is possible to combine the ideas developed in this paper with those of [32]
to obtain results in the spirit of Theorem [3. for some Lévy processes with jumps.

3.2. Local fluctuations of Birkhoff sums and products of matrices with respect to
Gibbs measures. Let X, stand for the one sided symbolic space over a finite alphabet of
cardinality m > 2: ¥, = {0,...,m — 1}+. The set X,, is endowed with the shift operation
T{t,}o2)) = {tns1}22,. Let A be a m x m matrix with all entries equal to 0 and 1 and
such that AP is positive for some p > 1. Then let (X 4,7) be the associated topologically
mixing subshift of finite type of (X,,,T),1e. a={t €%, : Vn>1, A 4., =1}

We denote by M(X4,T') the set of invariant probability measures under 7.

Forn > 1wedefine ¥4, ={(t;...t,) €{0,....m—=1}": VI <k <n-1, A, 4., =1}

If t € ¥4 and n > 1 we denote t; ---t, by t, and for w € ¥4, the cylinder {t € 34 :
t, = w} is denoted [w].

The set ¥4 is also endowed with the standard ultra-metric distance d(t,s) = m~1*sl,
where [t A s| = sup{n : t;, = s}

If ¢ is a continuous function from >4 to R, the topological pressure of 1 is defined as
P(T,v¢) =sup{v(¢¥)) + h,(T) : v € M(X4,T)}, and one has (see [10])

P(T.0) = lm ~ 3 sup exp(Suth(y).

TN e, vElu]
We say that 1 satisfies the bounded distorsion property if

sup v, < 00, where v, = sup [S,¥(t) — S,(s)| < oo.
n>1 t,s€EX A
{n=5n
In this case, it is well known that sup{v () +h,(T) : v € M(X4,T)} is attained at a unique
and ergodic measure called the equilibrium state of ¥ (see [10, B38]). We will denote it by
vy This measure is a Gibbs measure, in the sense that there exists a constant C' > 0 such
that
(3.2)
Vn>1, Vte Sy, Clexp(Spp(t) —nP(T, ) < vy([tp)) < Cexp(Spyp(t) — nP(T,v)).

Moreover, if ® is a continuous mapping from X4 to R? such that each component of ®
satisfies the bounded distorsion property, then A € R¢ — P(T, (\, ®)) is a C* mapping from
R? to R (see [39] and [7]).

3.2.1. Results for Birkhoff sums. We fix a real valued potential ¢ on >4 satisfying the
bounded distorsion property. Then, the process X defined as the identity map of ¥4 is
stationary with respect to the ergodic measure v,. We also fix ®, a continuous mapping
from ¥4 to R? and define (S, ®(X)),>1 as the sequence of Birkhoff sums of ®.

Thus, setting (2, P) = (X4, 1), the quantities introduced in Section [2] take the following
form. For all n > 1, B € Bga and A € R,

pin(B) = vy({t €S4: S,®(t)/n € B})



12 JULIEN BARRAL AND PATRICK LOISEAU

and
1 1
Au(X) =~ log Eexp (A, Su®(X)) = [ exp(X, Su®(8))) dvi(0).
YA
Also, p¥ and A¥ are denoted pf and Al respectively and we have for t € X4, n > 1, and
A e R?
~ #{1<j<k(n): S5, ®(TY"V")/n € B}

11, (B) R

and )
AL = —log [ exp(n(A 2))dpd (x).
n R

Due to the Gibbs properties of vy (3.2), A(X) = lim,, 00 An(X) exists and takes the form
If, moreover, each component of ® satisfies the bounded distorsion property then A is C*.
Thus, condition (A1”) (hence (A1’)) hold with D, = R? Moreover, §,A(B) = O(1/n) for
bounded sets B.

For (A2) to hold we must ask some mixing properties of vy. It is quite simple to see
that (A2) holds under the stronger assumption that there exists v > 0 and 6 > 1 such that
ax.m = O(exp(—~log(m)?)). Then, due to Theorem 1.11 in [4], (A2) holds as soon as the
modulus of continuity of ¢, namely (v, ) satisfies k(1),0) = O(exp ( — ~v(log |log(6)])[%))
as & — 0 for some v > 0 and 6§ > 1. Also (A2’) holds as soon as (¢, ) = O(exp( —

ol 10g(5)|9)) as 6 — 0 for some v > 0 and 6 > 0.
The function ® being continuous on the compact set (X4, d), (A3) always holds since

we can always approximate ® by a function ®, depending only on (t,...,¢,) so that
[Sn® — SnPnlloo < ks ’f(q%mik) = o(n).

Thus under the above conditions on ® and ¢ assuring (A1”) and (A2) Theorem
and Corollary can be applied to this context and provide information regarding the
convergence of Al to A for vy-almost every ¢. If, moreover, we assume that ¢ and the
components of ¢ are Holder continuous, then A is analytic (see for instance Th. 5 in [3§])

and (A2’) holds, so that we can apply Theorem [2.4]

In fact, even if ® is only supposed continuous, (i, ),>1 satisfies in R¢ the LDP with good
rate function

(3.3)
I(z) = {inf {P(T, V) — (W (T) +v()) : v € M(Ea,T), v(P) = x} = A (z) ifzeD
00 otherwise

where Dy = {v(®) : v € M(X4,T)}, and I is bounded over the compact convex set D;.
This LDP essentially follows from Theorem 6 of [46] (which deals with Holder potentials),
and the duality between the pressure and entropy functions (see [17, 18] [44], 22| for details
and related works). Thus (A1) holds. It follows that we can apply Theorem[2.2)and transfer
the previous LDP to the local fluctuations of S, ®:

log k(n)

> sup A*(x), then for vy-almost every t, the sequence
€Dy

(ul)n>1 satisfies in RY the LDP with good rate function given by (3.3)).

Theorem 3.3. If li7£r_1>io£1f
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Thus, we can also deal with the cases where the function A is non differentiable at some
A € R? because (\, ®) + 1) have at least two equilibrium states with distinct entropies (see
[38] p. 52 for instance).

Some geometric applications. The previous results have applications to geometric realiza-
tions of (X4, T), for instance on repellers of topologically mixing C'¢ conformal maps of
Riemannian manifolds. For such a repeller (J, f), they make it possible to describe the
local fluctuations of S, log ||[Df|| almost everywhere with respect to any enough mixing
Gibbs measure on (J, f); this means that while with respect to such a measure v, one ob-
serves on almost every orbit an expansion ruled by a fixed Lyapounov exponent equal to
vy(log ||[Df(z)]]), we can finely quantify local fluctuations with respect to this global prop-
erty. The same can be done along the stable and unstable manifolds on locally maximal
invariant sets of topologically mixing Axiom A diffeomorphisms (see [10] 23] for details on
these dynamical systems).

Another application concerns the harmonic measure on planar Cantor repellers of C1+¢
conformal maps f; recall that given such a repeller J, this measure is the probability mea-
sure p such that for each ¢t € J and r > 0, u(B(t,r)) is the probability that a planar
Brownian motion started at oo attains J for the first time at a point of B(¢,r). It turns
out that p is equivalent to the equilibrium state p, of a Hélder potential ¢ on J (see [I1]
or [29]). Given another enough mixing Gibbs measure v, the ergodic theorem ensures that
lim, o+ log py,(B(t, 7))/ log(r) = (P(p) —vy(p))/vy(log || Df||) for vy-almost every ¢. Then,
our result yields information on the fluctuations with respect to this behavior. Indeed, one
can use the coding of (J, f) by a subshift of finite type thanks to a Markov partition and
apply our results to the pair (S,(¢p — P(p)), Splog ||Df]|). If we remember the origin of ¢,
this yields information on the local fluctuations of the Brownian motion around v-almost
every t. This can be made more explicit in the case that .J is self-similar and homogeneous,
for instance when J = K? with K the middle third Cantor set. There our results provide,
for vy-almost every ¢, information on the distributions of the values

g, (Cult) _, Sule = PEIGY(0)  eim) | _ o
log 11, (Cj—1)n(t)) jnvy(e — P(p)) j
where Cj(t) is the triadic cube of generation k containing ¢ and limy_,. €(k) = 0.

The previous interpretations of our results about the local behavior of Gibbs measures
can be extended to the case of Axiom A diffeomorphisms invoked above.

Thus, to summarize, while [33], [34] 46] provide large deviations with respect to the almost
sure asymptotic behavior of Birkhoff sums on a hyperbolic invariant set endowed with a
Gibbs measure, our results provide a natural complement by describing the fluctuations
with respect to this behavior on almost every orbit viewed by this measure.

The next two subsections briefly discuss extensions to norms of Birkhoff products of
matrices of the previous properties of Birkhoff sums of potentials.

3.2.2. Birkhoff products of positive matrices. Suppose that M is a mapping from X 4
to the set of positive square matrices of order d > 1, and fix an enough mixing Gibbs measure
vy. If the components M, ; are so that log(}; ;) has the bounded distorsion property then,
one can apply Theorem to S, @(X(t)) = S, ®(t) = log||M&)M(T(t))--- M(T"1(t))||
with respect to v,,. Indeed, the convergence of A,(\) for A € R comes from the Gibbs
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property of v, and the subadditivity and superadditivity properties of S, ®(X), and the
differentiability of A comes from the variational principle for subadditive potentials (see [20)]
for instance). If the components of M are only supposed continuous A, (-) still converges
but may be non differentiable. It is then possible to extend the result explained in the
previous subsection and show that (A1) holds for S, ® with the good rate function I still
satisfying and bounded over D;. The only difference is that here v(®) is defined as
lim,, oo ! Js, Sn®(t)dt.

3.2.3. Bernoulli products of invertible matrices. Suppose that we are given My, ..., M,,,
m matrices of GL(d, C) such that there is no proper non-zero linear subspace V of C¢ such
that M;(V) C V. Then, define M(t) = M, and S,®(X(t)) = S,®(t) = log || My, - - - M, ||
for t € ¥,,. Nice superadditivity and subadditivity properties (see [21]) make it possible to
extend the results of the previous section to this context. We do not enter into the details.

3.3. Local fluctuations in the continued fraction expansion of Lebesgue-almost
every point. The interval [0,1) is endowed with the dynamics of the Gauss transformation
f(0) =0, f(t) =1/t — |1/t] if t € (0,1). Then, the continued fraction expansion of an
irrational number ¢ € (0, 1) is represented by the sequence [ay(t); as(t);. .. ; a,(t);...], where
ai(t) = |1/t] and a,(t) = a; (" 1(t)) = |1/ (t)]. The Gauss measure j whose density
with respect to the Lebesgue measure on [0, 1) is 1/(1 + ¢) log(2) is ergodic with respect to
f, and it possesses the strong mixing properties required in (A2) (see [§] for instance). Now
let ®(t) = logay(t) for t € (0,1). An application of the Birkhoff ergodic theorem proves
that for Lebesgue almost every ¢, one has S,®(t) = S-r=¢ log a(t) ~ n [, loga; () duc(t).
Here we are concerned with the limit of A, (\) = n~"'log f; exp(AS,®(t)) duc(t) whenever
it exists. For each n > 1 and each sequence a4, . .. a, of integers let us denote by I, ... 4, the
interval {t € [0,1) : [a1(t); aa(t);...;an(t)] = [a1;aq;...;a,)}. It is clear that the question
reduces to studying n~! log > (a1,an)eMpyn (@1 - - - an) ;. o, |; this sequence converges for
A < 1 to a limit A(X) analytic in A (see Section 4 of [19]). Consequently, Theorem
Corollary and Theorem provide large deviations properties for the local fluctuations
of log(ai(t)) + - - - + log(a,(t)) almost everywhere with respect to the Lebesgue measure.

The previous example can be generalized by studying the local fluctuations of the Birkhoff
sums associated with good potentials on the symbolic space over an infinite alphabet with
respect to enough mixing Gibbs measures. We refer the reader to [19] and [40] for further
examples and references.

3.4. Local fluctuations of branching random walks (BRW) with respect to gen-
eralized branching measures.

Let (N, (11, ®1), (19, P2),...) be a random vector taking values in N, x (R x RN+,
In the sequel, the distribution of N will define a supercritical Galton-Watson tree, on the
boundary of which will live a Mandelbrot measure determined by (11,19, ... ), with respect
to which we will look almost everywhere at the local fluctuations of a branching random
walk whose distribution is determined by (@1, ®o,...). Here, (¢1,19,...) and (®1, P, ...)
play roles analogous to the potentials ) and ® in the previous section.

Let {(Nuo, (Y1, Pu1), (Vu2, Pu2), - .. )} be a family of independent copies of the vector
(N, (1, @1), (g, Ps), ... ) indexed by the finite sequences u = uy - -u,, n > 0, u; € Ny
(n = 0 corresponds to the empty sequence denoted @), and let T be the Galton-Watson
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tree with defining elements {N,}: we have () € T and, if u € T and ¢ € N, then wi, the
concatenation of u and ¢, belongs to T if and only if 1 < ¢ < N,. Similarly, for each
u € Un>o N7, denote by T(u) the Galton-Watson tree rooted at v and defined by the {Ny,},
v E Unzo Ng’_

The probability space over which these random variables are built is denoted (T, A, P),
and the expectation with respect to P is denoted E.

Let us define the R U {oo}-valued convex mapping

L: )€ R log E(iexp(wi + (A,qm)).

i=1

We assume that

N N N N

E( Zexp(wi)) =1, log E( > exp(wi)) < 0 and E(( > exp(wi)) log™* (Zexp(wi)» < 00.
i=1 i=1 =1 =1

Then, it is known (see [31], 25, 27]) that for each u € U,>o N}, the sequence

Y (u) = Z exp(Vuv, ++ + Vuvy vy

v=v1--vn €T (u)

is a positive uniformly integrable martingale of expectation 1 with respect to the natural
filtration. We denote by Y (u) its P-almost sure limit. By construction, the random variables
so obtained are identically distributed and positive. Also, the Galton-Watson tree T is
supercritical.

Now, for each u € [J,>o N", we denote by [u] the cylinder u - N,"* and define

v([u]) = 1r(u) exp(tu, + -+ + Puyo,) Y ().

Due to the branching property Y (u) = S exp(t1)y;)Y (ui), this yields a non-negative addi-
tive function of the cylinders, so it can be extended into a random measure v, (y € 1) on NI}’

endowed with the Borel o-field B = B(N'*). This measure has 9T = 20 Uueu,..u, er|t] as
support.
Now, let © = T x NY*. We can define on (€, A ® B) the probability measure

P(A) = /T /N o, 10 v, (1)4P(z).

Then, it is known (see [28] for instance) that the random variables X, (v, t) = ®y,..4, () are
i.i.d. with respect to P. If, moreover, VL(0) exists then it equals E(X;) and (X;+--- X,,)/n
tends to VL(0) P-almost surely. In terms of the BRW "% , &, .., on T, this means that with
P-probability 1, for v,-almost every ¢ € 0T, we have lim,,_,oc 31" @y,...t; () /n = VL(0).

Moreover, in the present context, if we set X = (X;);>1, since the X; are i.i.d. we have
A(N) = logEexp((\, X1)) = L(\). Consequently, if L is finite on an open convex subset D
of R?, local fluctuations of the BRW -7, @, ... are described P-almost surely v,-almost
everywhere thanks to Theorem [2.3] Corollary and Theorem [2.4 When ®; € {0, 1} for
all 7 > 1, this is related to percolation on the Galton-Watson tree T (see [20]).
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3.5. Local fluctuations of Poissonian random walks and covering numbers with
respect to compound Poisson cascades.

As in the previous section, the probability space over which we are going to define random
variables is denoted (T, A, P), and the expectation with respect to P is denoted E.

Let £ > 0 and P a Poisson point process in R x (0, 1] with intensity A given by

dsd
A(dsdr) = & e

For every (s,A) € P let J(s,A) = (s,s+ ). The question of knowing whether R, \ {0} is or
not almost surely covered by the intervals J(s, A) has been raised in [30] in connexion with
a similar problem previously raised in [I3] for random arcs on the circle. These problems
have been solved in [41] 42] (see also [24] for further information on this question). Then,
works [16], 5] have been dedicated to the geometric heterogeneity of the asymptotic behavior
of the covering numbers defined as follows (in fact, all the works mentioned above consider
more generally the case of Poisson intensities invariant by horizontal translation). Here we
rather look at local fluctuations of these numbers.

For every ¢t € [0,1] and n > 0, the covering number of ¢ at height e™™ by the Poissonian
intervals J(s, A) is defined as

Nu(v,t) = > L) =#{(s,\) €P: A>e ™ te J(s,\)} (yeT).
(s,\)EP, \>e—n

For every ¢t € [0, 1], this covering number can be seen as the “Poissonian” random walk
Sn(7,t) = X1(7,t) + - - - + X (7, t) associated with the random variables X;(v,t) defined as

X1(77t) = Z 1{J(s,)\)}<t>
(s,N\)eP,
67i<)\§67(i71>

= #{(3,)\) EP:el<A<e N te J(s,)\)} (1>1).

The choice of A ensures that the X;(-,¢) are i.i.d. We can describe the fluctuations of S, (7, t)
thanks to Theorems and by considering random measures on R, , namely compound
Poisson cascades [6]. In fact, the invariance by horizontal translation of the constructions
makes it possible to restrict ourselves to [0, 1] without loss of generality.

It turns out that we can also describe a more general model of Poissonian random walks
in the spirit of branching random walks. To to this, we consider a random vector (¢, ®) €
R x R?, and to each (s,\) € P we associated a copy (¢(s), P(s.n)) of (¢, ®) in such a way
that these random variables are independent and independent of P.

For each ¢t € [0,1] and ¢ € {¢, P} we consider the random variables

XP(t)= Y dun (21, 7€)
(s,N\)eP,
eii<)\§e’(i*1>
as well as the Poissonian random walk S?(v,t) = X{(v,t) + --- + X%(7,t). An easy cal-
culation shows that for any (¢, \) € R x R?, for every t € R, one has Eexp (qS}f(~,t) +

(N, S2(-,1))) = exp (n€E(exp(qy + (A, ®)) — 1)).
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We define over [0, 1] the sequence of random measures introduced in [6] as

(3.4) vyn(dt) = (E exp(S}f(-, t))) exp(S}f(% t))dt = exp (S:f(% t)—nfE( exp(1/1)—l>>> dt.

Let 7(q) = (1-¢&)(1—q) +£E(exp(q¢) — qexp(w)). We assume that 7/(1) < 0. Then, for
P-almost every v, v,, converges in the weak-star topology to a fully supported measure v,
over [0, 1], and whose total mass has expectation 1 (see [6]). We can defined on 2 = Y x [0, 1]
endowed with A ® B([0,1]) the probability measure

- /T /[0,1} La(, t)dyv(t)dp(y)-

Let
L:XeR— EE(exp(v + (A, @) — 1).

The random variables X{(v,t) are i.i.d with respect to P, and it is not difficult to see that
A(X) = L(\). Thus, if L is finite on an open convex subset D of R?, Theorems [2.3 Corol-
lary and Theorem applied to X = (X;);>1 with respect to P provide a description of
the local fluctuations of S?(v,t), P-almost surely, for v.,-almost every ¢.

4. CONJECTURE ON THE “RANDOMNESS” OF FUNDAMENTAL CONSTANTS

As mentioned in the introduction, our results lead us to formulate a new conjecture
regarding how in any integer basis m the digits of fundamental constants such as the number
Pi or the Euler constant look like almost every realization of a sequence of i.i.d random
variables uniformly distributed in {0,--- ,m — 1}. This conjecture implies the normality
property.

Recall the notations of Section . Consider a R%valued continuous potential ® defined
on Y, = {0,...,m—1} endowed with the shift operation denoted 7. Consider a sequence
(k(n))n>1 of positive integers. Recall that in Section we have defined for t € ¥, the
sequence of Borel measures (uf,),>1 and logarithmic generatlng functions (A%),>1 as

k(n)

L Z |
Hon kf e (t) With z,, ;(t) = S, ®(TY=Im¢) /n
and

(4.1 AL = og [ exp(n(d, ) ().

Consider now the potential ¢ = 0 and the associated equilibrium state vy, i.e. the measure
of maximal entropy on (3,,, 7). We have P(¢) = log(m).

The process X = (X;);>1 defined on the probability space (,,,1) as X(t) = (£;)i>1 is
a sequence of i.i.d random variables uniformly distributed in {0,---,m — 1}, and the rate
function I provided by takes the form

I(x) = {inf {log(m) —h(T) v e M(Z4,T), v() = x} =N (z) ifzeD;

00 otherwise

bl

where Dy = {v(®) : v € M(Z4,T)} and A(X) = P(()\, ®)) for A € R

Let D = (D;);>1 be a sequence of digits in the integer basis m. We say that D satisfies
property (P) if
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Property (P): The sequence (u2),>; obeys in R? the same LDP with rate I as that
provided by Theorem [3.3| for (u!),>1 (for vy-almost every t). and

Theorem 4.1. Property (P) implies the normality of Y i1 Dim™" in basis m.

Proof. We prove the equivalent following fact: Property (P) implies that for all real-valued
continuous function ¢ on %,,, lim, . S,p(D)/p = vy(p).

Let ¢ be a real-valued continuous function on ¥,,. For n > 1 let ki(n) = (2m)". We
have (n + 1)k1(n + 1) < 4mnky(n) for all n > 1. Fix an integer ny > 1, and for n > ny,
1<i<4dm—1land 0</¢<m" let k;y(n) = (i + ¢m~"™)ki(n). The LDP of property (P)
holds for every sequence (k(n))n>n, With k(n) € {kiy(n) : 1 <i<4m —1, 0 <l < m™},
since liminf, . log(k(n))/n > log(m).

If p is a positive integer larger than ki(1), let n, be the largest integer n such that
nki(n) < p. By construction, p < 4dmn,ki(n,). Let (i,,£,) be the unique pair in {(7,¢) :
1 <i<4m—1, 0<0<m"} such that nyk;, ¢, (n,) < p < npki, e, (ny) + npky(ny)m="0.

We have

Sp (D) Snpkipvép(np) —ng
P ki (n) Olm™) (e = o0),

where the constant in O(m~"°) depends only on ¢. Consequently, since at fixed ng we deal
with the finite number of sequences k(n) € {ki¢(n) : 1 <i <4dm—1, 0 < < m"}, if
we prove that the LDP of property (P) implies that lim, o Sprm)p(D)/nk(n) = vy (@) for
each such sequence, we will get limsup,_, ]S”“”T(D) — vy(p)| = O(m~"). Then, letting ng
tend to oo will yield the desired conclusion.

We reduced the problem to showing that lim,_,o Snrm)e(D)/nk(n) = vy(p) whenever
liminf, . log(k(n))/n > log(m). Suppose that liminf, . log(k(n))/n > log(m). For
€ > 0, we can write

Snk(n SO(D)
SIS @) < [ o= (@) A (@) < e+ 2plloonl ({2 s 2 = val)] > €}),
nk(n) R
and due to property (P), u2({z : |z — vy(¢)| > €}) tends to 0 as n — oo. Consequently,
lim sup,,_, ., 571%72:)(0) — Vw(g&)' < e for all € > 0. O

Remark 4.1. One can wonder if, conversely, the normality of Y;~; D;m™* implies property
(P) for D. To begin with this question, it is interesting to seek an explicit normal number in
basis m for which property (P) holds; Champernowne’s constant C,, should be investigated.

Our conjecture is the following.

Conjecture 4.1. For every integer m > 2, the digits of the fractional part of either Pi or
the Euler constant in basis m satisfy (P).

Conjecture is supported by numerical experiments, which focus on the validity of
the conclusions of Theorem for (AP),>;. From the numerical point of view, the most
tractable situations concern potentials that are constant over the cylinders of the first gen-
eration. In the context of digit frequency associated to normality of numbers, it is natural
to consider potentials of the form ®,(t) = 1 (t1), with @ € {0,...,m — 1}. Here, we
o 9+ exp(A) and

show simulation results when m = 10 and a = 0; in this case A(\) = lo 10
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A*(z) = xlog(10z) + (1 — x) log(10(1 — x)/9). We use the 160 millions first decimals of Pi
and the Euler constant available at http://www.numberworld.org/constants.html and
http://www.ginac.de/ kreckel/news.html.

At first we consider a realization Xi,---,Xy of N = 1.6 - 10% independent random
variables uniformly distributed in {0,...,9}, that are viewed as the N first terms of the
realization of an infinite sequence of such independent variables X;,---,X,,---. In fact

these digits are pseudo-random numbers provided by the Mersenne twister algorithm used
in Matlab, so that actually we are also testing how such a sequence really looks like the
theoretical one.

At each scale n, we choose a number of intervals k(n) = exp(nA*(A’'(A\g))) with A\g = 0.8,
so that n - k(n) < N for n < 300. Due to the fact that ®q(¢) depends only on the first digit
of t, A is constant over the cylinder [X; --- X,@] which contains the random sequence
D=2X;--X, -, and we can estimate it easily.

Let A; and Ay the two solutions of the equation A*(A’(A)) = A*(A’(0.8)). One has A\ ~
—1.45 and )\2 = )\0 =0.8.

Figure [} (a)(left) illustrates the result of Theorem [2.3(1) and (3): the empirical log-

arithmic moment generating functions A? converge to the function A over the interval

(A, A2), and on (—oo, \] as well as on [y, 00), A — AE converges to A translated by an
affine map. Figure [T} (a)(right) illustrates the same result in term of the Fenchel-Legendre

transform (AP)*, which converges in the interval (x1, ), where 71 = A’(\;) ~ 0.0254 and
xe = A'(Ay) ~ 0.1983 (the intervals of convergence are materialized by the dashed blue
vertical lines). Moreover, on this figure one observes that the domain over which the func-

tions (ATL? )* are finite, which corresponds to (AP)(R), converges to the interval [z1,zs].

This is predicted by Theorem (2), since (AP)'(R) is equal to the smallest closed interval
containing {S,®(T"0"YD)/n: 1< j < k(n)}.

Figure (b) numerically shows that, in terms of the convergence of the logarithmic mo-
ment generating functions A2 and their Fentchel-Legendre transform, the first 160 million
decimals of Pi behave exactly like the previous sequence Xj,..., Xy (though we do not
expose the corresponding figures here, we verified that the same holds for all function ®,,
a=20,---,9). The same conclusions hold for the 160 millions first decimals of the Euler
constant, as shown on Figure [I}(c).

5. PROOFS OF THE MAIN RESULTS

Recall that for any n > 1 and any compact subset B of D, §,A(B) = sup{|A(X) — A, (N)] :
A€ B}, 0,®(B) = (supyep [AN[Sn® = Sn®ulloc/n, A*(B) = sup{A*(VA(N)) : A € B},
&(B) = sup{|[VAN)|| : X € B}, &(B) = sup{s ‘AD’A(MX : X € B}, and &(B) =
1(B) + &(B).

The following lemma and corollary of its first part will be precious for us. The first part
of the lemma can be found in ([35], p. 61), and the second one in [I]. Recall that given a

real valued random variable Y defined on (2, .4, P), its quantile function @y is defined as
the right-continuous inverse of the tail of IPjy|, the probability distribution of |Y|, i.e.

Qv(u)=inf{t>0:P(|Y|>t) <u} (u>0).
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FIGURE 1. Behavior of the logarithmic moment generating functions Af, and
their Fenchel-Legendre transform for ¢ equal to an i.i.d sequence of random
variables uniformly distributed in {0, - - - ,9} and for ¢ equal to the the decimal
digits of the number Pi and the Euler constant.
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Lemma 5.1. (1) Let (Y;)j>1 be a real valued and centered stationary process. For each
p € (1,2) and N > 1 one has

D p(5—2p)
with C, =5 DD

(2) Let (Y;)j>1 be sequence of complex i.i.d. random variables. For each p € (1,2) and
N > 1 one has

<CN/ W)~ Qy (u)? du,

p
) <22 NE(ViP).

Then, the fact that fol Qy (u)? du = E|Y |P together with Holder’s inequality yield

Corollary 5.1. Let (Y;);j>1 be a real valued and centered stationary process. For each
pe(1,2),e>0and N >1

p 1 e/(14€) 1 /(Lie
f ) < C,N (/0 (a;l(u))(p_l)(“”)/e du) (El}/l‘(l—i,-e)p) /(1+ ).

We start with the most technical results, namely Theorem [2.3] 2.4 and [2.5]

5.1. Proof of Theorem (1) For A € D and n > 1 we have

k(n)
(5.1) A“(N) = log k(l Zexp( (A, S, ®(T"U7YX))).

Fix ro > 0 such that B()\g,r9) C D. We must prove that we can find r € (0,79) such that
almost surely, for all A € B(A,r), AY(\) converges to A(X\) as n — oo.

In order to exploit the mixing properties of the initial process (Xi, - - - ), we use the uniform
approximation of S, ® by the functions S, ®,. For A € D and n > 1 let

k(n)
A ()) = log k(l Zexp( (A, S, @, (T"V7VX)))

and

n

A (X)) = ilog]EeXp (()\,an)n(X»).

By assumption (A3) for all A € B(\g, o) we have
(5.2)
max (JAT () = Ay (V)] AT (V) =AM (V)]) < 8,@(B(Ao, 7)), with lim 6,B(B(Ao,70)) = 0.

Consequently, it is enough to find r € (0, 79) such that almost surely, for all A € B(Ag,r) we
have lim,, o, A™*(X) — AM()\) = 0.
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For A € B(\g,19) we write

n n)
j=1

1 k(n)
(5.3) = AP+ log <1 + ) 2 Z ZM (A ) ,
where
(5.4) Z8 () = exp (A, 5, @, TV X)) — nAP (X)) - 1.

Now we notice that (Z (")()\))jzl is stationary and centered, and each ZJ(")()\) belongs to

U(Xj(n) 311 (recall (2.2)). Consequently, after writing

)

S 280

1<2j+1<k(n)

> z;m)]p) + 2

1<2j<k(n

k(n) )
(R ) <=
j=1
we can apply Corollary and get for p € (1,2) and € > 0

(55 i ") < M, ) (B2 )[40 0

where
1 €/(1+¢)
M(np.0) =27, ([ (oo @) 0049 au)
0
From now on we fix p € (1,2) close enough to one and ¢y > 0 small enough so that for all
A € By = B(Xo,70/2) and € € (0,€) we have p(1 + €)X € By = B(Ao, o).

We have (using successively the convexity of u > 0 + u(!*9” and the subadditivity of
v >0 v"/(+9 to get the second and third lines)

(B|Z{" ()] 7))

= <2p(1+6)71<E[exp (14 pX, Su®u (T X)) — n(1+ €)pAY (V)] + 1)1/(1+6)

< #{ton (UL )
(5.6)< 2(1+exp [n(A(pgl::)A) — pA(Y) +36,(A, )(Bo) ) |).

where we have used (A1) and (A3). Since A is differentiable at Ay, by using the first order
Taylor expansion of A at \g, for each r € (0,7y/2), uniformly in A € B(\g,7) we have

Alp(1 +€)N)

S A =

P)(A0) = (Ao, VA(X))) + E(e)e + n(p,r)(p — 1+ 1)
A

= (p— DA (VA(N)) +&(e)e +n(p,r)(p— 1+ 1),
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where £(¢€) is bounded over (0, ¢y) and n(p, ) tends to 0 as p tends to 17 and r tends to 0.
This yields

(B 2{") ()| +0r) 0
< 2”(1 + exp [n((p — DA (VA(N)) +&(e)e+n(p,m)(p— 14+ 7) + 36, (A, (P)(Eo))])
< 2 exp [n((p— DA (VA(N)) + E(©)e + n(p,m)(p — 1+ 1) + 36,(A, @) (By))],
the last inequality coming from the fact that A* > 0.
Recall (A2). Let h = (p— 1)(1 + €)/e and notice that a{,, < ax'. This yields
(5.7) M(n,p,e) < 22710, M 079 < oo,

Thus, due to (5.5)), for n large enough so that 36, (A, @)(EO) < ¢, uniformly in A € B(\g,r)
we have

< k(n)

> 2 00[') < 27k exp (o~ DA (VAN +Ee (. ) o= 140)]
where S(e) = ¢(€) + 1, hence

P('@%Zﬁ%)’ > ) < e h(n) 7E( %:)Z( ‘o)

< 22, M) P exp [n((p — DA (VAN) +E()e +n(p.r)(p— 1 +1))].

Let n > 0 such that k(n) > exp(n(A*(VA(N\)) + 1)) for n large enough. The previous
inequality yields, for n large enough, uniformly in A € B(\g, ),

P(‘k(ln) f:l ZJ(")(A)' > e) < 22C, M/ e exp (n((1 = p)n + E()e + n(p,7)(p — 1+ 71))).

Hence, fixing p close enough to 1 and r small enough so that n(p,r)(p—1+7r) < (p—1)n/2,
we get

k(n)

‘k: Z(" (A)‘ > e) < 22pCprL/(1+E)e’p exp (n((l —p)n/2+ E(e)e))

Then, for every e small enough so that £(e)e < (p — 1)n/4 we have
k(n)

< o0

% ¥ 240>

for every A € B(X, 1) (notlce that at fixed p, h tends to oo as € tends to 0, this is why we
need (A2)). Now, by the Borel-Cantelli lemma and (5.3), we can conclude that for every
A € B()\o,7) we have lim,,_,oc A™«(X\) — Al ()X) = 0 almost surely, hence lim,,_,o, A¥(\) =
A(X) almost surely. From this we deduce that, with probability 1, lim, ., A¥(\) = A(X) for
every A in a countable and dense subset of B(\g, ). Since the functions A¥(\) and A are

convex, we deduce from Theorem 10.8 in [36] that almost surely, A(\) converges to A(\) for
all A in B(Ag, 7).
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(2) The first part is a direct consequence of (1) and Theorem [I.5]
Now let 29 = VA()g). Let n > 0 such that k(n) < exp(n(A*(zo) —n)) for n large enough.
For e small enough, if n is large enough, we have
S, ®(TU-HnX)
n

€ B(o,0)) < k(n)P(S"q;m € B(x0,))

< exp(—nn/2)

by Theorem [I.5] Thus, by the Borel-Cantelli lemma we see that if € is small enough, with
Sp®(TU-Dn X))

]P><31<]<k()

probability 1, for n large enough {1 <j<kn): € B(xo, e)} is empty.

(3) Let P :t > 0+ A(t)g). Without loss of generality we assume that Ay # 0. Notice
that P is differentiable at 1 since A is differentiable at \g, and our assumption on the
strict convexity of A implies that A*(zg) = P*(P’(1)) > 0. Moreover, by our assumption
on the strict convexity of A, at each point ¢ € (0,1) at which P is differentiable we have
P'(t) < P'(1) and P*(P'(t)) < P*(P'(1)). Consequently, if we set P¥(t) = A¥(t\g), we
deduce from Theorem [2.3(1) that with probability 1, for all ¢ € (0,1), P¥(t) converges
to P(t) as n tends to co. Now, we notice that for any s > 1, by the superadditivity of
y > 0 — y*® and the definition of P¥, we have for n € (0,1) that P¥(s(1 — 7)) < sPY(1 —
n) + (s — 1)log(k,)/n. Thus, due to our assumption on k(n), limsup,,_,., P¥(s(1 —n)) <
sP(1 —n) + (s — 1)A*(zo). If t > 1, for each n € (0,1), if we set s = t/(1 — 1), we
get limsup,_,, F’(t) < tP(1 —n)/(1 —n) + (t — 1+ n)A"(zo)/(1 — n). Consequently,
limsup,, . £7(t) < tP(1) + (t = 1)A"(z0) = A(Xo) + (£ = 1)( Ao, o).

On the other hand, by convexity, for all n > 1 and n € (0,1), for ¢ > 1 we have P¥(t) >
Po(1— )+ (t— 1+ n)(P2Y(1—n). Thus lim ity P2(8) > P(1—) 1 (t— 14 7)P/(1 1)
for each 1 so that P'(1 —n) exists. Letting n go to 1, we get liminf,, . P¥(t) > P(1)+ (t —
1)P'(1) = A(Xo) + (t — 1)(No, o). Thus we have the conclusion.

5.2. Proof of Theorem Since A is twice continuously differentiable, by using the
second order Taylor expansion of A we can get for all A € B,/, and for all p € (1,2) and
€ > 0 such that p(1+¢€)B,;2 C B,

Alp(1 +€)A) (p(1 +€) = DA (VAQN) +d(p, €)
1+e 1+e
where [d(p, €)] < &(B,)(p(1 +€) — 1), Consequently, for all A € B, /s and for all p € (1,2)
and € € (0,1/2) such that p(1 +€)B,/» C B,,

W =AY = (p = DA (VA(N))

< AWA(T)E; 229 < A (TANe+ E(B)(p — 1) + (pPe + 2p(p — 1))6a(B,)e

< &(By)(p— 1)+ (PPe+2p(p — 1) + 1)(&1(B,) + &(B,) e
=&(B,)(p— 1>+ (Pe +2p(p — 1) + 1)E(By)e.

Thus, for p close enough to 1 and € close enough to 0,

A@’(lljjw — A — (p = DA(YAON)| < &(B,) (0 — 1)? +2¢(B,)e.

—pAN) =

)
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Let (k(n))n>1 and (en)n>1 be as in the statement, and take € = ¢, and p =pp =1+ /6.
Defining the variables Z as in the proof of Theorem H by using and . we can
get

1 k:(N) n € € —
(5.9) P(’kj(n) Z_:l Zj( )()\)’ > (—:n) < 22pncpthZ/(1+ De=Pr exp(—nt(n, \)))

with hy = (o —1)(1+€) /e and 7(n, A) = ((pa —1) (log(k(n)) /n—A*(VA(N) = &(B,) (P
1)2=2¢(B,)en 35nA(Bp)—35n<I>(Bp)). We have (recall the value of C), given in Lemma(l))

2 e P = (e, 3P V) = O(e,*?)

Pnn n

as n tends to oo. Moreover,
7(n,A) 2 7(n) = Ven(log(k(n))/n — A*(B)) = 3(§(By)en + 0uA(B,) + 6,2(B,)),

and an estimation provided at the end of this proof shows that M, 6"/ (Then) — O(1) as n tends
to oo. Thus,

k(n)

' W Z(")(A)‘ > 6,) = 0(;*? exp(—nr(n))).

Now, let g(n) = UogQ(\/E/en)J—i-l and G, (B,2) = {(k1, ..., ka) € Z%: (k12790 ... [ ks279M) €
B,)2}. There exists a constant C(B,/2) depending on the volume of B,/ only such that

#gn(Bp/2> < C( p/2) heHCe

IP’(EI/\ € Gn(B,)2) : ‘k(ln) 2 ZJ(")()\)‘ > en> = O(e;(3/2+d) exp(—nr(n))),

and due to (2.7), the Borel-Cantelli lemma ensures that, with probability 1, for n large
ﬁz;?(:nl) Z](n)()\) < €,. This can be used in (5.3 and
combined with (5.2)) to get for n large enough

enough, for all A € G,(B,),

(5.10) sup  [AZ(A) — AQA)| < (eq + €)/n+ 8,0(B,) + 5,8(B,).
>\negn(Bp/2)

Since (Gn(B,/2))n>1 is increasing and U,>1 Gn(B,/2) is dense in B,s, the convexity of A%
and A ensures that Ay converges uniformly to A over B/, and VA}, converges uniformly
to VA over B (see [36], Th. 10.8 and 25.7). Thus, for any n > 0, if n is large enough,
we have both and sup,cp |[|[VAY — VA| < 1n/2, so that for all A € B, we can choose
An € G,(B) such that ||A — A,|| < €, hence

AL = AN < AT ) = AQW)] + [AZ(A) = AZ(A)] + [ARY) = A(A)]
(en+€n)/n + 6uA(By) + 6, ®(B,) + (1/2 + 2max [ VA[D]IA = A

1+ 2 max [ VA ew + 6,A(B,) + 6,B(5,).

IA

IN
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It remains to prove that M;Z/(HE”) = O(1) as n tends to co. Due to (A2’), there exists
C > 0 such that ax(u)~! < C|log(u)|*/? for all u € (0,1]. This yields for h > 0

1 1
Mh:/o (ax(u)_l)hdug/o Ot log (u)|"? du

= C'T(1+ 1/9) = O(C"(N (1. 6) /)N ")\ 2r N (1.6) ),

where N(h,0) = |h/6] + 1 and we have use Stirling’s formula.
Now, we can use the fact that h, = (1+¢,)/,/€, and the estimate above to conclude that

M;Z/(HE”) = O(1) as n tends to .

5.3. Proof of Theorem Here we have §,A = §,® = 0, so that with respect to the
proof of Theorem [2.4], we can consider the centered, independent and identically distributed
variables

Zyi(N) = exp (A, $p®(T™ X)) — nA(N)) — 1,

instead of the Z](”)()\)7 with A(\) = log E(exp(A, X)). Now we can use Lemma (2) instead
of Lemma (1) This yields, for p small enough so that pB C B, and A € B

p) < 2Pk(n) (]E]Zn,l (\) ‘p)

IN

2" k(n) (1 + Eexp(p(A, S @(T"JX» —npA(})))
2%~ () (1 4 exp (n(A(pA) — pA(N)))
< 22pk(n)exp( [(p— 1A (V ( )) + (p— 1)%6(B,))).

The proof finishes as that of Theorem [2.4/(1)

5.4. Proof of Theorem . (1) Fix # > 0. For n > 1, we denote by u{™ the probability
distribution of S, ®,,(X)/n and by u{"* the empirical distribution of (S, ®,(TV"1 X (w))/n.

Recall that (6,)n>1 is defined in (A3). Let B, € {B(x,r —6,), B(z,r + d,)}. We can
estimate P(’uﬁl”)’w(Bn) —uq(ln)(Bn)' > Q,M%")(Bn)) as when we get thanks to Corollary
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Fixpe (1,2),e>0and h= (p—1)(1+¢€)/e. We have
P(|u(By) = n{ (Ba)| > 0" (By))

B 1 k(n) ‘_ »
< (0 (B) TE( | 2 Lo (S,0u(T9 VX)) — B(S,@,(X)/m € B, )
j=1
1 ¢/(14¢) _ - p(1+€)\ 1/(14€)
< 2710, MO (0, (B,)) Pk(n) pE(’an(an%(X)/n) ~P(S,9.(X)/neB,)| )
< 271, M T Oul (BL) Ph(n)' P
1/(14€)
(27097 (P(S,@4(X) /n € By) + P(S,@,(X)/n € B,)"+)
< 20 P () - M;”%B P (B) V05 (B,
< QQPCPM;/ 14e)g— pk(n) ( B,) —p+1/(1+e€)
< CMI IR < (w7 = 26,)) 77/,
log k(n)

> [(x) and let > 0 such that k(n) > exp(n(I(z)+n)) for

n large enough. Since (i1, )n>1 satisfies the LDP with rate function I, for n large enough we
have i, (B(z,7—20,)) > exp(—n(I(x)+mn/4)). Consequently, we can choose ¢ small enough
so that k(n)'Pu,(B(z,r — 24,))PT/0+) < exp(—n(p — 1)n/2) for n large enough. Then,
the previous bound for ]P’(‘,u%")’“(Bn) — (”)(Bn)‘ > 0/17(1”)(3”)) yields >,>1 IP’(’/,L;”)’“’(BTL) —

n

;”)(Bn)‘ > 0u(™(B,)) < oo for any 6 > 0. Hence, by the Borel-Cantelli lemma we get that
ngg =0 for B, € {B(x,7 — 0,), B(x,7 + 6,)}.

Moreover, we have ,ugl”)’“(B(x r—0,)) < e (B(z,r)) < p™(B(x,r +d,)), and on the
other hand we have p,(B(z,r — 20,)) < ug”)(B(x,r —8.)) < pn(B(z,7)) < pl™(B(x,r +
0n)) < pn(B(z, 7+ 20,)).

Consequently, for any r» > 0, with probability 1,

Now suppose that lim inf
n—oo

with probability one, lim,,_,. + = log

1 1
liminf —— log pn(B(x, 4+ 26,)) < liminf —— log pe(B(x,r))

n—oo n—oo

< limsup —— log w2 (B(x,r)) < limsup —— log tn(B(x,r —24,)).
n—oo n—oo
This implies that with probability 1, for all 7 € Q7% we have

n—oo n—o0

1 1
hmmf—— log pin(B(z,3r/2)) < liminf ——log p (B(x, 1))
n

< hmsup——log,un(B( r)) < hmsup——logun( (x,7/2)).

n—o0 n—oo

But since (pn)n>1 satisfies the LDP with rate function I, we have for all y € ) (see [12],
Th. 4.1.18)

1 1
(5.11) lim —liminf —log u,(B(y,s)) = lim —limsup — log pn(B(y,s)) = 1(y).
n—o0

s—0F n—oo n s—0t

This, together with the previous inequalities yields the deswed result.
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log k
At last, suppose that lim sup og k(n)
n—00 n
the second part of Theorem [2.3(2) yields the desired result.

< I(z). An estimate similar to that used to establish

(2) Let B € By and v > 0. If y1,(B) > 0 we have

k()
P(i(B) > exp(ny)pn(B) < B( Y 15(S,@(T0~"X) /n) > k(n) exp(n)u(B))

k(n)
< k()" exp(=ny)un(B) E( 3 1a(S,2(T0 X))
= eXp(_n7>7

and clearly if u,(B) = 0 then p¥(B) = 0 almost surely so that we also have P(u¥(B) >
exp(ny)pn(B)) < exp(—n7).

Now fix r > 0 and take B = B(z,r). Since Y ,>1exp(—ny) < oo, the Borel-Cantelli
lemma yields lim sup,,_, ., + log p&(B(z,)) < y+limsup,_,., +10g pin(B(z,)) almost surely.
This holds for all v > 0, so limsup,_,, = logu4(B(z,r)) < limsup,_,. +log i, (B(z,7))
almost surely. This is enough to conclude thanks to and the fact that I(x) = oc.

(3) Let v < 00 and K, C Y, a compact set such that limsup, ., +10g i, (KS) < —2a. By
using the estimate obtained above with B = K and v = o we get that with probability 1,
lim sup,, ., & log p(K%) < —a.

5.5. Proof of Theorem Our goal is to prove that, with probability 1, for all y € Y
we have

1 1
(5.12) lim liminf —— log w2 (B(y,r)) = lim limsup - log u2(B(y,r)) = 1(y).

r—0t n—00 r—0t n—ooo

Then, due to Theorem 4.1.11 in [12], we have the desired almost sure weak LDP.

Let D be a dense countable subset of D;. We can deduce from the end of the proof of
Theorem [2.1[1) that there exists a measurable subset €' of Q such that P(Q') = 1 and for
all w € ', for all z € D and for all r € Q% we have

1
hmlnf—— log pin(B(z,3r/2)) < liminf——logug(B(x r))

n—oo

< hmsup——log,un(B( r)) < llmsup——logun( (x,7/2)).

n—o0 n—oo

Now let y € D;. For all s > 0 we can find x € D as well as a rational number 0 < r < s
such that B(y,s/4) C B(z,r/2) C B(y,s) C B(x,3/2r) C B(y,2s). Consequently, for all
weQ yeDrand r >0 we have

1
lim inf —— log tn(B(y,2s)) < lim inf —— log e (B(y, s))
n—00 n

n—oo

1 1
< limsup ——log i (B(y, ) < limsup —— log pu(B(y, 5/4))-

n—o0
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Due to (5.11)), for all w € Q" and y € Dy we get

1 1
lim lim 1nf——log e (B(y,s)) = lim limsup ——log p(B(y, s)) = 1(y),
% n

s—0t n— s—0t nooo

that is (5.12)) for y € Dy.

Now suppose that Y \ D; # () and let D’ be a dense subset of ) \ D;. Due to the
facts established in the proof of Theorem [2.1(2), there exists a measurable subset €' of
Q) such that P(2) = 1 and for all w € @', for all z € D', for all r € Q} we have

limsup, ., 110g x2(B(z,1)) < limsup, ., L log , (B(z,7)).
Now, for all y € Y\ D; and s > 0, we can find z € D' and 0 < s < r € Q such
that B(y,s) C B(z,r) C B(y,2s), and the previous inequality yields, for all W’ € |

limsup,, o ;- 1og 4/ (B(y, s)) < limsup,,_, ;. 10g tn(B(y, 25)). This yields (5.12).
6. PROOFS OF THEOREM [3.1] AND [3.2]

6.1. Proof of Theorem (3.1} Each interval Ji(,); can be decomposed into a union of n

consecutive closed intervals Jy(, ;i of length 1/nk(n). The increments AW (Jy,;:) take

the form (nk(n))=Y2Xy(m)ji, Where (Xgn)ji)i<i<k(n) is a family of nk(n) centered Gauss-
1<i<w(n)

ian vectors of covariance matrix the identity. Thus AW (Jyu,;) = (nk(n))=/25,(j) with

Sn(.]) = Z?:l Xk(n),j,i' Let

Zng(N) = exp ((A, 8u(j)) = nA(N)) —

with A(X) = log E(exp(\, Xy(n):)) = |A?/2, hence A*(VA(X)) = ||A]|?/2 and ‘AD*A(MNA =
|\l for all A € RY. As in the proof of Theorem [2.5] we have

B
which, due to the special form of A, yields

i

Then, we can use the same approach as that used in the proof of Theorem to get that
under (3.1)), with probability 1

k(n)

) Zw()\)‘p) < 221 (n) (1 + exp (n(A(pA) — pA(N))))

i=1

k(n)

> Zns[) < 2h0)ex (nl(p = DINE/2-+ (0= DII/2).

k(n)

imy (4300 = oz 1o zexpus<>>>)=A<A>=||A||2/2

n—oo

for a dense and countable subset of points A € B, hence for all A € B by convexity of the
functions A¥. This is enough to get the result.

6.2. Proof of Theorem [3.2] We let the reader adapt the lines of the proof of Theo-

rem to the present situation. The only change is that here for each n > 1 one must

consider the i.i.d sequence of Brownian motions obtained by juxtaposition of the k(n) se-

quences of n Brownian motions ((Wk(n),j,i>t6[0,l])1<i<n7 1 < j < k(n), where Wiy ;i(t) =

(k) (0 -+ £3558) = WS + 52), 50 that Wi/ = $,6) with S.03) =
=1 k:(n),j,i~




30 JULIEN BARRAL AND PATRICK LOISEAU

REFERENCES

[1] E. von Bahr, C. G. Esseen, Inequalities for the rth Absolute Moment of a Sum of Random Variables,
1 £ r £ 2, Ann. Math. Statist., 36 (1965), 299-303.
[2] D. H. Bailey, P. B. Borwein and S. Plouffe, On the Rapid Computation of Various Polylogarithmic
Constants, Mathematics of Computation, 66 (1997), 903-913.
[3] D. H. Bailey and R. E. Crandall, On the Random Character of Fundamental Constant Expansions,
Experimental Mathematics, 10 (2001), 175-190.
[4] V. Baladi, Positive transfer operators and decay of correlations. Advanced series in Nonlinear dynamics,
16, World Scientific, 2000.
[5] J. Barral, A.H. Fan, Covering numbers of different points in Dvoretzky covering, Bull. Sci. Math. 119
(2005), 275-317.
[6] J. Barral, B.B. Mandelbrot, Multifractal products of cylindrical pulses, Probab. Theory Relat. Fields,
124 (2002), 409-430.
[7] J. Barral, D.J. Feng, Weighted thermodynamic formalism and applications. arXiv:math/0909.4247v1.
[8] P. Billingsley, Convergence of Probability Measures, John Wiley & Sons, New York, 2nd edition, 1999.
[9] P. Bougerol, J. Lacroix, Products of matrices with applications to Schrodinger operators, Birkhéuser,
1985.
[10] R. Bowen, Equilibrium States and the Ergodic Theory of Anosov Diffeomorphisms. Lecture Notes in
Mathematics, 470, Springer, 1975.
[11] L. Carleson, On the support of harmonic measure for sets of Cantor type. Ann. Acad. Sci. Fenn. Ser.
A T Math., 10 (1985), 113-123.
[12] A. Dembo, O. Zeitouni, Large Deviations Techniques and Applications. Jones and Bartlett Publishers,
1993.
[13] A. Dvoretzky, On covering a circle by randomly placed arcs, Pro. Nat. Acad. Sci. USA, 42 (1956),
199-203.
[14] R. S. Ellis, Large Deviations for a General Class of Random Vectors, Ann. Probab., 12 (1984), 1-12.
[15] R. S. Ellis, Entropy, large deviations, and statistical mechanics, Springer-Verlag, 1985.
[16] A.-H. Fan, How many intervals cover a point in Dvoretzky covering?, Israél J. Math., 131 (2002),
157-184.
[17] A.H. Fan, D.-J. Feng, On the distribution of long-term time averages on symbolic space. J. Statist.
Phys., 99 (2000), no. 3-4, 813-856.
[18] A.H. Fan, D.-J. Feng, J. Wu, Recurrence, dimension and entropy. J. London Math. Soc. (2) 64 (2001),
no. 1, 229-244.
[19] A.-H Fan, L.-M. Liao, B.-W. Wang, J. Wu, On Khintchine exponents and Lyapounov exponents of
continued fractions, Ergod. Th. & Dynam. Sys., 29 (2009), 73-109.
[20] D.-J. Feng, The variational principle for products of non-negative matrices. Nonlinearity 17 (2004)
447-457.
[21] D.-J. Feng, Lyapunov exponents for products of matrices and multifractal analysis. Part II: General
matrices. Israél J. of Math., 170 (2009), 355-394.
[22] D.-J. Feng, W. Huang, Lyapunov spectrum of asymptotically sub-additive potentials, Comm. Math.
Phys., DOI 10.1007/s00220-010-1031-x.
[23] B. Hasselblatt, A. Katok, Introduction to the Modern Theory of Dynamical Systems. Cambridge Uni-
versity Press. 1995.
[24] J.-P. Kahane, Some Random Series of Functions, Cambridge University Press, 1985.
[25] J.-P. Kahane and J. Peyriére, Sur certaines martingales de Benoit Mandelbrot, Adv. Math, 22 (1976),
131-145.
[26] R. Lyons, Random walks, capacity and percolation on trees, Ann. Probab, 20 (1992), 2043-2088.
[27] R. Lyons, R. Pemantle, Y. Peres, Conceptual proofs of Llog L criteria for mean behavior of branching
processes, Ann. Probab. 23 (1995), 1125-1138.
[28] Q. Liu, A. Rouault, On two measures defined on the boundary of a branching tree. In: Classical and
Modern Branching Processes (Minneapolis, MN, 1994), IMA Vol. Math. Appl., 84, Springer-Verlag,
New York, 1997, pp. 187-201.



LARGE DEVIATIONS FOR THE LOCAL FLUCTUATIONS OF RANDOM WALKS 31

[29] N.G. Makarov, Fine structure of harmonic measure. St. Peterburg Math. J., 10 (2) (1999), 217-268.

[30] B.B. Mandelbrot, On Dvoretzky coverings for the circle, Z. Wahrsch. verw. Geb., 22 (1972), 158-160.

[31] B.B. Mandelbrot, Intermittent turbulence in self-similar cascades: divergence of hight moments and
dimension of the carrier, J. Fluid. Mech., 62 (1974), 331-358.

[32] A.A. Mogulskii, Large Deviations for Processes with Independent Increments, Ann. Probab.; 21 (1993),
202-215.

[33] S. Orey, S. Pelikan, Large deviation principle for principles for stationary processes, Ann. Probab., 16
(1988), 1481-1495.

[34] S. Orey, S. Pelikan, Deviations of trajectory averages and the defect in Pesin’s formula for Anosov
diffeomorphisms, Trans. Amer. Math. Soc., 315 (1989), 741-753.

[35] E. Rio, Théorie Asymptotique des Processus Aléatoires Faiblement Dépendants, Springer. 2000

[36] R. T. Rockafellar, Convex Analysis. Princeton Mathematical Series, No. 28, Princeton University Press,
Princeton, N.J. 1970.

[37] M. Rosenblatt, A central limit theorem and a strong mixing condition. Proc. Natl. Acad. Sci. USA, 42
(1956), 43-47.

[38] D. Ruelle. Thermodynamic Formalism, Encyclopedia of Mathematics and its Applications, 5, Addison-
Weysley, 1978.

[39] D. Ruelle, Thermodynamic formalism for maps satisfying positive expansiveness and specification,
Nonlinearity, 5 (1992), 1223-1236.

[40] O. Sarig, Subexponential decay of correlations, Invent. Math., 150 (2002), 629-653.

[41] L. A. Shepp, Covering the line with random intervals, Z. Wahrsch. Verw. Gebeite, 23 (1972), 163-170.

[42] L. A. Shepp, Covering the circle with random arc, Israel J. Math., 11 (1972), 328-345.

[43] D.W. Strook, An Introduction to the Theory of Large Deviations, Springer-Verlag, 1984.

[44] F. Takens, E. Verbitskiy, On the variational principle for the topological entropy of certain non-compact
sets, Ergod. Th. & Dynam. Sys., 23 (2003), 317-348.

[45] S.R.S. Varadhan, Large Deviations and Applications, STAM CBMS-NSF Regional Conf. Series, STAM,
1984.

[46] L.-S. Young, Some large deviations results for dynamical systems, Trans. Amer. Math. Soc., 318 (1990),
525-541.

(J. Barral) LAGA (UMR 7539), DEPARTEMENT DE MATHEMATIQUES, INSTITUT GALILEE, UNIVER-
SITE PARIS 13, 99 AVENUE JEAN-BAPTISTE CLEMENT , 93430 VILLETANEUSE, FRANCE
E-mail address: barral@math.univ-parisi3.fr

(P. Loiseau) EURECOM, 2229 ROUTE DES CRETES, BP 193, F-06560 SOPHIA-ANTIPOLIS CEDEX,
FRANCE
E-mail address: patrick.loiseau@eurecom.fr



	1. Introduction
	General facts about large deviations theory
	The Gärtner-Ellis theorem

	2. Large deviations principle for local fluctuations of random walks
	3. Examples
	3.1. Fluctuations of the increments of Brownian motion
	3.2. Local fluctuations of Birkhoff sums and products of matrices with respect to Gibbs measures
	3.3. Local fluctuations in the continued fraction expansion of Lebesgue-almost every point
	3.4. Local fluctuations of branching random walks (BRW) with respect to generalized branching measures
	3.5. Local fluctuations of Poissonian random walks and covering numbers with respect to compound Poisson cascades

	4. Conjecture on the ``randomness'' of fundamental constants
	5. Proofs of the main results
	5.1. Proof of Theorem ??
	5.2. Proof of Theorem ??
	5.3. Proof of Theorem ??
	5.4. Proof of Theorem ??
	5.5. Proof of Theorem ??

	6. Proofs of Theorem ?? and ??
	6.1. Proof of Theorem ??
	6.2. Proof of Theorem ??

	References

