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CONVERGENCE OF DISCONTINUOUS GALERKIN SCHEMES
FOR FRONT PROPAGATION WITH OBSTACLES

OLIVIER BOKANOWSKI, YINGDA CHENG, AND CHI-WANG SHU

ABSTRACT. We study semi-Lagrangian discontinuous Galerkin (SLDG) and Runge-
Kutta discontinuous Galerkin (RKDG) schemes for some front propagation prob-
lems in the presence of an obstacle term, modeled by a nonlinear Hamilton-Jacobi
equation of the form min(u;+cu,, u—g(z)) = 0, in one space dimension. New con-
vergence results and error bounds are obtained for Lipschitz regular data. These
“low regularity” assumptions are the natural ones for the solutions of the studied
equations.

1. INTRODUCTION

In this paper, we establish convergence of a class of discontinuous Galerkin (DG)
methods for the one-dimensional Hamilton-Jacobi (HJ) equation below, hereafter
also called the “obstacle” equation,

(1a) min(u; + cug, u—g(x)) =0, xe€l=(0,1), t>0,
(1b) u(0,z) = up(x), x € (0,1),

with periodic boundary conditions on I and a constant ¢ € R. In (1), the function
g is called the “obstacle” function.

It is well known that taking constraints in optimal control problems is not an
obvious task. Within the viscosity theory, it is possible to devise schemes for obstacle
equations such as (1). However a monotonicity condition is needed in general for
proving the convergence of the scheme. The monotonicity condition can yield a
convergence proof of one-half order in the mesh grid [11] (see also [4] for more
specific partial differential equations (PDEs) with an obstacle term and related error
estimates). However, a serious restriction of such monotonicity condition is that the
schemes become at most first order accurate for smooth solutions or in smooth
regions, thus making the schemes highly inefficient for practical computation. On
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2 OLIVIER BOKANOWSKI, YINGDA CHENG, AND CHI-WANG SHU

the other hand, it is very difficult to show convergence of formally higher order
schemes, such as the ones studied in this paper, when the solution is not regular
enough.

In our previous work [3], we proposed a class of Runge-Kutta DG (RKDG) meth-
ods adapted to front propagation problems with obstacles. The DG methods under
consideration were originally devised to solve conservation laws [10]. As for the DG-
HJ solvers, in [13, 15], the first efforts relied on solving the conservation law system
satisfied by the derivative of the solution. In [7], a DG method for directly solv-
ing the Hamilton-Jacobi equation was developed and was later generalized to solve
front propagation problems [2] and obstacle problems [3]. Other direct DG solvers
include the central DG scheme [16] and the local DG scheme [20]. The schemes pro-
posed in [3] feature a simple treatment of the obstacle functions. Stability analysis
is performed with forward Euler, a Heun scheme and a TVD Runge-Kutta third
order (TVD-RK3) time discretization using the techniques developed in Zhang and
Shu [21].

On the other hand, the semi-Lagrangian DG (SLDG) methods were proposed in
[18, 19, 17] to compute incompressible flow and Vlasov equations, as well as in [6]
for some general linear first and second order PDEs. The advantage of SLDG is its
ability to take large time steps without a CFL restriction. However, it is difficult
to design SLDG methods for nonlinear problems (some SL schemes for Hamilton-
Jacobi-Bellman equations were proposed in [5], but without convergence proof).

Beyond the scope of the present paper, yet of great interest, we also mention the
second order PDE with obstacle terms, such as min(u; — cug,, u — g(x)) = 0, with
¢ > 0. This is the case of the so-called “American options” in mathematical finance
[1]. Explicit schemes were proposed and proved to converge within the viscosity
theory (see for instance [14]) yet with a reduced rate of convergence. Variational
methods for nonlinear obstacle equations can be also devised [12] but will lead in
general to nonlinear implicit schemes which are computationally more demanding.

The scope of the present paper is to study convergence of the SLDG and RKDG
schemes for the obstacle problem (1). The main challenges include the low regularity
of the solution and the nonlinear treatment needed to obtain the obstacle solution.
Due to the fully discrete nature of the method, traditional semi-discrete error esti-
mates of DG methods for hyperbolic problems cannot directly apply here. There-
fore, fully discrete analysis is necessary. Fully discrete analysis of RKDG methods
for conservation laws have been performed in the literature. In [21], error estimates
for RKDG methods for scalar conservation laws were provided for smooth solutions.
In [9, 22], discontinuous solutions with RK2 and linear polynomials and RK3 time
discretizations with general polynomials were studied for linear conservation laws.
However, to our best knowledge, convergence results for second and higher order
DG schemes solving nonlinear hyperbolic equations with irregular solutions are not
available.
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As a consequence of our results, assuming that h is a space step and At a time step,
we shall show error bounds of the order of O(h%'%) for the SLDG schemes (under
time stepping At = Ch3/®, larger time step can be taken with a lower convergence
rate), and of order O(h'/?) for the RKDG schemes (under time stepping At = Ch).
We will need a natural “no shattering” regularity assumption on the exact solution
that will be made precise in the sequel, otherwise we will typically assume the exact
solution to be Lipschitz regular and piecewise C'? regular for some ¢ > 1 for SLDG
(resp. ¢ > 2 for RKDG).

The main idea of our proof is based on the dynamic programming principles as
illustrated below. The viscosity solution of (1) also corresponds to the following
optimal control problem:

2) u(t, z) = max (w)(;p — ct), max g(a — ce)).

0€0,t]

The function w is also the solution of the Bellman’s dynamic programming principle
(DPP): for any At > 0,

(3) u(t + At, ) = max (u(t, r — cAt), max g(x — c@)), Vit >0.
0el0,At]

Notice conversely that the DPP (3), together with u(0, z) = ug(x), implies (2).
If we denote

u™(z) = u(t,,x)
and

= —cf
gi(x) erg[gﬁg(x c),

then the DPP implies in particular for any = and n > 0:
(4) u" M (z) = max(u”(z — cAt), gai(z)).

Using formula (2), we can see that when uy and g are Lipschitz regular, then w is
also Lipschitz regular in space and time, and in general no more regularity can be
assumed (the maximum of two regular functions is in general no more than Lipschitz
regular). When uy is a discontinuous function (otherwise piecewise regular), formula
(2) implies also some regularity on the solution w.

The rest of the paper is organized as follows. In Section 2, we describe the DG
methods for the obstacle equations. In Section 3, we collect some lemmas that
will be used in our convergence proofs. Section 4 and Section 5 are devoted to the
convergence of SLDG and RKDG methods, respectively. In both sections, we will
first establish error estimates for SLDG and RKDG schemes for linear transport
equations without obstacles. Then we will use DPP illustrated above to prove
convergence of the numerical solution in the presence of obstacles. We conclude
with a few remarks in Section 6.
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2. DG SCHEMES FOR THE OBSTACLE EQUATION

In this section, we will introduce the SLDG and RKDG methods for the obstacle
equation. For simplicity of discussion, in the rest of the paper, we will assume c to
be a positive constant.

Let I; := (ZL‘j_%,JZﬁ_%), 7 =1,...,N be a set of intervals forming a partition of
I =(0,1). We denote h := max; h; where h; = |[;| is the length of the interval I;.
For a given integer k > 0, let V}, be the DG space of piecewise polynomial of degree
at most k£ on each interval /;:

(5) Vi={v:I—>R, vy € P Vj}

To introduce the methods for the obstacle problems, we follow two steps. Firstly,
we describe the DG solvers for the linear advection equation v; + cv, = 0.

To advance the numerical solution in one step from vy € Vj, to vZH eV, we
consider one of the two DG methods described below.

SLDG Scheme:
(6) ot =11, (v,’}( — cAt)),

where II;, is the L? projection onto the space Vj,. We shall denote this SLDG solver
by vptt = GRE(vp).

RKDG Scheme (by TVD-RK3 time stepping): find vZ’l, UZQ, vt €V, such
that

(7a) (vt — o, on) = AtH(v), ¢n), Ve € Vi
we 3. 1. At
(7b) (Uh 2 th 4% 1, SDh) = _H<Uh 790h> Von € Vi
1 2, 2At
(7c) (vt — U= 3 2 on) = —’H(vh ,on),  Von € Vi
where

(¢,¢)=/I¢s0dx

and

Hy(naon) = [ oon (s = e(on);,, (), ~ (@)

I;

(en)_1):

N[

37
H(dn, pn) = ZH (Pn, on)-

We shall denote this RKDG solver by v”“ GRE(vm).
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After introducing DG schemes for the linear transport problem, for the obstacle
equation (1), we shall consider two approaches: one by using the L? projection

®) o= 0 (max(Gala). 3))
where Gay = GRE or GEE and

(9) g=gar or g=max(g(z),g(x—cAt)).

The idea of the formulation above is to try to follow the relation (4), and the
projection step is to project the function into the piecewise polynomial space Vj.

Unfortunately, the scheme (8) is difficult to implement, because we need to com-
pute the maximum of two functions, which requires locating the roots of Gas(u}})— g.
Another more practical approach is to define uZH as the unique polynomial in V},
such that

(10)  wpt(al) == max (Gar(up)(zl), g(z2)), Vji=1,...,N,a=0,...,k,

where (27)a—0,  are the k + 1 Gauss-Legendre quadrature points on the interval
I;, and wJ, are the corresponding quadrature weights. Those schemes were studied
in details and stability was established in [3]. We shall see in later sections that
definitions (8) or (10) lead to similar error estimates, although the second approach
is much easier to implement.

Finally, we remark that in [3], forward Euler and TVD-RK2 temporal discretiza-
tions are also considered. However, the stability restriction for the time step for
the forward Euler method is rather severe as At < C'h?, and the stability proof of
TVD-RK2 only works for piecewise linear polynomials. Therefore, in this paper, we
will only consider TVD-RK3 time discretizations.

3. PRELIMINARIES

In this section, we collect some lemmas which will be used in our convergence
proof, and discuss properties of the obstacle solutions. Here and below, we use C'
(possibly with subscripts) to denote a positive constant depending solely on the
exact solution, which may have a different value in each occurrence.

Let us introduce, for £ > 0, the following function sets:

Cﬁ}%cO(O, 1) := {U :(0,1) = R, v Lipschitz continuous with [[v/||«~ < L,
v piecewise O with [[o || 1 < co,

and v admits at most p > 0 non regular points.}
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where v“*1) denotes the (¢ + 1)-th derivative almost everywhere, and

2 — . . .
AL(0,1) = {g : (0,1) = R, g has at most ¢ local maxima points

and g is twice differentiable at each local maxima.}

The following ¢ pseudo-norm definition will also be used:

1/2
(1) Il = (S utlstaien)

In particular, using the Gaussian quadrature rule, for any f € Vj, we have ||f||z =
I fl|zz. From this point on, we will use ||f|| to denote ||f]|z2, and || f||p to denote
| fllz2(py for a given domain D.

3.1. Properties of projections and the obstacle function. For the RKDG
method, it is necessary to consider the following Gauss-Radau projection P,. For
any function ¢, Prp € V}, and for any element [;, it holds that

(Ph‘p)j_Jrl/z = SOJ'_+1/2> /I (PhSO - 90) ¢hd$ =0, Vl/Jh € Pk_l(lj)'

In the lemma below, we will first establish the projection properties for functions

- 0+1
in the space C)7 . -

Lemma 3.1. Let £ > 0 and let ¢ be in Cﬁi{co o @ 1s Lipschitz continuous, piecewise

C*Y, with at most p > 0 non reqular points. Then there exists a constant C' > 0,
depending only on £, p, L, co such that

¢ — Pl < Chike,

where the projection Py, can be either Py, or 11, and qi, is defined as

. ) 3\ _ [ 3/2 ifk,t>1
(12) k¢ := min (m1n(k;,€)—|—1,§> :{ 1 ifk=0orf=0

Proof. Using the property of the projections [8], on each regular cell I ;, we have
lo = Pugllr, < CR 0 (o] e g, < R

since p € C'*! on [;. Therefore,

1/2
llp — Ph€0||L2(u1]-, 11 regular) = / | — Pypl*de < Ok
ulj, cpujregular

On the other hand, on the intervals I; where ¢ is not regular, we have

lp — Paells; < CR™M OO ol 11y < Chlll|a(r,y < ChP?
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because ¢ is Lipschitz continuous. Hence summing up on the “bad” intervals I;
(with at most p such intervals),

o — Pupll 2 (upaary < Cp*/2h32.

Summing up the bounds with bad intervals and good ones, we prove the desired
result. O

We now state a similar estimate for the ¢2 norm:

Lemma 3.2. Assume that ¢ belongs to C’ﬁ?c , £ >0, then we have

1/2
(13) | — Prpllee = <Zw |U (27) — (Puo)(x ‘ h) < Okt

where P, = Py, or I, gy is defined as in (12), and the constant C' depends only on
p, L and cg.

Proof. On each regular cell I;, we have [§],
||¢_Ph§0||L°°(Ij) S Chmin +1/2||<,0||Hl+1 < Chmmék—l—
Then using the fact that w?, >0, > w’ =1 we obtain that
1/2
2 min
Do 2wl d) — (P @)y | < opmnen
I, ¢, regular @

On the other hand, when the interval I; is such that ¢ contains a non-regular point,
we can write

o — Prpllpee(ryy < CR™ORT2) o) 1y < Ch.

Therefore
1/2
. n . n . 2
> > wile"(@h) = (Pap™) ()| hy
1, ¢;, not regular
1/2
< > h(Ch)?
1, ¢1, not regular
< Cp\2p32,
This concludes our proof. O

We now turn to some estimates relating to the obstacle function ga;.
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Lemma 3.3. Assume that g € AZ(0,1) for some integer ¢ > 1. Let g(z) :=
max(g(x), g(x — cAt)). There ezists a constant C > 0 such that

(14) 15 — gacll < Cv/aAE?.

and
(15) 17 — gadllee < C/g VAL + h AL,

Proof. Denote M, the set of local maximum points of g, if [vr — cAt,z] N M, = 0,
then we see that g(x) — gas(x) = 0. Furthermore

(16) / de < / dr < qcAt
{z, gar(z)#g(z)} {z, [z—cAt,z]NMy#D}

since there are at most ¢ local maxima.

Consider the case when [x—cAt, x] contains at least a local maxima of g. Assuming
that At is small enough we can assume that z* is the only local maximum of g on
the interval [z — cAt, z], so that ga,(z) = g(«*). Then,

(17) l9(2) = gar(@)| = lg(z) — g(2")| < Clz — 2" < CAP,

since g is twice differentiable at x*.
Combining (17) and (16) we obtain the bound (14).
For the second estimate (15), we make use of a minimal covering UI of the set

{a;, [x — cAt, 2] N M, # (7)},

using mesh intervals. The length of this covering is bounded by cAt + 2h for each
maximum point, since in order to cover any interval [a,b] we may need two more
mesh intervals I, of length < 2A than the minimum required length b — a. Overall
the length of the total covering is bounded by ¢(cAt + 2h), hence we obtain the
desired result.

O

3.2. Properties of the obstacle solutions. We shall impose some restrictions on
the regularity of the obstacle solutions as described below.

Definition 3.1. [“no shattering” property] We will say that the exact solution
u of the problem (1) is “not shattering” if there exists some £ > 0 and constants

p, L, co such that the exact solution satisfies, for any n >0, u™ = u(t,,.) € Cﬁil,m'

Recall that the exact solution satisfies u(t, z) = max(ug(x — ct), g(x)) = uo(z —
ct) + max(0, g:(x) — ug(x — ct)). Therefore if u is not shattering, it implies that
uo(z — ct) — g;(z) has bounded number of zeros (since otherwise = — u(t, z) would
have an unbounded number of singularities).

A typical example where shattering occurs (therefore not satisfying definition 3.1),
can be constructed as follows. Suppose the domain 2 contains the interval (—2,2),
let ug(z) = (z — 1) + (x — 1)3sin(1/(z — 1)) and g(x) = x on [—2, 2], together with
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velocity constant ¢ = 1. The function uyg is of class C? on the interval (—2,2). Notice
then, g,(x) = maxgejoq g(x — 0) = g(z) for t € [0,1] and = € [~1,1], and the exact
solution is therefore u(t, x) = max(ug(z—t), g(z)) for t € [0,1] and = € [—1,1]. So at
timet = 1, u(1, ) = max(up(z—1), g(v)) = x+max(z®sin(1/x),0) (for z € [-1,1]).
This function has an infinite number of non regular points in the interval [—1, 1],
and therefore does not satisfy the “no shattering” property at time ¢ = 1.

It is not easy to state precise conditions on the initial data ug and g to ensure that
the no shattering property will be satisfied. Mainly, V¢, z — ¢;(x) —uo(x —ct) should
have only a finitely bounded number of zeros, as is detailed below. However, we hope
the readers agree that it is clear that shattering will not occur for generic data wug
and g. This definition still allows for a finite (bounded) number of singularities in
u(tn,.), as is generally the case when taking the maximum of two regular functions.

Lemma 3.4. Assume that

(18a) geClty .(0,1),
(18b) u € Gyt . (01),

and that, ¥Vt € [0, T,
(18¢c) x — gi(x) —up(x — ct) has a finitely bounded number of zeros in (0, 1)

(the bound being independent of t).
Then there exists constants p, L,cy such that, Vt, < T, u"(z) = u(t,,x) belongs

to Cﬁ}%co (with L = max(Ly, Ly,), ¢co = max(cy, ¢y,), and p that is independent of
n.

Proof. We first establish that for g € C*™1 (0,1), denoting M (resp. m) the num-

PgsLg,cq
ber of local maxima (resp. minima) of g, then we have also ga; € Cﬁﬁz MLy, (05 1)
This is because the Lipschitz constant of ga; is bounded by L, by elementary ver-
ifications. And each local maxima of g may develop two singularities in ga;, and
each local minima may develop one singularity in g¢;(-), as well as each singular
point of g. Hence the total number of non-regular points in g;(-) will be bounded
by 2M + m + p,. The bound of the (¢ + 1) derivative can also be obtained easily.

Because the exact solution is given by u(t, z) = max(ug(x — ct), g:(x)) = uo(z —
ct) +max (0, g;(x) — up(z — ct)), the Lipschitz constant of u(t,.) is therefore bounded
by max(Luyy(.—ct), Lg) = max(Ly,, Ly).

On the other hand, the number of singular points of max(0, g;(z) — ug(x — ct)) is
bounded by the sum of the number of singular points of the function =z — g,(z) —
uo(z — ct)), plus the number of zeros of the same function, which is assumed to
be bounded independently of ¢ > 0. Hence the the number of singular points of
x — u(t, z) is bounded independently of ¢t > 0.

Finally the bound on the z-partial derivative ||u*1 (¢, )|z, in the regular region
of u, is easily obtained, because w is then locally one of the two functions g; or
uo(+ — ct). O
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4. CONVERGENCE OF THE SLDG SCHEMES

In this section, we will provide the convergence proof of the SLDG scheme. In
particular, we will proceed in three steps. First, we will establish error estimates of
the SLDG methods for the linear transport equation

v+ cv, =0, v(0, ) = vo(x).

We will then generalize the results to scheme (8), and finally to scheme (10) for the
obstacle problem.

4.1. Convergence of the SLDG scheme for the linear advection equation.
We first consider the linear equation v; + cv, = 0, for which
v(t+ At) = v(t,z — cAt).

We denote v"(-) = v(t", -), and we define the numerical solution of the SLDG method
at t" to be v'. In particular, the scheme writes: initialize with v} := II,vp, and
vt = GRE (o) = T, (vi(- — cAt)) for n > 0.

Theorem 4.1. We consider v + cv, = 0, v(0,x) = vo(z). If vy € cﬁ}{co(o, 1), then
we have for all n such that nAt < T,

th,z

At

for some constant C' > 0 independent of n, and gy, is defined in (12).

lop ="} < CT

Proof. 1f vy € C*. (0,1), then v™ € C: (0,1), and due to Lemma 3.1, we have:

p,L,co p,L,co
|0 (- — cAt) — T, (V" (- — cAt))]| < Ch¥*,
for some constant C' independent of n. Hence
[opth = 0" | = [Ty (vp (- — eAt) = v"(- = cAt)
< | (op (- = cAt) = I (0" (- — cAL)|| + [[Ha (0" (- — cAt) — 0" (- — cAL)]|
< | (v (- — eAt) — T, (0" (- — cAt)|| + Ch*
< Jop (- — cAt) — 0" (- — cAt)|| + Ch**
< g — o[ + Ch*,

where we have used the fact ||l u|| < ||lu|| in the fourth row, and the periodic
boundary conditions in the last row. As for the initial condition, we have
[vh = wol| = [ITThvo — voll < Che.
Finally we obtain for any given T > 0 the existence of a constant C' > 0 (independent
of T" and of n), such that
hak.e

o ="l < Cln+ 1) A% < CT —-,

for all n such that nAt <T. O
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Therefore, if min(k,¢) = 0, then [|v} —v"|| < CTL, and we need h = O(At) for
the convergence. If otherwise min(k,¢) > 1, it holds |jo — v"|| < CTEZ
would only need h = o(At*/?) for the convergence.

At and we

4.2. Convergence of the first SLDG scheme in the obstacle case. Now we
turn to scheme (8) for the nonlinear equation (1). In particular, the scheme writes:
initialize with u) := I,ug, and u} ™ = I, (max (G (u}), §)) for n > 0.

Theorem 4.2. Assume that the exact solution wu is not shattering in the sense of
Definition 3.1, for some integer £ > 0. Then the following error bound holds:

n Rkt 1 — gadll

for some constant C' > 0 independent of n. In particular,
(1) If § = gae, then Vt, < T':

dk,e

h
i — "l < CT =

(i) If §(x) := max (g(z), g(x — cAt)), and if g € AX(0,1), then Vi, < T:

hak.e
|uf —u"|| < CT —— + CT At?/2.,

At
Proof. By Lemma 3.1 and the “no shattering” assumption,
(19) | TTpu™ — u”|| < Chie,

Hence, from the definitions,

S A [

< [T (max(GSE(up), §)) — Ta(max(u™(- — cA), ga)| + Chee

< || max(GRE (uh), gar) — max(u”(- — cAt), g)|| + Ch®.
Using the fact that

| max(ay, by) — max(ag, by)| < |ay — as| + |by — by,
we obtain
lup ™t —w™ | < |GAE (uh) — u”(- = At + 11§ — gad| + Ch™
< M (up (- = cAt)) = My (u™(- = cAD)|| + [ — gadll + Ch**

(20) < lup — u"[[ + 17 — gacll + Ch™*

where we have used again (19) and the periodic boundary condition. Using Lemma 3.3
and by induction on n, we are done. 0

Remark 4.1. Defining g as in (ii), and assuming min(¢, k) > 1, the error is bounded
by O(%/:)—i—O(At?’/z). Therefore the optimal estimate is obtained when h*/> = At>/?,
or At = h3/°, and the error is of order O(h?/19).



12 OLIVIER BOKANOWSKI, YINGDA CHENG, AND CHI-WANG SHU

4.3. Convergence of the SLDG scheme defined with Gauss points. Now we
turn to scheme (10) for the nonlinear equation (1). In particular, the scheme writes:
initialize with u$ := IT,ug, and uZ“ is defined as the unique polynomial in V}, such
that:

(21) up H(wh) = max(GRE (up) (), 9(a2)), Vi, a

Theorem 4.3. Let ¢ > 0 and assume that the exact solution is not shattering in
the sense of Definition 3.1. The following error bound holds:

hkt + CcT Hg gAtH

n__an < OT =—

for some constant C' > 0 independent of n. In particular,
(i) If § = gas, then Vt, <T:

hak.e
At

(i) If g(x) := max (g(z), g(x — cAt)) and g € AX(0,1), then Vt, < T':

[up, —u"|] < CT

ak,¢
|up —u"|| < CT hA_t + CT AtV At + h.

Proof. In view of Lemma 3.1 and the “no shattering” property, we have
Hun—H o Hhun+1|l S C'hk.e.
Now turn back to the error estimate, and consider the case of § = gas:

||un+1 n+1|| < Hun—&-l Hhun+1|| + Char-t
= Hu"“ Hhu”Hng + Ch%,e

<l — u | + Chee

1/2
< (Z wl, |un+1 "+1(xi)|2 hj) L Ok

where in the third line we have used (13) for u"™'. Because of the DPP, for all

points z, the exact solution satisfies:
u"(2) = max(u"(x — cAt), gai(z)).

Therefore, for Vj, a

(up ™ = u" ) (@) < |GRY(up)(xh) — " (2], — cAt)| + [g(d) — gad(ad))|
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and

1/2
Jup ™t — | < (Zw”‘GM up)(al) — u'(zl, — cAt)| h)

1/2
+ (Z who(ed) - gm<xz;>|2hj> + Cl

j7a

< NGRE (up) = w(- = cAt)le2 + 11§ = gaellee + Ch®
< ||GAt (up) = Tpu" (- = cAt) |l + (|7 — gaclle + CR™*

= M — eAt) = " (- = Al + 1§ — gadlle + Ch
= [Tuf(- = eAt) — (- — cA8)| + 11§ — gadll + C
< lup(c = cAt) —u(- — A + |g — gadllie + Ch™*

< luh =" + 119 = gadlle + Cho-e

where in the fourth line we have used Lemma 3.2 for the function u"(- —cAt). Using
Lemma 3.3 and by induction on n, we are done. 0

Remark 4.2. Defining g as in (ii), and assuming min(¢, k) > 1, the error is bounded
by O(hz/:)—l—O(At\/T—i—h). Therefore the optimal estimate is obtained when h3/? =
A2V At + h. So & — 0, W32 = At°?, or At = B35 (as in Remark 4.1), and the
error of the scheme defined with gauss points is again of order O(h%™) for this
particular time stepping.

5. CONVERGENCE OF RKDG SCHEMES

In this section, we will prove convergence for the RKDG schemes. We will proceed
in three steps similar to the previous section.

Firstly, let us recall the following properties for the bilinear operator H.

Lemma 5.1. [21] For any ¢y, pn € Vi, we have
H(Pn, on) + H(pn, on) = — Z clonlj1/2 - [onlj+1)2
J
1
H(on on) = =5 > clonlfiyo
J
We also recall inverse inequalities [8] for the finite element space V},. In particular,
there exists a constant C (independent of h), such that, for any ¢, € Vj,

I(en)all < Ch M onll, llenllzm < CRTH2 .
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5.1. Convergence of the RKDG scheme for the linear advection equation.
We first consider the linear equation v; + cv, = 0, for which

v(t + At) = v(t,x — cAt).

We still denote v™(-) = v(t",-). In particular, the scheme writes: initialize with
V) =TT, and v} = GEE(v1) for n > 0.

This convergence proof closely follows the work in [21] for smooth solution, but
additional difficulties are encountered because we consider solutions with less reg-
ularity. The main technique is to introduce piece-wisely defined intermediate stage
functions and the careful treatment of intervals containing irregular points.

Theorem 5.1. We consider vy + cv, = 0, v(0,z) = vo(x). Let vy be in Cﬁﬂco(o, 1),
(>2,k>1, and assume the CFL condition

At < Coh

for Cy small enough (the usual CFL condition for stability of the RKDG scheme).
The following bound holds:

n n h’3 1/2
Juf = ") < Calh+ 2p),
for some constant Cy > 0 independent of h, At,v,. B
In particular, if At/h is bounded from below (% > Cy for some constant Cy > 0),
then

lo; — 0"l < G172,

Proof. We need to introduce some intermediate stages of the exact solution. Firstly
we define

v =" — At (V)

where the spatial derivative (v"), should be understood in the weak sense. We
notice that v may become discontinuous at the irregular points of v™.

To define the second intermediate stage v(?, we need to distinguish the “good”
and “bad” intervals. Since v™ € CﬁI{CO(O, 1), when the mesh is fine enough, there
are at most p irregular intervals. Because of the CFL condition (which we assume
implies in particular that cAt < h), each irregular point at " may influence at most

three intervals at time ¢"t!. Now we introduce sets B" and Z" such that

B" = U I;,s.t. I; or its immediate neighbors contain an irregular point of v"

J

and the corresponding set of indices:

"= U J,s.t. I; or its immediate neighbors contain an irregular point of v".
J
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Therefore meas(B") < 3ph and Card(Z™) < 3p. (In the case of the irregular points
located exactly at the cell interface 2,1/, we include the point’s neighboring cells
Ija ]j—l-l in Bn, and j, ] +1in In)

Now, we define

3

e
3
+ +

o) — cat (v, if v ¢ B",
o) — &t (v), = o™ — & (v"),, ifz € B,

(22) @@M:{

INISSTNN
<

For points not located in B"™, the definition coincides with [21]. For points in B", v"

is used instead of v()) to avoid discontinuity at the irregular points. Notice that this
causes 9 to be discontinuous at dB". For example, if z, € OB", then the jump
of 9 at z, is of magnitude ¢&t (v — v™),(2,), and this is bounded by CLA#.
By these arguments, we could add a linear interpolating function defined by iLa(I)
which is nonzero only on B" to enforce continuity at 0B", and ||Ly||e < CA#?, i.e.
we introduce

23) o= B g e e e E
- t
v
2

and L, is chosen to be a linear polynomial so that v(® is continuous at OB". We
can now define

v — c2at (y()) if z ¢ B",

1 2
(3) — 3 3
(24) v { % %U@) — 02—& (V") = 0" — cAt (V) + L4 (), if z € B

Notice that for z ¢ B", the definition is still consistent with [21] for smooth solutions,
and it is well defined because ¢ > 2. However, for irregular intervals, the definition
is modified due to the lower regularity of the solution.

Now we are ready to define the errors

eV = o) _ gl ) Z @) gl ) ) ),
(25) 6D = @) _n2 (0 _p @) g2 @) @) @)

n n n n n n n n n
e =v" —wvy, =Pp" —vy, 1" =Pt —ov".

Clearly,
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Our next step is to establish the error equations. First, let us recall that the numer-
ical solution satisfies:

/UZ’lwhdx = /UZSOhderAtHj(UZ?SOh)v Vion € Vi
I

j I;
n 3 " 1 n At n
/ vh’Qcphda: = Z/ v ppdr + Z/ vh’lgohdm+ IHj('UhJ,SDh), Yop € Vy,
I; I; I

1 2 [ oL
/ n+1(phdib’ = g/ vﬁgahdm + g / Uh’290hd$ + TH (Uh 2, gDh) V(,Oh c Vh.
I I I

J

From the definitions of vV, v® v®) we can verify

/U(l)whda: = /Un¢hd$+AtHj(Un>80h)v Vion € Vi
T I

J J

3 1 At
/v(z)gohdx = —/ v”gohda:—l——/ vWondr + —H; (0", ¢p), VYeon €V
I 41, 41 4
n 0, jEI"
%L(Laa @h)) J € A

1 2 2A
/ vPpudr = g/ v"ppdr + g/ D opdr + —H (W™ 0r), Veon €V
I I, I

J

where for j € Z", (x1) = n, (x2) = n; otherwise, (x1) = (1), (¥2) = (2). Notice that
the formulations above are correct because we have enforced continuity of the first
function appeared in operator #; in all cases. In particular, the procedure to enforce
continuity of v at B" turns out to be necessary here. Combining the previous
two relations, we derive the error equations

/e(l)gohd:v = /e“gohdx—l—AtHj(e”,goh), Yo, € Vi,
I

j I;

3 1 At
/e(z)gohdx = Z/ e"pndr + 4/ 6(1)90hd$+j7'lj(€(1)790h)7 Vn € Vi
I I;

o j¢1In
AtH (U _v(l)agoh)_'_ (Lm('ph) ]EIn

J

2
/e”+1gohdx = Yopdr + /e”gphdx—i-—/ ePopdr, Ve, eV,
Ij Ij I; 3 I;

2At 0, jéIn

H 9 + n , n
(e n) {%“Hj(v —v® pn), JET
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where T = ™! — v, Using the decomposition of errors (25), we get

(26a) / 5(1)@hdx :/ " opdr + AtT;(on), Ven €V
I; I
3 1 At
(26b) / 5(2)<phdx _Z/ §"g0hdx + Z/ §(l)g0hda: + ZIC]'(QO}L), Vg&h S Vh
I; I; I;

1 2 2At
(26(3) /I fn—HgOhd:E :g/l gngﬁhdl‘ + g/j S(Z)QOhdx + Tﬁj(tph), \V/QDh S Vh

J

where

1
@m>zwwa/ (Y — n"pndz +H;(e", on), Vou € Vi
1
(27b) K;j(on) :/ Kt(‘lﬁ(g) — 30" —nMWppdx + Hi(eW, 0n), Ve €V
1

+{0, j¢I"
Hj(vn - U(l)v Soh) + ALt(Lav @h)? ] S

(27C) Ej((ph) = E(Bnn+l — ?7n — 27](2) —+ 3T)g0hdl’ + Hj (6(2), gOh), VQOh - Vh
I
Lo T
Hj<vn - U(Q)a gph)v j eI

We further denote J(¢n) = >_; Jj(en), K(en) = 22, Ki(en), Llgn) = 325 Li(en).
By letting ¢, = £",46M 663 in (27a), (27b), (27c), respectively, we get the follow-
ing energy equation for ", [21]

(28) BIE P = BIIEM)? = AT (") + K(EM) + L£(P]
26 — €0 — €7 4 3¢ - g7 6 - 26 67

Now we define Iy = At[J(€") + (W) + L(EP)], T, = [|26® =€ — 7|2 +3(¢"H —
gr et — 26 47y We will estimate those two terms separately.

Estimate of II;
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Firstly, we notice that
AtT(E") = W —n", &) + AtH(e", &)
= (" =" ") + AH(E", ")

A
— Y =) = S e e

< g™ =) 1167 - 720[5 i1/
J
1 1) n |2 n|2 At n]2
< mﬂn( —n"||” + eAt[|g"] —720[5 Ji41/2

J
where in the second line we have used the property of the Gauss-Radau projection

to get H(n",pn) = 0. In the formulas above, € is a positive constant of order 1.
Since

77(1) —n" = Ph(v(l) —") — (v(l) —v") = =Atec (Pr(v") — (v")2),
similar to Lemma 3.1, we get

[Pr(0")e = (")l < P(V")e = (0")allsn + [Pa(0")e = (0")allnsn
< Ch1/2 + Chmin(l,k—i—l) < Ch1/27

Therefore ||n™™ — ™| < CAth'/? and

At
ALT (") < CAth + eAt|e"[* — == > el€") 1o

J

Similarly,
AtK(EW)
= (49 — ) = 3 + Lo, €00) + A, €0) + A6 ST H (0" — o, 60)
jezn
= (0 =0 = 3"+ Lo, €)= T 3 e+ ALY H; (0" = 0 €0
J Jer
1 1 € At
< L gn® O gprpz o g iy Eagey - 2 (12
< g0 = =301+ gl + S = S
+At Z Hi(v" — oM W)
jEZ"

Since ||La||ose < CAt?, and L, # 0 only on B", therefore ||L,|| < CAt*h'/2. Next,
we will estimate the term ||4n® — () — 3n"|| and At ZjeI H(v" — oW, M), We
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can derive that

1 1 "
an® — g _3pn = —Ate(Ppot — i), r¢B
—Ate(Ppol — o) + (PyLy — Ly), € B

T

Because L, is a linear polynomial and k£ > 1, P,L, — L, = 0, and similar to the
previous argument, we get |41 — 1) — 3n"|| < CAth'/2.
As for At Hi(o" — oW W) we have

jET
o™ — oW = cAt(v"),,
therefore for any j
(" = D) ja1/2] < CAtv]lwre
and
Jo" — v O], < CARY2|foce.

Hence
Hy(0 - o, )

= /I c(vn - U(l))gg(cl)dx - c(vn - U(l))i(g(l))jzrl/z + C(Un - v(l))i(g(l));;UQ

< CAtW ||V, + CAL(EW) S, ol + CAL(EM) T |
< CAth2|gW]|,

by inverse inequalities, and

ALY Hi(v = oD, €M) < CARRTYEW]g

jeIn

< COA£ + gAtHf(l)Han

< CAP+ AV,
where in the second line we have used the CFL condition At < C.ph. Putting
everything together, and using the CFL condition again, we have

At
ALK (€M) < CAth + eAt]|¢W |2 — - Zc[f(l)EH/Q
J
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Finally,
ALL(E®)
1
= 5(377"+1 — 29 — " 4+ 37,6®) + AtH(e?, €P)) + At Z (0" — o, @)
jezn
1. . " At "
= (0" =2 — "+ 3T,6%) = =2 €@+ ALY H; (0" — 0, )
j jezn
1, . 9 At
< m”i’ﬂl 2@ — P+ EHTW +eAt|[¢* - 5 Z cle® 10
J
+At Z Hi(v" — 0P P,

jEIn

Using the same argument as the previous terms, we have ||3n""! — 2 — 7| <

CAth'? and At Y 7 (v — v®),£2)) < CAL® 4 eAt[[€®)]]?. As for T, we have

IT|> = /T2dx+/ T2dx
= /(v"+1—v(3))2dx+/ Ydx
n [\Bn

< / (V" — 0" 4 cAt(v"), — %La)zdx + (CAt*)?

_ / (" — 0" 4 cAH(0"),)2dx + CAEH + (CALY?

< CAh+ CAt*h + (CAtY)? < CAEh.

Finally we obtain
At
ALL(EP) < CAth + eAt|g®* — == > cle®F .
J
Putting everything together, we have
I, < CAth+eAt|[€"]* + eAt|EW | + eAt]|€P)

At At At
Ty C[fn]?+1/2 Ty Z C[f(l)]32'+1/2 Ty Z 0[5(2)]§+1/2

J J J

Estimate of Il,
To estimate Il,, we first introduce

G =€ —¢"
Gy =26 — ¢ —¢"
Gg _ gn—&-l o 25(2) + Sn
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From the error equation (26), we can deduce

(29a)
(29b)
(29¢)

Now,

/ Gl@hdfb :At%(goh), V(,Dh eV,
I.

J

2

At
/ Gopndr =—(Kj(on) — Ti(n)), Veon € Va
I.

J

3

At
/ Gagndr =20 (2L;(1) — Kj(on) — Ti(en)), Von € Vi
I.

J

Iy = (G2, G2) + 3(G1, G3) + 3(Gs, Gs) + 3(Gs, Gs).

First, let us estimate (Ga, Go) + 3(Gy, G3).

We have

IA

IN

IN

IN

IA

(G, Ga) + 3(Gy, G3)
= —||Gs|® + 2(G2, Gy) + 3(G4, Gs)
= —||Ga|]* + At [K(G2) — T (G2) + 2L(Gy) — K(G1) — T(Gy)]

ALK(G2) — T (G2))
(4n® =3 — W — (O — ") + Lo, Go) + AtH (e — e, Gy)
+At Z Hi(w" — v, Gy)

jeIn
(4n® = 3" =W — (i = ") + Lo, Ga) + AtH(Gy, G)
+ALY " H; (0" =0, Gy)
JjEI™
1
140 = 3" = = (Y = ") + Lal|* + Z1|Go?
HALH(Gy, Go) + AL Y H;(0" — 01, Gy)
JEI"
2 1 2 n 1)
CALh+ Z[[Gol* + AtH (G, Go) + At > M0 =0, Gy)
jEI™

1
CAt*h + ZHGQHQ + AtH (G, Gy) + CALPR™Y2|Gy|

1 1
CAt*h + Z||Gg||2 + AtH(Gy, Gy) + CA R + Z||<G;2||2

1
CAt*h + §||<C}2||2 + AtH (G, Gy).
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For the other term, similarly we get

<

<

AL2L(Gy) — K(Gy) — T (Gy))
(377n+1 . 277(2) . 7’]” + 3T _ (47,](2) _ 317’” _ ,’7(1)) — (77(1) _ nn) _ La; Gl)
+HATH(2e® — eV — " Gy) + At Y H;(2(0" — v?) — (" — D), Gy)

jezn
CAth + AtH(Gy, Gy) + %AtHGlH2
CAth + AtH(Gs, Gy) + eAt]|€"]|2 + eAt|| D2,

Therefore,
(G27 GQ) + 3<G17 G3>

1
< ——||<(}2]|2 + CAth + AtH(Gy, Gy) 4+ AtH(Gy, Gy) + eAt||€7|? + eAt||¢W)|?

<——HG2H2+CAth ALY " e[G)[Ga] + eA[|E"]|* + eAt]|¢M?

J

1 2 At 2 2 n2 (1)2
< GGl + OAh+ T3 AGF + At T cllGa + e+ AV

Also

IN

IN

and

<

3(Gs, G»)
At(2L(Go) — K(Go) — T(Gy))

(3™t —2p® — n +3Y — (4@ =3y — ) — (Y — ") = La, Gy)
+AtH(2e® — e — e Gy) + At Z H; (20" —v?) — (v — o), Gy)
VISYAL

CAth 4+ AtH(Gy, Gy) + eAt||Gyl|?

At
CAth — — > Gol? s + A Gy

J

3[1Gs* = 3(Gs, Gs)

At(2L(Gs) — K(Gs) — T (Gs))

(3" =29 — n +37 — (40 = 35" — ) = (Y —9") — Lo, Gy)
+AtH(2e® — eV — e Gs) 4+ At Z H; (20" —0?) — (v" — W), Gy)

Je

At
CAth (|G|l + C—=[1Ga - |G|l + CALR™ |G

Therefore

IGsll < CAtAY? + O G
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due to the CFL condition and
1
3|Gs||* < CA#?h + ?1”62”2‘

Putting everything together, we have

1 At
My < (=7 +eADIIGel + CAth+ == > clGuly s
J
At 2 2 (1))12
B B, + AP + )
J
1 ) At ni2 (1)712
(—Z + €At)||Ge]” + CAth + > Z ([ 12 T 1€ 741/2)

J

IN

At
+C—IGa* + eAt|lg"||* + eAt]|s V||

IN

1 At n

(=5 + A+ CCp)[Gall® + CAth + == 3 e([€ 41y + [€V15112)
J
+eAL|E"]|* + eAt]| €W
When € and C.y; are small enough, —}l +eAt 4+ CCy <0, and
At
My < CAth+ ==y e([§"F 110 + 601 0) + eAt€"]* + eat¢ W]
J

Finally

IT; 4TIy < CAth 4 2eAt]|€7])? + 2eAt|€DV )2 + eAt]|€P)2.

At this point, we need to provide an estimate of |||, ||¢®)]| to finish the proof.
Plug in the error equation (26)

1€MW ? = (5“ W) = (¢, eW) + At g (€W)
< 1€ - 1€ + (™ =, §(”)+At“rl(€” ", W)

< llen]l - fle” H+0Ath1/2!|€”|\+0 Ll + e
< Clle(l- 1€V + CAthY 2|

Therefore,
€D < Cllen| + Catnt2.
Similarly,
lE®] < Ol + CllED | + CAthY? < O||€n|| + CAthY?.
Overall,

I, + I, < CAth + CAt||€")|?,
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and
BlIEm P = 3llg™|I* < CAth + CAt|E"|”
le.
(30) lE™ 1% < (1 + CA)|I€"||* + CAth
and by induction with the initial condition satisfying ||£°|| < Chixe,

le”]| < Cn'?

and we are done using the projection property [|n"|| < Ch%¢ since qxp = % in this
case.

The final bound is
h? 1/2
Tyt < C(h+ —5)"7".
oy =) < € (h+ )

In the case h/At is bounded from below, we obtain a bound of order h'/2, O

5.2. Convergence of RKDG scheme in the obstacle case. Now we turn to
scheme (8) for the obstacle equation (1). In particular, the scheme writes: initialize
with u) = Myup, and uf™ = I, (max(GRE(u?), §)) for n > 0. The main idea
follows closely the proof of Theorem 4.2, but utilizes the estimates in Theorem 5.1.

Theorem 5.2. Assume that the exact solution is not shattering in the sense of Def-
inition 3.1. Under the same assumption as in Theorem 5.1 (in particular assuming

the CFL condition)with both § = ga; and § = max (g(-), g(- — cAt)), scheme (8)
with RKDG solver GRE satisfies

h3
ul' —u|| < C (h+ —5)Y?
luh =l < C(h+ 13)
for some constant C' > 0 independent of h, At,uy,.

In particular, if At/h is bounded from below (% > Cy for some constant Cy > 0),
we have

lvpy — o™ < Cun'72,
Proof. Similar to the proof of Theorem 4.2, we can obtain
le™ ] = [lup ™ = u | < NGEE (uh) — u(- = A + 1§ — gaell + Cho*e.

We decompose the error
uz_un:nn_£n7
where £" = Ppu™ —uy, 7" =Ppu" —u", and
GRf (up) —u"(- = cAt) =€ —f

where & = Ppu"(- — cAt) — GRE(u}), ' =Puu™(- — cAt) — u™(- — cAt).
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Therefore

le™* | IE 11l + 11G — gaell + R

1€+ 11 — gaell + Ch*

by using the projection property again. Hence

<
(31) <

1,
(32) e < 1 QI+ (14 2) (17 - gad +CHve)?
Using (30) in the proof of Theorem 5.1, we obtain

€12 < (1+ CAL)||€|]2 + CAth

Hence
1
le"™)? < (1+e) ((1 + CA)||€"1* + C’Ath) +(1+ E) (19 — gael + C'hq’“’f)2
Now we take ¢ = CAt,

le™)? < (14 CAL)|E"]* + CAth+ CAE (|| — gaull + Ch*e)?
< (14 CAH||E"]* + CAth+ CAt'R?

< (1+Q+CAN | + (1 + D)1+ OO " + CAth + CAFH
< (14 CAb)|le"||* + CAth+ CAt™'h?

where in the last line we have taken ¢ = C'At again. By induction on n, we are
done. O

5.3. Convergence of the RKDG scheme defined with Gauss points. Now
we turn to scheme (10) for the nonlinear equation (1). In particular, the scheme
writes: initialize with u)) := II,ug, and uZH is defined as the unique polynomial in

V}, such that :
(33) up (@) = max(GEL (up) (22), §(22)),  Vj, a.

Theorem 5.3. Assume that the exact solution is not shattering in the sense of Def-
inition 3.1. Under the same assumption as in Theorem 5.1 (in particular assuming
the CFL condition) with both § = ga; and §(z) := max (g(z), g(x — cAt)), scheme
(10) with RKDG solver GRE satisfies

h3
n_ oy < C(h 4+ — 1/2
Juf — ) < € (bt 1)
for some constant C' > 0 independent of h, At,uy,.

In particular, if At/h is bounded from below (% > Cy for some constant Cy > 0),
we have

lo; — 0"l < C1h'2.
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Proof. Following the same lines as the proof for Theorem 4.3, we obtain

e = =t < GES () = o™ = el + 13 = gl + O

- ”Gif(uz> - Hhun(' - CAt)H + Hg — gAtHEQ + Okt
< HGZf(uZ) —u"(- = cAL)|| + ||g — gatllee + ChIe.

By the same argument as in Theorem 5.2

e 12 < (1+ CA[E"] + CAth+ CAL (|G — gaclle + Choee)®
(1+ CAY|EM)? + CAth + CAt ' R?
(1+ CAt)||le™||* + CAth + CAt 'R,

and we are done. O

<
<

6. CONCLUSION

In this paper, we prove convergence of the SLDG and RKDG methods for the
obstacle problem under the “no shattering” assumption of the exact solution. We
utilize the DPP of the obstacle solutions. The proof of the SLDG methods relies on
the property of the L? projection, while new techniques of devising piecewise inter-
mediate stage functions are developed for the convergence of the RKDG methods.
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