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Pseudo-holomorphic functions at the critical exponent

Laurent Baratchart* Alexandre Borichev! Slah Chaabit
May 21, 2013

Abstract. We study Hardy classes on the disk for the equation 0w = aw when o € L" with 2 <
r < oo. The paper seems first to deal with » = 2. We prove an analog of the M. Riesz theorem
and a strong topological converse to the similarity principle. Using the connection between
pseudo-holomorphic functions and conjugate Beltrami equations, we deduce well-posedness on
smooth domains of the Dirichlet problem with weighted LP boundary data for 2-D isotropic
conductivity equations whose coefficients have logarithm in W2, In particular these are not
strictly elliptic. Our results depend on a new multiplier theorem for Wol 2_functions.

1 Introduction

Pseudoanalytic functions of one complex variable, i.e. solutions to a 0 equation whose
right-hand side is a real linear function of the variable, are perhaps the simplest general-
ization of holomorphic functions. They received early attention in [38, 11] and extensive
treatment in [6, 40] when the coefficients are L"-summable, r > 2. While [6] takes on a
function-theoretic viewpoint, [40] dwells on integral equations and leans on applications to
geometry, elasticity and hydrodynamics. Recent further developments and applications to
various boundary values problems can be found in [27, 42, 14]. The case of Besov-smooth
coefficients is considered in [8]. Hardy classes for such functions were introduced in [32]
and subsequently considered in [28, 29, 30, 5] in the range of exponents 1 < p < oo, see
[15, 31, 16, 4] for further generalizations to multiply connected domains. The connection
between pseudo holomorphic functions and conjugate Beltrami equations makes pseudo-
holomorphic Hardy classes a convenient framework to solve Dirichlet problems with L?
boundary data for isotropic conductivity equations [5, 15, 4]. These are also instrumental
in [17, 18, 19, 16| to approach certain inverse boundary problems.

The present paper seems first to deal with the critical exponent » = 2. We develop a
theory of pseudo-holomorphic Hardy spaces on the disk in the range 1 < p < oo, prove
existence of LP boundary values, and show an analog of the M. Riesz theorem in this
context. We also develop a topological parametrization by holomorphic Hardy functions
which is new even when r > 2. We apply our result to well-posedness of the Dirichlet
problem with weighted L? boundary data for 2-D conductivity equations whose coefficients
have logarithm in W2, In particular these are not bounded away from zero nor infinity,
and no strict ellipticity prevails. Accordingly, solutions may be locally unbounded.

*INRIA Sophia-Antipolis, BP 93, 06902 Sophia-Antipolis Cedex, France; Laurent.Baratchart@inria.fr
TLATP Université de Provence; Alexandre.Borichev@univ-mrs.fr
YINRIA Sophia-Antipolis; Slah.Chaabi@inria.fr



Like in previous work on pseudo-analytic functions, we make extensive use of the similarity
principle, but in our case it requires a thorough analysis of smoothness and boundedness
properties of exponential of W12 functions which is carried out in a separate appendix.
There we prove a theorem, one of the main technical results of the paper, asserting that
a I/VO1 2 function in the disk is a multiplier from the space of functions with L? maximal
function on T to the space of functions satisfying a Hardy condition of order p. This
would have higher dimensional analogs, but we make no attempt at developing them and
stick to dimension 2 throughout the paper.

2 Notations and preliminaries

Let C ~ R? be the complex plane and C := C U {oo}. We designate by T¢, and D,
respectively the circle and the open disk centered at £ of radius p. We simply write T,
D, when £ = 0, and if p = 1 we omit subscript. If f is a function on D,, we often put
[, for the function on D defined by f,(§) := f(p§). To £ € T and v € (0,7/2), we let
I'¢ ., indicate the cone with vertex § and aperture 2+, symmetric with respect to the line
through 0, £&. A complex-valued function f on D has non-tangential limit ¢ at £ if f(z)
tends to £ as z — § inside I'¢, for every 7. The non-tangential maximal function of f
(with aperture 27) is the real valued map M., f on T given by

M, f(§) = sup [f(2)], £€T. (1)

ZEDﬂrg,,y

For I/ C C and f a function on a set containing £, we let f|g indicate the restriction of f
to E. We put |E| for the planar Lebesgue measure of F, as no confusion can arise with
complex modulus. The differential of that measure is denoted interchangeably by

dm(z) = dxdy = (i/2) dz N dZ, 2=+ 1y.

When Q2 C C is an open set, we put D(2) for the space of C'"*°-smooth complex-valued
functions with compact support in Q, equiped with the usual topology!. Tts dual D’(Q)
is the space of distributions on Q. For p € [1,00], we let LP(Q2) and WP(Q) be the
familiar Lebesgue and Sobolev spaces with respect to dm; we sometimes write Ly (£2) or
Wa?(Q) to emphasize restriction to real-valued functions. Recall that W'?(Q) consists
of functions in LP(§2) whose first distributional derivatives lie in LP(Q2), with norm:

1wy = 1 fllzo@) + 10f ey + 19 | o(e)-
Here, 0 and 0 stand for the usual complex derivatives:
1 = 1
of :=0,f = 5(&,5 —10,)f and Of :=0:f = 5(&,5 +1i0,) f, z=1x+1y.

Note the identities 0f = 0 f and A = 490, where A is the Euclidean Laplacian. By
Weyl’s lemma [20, thm 24.9], those u € D’'(£2) such that Au = 0 are exactly the harmonic

4.e. the inductive topology of subspaces Dx comprised of functions supported in the compact set K,
each Dk being topologized by uniform convergence of all derivatives [36, Ch. I, Sec.2].



functions on Q. Subsequently, those 1» € D'(2) such that 9y = 0 are exactly the holomor-
phic functions on €. The space D(R?) is dense in W1P(R?) for p € [1,00), and W1>(Q)
identifies with Lipschitz-continuous functions on Q [37, ch.V prop. 1 & sec. 6.2].

We also introduce the spaces L, () and W27 (Q2) of distributions whose restriction to any
relatively compact open subset 2y C € lies in LP()y) and W'P(Qq) respectively. These
are topologized by the family of semi-norms || fo, ||r(,) and || fo, lwir@,) where {€,} is
a sequence of relatively compact open subsets exhausting €2.

Below we indicate properties of Sobolev functions, most of which are standard but not
all. They are valid on bounded Lipschitz domains (i.e. domains 2 whose boundary 02

is locally isometric to the graph of a Lipschitz function).

e For 1 < p < oo, each f € W'(Q) is the restriction to Q of some f € W'P(R?). In
fact, there is a continuous linear map E : W?(Q) — WP(R?) such that (Ef)q = f
(the extension theorem [12, prop. 2.70]). When Q = D,, we may simply put
(Ef)icvm, (2) = ©(2) f(p*/Z) where ¢ € D(R?) and ¢p, = 1. The extension theorem
entails that smooth functions on Q are dense in W1?(Q) when 1 < p < oo.

e For p > 2, W'?(Q) embeds continuously in the space of Holder-smooth functions
with exponent 1 —2/p on €, in particular functions in W1?(2) extend continuously
to Q and WHP(Q) is an algebra where multiplication is continuous and derivatives
can be computed by the chain rule. When 1 < p < 2 the embeding is in LP*(€2) with
p* = 2p/(2 — p), while W12(Q) is embedded in all L{(Q), ¢ € [1,00) (the Sobolev
embedding theorem [1, thms. 4.12 & 4.39]).

e For p < 2 the embedding W'P(Q) — L) is compact when ¢ € [1,p*) (the
Rellich-Kontrachov theorem [1, thm. 6.3]).

e If g € D'(Q) has derivatives in LP(2) for some p € [1,00), then g € W'P(Q) [12,
thm. 6.74]>. Moreover there is a constant C' = C(£, p) such that,

_ 1
19 = 9all oy < C (199l o) + 1109ll o))  Where  go := @/dim (2)

(the Poincaré inequality [41, thm. 4.2.1]).

o WLP(Q)-functions need not be continuous nor even locally bounded when p < 2,
but if p > 1 their non-Lebesgue points form a set of Bessel By ,-capacity zero [41,
thms. 3.10.2]. Such sets are very thin: not only do they have measure zero but
their Hausdorff H?~P™-dimension is zero for each ¢ > 0 [41, thm. 2.6.16]. When
speaking of pointwise values of f € W'P(Q), we pick a representative such that
f(z) = lim._ fp,. outside a set of By ,-capacity zero. At such a z, f is said to be
strictly defined.

o If LA(09) is understood with respect to arclength, then W1A(99Q) is naturally de-
fined using local coordinates, since Lipschitz-continuous changes of variable preserve
Sobolev classes [41, thm. 2.2.2]. Each f € W'?(Q) with 1 < p < oo has a trace
on 0f), denoted again by f or sometimes by trsqg f for emphasis, which lies in the

2The proof given there for bounded C'-smooth 2 carries over to the Lipschitz case.



Sobolev space W'=1/72(9Q) of non-integral order®, The latter is a real interpolation
space between LP(9)) and W7 (9Q) of exponent 1 —1/p, a norm on which is given
by [1, thm 7.47]:

1/p
t/ p ,
9l simoony = 19l oron + (/ / ’dA( >dA<t>) 3)
o0 J o 7

where A(t,t') indicates the length of the arc (¢,¢) on 9€). Note that |t —t'| ~ A(¢, 1)
since 0f) is Lipschitz. The trace operator defines a continuous surjection from
WLP(Q) onto WI=1/PP(9Q) [24, thm. 1.5.1.3]. The pointwise definition of traqf
A-a.e. rests on the extension theorem and the fact that non-Lebesgue points of E f
have Hausdorff H'-measure zero [41, rmk. 4.4.5]. Of course trpq f coincides with
the restriction fso whenever f is smooth on Q. The subspace VVO1 () of functions
whose trace is zero coincides with the closure of D(Q2) in Whr(Q).

Because the integral in the right hand side of (3) does not change if we add a
constant to g, it follows from (2) by continuity of the trace operator that

. g t, |p , 1/p —
/ / - dA(DdA(E) | < C(H(?gHme) + HagHm(m> (4)
o0 Joa tt

where the constant C' depends on €2 and p.

A variant of the Poincaré inequality involving the trace is: whenever F C 0f) has
arclength A(E) > 0, there is C' > 0 depending only p, 2 and E such that

Hg—/traﬂg
E

This follows immediately from the continuity of the trace operator, the Rellich-
Kondratchov theorem, and [41, lem. 4.1.3].

C([10gllLr ) + 109 o) (5)
Lp(Q)

e For p € (1,00), the trace operator has a continuous section [24, thm. 1.5.1.3]; that
is, to each 1 € WI=1/Pr(9Q), there is g € W?(Q) such that and

l9llwiri) < CllYllwri-rmeon), — traag =, (6)

with C' = C(Q,p). If we assume that Q is C'-smooth and not just Lipschitz, then
the function ¢ in (6) can be chosen so as to be harmonic in  (elliptic regularity
theory [26, p. 165 & thm. 1.3])%.

e The non-integral version of the Sobolev embedding theorem [1, thm. 7.34] as-
serts that W1=1/%8(9Q) injects continuously in L%Z=#(0Q) if 1 < B < 2, while
W1/22(9Q) embeds in L‘(082) for all £ € [1,00). The corresponding generaliza-
tion of the Rellich-Kondratchov theorem [12, thm 4.54] is: if 1 < § < 2, then
W1=1/85(9€Q) embeds compactly in LY(0Q) for £ < 3/(2 — 3).

3We leave out the case p = 1 where the trace is merely defined in L'(9€). The space W'=1/P2(9Q)

coincides with the Besov space B;lfl/ PP(9Q), but we need not introduce Besov spaces here.

4In fact, elliptic regularity holds for 1 < p < oo as soon as € is locally the graph of a VMO function
[25, thm. 1.1]. When 99 is only Lipschitz-smooth, then the range of p has to be restricted in a manner
that depends on the Lipschitz constant, see [26, 25].



e When p € (2,00), the nonlinear map f +— e/ is bounded and continuous from
WhP(Q) into itself: this follows from the Taylor expansion of exp because W'?(Q)
is an algebra. When p = 2 this property no longer holds, but still f — e/ maps
W1L2(Q) continuously into WL4(Q) for all ¢ € [1,2), in particular trogef = etfoaf
exists in W1=1/24(9Q)) for 1 < ¢ < 2. This is the content of Proposition 1 in section
8 that we could not locate in the literature®.

Though continuous when ¢ € [1,2), the nonlinear map f +— e/ is not bounded from
W12(Q) to Wh4(Q). A sufficient condition for a bounded set £ C W2(Q) to be
mapped onto a bounded subset of W(Q) is the uniform absolute continuity of the
measures (|0f|? + |0f]*)dm for f € &, see Corollary 2 in Section 8.

e We use at some point the Sobolev space W#?(Q2) of functions in LP(Q2) whose first
distributional derivatives lie in WP(Q), equipped with the norm:

I llwes) = 1o + 10F lwrog) + 10fllwire)

When p < 2, the Rellich-Kondratchov theorem implies that W?%?(Q) is compactly
embedded in W(Q) for ¢ € [1, px).

For Q bounded and h € L?(Q), 1 < p < oo, let h denote the extension of h by 0 off Q.
The Cauchy integral operator applied to A deﬁnes a function C(h) € W,oP(R?) given by

loc

C(h)(z) = %/Q MY Gty = i,/ MO genze,  zec (1)

z—1 21 Jo € — 2

Indeed C(h) lies in L}, (C) by Fubini’s theorem, and since z — 1/(72) is a fundamental
solution of the @ operator it follows that AC(h) = h in the distributional sense. In another
connection (see [3, thm. 4.3.10] and the remark thereafter), the complex derivative OC(h)
is given by the singular integral

B(h)(2) = lim _% /Q " )%dm(f), ceC, (8)

which is the so-called Beurling transform of h. By a result of Calderon and Zygmund
(see [3, thm 4.5.3]) this transform maps LP(C) continuously into itself, and altogether we
conclude that C(h) € W,2?(C), as announced.

The discussion above shows in particular that ¢ := C(h)|q lies in W'?(Q), and that

0%l o) + 100l o) = IB(R)ellze@ + 12l zre) < cllhllzre),

where ¢ depends only on p. In addition, it is a consequence of Fubini’s theorem that
¢l r) < 6diam Q[|A|| rq) (3, thm. 4.3.12]. Therefore

||C(h)||W1vP(Q) < C”h”LP(Q) (9)

where €' depends only on p and €. Moreover, if R is large enough that {2 C Bg, then
C(h) coincides on €2 with the convolution of A with z +— xp,,.(2)/z, where xg denotes the

By the Sobolev embedding theorem, Proposition 1 also implies that ef € L*(Q) for all £ € [1,00)
when f € W12(Q). However, the classical Trudinger-Moser inequality already yields a stronger result via

the extension theorem: exp {C’|f\ N2 Q)} lies in L'(Q) for some constant C, see [23, thm. 7.15].

5



characteristic function of a set . Therefore 0C(p)o = C(0¢)n whenever ¢ € D(f2), and
by density it follows for p € (1,00) and some C' = C(p, 2) that

IC() w20y < Cllbllwrny, b€ We™(Q). (10)

Properties of the Cauchy transform make it a basic tool to integrate d-equations in Sobolev
classes. In this connection, we record the following facts.

e For 2 C C a bounded open set and a € LP(Q) with p € (1,00), a distribution
A € D'(Q) satisfies 04 = a if and only if A = C(a) + ® where ® is holomorphic
in . This follows from the relation dC(a) = a and Weyl’s lemma. Clearly by
(9), A belongs to WP(Q) if and only if ® does. By localization, it follows that if
f €Ll (Q) satisfies 0f € L? (Q), then f € WLP(Q).

loc loc loc

e For QO C C a bounded C'-smooth simply connected domain and a € LP(f2) with
p € (1,00), then to each i € W'=V/PP(9Q), A € R, 6, € R, there is a unique
A € W'(Q) such that 0A = a with traggRe(e®A) = ¢, and [, Im (¢ A4) = \.
Moreover, there are constants C', ¢ depending only on p and €2 such that

1Allwrn0) < C (lallze@) + [$llwi-1mo00)) + €Al (11)

To see this it is enough, in view of (9) and the previous item, to consider the case
a = 0. Clearly, we may also assume that 6, = 0. By elliptic regularity, there is a
unique u € Wa”(Q), harmonic in  and such that trpqu = v). Moreover u satisfies
ullwrr)y < Cllllwi-rpeq). As 2 is simply connected, integrating the conjugate
differential yields a so-called harmonic conjugate to u, that is a real-valued harmonic
function v, such that A := u + v is holomorphic in €. By realness of u,v and the
Cauchy-Riemann equations, we get [0v| = |0v| = |0u| hence v € WP(Q). Clearly
v is unique up to an additive constant, and if faa v = A we deduce from (5) that
lvllwir) < Chllullwie) + c1|A| so that (11) holds (with a = 0), as desired.
When h € L?(C) has unbounded support, definition (7) of the Cauchy transform is no
longer suitable. Instead, one renormalizes the kernel and puts

Co(h)(2) = /R ( L . XC\D“>> h(t)dm(t),  ze€C. (12)

™ z—1 t

Because h € L?(C), the integral in (12) converges for a.e. z € C by Fubini’s theorem and
the Schwarz inequality. In fact the function Cy(h) belongs to the space VMO(C) [3, thm.
4.3.9], see definition in section 8. Further, it holds that dCs(h) = h and 9Co(h) = B(h)
3, thm. 4.3.10]. In particular Cy(h) lies in W,.*(C) and the map h + Ca(h) maps L*(C)
continuously into W,2%(C).

In section 8.1 we prove the following estimate, valid for some absolute constants C, C”:

Co(h)|| L2
EWleen (0 cogr) ) Wy, B21 (13)
p

Hereafter, all classes of functions we consider are embedded in L (€) for some p €
(1,400), and solutions to differential equations are understood in the distributional sense.
On the disk, we often use the elementary fact that if f € W'?(D) then f, converges to f

in W'P(D) as p — 1~. This is clear by uniform continuity when f is smooth on D, and
follows by density and a three-¢ argument in the general case.

As transpired from the above already, the same symbol (e.g. “C”) is used many times to
mean different constants.



3 Pseudo-holomorphic functions

Pseudo-holomorphic functions on an open set ) C C are those ® satisfying an equation
of the form

OD(2) = a(2)®(2) + b(2)®(2),  z €. (14)
We restrict ourselves to the case where € is bounded and a,b € L"(£2) for some r € [2, 00).
Accordingly, we only consider solutions ® which belong to L; () for some v > r/(r —1)
so that, by Holder’s inequality, the right hand side of (14) defines a function in L ()
for some A > 1. In particular, ® has in fact to lie in I/Vlloc’\(Q)
Letting B € W'"(€) be such that 0B = b, a short computation (using Proposition 1 in
Section 8 if r = 2) shows that ® satisfies (14) if and only if w := e~ P ® satisfies

ow = aw (15)

where a := ae~21™5 has the same modulus as a. Note (again from Proposition 1 if r = 2)
that w € I/VlloCX(Q) for some A" > 1. Therefore, by the Sobolev embedding theorem, w lies
in L?O/C(Q) for some ' > 2, and so equation (15) is a simpler but equivalent form of (14)
which is the one we shall really work with.

We need a factorization principle which goes back to [38], and was extensively used in
all works mentioned above. We provide a proof because we allow for » = 2 and discuss

normalization issues when €2 is smooth.

Lemma 1 (Similarity principle) LetQ C C be a bounded domain, o € L™ () for some
r € [2,00), and w € L} (Q) be a solution to (15) with v > r/(r —1).

(i) The function w admits a factorization of the form
w(z) =exp(s(2))F(z), ze€Q, (16)
where F is holomorphic in Q and s € W (Q) with
Isllwir@) < Cllelr @), (17)
C being a constant depending only on r and ().

(i) Assume in addition that Q is C*-smooth. If w # 0 and we pick ¢ € W=/ (98),
A ER, and 0y € R, then s can be uniquely chosen in (16) so that tragRe(e®s) = 4
and f(m Im (ei%s) = X. In this case, there are constants C, ¢ depending only on r
and € such that

Isllwrre) < C (lallzr@ + 1 llwi-1mrom) + Al (18)

(iii) Either w = 0 or w # 0 a. e. on Q5. Moreover w € WS'(Q) if r > 2 and
w € WhUQ) for all g € [1,2) if r = 2.

6More in fact is true: if » > 2 then e® never vanishes and w has at most countably many zeros,
namely those of F. If r = 2, w is strictly defined and nonzero outside a set of Bessel B 2-capacity zero
(containing the zeros of F' and the non Lebesgue points of s).



Proof. We pointed out already that w € I/Vllof(Q) for some ¢ > 1. Set by convention
w(€)/w(€) =0 if w() =0, and let s := C(w/w)n. Then s € W(Q) with ds = aw/w,
and we get from (9) that (17) holds. To show that F' = e *w is in fact holomorphic, we

compute B
e *w)=e*(—0sw+ ow) =e* (—%w + Omj) =0,
w

where the use of the Leibnitz and the chain rules is justified by Proposition 1 in Section
8 if r = 2. This proves ().

Because s is finite a.e. on §2 (actually outside a set of B o-capacity zero), e® is a.e. nonzero
and so is w unless the holomorphic function F'is identically zero. If » > 2 it holds that
e® € W (D), and since F is locally smooth we get that w € W7 (Q); if 7 = 2, it follows
from Proposition 1 that ¢* € W4(Q) for all ¢ € [1,2), and thus w = eF lies in W29(Q).
This proves (iii).

Finally, when 2 is C'-smooth and w # 0 (hence w # 0 a.e. by what precedes), there
uniquely exists s € W"(Q) so that ds = aw/w, tragRe(e®s) = ¥, [, Im (e's) = A,
and (11) shows that (18) holds. Moreover if (16) holds for some s € W' () and some
holomorphic F', we find upon differentiating that ds = o /w, therefore factorization (16)
is unique with the afore-mentioned conditions. This proves (it). n
A weak converse to the similarity principle is: if s € W7 () and F is holomorphic on €,
then w = e*F meets (15) with o := dse*F/(e’F) € L"(). This remark shows that, in

general, we cannot expect solutions of (15) to lie in L7 (2) when r = 2.

4 Holomorphic parametrization

When r > 2, it follows from [40, thm. 3.13] that to each holomorphic F' on 2 and each
a € L"(Q), there is ® € W (Q) such that w := ®F satisfies (15). In this section we
strengthen this to a strong converse of the similarity principle, valid for 2 < r < oo, which
leads to a parametrization of pseudo-holomorphic functions by holomorphic functions. We
state the result on the disk, which is our focus in the present paper, but we mention that
it carries over at once to Dini-smooth” simply connected domains, granted the conformal
invariance of equation (15) pointed out in [4, sec. 3.2].

Theorem 1 Let o € L"(D) for some r € [2,00) and F' # 0 be holomorphic on D. Pick

further v € Wy V/""(0Q), and A € R. Then, there is a unique s € W (D) such that
w = e°F is a solution of (15) with trlms = ¢ and [, Re s = A. Moreover (18) holds for
some constants C, ¢ depending only on r.

From the proof of the theorem, we shall also obtain the following variant thereof.

Corollary 1 Theorem 1 remains valid if, instead of trrIms = ¢ and fT Res = A, we
prescribe trrRes = 1 and fT Im s=A\.

Before establishing Theorem 1, we need to take a closer look at pairs s, F' for which (16)
and (15) hold. This we do in the following subsection.

7A domain is Dini-smooth if its boundary has a parametrization with Dini-continuous derivative.
Conformal maps between such domains have derivatives that extend continuously up to the boundary.



4.1 Arguments of pseudo-holomorphic functions

Let w € L] (D) satisty (15), v > r/(r — 1), and consider factorization (16) provided by
Lemma 1. Locally around points where I’ does not vanish, w has a Sobolev-smooth argu-
ment, unique modulo 277Z, which is given by argw = arg F'+Im s. Since log F' is harmonic
and 0s = aw/w, we deduce that around such points Alogw = 40(ae~?28%). In particu-
lar arg w satisfies the nonlinear (yet quasilinear) equation A argw = 4Im(d(ae™228v)),
and then log|w| is determined by argw up to a harmonic function which turns out to
be entirely specified by (15). The lemma below dwells on this observation but avoids

speaking of arg F' (which may not be globally defined if F' has zeros).

Lemma 2 Let a € L"(D) for some r € [2,00) and F be a non identically zero holo-
morphic function in D. If we set B := aF/F, then a function s € W'(D) is such that
w = e*F satisfies (15) if and only if Os = Be 23 This is equivalent to saying that
5 = 1 + iy where py, py € Wa' (D) satisfy:

Ay = 4Im (9 (Be %)), (19)
¢1 = ReC (Be™%?) + v, (20)

where v is a harmonic conjugate to the harmonic function u € Wé’T(D) such that trru =
trr Im (C(Be=%%2)) — trpps.

Proof. Using Proposition 1 in Section 8 to justify the computation in case r = 2, we find
that s € W' (D) is such that w = e*F meets (15) if and only if ds — 3¢~ = 0. Putting
1 := Re s and ¢, := Im s, this is equivalent to

Opr = Bexp (—2ips) —iDps, 1,02 € W' (D). (21)
Solving this d-equation for ¢; using the Cauchy operator, we may rewrite (21) as
o1 =C(Be72%) —ipa+ A, 1,02 € W' (D), (22)

where A is holomorphic in D. Since Se ?%2 € L"(D) we get that C(Be~%¥2) € Wl™(D),
hence ¢y, @y € WL (D) if and only if A does. Therefore, given , € Wi (D), equation
(22) gives rise to a real valued ¢; in W7 (D) if and only if the holomorphic function A
lies in W' (D) and satisfies

—ImC (Be %) + o = ImA. (23)

By the discussion after (11) such an A exists if and only if the left hand side of (23) is
harmonic, and since A commutes with taking imaginary part this condition amounts to

Apy — 4Im <85C(66_2i<‘02)> = Ay, — 4lm (5)(ﬁ6_2i“"2)> =0 (24)

which is (19). Clearly then, by (23), ImA is the harmonic function h € Wlé’r(]D) having
trace trrgy — trelm C(Be=2%2) € WI=V/"(T). Subsequently ReA = Im(iA) must be a
harmonic conjugate to —h = u, and taking real parts in (22) yields (20).

]



4.2 Proof of Theorem 1
4.2.1 Existence part.

In this subsection, we prove existence of s as in Theorem 1. Note that (18) will auto-
matically hold by Lemma 1 point (iii) applied with §, = —7/2. Let A € W (D) be
holomorphic in I with trfRe A = ¢ and [[,Im A = —X. Writing e°F = ST (), we
may assume that ¢ = 0 and A = 0 upon replacing s by s—iA and F by e*4F. In addition,
upon changing a into aF/F, we can suppose that F' = 1 thanks to (19) and (20).

We first deal with the case r = 2 and begin with fairly smooth «, say « € WH?(D)NL> (D).
Consider the following (non-linear) operator G, acting on ¢ € Wp*(ID):

Im (0 (a(t)e 2*M)) dm(t), z € D. (25)

Since |e7?%| = 1 and a € WH(D) N L>(D), we get from (88) that d(ae %) € L*(D),
therefore the above integral exists for every z € C by the Schwarz inequality. In fact,
G () is the Green potential of 4Im (9 (ae™2"%)) in D, that is, its distributional Laplacian
is 4Tm (9 (ae™%%)) and its value on T is zero, compare [34, thm. 3.7.4]. In order that s
exists subject to ¢y = 0, A = 0 and F' = 1, it suffices by Lemma2 to verify that G, has
a fixed point in Wa*(D). First, we check that G, is compact from Wg?*(D) into itself,
meaning that it is continuous and maps bounded sets to relatively compact ones.

Lemma 3 If a € WY(D) N L>®(D), then the operator G, is bounded and continuous
from Wa (D) into We*(D) and it is compact from Wy*(D) into itself.

Proof. To prove boundedness and continuity of G, from Wg*(D) into W2*(ID), observe
from (88) and the dominated convergence theorem that the map ¢ — Im (9 (ae™2%))
is bounded and continuous from Wyg*(D) into L2(ID). Therefore it is enough to prove
boundedness from L2 (D) into Wz*(D) of the linear potential operator:

P()) == —%/Dlog

The latter is a consequence of properties of the Cauchy and Beurling transforms recalled
in section 2 [3, sec. 4.8.3]. Compactness of G, from L*(D) into W'?(D) now follows
from compactness of the embedding of W22%(D) into W'?(D) asserted by the Rellich-
Kondratchov theorem.

1—zt
z—1

b(t) dm(t).

n
Knowing that G, is compact on W]ég(]D)), a sufficient condition that it has a fixed point
is given by the Leray-Schauder theorem [23, thm. 11.3]: to find a constant M for which
the a priori estimate ||¢||w12m) < M holds whenever ¢ € Wa?(D) and ¢ € [0,1] satisfy

p =eGal(p). (26)

Now, if (26) is true, then (19) is satisfied with 5 = e and ¢ instead of ¢o. Therefore by
Lemma 2, there exist ;. € Wﬂé’z(D) and s, := ;. + ip such that

Je*s = cq e’

10



Applying Lemma 1 point (i7) with Q =D, F=1,s=s., 1 =0, 0y = —7/2 and A =0,
we get from (18) that for some absolute constant C'

lellwizo) < lls:llwiz@) < eCllallzm < Cllal2p) = M.

Thus, G,, indeed has a fixed point, which settles the case r = 2 and a € W?(D)N L>(D).
Next, we relax our restriction on « and assume only that it lies in L*(D). Let () be a
sequence of smooth functions (for instance lying in D(D)) that converges to « in L*(D).
By the first part of the proof, there is a sequence (s,) C W*(D) with Im trys, = 0 as
well as [ Retrs, = 0, such that OJe®n = anes and also, because of (18),

Isnllwizmy < Cllan|lL2m) < C". (27)

By the Rellich-Kondrachov theorem we can find a subsequence, again denoted by (s,),
converging pointwise and in all LI(D), 1 < g < oo to some function s. By dominated
convergence, the functions ds, = a,e” 2™ converge to ae 2™ in L2(D). Thus, ap-
plying (11) with A = s, — 8, @ = 08, — Osp, O = —7/2, ¢ = 0, and A = 0, we
conclude that (s,) is a Cauchy sequence in W?(ID) which must therefore converge to s.
Hence s € W'?(D), Imtrys = 0, [(Res = 0, and s = ae ?™* By Lemma 2, this
establishes the existence of s when r = 2. Suppose finally that o € L"(D) for some r > 2.
A fortiori € L*(D), so by what precedes there is s € W?(ID) such that Imtrys = 0,
JrRes =0, and 0e* = ae®. To see that in fact s € W (D), observe from Proposition
1 that 0s = ae™?™* =: ¢ € L"(D). Then, equation (11) implies that s is the unique
function A € W' (D) meeting Im trpA = 0, [ Re A =0, and 9A = a.

[

4.2.2 Uniqueness part

In this subsection we establish uniqueness of s as in Theorem 1. Clearly, it is enough to
consider r = 2. Consider two functions wy = e*' F' and wy = €*F meeting (15) on D with
s; € WH2(D), trpIm s; = 1 and [ Res; = A for j = 1,2. We define

s(2) := s51(2) — s2(2) € WH2(D)
and we must prove that s = 0. First we estimate the 0-derivative of s:
Lemma 4 There is a constant C > 0 such that, for a.e. z € D, we have
10s5(2)] < C|Im s(2)] |o(2)]. (28)

Proof. Setting 3 := _aF/F and computing as we did to obtain (21), we find that
Jsj = Be~2Mmsi hence ds = fe~21m 1 (1 — ¢*m<) from which (28) follows at once.

n
Next, we extend the function s outside of D by reflection:

s(z) :==s(1/2), z€ C\D, (29)

Observe since s is real-valued on T that this extension makes s € VVllof((C)

11



Lemma 5 There is a constant C' > 0 such that, for a.e. z € C\ D,

I%@NSCmggﬂmﬂkﬂ (30)

Proof. Putting ( = 1/z =: f(z) and applying the chain rule, we get since f = 0 that

0(s(1/2)) = (0 ) o f) OF = —~Bs (1/2).

z

os() =96 - —(ZUE) e,

z

Thus,

and applying Lemma 4 yields (30) in view of (29).

]
From the two previous lemmas we derive the inequality:
oltms()|
|0s(2)] < 1“ B j(R(2))],  a.e z€C, (31)

where R(2) is equal to z if [2] < 1 and to 1/Z otherwise. Since a € L*(D), it follows from
(31) and the change of variable formula that ds/s € L*(C).
Recall now definition (12). We introduce two auxiliary functions ¢, ¢ on C:

U(2) = C2(0s/s) (2),  &(2) = exp(—v(2)). (32)

Since ds/s € L*(C), we know that ¢ € W?(C) with 9y = ds/s. Consider the function
s¢ on C. By Proposition 1, we compute from (32) using the Leibnitz rule that d(s¢) = 0,
hence s¢ is entire. We claim that

liminf<% /T log™ |s6(€)| |de| — %ng) <0. (33)

R—+o00

Indeed, taking into account (29) and the fact that sp € LY(D) for all 1 < ¢ < oo by the
Sobolev embedding theorem, we get from Jensen’s inequality upon choosing ¢ > 487 that

1 .
R? / / log™ |s(pe™)| pdp df
R<p<2R J0<0<2r
127 4 R? i
=703 / / log*(|s(pe™)|") pdp b
T J1/(2R)<p<1/R Jo<0<2r
127 [4}%2

< —log / / max{1, |s(pe’®)|} pdp db
3 1/(2R)<p<1/R J0<0<2m

l
logR+C (34)

Q,IH

for some 0 > 2 and some C' > 0, whenever R > 1..
In another connection, it follows from (13) and the Schwarz inequality that

1 / / i0 11| L2y o
> JRe<p<2r Jo<o<or W)l VTR (( ) ) (35)

12



Since log™ |s¢| <log* |s| + |¢], claim (33) easily follows from (34) and (35).
As log |s¢| is subharmonic on C, it holds as soon as |z| < R that

2mlog [s¢(2)] <

27
R+:Z:/ log |s¢(Re”)| do <
./

R 1
" Lo e et

34, thm. 2.4.1], so by (33) there is a sequence p, — +o0 for which supy, [s¢| = O(p}lﬂ).
Therefore, by an easy modification of Liouville’s theorem, s¢ must be a constant.
More generally, (31) remains valid if we replace s by s — a for a € R, entailing that

0s(2)

s(z) —al| —

Oé(R(Z)) c L2(C>,

FupE ae.z€C, a€eR. (36)

Thus, reasoning as before, we deduce there is a constant b(a) € C such that

(s(z) — a)dq(2) = bla), a€R,

with

g = Co (88/(3 — a)) . o = exp(—1,).
Given A, R > 0, we get from (36), Corollary 3 and Corollary 2 that the sets {(¢a)py }aj<a;
{(¢2)ipstiaj<a are bounded in W'4(Dg) for ¢ € [1,2), hence also in L?(Dg) by the
Sobolev embedding theorem. Fix A > 0 such that m({{ € Dg : |s(§)| < A}) = A > 0.
For each § > 0 we can cover [—A, A] by N < 2A/§ + 1 open intervals, hence there exists
a = a(d) € [—A, A] with m(E,) > AJ/(2A + ), where E, = {{ € Dg : |s(§) —a| < 6}

Moreover, we observe from the Schwarz inequality that

|b(a)|m(E,) :/E [5(€) — allga(&)] dm (&) < 0]l dall2@pym(Ea)'’,
so that our lower bound on A(FE,) now yields

[b(a)] < 62/ (24 + 0)/A sup [[dall2n),

la|<A

implying that b(a(d)) — 0 as 6 — 0. By compactness, we can pick a sequence 6, — 0
such that a, := a(d,) — ¢ € [-A, A]. Considering the equality s —a, = b(a,)¢, " and the
boundedness of {¢,'} in L*(D)g, we find that s = ¢ on Dg. Since R was arbitrary s is
constant on C, and in fact s = 0 because fT s=0.

n

Remark 1 Incidentally, we showed in the course of the proof that if s € Wl’Q(C) satisfies

loc
[9s(2)] < C|Im s(2)] g(2)
for some non-negative function g € L*(C), and if moreover

(&) dE A dE
/C\]D) €] =

then s is constant. It is interesting to compare this result to known Liouwville type results
like [2, Proposition 3.3] and [3, Theorem 8.5.1].

for some ¢ > 48,
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4.3 Proof of Corollary 1

Uniqueness of s is established as in Theorem 1, except that the right hand side of (29)
now has a minus sign because s is pure imaginary on T. Note also that (18) will hold by
Lemma 1 point (i¢) applied with 6y = 0.

As regards existence of s, the arguments given early in subsection 4.2.1 apply with obvious
modifications to show that we may assume v = 0, A = 0 and F' = 1. Moreover, it is
enough to prove the result when r = 2 and o € D(D), for then the passage to o € L*(D)
and subsequently to r > 2 is as in the theorem.

So, let us put r = 2, fix a € D(D), and write s(¢, A, F') to emphasize the dependance on
¥, X and F of the function s € W1?(D) whose existence and uniqueness is asserted in
Theorem 1. For u € WY/22(T), we denote by E(u) € Wy*(D) the harmonic extension of
u, i.e. E(u) is harmonic and try F(u) = u. We put H(u) € W2(D) for the holomorphic
function such that Im H(u) = E(u) and [, Re H(u) = 0. Observe that aexp(—2iFE(u))
lies in WhH2(ID) N L>°(D), therefore the operator G, ,—2rw defined through (25) is compact
from Wy*(D) into itself by Lemma 3. In the course of the proof of Theorem 1, we showed
that it has a unique fixed point which is none but Im s(0, 0, e’) =: F(u). Furthermore,
by (18), it holds that || F(u)|lw12m) < C|la| r2m) for some absolute constant C'.

Lemma 6 The (nonlinear) operator u — F(u) is compact from le%/Q’Q(T) into Wy (D).

Proof. Pick a sequence u, converging to u in W'/22(T). By elliptic regularity, H (u,,)
converges to H(u) in W#(D), in particular ||H (u,) + F(uy,)|lwr2m) is bounded indepen-
dently of n. Besides, from (25) and the definition of F, we see that

Fun) = Goe2inn) (F(un)) = Go(E(uy) + F(uy)), (37)

hence Lemma 3 implies that {F(u,)}nen is relatively compact in Wg?(D). Let some
subsequence, again denoted by F(u,), converges to ¢ in Wa?(D). Then E(u,) + F(uy,)
converges to E(u)+ ¢ in W&’Q(D), therefore by (37) and the continuity of G, we get that
¢ = Ge2ipw (p). This means that ¢ = F(u), hence the latter is the only limit point of
{F (un) }nen, which proves continuity of F.
If we only assume that ||u,||y1/22¢p) is bounded independently of n, elliptic regularity is
still to the effect that ||E(u,)|wi2m) is bounded, hence {E(u,) + F(un)}nen is again
bounded in Wg*(D). As before it implies that {F(u,)}nen is relatively compact in
Wh2(D), as desired.

u
For u € Wé/Z’z(T), let @ := —trrRe H(u) indicate the so-called conjugate function of w.
That is, @ is the trace of the harmonic conjugate of E(u) that has zero mean on T. Put
M C WIRI{/ >2(T) for the subspace of functions with zero mean. By (11) the map u — @
is continuous from W]é/ »2(T) into M, and since & = —u + Jpu it is a homeomorphism
of M. Pick u € M and let ¢ := Ims(u,0,1). Since s(u,0,1) — H(u) = s(0,0, ™) we
have that ¢ = E(u) + F(u). Set for simplicity C(u) := C(aexp{—2i(E(u) + F(u))}).
Applying the trace and conjugate operators to (20), we see that trprRe s(u,0,1) = 0 if and

only if _
w = treTm <C(u) - /T C(u)) ~ tryRe (0@) - /T C(u)). (39)
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Let B(u) denote the right hand side of (38). To achieve the proof, we must show that the
(non linear) operator B has a fixed point in M. To prove this, we claim first that B is
compact from M into itself. Indeed, by elliptic regularity, E is linear and bounded from
W[é/ *2(T) into W *(D) while F is compact by Lemma 6. A fortiori, E+F is thus bounded
and continuous from M into Wy*(ID). Moreover, as o € D(D), it follows from (88) and
the dominated convergence theorem that h — «exp(—2ih) is bounded and continuous
from Wg*(ID) into Wy*(D). In addition, we get from (10) that C is bounded linear from
W,y *(D) into W22(ID), hence compact into W2(ID) by the Rellich-Kondratchov theorem.
Finally, by the trace theorem, g — trplm (g — [, g) is linear and bounded from W'*(D)
into M. Since the conjugate operator is linear and bounded on M and composition with
bounded continuous maps preserves compactness, the claim follows. Appealing now to
the Leray-Schauder theorem, we know that B has a fixed point if we can find a constant
M such that |lul|y1/22¢r) < M holds whenever u = eB(u) for some € € [0, 1]. However,
such a v must be Im trys., where s, € WLQ(]D)) has pure imaginary trace with zero mean
on T and e®*s satisfies (15) with « replaced by ea. Thus, from Lemma 1 point (i7) applied
with 6y = 0, we conclude that M = C||a||r2py will do for some absolute constant C.

]

5 Hardy spaces on the disk

5.1 Holomorphic Hardy spaces
For p € [1,00), let H? = HP(D) be the Hardy space of holomorphic functions f on D with

1 [ ' 1/p
| fll ;70 :== sup (2—/ }f(pew)rj d@) < +00. (39)
0<p<1 ™ Jo
The space H* consists of bounded holomorphic functions endowed with the sup norm.
We refer to [13, 22] for the following standard facts on holomorphic Hardy spaces.
Each f € HP has a non-tangential limit at a.e. ¢ € T, which is also the LP(T) limit
of f,(&) :== f(p€) as p — 17 and whose norm matches the supremum in (39). Actually
| foll zo(Ty is non-decreasing with p, hence instead of (39) we could as well have set®

1/p
1S Il v = sup ( ] |f(€)|p|d§|> < +o0 (40)

<p<l1

where the integral is now with respect to arclength. We customarily keep the same
notation for f and its non-tangential limit when no confusion can arise, or write sometimes
Jir to emphasize that the non-tangential limit lives on T. Note that fir coincides with tr f
when f € W'?(D) [5]. Each function in H? is both the Cauchy and the Poisson integral
of its non-tangential limit. As regards the non-tangential maximal function, it holds when
1 <p<ooand f € HP that

| My fllzeery < C flleem (41)

8In fact (39) expresses that |f|P has a harmonic majorant whereas (40) bounds the LP-norm of f on
curves tending to the boundary; the first condition defines the Hardy space and the second the so-called
Smirnov space. These coincide when harmonic measure and arclength are comparable on the boundary,
[13, Ch. 10], [39], which is the case for smooth domains.The name “Hardy space” is then more common.
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where the constant C' depends only on 7 and p [22, ch. TI, thm. 3.1].

Traces of HP-functions on T are exactly those functions in LP(T) whose Fourier coefficients
of negative index do vanish. In particular if f € H? and fir € LY(T), then f € H9. It is
obvious from Fubini’s theorem that H? C LP(D), but more in fact is true [5, lem. 5.2.1]:

I lamy < Cllfllar,  p <A <2p, (42)

where C' = C'(p, \). A sequence (z;) C D is the zero set of a nonzero H? function, counting
multiplicities with repetitions, if and only if it meets the Blaschke condition:

D> (1-a)) < 0. (43)

l

A non-negative function h € LP(T) is such that h = |fr| for some nonzero f € H? if and
only if log h € L*(T). This entails that a nonzero H? function cannot vanish on a subset
of strictly positive Lebesgue measure on T.

For 1 < p < oo, then to each 1 € LL(T) there is g € H? such that Reg = ¢ on T [22, ch.
III]. Such a ¢ is unique up to an additive pure imaginary constant, and if we normalize
it so that [.Img = 0 then ||g||g» < C|[¢)||rr(ry with C' = C(p). In fact g = u +iv on D,
where u is the Poisson integral of ¢ and v is the Poisson integral of

Y(e?) = lim 1 / e dt (44)

0—t
e—0 27T e<|0—t|<m tan(T)

which is the so-called conjugate function of 1. This definition carries over to LP(T) the

conjugation operator ¢ +— 1 already introduced on W*'/22(T) after the proof of Lemma
6 in section 4.3. It is a theorem of M. Riesz that the conjugation operator maps L?(T)
continuously into itself. By elliptic regularity, it is also continuous from W'~'/»?(T) into
itself. B

When ¢ € LY(T), the conjugate function v is still defined pointwise almost everywhere
via (44) but it needs not be in L'(T).

For p € (1,00), a non-negative function to € L*(T) is said to satisfy condition A, if

{r}a, = sup (ﬁ/jmd/\) (ﬁ/lm‘l/(’"”d/\)pl < 400 (45)

where the supremum is taken over all arcs I C T. A theorem of Hunt, Muckenhoupt and
Wheeden [22, ch. VI, thm. 6.2] asserts that if v meets condition A,, then

/|5|pmdA < c/ GProds, e LN(T), (46)
T T

where C' depends only on {t} 4 ; moreover, an inequality of the form (46) is possible only

if 1o satisfies 4,. In (46), the assumption ¢ € L'(T) is just a means to ensure that & is
well defined.

16



5.2 Pseudo-holomorphic Hardy spaces

Given a € L"(D) for some r € [2,00) and p € (1,00), we define the Hardy space G2 (D)
of those w € L] (D) with v > r/(r — 1) that satisfy (15) and are such that

1/p
HlvHGg(D>¢::OSUP ( : hﬂ(ﬁﬂp|d£1> < +o00. (47)

If we denote with H? the Banach space of complex measurable functions f on D such that
ess. suPg. <1 Pl follze(r) < 400, then G%(DD) identifies to a real subspace of HP. The fact
that this subspace is closed, hence a Banach space in its own right, is part of Theorem
2 to come. Note if w € L] (D) satisfies (15) that w € W,2/(D) for ¢ € [1,2) by Lemma
1; hence the integral in (47) is indeed finite for each p by the trace theorem. Clearly
Gh(D) = H?, but G (D) is not a complex vector space when a # 0. Spaces G'(D) and
G2 (D) could be defined similarly, but we shall not consider them.

For r > 2, such classes of functions were apparently introduced in [32] and subsequently
considered in [28, 29, 30, 5, 15, 16, 4]. Unlike these references, our definition is modelled
after (40) rather than (39), that is, integral means in (47) are with respect to arclength?
and not normalized arclength. This is unimportant when r > 2, but becomes essential®’
if r=2.

Below, we do consider the case r = 2 and stress topological connections with holomorphic
Hardy spaces which are new even when r > 2, see Theorem 1 point (7).

By Lemma 1, each solution to (15) in L; (D), v > r/(r — 1), factors as w = e*F where

loc
Isllwrr@) < C(r)llelrm) (48)

and F' is holomorphic in D. Moreover, if w # 0, one can uniquely impose Imtrrs = 0
and fT Res = 0 or Retrrs = 0 and fT Ims = 0. To distinguish these two factorizations,
we write w = e* F* in the first case, and w = e F' in the second; that is, s*is real on T
and s' is pure imaginary there. If w = 0, we put F* = F' = 0 and do not define s* and s'.
From the proof Lemma 1, it follows when w # 0 (hence w is a.e. nonzero) that if we let

R i= ~CONTE) = 5 [ {20 dE AT, BEL(D), 2D, (9)

then s* is given by

() = Claw/u)(e) - Rlawfu)(:) - - [ ReClaw/w)(@las (60
while s' is given by
. i . 1 i
s'(z) = Claw/w) + R(aw/w) — Py /TImC(aw/w)(f)\dﬂ. (51)

Indeed, it is easy to check that R(cw/w) is a holomorphic function in W7 (D) having
zero mean on T and assuming conjugate values to —C(aw/w) there.

9Thus, it would be more appropriate to call G? (D) a pseudo-holomorphic Smirnov space.
OWhen r = 2, w may fail to satisfy condition (39) even though it meets (15) and (47). The problem
lies with small values of r, as w needs not be locally bounded on D.
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From (48) it follows that if > 2, then

e Nwir@) < O llallrm).  (52)
When r = 2, we only deduce from (48), (50), (51), Proposition 2 and Corollary 2 that

&= llwir@) < COr @) and

+st

|5 wram) < Clg.w)  and [ lwrop) < Clgw),  1<q<2,  (53)

where w is a strictly positive function on (0, +0c) such that ||| r2(q, . np) < € as soon as
Qu(e) is a cube of sidelength w(e).

e When r > 2, we conclude from (52) and the Sobolev embedding theorem that e**"
and e** are continuous and bounded independently of w on D. Hence w belongs to
G? (D) if and only if F* or F' lies in H? (in which case both do). This way GF (D)
inherits many properties of H?. In particular, each w € G?(D) has a nontangential
limit a.e. on T, denoted again by w or wr for emphasis, which is also the limit
of w, as p — 17 in LP(T). Moreover, |wr|r»(m) is a norm equivalent to (40) on
G? (D), and we may as well have used (39) to define the latter. Also, from Theorem
1, we infer that condition (43) characterizes the zeros of non identically vanishing
functions in GE(D)*.

e When r = 2, all we conclude a priori from (53), Lemma 11, and Holder’s inequality
is that F* and F' are in Uy, H if w € G2(D). Conversely w € U;-,-,G?(D) if
F* or F'lies in H?. To clarify the matter, one should realize that factorizations
w = e* F* and w = e* F' no longer play equivalent roles. For it may happen that
w € GP(D) and F* ¢ HP. In fact, if we let

1

Y ey 2 o
we get that )
%%§:=@v—umgww—u01

hence w € GP(D) with a := dw/w € L*(D), but the factorization
w(z) = ploglog(3/|z—1))—a (2 — 1)—1/p’ a = /eloglog(3/z—1|)7
T

is such that F* = e%(z — 1)"/7 ¢ HP,

In contrast, it holds that w € G (D) if and only if F* € HP. Assume indeed that
0% we GP. Since F' € H' for 1 < { < p and % converges to ¢* in W4(D) for all
q € [1,2) by Proposition 1, it follows from Lemma 11 and Hélder’s inequality that
trpw, converges as p — 17 to etrTsiFfT in LA(T), for every A € [1,p). Moreover,
as trpw, remains bounded in LP(T) by (47), it converges weakly there to etons! Fﬁr
when p — 17, since this is the only weak limit possible granted the convergence of
tryw, in LA(T). In particular etrTSiF‘iT e LP(T), and since [¢""™'| = 1 we conclude
that I, € L?(T) hence F' € HP. Conversely if I € HP, then w satisfies (47) by
Corollary 4 Theorem 6 in section 8.

HU'When r = 2, this property has no simple analog for w is only defined B 5 quasi-everywhere.
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That trpw, converges strongly in LP(T) as p — 17, and not just weakly as we showed, is
part of the next Theorem of which point (i:7) only is new when r > 2 [32, 28, 5, 4].

Theorem 2 Let o € L'(D) with 2 <r < 0o and fix p € (1,00).

(i) Each w € GP(D) has a trace wy on T given by

wr = 111}1 trrw, in LP(T). (55)
p—1-

When r > 2, the function wr is also the non-tangential limit of w a.e. on T.

(i) It holds for some strictly positive constant C' depending only on |a| and p that
[wr|[Le(ry < lwllezm) < CllwrllLecr), (56)
and G® (D) is a real Banach space on which ||wr||Lr(1) s a norm equivalent to (47).

(iii) The map w — F' is a homeomorphism from G?(D) onto HP. When r > 2, the map
w +— " is also such a homeomorphism.

() If w € GE(D) and wy € LI(T) for some q € (1,00), then w € G%(D). A non-
negative function h € LP(T) is such that h = |wg| for some nonzero w € G® (D) if
and only if logh € L*(T).

Proof. When r > 2, all properties except (i7i) follow from their HP-analog via the
continuity and uniform boundedness of e**" or e** discussed earlier in this section, see
also [32, 28, 5, 4].

We postpone the proof of (iii) and assume for now that r = 2. Let 0 # w € G2(D) and
put s = s, F' = F' to alleviate notation. For (p,) C (0,1) a sequence tending to 1, we
will show one can extract a subsequence (py, ) such that tryw,, converges to etrTsﬂT in
LP(T), which will give us (55).

Since s, converges to s in W12(D), we get from Lemma 11 that trrs, converges to trrs
in LYT), as p — 17, for all £ € [1,00). Moreover, we pointed out before the theorem
that I' € HP, so (F,)r converges to Fjr in LP(T). Extracting a subsequence from p,, if
necessary (still denoted by p,), we can assume that trys,, (resp. (F},) ) also converges
pointwise a.e. on T to trrs (resp. Fir). Now, Corollary 4 to Theorem 6, applied with ps
in place of s, implies that ||e?*” F} | r»(my is uniformly bounded as p — 17. Therefore, as
the weak limit coincides with the pointwise limit when both exist by Egoroff’s theorem,
there is a subsequence (py, ) such that (e ‘Fpnk |) converges weakly to |F| in LP(T).

Letting 1/p 4+ 1/p’ = 1, this means that for each test function © € L” (T) we have:

lim \ / e G| F,, (2)] O(2) [dz] - / |[F(2)|©(2) dz]| = 0. (57)

k—o0

Pick © = |Fnk ‘p_l € L (T). Convergence of (F,)rto Fir in LP(T) easily implies that
Oy, converges to |F[P~' in L¥(T). In view of (57), this yields

lim

k—o0

=0,

/epRespnk(Z) |Fp"k (z)’p ]dz] - / |F<Z)|p|dZ’
T T
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_ Res,
o He " Fp"k

implying that HtrTwpnkH tends to ||etrTSF\T||LP(T) = ||F|THLP(T)

Lr(T) ’LP(T)
when k£ — oo. However, from the discussion before the theorem, we know that trrw,,,
converges weakly to etrTSFm in LP(T), so by uniform convexity of LP(T) the convergence
must in fact be strong because we just showed the norm of the weak limit is the limit of
the norms [9, thm. IIT 27]. This proves (7).

Next, we observe by absolute continuity of |a|?dm that to each € > 0 there is w(e) > 0
for which ||«/| L2(QuynD) < € as soon as Qu(e) is a cube of sidelength w(e). Thus, in view
of (51), we can if w # 0 apply Proposition 2 to # := aw/w and obtain a strictly positive
function @ on R, depending only on ||, such that

105 L2(Qa ) + 105 L2(Qy ) < 71 (58)

as soon as Qgz(y) is a cube of sidelength W(n). A fortiori, (58) holds with Re s instead of
s. Now, picking any v € (0,7/2) and recalling that [wr| = |Fjr| because Res € Woljé(ﬂ)),
we deduce from (41) and Theorem 6 applied to f = eR¢* and g = €™ *F that the right
inequality in (56) holds. In another connection, the left inequality is obvious from (55).
To show that G?(D) is a Banach space, consider a sequence (w,) C G?(D) converging in
H? to some function w. We must prove that w € GE. We can assume w # 0, therefore
wy, # 0 for n large enough. Convergence in H? being stronger than in LP(ID), a fortiori w,
converges to w in D’'(ID) and some subsequence, again denoted by w,, converges pointwise
a.e. to w. Besides, if we write w,, = e**F,, where we mean as before that s, = s}l and
F, = F!, we get from (53) that e*» is uniformly bounded in W'4(D) for each ¢ € (1,2).
Therefore, by the Sobolev embedding theorem, e is bounded in L‘(ID), independently of
n, for each ¢ € [1,0). In addition, since [e"™n| = 1, it follows from (56) that F,, is bounded
in H? hence also in LY(D) for each ¢ € (1,2p) by (42), independently of n. Altogether,
by Holder’s inequality, w, remains bounded in LY(ID) for some v > 2. Consequently
some subsequence converges weakly in L7(ID), and since the weak limit coincides with the
pointwise limit if it exists we conclude that the weak limit is w. In particular w € L7(DD).
Moreover, by Holder’s inequality, aw, is bounded in L!(D) for some ¢ > 1, and argueing
as before we get that some subsequence (again denoted by i, ) converges weakly to aw
there. Thus, passing to the distributional limit in the relation Ow, = aw,, we obtain (15)
so that w € G (D). This proves (i7).

We already know from Theorem 1 and the discussion before the statement of Theorem
2 that the map w +— F" is injective from G%(D) onto H?. Since |wr| = |Fjy|, it is clear
from (56) that this map and its inverse are continuous at 0. Let now w, converge to
w # 0 in GP(D) and write w,, = e*»F!, w = e* ['". We claim that some subsequence of F!
converges to ' in H? and this will establish continuity of the map at every point. As Frimr
is bounded in LP(T) by (56), some subsequence converges weakly there to ®r for some
® € HP. Thus, replacing w, by a subsequence (again denoted as w,), we may assume
by the Cauchy formula that F! converges locally uniformly to ® on D. Note that ® # 0
for otherwise, in view of (53), we would have that w,, converges to the zero distribution,
contradicting that w # 0. In particular oF} /F} converges in L?(D) to a®/® by dominated
convergence. Since ds!, = aF! /F} exp(—2ilm s!) by Lemma 2 and ||s},||w1.2(p) is uniformly
bounded by (48), we can argue as we did after (27) (put a,, = oF!/F} and 6, = 0 in
the discussion there) to the effect that some subsequence, again denoted by s, converges
to some o € W"?(D) such that Retrpo = 0 and [, o = 0, both pointwise a.e. and in
Wh2(D). Refining the sequence if necessary, we can further assume that w, converges
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pointwise a.e. to w. Taking pointwise limits we get w = e’®, hence 0 = s' and & = F*
by the uniqueness part of Corollary 1. Thus, F|‘Tr is the weak limit of F}I\T’ and since
| EY zeery = ||wl|ro(ry is the limit of ||F} || zoer) = ||wn||ze(r), the convergence in fact takes
place in LP(T), thereby proving the claim. Conversely, let w, = esinF}L be a sequence in
G? (D) such that F} converges to ® # 0 in H?. By Corollary 1, ||s}||y12(p) is bounded
independently of n, and as before some subsequence, again denoted by s,,, converges in
W12(D) to o such that Retrro = 0 and [, o = 0. Refining the sequence if necessary, we
can assume in view of the trace theorem that trys) converges pointwise a.e. on T to trpo,
so that by dominated convergence (w,,)r tends to etrTUCIDm in LP(T). Using (56) it implies
that w, converges in G2 (D) to some w = ¢* I, and by the continuity proven before we
conclude that ® = F*. This proves (i77) when r = 2. That both w — F' and w — F* are
homeomorphism when r > 2 is similar but easier because then s — e® is bounded and
continuous from W' (D) into W(D) C L>(D).
Finally (iv) follows from corresponding properties of H? functions, the fact that w € G?,
if and only it ' € H”, and the equality [wr| = |Fjy|.

]

Remark 2 When r = 2, wr in Theorem 2 needs not be the non-tangential limit of w.
Indeed, if (z,) C D is nontangentially dense on T, then s(z) ==Y 2 "loglog2/|z — z,]
lies in WH%(D) so that e* € G2(D) for all p € (1,00) with a := Os by Lemma 11, yet e
18 not even nontangentially bounded at a single & € T.

6 The generalized conjugation operator

The M. Riesz theorem may be rephrased as follows. Given ¢ € LE(T) with p € (1, 00),
the problem of finding a holomorphic function f in D such that Retrrf, tends to ¢ in
LP(T) has a solution in H? which is unique up to an additive imaginary constant. In fact,
if we normalize it to have mean fT Y /2 +ic on T, then fir = ¢ + m; + ic and it holds
that || fl|ge < C||¥||Leer) + C'|c| for some constants C', C” depending only on p.

The corresponding problem for pseudo-holomorphic functions, i.e. for solutions to (15)
when « # 0, turns out to have a similar answer in G® as long as a € L"(D) for some
r > 2. When r > 2 this was essentially proven in [28], see also [5] and [4]. More precisely:

Theorem 3 ([28],[5],[4]) Let o € L"(D) with2 < r < 0o and 1 < p < oo. To each
Y € LE(T) and ¢ € R, there is a unique w € G% (D) such that Rewr = 4 and [, Imwr = c.
Moreover ||w||gpmy < C||¥|| Loy + C'|c|, where C, C" depend only on p and r.

Theorem 3 generalizes the M. Riesz theorem: to each ¢ € LL(T) and ¢ € R, there is a
unique ! € LE(T) (a generalized conjugate of 1) such that Jr V! = cand ¢ +iyf = wr for
some w € G2(D). Moreover ||¢*||rory < C|[¢||reery + C’lc|. The theorem below extends
the result to the case r = 2 where solutions to (15) may be locally unbounded.

Theorem 4 Let o € L*(D) and 1 < p < oco. To each ¢ € LE(T) and ¢ € R, there is a
unique w € G¥ (D) such that Rewr =1 and [, Imwr = c¢. Moreover

lwllzmy < Cllllzeer) + el (59)

where C', C" depend only on p and |c|.
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Proof. We first show existence. Assume v, ¢ are not both zero otherwise w = 0 will do.
Let o, be a sequence of functions in L>*(D), converging to o in L?(D). By Theorem 3,
to each n there is w, € G, (D) such that Rew,r =1 and [, Imw, = c. Notations being
as in Section 5.2, let us write w,, = e*» F¥ where st € WH?(D) is real with zero mean on
T while ¥ € H?. Below, we drop the superscript v for simplicity.

It follows from (48) that ||s,|lw1.2m) < Collan L2y for some absolute constant Cy, hence
|55 ||w2(y is bounded independently of n. In view of the Rellich-Kondratchov theorem,
we can find a subsequence, again denoted with s,, converging to some function s both
pointwise on D and in L*(D) for all £ € [1,00). By the trace theorem and the non integral
version of the Rellich-Kondratchov theorem, we may further assume that trrs, converges
to some function h both pointwise a.e. on T and in L%(T). Moreover, convergence of v,
to o in L?*(D) entails that a single function w in (53) can be chosen to accomodate a and
all the a,,. Therefore e is bounded in W(D), independently of n and 1, for each
q € [1,2). So, invoking again the trace and the Rellich-Kondratchov theorems, we may
assume upon refining s, further e=rs» converges to its pointwise limit e in L‘(T), for
all £ € [1,00).

Thus, by Holder’s inequality, Re (F},)r = e~ sy converges to e b in LA(T) for fixed

but arbitrary A € [1,p). Continuity of the conjugate operator now implies that Re (F},)|r

in turn converges to e~"¢ in L*(T). Since [,Imw, = ¢, it holds by inspection that

—_——

Im (F,);r = Re (F,)r + ¢, where the constant ¢, is such that

Cn / ellrsn 4 / enRe (F)r = c. (60)
T T

The first integral in (60) converges to fT e > 0, and the second integral converges to

fT e e=M) by Holder’s inequality. Therefore ¢, converges to

co 1= <c—/Tehe/—W> //Teh, (61)

and subsequently (F,)r converges to

Fri= e ™Mb+ i+ icy (62)

in L(T), for all A € [1,p). Thus, F, converges in H* to F, the Poisson integral of Fr.
Note that F'is not identically zero, for this would imply ¢ = 0 and ¢ = 0, contrary to our
initial assumption.

From what precedes and the dominated convergence theorem, we get that cv,e 2™ F, /F,
converges to ae” ™[ /F in L2(D). As 0s, = ape 2™ F /F, by Lemma 2, applying
(11) with A = 5, — 8, @ = 08, — 08, 0y = —7/2, 1 = 0, and A\ = 0, we conclude
that (s,) is a Cauchy sequence in W1?(D) which must therefore converge to s. Hence
s € WY2(D) and h = trps. Besides, since we get in the limit that 0s = (aF/F)e~%!ms
we see from Lemma 2 that w := e*F satisfies (15). Moreover if we write w = e F* with
the notation of section 5.2, we find that s* = s and F* = F because s inherits from s,, the
properties Imtrps = 0 and [ Res = 0. As F € H* for all A € [1,p), we further deduce
from the discussion befre (54) that w € G2 for all such \. By inspection of (62), we get

—_—~—

wr = etrTSFm = etr“(e_t”siﬂ + i e tTrseh 4icy) = 9 43 (etrTS e~ Trsq) 4 etrTsco) (63)
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where we used that h = trps is real valued. In particular, (63) entails that Re wr = 1.
To show that in fact w € G2(D), we must prove in view of Theorem 2 that wr € LP(T).
For this, note that ¢ € LP(T) by assumption and that elltse, € LP(T) by the trace and
Sobolev embedding theorems. In another connection, ptrrs € W/22(T) C V MO(T) after
(92) hence P78 gatisfies condition A,, see Lemma 9. Thus, using (46),

||€tr']rs e_trTstg < C// WH? C// _ C//({eptl"qrs}Ap>’ (64)

implying in view of (63) that wr € LP(T). This yields the existence part of Theorem 4.
As for uniqueness, let wy,wy € GP(D) be two solutions. Set v := w; — we € G2(D), so
that Revr = 0, [ Imur = 0. If we write v = e” @, we observe that Re (®%);r = 0 hence
the H? function ®°, 1 < X < p, is a pure imaginary constant, say (. Thus, v = (e® and
the relations [, Imvr =0, [; el > () give us ¢ = 0 so that v = 0, as desired.

Finally, we show that (59) holds. For this, in view of (56), it is enough to prove that

|wr || ze(ry < CllYllLeery + Clel, (65)

where C, C' depend only on p. By (64), (63), (61) and Holder’s inequality, we need
only establish that ||€trT8||LP(']1'), {eptrTS}Ap, and 1/ [, etIr¢ are bounded from above in-
dependently of ¢). We pointed out earlier in the proof that e* is bounded in Wh4(ID),
independently of n and v, for each ¢ € [1,2). Since s, tends to s in W1?(D), boundedness
of ||etTrs| (1) follows from Proposition 1 and the (non-integral version of) the Sobolev
embedding theorem. Next, we saw that ||s,||w12m) < Collaw||r2m) for some absolute con-
stant Cy, hence also ||s||w12my < Colle||z2m). Thus, using concavity of log, the Schwarz

inequality and the trace thorem, we get for some absolute constant C” that
1 s(&) 1 " "

tog (5= [ e©1del) > o [ 5(©)1d€] > ~lsllize) > ~Csllwram > ~CoC”llal o)
T Jr 2 Jr

showing that [, s > exp{—CoC"||a|| 2y }. To majorize {eptrTS}Ap independently of
1, it is enough by Lemma 9 to prove that My, (J) (see definition (81)) can be made
arbitrary small with A(J), uniformly with respect to 1, as J ranges over open arcs on T.
Let w be as in (53). By (50) and Proposition 2, there is a strictly positive function & on
(0,400), depending only on w, such that (58) holds. Now, if A(J) < 1, it is elementary
to check that R(J, A(J)) (¢f. definition (105)) is contained in a square of sidelength A(J).
Therefore if we pick A(J) < min{1/2,0(n)} we deduce from (92) and Lemma 13 that
My (J) < Cinp where Cy is an absolute constant. This achieves the proof of Theorem 4.

n

7 Dirichlet problem for exp —W'? conductivity

The following connection between pseudo-holomorphic functions and conductivity equa-
tions is instrumental in [2] and was investigated in the context of pseudo-holomorphic
Hardy spaces in [5, 4] when r > 2. We start from a 2-d isotropic conductivity equation
with exp-Sobolev smooth coefficient:

div(cVu) =0 1in Q, 0>0, logo e W' (Q), re€[2,00). (66)
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When r > 2, the assumption that logo € W' (Q) simply means that o € W"(Q2) and
that 0 < ¢ < o (strict ellipticity). If r = 2, then o lies in W14(Q) for all ¢ € [1,2) by
Proposition 1, but it needs not be bounded away from zero nor infinity which makes this
case particularly interesting because (66) may no longer be strictly elliptic.

Put v:= (1 —0)/(1 + o) and consider the conjugate Beltrami equation:

df =vaf inQ, —~1<v <1, artanhv € W' (Q), r€|2,00), (67)

where the assumptions on v translate those on o shown in (66). The fact that o € W14(Q)
for all ¢ € [1,2) implies easily the same holds for v. If we restrict to solutions f € L] (£2)
for some v > r/(r — 1) and write f = u+ v to separate real and imaginary parts, we find

that (67) is equivalent to the generalized Cauchy-Riemann system:

{ 0,v = —o0yu, (68)

Oyv = 00y,

whose compatibility condition is the conductivity equation (66). Hence (67) is a means
to rewrite (66) as a complex equation of the first order. Now, if we set
f= V? 1/2 c—1/2 5 1/2
wi=——==0"'"u+ioc /v, a=0logo'? e L, 69
N g (69)
a straightforward computation using (68) shows that (15) holds. Note that any constant
c solves (67), the corresponding solution in (15) being o'/?Rec + ic~'/?Im c.
The preceding discussion makes the study of (67) essentially equivalent to that of (15),
(66). In particular, Theorem 4 translates into the following result that seems first to
describe a class of non strictly elliptic equations with unbounded coefficients for which
the Dirichlet problem is well-posed with (weighted) LP-boundary data.

Theorem 5 Let 0 > 0 be such that logo € WH2(D), and fix p € (1,00). To each 1) such
that ¢ trra'/? € LP(T), there is a unique solution u to (66) such that

1/p
sup ( g |U(§)|p0”/2(§)|d§|) < +00 (70)

0<p<1

and lim, tﬁr(upa;ﬂ) = 1 trpat/? in LP(T). Moreover, the supremum in (70) is less than
CllYo?|| zocr) for some C = C(p,0).

8 Appendix

8.1 Mean growth of Cauchy transforms

In this subsection we prove estimate (13). First, we evaluate Ca(h)p,,, the mean of Co(h)
on D, for h € L?*(C) and R > 1. To this end, we use the identity (see [3, sec. 4.3.2]):

COo®={ G it 1 S8 (7)
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When h has compact support, we deduce from (12), (71) and Fubini’s theorem that

it = i [ ([ 2t 2 [ M i)

/—\

m(z)

1 1 L[ h)
=g, M) - WA$;7‘ ”*}Lmﬁ‘m@

1 , 1 h(t)
=—— h(t)tdm — —=dm(t),

o [ i “*%W[¢<Rt (0 (72)

so by density (72) holds for all h € L*(C). From (72) and the Schwarz inequality, we get

h|| 12
ICo(h)p,| < ——— | ”L \/7||h||L2 © ( logR) R>1. (73)
Next, we observe from the Poincaré inequality that

IC2(R) = Ca(M)pillzry < CrlllPllzz) + 1B 2@r) < 2CklIRlIL2(0), (74)
where Cp is the best constant in (2) when p = 2 and Q2 = Dg. Since

ICo(W)lz2@py _ NIC2(R) = Co(R)nall2@n)
N ViR

(13) now follows from (73), (74) and the fact that Cr = RC} by homogeneity.

+1Ca(M)py

8.2 Functions of vanishing mean oscillation

The space BMO(R?) of functions with bounded mean oscillation consists of those h €
L} .(R?) such that

loc

1 1
Pl Broe) = sup—/ |h(€) — hgldm(§) < oo, hg = —/ hdm,
Q 1QlJo Q| Jg

where the supremum is taken over all squares () C C. Clearly squares could be replaced
by any other substantial family, for instance by balls. Notice that || || gapo(r2) is a genuine
norm modulo additive constants only.

The John-Nirenberg theorem [21, thm. 7.1.6] asserts there are absolute constants C, ¢
such that, for each h € BMO(RR?), every square ), and any A > 0,

{e€Q : Ih(E) - hol > A} (2 );
Q) <€ imoms ) (76)

in fact, C'= e and ¢ = 1/4e will do.
The space VMO(R?) of functions with vanishing mean oscillation is the subspace of
BMO(R?) comprised of those h for which

iny sup /Q Ih(€) = hol dm(€) = 0. (77)

=0 1Ql<e
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In fact, VMO(R?) is the closure in BMO(R?) of continuous functions with compact
support [10]. For h € L} .(R?) and @ a square, let us define

My,(Q) == sup |h — hg| dm
QcQ |Q | Jor
where the supremum is taken over all squares Q' C Q.

Lemma 7 For any h € BMO(R?) and every square Q, it holds that:

/ M/ BMU@) gy < (14 )] Qelhal/(8eMu (@) (78)
Q

Proof. Inspecting the standard proof of the John-Nirenberg inequality which uses recur-
sively the Calderon-Zygmund decomposition in dyadic subcubes of @ [21, thm. 7.1.6],
one can check that (76) remains valid if we replace ||h||gapom2) by Mi(Q):

{E€Q : |h(E) — hgl > )] _er
Q = Cow (Mh@)) | (79)

Now, if hjg = 0 there is nothing to prove, otherwise M,(Q) # 0 and we pick C" € (0, c)
with ¢ as in (79). We set g := C'|h — hg|/M(Q) and compute as in [21, cor. 7.1.7]:

s dm =1+ — / 1+ [T OHECQ  g(e) > MY
1Ql / [Ql Q1 Jo

where the second equality uses Fubini’s theorem. Then, using (79) to estimate the distri-
bution function of g, we find that

1 / C'|h—hg| /M (Q) 1 / /oo A_—cA/C! c
— [ e UMY dm = — | e9dm <1+ C ere N dA\ =1+ ————. (80)
1@ Jg 1@l Jg 0 c/C" =1

Multiplying by |QeC"el/Mn(@) and choosing for definiteness C' = e, ¢ = 1/(4e), and
C" = 1/8e yields (78). u
Since by definition M},(Q) goes to zero uniformly with |Q| when h € VMO(R?), Lemma
7 makes it clear in this case that " € L (C) for all p € [1,00).

The spaces BMO(I') and VMO(T"), for I' the graph of a Lipschitz function over R or a
Lipschitz Jordan curve, are defined similarly:

1
A(t = — A
Ibllmoy = sup g7 [ 1) =l s, b= o [ ) dag)
where A indicates arclength on I' and I ranges over all arcs such that A(I) < co. Setting
My (1) 1= sup
= su
: et A(T) J,

the analog of Lemma 7 goes as follows.

b= hp|da, (81)

Lemma 8 Let I' be the graph of a Lipschitz function over R or a Lipschitz Jordan curve.
and A indicate arclength on I'. For any h € BMO(T") and every arc I C T, it holds that

/ I/ (M) G < (1 4 ) A(T) e/ (eMi (D), (82)
I
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Proof. In dimension one, the John-Nirenberg inequality (76) is valid with C' = e and
¢ = 1/2e. Thus, argueing as we did to obtain (80) while choosing C’ = 1/4e, we find that

o
|h—hr|/(4eM}y(T))
— [ e dA<1+e 83
A )y (83)

from which (82) follows.

]
We shall mainly be concerned with I' = T. It is well-known that exponentials of real
valued V M O(T)-functions satisfy A, condition (45), for all p € (1, 00). Below, we record
for later use an estimate showing the dependence of the A, norm on the function.

Lemma 9 Assume h € VMOg(T) and p € (1,00). Let n = n(h,p) > 0 be so small that
max (4eMy,(I),4eMy(I)/(p — 1)) <1 for all arcs I C T satisfying A(I) <n. Then

{e"}a, = sup (ﬁ /1 el dA> (ﬁ /1 e‘h/(”_l)d/\>p_l <C (84)

where C' depends only on n, p, and ||€" || 1(T).

Proof. If we put p’ = p/(p — 1), then 1/(p — 1) = p’ — 1 and it follows easily from the
definition that {e"} 4 = {e @D} ?™D Therefore we may assume that p > 2.
Now, the left hand side of (84) can be rewritten as

1 1 p-1
h—hg dA) ( / —(h—hz)/(p—l)dA> '
T (A([)/ze AD) S,

If A(I) < n then 4eMy (1) and 4eM,,(I)/(p—1) < 1, thus by (83) and Holder’s inequality:

1 h—h 1 |h—hr|/(4eMy (1)) Hedn) 4eMy, (I)
— e"dAﬁ(—/e_I eMhn dA) < (1+e)*M < (1+e),
ol AT, (1+e) (+e)

1 p—1 1 4eMy, (1)
LT R = T R S / Ih—h1|/(eMy (1)) g\ < (1+e)
(s /e ) <G /e = e

This shows that (84) holds with C' = (1 + €)? when the supremum is restricted to those
I of length less than 7. In another connection, if A(I) > n, then obviously

1

—— [ et an < n7Yel)|
5 < e e

and likewise, taking into account that p > 2 and using Hoélder’s inequality, we obtain

1 —h/(p—1) P 1 / |h| -1 h
— (1A < —— GA < | ‘ 1 .
(A(I> /Ie B 1&([) Ie =1 ||e ||L @

Thus, (84) holds with C' = (||e|h|||L1(T)/n)2 in this case. u



8.3 Exp-summability of Sobolev functions at critical exponents

When (2 is the square @), centered at 0 of sidelength p, it is easily seen by homogeneity
that the best constant in (2) is O(p). Hence it holds for g € W?(R?) that

1/p
1
(@ g lg—ng!”dm> < Cp' (11091l 10, + 109] 10 (0,) (85)
P P
for some constant C' = C'(p). Consequently, by Holder’s inequality:

1 1-2/p 3

oA 9 — go,|dm < Cp'**([109llr(@,) + 199l Lr@,))- (86)

)

When p = 2 the right hand side of (86) is uniformly small with p for fixed g, by absolute
continuity of |dg|?dm, |0g|>dm and since 1 — 2/p = 0. Therefore W'?(R?) embeds
continuously in VMO(R?) (see also [10]), and the results in the previous section show
that e/ € L{ (R?) for all £ € [1,00) when f € W12(R?). Actually much more is true, as
shown in Proposition 1 below. First, we derive a specific estimate on a square:

Lemma 10 Let Q be a square and f € Wg*(Q). For £ € [1,00), let & = (f,£) > 0 be so
small that ||0f]r2q.) < 7/(16v/2el) whenever Q. C Q is a square of sidelength €. Then

QI +e
o)
Proof. Let a be the sidelength of @ and N = [a/e] where brackets indicate integer
part. Divide @ into subsquares QW ... QW+D* of sidelength a/(N + 1) < ¢ with
non-overlapping interiors. When p = 2 and g is real-valued, inequality (85) holds with
C = v/2/7 by convexity of Q,[33. T herefore since df = Of because f is real, inequality
(86) implies by definition of & that M(QW) < 1/(8ef). Hence, by Lemma 7, and Hélder’s
inequality, we have for each j € {1,2,--- , (N + 1)?} that

e (g
1 ar . ) 1 entyi@ong 5\ 16 g )]
. etdm < . el 1oty U dm < (1I+e)/fe QU
QW Jou QW Jou

By the Schwarz inequality |hgm| < || fllr2q)/ |Q(9‘)|1/2 = || fllz2(@)(N + 1)/a, so the pre-
vious equation yields

I < fICE -+ oxp (Wl (&)

e s(guny < QU™ (1 4+ @)/t DM zae < QU (14 et Wiz,

and since 3, }Q(j)‘w < |Q| by concavity of x + /¢ for x > 0, summing over j and using
the triangle inequality gives us

ate
||€|f|||L‘€(Q < Z(N+1) ||6|f|||L5<Q(])) S |Q|(1 + 6)1/66 ca ”fHLQ(Q)

which is the desired estimate.

n
The point in Lemma 10 is that the right hand side of (87) depends on f only through
| fll2(@) and e, which measures how small the squares on which the derivative of f is
L*-small.We now prove that e/ has in fact quite a bit of smoothness when f € WH2(Q).

28



Proposition 1 Let Q C R? be a bounded Lipschitz domain. Fiz p € (1,00) and pick
¢ € [1,min(p,2)). Then the map (g, f) — ge’ is continuous from W'P(Q) x WH2(Q) into
W), and the derivative is computed using the Leibnitz and the chain rules:

d(ge?) = ef0g + gel 0f, d(ge!) = efdg + gel0f. (88)

In particular, for every q € [1,2), the map f — e/ is continuous from W12(Q) into
WL4(Q) and the map f — e'"o2f is continuous from WY2() into W'=1/99(5()).

Proof. By the extension theorem, we may assume that € is a square. Let g € W1?(Q) and
f e WhH3(Q). Consider two sequences (f,,) and (g,) of smooth functions on 2, converging
respectively to f and g in W12(Q) and WLP(Q2). We claim that e/ converges to e/ in
LY(Q) for all £ € [1,00). To see this, consider first the case of real-valued functions. By
the mean-value theorem and convexity of ¢ — e!, we have that

L L
Ll =erl am< 15 = g |er + e dm < = flliaale” + ™5
Q Q

where we used the Schwarz inequality. By the Sobolev embedding theorem || f — f, || 20
tends to zero as n — oo. Moreover || fy|lz2@) tends to [|f|r2@), and we may apply
Lemma 10 to f and f,, with ¢ replaced by 2¢ and the same € when n is large enough, since
10f — Of |l 12() — 0. Hence |/ + e/*||;2¢(q) is uniformly bounded with n, thus the right
hand side of the above equation indeed goes to zero as n — oo.

If now f, f, are complex-valued, say f = u + v, f, = u, + iv,, we write

lef — 6f"||LZ(Q) < let(e” — eiv")HLf(m + [l (e — en) LE(S)-

By what precedes the last term in the right hand side tends to zero when n — o0,
and so does the first since we can extract pointwise convergent subsequences from any
subsequence of v,, and apply the dominated convergence theorem. This proves the claim.
Next, we observe that g,e/ is smooth on € and that

d(gne’™) = e’ g + gne 9. (89)

Assume for instance that p < 2. Then, by the Sobolev embedding theorem, g, converges
to g in LP*(Q2) where px = 2p/(2 — p) > 2. From this and the previous claim, we deduce
by Holder’s inequality that g,e®" converges to ge/ in L¥(Q) for £ € [1, px), hence also as a
distribution. By the same token, the right hand side of (89) converges to e/0g + ge/df in
LY(2) for each £ € [1,p). The case p = 2 is similar except that px can be taken arbitrarily
large, hence the convergence in the right hand-side of (89) takes place in L*(€2) for all £ < 2.
When p > 2 then g is even bounded, but this does not improve the estimate. Repeating
the argument for 9(ge/) proves that g,e/" converges to ge! in W for £ € [1, min(p, 2))
and that (88) holds. Hence (g, f) — ge’ is defined from W1P(Q) x W12(Q) into WH4(Q)
and (88) is valid. Relaxing the smoothness assumption on f,, g, and argueing as before
shows this map is actually continuous. This proves the first assertion.
Setting g = 1, the second assertion follows by Sobolev embedding and the trace theorem.
|
Although we just showed it is continuous for ¢ € [1,2), the map f — e/ from W12(Q)
into W4(Q) is not bounded. Below, we derive further conditions on a bounded subset of
W12(Q) to be mapped by the exponential onto a bounded subset of W14().
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Corollary 2 Let Q C R? be a bounded Lipschitz domain and £ a bounded subset of
W12(Q) such that, to each n > 0, there is € > 0 for which

10f | 22(0.00) + 10f 2@y <n Y f €E, (90)

as soon as Q. is a square of sidelength €. Then {e/ : f € &£} is a bounded subset of
Wha(Q) for each q € (1,2). The bound depends on q, on supce || fllwi2), and on the
function n+— e(n).

Proof. By Proposition 1 and Holder’s inequality, it is enough to show for each ¢ € [1, 00)
that e/ is uniformly bounded in L*(€2) as f ranges over £. For this we can replace £ by
& = {Ref, f € &}, observing that property (90) holds for £ as well. Thus, we may
assume that &€ consists of real-valued functions (in which case one of the derivatives is
redundant in (90) for df = df). When € is a square, the result follows from Lemma 10.
To reduce the general case to this one, we need a refinement of the extension theorem
where the extension operator £ : Wh2(Q) — W2?(R?) satisfies

to each n >0, thereis e > 0 such that [[OE(f)||2) <n, VfeE, VQ. (91)

where @), indicates as usual a generic square of sidelength e. Indeed, if (91) holds, we can
pick a square @ D Q and apply the previous case to E(£),q € W'*(Q). This a fortiori
yields the desired boundedness of e/ in W14(Q).
When € is disk, reflection followed by multiplication with a D(R?)-function which is 1 on
) does the job. In the general case, it is lengthy but straightforward to check that the
standard extension process [12, prop. 2.70] by local reflection across 0f2 satisfies (91).

[
That ¢ +— e? is continuous from W1/2%(T) into L*(I") when ¢ € [1,00), if T is a Lipschitz
Jordan curve, may be proven much like Lemma 10, because W'/%2(T") ¢ VMO(T) [10].
This last fact depends on the estimate:

ﬁfl|h—h1|d1\ < 1 fM|ht R(t")| dA(t)dA(t")

< f]x[ G tt’t)|dA( JAA(t')

h ( L\ 12 (92)
< (fmwcm( JAA(Y))
< [hllwarzemy < [[hllwirzer),

where the next to last step used the Schwarz inequality.

We turn to summability properties that depend more specifically on the geometry of the
domain. We state and prove them only for the case {2 = D, which is easier to address and
sufficient for our purposes.

Proposition 2 Let 8 € L*(D) and w be a strictly positive function on (0, +00) such that
18] 2@, ynp) < € as soon as Que) is a cube of sidelength w(e).

(i) If we let (cf. (7))
C(B)(z) = — /5@ dENTE,  eC,

27TZ D 5 —
there is a strictly positive function wy on (0,+00), depending only on w, such that
1OC(B) £2(@u, () + 10C(B) I 22(@ ) <71 (93)

as s00n as Qu, () 15 a cube of sidelength wi(n).
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(11) If we let (cf. (49))

RO = o [ $2L dENE, 2D,

then R(3) € WH2(D) is holomorphic in D and there exists a strictly positive function
wq on (0,400), depending only on w, such that

[OR(B) 2@ yrm) <7 (94)
as s00n as Qu,(m) 15 a cube of sidelength wa(n).

Proof. Since 3 € L*(D), we know that C(8) € W,;*(C). Set 6(n) := n/(3|8|l2@m) + 1)

and wi () := min{1/v/2,w?(n/3),%(n)}. For any cube Q,,, We have a nested triple of
concentric cubes with parallel sides: Q. C le/z(n) C Qu(yy3)- Thus, letting 3 be the
1

extension of 3 by 0 off D, we deduce since IC(3) = B that

10C(B) 2@y i) < 1812202y < 1/3. (95)

Next, we write

9(8) = B(B) = Blxq s, B)+Blxerq s ) (96)

where B indicates the Beurling transform, cf. (8). As B is an isometry of L?*(C), we get

B0 s, DMr2e) = 181l2@ s o o) < WBllz2(@uypemy < /3 (97)

()

Moreover, formula (8) and the Cauchy-Schwarz inequality give us the pointwise estimate:

= 181 L2 ()
B(X(C\Qwuz(n)ﬁ) (Z) < 1/2 ) z € le(n)a
b 1

and integrating over Q). (, yields

5 1820y 2™ (0) _ 1Blz2c0) 6(n)
B0 g M =75 ()™ = 1m0 M Y
Inequality (93) now follows from (95), (96), (97) and (98), thereby proving (7).

Consider now R(f3). Clearly it is holomorphic in D and vanishes at 0. In addition
R(3)(z) = —C(B)(1/2) and since C(B) € W?(C) we get that R(8) € WH2(DD).

Let us show that putting ws(n) := min{w: (n)/4, (1v/7/(16]| 8]l 2(n)))"/*} ensures (94) to
hold, with w; defined as before. First, as w; < 1/ V2, each cube Qus(n) has diameter at
most 1/4, hence is disjoint from Dy, if it meets Az, := {2 : 1 > |2| > 3/4}. In this case
the reflection of Q,,(,) ND is contained in a cube of sidelength 4wy (n) < wy(n), and since

oC(p)(1/7)

22

IR(B)(2) = L 240,

we deduce from (93) and the change of variable formula that |OR(5)(12(q,,, < 7-
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Assume now that @, C D3/4. Differentiating under the integral sign, we obtain

OR(D) = 5 16_(52 de A dE + 21 / % de A,

so if z € D34 we get by the Schwarz inequality that [OR(3)(2)| < 16|52/ /7. Inte-
grating over @, (, vields

IOR(B) | 2(@u ) < 216118l 22m)/ V7 <,

as desired.
n

Corollary 3 Let 8 € L*(C) and w be a strictly positive function on (0,+00) such that
18] L2(Q..)) < € as soon as Qu(e) s a cube of sidelength w(e). If we let (cf. (12))

) -+ [ (5 + 22 pamn,  zec

-1 t

there is a strictly positive function wy on (0,400), depending only on w, such that

10Co (B 2@, ) + 19C2(B)| 2200, 1) < 7 (99)

as soon as Qu, () s a cube of sidelength wy(n).

Proof. This is proved in the same way as (93), replacing 3 by 8.

]
Lemma 11 If f € W(D) for some q € (1,2) and { := q/(2 — q), then
1/¢
sup ( |f(§)|£|d€|> < Cllfllwra) (100)
p€(0,1] T,

where C = C(q) is a constant.

Proof. Set f,(£) :== f(p€) so that

( / p |f<§>|€|df|> R < / |fp<s>|f|dg|)w. (101)

By the trace theorem and (the non-integral version of) the Sobolev embedding theorem

1/¢
(1) <l (102)
with C' = C(q), and from the change of variable formula we get for p > 0 that

follwra@y = o~ N fllaoy + 27 (101l ow,) + 101 [l 2acw,)) - (103)
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Since 1/0—2/q = —1, we are left in view of (101), (102), and (103) to bound p~!| f|| Le(p,)
by C||fllwr.emy for some C' = C(q). From (85) (which holds for disks as well as squares
only with a different constant), we see that it is equivalent to prove the estimate:

: /
—— | fdm
ﬂ-p3—2/q D,

with C' = C(q). Now, the Sobolev embedding theorem implies there is C' = C(g) such
that || f| 2/ -0 @) < C’HfHW1 (), 50 by Holder’s inequality

/Dpfdm

which is exactly (104) with C replaced by C/. n
For J C T an open arc and § € (0,1) a real number, we denote by R(.J,d) the open
curvilinear rectangle in D (an annulus if J = T) defined by

P2/q_1 ‘fID)p{ = <C ”f”WLq(D) ) 0<p<1, (104)

< Cp* ) fllwramy

R(J,0)={z: z=p, €€ J, 1 -6 <p<l1}. (105)

Lemma 12 For f € Wy*(D) and p € (0,1], it holds for every arc I C T, that

i [0 < S0 (10w + 105lmsn). (100
where J C T is the arc such that pJ = 1.

Proof. By density it is enough to prove (106) when f € D(D). If we write ( € [ as
¢ = p& with £ € J, we get

f@%=—/‘®ﬂﬁﬁ+6ﬂ%ﬁ)ﬁ

p

and integrating with respect to |d¢| = p|d€] yields

C)\dd‘=‘p /J / (£ (16)E + D (£6)) dt|dsr‘§ / (10£(t€)| + 3£ (t€)]) tat|de].

R(J,l—p)

Since m(R(J,1—p)) = A(I)(1—p?)/2, estimate (106) follows from the Schwarz inequality.
u

Lemma 13 Let J be a proper open subarc of T and d9 € (0,1) a real number. To
each § € (0,0¢], there is C > 0 depending only on 6y and A(J)/d such that, for all
f € WY2(R(J,0)) (cf. definition (105)),

o |2 1/2 3
(/ Md/\(t)d/\(t')) < C([10f | 2oy + 101 2Ry -
or(e)xor(s) (A1) (107)
10
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Proof. Pick § € (0,d], and write e, e for the endpoints of J with a < b and |a—b| < 2.
The map ¢(p,0) := (pcosb, psin ) is a diffecomorphism from R := (1 —4,1) x (a,b) onto
R(J,9) satisfying |||D¢l|| < 1 and |||(D¢)7Y]| < 1/(1 = 6) < 1/(1 — &), where Dy
indicates the derivative and [||.]|| the operator norm. In particular ¢~! extends to a
Lipschitz homeomorphism from 9R(J,§) onto R with Lipschitz constant depending only
on dg, and by the change of variable formula it is enough to show putting h := f o ¢ that

|h(t) — h(t)]” A\ )
(/zmxaR WdA(t)dA(t )) = C(HahHLQ(R) + HahHLQ(R)) (108)

where the constant C' depends only on A(J)/d = 2m(b — a)/d. The result now follows
from the fact that when p = 2 and Q is a rectangle, then the constant in (4) depends only
on the ratio of sidelenths, a fact which is obvious by homogeneity. [ ]
The next theorem is basic to our study of G when o € L?*(D) in section 5 but is
of independent interest. It is best stated in terms of multipliers. Recall from (1) the
definition of the non-tangential maximal function M, f. We let 91" be the Banach
space of complex valued functions on D such that || M. f||»r) < co. Remember also
from Section 5.2 the Banach space HP of functions satisfying a Hardy condition.

Theorem 6 Let v € (0,7/2) and p € [1,00). If f € Wol’ﬁ(]D)), multiplication by f is
continuous from IMP into HP. More precisely, for any function g on D, we have that

1/p
sup (/ e \g(ﬁ)lp!dﬂ) < C|MygllLe(r) (109)
0<p<1 T,

where C' depends on p, v, and on € > 0 small enough that ||0f| r2.rpy < C'/p whenever
Q. 1s a square of sidelength ¢, with C' a constant that depends only on ~y.

Proof. Pick p € (0,1) and ¢ € T. A little geometry shows that I'((,v) contains T, if
p < sin~y, in which case we obviously have:

/ P |g(6) P |de| < M2g(Q) / 7O e,
T, T,

and averaging over ( € T yields

/T I |g()F |de] < 5- ( /T M’;g@)\dcl) ( [T ep“@\da)- (110)

2 P

By Lemma 11 applied to e/ rather than f, with £ = p and ¢ := 2p/(p + 1), we get

1/p
(/ 6pf(£)|d§|) < colle’ [[wram (111)
Ty

for some ¢y = Cy(p). Moreover, if fe W]é’Q(RQ) indicates the extension of f by 0 off D,
then Proposition 1 together with Holder’s inequality imply since f is real valued:
lelwiamy = el o) + 200f ey < e’ oy (V7 + 2107 12w

) B (112)
lefllz2ec) (VA + 2001120 )

IN
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where () D D is the square centered at 0 with sidelength 2. Letting g > 0 be so small
that [[0f | L2(q.,) < 7/(32v/2ep) whenever Q., is a square of sidelength &y, we deduce from
Lemma 10 that

7 x 2+¢
||6f||L2p(Q) <4(1+ 6)1/(217) exp <]|f||L2(Q) 2500> ) (113)

Next, from Poincaré’s inequality (cf. (5) with Q = @ and E = 9Q)), we know there is an
absolute constant ¢ such that || f]|z2) < cll0f]|z2(0); in fact, using that f = 0 in Q \ D,

a computation similar to the proof of Lemma 12 shows that ¢ = v/2 will do. Writing Q
as a union of (1 + 2/gy)? cubes with disjoint interiors and sidelength less than gy, we get

7(1+2/e)?

F <V2||of < 114
2@ < VIOl < T (114
and we conclude from (110), (111), (112), (113), and (114) that
1/p
o ( | el )V’\df\) < Cull Maglzscy
0<p<sinvy T,
i (2P ()
Co m(l+2/¢e9 (24 <o
Copi= —2 4(1+e 1/(21’)( 7r+—) ex <—) 115
© (2 (1+e) v 16v/2ep P\ " 6deped (115)

which is (109) for those p < sin~.

Assume next that p > siny. Now I'(¢,~) cuts out two disjoint open arcs on T, one of
which is centered at £ = p(. Denote this arc by A,. Its length A(A¢) is independent of ¢
and it is easy to check that C1(1 —p) < A(A¢) < Cy(1 — p) for strictly positive constants
C4, Cy depending®? only on . Put N, := 2[27p/A(A¢)] + 2, where the brackets indicate
integer part, and partition T, into NN, semi open arcs of equal length, say I, - - ey,
centered at equidistant points &,---,&y, € T,. Put (; = {;j/p € T, and consider the
partition of T made of the N, semi open arcs J¢, := I, /p centered at (;. By construction,
we have whenever ¢ € J¢, that I, C I'¢,. Consequently

/ 5 |g(€) P |de| < M2g(Q) / 79|,

Ig, I,

and averaging over ¢ € J;; gives us

[ enalger e < 5
I,

(/ Mg |d<!> (/Igjep“@\df!)-

Since A(Jg;) = A(I¢;)/p we deduce upon summing over j that

[ e i <o ( [ Mig1act) s (A&&) /f |d£\> (116)

p

2In fact, using the sagitta formula, a small computation yields |A¢| = 2pA\ where A\ € (0,7/2) meets

1/2
tan A = (1/k — 1) tan~y with s := (1 — (1 = p?)(1 + tan? 'y)) . It is then easy to see from the mean
value theorem that we can take C; = 2sin(2y) and Cy = 27(1 + tan? )3/ min(tan® v, 1 + 2 tan? 7).
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Recall rom (105) the notation R(J,d) and let C' be the constant in Lemma 13 where
do = 1 —siny and A(J)/d = Cy/(2sin+y); note that C' depends only on 7. Because
A(Je;)/ (1 = p) < C2/(2sin7y), the arc J¢, C T of length (1 — )CQ/(Z sin+y) centered at (;
does contain J¢;. Therefore R(J¢;,1— p) is contained in R(J¢,1— p) and I, is contained
in I := J¢ /p, hence (107)a fortiori implies

1/2
1) = FE) , i
(/ o Aoy A0 | < OO Nz - + 105 e, 1)

(117)
Now, it is elementary to check that R(Jéj, 1 — p) is contained in a rectangle, one side
of which is tangent to T at ¢; and has length A(Jéj) while those perpendicular to that
one have length 1 — p + pAQ(Jéj)/S. Thus, R(J{,1 — p) is contained in a square of
sidelength C3(1 — p) where C3 depends only'® on ~. So, if we let £; be so small that
101 12(Q.,) < 1/(8Cep) whenever @, is a square of sidelength €, we get since f is real
valued that

1
< )
— 4Cep
Set for simplicity pg := max(sinvy,1 —e1/C3). Then, from (92), (117), and (118), we see
that for all subarcs I C I¢,

||af||L2(R(Jéj71,p)) =+ ||5f||L2(R(J2j71,p)) max(sin’y, 1— 81/03) S P < 1. (118)

9 1/2
s Sl = fildn < ([ LOEE an ()
2 1/2 119
fO)—f(t
< ([ rg, LA AN @A) ) (119)
< 1/4ep if po <p<1.

If we let h := trp, f, inequality (119) asserts that
Mp(Ig;) < 1/d4ep,  po<p<1, (120)

with My (I¢;) defined by (81) where we set I' to be T,. By (120), (82), and Holder’s
inequality, it follows that if py < p < 1 then
) . (121)

1/p
1 f(€ 1/
Pf(©)q + Pex

In another connection, keeping in mind (118) and the inclusion R(.J;, 1—p) C R(J¢,,1-p),
an application of (106) yields

1
A([fj)

f(Q)ldc]

1
A([§j>

1=p? 1
(A(Lg))/? 4Cep’

(122)

f(Q) IdCI‘ <

Put p; := max(py,C1/(Cy + 7), and assume for a while that p > pp; in particular
2mp/(Cy(1 — p)) > 2. Then
2mp Tp S Gl —p)

Allg;) = 2 22np/ Al © T 2mp/(Cil—p) © 3

13Since A(JZ,) = C2(1=p)/(2p), we can take for instance C3 = max{1+ C3/(128sin? ), Cy/(2sinv)},
where Cy was estimated in the previous footnote.

(123)
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and using (123) in (122) we obtain

1 V3
AT ) " f(O) ]| < WO Cep pr<p<l (124)

Plugging (124) in the right hand side of (121) and using (116) now gives us

1/p \/g
pf(€) Pl < (14 )P — Y | IMm v

which is another part of (109).
It remains for us to dispose of the case p € [sin~, p;) when the latter interval is nonempty.
On the one hand, in this range of p, the first two inequalities in (123) imply that

7 sin 7y
Al ) > .
Us) 2 T (G = 1))

On the other hand, (111), (112), (113), and (114) (which required no assumption on p)
provide us with the estimate:

1/p 1/p
(/ epf<€>\df\> < </ ‘fpf“)!ds!> < (2m)Y*Cy (126)
I, T,

where Cj is defined by (115). Therefore by (125) and (126) we have that

1/p _ 1/p
1 / PO dg| < (1 T 27Tp1/<.02(1 p1>>> (2m) /P Cy, siny < p < p1,
A([g ) I, sy

J

(125)

and using this in (116) achieves the proof.

m
Corollary 4 If w = e°F, where s € W42?(D) with Re trrs =0 and F € H?, then
1 1/p
sup (2— | wer !dﬁl) < +o0.
0<p<1 (s T,
Proof. This follows from (41) and Theorem 6 applied with f = e®°® and g = ¢!msF.
]
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