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On the Method of Logarithmic Cumulants for
Parametric Probability Density Function Estimation

Vladimir A. Krylov, Gabriele Moser, Member, IEEE, Sebastiano B. Serpico, Fellow, IEEE,
and Josiane Zerubia, Fellow, IEEE

Abstract

Parameter estimation of probability density functions is one of the major steps in the area of statistical image
and signal processing. In this paper we explore several properties and limitations of the recently proposed method
of logarithmic cumulants (MoLC) parameter estimation approach which is an alternative to the classical maximum
likelihood (ML) and method of moments (MoM) approaches. We derive the general sufficient condition for a strong
consistency of the MoLC estimates which represents an important asymptotic property of any statistical estimator.
This result enables the demonstration of the strong consistency of MoLC estimates for a selection of widely used
distribution families originating from (but not restricted to) synthetic aperture radar (SAR) image processing. We then
derive the analytical conditions of applicability of MoLC to samples for the distribution families in our selection.
Finally, we conduct various synthetic and real data experiments to assess the comparative properties, applicability and
small sample performance of MoLC notably for the generalized gamma and K families of distributions. Supervised
image classification experiments are considered for medical ultrasound and remote-sensing SAR imagery. The
obtained results suggest that MoLC is a feasible and computationally fast yet not universally applicable alternative
to MoM. MoLC becomes especially useful when the direct ML approach turns out to be unfeasible.

Index Terms

Probability density function, parameter estimation, image classification, generalized gamma distribution, K-
distribution, strong consistency.

I. INTRODUCTION

Parameter estimation of probability density functions (PDFs) is a topic of vital importance in pattern recognition,
image and signal processing. Many real-time signal processing applications require automatic, stable and statistically
consistent methods for the characterization of the underlying signals. In the mainframe of basic image processing
applications, such as segmentation and classification, obtaining the parameter estimates is a classical problem that
is encountered while employing statistical approaches [1].

The most frequently employed classical methods of statistical parameter estimation are the maximum likelihood
(ML) and the method of moments (MoM) [2] approaches. The ML approach suggests choosing parameter values that
provide the highest value of the likelihood function, typically by determining the appropriate root of the likelihood
function derivative. This simple yet powerful estimation strategy is widely used, and its theoretical statistical
properties are well established under several regularity conditions [2]. However, in a wide range of applications, the
considered PDF models involve complicated analytical expressions and do not originate from the exponential family
of distributions and, therefore, fail to comply with the classical regularity conditions that guarantee the attractive
asymptotical properties of ML estimates, such as asymptotic consistency and efficiency. Furthermore, ML procedures
are notorious for their considerable computational load that originates from the expressions not always allowing
for analytical formulations, thus involving intensive numerical procedures that are sensitive to initialization. For
several distribution families, the ML approach does not allow a well-established and reliable parameter estimation
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procedure to be formulated [3]-[6]. Approximate iterative ML estimation methods are frequently used, such as the
Expectation Maximization approach [7] and its modifications.

The second generally used parameter estimation procedure is given by MoM. This method is based on the idea
of formulating the theoretical moments [E{ X*} of the considered random variable (RV) X as a function of its
unknown parameters via the Laplace transform. The theoretical expressions are then set equal to the observed
sample moments thus, obtaining a system of equations with respect to the parameters [2]. Outperformed by ML in
simple and well-studied cases, such as, for example, the exponential family of distributions including widely used
gamma and Gaussian PDFs [2], the MoM strategy often enables obtaining feasible and fast estimates in cases where
ML fails or cannot perform in real-time [5], [8]. However, this method suffers from its own limitations [2]. First,
the applicability of this method is restricted by the existence of finite moments up to the necessary order, which is
not the case for several critical scenarios. Second, on the basis of high order statistics, MoM can be very sensitive
to outliers that are inherent in real signals due to noise or registration faults. Finally, similar to ML, the Laplace
transform can result in complicated expressions that lead to a system of implicit MoM equations, which may not
allow for analytical inversion thus, resulting in the same numerical and initialization problems (see, e.g., [3]). To
address some of these issues, various modifications of MoM have been developed, including negative, fractional
moments methods and a generalized MoM (see, e.g., [2], [9]).

In this paper, we study the use of the method of logarithmic cumulants (MoLC) parameter estimation approach
that was first introduced by J.-M. Nicolas in [8]'. Contrary to the classical estimation methods based on the use
of Laplace and Fourier transforms that are not well adapted for PDFs on R™ = (0, +00), MoLC is a parameter
estimation technique developed specifically for positive-valued PDFs. Employing a strategy that is somewhat similar
to MoM, this method is based on the use of the Mellin integral transform. It has been observed [10] that the Mellin
transform is a natural analytical tool used in studying the distributions of products of nonnegative RVs, which tends
to be a frequent case in signal processing applications [8]. In certain cases, when RVs come from families with
complicated PDF expressions, MoLC, contrary to ML and MoM, can bring to systems of equations that allow
for analytical solutions, e.g., for the heavy-tailed Rayleigh PDF [8], [11], or to a simple numerical estimation
procedure, as is the case with the generalized gamma distribution (GI'D) [12] and the K -distribution [13]. For this
reason, MoLC can be used in many applications in synthetic aperture radar (SAR) image processing [14]. SAR
sensors operate in the domain of microwaves and enable to obtain regular high-resolution imagery that represents
an important source of information in remote sensing applications. Being registered by an active imaging system,
SAR images suffer from the inherent multiplicative noise known as speckle, which originates from the interference
of the coherent wave fronts [14]. Most SAR-specific statistical models account for speckle, and therefore constitute
multiplicative models, which renders them well-suited for the Mellin transform and MoLC. It is important to note,
however, that the area of the applications of MoLC is not exhausted by SAR image processing problems. For
example, in the following, we will investigate the properties of MoLC as applied to the GI'D family, which is a
universal statistical model that is employed in speech [15] and image processing [3], [16] and to the K-distribution,
which has found its place in a wide range of scattered signal processing problems [6].

The aim of this paper is to further explore the properties and limitations of the MoLC approach, conduct new
relevant comparisons and study the small sample performance of this estimator when applied to image processing
problems. To this end, we consider the use of the MoLC parameter estimator for the selection of the statistical
models presented in Table I. These PDF models constitute a representative selection of the models employed in
statistical SAR image processing, see [5], [14], [17]. Above all, we concentrate on the above-mentioned GI'D and
K models because their application areas are not restricted to SAR.

The contribution of this paper is threefold. First, we establish a general set of sufficient conditions for the strong
consistency property of MoLC and then use it to demonstrate this property of MoLC estimates for the considered
selection of PDF families. We stress that the demonstrated property is an important characteristic of any statistical
estimator, which guarantees its almost sure convergence to the true parameter values as the sample-size grows [2].
We consider the proofs of strong consistency to be a worthwhile contribution because this property guarantees
suitable statistical properties of the MoLC estimation results in a large sample size scenario from a theoretical point
of view. To the best of our knowledge, to date, it is only the consistency of MoLC estimates for the generalized

'The original paper is written in French, but an English translation prepared by S.N. Anfinsen is available and can be found online at
http://eo.uit.no/publications/JMN-TRANS-10.pdf
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TABLE 1
PDFS AND MOLC EQUATIONS FOR THE CONSIDERED PDF FAMILIES. HERE I'(+) IS THE GAMMA FUNCTION [19], K (-) THE aTH
ORDER MODIFIED BESSEL FUNCTION OF THE SECOND KIND [19], Jo(-) IS THE ZERO-TH ORDER BESSEL FUNCTION OF THE FIRST
KIND [19], ¥ (v, -) THE YTH ORDER POLYGAMMA FUNCTION [19] AND G, (-) ARE THE SPECIFIC INTEGRAL FUNCTIONS FOR GGR [4]

Family Probability density function ‘ MoLC equations
Generalized Gamma (GI'D) for,o(r) = UlL"(L) (g)wfl exp [— (£)"], ki =9(0,K)/v+1no
[31, [121, [15], [16], [18] v#£0, Kko>0, r>0 by =U(j—1,6)/17, j=2,3
Lognormal [14] fm,o(r) = 07‘1% exp[—%}, meR,o>0, r>0 ki =m ko = o?
Weibull [14] fou(r) = Hinr"’l exp[— (ﬁ)nL n,u>0, r=0 ki =Inp+n'w(0,1) ko =n72W(1,1)
Gamma [8], [14] frn(r) = o (ﬁ)LrL-l exp [—Lﬂ L Lu>0, r>0 | kM =90L)+lnpg—InL ko =W(1,1L)
Nakagami [8], [14] fiar) = w5 AL r* " Vexp [-ALF?], L,A>0, r>0| 2k =W(0,L) —InA—InL  4ky = ¥(1,L)
Fisher Farm(r) = S o Fr =1Inp+ (U(0,L) — In L) — (¥(0, M) — In M)
[51, 8], [20] C=q1 wL,M>0, 7>0 ki =W —1,L) + (=10 — 1,M), j =2,3
K-distribution Furm(r) = span 2 L R Ky (207«1/2) 7 Fy =Inp+9(0,L) + (0, M) — In LM
(61, [13] C:(%)W, p>0,0<L<M, r=0, ki =W —1,L)+ ¥ —1,M), j =2,3
K-root distribution fur(r) = wyran v T CPPM K- (20) 2k = Inp+ W(0,L) + ¥(0, M) —In LM
(61, [13] C:(%)m, P>0,0<L<M 730, 2k =W(j —1,L) +U(j —1,M), j =2,3
Generalized Gaussian - | fx(r) = szbersy ’;f/?exp [—(fyr)% (| cosf|x + |sin9|%)]da, k1= AU(0,2)) — Iny — AG1 (A)[Go(A)]
Rayleigh (GGR) [4], [17] Ay >0, >0 ks = N[W(1,2)) + S8 — (g;g;;)ﬁ
Heavy-tailed Rayleigh faqry(r)=r +foop exp[—yp*]Jo(rp)dp, aks = (a—1)¥(0,1) + Iny2*
0
[8], [11] a,y>0, r>=0 ko = a™2W(1,1)

Gaussian-Rayleigh distribution that has been demonstrated [4]. Second, we derive the analytical conditions for the
applicability of MoLC to the GI'D, K and Fisher models, which is complementary to the visual representation of
these conditions, which has been reported previously in [5], [8], [18]. The third contribution of this paper is the
experimental study of the MoLC approach in which we conduct new synthetic and real-data experiments to analyze
the comparative and small sample performance as well as the applicability of the MoLC approach. As applications
to image processing, we consider the performance of MoLC for the supervised classification of speckled imagery,
such as medical ultrasound and remote-sensing SAR.

The remainder of the paper is organized as follows. In Section II, we briefly summarize several important results
previously obtained in the literature on MoLC estimation applied to PDF families in the selection given in Table L.
In Section III, we present the MoLC parameter estimation strategy. In Section IV, we prove a novel sufficient
condition of the strong consistency of the MoLC estimator and employ it to demonstrate the strong consistency of
the MoLC estimates for the families involved in this study. In Section V, we derive the applicability restrictions of
the MoLC estimator for several PDF models. In Section VI, we perform synthetic-data comparisons of MoLC with
alternative estimation techniques for the GI'D and the K-law. In Section VII, we perform real-data experiments
with ultrasound and SAR imagery. Finally, in Section VIII, we present the conclusions of this study.

II. PREVIOUS WORK ON MOLC

In this section, we recall several relevant results previously obtained in the literature on the MoLC parameter
estimation technique applied to the PDF families presented in Table I.

First, we recall the results obtained for GI'D and its subfamilies. The use of MoLC for GI'D has been advocated
in [18]? to address the arising complicated parameter estimation problem and to demonstrate the good comparative

*More specifically, the GI'D model adopted by Li et al. in [18] is slightly different from the classical GI'D, see [3], [12], considered in
this paper. Nevertheless, the obtained results hold for both formulations.
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performance of SAR statistics modeling. Several theoretical aspects of the MoL.C approach have not been previously
investigated and will be addressed in this paper. Some research has been performed concerning the subfamilies
of GI'D. The theoretical analysis of the gamma distribution performed in [8] demonstrated that the variance of
the estimates of the shape parameter L obtained by MoLC is lower than that obtained by MoM, yet somewhat
above the variance of the lower order moments (LOM) method. However, because of the optimal order estimation
problem for LOM, the MoLC approach is preferable for the estimation of the shape parameter. In [5], a panel
of experiments was performed to analyze the performance of MoLC for the Nakagami distribution: Experimental
comparisons demonstrated lower mean square errors for MoL.C estimates compared with the ML and MoM estimates
for samples of moderate size (e.g., 1000). It is important to notice that the gamma and Nakagami distributions have
a strong connection. More specifically, if a RV X follows the gamma law, then v/X is Nakagami-distributed (see
Table I). Therefore, the above-mentioned results are closely connected.

Further important results were obtained in [5], [8], [20] for the Fisher PDF family. It has been observed that the
ML method does not automatically constitute the best parameter estimation strategy because the minimum variance
unbiased property cannot be claimed, as is the case with the classical gamma distribution [20]. Therefore, in [5],
[20] the MoLC estimation strategy has been compared with MoM and the mixed estimation method, based on
mixed moments E{X*log X'}. Several interesting observations have been obtained. First, the applicability of the
moment and mixed moment methods is restricted by the existence of the employed moments, which corresponds to
M > 2 for the moments approach and M > 3 for the mixed moment approach. Second, the acceptance rates of the
obtained estimates were analyzed to evaluate their applicability, i.e., whether these estimates are positive and can
therefore be utilized to construct a Fisher distribution. MoLC has demonstrated a 100% acceptance rate, notably
for small-sized samples, which significantly outperformed the (mixed) moment-based methods. Finally, for small
values of M, the experimentally observed values of the Kullback-Leibler divergence between the true and estimated
PDFs obtained by the MoLC approach were appreciably smaller than those given by the (mixed) moment-based
methods. These observations confirm the strong applicability and comparative efficiency of the MoLC approach for
the Fisher family of distributions. It is worth noting that the Inverse Gaussian model G, coincides with the Fisher
family [5]; therefore, the same results apply.

The use of MoL.C for the K and K-root distributions [13] has been suggested in [8]. As can be seen in Table I,
these distribution families are closely connected: K -root provides the distribution of a RV v/ X, when X follows
the K -distribution. The advantage of MoLC is that it results in simpler expressions than MoM, as is typically the
case with multiplicative models. Furthermore, the ML approach is not directly applicable. The MoLC properties
that can be applied to K and K-root families will be further addressed below.

In case of the GGR model, the ML approach is not feasible because the likelihood function contains several
integral terms that cannot be treated analytically, which renders the numerical maximization very costly [4]. The
stability of MoLC estimates for GGR has been validated in [4] for the case of a varying sample size. The applicability
of MoLC for GGR is restricted by a certain condition on the sample second-order logarithmic cumulant. Otherwise,
the system of MoLC equations has no solution (see in [4]).

The heavy-tailed Rayleigh distribution (equivalent to Rayleigh-mixture) has been proposed in [11] for SAR
images along with the corresponding negative order moment procedure for parameter estimation. This procedure
was developed because the usual moments are not defined for an order of min(«, 2) and upwards, where « is one of
the distribution parameters (see Table I). The applicability of the MoLC method to this model has been demonstrated
in [8], and the corresponding equations were derived. It can be noted that the MoLC equations allow for a simple
analytical solution (see Table I), whereas the method proposed in [11] involves numerical approximations.

Finally, it is worth noting that the experiments conducted with the multivariate matrix-equivalent of MoLC [21],
i.e., the method developed based on the matrix-variate Mellin transform, for several state-of-the-art polarimetric SAR
complex-valued PDF families have demonstrated superior bias and variance properties than the original moment-
based parameter estimation methods. As in the single-variate case for Mellin-type statistics, the mathematical
tractability and the simplicity of the obtained expressions [21] show that the extension of MoLC to matrix-valued
data is a well-adapted and accurate tool for multilook polarimetric radar data.

III. METHOD OF LOGARITHMIC CUMULANTS

In this section, we recall the method of the logarithmic cumulants (MoLC) approach following the general
notations introduced in [8].
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MoLC is a parameter estimation technique developed for PDFs defined on R™. On the basis of the Mellin integral
transform, this technique is well-suited for distributions that are defined as products of nonnegative RVs [10]. Such
products are commmon in signal processing applications including signals collected by active acquisition systems,
such as radar and sonar in remote sensing [14] and ultrasound in medical imaging [22]. Therefore, as demonstrated
in [8], the use of the Mellin transform makes it possible to perform a more effective analysis of practically important
distributions defined in R*.

Let X be a positive-valued RV with PDF p(u) defined on v € R*. The Mellin transform of p(u) is defined as

+o0
o(t) = /0 utflp(u)du, (1)

where the integral converges for ¢ in an open vertical strip of the complex plane and ¢(¢) is analytical inside
this convergence strip. Following the notations introduced in [8], this transform ¢(t) is referred to as the first
characteristic function of the second kind. The second kind moment (log-moment) of order s € N is defined as
dS
T dts
where the second equality follows from the properties of the Mellin transform [8].

We then define the second characteristic function of the second kind as the natural logarithm of the first character-
istic function of the second kind as (¢) = In ¢(t), and its derivatives as the second kind cumulants (log-cumulants):

e = o] = [ " wypluds, @

t=1

3)

Analytically, second-kind cumulants are constructed in the same way as the traditional cumulants. Therefore,
the same relationships between log-cumulants and log-moments hold, as in the case of classical moments and
cumulants [2]. For instance, the first three log-cumulants can be written as: INcl = My, l~€2 = Mg — m%, and
k3 = 1h3 — 3y + 25,
According to the sufficient condition proposed in [8], to ensure the existence of log-cumulants of arbitrary orders
it suffices to verify that the point ¢ = 1 lies inside the convergence strip of the second-kind characteristic function (1).
If we denote the Fourier transform of the PDF of a RV Y as ®y (¢), we obtain [8] (v € R):

P x(v) = ox(t)

In other words, finding the Mellin transform (characteristic function of the second kind) is equivalent to deriving
the expression for the Fourier transform (ordinary characteristic function) in the logarithmic scale. Therefore, log-
moments and log-cumulants can be obtained by differentiating (4).

Taking into account the definition (2), we obtain the same relationships as those for classical cumulants (for In X):

ki =E{ln X}
s = E{[lnX - /2;1]8}

4

t=14iv

for s = 2, 3, and slightly different for integer s > 3, see [23]. If we then combine the definition (3) with the sample
estimates of the central moments [23] obtained for independent identically distributed observations {x;}!" ; of a
RV X, we can deduce the following relationships:

d - 1 &
fy = alngb(t)‘t:l ~ foyp = ngllnmi
. . 5
[lnxi — ]Af/'ln:| .

S

=
dts

s ngb(t)‘ ~ fogn =

1
- 02
This system of equations defines MoLC and provides a method to estimate the parametric PDF models given
observations by expressing the characteristic function of the second kind as a function of the PDF parameters and

then inverting it.
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IV. STRONG CONSISTENCY OF MOLC ESTIMATES
A. Sufficient conditions

In this section, we analyze the statistical asymptotic property of strong consistency for the MoLC estimator
by first developing a sufficient condition of consistency and then, proceeding to the strong consistency. Note that
previously, it was only for the GGR model (see [4]) that the consistency of the MoLC estimates had been proved.
The considered property of strong consistency is an important statistical characteristic that, in practice, indicates
that with a probability of one for any admissible sample, the sequence of estimates generated by MoLC converges
to the true parameter values as the number of samples grows to infinity. By “admissible”, we refer to the samples
for which the MoLC estimator is applicable for a given distribution; this problem is analyzed in detail in Section V.

Let pe(x) (x > 0) be a family of PDFs deﬁned over RT and parameterized by a vector £ of M real-valued
parameters, which takes on values in a set = C RM . Let the system of MoLC-equations (5) define a mapping
©: ¢ — k, where k = (k:l, .. k:M) is the vector of the first M log-cumulants. Before proceeding to the statements
of this section, we first 1ntroduce the following three underlying assumptions:

A For each £ € =, the convergence strip of the Mellin transform of pe(-) includes a neighborhood of unity.
B The vector k:n = (k‘ln, .. an) of the first M sample log-cumulants computed for the observed samples
{z1,..., 20} is adm1551ble ie. k, € O(2).

C Mapping O is injective on =.

Assumption A guarantees the existence of log-cumulants of all orders, Assumption B ensures the applicability of
the MoLC approach to the specific sample, and Assumption C allows for the recovery of a unique solution of (5).

Theorem 1. If Assumptions A, B and C hold and the inverse of the mapping defined by the system of MoLC
equations (5) is continuous at the true parameter value £*, then the sequence {&n}, where &, corresponds to ki,
via (5), provides a consistent estimate of £*, i.e., &, — &* in probability for n — +o0.

A stronger version of the consistency property is given by the following theorem:

Theorem 2. Under the same conditions as in Theorem 1 the MoLC estimator {én} provides a strongly consistent
estimator of £*, namely, &, — & almost surely for n — +o0.

The difference in the statements given by these two theorems allows to the following explanation: The consistency
condition guarantees that with a growing sample size, the probability of observing a particular sample for which
the estimates are “far” from the true parameter values (the difference is larger than any positive €) approaches
zero. Conversely, a strong consistency ensures that if we take any initial sample and start consecutively adding new
observations to this sample, then, with a probability of one, we obtain a sequence of estimates that converge to the
true parameter values. The second condition constitutes a stronger property [23]; therefore, the result of Theorem 1
follows from Theorem 2. Nevertheless, we present proofs of the both in Appendix A, because each is based solely
on the respective classical moment property.

The previous theorem ensures a strong consistency of the MoLC estimates under Assumptions A, B and C,
provided that the inverse ©~! of the mapping defined by the MoLC-equations is continuous at the log-cumulant
vector k*, that corresponds to £* via (5). The latter condition may be difficult to verify in practice because it
involves properties of the inverse mapping ©~! for which a closed-form expression may not be available. The
following theorem provides a weaker consistency condition that may be more convenient in practice because it
involves only the direct mapping © for which a closed form expression is available by definition as a result of the
Mellin-transform formulation of MoLC.

Theorem 3. Under Assumptions A, B and C, suppose that © is continuously differentiable in an open set = C RM,
and the Jacobian determinant Jo(§) is non-zero for all § € Z. Then, the conclusions of Theorems 1 and 2 hold.

B. Strong consistency for several PDF families

The sufficient conditions discussed in the previous subsection are general and allow stating the strong consistency
of the MoL.C estimators developed for a wide range of parametric families. Here, we focus more closely on several
parametric distributions that have been widely employed in the SAR image-processing literature (see Table I) and
apply the result given by Theorem 3 to demonstrate the strong consistency of MoLC estimates for these distributions.
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Fig. 1. ko ~ ks diagram demonstrating the acceptable (/;‘2, i€3) configurations for the GI'D (above the solid line), Fisher (above the lower
dashed line), K (between the dashed lines) and K -root (between the dotted lines) distributions.

In the statements of this section we consider that Assumption B holds or, in other words, that only samples reporting
admissible sample log-cumulants are considered. We will investigate the restrictions given by Assumption B later
in Section V.

The proofs of the following corollaries are given in Appendix B.

Corollary 1. The MoLC estimates for the GI'D distribution are strongly consistent.

The proofs of this corollary and the following corollaries are given in Appendix B.
Noting that the Weibull (x = 1), gamma (v = 1) and Nakagami (v = 2) distributions are subfamilies of the
GI'D family, we immediately obtain the following corollary:

Corollary 2. The MoLC estimates for the Weibull, gamma and Nakagami distributions are strongly consistent.

As can be easily observed in Table I, some PDF families allow formulating an explicit analytical continuous
inverse of the MoLC equations; therefore, we obtain the following.

Corollary 3. The MoLC estimates for the lognormal and heavy-tailed Rayleigh distributions are strongly consistent.

Finally, we demonstrate the strong consistency of the MoLC estimates for the remaining PDF families.
Corollary 4. The MoLC estimates for the Fisher distribution are strongly consistent.
Corollary 5. The MoLC estimates for the K and K-root distributions are strongly consistent.

Thus, when applicable (Assumption B), MoLC provides strongly consistent estimates for all of the PDF families
presented in Table I. We emphasize that this is an important theoretical justification for the previously developed
methods employing these estimates, including [17], [24].

V. APPLICABILITY OF MOLC ESTIMATES

As concluded in the experimental studies in the literature and further supported by the important analytical
properties established in Section IV, MoLC may be a suitable option when the classical alternatives, ML and
MoM, fail to provide feasible estimators either due to the high complexity of the expressions or to infinite moments.
However, as can be observed in Table I, MoLC has its own limitations that originate from the possible incompatibility
of the system of MoLC equations with the observed sample log-cumulants k.

In this section, we investigate the problem of the applicability of several PDF families in modeling the sample
data. The applicability conditions will be formulated in terms of log-cumulants and represent the applicability
conditions of MoLC for parameter estimation for these families. These conditions have been explored previously
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in the form of 12:2 ~ 12:3 diagrams3 in [5], [8], [18] for Fisher, Nakagami, &' and GI'D distributions. In this paper,
we present analytical conditions for the sample log-cumulants k to identify the applicability of MoLC to specific
families. In other words, we seek to explicitly formulate the condition given by Assumption B in Section IV for
the considered distribution families. We highlight that, to the best of our knowledge, such conditions have not been
previously formulated in the literature, but they are crucial in practice to verify whether MoLC can be employed
for a specific sample, as will be demonstrated in Section VII. We will give the analytical applicability conditions
for the GI'D, K, K-root and Fisher distribution families.

The MoLC estimates for the GI'D distribution are obtained using the first three sample log-cumulants as presented
in Table I. We note that the higher order log-cumulants can be employed to this end as well, which, however, is
inadvisable, because the impact of possible outliers on sample log-cumulants increases with the log-cumulant order.
The same recommendation holds for any distribution family whose parameters are estimated via MoLC. Therefore,
based on the lowest-order log-cumulants for the GI'D family we obtain:

12::2” B W3(1, k)

2 _ ) 6
k2 V2(2,k) ©
where ¥ (n, x) denotes the n-th order polygamma function [19]. As demonstrated in Appendix C, the right-hand-side
is continuous and monotonically increases to infinity (as x — 0o0) with lir% % = 0.25, see Fig. 4. Therefore,
K— )
the MoLC system of equations is compatible for samples reporting
kg > 0.63 |ks|?/>. (7)

This inequality represents the applicability condition of MoLC to the GI'D family.

As compared to the approximate solution developed in [18], where (6) was solved based on the second order
approximation of polygamma functions [19], we find the direct numerical approach employed in this paper to be
preferable for the following two reasons. First, the approximation involved in [18] holds as k — oo, which can be a
wrong assumption in a general case*. Second, the approximate method [18] originating from the Cardano’s formula
can only be applied when l%g / 12