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Pierre Henry-Labordere! Xiaolu Tan? Nizar Touzi®

February 4, 2013

Abstract

We generalize the algorithm for semi-linear parabolic PDEs in Henry-Labordeére
[11] to the non-Markovian case for a class of Backward SDEs (BSDEs). By simulating
the branching process, the algorithm does not need any backward regression. To prove
that the numerical algorithm converges to the solution of BSDEs, we use the notion
of viscosity solution of path dependent PDEs introduced by Ekren, Keller, Touzi and
Zhang [5] and extended in Ekren, Touzi and Zhang [6, 7].

Key words. Numerical algorithm, BSDESs, branching process, viscosity solution,
path dependent PDEs.

1 Introduction

Initially proposed by Pardoux and Peng [15], the theory of Backward Stochastic Dif-
ferential Equation (BSDE) has been largely developed and has many applications in
control theory, finance etc. In particular, BSDEs can be seen as providing a nonlinear
Feynman-Kac formula for semi-linear parabolic PDEs in the Markovian case, i.e. the
solution of a Markovian type BSDE can be given as the viscosity solution of a semi-
linear PDE. We also remark that this connection has been extended recently to the
non-Markovian case by Ekren et al. [5] with the notion of viscosity solution of path
dependent PDEs (PPDES).

Numerical methods for BSDE have also been largely investigated since then. The
classical numerical schemes for BSDEs are usually given as a backward iteration, where
every step consists in estimating the conditional expectations, see e.g. Bouchard and
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Touzi [2], Zhang [20]. Generally, we use the regression method to compute the con-
ditional expectations, which is quite costly in practice and suffers from the curse of
dimensionality.

A new numerical algorithm for a class of semi-linear PDEs was proposed recently
by Henry-Labordere [11], using an extension of branching process. It is a classical
result that the branching diffusion process gives a probabilistic representation of the
so-called KPP (Kolmogorov-Petrovskii-Piskunov) semi-linear PDE (see e.g. Watanabe
[19], McKean [14]):

Oru(t,x) + %Dzu(t,x) + ﬁ(Zakuk(t,x) — u(t,a:)) =0 (1.1)
k=0

with a terminal condition u(T,z) = w(z), where D? is the Laplacian on R? and
(ak)o<k<no is a probability mass sequence, i.e. ap > 0 and > ;% ar = 1. The above
semi-linear PDE (1.1) characterizes a branching Brownian motion, where every par-
ticle in the system dies in an exponential time of parameter £, and creates k i.i.d.
descendants with probability ai. More precisely, let Nr denote the number of parti-
cles alive at time T, and (Z%)i:17... Ny denote the position of each particle, then up to
integrability, the function

o(t, ) = Eep [TV 9(Z5)]

solves the above equation (1.1), where the subscript ¢,z means that the system is
started at time ¢ with one particle at position . This connection is also extended for
a larger class of nonlinearity, typically u®, a € [0, 2], with the superdiffusion, for which
we refer to Dynkin [4] and Etheridge [9]. Moreover, this representation allows to solve
numerically the PDE (1.1) by simulating the corresponding branching process.

When the coefficients ay are arbitrary in equation (1.1) and the Laplacian D? is
replaced by an It6 operator £y of the form

Lou(t,x) = p(t,x)- Du(t,z) + %UO’T(t, z) : D?u(t, x),

Henry-Labordere’s [11] proposed to simulate a branching diffusion process with a prob-
ability mass sequence (py)g=0,...,m, and by counting the weight Z—:, he obtained a so-
called “marked” branching diffusion method. A sufficient condition for the convergence
of the algorithm is provided in [11]. In particular, the algorithm does not need to use
the regression method, which is one of the main advantages comparing to the BSDE
method.

For PDEs of the form (1.1), Rasulov, Raimov and Mascagni [21] introduced also a
Monte-Carlo method using branching processes. Their method depends essentially on
the representation of its solution by the fundamental solution of the heat equation.

The main objective of this paper is to generalize the algorithm in [11] to the non-
Markovian case for a class of decoupled Forward Backward SDEs (FBSDEs) whose
generators can be represented as the sum of a power series, which can be formally
approximated by polynomials. Although the polynomial generators are only locally



Lipschitz, the solutions may be uniformly bounded under appropriate conditions, and
hence they can be considered as standard decoupled FBSDEs with Lipschitz genera-
tors.

We shall use the branching process to give a numerical algorithm, where the branch-
ing process is constructed by countable number of independent Brownian motions and
exponential random variables. To bring back the numerical solution to the BSDE
context where there is only one Brownian motion with the Brownian filtration, we use
the notion of viscosity solutions of path dependent PDEs introduced by Ekren, Keller,
Touzi and Zhang [5] and next extended in Ekren, Touzi and Zhang [6, 7]. Namely, we
shall prove that the numerical solution obtained by the branching diffusion is a viscos-
ity solution to a corresponding semilinear PPDE, which admits also a representation
by a decoupled FBSDE as illustrated in [5]. Then the numerical solution is the unique
solution of the corresponding BSDE by the uniqueness of the solution to PPDEs.

The rest of the paper is organized as follows. In Section 2, we consider a class of
decoupled FBSDEs whose generators can be represented as a convergent power series.
We then introduce a branching diffusion process, which gives a representation of the
solution of the FBSDE with polynomial generator. In particular, such a representation
induces a numerical algorithm for the class of FBSDEs using branching process. Then
in Section 3, we complete the proof of the regularity property of the value function
represented by branching processes. Next, we complete the proof of the main repre-
sentation theorem in Section 4. For this purpose, we introduce in Section 4.1 a notion
of viscosity solutions to a class of semilinear PPDE, where there is no non-linearity
on the derivatives of the solution function, following Ekren, Touzi and Zhang [6, 7].
Finally, we illustrate the efficiency of our algorithm by some numerical examples in
Section 5.

2 A numerical algorithm for a class of BSDEs

In this section, we shall consider a class of decoupled FBSDEs whose generators can be
represented as a convergent power series, which can be approximated by polynomials.
Then for FBSDEs with polynomial generators, we provide a representation of their
solutions by branching diffusion processes. In particular, the representation induces
a natural numerical algorithm for the class of FBSDEs by simulating the branching
diffusion process.

2.1 A class of decoupled FBSDEs

Let QY := {w € O([0,T),RY) :wp = O} be the canonical space of continuous paths with
initial value 0, FO the canonical filtration and A? := [0, T] x Q°. For every (¢,w) € A°,
denote [|wl|¢ := supg<g<; |w(s)|. Then the canonical process B(w) = {By(w) := w;,0 <
t < T} for all w € Q0 defines a Brownian motion under the Wiener measure P.

Let i : A - R? and ¢ : A° — S? be FO—progressively measurable processes.



Suppose further that for every 0 <t < ¢ < T and w,w’ € Q°,

u(t,w) = u(t, o) +lo(tw) =o', )] < C(VIE=t]+ win —wpnllr) (2.1)

for some constant C' > 0, and oo (t,w) > coly for some constant ¢y > 0. We denote,
for every (t,x) € A%, by ¥*X the solution of the following SDE under Py:

Xs=x5, Vs <t and X :xt—l—/ ,u(r,X.)dr—i—/ o(r,X.)dB,, Vs >1.(2.2)
t t

For later uses, we provide an estimate on the SDE (2.2).

Lemma 2.1. There is a constant C' such that for everyt € [0,T] and (t1,x1), (t2,X2) €
[t,T] x QY,

2
BR[| 2, — X[ ] < O Ixall? + xell?) (11 = tal + x1 = xa ).

Proof. It follows by the same arguments as in Lemma 2 and Theorem 37 in Chapter
V of Protter [16]. O

Suppose that 1 : Q% — R is a non-zero, bounded Lipschitz continuous function,
and F : (t,x,y) € A xR — R is a function Lipschitz in y such that for every y, F(-, %)
defined on A is FY—progressive. We consider the following BSDE:

T T
Y, = O’OX.)~|—/ F(s, O’OX.,YS)ds—/ ZdW,, Py — a.s. (2.3)
t t

where the generator F' has the following power series representation in y, locally in
(t,x):

F(t,x,y) = ﬁ(Zak(t,x)yk - y), (t,x) € A”, (2.4)
k=0

for some constant § > 0, and some sequence (a),>0 of bounded scalar FY—progressive
functions defined A°. We also assume that every ay, is uniformly 1/2—Holder-continuous
in ¢t and Lipschitz-continuous in w.

Denoting by |.|o the L>°(A%)-norm |az|o, we now formulate conditions on the power
series

lo(s) = Z laglo s* and  £(s) := B[|v]g o (s]o) — 5] s> 0, (2.5)

k>0

so as to guarantee the existence and uniqueness of a solution of the backward SDE
(2.3).

Assumption 2.2. (i) The power series Ly has a radius of convergence 0 < R < 0o, i.e.
ly(s) < oo for |s| < R and ly(s) = oo for |s| > R. Moreover, the function ¢ satisfies
either one of the following conditions:

(1) (1) <0,

(€2) or, £(1) >0, and ff (=1(s)ds = T, for some constant 5 > 1.
(ii) The terminal function satisfies |1|o < R.

4



Proposition 2.3. Let Assumption 2.2 hold true, then the BSDE (2.3) has a unique
solution (Y, Z) such that supg<i<r |Yi| < R Po—almost surely.

Remark 2.4. When ¢ = 0, the function £ in (2.5) is not well defined. In order
to provide a sufficient condition for the power series representation, we can consider
the BSDE (2.3) with terminal condition Yp = €. Define the corresponding function
qe(s) == 6[5_1&)(68) — s]. Suppose that for some € > 0, Assumption 2.2 holds true
with the corresponding function q., then by comparison result of BSDEs, the BSDE
(2.3) admits still a unique solution (Y, Z) such that'Y is uniformly bounded.

In preparation of the proof, let us consider first the ordinary differential equation
(ODE) of p(t) on interval [0, T1:

o = {(p), with initial condition p(0) = 1. (2.6)

Lemma 2.5. Let |¢|p < R, then the ODE (2.6) admits a unique bounded solution on
the interval [0,T] if and only if Assumption 2.2 (1) holds true. Moreover, in this case,
we have 0 < p(t) < |w|,VtE[OT]forsomeRo<R

Proof. First, since the function ¢ is Lipschitz on [0, L] for every L < ﬁ, then it
follows by Picard-Lindeldf theorem (see e.g. Chapter 2 of Teschl [17]) that there is
Timax > 0 such that the ODE (2.6) admits a unique solution p on [0, Tiyax) and that
limy 7., [p(1)] = ﬁ > 1. Further, we observe that ¢(0) > 0, which implies that
p(t) > 0 on [0, Tiyax). Then it is enough to prove that Tiax > T

In the case that ¢(1) < 0, we have p(t) € [0, 1] for every t € [0, Tinax) and hence
Tiax = 00 > T. Otherwise, when ¢(1) > 0, we have p(t) > 1 for t € [O Thax) and it
follows by (2.6) and the fact that p(R/[¢[o) = oo that [;° gls) ds = Tmax. We hence
deduce that T' < Tyax by Assumption 2.2 (£2). O

Remark 2.6. The ODE (2.6) can be rewritten as

Let o(t) := p(t)|¥]o, then under Assumption 2.2 we have

Sol) = o0 + [ #6( S lanlog(s) ). (27)

k=0

In other words, the existence and uniqueness of solution to (2.6) is equivalent to that

of (2.7).

Remark 2.7. Suppose that ar = 0 for every k > ng with some ng € N, then
clearly ((s) := B(ZZOZO ]ak]0|1p|]§_1sk - 3). Denote £.(s) := B( D12 [(1 + €)aglo|(1 +
E)w\g_lsk — s). Let Assumption 2.2 hold true, then for € > 0 small enough, we still
have ¢-(1) <0, or £-(1) > 0 and f El yds = T for some constant 1 < 5. < oo. It
follows that the ODE: p'(t) = £-(p) with initial condition p(0) = 1 admits a unique
solution on [0,T] under Assumption 2.2.



With the above existence and uniqueness result of ODE (2.6), we get the existence
and uniqueness of the BSDE (2.3) in Proposition 2.3.

Proof of Proposition 2.3. By Lemma 2.5, the solution p of ODE (2.6) is uniformly
bounded by % with some constant C = Ry < R, where R is the convergence radius

of the power series > 7o |ak|oz”®. Denote yo := —C V (y A C) for every y € R,

FC(vaay) = F(vaayC)
and

Telsx,y) = B( Y larbolycl —ve).  folsxy) = =B( Y laslolyel® + lyol).
k=0 k=0

Then F¢, fo and S/ o are all globally Lipschitz in y, and f o S Fo < fo. Moreover,
if we replace the generator F by fq(resp. f C)’ and the terminal condition ¥ by |¢|o
(resp. —|1]o) in BSDE (2.3), the solution is given by Z := 0 (resp. Z := 0) and

Vi= T —t)l  (resp. Yy == —p(T = t)]4blo).

Therefore, by comparison principle, it follows that the solution (Y, Z¢) of BSDE
(2.3) with generator fo satisfies Y < Yo <Y, and hence |Y¢| < C. Further, since
F(t,x,y) = Fc(t,x,y) for all |y| < C, it follows that (Yo, Z¢) is the required solution
of BSDE (2.3). 0

2.2 A branching diffusion process

Let 8 >0, ng > 0 and p = (px)o<k<n, be such that >, pr =1 and pp >0, k =
0,---,ng9. We now construct a branching diffusion process as follows: a particle starts
at time ¢, from position z, performs a diffusion process given by (2.2), dies after a
mean [ exponential time and produces k i.i.d. descendants with probability pi. Then
the descendants go on to perform diffusion process defined by (2.2) driven by inde-
pendent Brownian motions. Every descendant dies and reproduces i.i.d. descendants
independently after independent exponential times, etc. In the following, we shall give
a mathematical construction of this branching diffusion process in three steps.

A birth-death process Suppose that we are given a probability space (2, F,P), in
which (T%7); j>o is a sequence of i.i.d. random variables drawn from the () exponen-
tial distribution with mean 8 > 0, (I,),>1 is a sequence of i.i.d random variables which
are independent of (T%7); j>¢, of multi-nomial distribution M(p), i.e. P(I; = k) = py,
Vk =0,1,---,ng. We shall construct a continuous time birth-death process associated
with the coefficient § > 0 and the probability density sequence (pg)o<k<ng-

The branching process starts with a particle at time 0, Ny denotes the number
the particles in the system, every particle runs an independent exponential time and
then branches into k i.i.d. particles with probability pr. We denote by T,, the n—th
branching time of the whole system, at which one of the existing particles branches
into I,, particles. Between T, and T, 1, every particle is indexed by (ki,--- ,k,) €
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{1,-++ ,no}"™, which means that its parent particle is indexed by (k1,- - , k,—1) between
T,—1 and T},. We also have a bijection ¢ between N and Un212{1"" m0}" defined by

c((kry--- kn)) = > ki(no+1)" (2.8)
=1

Denote by K; the collection of the indexes of all existing particles in the system at
time ¢. Then the initial setting of the system is given by

No=1, Tp=0, Ty =T7T° K,={(1)}, Vte[o,1],
and we have the induction relationship

Nz, = Np+Iip1—1, Tiy1 = T+ kré%; Tk — T Ti,c(Ki-H),

where K11 denote the index of the particle which branches at time T;11. Let
ICTH—I = {(Ki+1,m) 01 S m S Ii+1} U {(k‘,l) ik S ’CTZ. \ {Kl+1}}

In particular, if I;;; = 0, then Kr,,, = {(k:, 1) 1 ke K\ {KZ-H}}. Clearly, at
a branching time Tj, the particle K; branches into I; particles which are indexed by
(K, 1), ,(K;, I;), and all the other particles with index k are re-indexed by (k,1).
Let

Ny = Nr, and K;:=Kp forall t¢e[1;,Ti11).

Then (N¢)>0 is a continuous Markov process taking value in N. Since it is possible that
a particle dies with £ = 0 descendants, the branching system is subject to extinction
in finite time horizon, i.e. P[N; = 0 for some ¢ > 0] > 0. Furthermore, (K;)i>0 is a
random process taking value in U,eny2th 03" and N; = 0 whenever K; is empty.

Example 2.8. We give an example of the branching birth-death process, with graphic
illustration below, where ng = 2. The process starts with one particle indexed by (1),
and branches at time T1,--- ,T5. The index of the branched particles are respectively
(1), (1,1), (1,2,1), (1,1,2,1) and (1,1,1,1,1). At terminal time T, the number of
particles alive are Ny =5 and

ICT = {(1717171717 )7(17171717172)7(17172717171)7(1727171a171)7(1’271’27171)}'

o At time T, particle (1) branches into two particles (1,1) and (1,2).
o At time Ty, particle (1,1) branches into (1,1,1) and (1,1,2), particle (1,2) is
reindexed by (1,2,1).

o At time T3, particle (1,2,1) branches into (1,2,1,1) and (1,2,1,2), the other two
particles are reindezed by (1,2,1).

o At time Ty, particle (1,1,2,1) branches into one particle (1,1,2,1,1), the other
particles are reindezed.



o At time Ts, particle (1,1,1,1,1) branches into (1,1,1,1,1,1) and (1,1,1,1,1,2),
the other particles are reindexed by (1,1,2,1,1,1), (1,2,1,1,1,1), (1,2,1,2,1,1).

(1,1,1,1,1,1)

2)

1)
(1,1,2,1)

1)

(1,2,1,2)

(1,2,1,2,1,1)

0 Ty T T3 T, T3 T

Y

Lemma 2.9. For every probability density sequence (pr)o<k<ng, we have lim,, o T;, =
00, a.s. In particular, the system is well defined from 0 to oco.

Proof. Without loss of generality, we can consider the case when p;, = 0, Vk < ng and
Pno = 1. We first claim that V; < oo for all ¢ > 0, it follows that sup{n : T;, <t} < 0o
for all £ > 0 and hence lim,,_,o, T}, = co. Then to conclude, it is enough to prove that
N; < o0, Vt > 0, which means that the population of the particles never explodes.
In fact, it is enough to use Example 2 of Kersting and Klebaner [12] to finish the
proof. O

The branching Brownian motion Suppose that in the same probability space
(Q, F,P), there is a sequence of independent d—dimensional standard Brownian mo-
tions (W' W2, ...), which is also independent of the exponential random variables
(T%); j>0 and multi-nomial random variables (I,,)n,>1. We can then construct a
branching Brownian motion which starts at time ¢ > 0.

For the first particle in the system indexed by k& = (1), we associate it with a Brown-
ian motion on [¢, o), defined by Bfﬂ) =WLV0<s<T. Letk=(ki, - ,kn) € Kp,
be the index of a living particle at time 7, whose parent particle is indexed by

(k1, -+ ,kn—1), we associate it with a Brownian motion between [¢,t + T},11], defined
by
t,(k1, kn—
Sk {BH(; 2 Vs € [0, Ty,
ths T t,(ky e on— k
BEl et oweh) s € [T, T

By the strong Markov property of the Brownian motion, it is clear that conditioned
on (Ti’j)mzo and (Ip,)n>0, every process (B,E’k)rzt for k € KCr is a Brownian motion.
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In particular, given two particles k' = (ki,--- ,kl) and k? = (k2,--- ,k2) such that
kjl = /c? for all j =1,--- ,14, the associated Brownian motion B% and BY** share the
same path before time ¢ + T;.

The branching diffusion process To construct a branching diffusion process,
we first remark that for every (¢,x) € AY, the SDE (2.2) with initial condition ?* X, =
x5, 0 < s < t has a unique strong solution **X adapted to the natural Brownian filtra-
tion, hence there is a progressively measurable function ®* : [t, T] x C([t, T],R%) — R
such that #* X = ®4X(s, B.), Py — a.s..

Then a branching diffusion process **X* is given by

bxxf o= Y X(t+s,BY), VseR" and k€K, (2.9)
Moreover, for later uses, we extend #*X () on the whole interval [0,T] by
bxx .= x, Vs<t and XV .= @t’x(s,B.t’(l)), Vs > t.

Remark 2.10. By the flow property of the SDE (2.2), we have that for every (t,x) €
A%, r <sandk e K,,

)uzt) — Pt tx xk (t + s, (Bt’k)u2t+r)v P—a.s. (2.10)

u

ohx (t + s, (Bt’k

u

To conclude this subsection, we equip the above system with two filtrations. First,
F= (?t)tzo with
Fi = o((Tn, In, Kn)lr,<t + Olp,5¢, n > 1),
where 9 denotes a cemetery point. Intuitively, F is the filtration generated by the birth-
death process. In particular, T}, is a F—stopping time and Fr,, = o((Tk, Iy, Kk)lgkgn)~
Next, for every ¢t > 0, let F = (7: 4s)s>0 be the filtration on the probability space
(Q, F,P) generated by the branching diffusion process, which is defined by

Fire = Fo \/ ok BY, B, 0<r<s, keky). (2.11)

2.3 Branching diffusion representation of backward SDE

Using the branching diffusion process defined above, we can provide a representation
of the solution to the decoupled FBSDE (2.3).

Let (t,x) € AY, we consider the branching diffusion process (**X*)icic,. on [t, T
defined in (2.9), where the probability sequence p = (pi)o<k<n, satisfies that py > 0
whenever |ag|o # 0. Denote

, where Mrp_; :=sup{n:t+1T, <T}

t+T t,xX.Kn))

Wiy : HM“<°”"(
X'_
pr,

is the number of branchings occurred in the particles system before time T. Our main
representation formula is the following function:

o(t,x) = EF [U]  with W = Wix Mpexp, o(7XF),  (2.12)

where the integrability of W,  is verified in the following result.

9



Proposition 2.11. Suppose that Assumption 2.2 holds true. Then for every (t,x) €
A, the random variable U, x given in (2.12) is integrable and the value function v is
uniformly bounded. Moreover, for every M > 0, there is a constant C such that

ot w) —v(t', )] < C(WVIE =]+ llwea. — wpnlT),
whenever |(t,w)| < M and |(t',w')| < M.

The proof of Proposition 2.11 will be completed later in Section 3.
Our main result of the paper is the following representation theorem. Let ©0X be
the unique strong solution to the SDE (2.2) in the probability space (€2, F,P), denote

YY) = o@t"0X). (2.13)

We also consider the BSDE (2.3) with generator

L)
Foo(t,%,y) = B(Zak(t,X)y’“ - y) (2.14)
k=0
We define ¢,,, by
70
luo(s) = B( D laxlolulh " = 5), ¥s > 0.
k=0

It is clear that when Assumption 2.2 holds true for ¢, then ¢,,, satisfies also Assumption
2.2. It follows from Proposition 2.3 that the BSDE (2.3) with generator F,, has a
unique solution, denoted by (Y, Z), such that Y is uniformly bounded.

Theorem 2.12. Suppose that Assumption 2.2 holds true, and (Y, Z) is the unique
solution of BSDE (2.3) with generator Fy,, (defined by (2.14)) such that Y is uniformly
bounded by Ry, the constant introduced in Lemma 2.5. Then Y° =Y, Py—a.s.

The proof of this result will be provided in Section 4 using the notion of viscosity
solutions to a path dependent PDE.

2.4 Numerical algorithm by branching process

The representation result in Theorem 2.12 induces immediately a numerical algorithm
for BSDE (2.3) by simulating the branching diffusion process. For numerical implemen-
tation, the branching times can be simulated exactly since they follow the exponential
law, and the diffusion process can be simulated by a Euler scheme.

Let A = (tg, - ,tn) be a discretization of the interval [0,77], i.e. 0 =1t) < --- <
tp, = T. Denote |A| := maxj<p<n(tx —tg—1). To give the Euler scheme, we introduce
the frozen coefficients u® and o2 by

pP(t,x) = p(ty,%x2) and o2(t,x) = o(tg, %), V€ [tps tit1),

where X2 denotes the linear interpolation of (xy,,- - - ,X;,) on the interval [0, T]. Then
clearly the process X2 given by the SDE

t t
XA = /MA(S,XA)ds + /UA(S,X.A)dBS, Py — a.s. (2.15)
0 0

10



can be simulated, which is also the Euler scheme of the SDE (2.2). By standard
arguments using Gronwall’s Lemma (see e.g. Kloeden Platen [13] or Graham and
Talay [10] in the Markov case), we have the following error analysis result: Let X be
the solution process of (2.2) with initial condition (¢,x) = (0,0), X* be the solution
of (2.15) and XA denotes the linear interpolation of (Xt%, <+, XP) on [0,7).

Lemma 2.13. There is a constant C independent of the discretization A such that

E| swp (|X - XA+ [xP - XP7)] < clal
0<t<T

Moreover, for the BSDE (2.3) with a general generator function F : [0, T]xQ°xR —
R which admits a representation (2.4), we can approximate it by some polynomial F,,,
of the form (2.14). Let F% (t,x,y) = B(Xr, a2 (t,x)y* — y), where

akA(t,x) = ak(ti7)2A) for every k=0,---,n9 and t € [t;,ti11).

Further, under Assumption 2.2, by simulating the branching diffusion process (X Ak Ve

the numerical solution

aﬁ (T, )?.A’K")

b1,

YA = E[HMT(

n=1

Mleer, o (X24)]

is the solution of the following BSDE

~ T . T
Yo = w(X-A) + / Fr%(taX.AaYZ)dt —/ Zy dBy, Py —a.s.
0 0

Finally, we provide an error estimation of the numerical solution:

Proposition 2.14. Under Assumption 2.2, there is a constant C' independent of ng
and A such that

‘}/E)A - YO‘ < C(‘F - Fno’L"O(AOX[_ROVROD + \/K)

Proof. This estimate follows from a direct application of the stability result of back-
ward SDEs together with the error estimation in Lemma 2.13, see Proposition 2.1 and
the subsequent remark in El Karoui, Peng and Quenez [8]. O

3 Holder and Lipschitz regularity of v

This section is devoted to the proof of Proposition 2.11. We first derive some estimates
of the birth-death process defined in Section 2.2, then together with the tower property,
we can complete the proof of Proposition 2.11.
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3.1 Some estimates of the birth-death process

We recall that F = (Fy)o<i<r is the filtration generated by the birth-death process
defined in the end of Section 2.2, and that the number of branchings occurred in the

system before time ¢ is denote by M; := sup {n 2T, < t}. We also introduce:
ar, |o
n(t) = EF|(m, | o | Jwlde]-

Lemma 3.1. For every 0 < s <,

a P a
B (i, el e | 7] = (1 14000 g — gy
pr, pbr,
and
]EIP HMt |(I[n|0 Ntl T _ ‘a11|0 _T 111
ne1—— Wl In< | Fr| = —— @t —=T1))" 1n <.
prI, bn

Proof. Let Z be a random variable and A € F, then £F(Z) denotes the law of Z and
LF(Z|A) denotes the distribution of Z conditioned on A under the probability P. We
notice that for every 7,5 > 1 and s > 0,

LHTHTY > 5) = LHT%) = £(p).

Let 0 < s < t, the law of number of branches between s and ¢ (which equals to M;— M;)
is completely determined by Ng, (T%);> M, ;>0 and (1;)i>nr,+1. It follows that

£F (M, = M, (Dgeidizn | No= 1, k€ Ky M = )
= LP(M; — My, (Ing4i)is1 | No =1, k € Ky, M, = j, TMok) > )
= LF (M, (I)ix1),

and hence
L8 (My — My, (Ing,14)is1 | Ns=1) = LY (My—s, (L;)iz1)-

Since N; = N + Z,];/[;MSH(In — 1), we deduce that

arg ’0 N,
e G C TH
n=Ms+1 P, | |0

N, = 1} = n(t—s).

Moreover, since every particle branches independently to each other, we deduce that

a . .
B[ (102 20 e | v =] = e -
br,
which implies that
ar, o
B (14 ) | V] = - s

12



And hence

ar, |0
B [ (e, 122210y v
pr,

= ar,lo\ (1 la, o
7| = EP[(HM:’ =10} (1)t -
s n=1 DI, n=Ms+1 I,

= (s B - g

n

el

7|

For the second equality, we remark that (I;);>2 and (IT%7);>2 j>0 are all indepen-
dent of (71, I1). Then consider a family of conditional probabilities (Ps ;)scr+ ic{0,-- no}
of P w.r.t. the o—field generated by (7%,I1). Under a probability P,;, the law of
(M, Ni)1ls<¢ depends only on ([;)j>2 and (Tj’l)jzg 1>0- Considering in particular
i =1, we have

LEH(My = My, (I)iz2) = L5 (Mg, (Ii)i>1)-

And hence

ar,|o
A L e

Moreover, by the independence of the evolution of i particles under P ;, we get

. ar, .
E" [(H%:tMSH | pII |0> W}‘é\]tlsgt} = (n(t—s))le<s.

n

which concludes the proof. O

Lemma 3.2. Suppose that for some t > 0, n(t) < co. Then there is § > 0 such that
n(s) < oo, for every s € [t,t + d].

Proof. First, it follows from Lemma 3.1 that for every ¢, § > 0,

e+ s) = (i 2 o).

Let us consider another pure birth process (Nt,/ét) on a probability space (Q,]} , I@’)
with the same constant characteristics 5 and (pg)o<k<n, such that p,, = 1. We suppose

without loss of generality that ng > 2 and denote C' := maxg<i<n, |ka|° +n(t). Then

clearly it is enough to prove that EP [C’N 8 ] < oo for some § > 0 to conclude the proof.
The distribution of Njs can be computed explicitly (see e.g. Athreya and Ney [1]) and
verifies that for some constant C' > 0,

P[Ngzn] < CN'/{:;‘ with kg = (1—6_55(”0_1))1/(%_1).

Then for § > 0 small enough, kg is small enough such that EP [CN5 } < 00. O

The birth-death system is closely related to the ODE (2.6). Let us define

— wP M, lanloy,
D, = E (1\/Mt)(1th)<Hn:1 m )|q,z)|0 ] (3.1)
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Proposition 3.3. Suppose that Assumption 2.2 holds true. Then

sup n(t) <oo and sup D < oo. (3.2)
0<t<T 0<t<T

Proof. We first observe that n(0) = |¢|o by its definition, and it follows from Lemma
3.1 that

1) = Elehlnsd + B[ lax(nlt - 1)) 1n<]
k=0

= w0+ [ e (S laulon - o))
k=0

= o) + [ e (3 laulo(n(s)) ds).
k=0

Suppose that Ty := inf{s : n(s) = oo} < T, then it follows from Lemma 2.5 and
Remark 2.6 that n(t) = p(t)|t)|o < oo, where p is the unique solution to the ODE
(2.6). This contradicts Lemma 3.2. We then have Ty > T and n(7T) < co. Since 7 is
increasing, this provides the first claim in (3.2).

We next denote

nelt) = EPKH?@WN(HEWM

In spirit of Remark 2.7, we know that for ¢ > 0 small enough, 7.(T) < oo. It follows
that

a
sup Dy = sup EF[(1 M)V N (I, 1,20 < o,
0<t<T 0<t<T P,

since there is some constant C, > 0 such that n < C.(1+¢)" for every n > 0. And we
hence conclude the proof. ]

3.2 Proof of Proposition 2.11

In preparation of the proof, we first provide a tower property of the branching diffusion
process. Let (t,x) € A? and 7 : Q0 — R* be a F'—stopping time such that 7 > ¢, then
7 =7 t’xX.(l)) is a Ft—stopping time in the probability space (€2, F,P).

Lemma 3.4. Suppose that Assumption 2.2 holds true, let (t,x) € A°, 0 < s < T —t
and 7 be given above. Then we have

= t+ T, X XEn
B (W | Fry] = (Hﬂﬁl‘”"( i o )) Mier, vt +s, "*XF) (3.3)
and
’U(t,X) = E]P [U(’f—v t7xX-(1))1t+T1>7”'

n ar, (t + 17, t’xX.(l))

o1 vl (t + 17, t’xX.(l)) et S’f} . (34)
1
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Proof. First, following the arguments of Lemma 3.1, we know

L5 (My = My, (D) o1, (WH sy | No =1, M, = i)
= LY (Mi—s, (Ij)jz=1, (Wiz1).

Together with the flow property of SDE in (2.10), it follows that

EPKHMT—t ar, (t + Tn, t’xX-K")
n=Ms+1 pI

‘ No=1, My =i, k€ Ks, (t’fo)tgrgt_,_s} = ot +s, BXXP).

) HkE’CT—tw (X-t’XJC)

Then by the independence of evolution of every particle in K, (3.3) holds true.

For the second equality, we consider a regular conditional probability distribution
(r.c.p.d.) (Py)peqo of P w.r.t. J(qu\)') (see also Stroock Varadhan [18] for the notion
of r.c.p.d.). Then using the fact that under Py, the law of T} conditioned on T} > 7 —t¢
is the same as that of 77, we get that

FPw [\Ilt,xlt+T1>+(w) ‘ t+11 > %(w)} — ’U(f'(w),X,t’x’(l))_

Further, using similar arguments as in Lemma 3.1, by considering the distribution of
Vs 1141, <# conditioned on 7;1, we get

ar, (t+ 11, xx W)
b,

B [Wixliymer] = EP[ ot (¢ + T, t’XX(l))lHTlgf],

which concludes the proof. ]

Proof of Proposition 2.11. (i) First, it follows immediately from Proposition 3.3
that W, is integrable and |v(t,x)| < p(T' — t)|¢|o < Rp.

(i) Let t € [0,7] and x1, x5 € Q. By Lemma 2.1, for every s € [t,T] and k € K, we
have

EP[ sup [k t,szf” < O+ Ixalle + lIx2lle) lIx1 — xalls,
t<r<s

for some constant C' independent of x;, x2. Then using the fact that (ax)o<k<n, and
1) are all Lipschitz in x,

]EPH\I’t,xl . \I]t7XQH S C Dt EP[H t,XlX _ t,X2XHT]
C(1+ [Bxalle + [Ix2lle) flx1 = xells,

}v(t, x1) — v(t, XQ)‘ <
<

where D, is defined in (3.1).
(iii) Let 0 < s <t <T, then it follows from Lemma 3.4 that

o s T,

[u(s, %) = vt x| < i i, o(t, X vl x0n)
< C( sup DT)EP[ sup ‘xs 5% XfH
s<r<t r€[s,t]
+ ‘EP [Hiﬁlsw"(;’[w (v(t,xs/\.))Ntfs} fv(t,xs/\.)‘
< OO+ IxIDVETS + () — é(s)]
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where ¢ is the unique solution of the ODE
no
& (r) = ﬁ(Z ar(t, x)o"(r) — (b(r)) with terminal condition ¢(t) = v(¢, Xsa.)-
k=0

Moreover, by comparison principle of ODE, |¢(r)| < p(r), Vr € [s,t]. Then |p(t) —
¢(s)] < C(t — s) for some constant C' independent of (s,t,x), which implies that v is
locally (1/2)—Holder in t. O

Remark 3.5. When (ak)o<k<n, and v are all constants, the value function v(t,x) is
independent of x and t — v(T —t, X)WJ|61 is a solution of the ODE (2.6). Therefore, in
spirit of Lemma 2.5, Assumption 2.2 is also a necessary condition for the integrability
Of \Ifo?g .

4 The branching diffusion representation result

This section is devoted to the proof of Theorem 2.12.

We first consider a class of semi-linear parabolic path-dependent PDEs (PPDEs)
and introduce a notion of viscosity solution, following Ekren, Keller, Touzi and Zhang
[5] and Ekren, Touzi and Zhang [6, 7]. Our objective is to show that the value function
v, defined by our branching diffusion representation, and the Y —component of the
BSDE are viscosity solutions of the same path-dependent PDE. Then, our main result
follows from a uniqueness argument.

4.1 Viscosity solutions of PPDEs and FBSDEs

We consider a PPDE which is linear in the first and second order derivatives of the
solution function. This is a simpler context than that of [5, 6, 7]. As a consequence,
following Remark 3.9 in [6], we use a simpler definition of viscosity solutions. We
shall also provide an (easy) adaptation of the arguments in [6] which relaxes their
boundedness conditions, thus allowing the terminal condition and the generator to
have linear growth.

4.1.1 Differentiability on the canonical space

For all t € [0,T], we denote by Q! := {w € C([t,T],RY) : w; = 0} the shifted canon-
ical space, B! the shifted canonical process on ¢, F! the shifted canonical filtration
generated by B, P} the Wiener measure on Q! and A! := [t,T] x Q.

For s <t, w € Q° and w’ € QF, define the concatenation path w ®; w’ € Q° by

(w ®w/)(r) = ers§r<t + (Wt +w;)1tST§T, Vr € [S,T].

Let £ € F2 and V be a F—progressive process, then for every (t,w) € A%, we define
& e Fh and (Vst’w)tgng by

W) = fwepw!),  VEW) = Vi(werw), V' el
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Following Ekren et al. [6, 7], we define some classes of processes in Af, ¢t > 0. Let
CY(A?) be the collection of all Ft—progressive processes which are continuous under
the norm d,, where

doo((5,w), (8", ")) = |s=§| + sup |wsar — wip,l, Y(s,w), (s',w') € A
t<r<T

Denote by Cp(A?)(resp. UC(A?)) the collection of functions in C°(A?) which are uni-
formly bounded (resp. uniformly continuous), and UCy(A?) := UC(AY) N CP(AY).
Next, denote by X%* the solution of the SDE on (Q, 7L, PY):

S S
Xs =X, Vs <t and X;=x +/ w(r, X.)dr +/ o(r,X.)dBL, Vs > t. (4.1)
t t
Clearly, X%** under Py has the same law as that of »*X introduced in (2.2) under PPy.
We denote the induced measure on the shifted space Q! by:
Py i=Pho (X®* —x;)"" and Px :=Pyp. (4.2)

Remark 4.1. Let (t,x) € AY, 7 >t be a F'—stopping time on Q', £ € Fl. and (Py)weq
be a reqular conditional probability distribution (r.c.p.d., see Stroock-Varadhan [18]) of
Pix w.r.t. F2, then clearly, B« [¢] = B« [e7@)<] for Py x—a.5. w € Q.

For every s € [0,T) and u : A* — R, we introduce the Dupire [3] right time-
derivative of u defined by the following limit, if exists,

ou(t+ hywoay) —u(t,w) -
Oru(t,w) == 1}5101 Y , t < T, and Owu(T,w) := t<¥£T Oru(t,w).

Definition 4.2. Let u be a process C°(AY). We say u € CH2(AY) if Oyu € CO(AY) and
there exist O,u € CO(AY,RY), 92, u € CO(A',S?) such that, for any (s,w) € At:

1
dup = () dr + (D) - dB] + S (Quw)” s (B}, Prx—as. (4.3)

If, in addition, u € CP(AY), we then say u € C’;’Z(At).

It is clear, for s <t, w € Q0 and u € CH?(A®), we have ut* € CH2(A?).

Finally, for all ¢ € [0, 7], we denote by T* the collection of all F*—stopping times 7
such that {w : 7(w) > s} is an open set in (QF, || - ||7) for all s € [t,T], and by 77 the
collection of stopping times 7 € T such that 7 > t. The set Al(7) := {(t,w) € A! :
t < 7(w)} is the corresponding localized canonical space, and we define similarly the

spaces CO(A!(7)), CYH2(AY(1)), etc...

4.1.2 A path-dependent PDE

In this section, we do not need the restriction of the generator to have a power series
representation in y as in (2.4). We then consider a slightly more general generator
F : A" xR — R such that (t,w) —> ﬁ(t,w,y) is FO—progressive for every y € R.
Consider the second order path-dependent differential operator:

1
Lo = pu-0,p0+ iaaT 020 (4.4)
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Given a Fr—measurable r.v. £ : Q¥ — R, we consider the path-dependent PDE:

{(—Lu—F(,u)}tw) = 0, t<T, weQ’ (4.5)
uw(T,w) = &w), we (4.6)

Assumption 4.3. There is a constant C such that sup,<p |F(t,0,0)| < C, and
|F(tw,y) = F(t.' o) +[6@) — €@ < Cly =¥/ + o~ 'lIr),
for every t € [0,T], (w,y), (W,y) €N xR,

We next introduce two classes of test functions for every F'—adapted process u:

Au(t7w) = {4,0 € Cl’Q(At) :dHe 717 ((P - utw)t(o) = HEI%QS EPt’w [((P - ut,w)T/\H] }7

Au(t,w) := {(p eCH(AY:Ine T, (p—ut)(0)= mz}r)t(EPtv“ [(cp - ut’w)T/\H] }
TE
The next definition requires the following notation for the path-dependent second order
differential operator on the shifted canonical space:

(L) (s,0)) = (u" - 0p0)(s,w') + %((O’O’T)t’w : 8§Icp) (5,0, (s,w') € AL

Definition 4.4. Let u : A° — R be a locally bounded F°—progressive process.
(i) We say that u is a viscosity subsolution (resp. supersolution) of PPDE (4.5) if, for
any (t,w) € [0,T) x Q° and any ¢ € Au(t,w) (resp. ¢ € Au(t,w)), it holds that

(= Bp— L% — P, )}(1,0) < (resp. 2) 0.

(ii) We say that u is a viscosity solution of PPDE (4.5) if it is both a viscosity subso-
lution and a viscosity supersolution.

Remark 4.5. (i) In Definition 4.4, we can only use, without loss of generality, the
test functions ¢ € A (resp. A) such that (o — u'*)¢(0) = 0.

(ii) Similar to Remark 3.9 of Ekren, Keller, Touzi and Zhang [5], we can easily verify
that under Assumption 4.3, for every A € R, u is a viscosity solution to (4.5) if and
only if a(t,w) = eMTDu(t,w) is a viscosity solution of

-0t — LU — 1/7\,\(.,11) =0, where F\,\(t,w,y) = -y + eAtF\(t,w, e_)‘ty).

(iii) Similar to Remark 2.11 of [5], we point out that in the Markovian setting, where
the PPDE (4.5) decreases to a classical PDE, a viscosity solution in sense of Definition
4.4 s consistent to the viscosity solution in standard sense, by the uniqueness result
proved below.

4.1.3 The existence and uniqueness of solutions to PPDE

This section follows closely the arguments of [5, 6, 7]. However, their results do not
apply to our context, because of the possible unboundedness of u and o. Moreover,
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the PPDE in our context is linear in the gradient and the Hessian components, which
significantly simplifies the approach, see Remark 3.9 of [6].

The above viscosity solution to PPDE (4.5) is closely related to the following de-
coupled FBSDE. For every (¢,x) € A%, let X%** be the solution of (4.1), (?O’t’x, Zo’t’x)
be the solution of the BSDE on (Qf, 7L, PY),

T T
Y, = f(X,O’t’x)—l-/ F(T,X,O’t’x,YT)dT—/ Zr.dBfﬂ (4.7)
S

S

By the Blumenthal 0-1 law, f@o’t’x is a constant and we then define
alt,x) = Yo (4.8)

For later use, we observe that, since the diffusion matrix ¢ is nondegenerate, the above
BSDE (4.7) is equivalent to the following BSDE on (2, Ft, P, «):

T T
Y, = &%(BY)+ / F"(r, BY, Y, ) dr — / Zy - (dBy — p*(r, B!)dr),
whose solutions are denoted by (Y%* Z04X) e, }A/;O’t’x = }N/;O,t,x = a(t,x) for every
(t,x) € A% Moreover, by equation (4.6) of [6], we have the dynamic programming
principle

;
Yo = (B + / F'(r, BL Y M) dr
S

.
- / Z0* - (dBL — pt*(r, BNdr), Pyx —as., (4.9)

S

for all (t,x) € A” and 7 € T*.

Theorem 4.6. Let Assumption 4.3 hold true.
(i) There is a constant C > 0 such that ¥(t,w), (t',w') € A°,

ja(t,w) —a(t' W) < Cllwlle+ 1o le) (VIE =1+ lwin. = win lI7)-
(ii) @ is a viscosity solution to PPDE (4.5).

Proof. (i) is proved in Proposition 4.5 of Ekren et al. [6], since our BSDE (4.7) is
a particular case to their equation (4.4). It is in fact an immediate consequence of
Proposition 2.1 in El Karoui, Peng and Quenez [8] together with the estimation in our
Lemma 2.1.

(ii) We adapt the arguments in the proof of Proposition 4.5 [6] to our context. We
only show that @ is a viscosity subsolution. Assume @ is not a viscosity subsolution,
then there exist (t,w) € A° and ¢ € Ad(t,w) such that ¢ := L p(t,0) > 0. Without
loss of generality, we may also assume that ¢(t,0) = @(¢,w). Denote, for s € [t,T],

Y! = @(s,BY), Z.:=d,p(s,B"), 0Y,:=Y! YO 7, .=27 — 7%t

Applying Ito’s formula together with Definition 4.2, we have for some F!—progressive
process a bounded by some constant Ly,

d(sY,) = — [(ﬁtw)(s, BY + asayg} ds+ 67, - (dB! — pt* (s, B')ds), Pp, — a.s.
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Observing that §Y; = 0, we define
H = TAinf{s>t : L"%p(s, B") — Lo|dYs| < ¢/2}.
Then by the continuity of Y as well as L"*“¢, H € T} and
L%0(s, BY) + adYy > ¢/2,  forall s € [t,H].
Now for any 7 € T such that 7 < H, we have
= 8Y; = O0Y,+ /; [(mwp)(s, BY) + aséYs} - /tT 87 - (dB: — p (s, BY)ds)

> (T, Bt) — ﬂt’“’(T, Bt) +e(r—1t)/2— / 07, - (dBé — ,ut’“’(s7 B,t)ds),
¢

Po — , where we also used the dynamic programming principle in (4.9). Then
Eft’“[(gp At“’)(T B!)] < 0, contradicting the fact that ¢ € Ad(t,w). O

For the proof of our main result, we also need the following comparison result.

Theorem 4.7. Let Assumption 4.3 hold true, u',u? be two F—progressive cadlig
processes on Q0 with corresponding jumps Au' > 0 > Au?. Assume that u' (resp. u?)
is a viscosity subsolution (resp. supersolution) of PPDE (4.5), and u!(T,-) < &(+) <
u?(T,-). Then u' < u? on A°.

In preparation of the comparison principle, we first introduce two extended spaces
Qiﬁ(At) and éi”z(At) of C12(A%) and derive a partial comparison principle as in [6, 7).

Definition 4.8. Let (t,w) € A°, u: A® = R be F'—adapted.

(i) We say u € C (At) if there exist an increasing sequence of F!—stopping times in
Tt t=1 <1 <---<T such that,

a) 7; < Tiy1 whenever 7, < T, and for all @ € Qt the set {i:m;(0) < T} is finite;

b) For each i > 0 and @ € QF, ﬁrlw) € T7@) and u™@)@ ¢ C’M(A“( )( 21(;;), )):
¢) u has non-negative jumps (Au >0), and

EPW Z/

>0

t’“)@wuf) (s,Bt)ds} < 0. (4.10)

(i) We say u e Cyo(AY) if —u € CLA(AY).

Lemma 4.9. Suppose that Assumption 4.3 holds true. Let u' be a viscosity subsolution
and u? be a viscosity supersolution of PPDE (4.5) such that u'(T,-) < u*(T,-). If
ul € Q(l)f)(AO) or u? € 6(1):(2)(1&0), then ut < u? on A°.

Proof. We follow the lines of Proposition 4.1 of Ekren, Touzi and Zhang [7]. Suppose
that u!' € Q(l)f)(AO). First, let us show that, for every i > 0 and w € QF,

7i (w),w ri(w)w\ T
(ul _ UQ)Z(W) (w) < E]Pn'(w)w [((ul)nil)(w) — (UZ)TiEJ)(W)) } (4.11)
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Without loss of generality, it is enough to consider the case ¢ = 0, where P ()., = Px
for all w € €. Assume to the contrary that

2Tc = (up—ug)t™ — E¥[(ul, — u31)+]
we set
Xii=(uf —ud)" +et, Vi i=sup,er B[ Xopr), T i=inf{t>0: X, =Y} <7,

where E;[¢](w) := EFte[¢t%] = EFX[¢|F](w). In particular, Eg[-] = EFX[]. Then
(Y2)¢>0 is a supermartingale, (Yiar+)i>0 is a martingale and 7* is an optimal stopping
time for the problem sup, <70 Eg[X]. It follows that

EolX,+] = Eo[Yye] = Yo > Xo = 2Tc+Ei[(ul, —u2)"] > Te+EolX,,).

T1

Then there exists w* € Q0 such that t* := 7*(w*) < 7. And therefore
(u' — )T, W) + ot = Xp (0%) = Vir (W) > By [X7,] > et

which implies that 0 < (u! — u?)*(t*,w*). Set ¢(t,w) := (u')"" " (t,w) + c(t*). Then
¢ € CH2(AY (1)) since u' € CY2(A(71)). Moreover, let

H = inf{t > : u/ —ul <0lAT € TL.
Then for every 7 € T,
(p = (@))(E,0) = Xpe(w") = Ep[Yeu] (@)
> B (Ko@) = B [(o— (2)°),,, ]
which implies that ¢ € Au?(t*,w*). It follows that
0 < —Lop(tw') < — ¢ — Lul(t',w),

which contradicts the fact that u! is a subsolution and we hence prove (4.11). Further,
since (P, () w)wen induces a r.c.p.d. of Px w.r.t. F, (see Remark 4.1), it follows by
(4.11) that for every i > 0,

(ut —u?)y < Eqg [(u1 - u2)+].

Ti

By sending i — oo, we get that (u! — u?)y < Eo[(u! — u?)%] = 0, which completes the
proof of ué < ug. O
Proof of Theorem 4.7. We follows the lines of the proof of Theorem 7.4 of Ekren,
Touzi and Zhang [6], where a comparison principle for PPDE (4.5) was proved in case
o = I4. In spirit of Remark 4.5, we suppose without loss of generality that F decreases
in y.

For every € > 0, we denote

O.:={zcR? :|z|<e}, O.:={zcR? :|z|<e}, 00.:={zcR? :|z|=c};
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O =[t,T)x O, O; :=[t,T] x O, 905 := ([t,T] x dO.;) U ({T} x O.).

Let tg =0, zo = 0, (¢;);>1 an increasing sequence in (0, 7] with ¢; = T" when 7 is large
enough, and (x;);>1 a sequence in R%. Set 7 := (ti,xi)i>0 and m, = (ti, Ti)o<i<n-
Given 7, and (t,z) € Of , define

Hé’x’e =inf{s >t:|B' +z| =} AT, Hf’ff = inf{s > Hi’x’e . |BL — Bfﬁ’“| =} NT.

For t € (tn, T], let Ee’”"’t’w(w) denote the linear interpolation of (¢;, Z;:O xj)o<i<n and
t7 9
<Hi "2 (w), Z?:o T +x+ Blt{?z’a(w)hzo' Define

9751(77713 (t, Jf)) — tavﬂ'n,t,z,
where, omitting the superscripts ™% Y is defined B

~

T T
Y, = &B)+ / F(r, ;1B.AHE_,x,E1[H§,$,gyﬂﬁfig),yr)dr— / 2,(dB, — u(r, B)dr),

with H*% := t. Then clearly, for every n and 7,, the deterministic function 65 :=
07, (my; -) is the viscosity solution of the standard PDE on Of :

1 .
—0405 — pu(s, 0™ ) DEE — 5aaT(s,aﬁn) : D*05 — F(s,&0™,605) =0on 05 , (4.12)

with terminal condition 65 (mn;t, ) = 07 (7, (t,2);t,0) on 0Of , where &™ :=
Ea/\::m is deterministic, and 6 (m,;T,z) = &(@™) when t, = T. Further, it fol-
lows from Proposition 7.2 of [6] that for every § > 0, there is 65° € C12(05 ) which
is a classical supersolution of (4.12) such that é%’é(ﬂn;t, x) > 05 (7, (t,2);t,0) on
8Os and [05° — 05| < 6 on O, . Let 8, = /2", 15 := u"%, and B° be the linear
interpolation of (HS, BHf)iEO- Define

o
VE(tw) = Z (6n + 92’5"((Hf, Buys )o<i<n;t, Bt — BH%)>1[waHfL+1)7
n=0
and denote
peE . e
B, — Z B-/\HZ’E’S1[H;7x'67H7;tff£)'

i>—1

One can check straightforwardly that —i° satisfies the conditions of Definition 4.8 (c),
Ve (T, w) > &(BF), and

00" = pls, BY) - 007 — (s, BY) : uuts” — F (s, B5,0%(s5, B)) 2 0. (4.13)
Then Y := %, Z := §,1* satisfy the BSDE
Yo = Yu, + / F(r, B?,Y;)dr _ / Z, (dBT _ u(r, B?)dr>, Px — a.s.
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on every interval [H;, Hiy1) such that supg<;<r [V; — Y;| < e, which implies that (4.10)
holds true for ¢)° and hence ¢ € éé:g(AO). Notice that || B® — B|7 < €, then for some

constant C,

~ ~

€(B°) —€(B)| < Ce,  |F(s,B°y) — F(s,B,y)| < Ce.
Set
P = +2Ce[1 + T —t],

one can verify that ¢ € 5(1):3 (A%) is a viscosity supersolution of (4.5), and it follows by
the partial comparison principle in Lemma 4.9 that «!(0,0) < ¢(0,0). Similarly, we
can construct a viscosity subsolution ¢ € Q(l):(z](AO) such that «*(0,0) > (0, 0) and
[ — ¢| <4C[2 4 Tle. By sending ¢ — 0, we conclude the proof. O

4.2 Proof of Theorem 2.12

Finally, we can complete the proof of our main result which gives a representation of
BSDE by branching process.

Proof of Theorem 2.12. By Theorems 4.6 and 4.7, we only need to show that v is a
viscosity solution of (4.5) with terminal condition ¢ and generator F),, defined in (2.14)
following Definition 4.4. We shall only show the subsolution part. Moreover, we recall
that in the branching process, the process #*X (1) associated with the first particle is
extended after its default time T} by tx x (1) .= dtx(s, BHW) for all s € [t, T], where
B4 is defined by BI') := W1 for all s € [t,T).

Suppose that v is not a viscosity subsolution of (4.5), then by Definition 4.4 and
Remark 4.5, there is (tg,wp) € A and ¢ € Av(tg,wp) such that v(tg,wo) = ¢(to,0)
and

— Lo(to,wo) = — Lo(to,wo) — BGp(to,wo) = ¢ > 0, (4.14)

where L is defined by (4.4) and
no
Go(t,w) = > ap(t,w)e"(t,w) — o(t,w).
k=0

Without loss of generality, we suppose that ¢y = 0. Then %« x®) = 0.0 x 1) Fyrther,
it follows by the continuity of functions ¢ and v in Proposition 2.11 that for every € > 0,
there is H € 7 such that for every ¢ € [0, 7] (with 7 := H( O’OX.(I))),

lo(t, 20XM) —0(0,0)] + |G (t, 20XM) = Gu(t, 20xMYe | < &

Clearly, 7 is a ?O—stopping time (see (2.11)) in probability space (€2, F,P). Denote
Hj, = H A h the FO—stopping time on (Q°, FO,Py), 7 := 7 A h and X; := 0’(’Xt(l) the
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?O—Smpping time and process on (€2, F,P), it follows from equation (3.4) of Lemma
3.4, together with (4.14), that

EP¥ [p(11p, BY) - (1w, BY)]
- Ep[w(%h,x.)—v(fh,x.)}
— EP [cp(fh, X.) — ¢(0,0) + v(0,0) — v(7, X.)}

= EF[(mh, X) = 9(0,0) + Gu(Th, X)1p, o | + EF | (u(Th, X) = v(7, X)) 1,273

IN

— ¢EP[R] — E[ /0 " (ﬁgw(t, X) - gv(t,X.)ﬂe—ﬁt)dt]

+ EP[(U(Tl,X.) — v(?h,X-))lfh,ZTl}
< (—c+ef+2)EF[R] < 0

for € small enough, which is in contradiction with Definition 4.4 of the viscosity sub-
solution. ]

5 Numerical examples

In this section, we provide a numerical illustration of our representation result, and
the corresponding numerical implications. Consider the two following PDEs:

1
01 + x0qv1 + 50230285:01)1 + B2 —v) =0, v1(T,z,a) = (x,a) : PDE1 (5.1)
1
Orv2 + 002 + 50%20%1,112 + B(=v2 —v3) =0, vao(T, z,a) = (x,a) : PDE2 (5.2)

with ¥(x,a) = (a — 1)*. These PDEs correspond to the forward backward SDEs

dX, = o0X:dB;, Xo=1 (5.3)
dA; = Xydt, Ag=0 (5.4)
dY, = —B(F(Yy) =Y dt+ ZdB, , Yr = ¢(Xr, Ar) (5.5)
with the non-linearities Fy(y) = 3? and Fy(y) = —y?. In our numerical experiments,

we have taken a diffusion coefficient ¢ = 0.2 and a Poisson intensity § = 0.1, and the
maturity 7= 2 or T' = 5 years. For T' = 2 years (resp. 5 years), the probability of
default is around 0.18 (resp. 0.39).

In comparison with the KPP type PDE with Fi(y) = y?, the replacement of the

N7=1ip the multiplicative functional

non-linearity 3? by —y? has added the term (—)
(see Equation (2.12)), without changing the complexity of the branching diffusion

algorithm. More precisely, we have:

Nr

v1(0, X0, A0) = Eou| [T 0(xE, A7) (5.6)
i=1
Nr

120, Xo, Ag) = Eo,x[H(—l)NT*w(X;,AiT)] (5.7)
=1
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N | Fair(PDEL1) | Stdev(PDE1) | Fair(PDE2) | Stdev(PDE2) | CPU (seconds)
12 5.69 0.16 5.36 0.16 0.1
14 5.61 0.08 5.23 0.08 0.6
16 5.50 0.04 5.15 0.04 1.5
18 5.52 0.02 5.16 0.02 5.9
20 5.53 0.01 5.16 0.01 23.6
22 5.54 0.00 5.17 0.01 94.1

Table 1: MC price quoted in percent as a function of the number of MC paths 2. PDE
pricer(PDE1) = 5.54. PDE pricer(PDE2) = 5.17 (CPU PDE: 10 seconds). Maturity=
2 years. Non-linearities for PDE1 (resp. PDE2) Fi(u) = u? (resp. Fy(u) = —u?). For
completeness, the price with § = 0 (which can be obtained using a classical Monte-Carlo
pricer) is 6.52.

Our branching diffusion algorithm has been checked against a two-dimensional PDE
solver with an ADI scheme (see Tables 1, 2). The degenerate PDEs have been converted
into elliptic PDEs by introducing the process A; = fot Xsds + (T — t)X;, satisfying
dA; = (T — t)dX;. The computational experiments was done using a PC with 2.99
Ghz Intel Core 2 Duo CPU.

Note that our algorithm converges to the exact PDE result as expected and the error
is properly indicated by the Monte-Carlo standard deviation estimator (see column
Stdev). In order to illustrate the impact of the non-linearity F' on the price v, we have
indicated the price corresponding to 5 = 0.

We would like to highlight that replacing the generator %m2028§ + 20, by a multi-
dimensional operator £ can be easily handled in our framework by simulating the
branching particles with a diffusion process associated to £. This is out-of-reach with
finite-difference scheme methods and not such an easy step for the BSDE approach
which require computing conditional expectations.
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