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Abstract: We study a high order Discontinuous Galerkin Time Domain (DGTD) method for
solving the system of Maxwell equations. This method is formulated on a non-conforming multi-
element mesh mixing an unstructured triangulation for the discretization of irregularly shaped
objects with a structured (Cartesian) quadrangulation for the rest of the computational domain.
Within each element, the electromagnetic field components are approximated by a high order nodal
polynomial. The DG method proposed here makes use of a centered scheme for the definition of the
numerical traces of the electric and magnetic fields at element interfaces, associated to a second
order or fourth order leap-frog scheme for the time integration of the associated semi-discrete
equations. We formulate this DGTD method in 3D and study its theoretical properties. In
particular, an a priori convergence estimation is elaborated. Finally, we present numerical results
for the application of the method to 2D test problems.
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Méthode Galerkin discontinue
en maillage multi-éléments non-conforme
pour les équations de Maxwell en domaine temporel

Résumé : On étudie une méthode Galerkin discontinue en domaine temporel pour la résolution
numérique du systéme des équations de Maxwell instationnaires. Cette méthode est formulée
sur un maillage multi-élément non-conforme associant une triangulation non-structurée pour la
discrétisation d’objets aux formes irréguliéres, et une quadrangulation structurée du reste du do-
maine de calcul. Dans chaque élément du maillage, les composantes du champ éléctromagnétique
sont approchées par une interpolation polynomiale d’ordre élevé. La formulation Galerkin dis-
continue adoptée ici utilise un schéma centré pour la définition des traces numériques des champs
électrique et magnétique aux interfaces entre éléments voisins, et un schéma saute-mouton du
second ordre ou du quatriéme ordre pour l'intégration en temps des équations semi-discrétisées.
Cette méthode est présentée dans un cadre 3D et on étudie ses propriétés théoriques. En parti-
culier, on réalise une étude de convergence a priori. Enfin, on présente des résultats numériques
de 'application de la méthode & des problémes tests 2D.

Mots-clés : électromagnétisme numérique, équations de Maxwell, domaine temporel, méthode
Galerkin discontinue, maillage multi-éléments, maillage non-confoorme.
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1 Introduction

Nowadays, a variety of modeling strategies exist for the computer simulation of electromagnetic
wave propagation in the time domain. In particular, the ability to deal accurately and in a
flexible way with complex geometries has been extensively studied in the context of unstruc-
tured mesh based discretization methods as alternatives to the well established FDTD (Finite
Difference Time Domain) method [24]. In the FDTD method, the whole computational do-
main is discretized using a structured (Cartesian) grid. This greatly simplifies the discretization
process but also represents the main limitation of the method when complicated geometrical ob-
jects come into play. Besides, the last 10 years have witnessed an increased interest in so-called
DGTD (Discontinuous Galerkin Time Domain) methods. Thanks to the use of discontinuous
finite element spaces, DGTD methods can easily handle elements of various types and shapes,
irregular non-conforming meshes, and even locally varying polynomial degree, and hence offer
great flexibility in the mesh design. They also lead to (block-) diagonal mass matrices and there-
fore yield fully explicit, inherently parallel methods when coupled with explicit time stepping.
Moreover, continuity is weakly enforced across mesh interfaces by adding suitable bilinear forms
(often referred as numerical fluxes) to the standard variational formulations. DGTD methods
which have been developed on quadrangular (2D case) or hexahedral (3D case) meshes [3]-[16],
as well as on triangular or tetrahedral [13]-[9]-[7]-[5] meshes. DGTD methods have now acquired
a sufficient level of maturity and have successfully penetrated several scientific and technological
communities following to their adaptation to increasingly complex modeling contexts such as
[5]-[17]-[23]-[14] among others. Worthwhile to note, the method has also been adopted for the
first time in a commercial software as the time domain alternative of a very well known electro-
magnetic wave simulation tool [22]. In all the previously mentioned works on DGTD methods,
the first order (or mixed) form of the system of time domain Maxwell equations is considered
and, within each mesh element, the electromagnetic field components are approximated by a
arbitrarily high order nodal polynomial.

One of the main features of DGTD methods is their enhanced flexibility with regards to the
type of meshes they can deal with. Indeed, DGTD methods can easily handle irregular possibly
non-conforming meshes, constituted of elements of various types and shapes. Thus, not surpris-
ingly, several attempts have been made to combine time domain methods based on structured
meshes with DGTD formulations on unstructured meshes. A low order solution strategy in this
direction is presented in [§] in the form of a combination of FDTD and FVTD (that can be seen
as the lowest order form of a DGTD method). A hybridization of FDTD and DGTD is described
in [I0]-[I1] for 2D problems. The main goal is to accurately model (with FVTD or DGTD) the
geometric details of a curved objects, while maintaining the simplicity and the speed of FDTD
for the surrounding space. The proposed strategy relies on a simple interfacing scheme which is
deduced from a particular setting of FDTD as a particular case of DGTD and vice versa. An
intermediate layer of quadrangular elements is introduced between the Cartesian FDTD grid and
the triangular DGTD mesh. Within this layer, the coupling of the two schemes is facilitated by
regarding FDTD as a Oth order DGTD method. The DGTD method makes use of central fluxes
and both methods are time advanced using a second order leap-frog scheme. A high order hybrid
strategy has been recently studied in [4] which combines a spectral FETD method on quadran-
gular meshes with a DGTD method on triangular meshes. The coupling of the two methods
is achieved by using an upwind numerical flux on the internal boundary defining the interface
between the quadrangular and triangular meshes. In both methods, the semi-discrete equations
are time advanced using a 4th order Runge-Kutta scheme. The accuracy of the resulting high
order hybrid FETD-DGTD method is clearly demonstrated for several 2D test problems involv-
ing different scattering geometries but there is no assessment of the computational performances
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4 C. Durochat € S. Lanteri & C.Scheid

in comparison to a solution strategy based on fully triangular meshes. A different and somewhat
less general hybridization approach is proposed in [2I]. This scheme combines the widely adopted
Finite Integration Technique (FIT) with a Finite Volume Method (FVM) based either on central
or upwind fluxes. However, in this combined FIT-FVM method, a single mesh type is used, more
precisely a Cartesian grid, and the hybridization strategy relies on the longitudinal-transverse
splitting of the discrete curl operator. Then, the FIT discretizes the transverse two-dimensional
subproblem while the FVM discretizes the longitudinal one-dimensional subproblem. The re-
sulting FIT-FVM strategy aims at being applied to propagation problems where the size of the
computational domain along one preferred direction is electrically much larger than along the
others. By proceeding in that way, the superior dispersive properties of the FVM are exploited
along one direction.

In this work, we are concerned with the possibility of relying on a single discretization scheme,
i.e. a discontinuous Galerkin method, and improving the efficiency of the simulation by employing
a hybrid structured-unstructured mesh made of orthogonal quadrangular elements (hexahedral
elements in 3D) for the discretization of the regular part of the computational domain and tri-
angular elements (tetrahedral elements in 3D) for the discretization of the irregularly shaped
objects of the propagation scene. To fully exploit the flexibility of a discontinuous Galerkin
method with regards to the discretization of the computational domain, we allow hanging nodes
at the interface between the structured and unstructured parts of the mesh. In addition, we
consider the possibility of using different approximation orders in these regions. Of particular
interest to the present study is the work discussed in [12]. In this paper, the authors describe a
high order in space and time DGTD method formulated on non-conforming hybrid meshes for
the simulation of seismic wave propagation in the 2D case. This DGTD method is based on the
ADER (Arbitrarily high-order DERivatives) scheme for achieving high order accuracy in time,
while the adopted DG formulation makes use of an upwind flux for the evaluation of the boundary
integral term at an interface (edge) shared by neighboring elements. In the presence of hanging
nodes resulting from the use of non-conforming meshes, this boundary integral term is evaluated
thanks to an appropriate Gauss-Legendre numerical quadrature formula. A similar approach is
adopted in the present work however the DG formulation adopted here is an extension of the one
introduced in [0] i.e. it is a based on a central flux and the time integration relies on a leap-frog
scheme. Note that we consider both a second order and a fourth order leap-frog scheme in order
to assess the impact of a higher accuracy in time. More recently, an interior penalty DGTD
method formulated on non-conforming tetrahedral meshes for the solution of the 3D Maxwell
equations has been presented in [19]. The development of the method was motivated by inte-
grated circuit (IC) packaging applications for which it is very difficult to construct a conforming
mesh. Instead, for the complicated geometries involved in such applications, a subdomain-based
meshing approach is particularly attractive and allowing hanging nodes is highly desirable in
this context. The authors also demonstrate the benefits of using a local time strategy for dealing
with the strong variations in elements size when meshing IC structures. In addition, they discuss
about appropriate parallelization and load balancing strategies for further improving the overall
computational efficiency of the proposed numerical methodology.

We formulate a non-conforming multi-element DGTD-P,Q; method in the 3D case and study
its theoretical properties. In particular, an a priori convergence estimation is elaborated. The
method is then evaluated numerically thanks to its implementation in the 2D case and its ap-
plication to several test problems. The rest of the paper is organized as follows: the initial and
boundary value problem to be solved is briefly outlined in section [2} section [3]is devoted to the
formulation of the DGTD-P,Q); method on hybrid hexahdral-tetrahedral meshes; the conver-
gence of this method is analyzed in section [4} numerical results for 2D propagation problems are
presented in section [B} finally, section [6] summarizes the main result of this study.

Inria
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2 The continuous problem

Let ©Q be an opened, bounded domain of R? with boundary I'. The system of 3D Maxwell
equations is given by:

ea—E —rot(H) = —2p0E,
ot
L 1)
By +rot(E) = 0,

where x = (71,72, 73)T while E(x,t) = (Ex(x,t),Ey(x,t),Ez(x,t))T and

H(x,t) = (Hx(x,t), Hy(x,t), H.(x, )" respectively denote the electric and magnetic fields;
€ = e(x), p = pu(x) and 0 = o(x) respectively stand for the electric permittivity, the magnetic
permeability and the electric conductivity. Equations have been normalized such that € and p
define relative quantities (z9 = y/po/€o is the vacuum impedance). Our goal is to solve system
in a domain € with boundary 092 = I' ,UT,,,, where we impose the following boundary conditions:
nxE=0onT,,, and L(E,H) = L(Ej,c, Hise) on T', where £(X,Y)=nx X —zn x (Y X n)
with z = y/p/e. Here n denotes the unit outward normal to 9 and (Eine, Hine) is a given
incident field. The first boundary condition is called metallic (referring to a perfectly electric
conducting surface) while the second condition is an absorbing boundary condition, more precisely
the Silver-Miiller condition which is a first order approximation of the exact absorbing boundary
condition. This absorbing condition is applied on I', which represents an artificial truncation of
the computational domain. To simplify the presentation in the following, we assume o = 0 and

rewrite system under a vectorial form (also referred to as pseudo-conservative form) where
W = (E,H)T € RS:

QOW)+V-F(W)=0 with V=(9/0z, 0/dy, 0/9z)7T, (2)
where:
—2zo0 B2
€l3xs  O3x3 E 0
= W = d J=
@ |:03><3 M13x3]’ <H) o 0 ’
0
and:
V- F(W) = 05, (F1(W)) + 0, (Fo(W)) + 8, (F3(W)) € R,
where:
"o N
Fl(w) = _3]>\<]'3 0 ! W = (Oa H37 _H27 07 _E3a E?)T7
L 1 Usxs |
"o No ]
FQ(W> = 73;{[3 0 ? W = (_H3a Oa Hla E3a Oa _El)Ta
L 2 Usxs |
"o N ]
F3(W) = _3]>\</'3 0 K W = (H27 _H17 0, _E27 Elv O)Ta
L 3 Usxs |

are vectors € RS and Ny, Ny, N3 are the (skew-symmetric) matrices given by

0 0 0 0 0 -1 0 1 0
Ni=|0 0 1 , Na=1]0 0 O , N3=| -1 0 O
0 -1 0 1 0 0 0 0 0
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6 C. Durochat € S. Lanteri & C.Scheid

3 DGTD method formulation

This section is concerned with the numerical treatment of system using a DGTD method.
The method is here formulated in the 3D case although, in this preliminary study, we present in
section [f] numerical results for the solution of 2D problems. When appropriate, we comment on
specific differences between the 2D and 3D situations.

3.1 Discretization in space

N
We assume that the domain 2 is discretized as 4, = U ¢i = I U2y where the ¢;’s are
i=1
hexahedral (€ £) and tetrahedral (€ 7;,) elements. The resulting mesh is hybrid and non-
conforming (i.e. with hanging nodes on a common face between two elements with different
types) (see [6]-[7]). In this study, we assume a certain kind of non-conformity as shown Fig.
i.e. we limit ourselves to configurations such that for a given non-conforming interface, the
triangular faces on one side are obtained by subdividing the quadrangular face on the other side.
In practice, we allow for an arbitrary refinement level [ of the triangular faces (I = 1 on Fig. .
I denotes the boundary of the domain  and T, (resp. T'y, ) the part of the boundary where
the field verifies a metallic boundary condition (resp. an absorbing boundary condition).

q2

Figure 1: Left: type of non-conformity considered in 3D, between a hexadron (q2) and two
tetrahedra (t1 and t2) - Right: 2D view of the non-conforming hybrid face between q2 and, t1
and t2

3.1.1 Weak formulation

Let 15 = (1, Y2, 3,4, 05,%6)T € RS be a vectorial test function. Applying the scalar product
by (., .) byr ¢ to system 1} and integrating over ¢; we obtain the starting point of the weak
formulation of the problem:

/_ (QW) , 1/7>dx+/‘ (V-F(W), ¢)dx =0. (3)

In the sequel, to simplify the presentation of the discrete formulation, we assume that 'y = ()
but we note that the discrete formulations readily extends to the situation where I'y, # 0. We
introduce Py[c;] the space of scalar polynomial functions with degree at most p in ¢; € 3,
and Qy[c;] the space of scalar polynomial functions with degree at most k with respect to each

Inria



High order non-conforming multi-element DGTD method 7

space variable separately in ¢; € 2. The discrete solution vector Wy, is searched for in the
approximation space V¢ defined by:

Vi = {’Uh S L2(Q) (4)

Ve, € Ty ne, € Pplei]
Vei € 2n, vnge; € Qrled .

Let ¢ = (i1, pi2, -+ ,id;)" be a local basis of Pplc;] with d; the dimension of the basis
with regards to the interpolation order of the physical field in the tetrahedron ¢;, and 6; =
(i1, -+ ,Y,)T a local basis of Qi[c;] with b; the dimension of the basis with regards to the
interpolation order of the physical field in the hexahedron ¢;. The local degrees of freedom are
denoted by Wy = (E;;, Hy)T € RS while W; = (E;, H;)T € R® is the restriction of the
approximate solution to the cell ¢; (Wp|.,). We then have that:

d;
di > Eapa(x)
o Ifcie Zh: Wix) =Y Wapa(x) = | 1!
=t > Hipa(x) 5)
1=1

EI(X)
= ( H, (%) ) and Pp[¢;] = Vect (pin, - - -, @id;) -

b;
b > Eava(x)
o Ifei €2, Wix) = ) Wada(x) = | !
=1

b;
Z H;9,(x) (6)
=1

_( B 1 Vect (8- _
_ ( o ) and Qy[ci] = Vect (0a1, ... s, )

Let a;; = ¢; N¢; (a;; is possibly empty) be the common interface between ¢; and ¢; and let us
denote by V; = {j|c; N ¢c; # O} the set of neighboring cells of ¢;. We also introduce n;; which
is the unitary normal vector on a;; directed from ¢; to ¢;, and n;; = (inf;,72;,73;)T € R?. Since
the approximate fields E; and Hj, are allowed to be discontinuous across element boundaries,
a specific treatment must be introduced when evaluating such a field at a cell boundary. In
the context of finite volume methods, this leads to the notion of numerical flux. In this study,
we choose to use a centered approximation for evaluating Wp|,, , i.e. Vi,Vj € V; we set
Whla, = (Wi [a; +W; la;,;)/2. For the boundary cells i.e. for interfaces located on the
discretization of I', we consider that c; is a fictitious cell and W; is defined according to the
boundary conditions that are set on I'. For instance, if a;; € 0Q™ we set:

| —Isx3 Osxs L E, \ [ -E
W; —[ Osns  Tsvs W,, ie.: H, |~ H, )

From now on, we consider two cases referred a (A) and (B) in the following.

Case (A) corresponds to the situation where ¢; € 9}, is a tetrahedron. Then, Vj € V;, a;; is
either a boundary interface (i.e. a;; € 5 C I'y, or a;; € 77 CT,), or an interface between two
neighboring tetrahedra (i.e. a;; € .7}), or an interface between a tetrahedron and an hexahedron
(i.e. aj; € #;) which will be referred as a hybrid interface. Injecting W in , integrating by
by parts twice (not detailed here) and using the defintion of the numerical flux, we obtain the

RR n°® 8257



8 C. Durochat € S. Lanteri & C.Scheid

the weak formulation:

20, / (oW, i
/ <<§:a@kmwi , zz?> Zgj< DoV . N*W >> dx +

k=1 k=1

/ Mi;W; | zp> do+ 3 / S,mWZ , ¢> do + (7)
ajjeg; i ai; €T},
3 / MW, w>d0f0
a;ij €I

with:

¢ 0 = { €il3xz  Ozx3

where ¢; and p; have constant values on ¢;,
O3x3  Hil3x3

& | Osxz  DNg
.N_[—Nk O3x3 |’

3 o
S S LN

,
= —N;j  Osxs
3
3 0 ng; n;
where Njj = Y ifiNe = | —ad, 0 al |,
) 1
k=1 ng o =Ny 0
S _ O3><3 sz
° im — v
Nim  O3xs

Remark 1. The following comments can be made:
o In each term of (@) W, € Pylci] (respectively W; € P,c;j]), except for faces € 5 for
which W € Qglc;].
e VX € R?, we have NijX = X x ii;;. In addition ;; = —ij; and thus N;j = —Nj;.
e The matrices Ni, and ]\vfij have size 3 X 3 and are skew-symmetric; the matrices NF¥ and
M;; have size 6 X 6 and are symmetric; Sim, is a 6 X 6 skew-symmetric matriz.

Case (B) corresponds to the situation where ¢; € 25, is a hexahedron. Then, Vj € V;, a;j is
either a boundary interface (i.e. a;; € 2! C Ty, or a;; € 2¢ C T',), or an interface between
two neighboring hexahedra (i.e. a;; € 29), or a hybrid interface (i.e. a;; € ;) which will be
referred as a hybrid interface. Proceeding similarly as done for case (A), we obtain:

2Q; / (W, ) ax +

/_ <<§: 00, N*W, | z/7> - 23: (00, N’“Wi>> dx +

k=1
Z / <MUWJ ) 1/)> d0+ Z / S’LmW’L ) ¢> do + (8)
ai_7’€in @ij a;; €28,
3 / MW, ¢>do—0
a;ij €I

Inria



High order non-conforming multi-element DGTD method 9

Remark 2. Here, in each term W; € Qy[c;] (respectively W; € Qilc;]), except for faces € H}
for which W € P, c;].

3.1.2 Semi-discrete equations

‘We now introduce the notations:

b= [ ouolax, o7 = [ (000007 = @007 ) dx.

C

where:

¢; is a column vector € R% and ¢} (respectively ¢;r) is a row vector € R% (respectively
de R%).

o GjT is a row vector € RY%.

®, is a d; x d; symmetric positive definite matrix and ®7* is a d; X d; skew-symmetric
matrix.

®,; is a d; x d; symmetric positive matrix.

T;; is a d; x b; rectangular matrix.

Let E; and H; the vectors of local degrees of freedom (which are both in R3%), E;; and Hy
(which are both in R?) for [ = 1,...,d;, associated to the tetrahedron c¢;; similarly, let Ej and
ﬁj the vectors of local degrees of freedom (which are both in R3%), Ej; and Hj; for I = 1,...,b;,
associated to the hexahedron c¢;:

Ei Hi, Ej Hj
Ei=| ¢ [\ H=| ¢ |\ E=| ¢ |.H=| @ | (9)
E;q, H,q, Ejp, Hj,
Finally, we introduce the 6d; vectorial basis functions @1, ..., @;eq,) belonging to RS whose

RR n°® 8257



10 C. Durochat € S. Lanteri & C.Scheid

elements are the scalar basis functions ¢;1,. .., @q, of Pp,:
®¥i1 0 0
0 ®i1 0
o 0 R 0 R 0
i1 = 0 y Pi2 = 0 , y Pie = 0 »
0 0 0
0 0 Pi1
©i2 0 0
0 Pi2 0
o 0 N 0 R 0
Pir = 0 y Pi8 = 0 y ey Pil2 = 0 )
0 0 0
0 0 Pi2
Pid; 0 0
0 Pid; 0
o 0 R 0 o 0
Pi(6d;—5) = 0 y Pi(6d;—4) = 0 y ey Pi(6dy) = 0
0 0 0
0 0 Pid;

In order to obtain the 6d; semi-discrete equations associated to each tetrahedron ¢; we perform
several operations in the weak form . In the integrals over ¢; and a;; for a;; € 9 and
a;; € I}, we replace W; (respectively W) by its expression in the basis ¢; (respectively

®;) of Py, [c;] (respectively P, [c;]). For the integral in the summation over the faces of JZ]
we replace W by its expression @ in the basis 6; of Qy,[c;]. Finally, we replace 1/7 by ¢y for

l=1,...,6d;. We then obtain the local system of ordinary differential equations:
dH;, < =
2X#7i7dtl —Z XimkEi— Z XijEj'f' Z XimEqi — Z 'AijEj =0,
k=1 ai; €T} a;ij €T}, aij €]
dE; < (10)
2-)(5,2’7;4‘2 Xf’“ﬁr‘r Z Xijﬁj"‘r Z Ximﬁi+ Z Ainj =0,
k=1 ai; €T} ai; €7, aij €K
where X, ; and X, ; are local mass matrices (i.e. involving terms of the form bF pidx).

Ti

Similarly, X;"* is a matrix involving terms of the form / (gblT (Op, i) — (O, d)i)T q&i) dx, while

X;; and X, are matrices associated to boundary integral terms (i.e. involving terms of the

form ¢iT¢de). All these matrices are of size 3d; x 3d; except A;; whose size is 3d; x 3b;
aij

(i.e. involving terms of the form / ¢;r9jd0, with a;; € 7).

For the hexahedral cells we introduce:

O; =/ 0,07 dx, 7" :/ (92‘ (O 05)" — (3zk9¢)9iT) dx, ©; :/ 0,0} do,

Inria



High order non-conforming multi-element DGTD method 11

and we recall that:

~ [ 6o

® i is a column vector in R* and 0 (respectively GJT) are row vectors in R (respectively
€ RY); ¢] is a row vector € R%.

where:

e O, is a b; x b; symmetric positive definite matrix, ©7* a b; x b; skew-symmetric matrix and
©;; a b; x b; symmetric positive matrix.
° TJTZ» is a b; X d; rectangular matrix.
Proceeding as previously, we formulate the local system of 6b; ordinary differential equations for
each hexahedral cell:

Wi dt ZW“E = WyEj+ > WiEi— Y BE; =0,

a”EQl a;; €28, a,]e}f‘ (11)
dE; .
Wit ZW “Hit Y WyH+ Y WinHi+ > ByH; =0,
a;;€2), aij€2i, ai €K

where the involved matrices are defined analagously to those characterizing the system of semi-
discrete equations corresponding to case (A).

3.2 Time integration

We rewrite the systems of ordinary differential equations and as:

QXH’iW = AE,i7 QW,u,iW = BE,i7
Case (A) : B Case (B) : B (12)
dE; dE;
2X. ,— = A . — =
€, dt H,i 2We,1, dt BH1
Let:
Site ()P = (W)?
E ~ Sj(E),
and:

Syt (V)2 —» (Va)?
H — ,S';lnag(H)7

that are uniquely given by their degrees of freedom. We have:

GIE): = () A
Case (A) : .
S = (X A
- (13)
(SEE) = Z0Mu) By
Case (B) : o .
(ST = (W) By,

RR n°® 8257



12 C. Durochat € S. Lanteri & C.Scheid

Remark 3. With this notation:

e 8I{h ma aEh
Shl(Eh) = W andSh g(Hh) = ot .
Time integration of systems can be achieved by:
e A second order leap-frog scheme (LF2):
S e BAN A _
H =W+ = ] "AL
Case (A) : (14)
B _f At -1 At
i - ) ? [ 671:} AH i
~ntl  ~po1 At _
T T Y
Case (B) : B B A ) (15)
E' = EP+ = W] ' BL .

2
The resulting method will sometimes be denoted by LE2-DGTD-P,Q;, in the following.

e A fourth-order leap-frog scheme (LF4):

el ——p_1 At _
Hi+2:Hi P+ 7[9\%4 lAE",i
At3
+ 7(5@[ o Smag ° Sel(E”))i,
Case (A):d _ . a2 0 (16)
E =E. — Xl A
(3 7 + 2 [ 7} Hn+%,i
AtS ma ma 1
+ S (S o Sil o S (H2))
~ L ~ 1 At _
e T e
At?) —_~—
£ Sr(Si o S o SiIEn),
Case (B) :q{ _ _ At 24 _:bl " (17)
EMtl =Er + T[WE,Z-]”BI;,?
Ats ma ma 1
+ Z(Sh Y0 Silo S (H =),

The resulting method will sometimes be denoted by LF4-DGTD-P,Qy, in the following.

For each of the two schemes, one defines the iteration operator ZtF, with [ = 2 or 4 referring
respectively to LF2 or LF4 time schemes, and k& = el or mag:

Itf Vi — Vy,
defined by its degress of freedom for each cases:

e For [ =2,

Itsl(E)i = AE,H
Case (A) : (18)
Ti7(H), = A

(3 H,:*

Inria



High order non-conforming multi-element DGTD method 13

e~

It9(H), = B

7 E,i?

Case (B) :q (19)
It5H(E), = By, ..
e For [l =4,
el Atz el mag el
Tty (E)Z = AEJ: + 12 [Xu,i} (Sh 05,7 oSy (E))i,
Case (A) : A2 (20)
It:lnag(H)i = AH,i + H [Xe,i] (S}Tag © Szl ° S;Lnag(E))i'
%\9_/ At2 el ”/’“_ITQ_/ el
T (H), = By, + To- Wual (5f1 0 5177 0 S{1 ().,
Case (B) : (21)

— AﬁQ —

TEB), = By, + S0 WL (51 o 557 0 57°0(E))..

4 Theoretical aspects

In this section, for simplicity, we assume that 'y = &. The study for the LF2 scheme will be
extensively detailed. Since the scheme of proof for LF4 scheme follows the one from LF2, we will
only point out the difficulties added to ensure readability. We begin by studying the L? stability
analysis of the proposed DGTD-P,Q;, method and then conduct an a priori convergence analysis.

4.1 Stability analysis
4.1.1 Preliminaries

We assume the following hypotheses:

.
Q; Pi

VK € (Bylel)” rot(X) e, < S,
. 87 g (22)
VK€ Byle) . X2, < SLEILXE,

T

where o] and 8, (Vj € V;) are constant parameters which do not depend on the discretization
parameter h, but on the geometry of the finite element (here, a tetrahedron) and on the shape
of the basis functions (i.e. on the interpolation degree). We also admit similar hypotheses VX €
(Qk[q])g with o and 6% defining the constant parameters which are specific to a hexahedron.
We will use «; for either o] or «f if respectively ¢; is a tetrahedron or a hexahedron. Same
notation will hold for 8;;. Besides, |||, and ||.|l4,, are L? norms, n;; is the non-unitary normal

vector to a;; directed from ¢; to ¢; with ||n;|| = / 1do (i.e. the area of the interface a;;),

Qjj
lei| = / 1dx (i.e. the volume of ¢;). In what follows, we also make use of p; = Z lng;-
ci JEV:

Properties of operators S¢!, S;"".

RR n°® 8257



14 C. Durochat € S. Lanteri & C.Scheid

Proposition 4.1. In a global formulation, if:

_ 2 1 Bij) .
U = =) Ing;|l, Vi € [1, N,
Z (\/Uvev |cil Vi€ |cil !

JEV:

and: ) g
Q; 7 )
Dy : j; (Mlqﬁ@lcil) Ing; |, Vi € [1, N,

then

ISEE)e <2, [max (52), [ max (2)IE, (23)
and:

157 (ED)l. < 2, [ max 5], [ max (55) [HE (24)

3 2
where [[v][L2(c,) = (/ e|v|2dx) and [[v]| Lz ;) = (/ u|v2dx> , for any v € L*(¢;), ¢; € Ch,

and:
iz = > 1ol Z2 (e
i1€[1,N]
and:
||U||§: Z HUH%g(ci)-
i€[1,N]

T
Proof. In a matricial form [|S7'(E)[|72 .., = (S;/(E); X,,:85 (), if ¢; is a tetrahedron. One has
I T
an analoguous expression if ¢; is a hexahedron. The exact expression is given by:

1
(S5 (B),) T XuoSE (B), = 5(S71(E),)"
ZX”‘/”“EZ—s— S XE- > XinEAt Y AGE;
ai €T} ai; €T}, aij €]

One has:

3
Z (ST(B),) T A E, _/ [(rot(SEH(E):)) E; + (rotE;) SEH(E);] dx,

i

from which one deduces:

1
< ——Irot(SE (E)i) lus,ei [ Eilles e
el h 0

+  |lrot(E;) SeHE);

cinci X

i ,Ciq
Using the inverse inequalities (22]), one can write:

ZpZ ||

CI—
lcil

||lrot(X)

Ci»

Inria



High order non-conforming multi-element DGTD method 15

so that:
3

D (SHHE),)TAE| <

k=1

alpi | ce
155! (E)s]

< E;
\/ez,uz | zl

illei.ei- (26)

HiyCi

Furthermore one also has:

> (SiHE),)" = > / St E;) it do, (27)

ai; €T} ai; €T}
so that:
> SEEAE| < e 3 VS B, VB, 09
ai; €7 ai €T}
Using the inverse inequality:
iz, < 2l (29

where f3;; stands for 57 or ij if respectively ¢; is a tetrahedron or a hexahedron, one has:

= 1

6ij||nij|| BJansz ” H

> (SHHE))TXE;| < > 15 (Bl e e (30)
e Vi€ a, €T |cil lcj
In a similar way:
e Bij ||nz . Bjillnj||
Y (S(B),) T AE;| < Z e IS )il | B ey (31)
aij€177a ll 671 J
with the conventions adopted on the boundaries. The last term writes as:
(SPHE),)" > AyE;. (32)
a”e%’,
Since:
[ ~
STE), Al = [ (S®)T By )iydo,
Qjj
one thus also has:
=~ 1 Bijlini;|| Bjillny|l
(S¢H(E) AiE;| < ST E) il e | o Bl ey (33)
b A VI 2 |ci e ;] I

aij Eﬁf aqj Eﬁfdi

RR n°® 8257



16 C. Durochat € S. Lanteri & C.Scheid

Combining all the terms —:

2(S;/(B),) T X,,,i 55! (E), <

2 ap;
Sel
\/m | 1‘ || h( ) |

1 @JHHU l Bjilln||
SE)i s o | P E
= 17 BNl 2 s, +
ij

E;

€i,Ci +

Hi,Ci

1 Bijllmij |l || e Bjillmya|l
PSR SEE) i oot |~ LN E e e +
\//Teja;77 |Cz‘ || h( )'L‘#zycz |J| || ]”6_716_7
¥ m
1 ,B”an]” Bjillnyill
Vi€ al-jez;fdz |cil e 4 R
Let ;5 := Bij|”nij, then:
C;
2 > (SHHE),) X, Si(E), <
i€[1,N-]
2 op
;M' ||| ()‘MI)C”L T1l€q,C
1 l
Z — Z Y5115k (E)i|m,6ﬂji||Ej”€j7cj +
i \/mal,Ggl
Z Z ’YwHSh Jillwsei Vil Ejlle;e; +
i MZEJ a;; €T
1 l
Z — Z 'Y'ij”SZ (E)'l:HHhCiiji”EjHfjacj'
i maijé%ﬁi
Thus:
2 Z Sel TX Sel( ) <
i€[1,N-] 5
Zp'L
’Leg;v \//E||H ()|#7C tll€q,¢C
Z Z FWUH ( )|/Ai,cz"7ji||EjH6j,C]'

i€[1,N.]jEV:

Similar expressions can be obtained for the case of degrees of freedom associated to hexahedra.

This implies:

2 ) (SHE))TXSTHE), +2 Y (S¢H(E),)™W,..55 (E), <
ze[lN] 1€[1,Ng]

E; €i,Ci +

Hi,Ci

Z S| st (),
| VHiEi |ci
Z Z *’Yu” ( )iHMuCiryJ'i“EjHfjacj' Inria

1€[1,N]jEV;



High order non-conforming multi-element DGTD method 17

This gives:
1 1
N TN @i 2
iDi i
1554( < (Z “|| '(E) |> <Z Lo )
—1 i1 VHi€
1 1
N 2 /N 1 2
+ Vi lISH (E)ill7, e, VillE 112
g F K " ;Jevl 2/pie; O

1 1
Let 7; = < || | + 7—; ), then:
' Z \/mlczl ARt

JEV;

Nl=

N N
ISF®IE - < (Z 73|85 (E) H) <Z sz ) +

i=1 %

[NIE

%JH

67,767.

P

1 o 1
Similarly let, ; = <1||n| + 7_2_>’
Z j; Ve el 0T 2ymGE

then:

[N

N N %
IISZI(E)IZS2<ZV¢IIS (E )I,wl> <ZVZIIE ) : (34)

i=1 i=1
IS5 (B)II} < Qig[lfll)%](ﬂi)m?X(ﬁiE[l,N])”Sil(E)”u”E”e' (35)
The result of the proposition then follows. O

Proposition 4.2.
< E,S"(H) >.= - < H, S{{(E) >,

where < -, - >, is the L?-vectorial scalar product with weight p and with an analoguous definition
for < - - >

Proof. One has:

<KESPYH) >= > <ESIH) >0+ Y. <BSH) >, .
ci €Ty Ci€E2p

mag .
h '

Let us recall the expression of Sﬁl, S

3

GFE), = 54 (B ¥ 4B - Y Bt Y AE .
k=1 ai; €T} ai; €T, ai; €I

—~— 1 3 . ~ ~ —

(SR, = GWd | W Eit D0 W= 3 WanBit 3 ByE, |
k=1 a;; €21, ai; €24, aij €A

RR n°® 8257



18 C. Durochat € S. Lanteri & C.Scheid

3
Tomag ey 1., z
(Sy I (H), = —5 ) Z;c FH+ Y XgH Y X Hi Y AGH, |
aueyb ai;€TL a”e%”
(S (), = =Wl | SSWPHe 3 WoBi+ 3D Wit 3 By,
k=1 ai; €24 aij €2%, aiy €]
Thus one has to consider terms like:
ma 1
Z <<E’Sh g(H) >>6L‘7Ci = _5 0169;1 ZXkaZ_F Z X”H +
i €T ai; €T}
ai; €T aije.ﬁfdi

Since X"* is symmetric:
o
> arE - Y YA,
ci €T, k=1 Ci €Ty

with analoguous expressions for hybrid faces. Furthermore, due to the symmetry (or antisym-
metry) of the operator involved in the representative matrices:

S E Y aH =Y H Y AE

ci €T aijeﬂd" Cjeyh ajiekqdj
—T . —T —
ci €Ty aijel%ib c, €T a-;jEAQ;:'l

with analoguous expressions for hybrid faces. Moreover:

S E Y aH+ Y EF Y BH, =

ci €T a,ije%j;‘ €2 aije%d’i
—T ~ ~T —
SN H Y AGE + Y B Y BE,
i €T aijE%di ci€2) aijeﬁ?jf

The result of the proposition then follows.

Discrete energy. We define the following discrete electromagnetic energy:

N, Ny
doar+y B,
1=1 =1

with:

1
A" = (E)TALE, +(H, )Ty, H 2,

(3

B = (EM)TW.,E"+ H ™ Z)TWMH”J”

Inria



High order non-conforming multi-element DGTD method 19

and where N, and NN, respectively denote the numbers of tetrahedra and hexahedra in %, and
2),. For proving the stability of the proposed DGTD-P,Q) method, we first verify that " is
conserved through one time step, i.e. A& = &"*! — @” =0, and then find the condition on At
under which & is a positive definite quadratic form. This yields a CFL-like sufficient stability
condition.

4.1.2 Conservation of the discrete energy

The variation of the discrete energy through one time step is given by:

N, N,
A€ = ; SOt o) 4> (B - 37
i=1 i=1

We introduce the following quantities that will be used in the sequel:
AE7L+1 — En+1 —_E" ; VEn-i-l — E7z+1 + En,

And in a same manner, one can define the vector of degrees of freedom on the element c;.
Similary:

—=n+1 =n+1 =n

AE;" =E; -E; , AEM! =E"*' —Ep,

VE " =ET 4B, VEM =BT 4B
Using the symmetry of X, ; and &), ; we have that:

—n-+1
)

ETHTaLE T - (E?)TX67iE?:(VEn+1) X AR

PSS J— 1
(VAL < i BG < GED L < e

=="N n+2 —n4l —n+1 ——n—1i
= @\ (o mt m )

(3 (3

and similarly for the terms appearing in the summation over the hexahedral elements. Then:

A€ = % [é ((VE”“) A (AE) 4

=N 3 n ——n—1
(H +2)TX[LZ<H,L'+2_H +2 +H HZ 2)) =+

Ny

((VE?H)T Wei (AE!) +

=1

<.

K2 (2 7

(g, (R ))] ,

and:

=

Ae = 2 [ ((VE”H) T (| E), + (H 2T (Itlel(E”“)i—&-Itfl(E”)i))+
1

.
I

2

q - T —_ - e~ —
((VE?+1) It;nag (Hn—i_%)z’ 4 (H:H_%)T (It?l(En+1)1', + Itlel(En)z'))

RR n°® 8257 1

.
I



20 C. Durochat € S. Lanteri & C.Scheid

Due to the expressions of the iteration operator if [ = 2, one has to treat terms like:
A , :
Ae= < VBT SOOI ) o < HYE SHUETH) 4 i (BT >y
Now, one can apply Proposition and deduce directly that for { = 2 (i.e. LF2 case):

At
AC = > [<< VE" 1 S;ng(HH%) >, — < VE" S,T“Q(Hn+%) >>€} ,

so that:
A€ =0.
In the case of the LF4 scheme, one furthermore has:
At -
A€ = S5 [ VEML ST >+ < HUE SEUEM) + S{I(ET) >,
At3
+ S [« VB S o s o ST HIE) >+

< H" 32,8500 8" 0SB +E") >, |

Applying three times Proposition [£.2] to higher order terms in At involved in this expression, one
finds:

At
AE = — [<< VE™1, S (H"2) >, — < VE', S (H"7) >>5}
A3 .
+ S [« VBT S sito S (H ) > -

< VB 57 0 S5l o 570 (HM ) | =0,

4.1.3 Stability condition

We now look for the condition under which &" is a positive definite quadratic form. We first
note that:

n 1 N. (F"\Ty B4 @ \Ty @it
¢" = By [Zi:l ((Ez) X E; +(H; *)"A&,:H; )+
No ~ 1 i d
> (B WeiBr + (H] ) W, 1)
=1
1 N, n—3i At —n—1 Py e———
= 3 [Zi_l (E? fm+||HZ. 2 37+? (H; 2)TItll(En)i> +
N,
- n—= At ~n 1 /e—\/
> (122 + 162+ 5 T e,

i=1

If I = 2, we consider the LF2 scheme:

N N
NAE L e LAY T R Tl 1
> - OTTH(ER), + ) - (H; H)TTtel(En), = At < H" 2, SEHE™) >, .
i=1 i=1
Using the properties of S, one deduces:
CH"E SR > —[HE ] S5 B, (36)

Inria



High order non-conforming multi-element DGTD method 21

and by proposition

n—l & n 'I’L—l ~ A~ n
CH SO 2 2, o ), o G (37)
so that:
< H" 3, SHE") >,> — 7)) ||[H" 2|2 — 2)|E™ 2. 38
i (E") >,> ig[l%](V)ll Il ig[lfﬁ](y)ll e (38)
Thus, if:
1— At max (7;) > 0,
i€[1,N]
and:

1 — At max (7;) >0,
i€[1,N]

the energy is positive.

If I = 4, then the only difference lies in the expression of the operator Itlel. One then has to
consider a term expressed by:

At3 1 ma
oy <H 2,580 S o SEHE™) >, .

Using the same inequalities applied to the operators Sg' and S, one deduces that under the

conditions:

1 — At max (7;) AL max (7;)% > 0
- X (V) — —— max (7 ;
i€[1,N] 6 ic[1,N]
and:
A3
1- At ;) — —— 5:)3 > 0,,
g (73) = == mae (7)° >

the energy is positive.

4.2 Convergence analysis

In this section we are concerned with the convergence analysis of the DGTD-P,Q; method and
we aim at providing an a priori error estimation, extending what was previously done in [9]
(see also [I8] for a related study). We first recall that admits a unique solution W (see [9])
belonging to the following functional space:

W e C ([0, 4], (L2(2)°) () €°([0, 8], (H (rot, 2))°), (39)

for any initial condition Wy € (H(rot,2))% satisfying the boundary conditions introduced in
section [2l Moreover, we associate to the weak formulations and (with unknown Wp,(¢))
the initial condition W (0) = P,(Wy) with Py, : (L*(22))® — V)¢ the orthogonal projector on
V5 for the scalar product in (L*(2))¢ (by abuse of notation, we will use P, when necessary, for
the orthogonal projection on V,f’) We now introduce some assumptions and a few additional
notations.

RR n°® 8257



22 C. Durochat € S. Lanteri & C.Scheid

4.2.1 Propositions, lemmas, assumptions and notations

In the following, h., denotes the diameter of a cell (tetrahedron or hexaedron) ¢;. We consider
a family of multi-element non-conforming meshes (%}), where h is the discretization parameter

of each mesh defined as h = m@é{ he;. The meshes 6, are supposed to match to the boundary
[SASK AN

of the domain 02, i.e. the discretized volume Q) = Ucie% ¢; is equal to 2. We assume that the

meshes %, are uniformly shape regular i.e. that there exists a constant 7 > 0 such that:

Vh, Vci S %}L, h(:7/pc, < 7, (40)

where p,, is the diameter of the largest sphere included in element ¢;. We also assume (inverse
assumption) that there exists a constant v > 0 (independent of h) such that:

Vh, Ve; € €h, Vi€ Vi, he,[he, < 7. (41)

In addition, the electromagnetic parameters € and p are assumed uniformly bounded and piece-
wise constants. We denote by €2; the subdomains of {2 with constant values of € and u:

We then introduce the broken Sobolev spaces PH*"(Q) = {v | Vj,vjq, € H**(Q;)} equipped

1/2
with the norm |v||pgs+1(0) = (Zj ||U\Qj||§+1,gj) , where |.|ls11,0; stands for the classical

H**! norm on ;. Finally, we state three bilinear forms that we will extensively used in the
development of the convergence analysis:

m(T,T) = 2/ (QT , T')dx,
Q

3
o(T,T) = / <<Za§gk/\/kT, T’> D L/ N’@)) dx,
Q k=1

k=1
) = [ ((vys o) - oy V-
(V') [T+ (U} VD)) do

+/ (U, i x V') + (V, i x U")) do,
y”";

where:

/
*T= ( 3 ) € R® and T' = ( 8/ ) € R® (U, V, U’ and V' being vectors of R?).

o Ui‘aij +Uj aij .
[[Uh]]ij = (Uj‘a” — Ui\%) x n;; and {Up}i; = — respectively denote the

jump and the average of Uy, on the face a;;.

e %, is the set of internal faces and .%,, the set of metallic faces of the mesh.

(Q}LLkT)‘ = 02, (T|¢,) pour k =1,2,3.

Ci

In the integral over #,,, on each face a,;, U and V are defined as the restrictions Ul|., and
Vie,-

Inria



High order non-conforming multi-element DGTD method 23

Now, computing the sum of over each ¢; € 9}, and that of over each ¢; € 2}, we obtain
that the discrete solution Wy, € V,? satisfies:

m(OsWhn, T') + a(Wp,, T') + (W, T') =0, VT’ € V). (42)

We then show in Proposition |I| that the DGTD-P,Qy is a consistent approximation of system
()
Proposition 1. Let W be the exact solution of belonging to (@) Then:

m(O;W, T') + (W, T') + (W, T') =0, VT’ € V?. (43)

Proof. First, we have that m(9; W, T") verifies:

N

mOW,T') =2 / (QOW |, T') dx.

i=1"¢

Then, we consider:

HW,T') = /y (<{H}, [U']) - {E}, [V)-
(tV'}, [ED)+ ({U'} . [H]) )do+

/%L(<E, nxV)+(H, nxU))do

/ ( <{ }ij ’ [[U/]]ij> <{E}ija [[V/]]ij> -
aij€EFq Qij
<{V/}ij ’ [E]]”> + <{[I/}U 7 [[] Hij> )

+ Z / ((El., , yj x Vi) + (H|,, , i;; x U}) ) do.
Qg

aij EFm

Since the components of E and H belong to H(rot,{2), their tangential traces are continuous.
In other words, on a;; € %4, we have that E|., x i;; = E|., x i;; and H|., X ;; = H|., X ;.
Thus:

[[Eﬂ” = HH]]” =0 s {H}U X Iulij =H x ﬁij and {E}” X ﬁij =Ex flw

Moreover, still for the integral over a;; € %4, we can make use of the following relations resulting
from the properties of the mixed product:

<{H}” ’ HU/]]Z'J'> <{H}1j X Ny, U; — U./j>7
(B), . IV1,) = (), 6y, Vi-V).

Finally, in the integral over a;; € %#,,, we have that:

<E‘CL s fl” X V;> = <]E‘1‘C1 X fl” s Vi> = <E X fli]‘ s V;>,
<H\(/Z s flij X U;> = <H‘ci X Ivlij s U2> = <H X lylij s U2>
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24 C. Durochat € S. Lanteri & C.Scheid

We are lead to the following expression for (W, T'):

b(W,T') Z/ (Hx 1, U —Uj) —(Exiy, V;—V}) )do
aij€EFq

+ 0y / (E x5, V) + (Hxny, U))do

aij EFm

To conclude, we consider the a(W,T’) term:

a(W,T) =

3
<Zaxkj\/kw T’>dx—/z<8hkT’ , N*W) dx

1

3
_ Z/ <Zam,€N’“W7 T’>dx
g k=1

i=1 Y Ci

Y[ ST w

i=1"YC% k=1

z 5

=z

By using the integration by parts formula:

/ Z (0, T, N*W)dx

t k=1

Il

|
/Fﬂ\

=

<

=

H
~

ISH

»

we obtain, .Z, being the set of the internal faces of the cell ¢; and %, the set of its metallic
faces:

N 3
a(W,T) = 22/ <ZakakW, T

~N~——"
QL
"
|
WE
&Mw
H
9
=
=
=
H

i=1"¢ \g=1 k=1
N N 3
= 22/ (V-F(W), T)dx - ) / > AT, il (VW) )do
i=1"¢ i=1jeV; Y %ii k=1
N N 3
- 22/ (V-F(W), T)dx - ) / > apNtW T’> do
i=1"¢i i=1jey; Y %i \k=1
N N
= 22/ (V-F(W), T)dx - / (Mi; W, T')do
i=1"¢ i=1jeV; ¥ dij Tnri
N N nria
- 22/ (V-F(W), Thdx > Y / (MW, T')do
i=1"¢ i=1 q, a
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and at last:
N
a(W,T) = 22/ (V-F(W), T')dx
i=1"v ¢

) /
i=1 aij E?é @

N
- 2 / ( (Hie, x 1135 , Uj) — (Ble, x 11y , Vi) ) do.

=1 aij E?Tln @

( <H‘cl X flij ) U;> _<E‘cz X ﬁij y V;> )dg

We now perform the sum over all the internal and metallic faces. a(W, T') becomes:

N
a(W,T') = 22/ (V-F(W), T')dx

_ Z / ( <H\C7 X Iulij s U;> — <E\C1 X flij R V;>+

ai; EFq @ij
<H‘cj X flji s U;> — <E‘cj X flji , V;> )dO’
_ Z / ( <I‘I‘CZ X ﬁq] s U,/L> — <E‘cl X Iulij s V;> )da

Qs
i €EFm v

N
= 22/ (V-F(W), T')dx
i=1"v¢

- Z ((Hxny, U-U;)—(Exny, V/—V}))do

aij€Fq " i

_ Z / (<H><fllj,U;>—<EXle],V;>)d0’

aij€EFm

Gathering the previous expressions of m(9;W,T’), a(W,T’) and b(W, T') we deduce:

N
m(O,W, T') + a(W,T') + b(W,T') = 22/ (Q(O:W) , T')dx

N
+ 22/ (V-F(W), T')dx

+ 020y (E x 11,5 , V})do.

Qi
aijeynl “J

But, if we choose T’ as the vectorial test function in . Summing over ¢; € 25, we obtain:

N N
22/ QW) , T’>dx+22/ (V-F(W), T')dx = 0.

By applying the boundary condition on the metallic boundary 9Q™, i.e. E x n = 0, we conclude
the proof since m(9;W, T') + a(W,T’) + b(W, T’) =0, VT’ € V}? for W the exact solution.
O

In the sequel we will use the following stability lemma.
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Lemma 1. For all T € V)3, we have:

a(T', T') + b(T',T') = 0. (44)

Proof. We note that a(T', T') is such that:

3 3
a(T',T) = /<Za P NGT T’> dx—/ > (oh T, NPT )dx
k=1 Qg{c 1
- Z (ot N*T' | T') dxf/ Z(aﬁkT' , N*T')dx
Qk 1 Qg

3
- / > o (NE (T, T) dxf/z (of T, NFT')dx
Qk 1

= / (0T, (M%) T )dx — / (oF T, NFT')dx
Qk 1 39 =1

= / > (oh T, NFT)d /Z (op T, NFT')dx
Q Qp_

k=1 1
Similarly, for b(T', T’):

b(T’,T/) _ /ﬂ ( <{V/} 7 [[U/ﬂ > o <{U/} 7 [[V/]]>—
(V) U+ (U}, V) )do+
/y ((U', axV)+(V', axU) )do

= ((U', axV)— (U, naxV'))do=0.

‘g:’ﬂl

In summary:

a(T,T') +b(T/, T)) =0, VI’ € V}.

Remark 4. One can also show that a and b are skew-symmetric forms.
This implies, replacing T’ in by the discrete solution W, € V}? :

m(atWh, Wh) =0.

1
We define the semi-discrete energy & (t) = §m(Wh, W). In the present case the semi-discrete

d
energy is constant since @th(t) =m(0;Wp, Wy) = 0.

We conclude this subsection by recalling classical finite element results. In the following in-

equalities |.|,., denotes the standar semi-norm H" on ¢; and |||, ;.. the standard L? norm on
6CZ‘. ’
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High order non-conforming multi-element DGTD method 27

Lemma 2. (see for instance [Z]). Let 7; € T, (respectively q; € 25,) and uw € H¥(1;) (respec-
tively u € HT(q;)) for s > 0. Let 11 be a linear operator from H*T1(1;) (respectively H*1(g;))
into P, [1;] (respectively Qilq:]) such that II(u) = u, Yu € P,[1;] (respectively Qiq;]). Then:

(u) —ul,, < C RSPy r=0,1, (45)
IT(u) = ullg gy, < C RRELPHI2))| g (46)
and:
M(u) —ul,, < CREMEFHFT )0, r=0,1, (47)
() = ullg g, < C AEELFH2 )|y (48)

where C' is a strictly positive constant that only depends on p (respectively k), s and the regularity
parameter n of the mesh.

Lemma 3. (see for instance [2]). For allv € P,[r;] (respectively v € Qplg;]) one has:

[vllo.o,, < C b7 |0llo,r, (49)

Ivlly.,, < C B wlos, (50)
and:

||U||0,8q71 S Chq_il/QHUHO,qia (51)

ol g < C hgtI0llo:s (52)

where C' is a strictly positive constant that only depends on p (respectively k), s and the regularity
parameter n of the mesh.

4.2.2 Convergence of the semi-discrete problem

Theorem 1. Let (63)n be a family of multi-element non-conforming meshes satisfying (@) and
. Let € and p be uniformly bounded piecewise constant quantities. Vy, is given by . Let W
be the exact solution of (1}) belonging to @ and also to C°([0,t¢], (PH*1(Q))%) for s > 0. Let
W, € CH([0,t4],V}9) be the semi-discrete solution associated to (@-@ (W and Wy, also verify
the initial conditions of the problem).

Let &, = max{h;nin{s’p},hglin{s’k}} with h, = max (h;,) and hy = max (hy,). Then, there
€T ) GEZ2)

exists a contant C' > 0 independent of h such that:

masc ([PA(W(0) = Wa(B)loa) < Cluty [Wlenqo,uprress o (53)

Proof. Let w(t) = W(t) — Wy(t) = ( E((?)——];)-Ihh(ft)) ) = ( E((?) > be the error vector at time

1
t € [0,tf] and ¢ the minimal value of € and p. We also set &p, (t) = §m(Ph(W(t)),Ph(w(t)),
so that:

en(t) = [ (QRiwit) . Puw(t)) dx
¢ /Q (Pu(w(®) , Pu(w(t))) dx,

\%
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and:
¢ [ (Pwo) . Pulw) )ax
— Q/Q( Py(e(t)) , Ph(e(t))>—|—<Ph(h(t))’ Ph(h(t))>) Jdx (54)
= C(Pule®)l5o+ 1Pna@®)5o)-
Thus:

€p, (1) = C(IPue®)5a+IP®)5q)- (55)

Taking into account the discretized initial conditions we have that €p, (0) = 0, and for ¢t € [0, ¢]:

en() = [ fen©d = g [ TmPvo). Puw(e) ds

t

; m(0Pr(w (<)), Pr(w(c))) ds.

Since Py (w(t)) € V5 we also have that:
a(Pp(w(t)), Pr(w(t))) + b(Pa(w(t)), Pr(w(t))) = 0.
Thus:

&, ()= [ ((m@Pu(w(0) Pu(w(s)) +
a(Pu(w(s)), Pa(w(s))) + (56)

b(PL(W (<)), P(w(<)) ) ds.

On the other hand, if we substract from and using TV = P, (w(¢)), the bilinearity of
m, a and b yields:

m (W (L) — O W (t), Po(w(t))) + a (W (t) — Wp(t), Po(w(t)))

(57)
+ b (W(t) = Wi (t), Pa(w(t))) = 0.

We note that in (because P, is a linear operator and W, € V)5), Py (w(t)) = P,(W(t) —
Wi (t)) = Pr(W(t)) — Wh(t), then:

en(t) = [ (mOPW(S) =0 Wa(0). Pulw(s)) +
a(P(W(s)) = Wi(s), Pu(w(<)))+ (58)

b(Ph(W(S)) = Wi(s), Pa(w(<))) ) ds.

Integrating over [0,t] and substracting the result from we obtain (using again the
bilinearity of m, a and b):
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Thus (see also (55)):

C(IIPu(e®)I5.o + 1Pa(h()E 0 )

t

IN
S~
=
2

Pr(W(s)) = OW (<)), Pr(w(<))) +
a(Pr(W(s)) = W(q), Pr(w(s)))
b(Pr(W(s)) = W(s), Pu(w(c))) ) ds.

Moreover, Py, being a linear operator independent of time and uniquely defined, we can deduce:

m

—~

O Pr(W (<)) = W (<), Pu(w(s)))

= m

—~

Pr(0W (<)) = O W (<), Pu(w(s)))

- 9 <Q [Pa(OW(S)) — A W(S)] | Ph(w(g))>dx
(B

= 2

S— 55—

Py (0 —OW(S) QTPh(w(g))>dx.

But, we recall that P, is the orthogonal projector from (L?*(€2))% to the vectorial subspace V5,
and because 9. W (c) € (L*(2))%, P,(0:W(s)) € VS and QT P, (w(c)) € V)¢ (e and p are constants
on ¢;), we have by definition:

then:

C(IPu(e@®)E o+ I Puh@®))IE )
t (59)
(a(Pu(W(S)) = W(S), Pa(w(<))) +b(Pr(W(s)) = W(s), Pu(w(c))) ) de.

[N
S—

We now study the two terms in the above integral over [0,¢]. From now, we omit the tempo-
ral variable in order to simplify the notation and we denote by 7; and ¢; the tetrahedral and
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hexahedral cells respectively. For what concerns a(P, (W (<)) — W(s), Pr(w(s))) we have:

a(Prn(W) — W, P(w))

= /(<Z&’U\f’“ Py(W) — W],Ph(W)>—
Z@&Ph( ), N*[Pr(W) — W] >> dx

k=1

= /<<28£k/\/k [Pr(W) = W] | Ph(W)>—
Q k=1

e Ve

= /<Za§/v W) - W] , Ph(w)>dx
— Z/ <Zaﬂ/\/’i [P(W) — W] , Ph(w)>dx

) z/ <

3
Using the Cauchy-Schwarz inequality we deduce:

el

w

e, N* [PL,(W) — W] | Ph(w)>dx.
=1

a(Py(W) — W, P (w))
| a(Ph(W) = W, Py (w)) |

IN

1Pn (W)l -, + (60)

0,7

120 (W)l -
0,q:

IN

Za“/\/ [PL(W) — W]

=1

Z%Nk [Pn (W) — W]

k=1

We set u(x,t) = P,(W(x,t)) — W(x,t) € RS, then:

us — Oz, Ug
g — O,y
Uq — axl Us
uz — a:v;;UQ
uy — 8:617-’8
Uy — O, U1

3

Z@MJ\/”“ U

k=1

0,7

Oz,
Oz,
— ai 2
Ou,
Oz
Oz,

0,7;

IN

||8I3u5‘|0,-ri + ||812u6||0,‘ri + HaﬂlluGHO,n + Ha’vsu4||0,fri

Inria
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But, for each u; (I =1,...,6), we have that [0z, wlly ,, < [Vully,, for k¥ =1,2,3. In addition,

the definition of the semi-norm H(r;) being ||y -, = [Vl ,,» we obtain using the inequality
(45) (with r = 1) of Lemma

3 6 6
S oa Nt ul < 2wl =2 [(PA(W) ~ W),
k=1 0,7 =1 =1
6
< 23 onmnlr) (W)l
j=1
= 20K (1Bl o, + 1Bl g1, + 1Bl g1, +
Vel g, + I, + V)
< 20n" 0 (3IE) o,y + 31, )

< Cr (B, + I H ) -

We now apply the inequality |m + n| < \/m, vm,n € R to |E|,,, ,, and [[H]|,, . to
obtain:

3
Zaszk [Ph(W) - W} S Ch‘lr_nim{&p} (”E“s—i-l,n + HH||5+1,T,;)
k=1 0,7;
1
< ChEntn (2B, +2HI, )
1
min{s 2 2 2
< cnmmert (JB)2, I, )

Similarly, we note that (see also (54))):

N|=

122 () o7, = CIPu(@IE 7, + [1Pa()] -, )

Then, proceeding in the same way for the hexahedral cell ¢; (using the inequality of Lemma

, becomes:

a(Pr(W) =W, By (w))

NT

Z Chgzin{&p} (||E||§+1,n + HH”§+1’”)
i=1
N 1

- min 2 2 2 1
b onm e (B + IR ) CIRA@)IR o, + PR, )

i=1

-

2

N

IN

(IPu(@IE 7, + P05 -, )

Finally, the Cauchy-Schwarz inequality yields:

N- 1
2 2 2
> (IR 1 + 1HIE, )" (IPa(e)
i=1
NT

5/ N.
2 2
< (Z(||E||s+1,f,.,+||H||s+1,ﬂ.)) (Z(||Ph<e>||%,n+||Ph<h>|
RR n° 8257 i=1

i=1

1
o HIPMOIE )2

1

2
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By applying the same inequality to the sum over the hexahedral elements and using the definition
of hr, hy and &, (see also Theorem [1) we obtain:

a(Ph(W) = W, Py (w))

< Ch?in{s’p} (HEH?DH5+1(9h) + HH”?JHS“(%))%
(||Ph(e)||3,yh + IIPh(h)H%,yh)% +
CRg ) (Bl g 2, + ||H||?3Hs+1<gh>)%
(||Ph(e)||8,,@h + ||Ph(h)||g,a@h)%
) ,

3 1
C&n (Bl gess oy + Hlipgensiey) (P30 + IPam)I30) " -
Concerning the term b(P,(W (<)) — W(s), P, (w(s)) in (59):

b(Pr(W) — W, Pp(w))

< | b(PL (W) = W, Py(w)) |
< Z (/ <{Ph(H)_H}ij ) [[Ph( )H”>da +
aij€Fq @ij
/ <{Ph E}ijv [[Ph(h)ﬂm>d0 +
/ <{Ph Yij > [Pn(E) — Eﬂz’j>d0 + (61)
{

/ {Pule)}i; , [Pu(H) - H]]ij> do

)

E] |, » 1y x Ph(h)‘ci> do| +

ai; €EFm <

/ H] |, , 0y x Ph(e)‘ci> do

In the sum over the internal faces (i.e. a;; € #4), a;; can be a hybrid face; then, we (arbitrarily)
consider the tetrahedron 7; and the hexahedron q We again make use of the Cauchy—Schwarz

inequality, as well as of inequalities (46 and ( of Lemma , and and ( of Lemma
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&

/ <{Ph(H)_H}ij ; [[Ph(e)]]ij>dg

Q4

_ |[PaCH) —H] |+ [Pa(H) — H] |,
- 2
(o, -meen) <o,
< (||[Ph<H) H |, .0, + [[1P:) - H] 0)

H‘Ph‘( )‘7' 0,a; +HPh‘ "17‘ 0,a;, )
min{s,p}+ 3 min{s,k}+
CREMET My O )

1 1
Chf‘l’q‘,z HP}I(e) -+ Chqu th(e) OxLIj)
{hrfr,lm{q’ph—2 hmm{g ki3 } max {hﬁéahf;j%}

(Ll 1, + 18 1, ) (1P 7, + 1Pk (€ o, ) -

We shall now look for an upper bound for:

mae { R CPIEE S  max L byt

IA
—~

AN
Q
=
&
"

The exponents of h,, and h,; being different, there are four possibilities:

max hmm{s e hmm{s k43 } max {h;% , h;%}

° _ hg:ln{s,p}+2hn2 _ h”r_ﬂiln{&p} < hTmin{S,p} < fh-
max {hmm{s’pH? hmm{s H+d } max {h;%vh";]%}
[ ]
hgjnn{s k}+2h 3 _ hmln{s k} < hmln{s k} < &,

e Using with ¢; = 7; and ¢; = g; (together with the regularity parameter ), we have:
max {hmm{s,p}Jrz hmm{s K}+3 }max {h;%,h;j%} _ hTmiin{s,p}Jr%h;j%
< hmln{s7p}+§ﬁ hT—ii <A hrTrzin{s,p} <A hrTnin{s,p} < V7 &
e Using with ¢; = ¢; and ¢; = 7; we have:
max {h‘rrriln{s pI3 hmln{s Y43 } max {h;%,h;j%} _ h;r;in{s,k}-i—%h;%
< hmln{b k}+2ﬁ h;f < 7 DR <y pminte k) < g g

Overall we thus obtain:

max{hmm{*p”z pin{ekhts }max {hﬂ Lhg? } <C &,
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Then, if a;; is a hybrid face (we define .7 as the set of hybrid faces of the mesh):

/ ‘<{Ph(H)—H}Z.j : [[Ph(e)]]ij>da

ai]

Cen (I, + 1H 11, ) (1220, + 1Pee) o)

1
2 2 2
e (M2, + 11120, )" (1) I3, + I1Pue) 3., )

IN

1
2

IN

If a;; is an internal face shared by two tetrahedra 7; and 7;, and if we denote by 7 the set of
internal faces of the mesh shared by two tetrahedra):

/ ‘<{Ph(H)fH}ij , [[Ph(e)]]ij>dg

Qij

1
min{s 2
Crzmtery (JHIZ, ) (1P @I -+ 1 Pate)

SIS

IN

2

0,75
1

2 2

0,75 .

If a;; is an internal face shared by two hexahedra ¢; and g¢;, and if we denote by 24 the set of
internal faces of the mesh shared by two hexahedra):

1
2 2 2
& (IH2,,, + 1H2,,, ) (1P(@IR -, + 1 Pafe)

IN

/Q.. <{Ph(H) - H}ij ) HPh(e)]]z‘j> do

3

N

IA

1
min{s 2
Chme k) (B, + 12, ) (17 @B, + IPa@IR,,,)

1
2 2 2
e (B2, 4, + 11120 ,,) " (P13, + 1Pue) 3, )

1
2

IN

We obtain the same inequalities for the term (see also ):

/.<{Ph(e)}ijv [P(H) ~ H];; ) do

Qi

3

and similar inequalities (which involve norms of E and P, (h)) for the terms:

b

/ <{Ph<E> —E}i [[Ph<h>ﬂij>dg

ij

[ (@) Bl Yo

L3

On the other hand, still in 7 looking at the sum over metallic faces (i.e. a;; € %), if a;; is
a face belonging to a tetrahedron (let .7, be the set of these faces):

/ <[Ph(H) —H] [ n;; X Ph(e)\n> do

< H[Ph(H) - H]|, 0,067 fPh(e)\n 0,0
S Ch‘rrr;ln{s,p} ||H||s+1,7—7; ||Ph(e)||07n S th HH”S-&-LH HPh(e)HO,Ti . Inria



High order non-conforming multi-element DGTD method 35

We obtain the same inequality for the term:

/a <[Ph(E) - EJ|,, , 0 x Ph(h)‘n> do|,

and similar inequalities if a;; € 2, with 2,, the set of metallic faces of the mesh belonging to
a hexahedron. We thus deduce the following upper bound:

b(Prn(W) — W, Py(w))

Nl

< 05h< ( VL, + IHE ) (1P @I -+ I Pa@IR
ai; €94

%
VBN 1+ B, ) (1P + I PL IR,

ai; €24

1B 1+ 1B, ) (I, + [P

1
2

S (I + 1E1 ) (12 @R+ PR,

a;j€Ee 7y

(
(
( (I, + W) (1P @R, + PR,
(
(
(

ol

2 2 3
Bl + B, )" (1P + P,

> (.

i €Tm

> (I,

Qij [SE

Pu@)llor, + IBlyy1m, 1P, ) +

Pa()o,,) )

(Zz n%) , Ymy,n; € RT we deduce an upper

Bu(e)llo.g, + 1Bt

N
N

Finally, using the inequality », myn; < (Zl m?)
bound for b(P,(W) — W, Py (w)):

B(PL(W) = W, Py(w))
O (Il przess sy 1Pa(@llg 0+ IBl prss [P (B 0)

3 1
C&n (B gess oy + 1B ens o) (IPa(@)I3 B)[3a)? .
We can now consider again (59)), use the upper bounds for a(P,(W)—W, P,(w)) and b(P;,(W)
W, P, (w)) and, by introducing the notation [|[W|[pzas1(q) = <||E||%HS+1(Q) + ||H||?3Hs+1(m) ,

we obtain:
CNPa(e®)g 0+ I1PL(M®)[F0 )

/0 C& W ()l p g1 0y (1Pae()l5.0 + 1Pa(h(s)) ]2 0)? ds.

IA

IN

ol= |

(62)

Now, we recall that:

(||W(t)||PHs+1(Q)) = max (||W(t)||PHS+1(Q))'

IWllco(o,e,1,pre+1(02)) = S[‘lp te(0.t]

tyl
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36

Let:
At) = [[Pale®)l50 + 1Pa(h(0))]F o = [1Pa(E(t) — En(t)][F o

+ [Pu(H(t) — Hu ()3 o-

We deduce from :

t
MO <O [ WOl A ds
ty )
<06 [ WOl o) MO b, Vi€ 0,1
0
Thus:
tf .
g (AO) < O [ IWOl s o MO ds
tf .
< th/o ||W||CO([0,tf],PHS+1(Q))gg[l(ii(f] (A(C)z) ds.

[N

Since max

(A(t)%) = | max (A(t))| , we have the upper bound:
te[0,ty]

te[0,ts]

N|=

| P(E() — En(t)[If o + P2 (FL(1) — HA(®)[[5 )]

[maxieqo,, (

< Cnty IWlleogo, ), pr=+1(0) »

and because:

PR (W (#)) = Wh(B)llo.0

= (

[N

| PL(E() — En(t)[If o + 122 (HL(1) — Ha(1)[5 o) * ,

we finally obtain:

e (1P (W (£)) = Wa(t)llo,o) < C8nty IWilleoo,e,),pre+1(0)) -

O

Corollary 1. Under the hypotheses of Theorem[l] there exists a generic constant C' > 0 inde-

pendent of h such that the error w = W — W, satisfies the following a priori estimation:

IWlleogo,e1,22(0)) < Cénts IWlleo(o,e,1, pre+1(0)) -

Proof. Applying Minkowski’s inequality we have:
[wlloe =W =Whloa = [[W—=Py(W)+P,(W)—Whloa

< W = P,(W)llo,o + |Pn(W) — Wplo.a.

(63)

But, using again the inequalities - (with » = 0) of Lemma [2| and for h, and h, near 0,
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we get:
W — Pr(W)[[5 o

N, Ng
YW = PaW)I3 o, + D W = P(W)[5
1=1 =1

IN

IN
=11

@
Il
-

(R 1)+ 3 (R 110’

QZEMQZ

. 2 . 2
(Oh:mn{s,P}+1 ||W||s+1,ﬂ) + (Chzﬂln{s,k}+1 ||W||3+17q1,)
=1
Nq

(Chz—nin{s,p} ”W||s+1,n)2 N Z (Ch;nin{s,k} HWHSH’%)Q
i=1

IN

N> Ng
2
< (CE) | D IWIE i + D IW I,
i=1 =1

2 2
< (C&)™ [Wlpgseri(q) -
We thus obtain:

W —=F.(W)loo < C&lIWllpgerq) < Ctrén IWllpger(g)

and we conclude that:

IWllcoo,e,1,220) < Cénts IWlleoore,),pr+i() -

In summary, we obtain that for the semi-discrete scheme the error is of order O(&p,).

4.2.3 Convergence of the fully discrete problem

The fully discrete scheme — can be seen as the time discretization of a system of ordinary
differential equations. The global formulation yields:

m(OWi(t), T') = — [a(Wp(t), T') + b(W(t), T))], VT’ € VE.

The latter equation can be evaluated at the time stations ¢,, and ¢, 1 from which we deduce:
atEh(t +l) ) >
m n+3 ,T/
(( 8tHh(tn)
Ep(tn) Ep(tn)
= —la T )+ b ST
{ (( Hh(tn—&-%) Hh(tm-%)
When time integration relies on the LF2 scheme, the fully discrete scheme can be rewritten as:
EnJrl
H 2
h
(65)
Ey Ey Ey
= m 21 |, T | - At |a ntt |, T | +0 nat |, T
H, * H, * H, *
RR n° 8257 h h h
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In other words:

ETL+1
m H,Z_;'_% B Tl
h

E? Smag(HTH-l) (66)
= Py ! m » ".
) m((HZ”)’T>+“ (( "Sil(e]) >T>

Analoguously, in the case of the LF4 time integration, the fully discrete scheme writes:

E’nJrl
H, °*
E’I’L
= m<< nﬁ; ),T’)—l—
H, *
mag TL+% (67)
Atm ([ ©n ‘l(Hh ) ) )+
Sy (ER)

il
Ait?’m S;nglo Sﬁ;i S,T“gl(Hh-i_z) T .
24 i 0 Sy o SPH(ER)

~ ~ 1
We first study the consistency error of the scheme. For this, we define EZH and HZ+2 by:

e In the case of the LF2 time intgretaion:

En+1
m iy ST
H, °

= (i )m)- o

e In the case of the LF4 time integration:

~n+1
E; )
gl
Hh

() ) ) s o) o

Ait‘?m (( S9 o Sel o ST (Hy, (t, 1)) ) v
24 Sil 0.8y o SiH(En(tn)) ’

m , T/

Nl=

N—

[N

~ ~ 1
Then, (HEZ+1 —En(tnr )50 + HHT_2 - Hh(tn+%)||379) stands for the consistency error.

Our goal is now to find an upper bound for the latter that will depend on the time step At. By
En(t, .
substracting m (( Hh( +1) ) ,T’> to (68]), and using (64]), we get:
h (tn-‘r% )
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e In the case of the LF2 time scheme:
En+1 EL "
m B h(t +1) T
H, > Hh(
Eh( n) n+1 atEh< +l)
= A n3 T ).
m(( Hy(t,-1) - +atm OH(t,) )’
e In the case of the LF4 time scheme:
wAn+1
. :Ey,;:% —Ep(tns1) T
H, * —Hu(t, 1)
Ep(tn) — En(tnt1) S (Hp(t,11))
= T/ A n+ T/
m(( Hy(t, 1)~ Hilt,yy) )00 ) P i@y )T

A (g 310 S5 (FRa(trr1) ).r).
21 Sl o Sy o Sil(Bu(t,)) )

Nl

Since:
OBnley) = P (Hiltey)) and 9Ha(t,) = S5((En(tn))),

one deduces that:
(a0 ) )
= om (( H];:](};ini) —Eﬁiﬁ)p ) ’T/> At (( 051:31,}1(;?;%) ) ’TI) -
(i’ ) ™)

Then, by using Taylor-Lagrange expansions and assuming that W € C3([0, /], (L?(2))%) (re-
spectively W € C5([0,¢¢], (L?*(€2))%)) in the LF2 case (respectively in the LF4 case), we find:

e In the case of the LF2 time scheme:

-

wn Snt g 3
(1B = Baultns) o + 1, = Hi(ta)lBa)* < CAE[Wiles(oa2- (70)
e In the case of the LF4 time scheme:
1
=n ~ptl 3
(HEh—H En(tni1)l50 + IH, 2 — Hh(ﬁn+§)||(2),9) < CA|Wlles(o,t,0,(z2 ()~ (T1)
We now look at the global error of the scheme. In other words, we aim at evaluating the quantity:
n|2 n-1 \?
max  (IB(tn) ~ B30+ [HL(,- ) ~ HG[3.0)
We start by studying the term:

_1
1B () = ERl5 o + 1H(t, 1) — H, 2[5 0.
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E ( n+1) >
,T) to , we get:
H, ( 2) (68), we g

e In the case of the LF2 time scheme, adding m <

e In the case of the LF4 time scheme, we obtain similarly
Eh(tn+1) - Eh(tn) /
" << Hy(t, 1) —Ha(t, 1) T
Sy (Hp(t,,1)) > )
Atm h nta ST | 4+
<( Slezl(Eh(tnD
A (80 Silo S (Ha(tyy)) \ g + ™
24 Sl 0 5" 0 Si (B (tn)) 7
E _ En+1
m h(tni1) Ahn+l T
Hh(tn—&-%) -H 2
Setting ¢ = Ey(t,) — E and b2 = Hy (¢, 1)

nfl .
nt) = H, *, and substracting to on one
hand, and to on the other hand, we can write:
e In the case of the LF2 time scheme:

n+1
e !
" (( by ) ’T)
ml " 0 ). 1) = At
b, *
E}L(t7z+1) - EZ+1 ,
m ’\n+l ; .
Hh(tn_;,_%) —H, 2
e In the case of the LF4 time scheme:
n+1
m e},,LL_;’_% 7r]:‘/
by,
e” ma n+3
= m n,; T | + Atm Slg ?) ST +
b, ° Set(ep)
At3 gmag o Sel o Smag b”JF%
=2 h h T
21 " (( St o 5740 o St (o) i

En(tns1) — Eg“ ,
m ~oy1 |, T).
Hy(t, 1) — H, "

h
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We now define the discrete energy:
al . 1 2 1 n—=% nti
N = Zm?’ with m? = 5”8?Hsi,ci + 5 < hi zbi 2 >>,u,-,,c“
i=1

where ¢; = ¢, and b; = by|.,. Similarly to the stability analysis conducted in [20], we can
show that under a CFL condition we have that:

e In the case of the LF2 time scheme:

(ley

e In the case of the LF4 time scheme:

Ba+ 10 130)" < CALIWes(o,,120): (74)

1

1
L 2
(lez 3.0+ 16721 q) " < CALIWiles (o1, 22(0)- (75)

In summary, the error resulting from the use of the second order (respectively fourth order)
leap-frog scheme behaves as O(At?) (respectively as O(At*)) and we can thus conclude using
the triangular inequality together with Corollary [I] that the error for the fully discrete scheme is:

e In the case of the LF2 time scheme:

O(A?) + O(&).

e In the case of the LF4 time scheme:

O(AY) + O(&).

5 Numerical and performance results

In this section we present numerical results for the solution of the 2D Maxwell equations. More
precisely, we consider the case of transverse magnetic waves:

OH, 0P _
T y

oH,  OE.
Kot~ oz =9
OB, oH, OH,

ot Ox oy

The objectives of this section are to evaluate the effective convergence properties of the proposed
DGTD-P,Q; method by considering a test problem with sufficient regularity and for which an
analytical solution is available one one hand, and to assess the computational peformances of
the method on the other hand. Of course, since we are limiting ourselves to 2D problems, the
latter objective will only be partially fulfilled because the most challenging problems, especially
in terms of spatial discretization, are 3D ones. We will discuss further about this point in the
conslusion section but for now we note that a detailed assessment of the performances of the
DGTD-P,Q method for realistic 3D test problems will be the subject of a dedicated study.
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5.1 Standing wave in a PEC square cavity

We first consider a test problem for studying numerically the convergence properties of the
proposed DGTD-P,Q; method. We compute the evolution of the (1,1) mode in a perfectly
electrically conducting (PEC) square cavity Q@ = [0,1 m] x [0,1 m]. The analytical solution is
given by:

H,(z,z,t) = . sin(mx) cos(my) sin(wt),
w

Hy(z,y,t) = g cos(mzx) sin(my) sin(wt),

E,.(z,y,t) = sin(nz)sin(my) cos(wt),

where w = 2xf is the angular frequency, with f = 212 MHz in the present case. For this
numerical convergence study we have used a sequence of 4 hybrid non-conforming meshes built
from cartesian meshes of the unit square with resepctively 7x7, 13x13, 19x19 and 25 x 25 points.
The two coarsest meshes are shown on Fig.[2] The h-wise convergence of several configurations

Figure 2: Standing wave in a square PEC cavity: two hybrid meshes used for the numerical
convergence study.

of the DGTD-P,Q; method is visualized on the graphs of figure The graphs of the top
(respectively, bottom) figure correspond to the DGTD-P,Q) method combined to the second
order leap-frog (LF2) scheme (respectively, the fourth order leap-frog (LF4) scheme). We observe
that in each case, taking into account the regularity of the solution, the obtained convergence
orders match the theoretical expectations i.e. min{2, p,k} in the case of the LF2 scheme and
min{4, p, k} in the case of the LF4 scheme. We complete this series of results by assessing the
computational efficiency of the proposed DGTD-P,Q) method through the graphs of the error
reduction in terms of the CPU time (see the plots of figure . Looking at the results for the
DGTD-P;Q3 and DGTD-P;Q4 methods, we do not observe a notable reduction of the error
when switching from the LF2 to the LF4 time scheme. The situation is totally different and
clearly in favor of the LF4 time scheme (at least, for the present test problem) when considering
the DGTD-P5Q3, DGTD-P2Q4 and DGTD-P35Q3 methods (recall that each point of the graphs
correspond to a mesh, the rightmost points on each line always matching the coarsest mesh
among the 4 selected hybrid meshes). The plots of figure [4] also allow a performance comparison
for a given time scheme. For instance, for the LF2 scheme, we note that the DGTD-P;Q3 method
used with the hybrid mesh based on a 13 x 13 cartesian discretization, yields an error level which
is about 6 times lower than the one obtained with the DGTD-P;Q4 method applied with the
19 x 19 mesh, while the CPU time is reduced by a factor 2. For the LF4 scheme, considering the
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DGTD-P4Q4 method used with the 13 x 13 mesh, the CPU reduction is about 2.5 for an error
level lowered by a factor approximately equal to 50, as compared to the DGTD-P3Q3 method
applied with the 25 x 25 mesh.

107
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Figure 3: Standing wave in a square PEC cavity: numerical convergence in terms of mesh
refinement (i.e. h-wise). Top: DGTD-P,Q) method combined to the LF2 scheme. Bottom:
DGTD-P,Q method combined to the LF4 scheme.

5.2 Scattering of plane wave by an airfoil profile

The test problem that we consider now is the scattering of a plane wave by an airfoil profile. The
computational domain is 2 = [—1 m,2 m] x [-1 m, 1 m]. We impose the Silver-Miiller absorbing
condition on the rectangle delimiting the domain, while the surface of the airfoil is assumed to
be a PEC boundary. The incident wave is defined as:

Ez,inc(zlax%t) = COS(wt — H1‘1)7
Hw,inc(-rla x2, t) = 07

KR
Hy.,inc(xla X2, t) - *; COS(UJt — /{.’ﬂl),

where k = (x,0)T with Kk = w/cyp, ¢y being the wavespeed in vacuum and w = 27f. The
frequency is set to f = 600 MHz. We compare approximate solutions obtained using a fully
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Figure 4: Standing wave in a square PEC cavity: computational efficiency in terms of mesh
refinement (i.e. h-wise). Top: DGTD-P,Q; method combined to the LF2 scheme. Bottom:
DGTD-P,Q; method combined to the LF4 scheme.
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triangular mesh (see figure [5| left) consisting of 84,444 elements, and a hybrid non-conforming
mesh (see figure [5| right) consisting of 11,584 triangles and 172 quadrangles. Simulations are
conducted for a physical time set to 1.67 x 1078 s corresponding to 10 periods of the incident
wave oscillation. For this test problem, numerical results are presented for the DGTD-P,Qy
method combined to the second order leap frog scheme.

For this test problem we do not have access to an analytical solution therefore we compare the
approximate solutions resulting from various configurations of the DGTD-P, and DGTD-P,Qy
methods. Firstly, we plot the time evolution of the E, component at two given points in the
computational domain located near the airfoil profile in the triangular mesh or in the triangular
part of the mesh in the case of the hybrid mesh. These time evolutions are shown on figure [6]
Secondly, we compute a discrete Fourier transform of the approximate solutions in time, on the
fly during the last period of oscillation of the incident wave. Then, we visualize on figure [7] the
contour lines of the real part of the E, component in the Fourier domain. Finally, performance
results are given in tables [1| and In particular, in table 2] we compare two ratios: the first
one is the ratio of CPU times for two given configurations of the DGTD-P, and DGTD-P,Q
methods, while the second one is the ratio of the total numbers of degrees of freedom. We note
that, for the DGTD-IP; and DGTD-P; Q3 methods, the second ratio is close to 1 and the latter
method is almost 4 times faster. Besides, on the plots of figure[6] it is rather difficult to make a
distinction between these two methods. Comparing the DGTD-P3 and DGTD-P;Q3 methods,
the ratio of CPU times is approaching 12 and the DGTD-P3 method requires more that 2 times
more degrees of freedom. Similar remarks apply to the comparison of higher order configurations
of both methods.

0.5 0.5

-0.5 -0.5

Figure 5: Scattering of plane wave by an airfoil profile: triangular and hybrid meshes.

5.3 Scattering of plane wave by a dielectric cylinder

We conclude this series of numerical experiments by considering the problem of scattering of a
plane wave by a dielectric cylinder. The radius of the cylinder is R = 0.002 m and its relative
ellectric permittivity is set to 7. The cylinder is centered at the origin and the computational
domain is articificially truncated by the square Q = [—0.045 m,0.045 m] x [—0.045 m, 0.045 m)].
We impose the Silver-Miiller absorbing condition on the square delimiting the domain. The
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Figure 6: Scattering of plane wave by an airfoil profile: time evolution of the F, component at
the points (1.6, -0.6) (top plots) and (-0.1, 0.0) (bottom plots).
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Figure 7: Scattering of plane wave by an airfoil profile: contour lines of the real part of the F,
component in the Fourier domain. Left figure: DGTD-P4 method. Right figure: DGTD-P3Q,

method.

Table 1: Scattering of plane wave by an airfoil profile: CPU time and total number of degress of
freedom for the various configurations of the DGTD-IP, and DGTD-P,Q; methods.

Mesh Method CPU time | # d.o.f
DGTD-IP, 132.8 s 50,664

Triangular DGTD-P3 379.9 s 84,440
DGTD-P4 1201.9s | 126,660

DGTD-P;Q3 32.5 s 37,504

Hybrid DGTD-P2Q4 152.0 s 73,804
DGTD-P3Q4 437.2 s 120,140
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Table 2: Scattering of plane wave by an airfoil profile: CPU time and total number of degress of
freedom ratios for the various configurations of the DGTD-IP, and DGTD-P,Q; methods.

Comparison
CPU(q) | #d.0.f(a)
Method (a) Method (b) CPU(b) #d.o.f(b)
DGTD-P; | DGTD-P;Q3 4.1 1.35
DGTD-IP; | DGTD-P;Qs3 11.7 2.25
DGTD-P3; | DGTD-P>Q4 2.5 1.15
DGTD-P, | DGTD-P,Q3 37.0 3.4
DGTD-P, | DGTD-P,Q4 7.9 1.7
DGTD-P, | DGTD-P3Q4 2.8 1.1
incident wave is again defined as:

Ez,inc(xlyxmt) = COS(wt — Kﬂ?l),

Hz,inc(xh X2, t) = Oa

Hyinc(z1,22,t) = —g cos(wt — Kx1),

where k = (k,0)T with kK = w/cy, co being the wavespeed in vacuum (exterior of the cylinder)
and w = 27 f. The frequency is set to f = 30 GHz. The relative permittivity of the inner cylinder
is set to 7 while the relative permeability is set to 1. This problem has an analytical solution
which is expressed in terms of polar coordinates and special functions (see [I] for example). We
compare approximate solutions obtained using a fully triangular mesh (see figure |8} top figures)
consisting of 22,216 elements, and a hybrid non-conforming mesh (see figure |8} bottom figures)
consisting of 7,128 triangles and 2,304 quadrangles. Simulations are conducted for a physical
time set to 6.67 x 10719 s corresponding to 20 periods of the incident wave oscillation.

We again compare the approximate solutions resulting from various configurations of the DGTD-
P, and DGTD-P,Qj methods. As with the previous test problem, we compute a discrete Fourier
transform of the approximate solutions in time, on the fly during the last period of oscillation
of the incident wave. Then, we visualize on figures [I0] and [T] the contour lines of the real part
of the F, component in the Fourier domain. Note that on figure we zoom in the area of the
dielectric cylinder in order to better appreciate that the two configurations considered in these
plots, i.e. the DGTD-IP3 and DGTD-P3Q,, yield almost identical solutions. All the selected
methods are also compared on figure [J] in terms of the 1D z-wise distribution of the real part
of the H, and E,. On these plots, we clearly observe that, for the triangular and hybrid non-
conforming meshes used here, the DGTD-IP3 and DGTD-P35Q, methods give the best results.
Finally, performance results are summarized in table [3] We note that the DGTD-P3Qs method
is superior to the DGTD-P3 method both from the point of view of accuracy and CPU time,
with a reduction of the CPU time approaching 3.

6 Conclusion

In this paper, we have reported on our efforts to design a multi-element DGTD-P,Q) method on
hybrid non-conforming meshes for solving the time-domain Maxwell equations. DGTD methods
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Figure 8: Scattering of plane wave by a dielectric cylinder: triangular and hybrid meshes.

Mesh

Method

CPU time

# d.o.f

Table 3: Scattering of plane wave by a dielectric cylinder: CPU time and total number of degress
of freedom for the various configurations of the DGTD-P, and DGTD-P,Q;, methods.

L? error

Triangular

DGTD-P,
DGTD-P;

391.1 s
1351.0 s

133,296
222,160

2.40 x 1072
6.21 x 1073

Hybrid

DGTD-P,Q,
DGTD-P5Qs

165.6 s
458.7 s

63,504
92,016

1.86 x 102
4.88 x 1073
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Figure 9: Scattering of plane wave by a dielectric cylinder: 1D z-wise distribution of the real
part of the H, (top plots) and E, (bottom plots) components for y = 0.

S
il

Figure 10: Scattering of plane wave by a dielectric cylinder: contour lines of the real part of the E,
component in the Fourier domain. Left figure: DGTD-P3 method. Right figure: DGTD-P3Q2
method.
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Figure 11: Scattering of plane wave by a dielectric cylinder: contour lines of the real part of the
E, component in the Fourier domain (zoom in the area of the dielectric cylinder). Left figure:
analytical solution. Right figure: DGTD-IP3Q> method.

have been extensively studied in the last decade for this purpose and have reached a level of
maturity that made them applicable to realistic 3D problems. Noteworthy, for time-domain elec-
tromagnetics, the DGTD method has been selected as teh base method in the recently launched
time-domain version of the well known HFSS commercial software [22]. Despite these advances,
the exploitation of non-conforming unstructured meshes in the context of a DG-based numerical
methodology applied to linear wave propagation PDE models, has been the subject of a few stud-
ies so far. Two remarkable conributions are those of Dosopoulos et al. [19] for 3D time-domain
electromagnetics, and Hermann et al. [12] for 2D time-domain geoseismics. In the former work,
non-conforming tetrahedral meshes are considered in the framework of an interior penalty DGTD
method, and the parallelization of the resulting numerical methodology is discussed in detail. In
the latter work, an ADER-DG method is formulated on non-conforming quadrangular-triangular
meshes, and the method is also adapted to parallel computing platform. Here, we have presented
a non-dissipative DGTD-P,Q; method formulated on non-conforming structured-unstructured
meshes. The structured part of the mesh is assumed to rely on orthogonal hexahedra, while a gen-
eral tetrahedral discretization is adopted in the unstructured part. The stability and the a priori
convergence of the resulting DGTD-P,Q; method have been investigated in the general 3D case.
Numerical results have been discussed for 2D problems only. The present work can be seen as a
complementary contribution demonstrating the benefits of relaxing the conformity requirement
in the discretization process in view of facilitating the construction of computational meshes for
complex propagation configurations, and improving the overall computational efficiency of the
simulations. Since the numerical experiments discussed in this paper are limited to 2D problems,
these two aspects have been addressed partially and the obtained results, albeit promising, need
to be consolidated by considering realistic 3D problems. The implementation and parallelization
of the proposed multi-element DGTD-P,Q) method in the 3D case is underway [15] and will be
detailed in a subsequent paper.
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