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Abstract: The purpose of this paper is to develop constructive versions of Stafford’s theorems
on the module structure of Weyl algebras A, (k) (i.e., the rings of partial differential operators with
polynomial coefficients) over a base field k of characteristic zero. Using the very simplicity of the
ring A, (k), we show how to explicitly compute a unimodular element of a finitely generated left
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generated left A,,(k)-module into a direct sum of a free left A, (k)-module and a left A,,(k)-module
of rank at most one. If the latter is torsion-free, then we explicitly show that it is isomorphic to
a left ideal of A, (k) which can be generated by two elements. Then, we give an algorithm which
reduces the number of generators of a finitely presented left A,,(k)-module with module of relations
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r 4+ 1 elements but no fewer. These results are implemented in the STAFFORD package and their
system-theoretical interpretations are given within a D-module approach. Finally, we prove that
the above results also hold for the ring of ordinary differential operators with either formal power
series or locally convergent power series coefficients and, using a result due to Caro and Levcovitz,
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of formal power series or of the ring of locally convergent power series.
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Une étude constructive de la structure des modules sur
des anneaux d’opérateurs différentiels

Résumé : Ce papier a pour but de développer des versions constructives des théoremes
de Stafford qui étudient la structure des modules sur les algebres de Weyl A, (k) (c’est-a-dire,
sur les anneaux d’opérateurs différentiels a coefficients polynomiaux), ol k est un corps de ca-
ractéristique zéro. En utilisant la simplicité forte de 'anneau A, (k), nous montrons comment
obtenir de maniére explicite un élément unimodulaire d’un A,,(k)-module a gauche de type fini
de rang au moins 2. Ce résultat est utilisé pour décomposer tout A4, (k)-module & gauche de type
fini en une somme directe d'un A, (k)-module libre & gauche et d’'un A, (k)-module & gauche de
rang au plus 1. Si ce dernier est sans-torsion, nous montrons alors de maniere explicite qu’il
est isomorphe & un idéal a gauche pouvant étre engendré par deux éléments. Nous donnons
alors un algorithme qui réduit & deux le nombre de générateurs d’un A, (k)-module & gauche
de présentation finie possédant un module de relations de rang au moins 2. En particulier,
tout A, (k)-module & gauche de type fini peut étre engendré par deux éléments et il est 'image
d’un idéal projectif dont la construction est explicitement donnée. De plus, un A, (k)-module &
gauche de rang r, qui n’est ni de torsion, ni libre, peut étre engendré par r + 1 éléments et pas
moins. Ces résultats sont implantés dans le package STAFFORD et 'interprétation en terme de
théorie mathématique des systémes donnée est basée sur I’approche des D-modules. Finalement,
nous montrons que ces résultats sont aussi valables pour les anneaux d’opérateurs différentiels
ordinaires a coefficients dans 'anneau des séries formelles ou ’anneau des séries localement con-
vergentes et, grace a un résultat de Caro et Levcovitz, pour les anneaux d’opérateurs aux dérivées
partielles a coeflicients dans le corps de fractions de I'anneau des séries formelles ou celui des
séries localement convergentes.

Mots-clés :  Algebres de Weyl, systémes linéaires d’équations aux dérivées partielles, D-
modules, théorie mathématique des systemes, algebre constructive, calcul formel.
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4 A. Quadrat and D. Robertz

1 Introduction

In his seminal paper [42], Stafford precisely described the module structure of the Weyl algebra
A, (k) over a field k of characteristic zero, namely, of the ring of partial differential (PD) operators
with coefficients that are polynomials over k. In particular, he proved his famous result asserting
that every left/right ideal of A, (k) can be generated by two elements. Constructive proofs of
this result were studied in [21, 25] and implemented in Macaulay2 ([26]) and in Maple ([36]).
A consequence of Stafford’s theorem is that every finitely generated projective (or, equivalently,
stably free) left/right module over A, (k) of rank at least two is free ([42]). This result was
made constructive in [20] by following Stafford’s original proof and in [36] by developing a more
general one based on the concept of stable rank (Stafford’s theorem asserting that the stable rank
of A, (k) is two). This last algorithm was implemented in the STAFFORD package ([36]) and used
in mathematical systems theory ([36]).

Based on extensions of Stafford’s results obtained in [18], we proved in [37] that the same
results as the ones developed in [42] are valid for the ring of ordinary differential (OD) operators
with coefficients in the ring of formal power series or in the ring of real or complex conver-
gent power series. This result was applied to mathematical systems theory (e.g., reduction and
decomposition problems, Serre’s reduction, controllability, observability, Monge problem, com-
putation of flat outputs and injective parametrizations of differentially flat systems, blowing-up
of singularities). For more details, see [13, 15, 37].

Stafford’s theorem has also been extended in [9] to the ring ﬁn(k) (resp., Dy (k)) of PD oper-
ators with coefficients in the field of fractions of the ring of formal power series A= Elx1, ..., 2]
(resp., of the ring of locally convergent power series A = k{x1,...,2,}). As explained in [36, 37],
projective modules of rank at least two over these algebras are free.

More results on the module structure of the Weyl algebra D = A,,(k), obtained by Stafford
n [42], have not been made constructive yet, and in particular the following ones (where every
module is assumed or claimed to be finitely generated):

1. Every left D-module M can be decomposed as the direct sum of a free left D-module D*"
for some r € Z>( and a left D-module M’ of rank at most 1, i.e., M = D*" @ M’, where
rankp(M’) < 1.

2. Every torsion-free left D-module M can be decomposed as the direct sum of a free left
D-module D" for some r € Z>( and a left ideal I of D generated by two elements, i.e.,
M = D™ @ I, where I = Dd, + D d, for certain d;, dy € D.

3. Every torsion left D-module T is the image of a projective left ideal of D, and thus can be
generated by two elements, i.e., T = I/J, where I is a projective left ideal of D and J a
left D-submodule of I (which can also be generated by two elements).

4. Every left D-module is either free of rank r or can be generated by r + 1 elements but no
fewer.

5. If rankp(M) >2and M @ D =2 N @ D, then M = N.

Similar results hold for finitely generated right D-modules ([42]).

The first (resp., last) point above can be traced back to Serre’s splitting-off theorem ([39])
(resp., Bass’ cancellation theorem ([5])), not requiring, however, any projectivity condition on
M. These results are well-known in commutative algebra and they have recently been studied
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A constructive study of the module structure of rings of partial differential operators 5

in [17, 27] (see also the references therein) within a constructive commutative algebra approach.
Versions of these results were studied in [40, 41] for noncommutative (simple) noetherian rings
and in [42] for very simple domains.

The purpose of this paper is to study the above results for very simple domains from a
constructive viewpoint, therefore completing our understanding of Stafford’s results for A, (k)
([42]) in terms of symbolic computation. These results are mainly based on the fact that Stafford’s
main theorem implies that quadratic equations of the form y; dy 21 +y2 d2 20 = 1, where dy, ds €
D\ {0} are fixed, admit solutions (y; y2 21 22)T € D*. Using the recent extension of Stafford’s
main theorem to the rings D,, (k) and D, (k) obtained in [9], we also generalize Stafford’s theorems
to the algebras ﬁn(k‘) and D, (k). Finally, the algorithms we developed in the present paper for
A, (Q) are implemented in the STAFFORD package ([36]).

We point out that the above results are not valid for a ring of PD operators with constant
coefficients. But if one allows the use of non-constant coefficients, then we can always embed this
ring into a ring of PD operators with polynomial /rational/formal power series/locally convergent
power series coefficients, so that the above results hold (see, e.g., Example 5).

One of the main motivations for making Stafford’s results constructive is the fact that
they have system-theoretic interpretations within the algebraic analysis or D-modules approach
([6, 23, 28, 29]) (e.g., efficient generation of the set of autonomous elements ([11, 36]), com-
putation of injective parametrizations ([36]), Serre’s reduction ([7, 15]), decomposability of the
solution space ([13])). These results apply to general linear PD systems which can be determ-
ined, overdetermined, or underdetermined depending on which result we consider. For instance,
apart from many other results, we prove that a linear system of PDEs defined by a full row rank
matrix of PD operators (e.g., most of the classical linear systems of PDEs studied in mathem-
atical physics and engineering science) is equivalent to a linear system defined by two PDEs in
two unknown functions (see Example 9). This result can be seen as a generalization for linear
systems of PDEs of the well-known cyclic vector theorem in the theory of ODEs (see, e.g., [10]
and the references therein). Moreover, these results can be used to study nonlinear PD systems
by means of their linearizations around a polynomial/rational/formal power series/locally con-
vergent power series solution (e.g., shallow water waves, Poiseuille flow, flexible thread attached
to one point in a vertical equilibrium position).

From a more general perspective, the constructive approach to algebraic analysis initiated in
[1,3,4,7, 11, 12, 13, 14, 15, 16, 31, 32, 33, 34] relies on the solvability of inhomogeneous linear
systems in the ring under consideration. Within category theory, this idea was axiomatized in
[2] and applied to sheaf theory. In this paper, we show that if D is a very simple domain, then
certain inhomogeneous quadratic equations admit solutions in D (see above). These quadratic
equations play a fundamental role in the search of unimodular elements of a module. They are
used to decompose the module into a direct sum of submodules whenever its rank is at least
two, and, more generally, to get the properties listed above. In particular, the (category of)
finitely generated modules over a very simple domain possess(es) some features that bear some
resemblance with (the category of) finitely generated vector spaces over a division ring (e.g., a
field).

The paper is organized as follows. In Section 2, we shortly introduce basic ideas of al-
gebraic analysis, review well-known results of noncommutative algebra, and explain how linear
PD systems can be studied by means of module theory. The main results of the paper are
presented in Section 3. More precisely, the fundamental role of the unimodular elements of
a module is explained in Section 3.1. Section 3.3 shows how to combine Stafford’s main the-
orem with constructive module-theoretic techniques to explicitly compute unimodular elements
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6 A. Quadrat and D. Robertz

of (sub)modules. These results are then used in Section 4 to study Stafford’s reduction and
in Section 5 to examine questions about the efficient generation of modules. In Section 6, we
study Stafford’s cancellation theorem and its consequences. Finally, we conclude and open some
perspectives in Section 7.

Notation. In what follows, Z>( will denote the set of non-negative integers, k a field of char-
acteristic zero (e.g., k € {Q, R, C}), D a noetherian domain, namely, a left and right noetherian
ring with 1 and without zero-divisors, and D?*P the set of ¢ X p matrices with entries in D. We
shall identify D? and D?*! and we write I, for the r x 7 identity matrix. Moreover,

GL.(D)={UeD™ |3VeD™: UV=VU=1I}

is the general linear group of degree r over D and U(D) = GL;(D) the group of units of D.

2 Algebraic analysis

Using ideas of algebraic analysis ([6, 23, 28, 29]), we can study linear systems over a noetherian
domain D by means of module theory and homological algebra. We shortly recall a few results
which will be useful in what follows. For more details and results, we refer to [11, 13, 36].

Let R € D?P and M := D'*P/(D'*4 R) be the left D-module finitely presented by R. Let us
describe M by means of generators and relations. Let {f;};=1., be the standard basis of D»p,
namely, f; is the row vector of length p with 1 at the 4 position and 0 elsewhere. Moreover, let
7 DYXP —— M be the left D-homomorphism defined by sending A € D'*? to its residue class
w(A) in M. By definition of M, 7 is surjective since every m € M is the residue class of certain
Ns in DYP je, m=7(A) =7(A+vR) for all v € DX, If y; = n(f;) for j = 1,...,p, then,
for every m € M, there exists A = (A ... A,) € D'*P such that

P P p
m=a\) =7 (> Nl =D 7)) =D N,
Jj=1 j=1 j=1

which shows that {y;};=1,. p is a family of generators of M. Let R;e (resp., Re;) denote the i*®
row (resp., ' column) of R. The family of generators {y;};—1,. , of M satisfies relations

.....

P P P
Vi=1,...,q, ZRijyj:ZRijW(fj):W ZRijfj = m(Rie) =0, (1)
=1 i=1 i=1

since R;e € D9 R for i =1,...,q. Now, let F be a left D-module and let
kerz(R.) :={ne€ F?| Rn=0}

be the linear system defined by R and F. A simple but fundamental remark due to Malgrange
([29]) is that the linear system kerz(R.) is isomorphic to the abelian group homp (M, F) of left
D-homomorphisms from M to F, i.e.,

kerz(R.) = homp (M, F) (2)

as abelian groups, where 2 denotes an isomorphism (e.g., of abelian groups, left/right modules).
This isomorphism can easily be described: if ¢ € homp(M,F), n; = ¢(y,) for j =1,...,p, and
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A constructive study of the module structure of rings of partial differential operators 7

n=m ... np)T € FP, then using (1), Rn = 0 since fori =1,..., ¢

ZRij nj = ZRU ©(yj) ZRW Yi| =¥ ZRU m(f;) | = ¢ (7 (Ris)) = ¢(0) = 0.
j=1

Moreover, we can show that given n = (1 ... n,)” € kerz(R.), the map ¢, : M — F defined
by @,(m(N)) = An for A\ € D'*? is a well-defined left D-homomorphism from M to F, i.e.,
¢n € homp(M,F). Finally, the abelian group homomorphism x : kerz(R.) — homp (M, F)
defined by x (1) = ¢y, is bijective. For more details, see [11, 13, 36]. Hence, (2) shows that the
properties of the linear system kerz(R.) can be studied by means of homp (M, F), and thus by
means of the left D-modules M and F.

If M', M, M" are three left/right D-modules, f € homp(M’, M), and g € homp(M,M"),

then M’ & M —%5 M" is called a complez if im f C kerg. This complex is said to be exact
at M if kerg = im f. A complex which is exact at any place is called an exact sequence. In
particular, the complex 0 — M/’ oM L M7 — 0 s called a short exact sequence if f is
injective, ker g = im f, and g is surjective. For more details, see [38].

The left D-module M = D'*?/(D1*4 R) yields the following exact sequence

pira B ptxe T g,

called a presentation of M, where .R : D'*% — D*? is defined by (.R)(n) = puR for all
i € D4, Since matrices R; and R, representing equivalent linear systems define left D-
isomorphic modules, homp (M, F) is a more intrinsic characterization of the linear system than
kerz(R.) (e.g., it does not depend on the particular embedding of kerz(R.) into FP).

Example 1. Let A be a differential ring, namely, A is a commutative ring equipped with
commuting derivations §; for i = 1,...,n, namely, maps J; : A — A satisfying

Vay, ap € A, 6i(ar +az) = d;(ar) +d;(az), di(araz) = d;(ar)as + a1 d;(az),

and §;06; = d;09; forall 1 <14 < j < n. Moreover, let D = A(01,...,0n) be the (not necessarily
commutative) polynomial ring of PD operators in 01, . .., 0, with coefficients in A, namely, every
element d € D is of the form

1
d= Z ay 8#7 re ZZO) n € A7 n= (/’[’1 ) ) € Z>>(<)na
0 p| <r
where 9# = 9" ... 9" is a monomial in the pairwise commuting indeterminates 9, ..., d,, and

Oia = a0; + 0;(a) for all @ € A. If k is a field and A = k[zy,...,z,] (vesp., k(z1,...,24,)),
then A(01,...,0y) is simply denoted by A, (k) (resp., By (k)) and is called the polynomial (resp.,
rational) Weyl algebra. If R € D?*P and F is a left D-module (e.g., F = A), then the linear
PD system kerz(R.) = {n € FP | Rn = 0} is intrinsically defined by homp (M, F), where
M = D'*?/(D'*4 R) is the left D-module finitely presented by R

Within algebraic analysis, the study of the module structure of rings of PD operators plays
a fundamental role for the study of linear systems of PD equations. In [11, 13, 33, 34, 36], we
have initiated the constructive study of module theory and homological algebra over rings of
functional operators such as rings of PD operators or Ore algebras.

Let us now recall a few classical definitions of module theory (see, e.g., [30, 38]).

RR n° 8225



8 A. Quadrat and D. Robertz

Definition 1. Let D be a noetherian domain and M a finitely generated left D-module.

e M is free if there exists r € Zx( such that M = D'*". In this case r is called the rank of
M.

M is stably free if there exist r, s € Z>q such that M @& D'** = D'X" where @& denotes
the direct sum of modules.

e M is projective if there exist r € Z>o and a left D-module P such that M ¢ P = D'*".

M is reflexive if the canonical left D-homomorphism ¢ : M — homp(homp (M, D), D)
defined by e(m)(f) = f(m), for all m € M and for all f € homp (M, D), is an isomorphism
of left D-modules.

M is torsion-free if the torsion left D-submodule of M defined by

t(M)={meM|3de D\{0}: dm =0}
is reduced to 0, i.e., t(M) = 0.
e M is torsion if t(M) = M.
Similar definitions hold for right D-modules.

See [11, 33, 36] for algorithms which test whether or not a finitely presented left D-module
M is stably free, projective, reflexive, torsion-free, has torsion elements or is torsion.

Since D is a noetherian domain, D satisfies the left and the right Ore properties (see, e.g.,
[30]), namely, for all dy, da € D\ {0}, there exist ey, e3 € D\ {0} such that e; d; = ez dy (resp.,
dy e; = dg e3). This result yields the existence of the division ring of fractions Q(D) = S™' D =
D S~ of D, where S = D\ {0} (see, e.g., [30]). If M is a finitely generated left/right D-module,
then Q(D)®p M (resp., M ®p Q(D)) is a finitely generated left (resp., right) Q(D)-vector space
and rankp (M) := dimg(py(Q(D) ®p M) = dimgpy(M ®@p Q(D)).

Theorem 1 ([30, 38, 42]). With the hypotheses of Definition 1, the following results hold:

1. The following implications hold for finitely generated left/right D-modules:
free = stably free = projective = reflexive = torsion-free.

2. If D = Ay(k), then every finitely generated torsion-free left D-module is stably free.

8. If D is a principal ideal domain, namely, every left ideal and every right ideal of D can be
generated by one element, (e.g., D = By(k)), then every finitely generated torsion-free left
D-module is free.

4. If D = A, (k), then every finitely generated projective left/right D-module is stably free and
every stably free left D-module M with rankp (M) > 2 is free (Stafford’s theorem).

Constructive proofs of Stafford’s theorem (see 4 of Theorem 1) were given in [20, 36]. Com-
putation of bases of free A,,(Q)-modules is implemented in the STAFFORD package ([36]).

Finally, let us state a proposition that will be constantly used in what follows.

Inria



A constructive study of the module structure of rings of partial differential operators 9

Proposition 1 ([13]). Let R € D and R' € DY *? satisfy D'*9 R C D¢ R’  i.e., are such
that R = R" R’ for a certain R" € D9*%. Moreover, let Ry € D™ *% be a matriz such that
kerp(.R') = D" R., and let m and 7' be respectively the following canonical projections:
7 D™ R — P:= (D™ R)/(D'4R),
vy D1><q' N Q — D1><q’/(D1><q R +D1><7" R/Z)

Then, the left D-homomorphism ¢ defined by

Q — P
(A — w(AR),

is an isomorphism and its inverse 1~ is defined by:

P oQ
7(AR) +— 7'(N).

3 Unimodular elements and very simple domains

3.1 Unimodular elements

Definition 2. An element m* of a left D-module M is called unimodular if there exists ¢ €
homp (M, D) such that ¢(m*) = 1.

The set of unimodular elements of M is denoted by U(M). Let us explain the significance
of unimodular elements in module theory. If m* € U(M), then there exists ¢ € homp(M, D)
such that o(m*) = 1. If 0 : D — M is the left D-homomorphism defined by (1) = m*, then
(poo)(d) = p(dm*)=dfor all d € D, ie., poo =idp. In particular, ¢ is surjective and we
have the following short exact sequence of left D-modules:

0 — kerp — M 25 D — 0. (3)

Since ¢ o 0 = idp, the exact sequence (3) splits (see, e.g., [38]), i.e., M = ker o & D m*, where
Dm* = Do(1) 2 D since o is injective. Hence, the left D-module D m* generated by m* is a
direct summand of M. Thus, every unimodular element of M can be used to decompose M into
a direct sum. Finally, the splitting of (3) yields the following unique decomposition of elements
of M
YmeM: m=(m-—e(m)m)+e(m)m*, (4)

where m — p(m) m* € ker ¢ and o(m)m* € Dm*.

If m is a torsion element of M, i.e., dm = 0 for some d € D\ {0}, and if f € homp(M, D),
then d f(m) = f(dm) = f(0) = 0, which shows that f(m) = 0 since D is a domain. Hence, a
unimodular element of M cannot be a torsion element of M.

In the sequel we will frequently use the following characterization of torsion modules.

Lemma 1 ([11, 24]). Let D be a noetherian domain and M a finitely generated left D-module.
Then, the following statements are equivalent:

1. M is torsion.

2. homp(M, D) = 0.

RR n° 8225



10 A. Quadrat and D. Robertz

3. rankp (M) = 0.

Let us now study the problem of computing unimodular elements of M. Let us consider
a finitely presented left D-module M = D'*?P/(D1*4 R). Malgrange’s remark (see (2)) with
F = D yields homp (M, D) = kerp(R.). More precisely, we have the following simple lemma.

Lemma 2. Let M = DY*? /(D4 R) and 7 : D'*P — M be the canonical projection onto M.
Then, for every ¢ € homp(M, D), there exists u € kerp(R.), i.e., Ry =0, such that:

YAe DYP o(r(N) = Ap. (5)

Notation. We shall simply denote the left D-homomorphism defined by (5) by ¢,,.

As previously shown, if M is a torsion left D-module, then U(M) = 0, i.e., a torsion left
D-module M does not contain unimodular elements. Hence, let us suppose that M is not a
torsion left D-module. Then, 2 = 1 of Lemma 1 shows that kerp(R.) = homp (M, D) # 0. Let
Q@ € DP*™ be such that kerp(R.) = Q D™. Since RQ = 0, we get the following complex:

D1><q -R D1><p Q Dlxm.

Lemma 3 ([11]). With the above notations, we have:

{ (M) = kerp(.Q) /imp(.R),
M/t(M) = D™/ kerp (.Q).

In particular, ©(X) is a torsion element of M if and only if AQ = 0.

Remark 1. Using Lemma 2, ¢ € homp (M, D) has the form ¢, for a certain p € kerp(R.) =
imp(Q.), i-e., p = Q& for some £ € D™. Hence, if m(\) € M \ ¢(M), i.e., AQ # 0 by Lemma 3,
there exists £ € D™ such that AQ & # 0. Thus, p := Q& € kerp(R.) yields ¢, € homp(M, D)
such that ¢, (m(X)) # 0.

The problem of finding a unimodular element m* = 7w(A\*) of M and p* = Q&* € kerp(R.)
such that ¢,« € homp (M, D) satisfies ¢, (m*) = 1 amounts to solving the following problem:

Problem 1. Find \* € D'XP and £* € D™ such that \* Q &* = 1.

Remark 2. We note that Problem 1 corresponds to solving a certain inhomogeneous quadratic
equation in the A\f’s and the {;’s. As for the problem of checking whether or not m(\*) is a
unimodular element of M, it is a linear problem: Check whether or not \* Q € D'*™ admits
a right inverse in D. For instance, this can be answered constructively for (not necessarily
commutative) polynomial rings which admit Grobner basis techniques (see, e.g., [11, 12]).

If one entry of @ is invertible in D, then Problem 1 can be solved easily: if Q;; € U(D)
and {f-}r=1,. p (vesp., {hs}s=1,..m) is the standard basis of D'*? (resp., D™), then \* = f;
and & = Qi_jl hj are such that A* Q&* = 1. Then, m* = 7(f;) is a unimodular element of M,
pr=QE& € kerp(R.), and @, (m*) = 1.

More generally, if one row (resp., one column) of @ admits a right inverse (resp., a left inverse)
over D, then Problem 1 can be solved easily. For instance, if the j* column Q.; of @ admits a
left inverse T" € D'*P| then considering \* =T and £* = hj, where {hs}s—1, . m is the standard
basis of D™ and p* = Q¢&*, we get \* u* = 1, which proves that m* = «(T) € U(M) and
pux(m*) = 1. Now, if the it" row Qe of Q admits a right inverse S € D™, then considering
X = f;, where {f.},—1. , is the standard basis of D*P ¢* = S, and u* = Q S € kerp(R.), we
get \* p* = 1, which shows that m* = #(A\*) € U(M) and ¢, (m*) = 1.

Let us illustrate these results with two explicit examples.
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A constructive study of the module structure of rings of partial differential operators 11

Example 2. Let us consider the Weyl algebra D = A3(Q) and the finitely presented left D-
module M = D'*3/(D1*3 R), where the matrix R is defined by:

%:@81 To Oy +1 I2(93+%31
R = —%xzag—% 0 %52 GDSXS.
—0) — 5 203 —0y 303

The corresponding system defines the infinitesimal transformations of the Lie pseudogroup formed
by the contact transformations (see Example V.1.84 in [31]). We can check that kerp(R.) = Q D,
where the matrix @ € D? is defined by:

_82
Q=| O1+w203
—x2 82 -2

Moreover, @ admits the left inverse T' = % (g 0 —=1). Thus,if \* =T and & =1, ie., u* = Q,
then A\* p* = 1, which shows that m* = w(A*) is a unimodular element of M and ¢, (m*) = 1.
Following [11], we can prove that M is a torsion-free left D-module, i.e., ¢(M) = 0. Then,
using Lemma 3, we get ker p,« = kerp(.Q)/imp(.R) = t(M) = 0, i.e., ¢,+ is injective. Thus,
M = Dm* ® ker p,» = Dm* = D, which proves that M is a free left D-module of rank one
(compare with Example 1.5.1 of [33]).

Example 3. Let D = A3(Q) be the Weyl algebra and M = D'*3/(D R) the left D-module
finitely presented by R = (01 + @2 02 303 + x1). Using the OREMODULES package ([12]), we
get kerp(R.) = Q D*, where the matrix Q € D3** is defined by:

02 + 03 + 11 —(05 + x1)? —(01+ x2) (O3 + 71) +2 0
Q= *(31 + :L‘Q) 0 0 O3 + 11
—(014+2x2) (O14x2)(O3+x1)+1 (01 + 22)? —0s

We can check that the last row of @ admits the right inverse S = (95 +2; 1 0 0)7. Thus, if
NM=(0 0 1),& =8 andp*=QS = (02 (03+x1) —(O1+x2)(F3+x1) 1T, then \* p* =1
and Rp* = 0. Hence, m* = w(A\*) € U(M) and ¢« (m*) = 1. Therefore, M = Dm* @ ker ¢«
and ker ¢« = kerp(.u*)/imp(.R) = (D'*2T)/(D R), where:

T 1 0 —0 (03 + 1)
0 1 (01+x2)(05+x1) ’

Since kerp(.T) = 0 and R = CT, where C = (01 + x2 02), Proposition 1 then shows that
ker g+ = O := D'*2?/(D C), which proves that M = D & O. Now, since rankp(M) = 2 and
(O3+x1 0 —(01+x2))7T is aright inverse of R, M = D'*3/(D R) is a stably free left D-module
of rank two (see [36] for more details), and thus a free left D-module of rank two by Stafford’s
theorem (see 4 of Theorem 1). Therefore, we get D & O = D'*2 which is consistent with the
fact that O is a stably free left D-module of rank one since (=92 01 + xQ)T is a right inverse
of C. Finally, following [36], we can prove that O is not a free left D-module of rank one, which
shows that D @ O = D'*2 does not imply O = D.

In Section 3.3, we shall explain how unimodular elements of a finitely generated left D-module
M of rank at least 2 can be computed when D is a very simple noetherian domain, a concept
studied in the next section. In particular, in Section 3.2, it is shown that the Weyl algebras
A, (k) and B, (k) satisfy this interesting property.
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12 A. Quadrat and D. Robertz

3.2 Very simple domains
Let us now introduce an important definition for what follows.

Definition 3 ([18]). A domain D is called very simple if D is noetherian and satisfies the
following property:

Va,byce D,Vde D\{0}, 3u,veD: Da+Db+Dc=D(a+duc)+D(b+dvc). (6)

If D is a very simple domain, choosing a = b =0, c=1, and d € D\ {0}, there exist u, v € D
such that D = Ddu + D dv, which implies that there exist s, ¢t € D such that 1 = sdu +tdwv,
and thus Dd D = D. Hence, every two-sided ideal of D is trivial, i.e., D is a simple ring (see,
e.g., [30, 38]).

Moreover, considering d = 1 in (6), every left ideal of D generated by three elements, and
thus every finitely generated left ideal of D, can be generated by two elements.

A well-known result states that a left (resp., right) noetherian domain satisfies the left (resp.,
right) Ore condition (see, e.g., [24, 30]). Hence, if D is a very simple domain and dy, dy € D\ {0},
there exist ey, ea € D\ {0} satisfying d := dy e; = dg €5 (see Section 2). Thus, (6) yields:

Da+Db+Dec=D(a+duc)+D((b+dve)=D(a+di(ezu)c)+ D (b+ ds (e2v) ¢).
Lemma 4 ([18]). If D is a very simple domain, then we have:
1. Every finitely generated left ideal of D can be generated by two elements.
2. The following property holds:

Va,bceD, Vdi,dye D\{0}, Ju,ve D: Dat+Db+Dec= D (a+dy uc)+D (b+dzvc).
(7)

Remark 3. If D is a very simple domain admitting an involution 6, namely, an anti-automorphism
of order two, i.e., an additive map 6 : D — D satisfying 6(d; d2) = 0(dz2) 6(d1) for all d1, da € D,
and 6% = idp, then a right analogue of (7) holds, namely:

Ya,b, ceD,Vdy,dys € D\{0}, Ju,v€ D: aD+bD+cD = (a+cudy) D+(b+cvds) D. (8)

Indeed, applying (7) to 6(a), 6(b), 0(c) € D and Q(dl) 6(d2) € D\ {0}, there exist u’, v' € D
such that D 60(a) + DO(b) + D0(c) = D (6(a) + 0(d1) v 6(c)) + D (6(b) + 8(da) v' 6(c)), i.e

0(a) = a1 (0(a) + 0(d1) v 6(c)) + a2 (6(b) + 0(d2) v 0(c)),
0(b) = B1 (0(a) + 0(d1) v 0(c)) + B2 (0(b) + 6(d2) v' 6(c)),
0(c) =71 (0(a) + 0(d1) u' 6(c)) + 72 (0(b) + 0(d2) v" 6(c)),
for certain oy, ag, 81, B2, V1, 72 € D. Hence, if u=0(u') and v = 6(v'), then we obtain
a=(a+cudy)f(ar)+ (b+cvds)b(az),
b= (a+cud)0(B)+ (b+ cvdz)(32),
c=(a+cudy)l(y1)+ (b+ cvds)O(v2),

and proves (8). Finally, we note that the ring D = A(01,...,0,) of PD operators admits the
standard involution 6 defined by:

Vae A, 6(a)=a, 60;,)=-0;, i=1,...,n. 9)
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A constructive study of the module structure of rings of partial differential operators 13

Theorem 2 ([42]). The Weyl algebra A, (k) is a very simple domain.

The computation of elements v and v defined in (7) is implemented in the STAFFORD package
([36]) based on algorithms developed in [21, 25] for the computation of two generators of left /right
ideals generated by three elements.

Example 4. Let us consider D = A3(Q),a =01,b=02, c=x1,dy =29, and dy = 1. fu=0
and v=1,and ay =a+dyuc=20; and by = b+ dyvec = 0y + 22, then (7) holds, i.e.,

a = a2,
b= 31 (024 2%)az + 5 (—1 01 +2) b,
c:—%(82+xf)a2+%61b2,

which shows that D a+D b+D ¢ = D as+D bs. Finally, using the involution 6 of D defined by (9),
the above identities yield 6(a) D+6(b) D+6(c) D = 0(as) D+6(b2) D, where 6(a) = 0(az) = —04,
0(b) = —0s, 0(c) = 1, and O(by) = —o + 7.

Stafford’s theorem, namely, Theorem 2, has recently been extended. Let us briefly review
these extensions.

We denote by Kdim(D) the Krull dimension of a noetherian ring D ([30]).

Theorem 3 (Proposition 1.5 of [18]). If D is a simple noetherian domain of Krull dimension
1, then D 1is very simple.

A ring D is artinian if every descending chain of ideals of D is stationary (see, e.g., [38]).

Proposition 2 ((ii) of Corollary 6.6.7 of [30]). Let A be a noetherian differential ring with a
finite Krull dimension and D = A(9) the ring of OD operators with coefficients in A. If A is
not artinian and D is simple, then Kdim(D) = Kdim(A).

Theorem 4 ([36]). The ring A(Q) of OD operators with coefficients in the differential ring
A =E[t] (resp., k{t}, where k € {R, C}) is a very simple domain.

Proof. Let A be either k[t] or k{t} with k € {R, C} in the latter case. The ring A is not artinian
because (t) D (t2) D (#3) D ... is an infinite strictly descending chain of ideals, i.e., there exists
no I € Zxo such that (t') = (¢*1) for all i > I. It is also well-known that A is a local ring,
namely, m := (¢) is the only mazimal ideal of A (namely, the only ideal m of A such that A/m is
a field), and D = A(0) is a simple noetherian domain (see, e.g., [6, 28]).

Now, if A is a local ring, m the maximal ideal of A, and k := A/m the residue field, then
a standard result of commutative algebra asserts that Kdim(A) < dimy(m/m?). See, e.g., [38],
p. 487. Since dimy((t)/(t?)) = 1, we get Kdim(A) < 1. Moreover, since an integral domain is a
field if and only if its Krull dimension is 0 and the integral domain A is not a field, Kdim(A) = 1,
which yields Kdim(D) = 1 by Proposition 2 and finally proves the result by Theorem 3. O

Theorem 5 ([9]). Let A = k((z1,...,2,)) (resp., k{{z1,...,xn}}) be the field of fractions of the
ring of formal power series (resp., the ring of locally convergent power series) with coefficients
ink (resp., k € {R, C}). Then, the ring A(O1,...,0n) of PD operators with coefficients in A is
a very simple domain.

A consequence of D being very simple is that the stable rank of D is at most two, i.e.,
sr(D) < 2. See, e.g., [18, 30, 36]. This implies the following theorem.
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14 A. Quadrat and D. Robertz

Theorem 6 ([18, 36, 30]). Let D be a very simple domain and M a finitely generated stably free
left D-module. If rankp (M) > 2, then M is free. If rankp(M) = 1, then M is isomorphic to a
left ideal of D which can be generated by two elements.

In [36], we explained how to compute bases of a finitely generated left/right projective
D-module M with rankp (M) > sr(D). The corresponding algorithm is implemented in the
STAFFORD package ([36]) for D = A, (Q) (see 4 of Theorem 1). Using Theorems 4 and 5, the
same algorithm is valid for D = A(9), where A = k[[t] or A = k{t} and k € {R, C}, and for
D = A(0y,...,0,), where A = k((z1,...,2,)) or A = k{{z1,...,2z,}} with k € {R, C}. For
more details, see [37].

If D is a very simple domain and if we consider the particular case a = b =0, ¢ = 1, and
dy, da € D\ {0} in (7), then there exist u, v € D such that Ddy u+ Ddav = D, i.e., such that
ydyu+ zdyv =1 holds for some y, z € D. We obtain the following corollary.

Corollary 1 ([42]). Let D be a very simple domain and di, do € D\ {0}. Then, the following
inhomogeneous quadratic equation

y1diz1 +yadaza =1 (10)
admits a solution (y1 y2 21 20)T € D*.

Elements v, y2, 21, and zo as in Corollary 1 can be computed by the STAFFORD package
([36]). However, due to involved computations required in the corresponding algorithm, solutions
of the quadratic equation (10) can in general only be computed in reasonable time for low order
and low degree PD operators d; and ds.

3.3 Computation of unimodular elements

The next theorem, called Serre’s splitting-off theorem due to its reminiscence of [39], states the
existence of a unimodular element in a finitely generated module of sufficiently big rank.

Theorem 7 ([42]). Let D be a very simple domain and M a finitely generated left D-module.
Then there exists 1 € Z>o and a finitely generated left D-module M’ with rankp(M’) < 1 such
that:

M~ D™" & M.

If M is torsion-free, then M’ can be chosen as a finitely generated left ideal of D (which can be
generated by two elements).

Proof. Since M is a finitely generated left D-module over a left noetherian domain D, M is
finitely presented, i.e., there exists R € D9*P such that M = D1*P/(D'*4 R). For more details,
see, e.g., [38]. Let m: D'*? — M be the canonical projection onto M.

If rankp (M) < 1, then the result trivially holds with » =0 and M’ = M.

Let us now suppose that rankp (M) > 2. Then, by 1 = 3 of Lemma 1, M is not a torsion
left D-module, and thus there exists my ¢ ¢(M). Moreover, since M is not a torsion left D-
module, kerp(R.) = homp(M,D) # 0 by 2 = 1 of Lemma 1. Let @ € DP*™ be such that
kerp(R.) = Q D™. According to Lemma 3, m; = w(A1) has to be chosen so that A\; Q # 0.

Using Remark 1, there exists p11 € kerp(R.) = Q D™ such that ¢, := ¢, satisfies ¢1(m,) #
0. In particular, u; = Q& has to be chosen so that (A; Q)& # 0. Then, the following diagram
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A constructive study of the module structure of rings of partial differential operators 15

is commutative with exact rows:

.R

Dlxa Y Dlxp . M —50
l l#l ) l@l
o — D Y& p o

We can easily check that ker¢; = kerp(.u1)/(D'*? R). For more details, see [13]. Since 0 #
Di(my1) C p1(M) = DY*P gy C D and D is a noetherian domain, rankp(p1(M)) = 1. Then,
the short exact sequence 0 — ker ¢; — M — im 7 — 0 yields:

rankp (ker ¢1) = rankp (M) — rankp(im ;) > 1.

For more details, see [30, 38]. Thus, by 1 = 3 of Lemma 1, ker ¢ is not a torsion left D-module,
and there exists mg € ker 7 such that ms ¢ t(M). We choose mq as follows. Let S € D"™*P be
such that kerp(.u1) = D" S. If v € DY*" satisfies v (S Q) # 0 and Ay = v S, then Lemma 3
shows that we can take ma = 7w(A2). Let & € D™ be such that (A2 Q)& # 0 and define
po = Q&. Then ¢y = ¢,, € homp(M, D) satisfies pa(mz) # 0. Since my € ker 1, we have
p1(m2) = 0.

If pa(my) # 0, then by the right Ore property of D, ri, ro € D\ {0} exist such that:
<p1(m1) T1 + gog(ml) ro = 0

Recall that homp(M, D) has a right D-module structure defined by (¢ 7)(m) = ¢(m)r for all
r € D and for all m € M (see, e.g., [38]). Then ¢} = ¢1 71 + @272 € homp (M, D) satisfies:

©5(m1) = @1(m1) r1 + pa(mi) ra = 0,
©h(ma) = p1(ma) 11 + p2(ma) 12 = pa(ma) T2 # 0.

Therefore, without loss of generality, we may assume that po(mq) = 0. Then, we have:

p1(m1) #0,  p1(m2) =0, @2(m1) =0, pa(m2) # 0.
Applying Corollary 1 to dy := ¢1(m1) # 0 and ds := @a(ma) # 0, there exist y1, Yo, 21,22 € D
such that (10) holds, i.e., y1 p1(m1) 21 + y2 Y2(m2) 22 = 1, or equivalently:
y1 (A1 pa) 21 +y2 (Ao p2) 20 = 1.
Let \* = y1 A1 +y2 Ao € DY*Pom* = w(A*) = y1my +yama € M, pi* = py 21+ po 22 € kerp(R.),
and ¢ := @1 21 + Y2 22 = @+ € homp (M, D). Then,
p(m*) = (121 + 2 22)(M*) = 1(M™) 21 + Pa(M*) 22
= (Y1 p1(m1) +y2 p1(m2)) 21 + (1 p2(m1) + Y2 p2(m2)) 22
= y1p1(m1) 21 + Y2 pa(ma) 22 = 1,

which shows that m* € U(M). As explained at the beginning of Section 3.1, we then get
M = Dm* @ ker p 2 D @ ker ¢, where ker ¢ = kerp(.u*)/(D¥*? R) is a left D-submodule of M
with rankp (ker p) = rankp (M) — 1.

Repeating the same arguments, we obtain M = D'*" @ M’, where rankp (M) < 1.

Finally, assuming ¢t(M) = 0, we have ¢(M’) = 0, and thus M’ is a torsion-free left D-module
of rank at most one. Using the concept of minimal parametrization ([11]), M’ is then isomorphic
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to a finitely generated left ideal of D. Indeed, if M’ = D**!/(D'*™U) and V € D! is such
that V' € kerp(U.), then Theorem 8 of [11] shows that M’ is isomorphic to the left ideal of D
generated by the entries of V. Since D is a very simple domain, M’ can be generated by two
elements by 1 of Lemma 4. O

We summarize the procedure indicated in the above proof in the following algorithm.
Algorithm 1 (UnimodularElement).

e Input: A very simple domain D and R € D9*P such that the finitely presented left
D-module M = D'*?/(D'*4 R) has rank at least two, i.e., rankp (M) > 2.

e Output: \* € D' and p* € kerp(R.) such that we have m* = w(\*) € U(M) and:
() = 1.

1. Compute @ € DP*™ guch that kerp(R.) = Q D™.

2. Pick A\; € D'*P such that \; Q # 0.

3. Find & € D™ such that (A Q)& # 0 and define pu; = Q& € kerp(R.).

4. Compute S € D™ such that kerp(.uy) = DX S.

5. Pick v € D" such that v (S Q) # 0 and define Ay = v/ S.

6. Find & € D™ such that (A Q) & # 0 and define ps = Q & € kerp(R.).

7. If A1 p2 # 0, then compute r1, ro € D\ {0} such that (A 1) 714+ (A1 g2) r2 = 0 and replace
p2 by piry + pora.

8. Compute y1,ys2, 21,22 € D such that y; (A1 p1) 21 + y2 (A2 pi2) 22 = 1.
9. Return \* = 51 A\; + 92 A2 € DY*P and p* = py 21 + 2 20 € kerp(R.).

In the context of Theorem 7, let us compute a finite presentation R’ of the kernel of ¢ =
Pu 21 + Qu, 72 and an isomorphism between M and D @ L, where L is the cokernel of the
presentation matrix R’. This isomorphism is used in order to iterate Algorithm 1 and to explicitly
describe the left D-isomorphism M = D'X" @ M.

Let T € D**P be such that kerp(.u*) = DY*T. Thus, kerp = (D'**T)/(D*4R).
Moreover, let T, € D'* be such that kerp(.T) = DY*T,, C € D9** such that R = CT
and R = (CT TF)T. We define O := D' */(D**(@**) R') and the canonical projection
k: DY*5 — O onto O. Then, Proposition 1 yields the following left D-isomorphism:

¢p:kerp — O

11
" T) — K. (1)

If Z:= (I, 0)T € DH)*9 then we have
R'T=ZR, (12)
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which yields the following commutative diagram with exact rows and columns, where ¢ : ker p —
M is the canonical injection:

0
!
D1x(a+t) i/, Dixs LN 19) "
L.z l.r liog™?
pixa B pixp T, M —0
! Lo le
0 ~—~ D 4 D —0
) !
0 0

Remark 4. We note that the short exact sequence 0 — kerp(.p*) — D>? £ D — 0
splits (see the paragraph after (3)), i.e., DY*? & D @ kerp(.uu*), which shows that kerp(.u*) is a
stably free left D-module of rank p — 1 (see Definition 1). If kerp(.u*) is a free left D-module
(e.g., if D = A,(k) and p > 3 by 4 of Theorem 1), then there exists a full row rank matrix
T € DP=U*P (ie., kerp(.T) = 0) such that kerp(.u*) = D*>*P=D T which yields s = p — 1,
t =0, and R’ = C in the above diagram.

Now, using the split short exact sequence (3) and the decomposition (4), we get the following
left D-isomorphism:

t1: M — Ddkeryp

m=n(\) — (p(m), m—pm)ym*) = (At (A (I — p* X)), (13)

Since we have @(m — p(m)m*) = A(I, — p*X*)p* = 0 for all A € DYP, m = m(\), and
kerp (.u*) = DY*S T, there exists G € DP** such that:

I, — " A =GT. (14)

In other words, we have the following split exact sequence:

*

T o
Dlxs <T DIXp — D —= 0.

Now, using (11), we obtain the following left D-isomorphism

to:D®kerp — DHO
(d, 7(vT)) — (d, k(7)),

which combined with (13) (using (14)) yields the following left D-isomorphism:

ti=t3011: M — DO
m=r(\) — O, K(AG)).

1

To characterize ¢+ =+, we first need to derive a few identities.

Multiplying T (resp., A\*) from the left to (14) and using T p* = 0 and A\* p* = 1, we get:

TGT = T-Tu =T, (15)
NGT = M=\ )N\ =0. (16)
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18 A. Quadrat and D. Robertz

(15) yields (I, — TG) T = 0 and using kerp (.T) = DX Ty, there exists E € D**! such that:
I,-TG=ET,. (17)
Combining (16) and kerp(.T) = D'** Ty, there exists F' € D'*? such that:
NG =FT. (18)

Now, multiplying R from the left to (14), we obtain R = RG T because p* € kerp(R.). Using
R=CT,weget CT=RGT,ie., (C—RG)T =0 and using kerp(.T) = D'*! Ty, there exists
H € D7 such that:

C—-—RG=HT>. (19)

Let us now introduce the following map:

w: DO — M
(d, k(7)) — w(dA +~+T).

We can easily check that w is a well-defined left D-homomorphism since, using (12), we have:

Ve DX m((d,k(y+0R))) =7(dN +(y+0R)T) =7n(d\ +~vT + (§ Z) R)
=m(dN +~T).

Then, using (14), A*p* =1, T p* =0, (17), and (18), we then have

(@ou)(r(N) = w((Ap”, k(AG)) = 7(A (" A"+ GT)) = 7w(N),
(tow)((d, k(7)) = em (X" +7T)) = (AN +T) p*, ((d A" +7T) G))
= (d,k(dF Ty +v (s = ETy))) = (d, k(y + (d F =7 E) T3)) = (d, &(7)),

which finally shows that ! = w.

Let R = (0 R') € DUttx(+s) Af = plx(+s) /(DI R) be the left D-module finitely
presented by R, and T = idp @ & : D'*(+s) N the canonical projection onto M. We get
M=DoO=M. If Pp:= (¢ G)eDP0+) and P, = (I, — H) € DP9 then using

(19), we get R P, = P, R, which yields the following commutative diagram with exact rows:

D1xa _R> Dlxp SN M —0

1 .P B l.p lf

pixta+t)y B pixa+s) T [ 7 .
Hence, the left D-isomorphism f is defined by:

f:M — M
7(A) — TAP) = (Apr, K(AQ)).

To finish, let us compute f~!. Using the identity R = C' T, we have:

() () () () () ()
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Hence, if P} :== (A7 TT)T € DU+9)%P and Pj = Z € D@+)%4 then we have RP| = P} R,
which yields the following commutative diagram with exact rows

D1><q _R> D1><p NN M —0

1.7 T.F

pixatt)y B pix(+s) T, T

)

and the following left D-homomorphism:

=

M

g —
— 7'&'((91 02)P{)=7T(91/\*+92T).

f((&l :92

~—

)
Using (14), A*p* =1, (18), T u* =0, (17), and (19), we can easily check that

PP = pwXN+GT=1I,
Nt A G 1 FT 0 F \ _
PP = = =TI+ R,
T TG 0 Iy—FETy 0 —-F
which yields g o f = idpy and f o g = idy7, and finally shows that g = f~1.

Example 5. Let D = A3(Q) and M = D'*3/(D R) be the left D-module finitely presented
by the divergence operator in R?, namely, R = (0; 02 083). Then, rankp(M) = 2, which
shows that there exists a non-trivial decomposition of M as in Theorem 7. We can check that
kerp(R.) = Q D3, where @ is the matrix of PD operators defining the curl operator, namely:

0 =03 09
Q= 05 0 -0 |. (20)
-9y 61 0

Since the entries of @ are not units of D and none of the rows (resp., columns) of @ admits
a right inverse (resp., left inverse) over D, there is no easy way to detect unimodular elements
of M. Then, let us apply Algorithm 1 to M. If we consider Ay = (0 —1 0), then A\ Q =
(=03 0 9;) # 0. Now, taking & = (0 0 17T, then u; = Q& = (2 — 91 0)T and
dy = A\ 1 = 01. Now, kerp(.p1) = D'*2 S, where S and thus S Q are defined by:

a1 82 0 82 83 *81 83 0
( 0 0 1 ) @ ( —02 0 0 )
Then, considering v = (0 1), we get v (SQ) # 0 and Ay = vS = (0 0 1). The choice

& =0 1 0)7 yields o = Q& = (=035 0 01)T and dy := Ay uz = 9;. Moreover, \; pz = 0.
Computing a solution (y; y2 21 22)T € D* of y1 dy 21 + ya d2 22 = 1, we get:

m=-x1—1, y=1, n=1, zn=x+1

Thus, \* =y1 A\ +y2A2 = (0 z; +1 1) defines the unimodular element m* = w(A\*) of M.
Moreover, if u* = py 21+ pz 22 = (02 — (x1+1) 03— (w1 +1) 01 +1)T, then ¢, (m*) = 1.
Hence, M = D m* @ ker ¢,~, and ker ¢,,» = kerp(.u*)/(D R). Remark 4 shows that kerp(.p*) is
a free left D-module of rank 2 and, computing a basis, we get kerp(.u*) = D2 T, where:

T 1 7(3014*1) (82*($1+1)83) (1‘14’1)83*32
N 0 (x1+1)61+2 o1 ’
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20 A. Quadrat and D. Robertz

The matrix T has full row rank, i.e., kerp(.7) = 0. Let C be such that R = C'T, namely:
C = (81 82 — (931 + 1) 83)

Then, ker ¢,« = O := D*2?/(DC), which shows that M = D & O. Let us give an explicit
isomorphism. If R = (0 C) € DY3, M = D3/(DR), and 7 : D'*3 — M the canonical
projection onto M, P, = (AT TT)T € D3*3 then RP] = CT = R, which shows that the
following diagram is commutative with exact rows

p & puxs I, a0

T idp TP Tg

p & pvs T, 3 .o,

where g(7(0)) = (0 P{) for all @ € D'*3. Now, since P{ € GL3(D), g is a D-isomorphism and
f =g !is defined by f(r(\)) =7(\Py) for all A € D'*3, where:

Oy — (1 +1)0;5 1 0
P1 = P{_IZ —61 0 1
(x1+1)81+1 O —($1+1)

In other words, 0 uj + 92 us + 93 uz = 0 is equivalent to 9y wy + (02 — (z1 + 1) 93) w2 = 0 (and
no condition on v) under the following invertible transformations:

v=(x1+1)us + us,
wy =uy — (21 +1) (02 — (1 + 1) 03) us + (w1 + 1) 93 — I2) us,
we = ((z1 + 1) 01 + 2) us + 01 ug,
up = (02 — (21 + 1) 05) v + wy,
& Us = —01 U + wa,
uz = ((r1+1)01 +1)v— (x1 + 1) wa.

Now, since M is torsion-free (see, e.g., [11]), so is O. Then, computing a minimal parametri-
zation of O (see [11]), O is isomorphic to the left ideal I = D 8? + D ((z1 + 1) 01 93 — 91 02 — 03)
generated by two elements of D, which finally shows that M = D & I.

Example 6. Let M = D'*6/(D'*3 R) be the D = Q[d, d2]-module finitely presented by

b 02 0 0 0 O
R= 0 -1 1 0 01 0s
0 0 01 02 0 O

)

which corresponds to the following Cosserat’s equations

810'11+62O'12:O,
R| ,, |=0 & O p' + 0 p?+ 0%t —0? =0, (21)
810'21-‘1-820'22:0,
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where (o1, 012, 62!, 62) denotes the possibly non-symmetric stress tensor and (ut, u?) a couple-

stress tensor. If the couple-stress tensor vanishes, i.e., u* = p? = 0, then (21) yields the classical

equation for the equilibrium of the symmetric stress tensor (i.e., 7'2 = 721):
Lo, o0
° ) C(22)

O 02

=11

o
017t +0,52 =0 0
R| 282 | =0 o 1:24_ 0, o m=(
522 810— +820' :0, O

N[= N

If R=(0 R')€ D*, then using the above constructive techniques, we can prove that
f:M — M :=DY5/(D?R) g M — M
T(A) — TP, () — w(OF),

are D-isomorphisms and [ = g_l,ﬂhere 7w D6 — M (resp., @ : D'*5 — M) is the
canonical projection onto M (resp., M) and:

02 0 1 0 0
N 0000 -1 0

—o 0 0 %0
2 0000 0 -1

0 & 0 Lo ,

P1: ?Plz 1000820

0 -0 0 0 1
0020 0 20

-1 0 0 0 0
0001 0 =0

0 -1 0 0 O

Hence, we obtain that M =2 D ' @ D p? ® M’, where M’ := D'*3 /(D**2 R’) corresponds to the
linear PD system (22), i.e., M = D**2 @ M’, where rankp(M’) = 1.

If F is a D-module (i.e., F = C*°(R?)), then kerz(R.) = F? @ kerr(R'.) 2 ker#(R.) and the

D-isomorphisms f and g = f~! show that the following equivalences of systems hold:

kers(R) 2> kerr(R.)
11

12 o=y
g 2 2
21 He=—p
g / —11 11 1
n= 0_22 U 1M = o =0+ a2 H )
I 2512 = 2(0? + 0, ?)
, 722 = 022 _ 9, 112
1

B o1 = 4 9,
H 12

- o2 =512 -9, it
S P o2 =512 4 92 (23)
= T = _ " _
Yot 02 =52 _ 9,
g 11
522 H =1
p?=—p’
Using g* and the canonical projection kerz(R.) — kerz(R'.), if n € ker £(R.), then:
@ =M 40y ut, 252 =2 (0% + 0y p?), 72 =02 — 0y u?)T € kerx(R.). (24)
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In particular, this last map ¥ : kerz(R.) — kerz(R'.) is surjective and kerd = F2.
More explicitly, if we consider P = (0 I3) P{ € D3*¢, T = (0 — L) € D?>*5,

T
T 10 0 0 00
Qiarz—aloo-lo S=[o0 12 1/2 0 0 0
L0 0 8 - 0 -1 " ’
0 O 0 1 0 0
then the following extension of D'*2 by M, i.e., the following short exact sequence
0— M - M - D2 — 0, (25)

where i € homp(M’, M) is defined by i(7'(\)) = 7(N P) for all X' € D3 7/ : D3 — M’
is the canonical projection onto M’, and w(m(A\)) = AQ for all A = (A} ... Xg) € D> is
trivial, namely, (25) is a split short exact sequence. In particular, 7 : D'*2 — M defined
by 7(0) = w(0T) for all & € D'*? satisfies w o 7 = idpix2, and ¥ : M — M’ defined by
P(m(N)) =7/ (AS) for all A € D'¥6 satisfies 1 0 = id .

Finally, applying the contravariant left exact functor homp (-, F) (see, e.g., [38]) to the split

exact sequence (25) and using (2), we get the split exact sequence (see, e.g., [38])

0 «— kerr(R'.) & ker#(R.) &2 0,

where ¢* is defined by (24), which shows that kerz(R.) = S kerz(R'.) ® Q F? (see also (23)).

Remark 5. Let us give system-theoretical applications of Theorem 7. Let M be a finitely
generated left D-module with rankp (M) > 2. Then, according to Theorem 7, there exist r € Z>g
and a left D-module M’ with rankp(M’) < 1 such that M = D" @M’ If F is a left D-module,
then using the additivity of the functor homp(-,F) (see, e.g., [38]), we get:

homp (M, F) = homp (D", F) @ homp(M', F) = F" & homp(M', F). (26)

Significant information on the solution space homp(M,F) is then contained in homp(M’, F).
We refer to [11] for the relevance of the extension functor ext’,(-,F) in mathematical systems
theory. More generally, since ext’, (DX, F) = 0 for i > 1 (see, e.g., [38]), we then have:

Vi>1, exth(M,F)=exth(M, F). (27)

A more general version of Theorem 7, namely, a relative version where M is replaced by
M C N or, more generally, by an injective homomorphism ¢ : M — N, is now given.

Theorem 8 ([42]). Let M and N be two finitely generated left D-modules satisfying M C N
and rankp (M) > 2. Then, there exists m* € M which is a unimodular element of N. Hence,
there exist a left D-submodule M' (resp., N') of M (resp., N ) such that M' = M NN’ and:

M=Dm*"®M CN=Dm*®N'.

Proof. Let us consider a presentation of the finitely generated left D-module M (resp., N)
M = DY? /(D4 R) (resp., N = D' /(D% R')), where R € D?? (resp., R € D>,
Let ¢ € homp(M, N) be the injection of M into N. Firstly, ¢ € homp (M, N) is defined by the
following commutative diagram with exact rows

R

D1xq v pixp T M —0
1 .P / l.p / 1 (28)
pixd il pix» T N 0,
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i.e., u(m(n)) = 7'(n P) for all n € D**P, where P € DP*?" is such that R P = P’ R’ for a certain
P’ € D4 and «’ : D'*?" — N is the canonical projection onto N (see [13]). Secondly, the
injectivity of ¢ is equivalent to the fact that for all S € D**? and for all T € D**4 satisfying
S P =TR, there exists L € D**? such that S = L R. For more details, see [13]. Finally, we
have (M) = (D' w+d) (PT  R'T)T)/(D*4' R') C N = DY*¢' /(D1*4" R') (see [13]).

Theorem 8 follows similar arguments as the ones used in the proof of Theorem 7. Let us
shortly adapt the arguments of the proof of Theorem 7 to this more general situation. We note
that Theorem 7 is a particular case of Theorem 8 where N = M and ¢ = idy,.

The hypothesis rankp (M) > 2 implies that M is not torsion by 1 = 3 of Lemma 1. Then,
there exists my = 7T(T]1) ¢ t(M). Thus, if A\; = P, then ¢(mq) = 7'(\1) ¢ t( ). If Q € DP*™
(resp., Q" € DP'*™'Y is such that kerp(R.) = Q D™ (resp kerp(R'.) = Q' D™), then \; € D'*P
has to be chosen so that A\; @ # 0 (or such that A\ PQ’ # 0). Now, Remark 1 shows that there
exists 1 € kerp(R'.) = Q' D™ such that ¢y := ¢, satisfies ¢1(¢(m1)) # 0. More precisely, we
have to choose & € D™ such that 11 = Q' & satisfies:

e1(e(m1)) = A = (M Q') & # 0.

Then, the following diagram is commutative with exact rows:

D1><q _R> D1><p SN M —50
! Lpwy Leros
0o — D 4, D —0.

Since im(p; o ¢) is a left ideal of D containing (@1 o ¢)(m1) # 0, rankp(im(eq 0 ¢)) = 1, which
combined with the short exact sequence 0 — ker(¢q 0t) — M — im(p; ot) — 0 yields
rankp (ker(p; o¢)) =rankp(M) — 1 > 1. Thus, ker(p; o¢) is not torsion by 1 = 3 of Lemma 1.
Since t(ker(py o)) = t(M) Nker(py o), there exists my € ker(p; o) such that mq ¢ t(M), and
thus ¢(ma) € t(N). Let S € D"*P be such that kerp(.(Pu1)) = D'*" S. Then, we have

ker(p1 1) = kerp(.(P u1))/(D'9 R) = (D" 5) /(D' R),

and thus my = 7(1n2) for some 72 = v.S € DY*P_ where v € D'*" has to be chosen so that
v(SPQ') # 0. Define Ay = 12 P. Considering & € D™ such that M@ & # 0 and po :=
Q' & € DP, then ¢y := ¢, satisfies @a(t(ma)) = Ag pa # 0.

By construction, mg € ker(p; o ¢), which yields ¢1(¢(m2)) = Az 1 = 0. Now, if pa(e(mq)) =
A1 p2 # 0, then by the right Ore property of D, there exist r1, ro € D\ {0} such that (Ay p1) 7 +
(A1 p2) 72 = 0. Let py := pyr1 + pare € kerp(R'.) and define b := ¢, 71 + @u, 72 = bu, €
homp (N, D). Then, we have:

@y(e(ma)) = A pgy = A1 (171 + pare) =0,
©5(t(ma)) = Mg py = Ag (1711 + p2r2) = (A p2) 72 # 0.

Therefore, without loss of generality, we may assume that ¢o(¢c(m1)) = 0.

Let di := Ap1 # 0 and do := Aypus # 0. Then, Corollary 1 shows that there exists
(y1 y2 21 20)T € D* satisfying y1 (A1 j11) 21 + y2 (A2 pio) 20 = 1. If we define

n* =y + Y212, m* = m(n*) = y1 w(m) + y27(n2) € M,

P = pz1+ p2 22 € kerp(R'.), ¢ =gy € homp(N, D),
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then we have:

o(t(m*)) =n"Pp* = (y1m +yane) P(p1 21 + pa22) = (y1 A1 + y2 A2) (p1 21 + p2 22)
=y1 (A1 1) z1 +y1 (M p2) 22 + 32 (A2 1) 21 + y2 (A2 p2) 22
=y1 (A1) 21 +y2 (A2 p2) 20 = 1.

Thus, ((m*) € «(M) is a unimodular element of N, which yields N = D ((m*) @ ker ¢. Moreover,
since ¥ := @, (ar) € homp(¢(M), D) satisfies ¢(c(m*)) = 1, t(m*) is also a unimodular element
of t(M), which shows that «(M) = D (m*) @ ker, and finally proves

((M)=Di(m*)® M C N =Dum*)® N,
where N’ := ker ¢ and M’ := ker ¢|,(ar) = ker o N o(M). O

Remark 6. We note that a division ring D is characterized by the result of Theorem 8 for
finitely generated left D-modules M C N if the condition rankp(M) > 2 is dropped. Indeed,
Theorem 8 holds for nonzero finitely generated D-vector spaces M C N.

A unimodular element, whose existence is proved in Theorem 8, can be computed by the
following algorithm.

Algorithm 2 (UnimodularElementInSubmodule).
e Input: A very simple domain D and R € D9*P such that the finitely presented left
D-module M = D' P/(D'*9R) has rank at least two, i.e., rankp(M) > 2, a matrix
R’ € D?*P presenting a left D-module N = D*P'/(D*¢ R'), and a matrix P € DP*P
defining an injective homomorphism ¢ € homp (M, N), i.e., t(m(n)) = 7'(n P) for all n €

D'*P_ where 7 (resp., ©’) is the canonical projection onto M (resp., N).

e Output: n* € D'P and pu* € kerp(R'.) such that «(7(n*)) = 7'(n* P) € U(N) and
pur € homp (N, D) such that ¢, («(7(n*))) = 1.

1. Compute Q' € DP"*™ guch that kerp(R'.) =@Q' D™

2. Pick n; € DY*P such that ; (P Q') # 0 and define \; = n; P.

3. Find & € D™ such that (M Q)& # 0 and define pp = Q' & € kerp(R'.).
4. Compute S € D™*P such that kerp(.(P 1)) = D" S.

5. Pick v € D¥*" such that v (S P Q') # 0 and define 7o = v 'S and Ay = 1y P.
6. Find & € D™ such that (A2 Q') & # 0 and define py = Q' & € kerp(R'.).

7. If A1 p2 # 0, then compute r1, ro € D\ {0} such that (A 1) 714+ (A1 g2) r2 = 0 and replace
p2 by pry + p2 .

8. Compute y1, ya, 21, 22 € D such that y1 (A p1) 21 + y2 (A2 p2) 22 = 1.

9. Return n* = y1 01 +yane € DY*P and p* = g 21 + po 20 € kerp(R'.).
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Example 7. Let D = A;(Q) and M = D'*3/(D R) and N = D'*6/(D**3 R’) be left D-modules
finitely presented respectively by:

o —t 0 0 0 -1
R=0O 0 —¢t, R=|0 o 0 -t 0 o0
00 0 0 —t 0

Since R and R’ have full row rank, we have rankp (M) = 2 and rankp(N) = 3. Now, if

001000
P=|10000T1]|, P=@0 0 1)),
000O0T10

then we have RP = P’ R/, i.e., the diagram (28) is commutative with exact rows, where ¢ €
homp (M, N) is defined by «(m(n)) = «'(nP) for all n € D3 and 7 : D3 — M (resp.,
7' : D6 — N) is the canonical projection onto M (resp., N). Then, ¢ is injective because:

kerp(.(PT RTY)Y=D(S -T), S=© 0 —-t)=R, T=(0 0 1).
We can check that kerp(R’.) = Q' D, where:

-1 12 0 0 0
0 td—1 —2 0 0
o = 0 0 0 -t to-1
N 0 92 —td—2 0 0
0 0 0 —td—2 9?2
-0 3t 3 0 0

If =0 1 0and& =(—=1 0 0 0 0),thenpy =Q & =(1 0 0 0 0 9" and
di =m Puy =0+ 1. Now, kerp(.(P uy)) = D'*2 S, where:

100
S = .
(o 0 1)
Ifr=(0 1andé&=(0 0 0 0 1), thennp=vS=(0 0 1),p2=Q &=(0 0 td—1 0 &>

dy =mPus =0% and m Puz = 0. Then, 21 =1, 20 =t +1,y1 = —(t +1)9?> -39+ 1, and
y2 = 0 + 1 are such that y; dy 21 + y2 do 22 = 1, which yields

=yimtypnp=0 —(t+1)0>-30+1 0+1),
pr=patpez=01 0 tEt+1)0—-1 0 (t+1)0+2)d 8)7,

which satisfy n* P pu* = 1. Thus, m’ = 7'(n* P) € U(N) because ¢(m') = 1, where ¢ := ¢,+.
Moreover, if m* = m(n*) € M, then @, (m*) = 1, ie., «(m*) = ©'(n* P) = m' € U(u(M)),
which yields «(M) = Dm/ @ M' C N = Dm/ @& N’, where N' = ker ¢ and M’ = ker @, (ps).-

4 Stafford’s reduction

Let us give now an important application of Theorem 8 and Algorithm 2. Let us consider a
finitely presented left D-module L = D'*P" /(D'*P P) and the left D-modules K = D**P P and
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N = DY’ Let R € D9%P (possibly R = 0 and ¢ = 0) be such that kerp(.P) = D'*4 R. Then,
M := D'*?/(D'¥4 R) = K and the injection ¢ : M — D'¥P is defined by

VneDYP y(n(n) =nP,

where 7 : D'P — M is the canonical projection onto M. Note that K = «(M). The following
diagram is commutative with exact rows:

D1xa _R) Dlxp SN M —0
l l .P J, L
0 — Dpv¢ 14 pu Ly,

Now, if rankp (K ) = rankp (M) > 2, then Theorem 8 is applicable. Since homp (N, D) 22 D?' | we
can take Q" = I,y in Algorithm 2 and we obtain n* € D'*? and ¢* € D such that m* = w(n*) €
M satisfies that «(m*) = n* P € U(D™?) and ¢ := ¢ satisfies o(u(m*)) = n* P&* = 1. If
No=n*Pe D' then we get:

DYP = Dy(m*) @ ker o = D X* @ ker .
Since ((m*) = A* is also a unimodular element of K = (M), we get
K = DY? P = Du(m*) ©kerp g = DN Dkergg,

where ker | = ker o N K. Hence, we obtain

L =D /(D"P P) = (D X\* @ker ¢)/(D \* @ ker @) = ker o/ ker |k, (29)

where rankp (ker ) = p’ — 1 and rankp (ker ¢ ) = rankp (K) — 1.
Let us now characterize the left D-module L’ := ker/ker ¢ x and the isomorphism L =
L’ appearing in (29). We have kerp = kerp(.£*) = D" X for a certain X € D™ and
kero g = {nP|ne D>P . (nP)&* = 0} = kerp(.(P¢&*))P. If Y € D¥*P is such that
kerp(.(P&")) =D'™*Y and Z =Y P € D**¥ | then ker | = D'** Z, which yields:
L = (Dlxr X)/(Dlxs Z).
We note that rankp (D'*" X) = p’ — 1 and rankp(D'** Z) = rankp(K) — 1.

If F € D**" (resp., Xo € D'*") is such that Z = F X (resp., kerp(.X) = D'*! X5), then
Proposition 1 shows that:

I = (Dlxr X)/(Dlxs Z) o~ T Dlxr/(Dlx(s+t) (FT Xg“)T)

Now, let 7: D1P" — [, (resp., K : ker o — L’) be the canonical projection onto L (resp.,
L’). Then, the following diagram is commutative with exact rows and columns

0 0 0
1 1 1
0— kergg — pxrp 2 p 9
1 1 1
0— kerpy — DX £, D 0,
Lr b 1
0— L — L - 0 Inria
| 1
0 0
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where «: L’ — L is the left D-isomorphism defined by:
Vvekerp, alkv))=r1({). (30)

If o : D" — L[ = DY /(DY) (FT - XIYT) is the canonical projection onto L”, then
composing the left D-isomorphism 3 : L” — L’ defined by B(c(6)) = k(8 X) for all § € DI*"
(see Proposition 1) with a, we get the following left D-isomorphism:

vyi=aof:L'" — L

o) — 71(0X). (31)
Hence, using Y P = Z = F X, the following diagram is commutative with exact rows:
(%)
D1x(s+t) \ X2 pDixr 2, o n —50
Lm0y Lx 1 (32)
Dxp L p I, L o

Now, using the identity A\* £* = 1, we obtain (I, —&* A*) € = 0, which shows that D1x?’ (Iy —
£ N\*) C kerp(.£*) = D" X, i.e., there exists U € DP X" such that:

ENFUX =1,. (33)
Using A* = n* P, (33) implies that U X + (£* »*) P and 4 of Lemma 2 of [16] then yields:

vy 'L — L”
T(A) — o(AU).

Finally, let us point out an interesting application of the above results. We first note that
the following diagram is commutative with exact rows:

0
!
0— kerp(.(P&) — D O p
l.p l.P lidp
0—  kerp(&) — DX & D —o.
L s L !
0— L = L — 0
! !
0 0

Since n* P&* = 1, the left D-homomorphisms .(n* P) : D — DY and .p* : D — D
satisfy .£* o (.n* P) =idp and .(P&*) o .n* = idp, and thus the following short exact sequences

0 — kerp(.£*) — p> £ p 0, 0— kerp(.(P&*)) — DYP RGN D—0

split (see [38]). Thus, DY* =~ D @ kerp(.£*) and D' = D @ kerp(.(P £*)), which shows that
kerp(.*) (resp., kerp(.(P£*))) is a stably free left D-module of rank p’ — 1 (resp., p — 1).

If p’ > 3, then using Theorem 6, ker ¢ = kerp(.£*) is a free left D-module of rank p’ — 1.
Considering a basis of ker y, there exists a full row rank matrix X € D® ~1D*P" guch that
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kero = D> =D X Thus, r = p/ =1, Xo = 0, t = 0, and (32) becomes the following
commutative diagram with exact rows

Dlxs i) Dlx(p’fl) AN L —50
Ly ] .x LA

P /
D1><p - D1><p T L _ O,

where v is the left D-isomorphism defined by (31). Hence, we have
L = DlXp//(DlXpP) o~ L// — DlX(p/—l)/(Dlxs }7)7

which shows that one generator of L can be removed from the presentation matrix P.

Moreover, if p > 3, then using Theorem 6, kerp(.(P £*)) is a free left D-module of rank p — 1.
Considering a basis of kerp(.(P£*)), there exists a full row rank matrix Y € DP=1*P such that
kerp(.(P¢&*)) = D>*®=DY . Thus, s = p — 1, and (32) becomes the following commutative
diagram with exact rows

pixe-1)  Fo opixe'-1) o, pr
L.y l.x LA
F 5L N O 5 E AN R

where ~ is the left D-isomorphism defined by (31). Hence, we have
I — Dlxp'/(DIXp P) ~ M Dlx(p’—l)/(Dlx(p—l) F),
which shows that one generator and one relation of L can be removed from P.

Remark 7. Since rankp(K) = rankp(D'*? P) < p and rankp(K) > 2 so that Theorem 8 is
applicable, then we necessarily have p > 2.

We obtain the following theorem which surprisingly does not appear in [42].

Theorem 9. Let D be a very simple domain, P € DP*P' | and L = DlXp//(Dle’ P) a finitely
presented left D-module. If rankp(DY*P P) > 2 and p’ > 3, then there exists P € Ds*'=1) sych
that L =2 L := Dlx(”,_l)/(Dlxsﬁ). Moreover, if p > 3, then P can be chosen so that s =p — 1,
i.e., L =T := DW@'-1)/(Dx@e-1)P),

Algorithm 3 (StaffordReduction).

e Input: A very simple domain D and P € D? *?" such that:

rankp (D'P P) > 2.

e Output: Two matrices P € D**" and X € D™*? such that the left D-homomorphism

v:L:=DY"/(D*P) — L:=DY"/(D*PP)

o(0) — 7(0X), (34)

is a left D-isomorphism, where o (resp., 7) is the canonical projection onto L (resp., L). If
p' >3, then r = p’ — 1 and, moreover, if p > 3, then s = p — 1.

1. Pick n; € D'*P such that Ay :=n; P # 0.
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. Find & € DP' such that A\; & # 0.
. Compute S € D'*P such that kerp(.ju1) = D> S.

2

3

4. Pick v € D**! such that v (S P) # 0 and define n; = v S.
5. Find & € DP’ such that (n2 P) &2 # 0 and define Ay = 12 P.
6

. If A1 & # 0, then compute r1, ro € D\ {0} such that (A1 &1) 71+ (A1 &2) r2 = 0 and replace
& by &1 + &,

7. Compute Y1,Y2,%21,22 € D such that Y1 ()\1 51) Z1 + Y2 (AQ 62) z9 = 1.
8. Compute n* = y1 1 4+ y2 12 € DY*P and € = & 2y + &2 29 € DV

9. If p’ <2, then compute X € D™’ such that kerp(.£*) = D" X. Else, compute a basis of
the free left D-module kerp (.&*) of rank p’ — 1 to get a full row rank matrix X € D® ~1)x»
such that kerp(.£*) = D™ =1 X and set r = p’ — 1.

10. If p < 2, then compute Y € D *P such that kerp(.(P&Y)) = D*s" Y. Else, compute a
basis of the free left D-module kerp(.(P£*)) of rank p — 1 to get a full row rank matrix
Y € D®P=D*P such that kerp(.(P&*)) = DY>*P=D Y and set s’ =p — 1.

11. Compute Z =Y P.
12. Left factorize Z by X to get F € D¥ %" such that Z = F X.

13. If p < 2, then find Xy € D™ (possibly reduced to 0) such that kerp(.X) = D'** X, and
define P = (FT  XI)T else P = F and set t = 0.

14. Return (P, X) defining respectively the left D-module L = DYX@'=1) /(D1X(s"+) P) and
the left D-isomorphism ~ : L — L given by (31).

Example 8. Let D = A3(Q) and L = D'*3/(D'*3 P) be the left D-module finitely presented
by the curl operator (20). We can easily check that kerp(.P) = D R, where R = (0; 0 03)
is the divergence operator (see Example 5). Let us apply Algorithm 2 to the left D-modules
M = DY3/(DR) 2 K = D3P and N = D3, If we consider 51 = (0 0 1) and & =
(0 1 0)T, then dy :=n; P& = d1. Moreover, kerp(.(P&;)) = D'*2 S, where:

o
N
0 1 0

If we consider v = (0 1),72=vS=(0 1 0),andé&=(0 0 —1)T thendy:=mn P& = ;.
Since 11 P & = 0, then we need to compute a solution (y1 y2 21 22)T € D* of (10). We get 21 =1,
zo =21+ 1, y1 = —(21 + 1), and yo = 1, which yields:

{77*=y1n1+y2n2=(0 L — (21 +1)),
=&z +&2n=0 1 —(x+1)7T.

Hence, \* :=n* P = ((z1+1) 02+ 03 —(z1+1)01 — 1) € U(D'3) and ¢ := ¢« satisfies
©(A*) = A*¢* = 1. In other words, A\* is a certain combination of the rows of P which admits a
right inverse over D. Thus, D'*3 = D \* @ ker ¢, where ker ¢ = kerp(.£*) = D1*2 X and:

1 0 0
X = .
0 z1+1 1
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Since X has full row rank, the rows of X define a basis of the free left D-module kerp(.£*) of

rank two. Now, \* is a unimodular element of K, and thus D'*? P = D X\* & ker |, where
kerpi g ={nP|nc D3 (nP)¢* = 0} =kerp(.(P&Y)) P,

and kerp(.(P£*)) = DY*2Y, where the matrix Y € D?*3 is defined by:

v -1 7(1‘1+1)82783 (I1+1) (($1+1) 62+83)
B 0 -0 ($1 +1)81+2 '
Since Y has full row rank, the rows of Y define a basis of the free left D-module kerp(.(P£*))
of rank two. Then, ker p|x = D2 7 where Z =Y P. Now, let F' € D?*?2 be the matrix such
that Z =F X, i.e..
F— ( —(83+(:c1+1)82)2 ((1’1+1)82+83) 81—32
=1 ¢ .

35
$1+1)82+63)81—282 812 ( )

Since kerp(.X) = 0, Proposition 1 shows that:
L = D1><3/(D1><3 P) ~ L/ = (D1><2 X)/(DIXZ Z) gz = D1><2/(D1><2 F)
The left D-isomorphism ~ : L — L is then defined by v(c(9)) = 7(6 X) for all § € D'*?, where
o:D"? — L (resp., 7: D'® — L) is the canonical projection onto L (resp., L). Moreover,
v~ L — L is defined by y~1(7(\)) = o(\U) for all A € D'*3 where:
1 0

U= —(1‘1 + 1) Oy — O3 o1 . (36)
Finally, since kerp(.F) = D (=81 85 + (x1 + 1) d2), we have rankp(D'*? F) = 1, and Al-
gorithm 2 cannot be applied again to L.

Finally, let us compute the inverse of the left D-isomorphism « : L’ — L defined by
a(k(v)) = 7(v) for all v € D" X (see (30)). This result will be used in the next section.

Now, using the identity n* P{* = 1, we obtain (I, — P£*n*) P&* = 0, which shows that
DY¥P (I, — P& n*) Ckerp(.(P&*)) = DY i.e., there exists V € DP** such that:

P& +VY =1, (37)
Multiplying P on the right of (37) and on the left of (33) and subtracting the result, we get:
PUX=VYP (38)

Now, we claim that o' is the left D-homomorphism defined by:

w:L — L
7(A) — &(AUX).

Using (38) and Z =Y P, we first check that w is well-defined:
VneDYP wirA+nP))=c(A\UX)+x((nV)Z) =k(AU X) = w(r()\)).
Finally, using (33), A* = n* P, and X £* = 0, we can check that
(@ow)(r(N) = a(k(AU X)) = 7(AU X) = 7(A) = 7((AE"n") P) = 7(X),
(woa)(k(0 X)) =w(T(0 X)) =r(@XUX)=r(0X Iy —&n"P)) =r(0X),

(39)

which shows that w = o~ 1.
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5 Efficient generation of finitely generated modules

We have the following interesting corollary of Theorem 9.
Corollary 2. Let L = D' /(DY*? P) be a torsion left D-module.

1. If p’ >3, then there exists P € D2 such that L = L := D'*2/(D**!' P). In particular, L
can be generated by two elements. Moreover, | can be chosen such that:

l=p—p +2.

2. There exist a projective left ideal I of D and a left submodule J of I such that L = I/J.
In other words, L is a homomorphic image of a projective left ideal I of D (which can be
generated by two elements).

Proof. 1. Since L is a torsion left D-module, by 1 = 3 of Lemma 1, rankp (L) = 0, which yields
rankp(D'*? P) = p’ > 3. Applying p’ — 2 times Theorem 9, we obtain P € D'? such that
L= [ := D'?2/(D'*! P), which proves the first part of 1. Finally, using that

p > rankp(D**P P) = p/ > 3,

then Theorem 9 shows that [ can be chosen such that [ =p —p' + 2.

2. If p’ =1, then L = D/(D'*P P), which proves 2 with I = D and J = D*? P. Now,
if p’ > 1, using 1, we may assume that p’ = 2, i.e., L = D'*2/(DYP P). Let R € DI*P
(possibly R = 0 and ¢ = 0) be such that kerp(.P) = D4R, M = D?P/(D'*4R), 7 the
canonical projection onto M (7 = idys if R = 0), and ¢ : M — D'*2 the injection defined by
t(m(\)) = AP for all A € D'*P. The following diagram is commutative with exact rows:

D1xq i) Dixp T, M —0
l i.P lL
0 _, pix2 REN DX2 ..

Since rank p (D'*P P) = 2, the proof of Theorem 8 for K = (M) shows that there exist n* € D'*?
and £* € D? such that ¢ := g« satisfies:

pu(m(n®) =n" P& =1.
Thus, if \* := n* P, then D'*? P = D A\*®& N’ C D'*2 = DX*@N, where N := ker ¢ = kerp(.£*)
and N’ :=ker ¢ g = kerp(.(P£*)) P. This implies:
L=(DXN&N)/(DN®N)~=L :=N/N'.

Let k: N — L' = N/N' (resp., 7 : D'*2 — L) be the canonical projection onto L’ (resp., L).
Then, the above left D-isomorphism is defined by (30), namely:

a:L/ — L
k() +— 1(v).

Since D'*2 = DA*@® N = D @® N, N is a projective left D-module of rank one, and thus
N is isomorphic to a projective left ideal of D, which can be generated by two elements (see
Section 3.2). Note that if N is a free left D-module of rank one, then N is isomorphic to a
principal left ideal of D (i.e., generated by one element). Let X € D"*2 (resp., Y € D**P) be
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such that N = kerp(.£*) = D" X (resp., kerp(.(P&*)) = DY), If Z =Y P € D**?, then
N’ = kerp(.(P&*)) P = D*¢ Z, and thus N/N' = (D**" X)/(D'** Z). Since N’ C N, there
exists I € D**" such that Z = F X and the injection i : N’ — N is defined by:

Yoe D™ i(0Z)=(0F)X. (40)

Let Xy € DY " (resp., Zy € D“**) be such that kerp(.X) = D** X, (resp., kerp(.Z) =
D'*% Z,). Then, the following diagram is commutative with exact rows

.ZQ Z
e —

D1><u D1><s N’ —0
| .c | .F Li

X X
D1><t 2 Dlxr N 0,

where G € D"*! satisfies Zy F = G X5. Since N and N’ are two left D-submodules of D'*2, they
are torsion-free. Hence, Ny := D'*"/(D'¥! X3) = DYX" X = N and N} := D*5/(D*% Z,y) =
D'%s Z = N’ are also torsion-free left D-modules of rank one. Considering a minimal paramet-
rization of Np and of Nj (see [11]), there exist two matrices B € D" and C € D?® such that
Ny 2 [ := D™ Band N} = H := D'*5C, where I and H are two finitely generated left ideals
of D. To get such minimal parametrizations, we need to pick B € D" (resp., C' € D?) such that
B D C kerp(Xs.) (resp., C D C kerp(Zs.)). Then, by definition of the minimal parametrizations,
the next diagram is commutative with exact rows

Dl><u A D1><s _C> H —0
e L.F L
D1><t X2 D1><r 4B> I _ 0’
where j € homp(H,I) is defined by:
Voe D™, j0C)=(F)B. (41)

Let us note that we then have the following left D-isomorphisms

e:H — N’ e:I — N
0C — 07, vB +— vlX,

which satisfy ¢’ o j =i o¢, where i and j are respectively defined by (40) and (41).

If we consider the left subideal J = im j = D'** (F B) of I, then we have:
coker j = I/J = (D**" B)/(D*** (F B)).

Let § : I — I/J be the canonical projection onto I/J. Then, the following diagram is commut-
ative with exact rows and columns

0 0
1 !
0— H = N —0
L Li
0o— I = N —0,
Lo Lr
I/'] — r Inria
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where @ € homp(I/J, L") is the left D-isomorphism defined by:

w:l/J — L
d(vB)) +— k('(vB)) =k(vX).

Composing w with the left D-isomorphism « € homp (L', L) defined by (30), we then obtain the
following left D-isomorphism:

xX=aow:I/J — L
S(vB) — T(VX).
Let us now explicitly characterize the inverse x ™' = w™! o a™! of x. We first note that
wt: L/ — I/J is defined by @~ ! (k(v X)) = 6(v B) for all v € D'*". Secondly, a~! is defined
by (39), i.e., a7 (7(A\)) = k(AU X), where U € D**" is defined by (33), i.e., by [s —&* \* = U X.
Thus, the left D-isomorphism x ! is finally defined by:

YAe D™ xTHr(\) = Ha N (T(N)) =@ M k(AU X)) = 6((A\U B).
O

Remark 8. We note that 1 of Corollary 2 does not give in general the most accurate bound for
the number of generators of a torsion left D-module because cyclic torsion left D-modules exist
(namely, torsion left D-modules of the form D/J, where J is a left ideal of D).

Example 9. Many linear PD systems coming from mathematical physics or engineering science
are defined by means of a square full row rank matrix P € D *?" of PD operators. Applying
1 of Corollary 2 to P € D”/Xp/, we obtain that these linear PD systems are equivalent to linear
PD systems defined by P € D?*2 i.e., to linear PD systems defined by (at most) two unknowns
and two PD equations. For an algorithm computing P € D?*2, see [7, 15].

Example 10. Let D = A(9) be a ring of OD operators, where A = k[t] or A = k[t] and k is a
field of characteristic zero, or A = k{t}, where k € {R, C}, E € A"*", R=01, — E € D"*",
and M = DY /(D" R). If {f;};=1,...n is the standard basis of D'*" 7 : D" — M the
canonical projection onto M, x; = n(f;) forj =1,...,n,and z = (21 ... x,)T, then Rz = 0 (see
Section 2). By 1 of Corollary 2, the torsion left D-module M can be generated by two elements
y1 = 7(G1) = Gix and yp = 7w(G2) = Goz, where G; € D" for i = 1,2. Equivalently,
the matrix (GT  GZ RT)T admits a left inverse (see, e.g., [7, 15]), i.e., there exist S; € D™,
Sy € D™, and S3 € D™*"™ such that:

S1G1+8S2Go+ S3sR=1,. (42)

Now, if we consider the linear OD control system @ = Ex + Fu (see, e.g., [22]), where
F € A™™_ the above remark shows that that there exists G = (GT G¥)T € A?*" such that
(42) holds. Thus, the following linear OD control system

43
. (43)

{sz+Fm
is observable (see, e.g., [22]), namely, the state = of (43) can be expressed in terms of yi, ya, u,
and their derivatives. Indeed, combining Rz = F u and (42), we get © = Sy y1 + Sz y2 + S3 F .
Hence, 1 of Corollary 2 shows that there exist two outputs y; = G1 « and y» = G x of the linear
OD control system @ = Ex + F u such that its state x is observable by means of y1, y2, and u.

RR n° 8225



34 A. Quadrat and D. Robertz

Algorithm 4 (ProjectiveldealPresentation).

e Input: A very simple domain D and P € DP*P" guch that the finitely presented left
D-module L = D*?" /(D*? P) is torsion.

e Output: Three matrices B € D*, B’ € DY, and W € D**?" guch that

x:K:= (D> B)/(D"¥B') — L
6(vB) — T(VW)

is an isomorphism of left D-modules, where § : D'** B — K (resp., 7 : DY*?" — L) is
the canonical projection onto K (resp., L).

1. Ifp’ =1, thenreturn B =P, B=1, W =1 (le,z =1,y =p).

2. Apply Algorithm 3 to P to obtain two matrices P e D**2 and X € D¥*" such that the
left D-homomorphism v : L = D'*2/(D'*% P) — L defined by (34) is an isomorphism.

3. Apply Algorithm 2 to the matrices R := R € D'** satisfying kerp(.P) = D' R, R’ =0,
and P := P to obtain n* € D'X* and £* € D? such that n* P¢* = 1.

Compute X € D**2 such that kerp(.£*) = D1** X,
Compute Y € D¥** such that kerp(.(P£%)) = DP>VY.
Compute Z =Y P € D¥*2,

Left factorize Z by X to get F € D¥*® such that Z = F X.
Compute X5 € D*** such that kerp(.X) = D'** X,.

R B A

Compute B € D® such that B D C kerp(Xa.).
10. Compute B’ = F B € DY.

11. Compute W = X X € D=*¥',

12. Return the matrices B, B’, and W.

Example 11. Let D = A;(Q) and L = D**2?/(D'*2 P) be the left D-module finitely presented

by the matrix P defined by:
P t? t
S\ to+2 o9 )’

Since P has full row rank, L is a torsion left D-module. Corollary 2 then shows that L = I/J,
where I and J are two left ideals of D such that J C I, both of which can be generated by
two elements. Let us compute I and J. If we consider n* = (0 —t) and £&* = (0 1), then
n* P&* =1. Now, kerp(.£*) = D X, kerp(.(P&*)) = DY2Y, Z =Y P, Z = F X, where:

to—1  —t? -2 0 —t?
X=( 0), Y= , . Z= . F= .
0 —t0 —2 —t90—-2 0 —t0—2
Since kerp(.X) = 0, i.e., X5 = 0, then kerp(Xs.) = D, which shows that B = 1 is a minimal

parametrization of N =D X = Dand I = DB = D. Thus, B' = FB = —(t> t9+2)T, which
shows that L = K := D/J, where J = Dt? + D (t9 + 2). We note that J is the cyclic left
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D-module which is the annihilator of the derivative of the Dirac distribution (see Example 1.2.9

of [33]). The left D-isomorphism x : K — L is defined by x(6(v)) = k(v X) for all v € D,

where 6 : D — K (resp., 7 : D'*2 — L) is the canonical projection onto K (resp., L). Thus,

L is generated by 7(X) = x(6(1)) and we can easily check that 7((0 1)) =0 (for more details,

see [36]). Finally, the matrix U = (1 0)7 satisfies Iy — (¢*7*) P = U X, which shows that
“1: L — K is defined by x 1 (7(\)) = §(\U) for all A € D1*2,

Example 12. Corollary 2 can be understood as a generalization of the standard cyclic vector
theorem for linear PD systems (see [10] and the references therein). 1 of Corollary 2 shows that
every finitely generated torsion left D-module L can be generated by two elements. Moreover, 2
of Corollary 2 states that L = I /J, where I is a projective ideal of D and J is a left D-submodule
of I. Now, if D = A(9) is a ring of OD operators with coefficients in a differential field A, then
D is a principal ideal domain (see, e.g., [30]), and thus I and J are two principal ideals of D,
i.e., there exist dy, do € D such that L = (Dd;)/(Dds) = D/(Dds), where d3 € D is such that
dy = d3 dy. The element d3, which is not uniquely determined by L, can be computed by means
of a Jacobson normal form of the presentation matrix P of L.

Let us illustrate with a simple example that Algorithm 4 can be used to compute d3. Let
D= B1(Q), a;; € A=Q(t) fori,j =1, 2, E = (ai;)i j=1,2, and L = D'*2/(D'*2 P), where:

o — _
P=0L,-E= e e
—az 0 —ax
The left D-module L corresponds to the linear OD system & = Ex. Let us suppose that
a1z # 0 (a similar result holds if as; # 0), which implies a;; € A. Choosing n* = (1 0),
& = (0 —al_zl)T, we get n* P&* = 1. Then, kerp(.£*) = DX, where X = (1 0), and
kerp(.(P£*)) = DY, where Y = ((0 — ags) ajy 1), since P&* = (1 — (0 —a)agy)’. Then,
Z=YP= ((8 — CLQQ) a1_21 (8 — a11) — a1 0) = FX, where F = (8 — a22) (1121 (8 — a11) — a1,
which shows that:
L= (D2 X)/(D'*?Z)= D/(DF).

In case aj; # agz and aj2 = ag; = 0, then considering n; = (1 0), & = (1 0)T, dy =
m Pfl :a—all,keI'D(.(Pfl)): (0 1) (0 1) 622(0 1)T, dg = 772P§2:8—a22,
m P& =0, y1dyz1 + yadazo = 1, where —y1 = yo = (a11 — aze)™!, 21 = 22 = 1, and thus
T]* = Yyim + Ya T2 = (a11 — 022)71 (—1 1) and g = 51 21 + EQ 29 = (1 l)T are such that
n* P& = 1. Then, Algorithm 4 gives kerp(.£) = D X, where X = (1 —1), kerp(.(P¢))=DY,
where Y = (8 — a22 -0+ a11) (CL11 — a22)*1, Z =Y P=FX, where F = (8 — a22) (a11 —
az2) 1 (0 —a11) = (0 —a1) (a11 — aze) ™! (0 — ags), and thus we obtain:

L2 (DX)/(DZ)=D/(DF).

Now, if a;; = ag and a12 = ag; = 0, then con51der1ng =1 0),& =0 07, d =
m Pfl =0 — ail, kerD(.(Pﬁl)) = D(O 1), N2 = (0 1 € = (0 1)T7 dg = 772P§2 =
d—a1, P& =0, y1di 21 + y2do zo = 1, where y; = z2 1, z1 = t, yo = —t, and thus
= gm tyem = (1 —t)and € = & 21 + &z = ( 1)T are such that n* P¢ = 1.
Then, Algorithm 4 gives kerp(.{) = DX, where X = (=1 ), kerp(.(P€&)) = DY, where
Y=(-0-a;; tO0—ant+2),Z=YP=FX,where F=(0—aj;)? and thus we obtain:

L= (DX)/(DZ)=D/(DF).
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Corollary 3. Let P € DP*P" be a full row rank matriz and L = D' /(DY P). Then, there
exists P € D**(P'=P+2) gych that:

L =T .= DX =—pt2) (DIX2P),

If p' —p > 1 and the right D-module extl(L,D) := DP/(P D) is cyclic, then there exists
R € DY@ =p+1) gych that L = M’ := DY@ =p+1) /(D R').

Proof. Applying the contravariant left exact functor homp( -, D) to the short exact sequence
0— D» L, px»’ 2,1,
we get the following short exact sequence of right D-modules (see, e.g., [11, 38]):
0 exth(L,D) <= D? £~ DP «— homp(L, D) — 0.

Now, by a version of (2) for right D-modules, we have homp(ext}, (L, D), D) = kerp(.P) = 0,
which shows that exth (L, D) is a torsion right D-module by 2 = 1 of Lemma 1. Thus, it can be
generated by two elements by 1 of Corollary 2. Let A € DP*? be such that {ew(As;)}i=12 gener-
ates extl (L, D). Theorem 3.6 of [7] then proves that the left D-module E = D'*®'+2) /(D1*? Q),
where Q := (P —A) € DP*®'+2) s stably free of rank p/ +2 —p. Since rankp (L) = p' —p > 0,
then p’ +2 —p > 2, which shows that F is a finitely generated free left D-module by Theorem 6.
Finally, the result follows from Theorem 4.1 of [7].

Finally, if the right D-module ext}, (L, D) is cyclic, then there exists A € DY such that
exth (L, D) = w(A) D. Using Theorem 3.6 of [7], the left D-module E' = D'*®'+1) /(D1*r @),
where Q' := (P — A) € DP*(®'+1) g stably free of rank p’ +1 —p. If p/ +1—p > 2, ie.,
p’ —p > 1, then E’ is free by Theorem 6 and the result follows from Theorem 4.1 of [7]. O

Since holonomic modules over the standard rings of PD operators are cyclic (see, e.g., [6, 28]),
the second part of Corollary 3 yields Theorem 30 of [15].

Remark 9. Corollary 3 is most interesting in the case of a finitely generated left D-module M
satisfying rankp(M) > 1, i.e., for underdetermined linear systems. Indeed, if P € DP *P has
full row rank, i.e., rankp (M) = 0, then Corollary 3 yields again 1 of Corollary 2.

Example 13. Since the global dimension of the rings A, (k), Bi(k), k[t](9), and k{t}(9) where
k € {R, C}, is one (see, e.g., [6, 28]), Section 3 of [36] shows that the first part of Corollary 3
holds for these rings. Hence, any underdetermined linear system of OD operators (namely,
rankp (M) = p’—p > 1) with either polynomial, rational, formal power series or locally convergent
power series coefficients can be reduced to an equivalent linear OD system defined by at most
two OD equations.

Following Stafford ([42]), let us now show how to use Corollary 2 to obtain the minimal
number of generators of a finitely generated left D-module L which is not torsion.

First of all, if L can be generated by r elements, then there exists a surjective left D-
homomorphism w : D" — L defined by mapping the i*" element of the standard basis of
D" to the it generator of L, i.e., we have the following short exact sequence:

0 — kerw — DY" 25 [ — 0. (44)
If rankp (L) = r, then the equality rankp (L) + rankp(kerw) = r yields rankp(kerw) = 0, i.e.,

kerw is either 0 or a torsion left D-module. But, kerw is a left D-submodule of the free, and
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thus of the torsion-free left D-module D'*", which yields kerw = 0, and proves that L = D'X"
i.e., L is a free left D-module of rank r. Conversely, if L is a finitely generated free left D-module
of rank r, then L can be generated by r elements. Hence, a finitely generated left D-module L
can be generated by 7 := rankp (L) elements if and only if L = D1*".

We note that a finitely generated left D-module L cannot be generated by fewer elements
than rankp (L) since the short exact sequence (44) yields r — rankp (L) = rankp (ker w) > 0.

Now, let us suppose that L is not free, i.e., cannot be generated by r := rankp (L) elements.
By Theorem 7, there exists a left D-module L’ with rankp(L’) < 1 such that L = D@ L. If
rankp(L') = 0, i.e., L' is a torsion left D-module, then 7 = s, which yields L = D=1 g (D @
L"), where rankp (D @ L) = 1. Now, if rankp(L’) = 1, then s = r — 1. Hence, with a change of
notations, we can always suppose that L 2 D™ ("=1) @ I/ where rankp(L’) = 1. Since L’ is not
a torsion left D-module, there exists I’ € L'\ ¢(L'). Thus, annp(l') ={d € D | dl' =0} =0, i.e.,
DU = D/annp(l') 2 D. Now, the following short exact sequence

0— DI — L —L/DI')—0

yieldsrankp(L'/(D1')) = 0,1i.e., L' /(D) is a torsion left D-module. Now, 2 of Corollary 2 shows
that there exist a projective left ideal I of D and a left subideal J of I such that L'/(D1") = I/J.

Thus, we get the short exact sequence 0 — D1’ - I/ Ny /J — 0. Hence, the following

diagram has an exact row and exact columns

0
!
0 J
! !
D I
1 1
0o— DI' > ' Lopg —o,
! !
0 0

which can be completed to the following commutative diagram with exact rows and columns:

0— D - Dol - I —0

! ! !

0o— DI =% ' o1 —o.
! | !
0 0 0

For more details, see, e.g., [38]. We now note that D @ I is a projective left D-module with
rankp(D @ I) = 2, and thus D & I is a free left D-module of rank two by Theorem 6, i.e.,
D @ I = D'*2. Therefore, L' can be defined by two generators (but no fewer), which finally
shows that L can be generated by r — 1+ 2 = r + 1 elements but no fewer.

Lemma 5. Let M be a non-free left D-module with rankp (M) = 1. Then, M can be generated
by two elements and no fewer.

Let us explain how to get a presentation of L' = D*"/(D'** Q) defined by only two gener-
ators. Since rankp(L') = 1, rankp(D** Q') =r — 1. If r — 1 = 1, i.e., 7 = 2, then nothing has
to be done. Let us now suppose that » — 1 > 2, i.e., r > 3. Then, applying Algorithm 3, we get
L' = [ = D=1 /(D™ Q') where rankp(D*** Q') = r — 2. Repeating the same argument,
we finally get L' = L = D'*2 /(D> Q).
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Example 14. Using standard results on the minimal number of generators of finitely presented
modules over a commutative ring based on Fitting ideals (see, e.g., [19]), we can easily check
that the E = Q[0y, 02, 03]-module L = E'*3/(E'*3 R), where R is the matrix (20) defining the
curl operator in R? (see Example 8), can be generated by three elements but no fewer. Now, if
we consider the left D = A3(Q)-module M = D'*3/(DY3 R) = D ®p L, then rankp (M) = 1
and Lemma 5 shows that M can be generated by two elements but no fewer. If {f;},=1 2,3 is the
standard basis of D'*3 7 : D13 — M the canonical projection onto M, {y; = 7(f;)}j=1.23
a family of generators of M, and y = (y1 w2 w3)7, then it was shown in Example 8 that
{z1 = y1,22 = (x1+1) y2+ys3} is also a family of generators of M and y = U z, where the matrix
U is defined by (36) and z = (21 29)7.

Let us sum up the above remarks in the next theorem due to Stafford.

Theorem 10 ([42]). Let L be a finitely generated left D-module that is not a torsion module,
i.e., rankp (L) > 1. Then, the following statements are equivalent:

1. rankp(L) =r.

2. Either L is a free left D-module of rank r, i.e., L = D" and thus L can be generated by
r elements, or L is not a free left D-module and L can be generated by r + 1 elements but
no fewer.

Example 15. If M = D'3/(DR) is the left D = A3(Q)-module finitely presented by the
divergence operator R, then it is well-known that M is torsion-free but not free (see [11, 36]).
Since rankp (M) = 2, by Theorem 10, M can be generated by three elements. Hence, R is a
minimal presentation of M, namely, a presentation of M having the minimal number of generators
w(M) of M.

Remark 10. Corollary 2 shows that a finitely generated torsion left D-module M is either
cyclic, i.e., generated by one element, or can be generated by two elements. Theorem 10 (see also
Lemma 5) shows that a finitely generated left D-module of rank one is either free, i.e., cyclic,
or can be generated by two elements and no fewer. Hence, a finitely generated left D-module
M satisfying rankp (M) < 1 can always be generated by one or two elements. From a systems
theory viewpoint, Remark 5 and the above results show that the study of ext’, (M, F) for i > 0
(exth (M, F) = homp(M, F)) can be reduced to ext’, (M’, F) for i > 0, where rankp(M’) < 1,
and thus to the case of a left D-module M’ which is either zero, can be generated by one or by
two elements. Finally, Theorem 10 also shows that a finitely generated left D-module M which
cannot be generated by two elements satisfies rankp (M) > 2.

6 Cancellation theorem

6.1 Main result

Let us state a result due to Stafford.

Lemma 6 ([42]). Let D be a very simple domain satisfying (8), M a finitely generated left
D-module with rankp (M) > 2, d* € D, m* € M such that (d*, m*) is a unimodular element of

D @ M. Then, there exists ¢ € homp (D, M) such that:

B(d*) +m* € UM).
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Proof. Since (d*, m*) € U(D & M), there exist wy € homp (D, D) and ws € homp (M, D) such
that w = w; ® wy € homp (D & M, D) satisfies:

(@, m*)) = wi(d*) + wa(m*) = L. (45)

Let R € D7%P be such that M = D'*P/(D'*9 R) and 7 : D'*P — M the canonical projection
onto M. Since rankp(M) > 2, applying the first seven steps of Algorithm 1, there exist two
elements m; = 7(\;) and my = m(\2) of M, where A1, A € D'*P and two elements p; and o
of DP such that ¢; := ¢,, € homp(M, D), i = 1, 2, satisfy:

p1(m1) #0, @i(mz) =0, pa(m1) =0, pa(mz) #0. (46)
Using (8), there exist r, s € D such that:
@1(m*) D + @2(m*) D +d* D = (p1(m”) + d"r @1(m1)) D + (92(m”) + d* s pa(m2)) D. (47)
In particular, there exist «, 8 € D such that:
d* = (p2(m”) +d" rpr(ma)) a+ (p2(m") + d* 5 2(my)) B. (48)

Using the right D-module structure of homp (M, D), let x := p1a + @2 8 € homp(M, D) be
defined by x(m) = p1(m)a + @2(m) B for all m € M. Let us also consider ¢ € homp (D, M)
defined by ¢(d) = d(rmy + smy) for all d € D. Then, using (46), we get

X(B(@) = X(d* 6(1)) = & x{rm +5ms)
=d* (g1(rmy + sma) o+ @a(rmy + sma) 3)
= d* (7‘ (p1<m1) o+ Stpz(m2) ﬁ)a

which combined with (48) yields:

x(m* +¢(d") = pr(m”) a+pa(m*) B+ d" (rei(m) a+ s pa(ms) B)
= (pr(m”) +d"r 1(ma)) a+ (pa(m”) +d" s pa(mg)) 5= d”. (49)

Let us define ¢ := (w3 —wz 0 ¢) wy € homp(D & M, D). Then, using (45), we get
P((d", m” + ¢(d"))) = wi(d”) = wa(B(d")) +wa(m™ + §(d")) = wi(d") + wa(m”) = 1,

which shows that (d*, m* + ¢(d*)) € U(D & M). Let us define ¢ := wi(1) — wa(¢p(1)) € D and
¢ 1= wg + xt € homp(M, D). Thus, using (45) and (49), we obtain
p(m” + ¢(d")) = (w2 + x ) (m” + ¢(d"))

= wa(m”) + wa(@(d")) + x(m* + ¢(d")) t

=1—wi(d") +wa(d*¢(1))+d"t

=1—d"wi(l)+d wa(ep(l)) +d*t

=1-d't+dt=1,
which finally shows that m := m* 4+ ¢(d*) € U(M) and ¢(m) = 1. O

If D admits an involution, then (8) is a direct consequence of (6) as noticed in Remark 3.

Note that if d* = 0, then m* € U(M) and we can choose ¢ = idp.
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Remark 11. If m* ¢ t(M), then we can choose m; = m* so that wo(my) = pao(m*) = 0 and
(47) simplifies to @1(m*) D +d* D = (1 + d*r) p1(m*) D + d* s p2(ms2) D, i.e., we need to find
r, s, a, € D such that d* = (1 + d* r) o1 (m*) o + d* s pa(m2) S.

Remark 12. If rankp(M) > 2 and m € M, then considering w; = idp and ws = 0, then
(1, m) € U(D & M). Lemma 6 then shows that there exists ¢ € homp(D, M) such that m’ :=
¢(1)+m € U(M), and thus M = Dm’ @ M’ for a certain left D-module M’, which proves again
Theorem 7. If m ¢ t(M), then using Remark 11 with d* = 1, the unimodular element m’ can be
obtained by computing a solution of the following inhomogeneous quadratic equation:

1=010+7r)p1(m1)a+ sea(ms)B.
We find again the main argument of the proof of Theorem 7.
Algorithm 5 (ReductionOfUnimodularElement).

e Input: A very simple domain D satisfying (8), R € D?*P a matrix such that the left D-
module M = D**P/(D'*4 R) has rank at least two, i.e., rankp (M) > 2, d* € D, \* € DI*P
such that (d*, m*) € U(D & M), where m* = w(\*) and 7 : D'*P — M is the canonical
projection, and e € D and p € kerp(R.) such that w € homp (D & M, D) defined by

VdeD, YAeDY?  w((d, 7(\))=de+ \pu,
satisfies w((d*, m*)) =1, ie,d e+ X p=1.
e Output:

1. X € D**? such that ¢ € homp(D, M) defined by ¢(d) = dm for all d € D, where

= 7(A), satisfies m* + ¢(d*) = m* + d*m € U(M).
2. Ti € kerp(R.) such that ¢ := ¢y € homp (M, D) satisfies p(m* + ¢(d*)) =1, i.e.:

3| >~

O\ +d* N = 1. (50)
1. Applying steps 1-7 of UnimodularElement (see Algorithm 1) to R, we get A, Ao € DI*P
and py, pg € kerp(R.) such that dy := @1(mq) # 0, p1(ma) = 0, d2 := @a(ms) # 0, and
p2(m1) = 0, where ¢; := ¢, € homp(M, D), and m; = w(\;) for i = 1, 2. Note that if
m(A) ¢ t(M), then we can take Ay := A.
2. Using (8), compute 7, s € D such that:

()\*,u1)D—|-(/\*,UQ)D+d*D:()\*,LL1 +d*7’)\1u1)D+()\*u2+d*3/\2ug)D.

3. Define X := 7 \A; + s \a.

4. Right factorize d* by S = (A +d*rA)pur (N + d*sXa) u2) to get d* = S(a B)7,
where o, § € D.

5. Define pu* := pya + 2 3 € kerp(R.), t :==e — A, and i := p + pu*t € kerp(R.).

6. Return \ and 7.
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Let us check (50). Using A; pg = 0, Ao 1 = 0, and 4 of Algorithm 5, we first get:

(A +d" (rA+sA2)) (1 a+ p2 B) = N (1 a+ p2 B) +d* (r A+ s X2) (o + p2 )
=N (pra+p2fB)+d* (rApa+siu3)
=N +d'r\)mat+ N +d sh)u 8=d".

With the notations of 5 of Algorithm 5, using o = pu+ (L1a+ pe B)t, t =e— (1A + sX) ,
d* e+ A =1, and the above identity, it follows:

N +d" N =N +d" (1A +5X2)) (1 + (1 + p2 8) t)
=X p+d (rM+sh)p+ N +d (rA+sX)) (pa+pB)t
=1l—-de+d" (ra+s)pu+dt
=1—-d(e—(ra+si)p+dt=1

Remark 13. If M = D" with r > 2, then Theorem 6 and Algorithm 5 show that for every
(d* X*) € U(D™0U47) where d* € D and \* € D", i.e,, such that (d* \*) admits a right
inverse over D, there exists A € D'*" such that A :== A+ d* X € U (D' "), i.e., such that A
admits a right inverse over D. This result comes from the fact that the stable rank of D is at
most 2, i.e., sr(D) < 2, which is a direct consequence of (6) as explained in [36].

Example 16. Let us consider again Example 5. Let d* = 01, \* = (0 0 —z1), and m* =
7(A\*). fe=x2y and p= (=93 0 91)T € kerp(R.), then d* e + A* u = 1, which implies that
d*®m* € UD @ M) since ¢ € homp(D & M, D) defined by ¢(d ® w(\)) = de + A for all
d € D and for all A\ € D'*3 satisfies ¢(d* & m*) = d*e + \* u = 1. By Lemma 6, there exists
A € DY3 such that ¢ € homp(D, M) defined by ¢(d) = dn()\) for all d € D satisfies that

m* + ¢(d*) = (A +d* X) € U(M). Using Algorithm 5, let us compute A.

Let Ay =(0 —1 0),X=(0 0 1),y =(0 -0 07T andpu = (-9 0 9)7.
Then, using Example 5, we have dy := p1(my) = 01, ¢1(ma) = 0, da := p2(mz) = 91, and
@pa(my) = 0, where ¢; = ¢,, € homp(M, D), and m; = w()\;) for i = 1,2. Then, d3 :=
e1(m*) = X pu; = 0 and dy := po(m*) = A g = —x1 01. Using Remark 3, we can compute
r, s € D satisfying (47) by computing u, v € D such that

DO(d3) + DO(ds) + DO(d*) = D (0(ds) + 0(dy) wh(d*)) + D (8(ds) + 0(do) v 0(d*)),

where 6(d3) = 0, 0(dy) = 21 01 + 1, and 6(d*) = —0;, and then defining r = 0(u) and s = 0(v).
We can take u = 1 and v = 0, and thus »r = 1 and s = 0. Then, we obtain A\ = \; and

A=X+d*A=(0 -0, — 1) issuch that 7(A) € U(M).

Let us compute @ € kerp(R.) such that A7z = 1, i.e., such that ¢ € homp(M, D) defined
by p(m(A)) = Am for all A € D'*3 satisfies p(m(A)) = 1. Right factoring d* = 8; by the
matrix S = (07 —x,0), we get d* = S (o B)T, where a = Lz, and 3 = %81, which yields

2
pr=L (0105 +w 0y —m 0 —1 02),t=ux, and:

1
ﬁ:a(—x18163+x582—383 —xl(x161+2) (1‘181+4)81)T.

Finally, we note that we can also use Remark 2 to compute 7.

Lemma 6 is the key result for the so-called (Bass’) cancellation theorem ([42]) which states
that M @ D =2 N @ D implies M = N when rankp (M) > 2. Let us explicitly describe this last
isomorphism following the proof of Corollary 12.6 of [43] as pointed out in [42].
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Let f: D® M — D @& N be a left D-isomorphism and (d*,n*) := f((1,0)). Now, if
g: D®M — D is defined by ¢g((d,m)) = d for all d € D and for all m € M, then (g o
F~H((d*,n*)) = g((1,0)) = 1, which shows that (d*,n*) € U(D @& N). By Lemma 6, there exists
¢ € homp(D, N) such that n := n* + ¢(d*) € U(N). Thus, there exists ¢ € homp (N, D) such
that ¢(n) = 1. Now, let us consider the following left D-homomorphisms:

k:D — D h:D&N — DG&N l:D&N — DGN
d — dd*, (dyn) +— (d,n+ ¢(d)), (dyn) +— (d—(kop)(n),n).
(51)
Since h and [ are automorphisms of DON, i := lohof : DOM — D®N is a left D-isomorphism.
Moreover, i((1,0)) = (I o h)((d*,n*)) =1((d*,n)) = (d* — (ko ¢)(n),n) = (0, n).

Now, N=Dn®dkero 2 D dkery since n € UN). f X :=DON =D ®(Dn @ kery),
then Y := X/(0® Dn) = D@ kero = Dn®kero = N. Using (4), we have the direct sum
decomposition

VneN, n=pn)n+(n—pn)n), enh)necDn, n—pn)nckeryp,
and the left D-isomorphism N =Y is then defined by

e:N — Y el Yy — N
n — oi((e(n),n)), oi1((dn)) — n+(d—en))n,

where 01 : X = D@ N — Y is the canonical projection onto Y.

If iy € homp(D,D @& N) (resp., is € homp(D,D & M)) is defined by i1 (1) = (0,n) (resp.,
i2(1) = (1,0)), then imé; = D (0,7n) and imiy = D (1,0), which yields

cokeriy =Y, Z:=cokeria = (D®M)/(D(1,0)) = M,
where the last left D-isomorphism is defined by

kM — Z
m +—  o2((0,m)),

where o9 : D @ M — Z is the canonical projection onto Z.

Using i o i = i1, the following diagram is commutative with exact rows and columns

0 0
! !
0o— D 42 p
1 2 L
0— D&M - DaN —o,
lUQ 1,0'1
Z LN Y
! l
0 0

where t(o2((d,m))) = o1(i((d,m))) for all d € D and for all m € M. With the notation
(e,n) :=1i((0,m)), the left D-isomorphism w := e~ 010k € homp(M, N) is defined by:

w:M — N

m +— n+(e—p(n))n. (52)
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Theorem 11 ([42]). Let D be a very simple domain satisfying (8), M and N two finitely
generated left D-modules, and rankp (M) > 2. Then, M & D = N @& D implies M = N.

A similar result holds for right D-modules.

Let us give an explicit description of w. Let M = D'*?/(D'*¢ R), N = D' /(D'*4" R'),
7 : DYP — M (resp., ' : D'*?" — N) be the canonical projection onto M (resp., N),
P = (0 R) e D*(+p) P — (0 R) e DI*0+) [ — D1X<1+P)/(D1XQP) ~ Do M,
L' = D+ /(Dixd P’) D@® N, and 7 : DY>(+P) — [ (vesp., 7/ : D*(1+P) — [/ the
canonical projection onto L (resp., L'). Let f be a left D-isomorphism defined by

f:L — L
"Q) — (X, (59)
where:
X X / !/ U
X = ( X11 X12 ) e DUHPIXUHP) X1y € D, X1 € D, Xo1 € DP, Xpp € DPV.
21 22

Then, f(r(1 0)) = 7/((X11 Xi2)). Now, applying Lemma 6, there exist A € DY’ and
7 € kerp(R'.) such that (X12 + X311 A) &z = 1. The left D-isomorphism i is then defined by

i: L — L'
T(¢) — T((X),

¥ — X Xi [ X X IEDY 1 0 (54)
Xél XéZ . X21 X22 0 Ip/ _ﬁXll Ip/

_ 0 X1 A+ Xio (55)
Xo1 — (Xt A+ Xo2) T X1 Xog A+ Xog /)

where:

We note that the last matrix in (54) defines an automorphism of L’ since R' i = 0. Using (52),
the left D-isomorphism w is then defined by:

w: M — N

T 7 (A (Xhy + (X — Xy ) X13). (56)

Remark 14. We note that the matrix defining (56) can be obtained from X’ as the entry at
position (2, 2) of the following matrix:

1 0 0 X\ [ o X/,
D ETIED. COY I X351 Xgo Xy Xby+ (X§ — Xoom) X1y |

Let us explicitly describe the algorithm realizing Stafford’s cancellation theorem (see The-
orem 11).

Algorithm 6 (CancellationTheorem).

e Input: A very simple domain D satisfying (8), R € D?*P such that the rank of the left
D-module M = D'? /(D4 R) is at least two, R € DY*?", P = (0 R) e D*(1+p)
P =(0 R')eD?*0+4) and X € DU+P)*(1+0") defining the left D-isomorphism (53).
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e Output: Y € DP*?' defining the left D-isomorphism (56).
1. Select the first row (X711 Xi2) of X, where X1; € D and X2 € Dxp’
Compute Q' € D' *™" such that kerp(R'.) = Q' D™ .

Compute a right inverse (¢ 57)T € D™ of (X1 X12Q').

Ll

Apply Algorithm 5 to (d*, m*) = (X11, 7' (X12)) € UD @ N), e =€, u = Q' i, where
N = DY? /(D' R') and 7' : D'*?" — N is the canonical projection onto N, to get
A € DYP and 1 € kerp(R'.) such that:

Xp+XuMNp=1.

5. Compute the following matrices:

Xip =X A+ X2, X5y = Xo1 — (Xog A+ Xo2) X101,  Xog := Xo1 A+ Xoo.

6. Return YV := X%, + (X5, — X5 1) X1

Algorithm 6 will be illustrated in the next section.

6.2 Applications
6.2.1 Computation of bases

Let D be a very simple domain satisfying (8) and M a finitely generated stably free left D-
module. By definition (see Definition 1), there exist 7, s € Z>q such that M @& D*s = Dixr,
Since D is a noetherian domain, we have 0 < s < r (see, e.g., [24]). If rankp(M) =r — s > 2,
then applying Stafford’s cancellation theorem (see Theorem 11), we obtain M = D™*("=%) e
M is a free left D-module of rank r — s > 2, which gives a proof of Theorem 6.

This approach to compute bases of free left A, (k)-modules of rank at least two was pursued
in [20]. Below, we give a proof which is different from the one in [20]. Indeed, the approach of [20]
is based on versions of Lemma 6 and Theorem 11 for a left/right D-submodule M of a finitely
generated free left/right D-module, and not for a general finitely generated (i.e., presented)
left /right D-module M as it is done in this paper. In other words, [20] considers kerp(R.) C DP
whereas we consider the finitely presented left D-module cokerp(.R) = D*P/(D1*4 R).

Given a presentation matrix of a finitely generated stably free left D-module L, in [36], it is
shown how to compute a matrix R € D?*P which admits a right inverse S € DP*? ie., RS = I,
and is such that the left D-module M := D'*?/(D'*4 R) is isomorphic to L. Then, the following
short exact sequence

0— Dpxa B pixe T oar g

splits, namely, D'*9 @ M = D'*P (see, e.g., [38]), and this left D-isomorphism is defined by:
g: D1><q o) M SN D1><p

(@, 7(A) — (0 A)(

R g—l . Dlxp _ D1><q @M
>, A= (AS, w(A).

I,—SR

For more details, see [35]. Let P = (0 R) € D?*(@+?) P’ =0, X = (RT (I, - SR)")T
the above matrix defining the left D-isomorphism g, L = D'<(atp) /(D'*a p) [/ = D'*P,
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7 : DY @tP) . [ and 7/ = idy,. Using the left D-isomorphism L = D'*¢ @& M defined by
sending 7((6 \)) to (0, 7(\)) for all § € D'*? and for all A € D'*P, then we get the following

left D-isomorphism:
f:L — L' =Dxp

0 N) — (0 N ( IPRSR>. (57)

If rankp (M) = p — ¢ > 2, then applying ¢ times Algorithm 6, we obtain a left D-isomorphism
h: M — D" ®=9 defined by h(m()\)) = AQ for a certain matrix Q € DP*®~9 (called an
injective parametrization in [11, 36]). Moreover, the matrix @) necessarily admits a left inverse
T € DP=D*P je. TQ = Iy—g, and {m(T5e)}i=1,... p—q forms a basis of the free left D-module
M of rank p — ¢, where T, denotes the i row of T. For more details, see [36].

Remark 15. Theorem 11 is based on solving quadratic equations of the form (10). As already
noticed in [36], for the computation of bases of finitely generated free modules, we only need to
find «, 8 € D such that

diD+dyD+dsD = (dy+dsa)D+ (da+ds ) D, (58)

which is generally faster and gives smaller results than solving equations of the form (10). Indeed,
f(r(1 0)) = Rie € U(DY™P) (ie., Ris admits a right inverse, e.g., the first column of 9)
and Algorithm 5 aims at finding X\ € D™®=1 guch that X195 + X11 A € U(Dlx(]”_l))7 where
Rie = (X11 Xi2), X117 € D, and X5 € D=1 If d; and ds are two non-zero entries of X
and d3 = X1, then there exist , 8 € D such that (58) holds. Since the right ideal generated by
the entries of Ry, is D, so is the right ideal generated by the entries of X5 but where d; (resp.,
ds) is replaced by dy + d3 a (resp., da + ds 3). Then, X can be chosen as the vector defined by «
(resp., 3) at the position corresponding to the one of dy (resp., d2), and 0 elsewhere. Compare
with [36].

Example 17. Let D = A;(Q), R=(0 t 0),and M = D**3/(D R). Since R admits the right
inverse S = (t —0 0)T, M is a stably free left D-module of rank 2, i.e., a free left D-module of
rank 2 (see 4 of Theorem 1). Using Algorithm 6, let us compute a basis. Let P = (0 R) € D'*4,
L = DY /(DP), 7: D*** — L be the canonical projection onto L, L' = D'*3 and the left
D-isomorphism f : L — L’ defined by (57), i.e., which sends 7((# X)) to (§ X)X, where:

0 t 0

X_( R )_ —td+1 —t2 0

I,—SR 2 td+2 0

0 0 1

Let us define:

—td+1 —t2 0
X11=0, Xpp=(t 0), Xo= 0? , Xoo=1| td+2 0
0 0 1

Using Remark 15 and t D +0D + 9D =t D + (0 + 9) D, we can take @ = 0 and 3 = 1 and get
A = (0 1) which is such that X1 + X113 A = (¢ 0) € U(D'*2) since X152 + X11 A admits the
right inverse i = (—9 t)T. Computing the matrix X’ defined by (55), we get

—td+1 —t2 —td+1
X1 =0, Xjp=(@ 0), X5 = d? . Xl,=| to+2 02 ,
—t0 0 1
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which yields:

—t2(0+1) —td?+(1—-t)0+1
Q=X+ (Xoy —Xbom) Xjg =] t*+(t+2)0+2 02 (0+1)
—t(t(@+1)+1) —td(0+1)+1

We can check that kerp(.Q) = D R, and @ admits the following left inverse:

p_ [0 to+tr2 9(0+1)
S\t —t2 —t@+1)+1 )

Therefore, we have M = D1*3 Q = D'*? and {n(T}s)}i=12 is a basis of M.

6.2.2 Rank reduction compatible with isomorphism

Let us consider a finitely generated left D-module M with rankp (M) > 2. Using Theorem 7,
there exist r € Z>¢ and a finitely generated left D-module M’ with rankp(M’) < 1 such that:

M= D™ & M.
Let us also suppose that we have another direct sum decomposition M = D'*5 @ M", where
rankp(M") < 1. Let us now study the relations between M’ and M"”. The left D-isomorphism
DY" @ M’ =2 D5 @ M" and the fact that D is a noetherian domain imply:
rankp (M) = r + rankp (M') = s + rankp (M").

Then, applying Stafford’s cancellation theorem (see Theorem 11), one of the following implica-
tions holds:

1. If M’ and M" are two torsion left D-modules, then r = s > 2 and:
DlX(T*Z) e (D1><2 @M/) o DlX(T*Z) e (D1><2 @M//) = D1><2 @M/ o D1><2 D M”.
2. If rankp(M') = rankp(M”) =1, then r = s > 1 and:
Dlx(r—l)@(D@M/)ngx(r—l)@(D@M//) = D@M’E’D@Mﬁ.

3. If rankp(M') =1 and M" is a torsion left D-module, then s =7+ 1 > 2 and:

D1><(’I‘—1) @ (.D @ M/) o~ D1><(S—2) @ (Dl><2 EBMH) = D EBM/ o~ D1><2 @M”.
4. If M’ is a torsion left D-module and rankp(M”) =1, then r = s+ 1 > 2 and:

D1><(r72) e (D1><2 ® M') o~ D1><(571) ® (D EBMH) = DLx2 eM ~2Da M.

6.2.3 Auslander transposes

Auslander transposes play a fundamental role in the study of the module structure of Auslander
regular rings. For more details, see [11, 16, 34] and the references therein. Let us introduce this
concept and its main properties.
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Theorem 12 ([16]). Let us consider the following finite presentations of a left D-module M :
D1xa _R) D1xp T M — 07
pxd Bopoat T g,
Let us consider the following two finitely presented right D-modules:
N :=D?/(RD?), N':=DY/(R D").
Then, we have ) )
DItP o N = DITP g N/, (59)

as right D-modules. Hence, N and N’ are projectively equivalent, which shows that M defines
a unique projective equivalence class. Any representative of this projective equivalence class is
called an Auslander transpose of M. In particular, we have:

rankp(N) + ¢ + p = rankp(N') + g+ p'.

We refer to [16] for the explicit construction of a right D-isomorphism as in (59).

The Auslander transpose of a finitely presented left D-module is a finitely presented right D-
module. If D = A(d4,...,y,), then using the involution # of D defined by (9), the right D-module
structure on an Auslander transpose can be turned into a left D-module structure. More precisely,
if we introduce the so-called adjoint matriz R := (0(R;;))T € DP*9 of R € D?*P, then the left
D-module N := D'*2/(D'? R) is called the adjoint of the left D-module M = D'*? /(D'*4 R),
Then, (59) yields:

DY+ g N o plxatr’) g N7, (60)
Turning right D-modules into left D-modules by means of an involution of the ring is usually
useful in practice since many computer algebra systems (e.g., Maple) can only handle left Grobner
basis techniques. In mathematical physics, adjoint modules play an important role as shown in
[31] (see also the references therein and [16]).

Corollary 4. Let D be a very simple domain. With the notations of Theorem 12, if r = q' + p,
' =q+p, and s € Z>q is such that

rankp(N) +r — s =rankp(N') + 1" — s > 2,

(59) yields:
DT‘*S @ N g D’r‘lfs @ N/.

Moreover, if D admits an involution, then:
Dlx(rfs) ® f\} o~ Dlx(rlfs) ® ]’\\f/

Example 18. Let us consider the first Weyl algebra D = A4;(Q), R' = (12 t9+2)7T,

R 2t
S\ to+2 0 )’
W = (1 0), M = D*2/(D'*2R), and M' = D/(D'®R'). If = : D2 — M (resp.,
7’ D — M') is the canonical projection onto M (resp., M’), then Example 11 shows that
X M = D/(DIXQ R/) s M= D1><2/(D1><2 R)
7'(d) — 7w(dW),
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is a left D-isomorphism, i.e., M’ = M. Let N’ = D?/(R' D) (resp., N = D?/(R D?)) be the
Auslander transpose of M’ (resp., M). Then, Theorem 12 yields D* ® N = D3 @& N'. Using the
involution @ of D = A;(Q) defined by (9), (60) yields

D1><4 oy N ~ D1><3 D ]/\7//7

where N = D'*2/(D'*2 R) (resp., N' = D2 /(D E)) is the adjoint of M (resp., M'), where:

~ 2 —td+1 —~
R(t ;r ), R =(* —to+1).

More precisely, using the OREMORPHISMS package ([14]), we obtain

D1><4 @]'\7 &~ D1><7/(D1><3 P), Dix3 @]’\‘f/ >~ ) D1><7/(D1><3 P/),

where
0 0001 0 0 0 00 t2 —td+1 0 0
P=]|00000O0 t —to+1 ]|, P=]00 0 0 0 1 0 1,
0 000 0 ¢ —0 0 00 O 0 0 1

and the following left D-isomorphism

f - = D1><7/(D1><3 P) - I/ = D1><7/(D1><3 P/)
7(¢) — T(CX),

where
0 -1 0 1 0 0 0
0 0 -1 0 1 0 0
1 -2 to-1 0 0 1 0
X=]0 -t 0 0 0 0 1 ,
0 0 12 —td+1 -1 0
0 0 0 to+2  —0? 0 -0
0 0 t2 —to+1 0 —t

and 7 : D7 — L (resp., 7/ : D'*7 — L') is the canonical projection onto L (resp., L'). For
more details, see [16].

We can check that rankp(N) = 0 and rankp(N’) = 1. Corollary 4 then implies:
D"’ N=D@ N

Using Algorithm 6, let us explicitly describe the above isomorphism. Let Ly = DX¢/(D1*3 py),
and L) = D'*6/(D'*3 P}), where

0001 0 0 0 0 2 —td+1 0 0
P,=|000 0t —tdo+1 |, P,=|0 0 0 0 10|,
0000 t -9 00 0 0 0 1
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X1=0,Xp=(-1 01 0 0 0,X1=(0 1 0 0 0 07, and:

0 -1 0 1 0 0 10 0
—2 td—1 0 0 1 0 01 0
Y, - —t B) 0 0 0 1 o - 00 -0
0 0 2 —td+1 -1 o |7 0 0 —t
0 0 to+2 & 0 -9 00 0
0 0 2 —td+1 0 -t 00 0

eg., v1 = (=1 0 0), which yields 7; = Qjv1 = (-1 0 0 0 0 0)T. Thus, X125, =1
and 7y € kerp(Pj.). Now, (54) with X;; = 0 and A = 0 implies that X’ = X, and thus (56)
then gives

We can check that kerp(P5.) = Q) D3. Since X171 = 0, X12 Q) necessarily admits a right inverse,
= (-1

0 -1 0 1 0 0
-1 to—-1 —t>+1 0 1 0
Y = Xoo + (Xo1 — Xoo 1) X12 = 0 0 ! 0 0 !
0 0 t2 —-td+1 -1 0 ’
0 0 to+2 -0 0 -0
0 0 t2 —td+1 0 —t

which yields the following left D-isomorphism
f2 c Ly = D1><6/(D1><3 Pg) _ L/2 — D1><6/(D1><3 P2/)
7(§) — 7(EY),

where Ly = D13 & N and L)~ D>*2g N Finally, let us apply Algorithm 6 to fo. Let

001 0 0 0 t2 —td+1 0 0
Ps=| 000 # —to+1 |, Po=|o0 0 0 10 |,
000 t -0 0 0 0 0 1

L3:D1X5/(D1X3P3)7L{g:DlXS/(DIXSPé),Y11 :0, Ylgi(fl 01 0 O), and:

-1 to—1 —t2+1 0 1 1 0
0 0 —t 0 0 1 0 -0
Yo = 0 , Yoo = 0 t? —td+1 -1 0 , Q=10 —t
0 0 td+2 —0? 0 -0 0 0
0 0 12 —to+1 0 —t 0 0

We can check that kerp(P4.) = Q4 D?. Since Y11 = 0, Y12 Q) necessarily admits a right inverse,
e.g., va = (=1 0)T, which yields i, = Q42 = (=1 0 0 0 0)T. Thus, we have Y1271, = 1

and Ty € kerp(P4.). Using (55) with A = 0 and & = iy, we get

1 —t?+1 to—-2 1 0
0 —t 0 0 1
Z =Yoo+ (Yo —Yoo) X12=| O t2 —-td+1 -1 0 ;
0 to+2 —0? 0 -0
0

RR n° 8225 2 —t0+1 0 —t



50 A. Quadrat and D. Robertz

which yields the following left D-isomorphism

f3 . L3 — D1><5/(D1><3 Pg) _ Lg — D1><5/(D1><3 Pé)

m3(v) — T Z),

and finally proves that D2 & N & Ly~ L, =~ D& N'.

7 Conclusion

The constructive study of Stafford’s theorems ([42]) on the module structure of the Weyl algebras
Ay (k) over a field k of characteristic zero was initiated in [21, 25] and continued in [20, 36]. In the
present paper, we have studied the rest of Stafford’s theorems from a constructive viewpoint. The
corresponding algorithms have been implemented in the STAFFORD package ([36]) and the main
results of the paper were illustrated with explicit and classical linear systems of PD equations.
Finally, we have also explained that Stafford’s theorems could be extended to the case of rings
of PD operators with coefficients in different differential rings or fields, or more generally, to any
very simple domain.

We hope that the results of this paper and those of [20, 36] will motivate the symbolic com-
putation community to pay more attention to constructive versions of Stafford’s main theorem
(see (6)). To be able to efficiently compute two “simple generators” of ideals of A, (k) is the main
issue for studying the module structure of A, (k) (e.g., by means of the algorithms in the present
paper) and using it in the study of linear PD systems within algebraic analysis or D-module
theory.

The feasibility of an implementation of the extensions of Stafford’s theorems (see Theorems 4
and 5) in a computer algebra system also needs to be studied in the future. For analytic lin-
ear OD systems, an extension of the STAFFORD package called STAFFORDANALYTIC is under
development.

Stafford’s theorems ([42]) have been generalized in another important direction in [18] where it
was shown that the module structure of the ring D(X) of PD operators on a smooth irreducible
affine variety X over a field k£ of characteristic zero is similar to the one of the Weyl algebra
Ay (k) = D(A™(k)), where A™(k) denotes affine space of dimension n over k. The only differences
are that one-sided ideals can now be generated by three elements instead of two and the condition
rank 4, )(M) > 2 in the theorems of [42] and of this paper has to be replaced by rankpx (M) >
3. These results can also be extended to certain singular affine algebraic varieties (see [18]). It
was also shown in [8] that statements similar to the ones for D(X) hold for A, (K), where K is
a division ring of characteristic zero (e.g., the quaternions H or the division ring of fractions of
A, (k) (see Section 2)). Based on the constructive versions of Stafford’s theorems developed in
this paper, we are currently studying these extensions.

Finally, the properties of (the category of) finitely generated modules over a very simple
domain should be studied in detail (as shown in [18], it has good functorial properties such as
respecting localizations with respect to Ore sets).

8 Appendix: New commands of the STAFFORD package

We demonstrate the new commands of the STAFFORD package dedicated to Stafford’s theorems
([42]) and their applications to mathematical systems theory.
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The STAFFORD package uses the OREMODULES package ([12]). To handle linear algebra op-
erations (resp., homomorphisms), we use the Maple package 1inalg (resp., the OREMORPHISMS
package ([14])).

> with(OreModules) :

> with(OreMorphisms) :
> with(Stafford):

> with(linalg):

Since the symbol D is protected in Maple, in what follows, we shall use A instead of D as a
name for (the data representing) an Ore algebra.

8.1 Strong generation, unimodular elements, and Serre’s splitting-off
theorem

Example 19. Let us consider the second Weyl algebra A = A2(Q):
> A := DefineOreAlgebra(diff=[d1,x1],diff=[d2,x2],polynom=[x1,x2]):

More precisely, the procedures of the OREMODULES, STAFFORD, and OREMORPHISMS packages
perform multiplication of polynomials in z1, 2, d1, d2 subject to the following commutation
rules:
Vi, j=1,2, digj=ajdi+ 6y, didj=djdi, zizj=zjai

Since Maple’s data structure for polynomials is used here and this data structure does not retain
the order of symbols in a product in general, the following results are to be understood with
the convention that a monomial in zi and dj represents the element of the Weyl algebra that is
defined by writing all zi to the left of all the dj. For instance, even when a procedure returns
the polynomial dI z1, the element x1 dI € A is referred to here (and not z1 d1 + 1).

We demonstrate the procedure TwoStrongGenerators. Given a, b, ¢ € A and d, e € A\ {0},
this procedure computes two elements u, v € A such that

Aa+Ab+Ac=A(a+duc)+Ab+evc)

(see (7) in Lemma 4, where d; = d and d2 = e). We apply TwoStrongGenerators to the following
elements a, b, ¢, and d := 22, e := z1.

> a :=dl; b :=d2; c := x1;

= dl
b:=d2
c:=uzl

Using the above notations, the result of the procedure TwoStrongGenerators is a list of the form
[a+duc,b+eve,|u,v]].

> G := TwoStrongGenerators(a,b,c,x2,x1,A);
G :=[d1,d2 + z1%[0,1]]
Let us check the result. Let us consider the following two matrices:

> R := evalm([[a], [b], [c]]);
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d1
R:=| d2
rl
> S := evalm([[G[1]1],[G[2]11]);
d1
S =
d2+m12]

The next command computes (if it exists) a matrix Fy € A?*3 satisfying S = F} R.

1 0 0
0 1 «1

Similarly, we can check whether or not there exists a matrix F» € A3%2 such that R=F, S.

> F1 := Factorize(S,R,A);

> F2 := Factorize(R,S,A);

1 0
1/2d2z1 +1/2x1% 1—1/2d1 x1
—1/2z1% —1/2d2 1/2d1

Hence, a, b, ¢ can be expressed as left A-linear combinations of d1 and d2 + z1?, and vice versa.
In other words, we have Aa + Ab+ Ac= Adl + A(d2 + z17?).

We continue with another example.

> a :=d172; b :=d272; c := dix*d2;

a = di1?
b= d2?
c:=dl d2

Now, for d = d; and e = ds, using the procedure TwoStrongGenerators, we compute u, v € A
such that Aa+ Ab+ Ac=A(a+duc)+ A(b+evc).

> G := TwoStrongGenerators(a,b,c,d1,d2,A);
G = [d1?, d2* + d2°® (21 + 22 21 + 22 21°) dI + (21 + 21°) d1 d2,
0,213 + (21® + 217) 22]]
Let us check the result. Let us consider the following two matrices:

> R := evalm([[a], [b]l, [c]]);

> S := evalm([[G[1]],[G[2]1]11);
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S =

d1?
A2 + d2? (z1® + 22 1% + 22 21°) d1 + (213 + 21°) d1 d2

The procedure Factorize, applied to S and R, computes (if it exists) a matrix £ € A%X3
satisfying S = E R.

> E := Factorize(S,R,A);

1 0 0
lo 1 21?4+ d2a1® + 22 d2 o1® + x1° + 22 d2 x1° ]
We exchange the roles of S and R to find a matrix F' € A3*? such that R = F S.
> F := Factorize(R,S,A):

In fact, we only show one entry of F' here to demonstrate that the result of Factorize is not
equal to FAIL (which would indicate that no matrix F' with the above property exists).

> F[1,1];

Hence, we have:

Ad1® + Ad2? + Adl d2
= Ad1? + A(d2® + d2%(x1® + 22 213 + 22 21°) d1 + (x1° + x1°) d1 d2).

The next example deals with the third Weyl algebra A = A3(Q):

> A := DefineOreAlgebra(diff=[d1,x1], diff=[d2,x2], diff=[d3,x3],
> polynom=[x1,x2,x3]):

We use the procedure TwoStrongGenerators to compute two elements u, v € A such that
Aa+Ab+Ac=A(a+duc)+ Ab+evc),

where

=dl1
b:=d2
c:=d3

and d =e =d;.

> G := TwoStrongGenerators(a,b,c,dl,d1,4A);
G .= [dl, d2 + di (3;'13 + 23 x13 +$3$15) d3 + (33:12 +3x1%z3 +5m3x14) ds3,
0,21 + (21% 4 21°) 23]

Let us check the result. Let us consider the following two matrices:

> R := evalm([[a], [b], [c]]);
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a1

ds

> 8§ := evalm([[G[1]],[G[2]11]);

d1
d2 + di (z1% 4+ 23 21° + ©3 x1°) d3 + (321 + 321%x3 + 523 21*) d3 ]
We can check whether or not there exists a matrix F € A?*3 satisfying S = E R:

> E := Factorize(S,R,A);

10 0
[ 0 1 z1°z8dl+a1%23dl +5x8 21" + dl x1® + 321%23 + 31> ]
Similarly, we can compute a matrix F € A3*? such that R = F S:
> F := Factorize(R,S,A):

We print only one entry of the result to demonstrate that Factorize computed a matrix F' as
above.

> F[1,1];

We conclude that:

Adl +Ad2+ Ad3
= Adl +A(d2 + (z13 + 23 21° + 23 21°) d1 d3 + (3x1% + 3x1% 23 + 523 21%) d3).

Example 20. Let us consider the third Weyl algebra A = A3(Q)

> A := DefineOreAlgebra(diff=[d[1],x[1]],diff=[d[2],x[2]],diff=[d[3],x[3]1],
> polynom=[x[1],x[2],x[3]]1)

and the left A-module M = A*3/(A1*3 R) finitely presented by the following matrix R:

> R := evalm([[x[2]*d[1]/2,x[2]*d[2]+1,x[2]1*d[3]+d[1]1/2],
> [-x[2]*d[2]/2-3/2,0,d[2]1/2],
> [-d[1]-x[2]*d[3]/2,-d[2],-d4[3]1/2]11);

1/21‘2d1 Todo + 1 .’132d3+1/2d1
Ri= | —1/220ds—3/2 0 1/2dy
7d171/21’2d3 7d2 71/2d3

The left A-module M corresponds to a system defining the infinitesimal transformations of the
Lie pseudogroup formed by the contact transformations. See Example 2.

Let us compute the rank of M:

> QOreRank(R,A);
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Thus, we get rank4 (M) = 1. Let us now study hom4 (M, A). We first compute ker4(R.).

> Q := Involution(SyzygyModule(Involution(R,A),A),A);

—dy
Q:=| x2d3+ds
-2 - i) d2

We obtain ker4(R.) = Q A3. In particular, let us check that RQ = 0:
> Mult(R,Q,A);
0
0
0

Hence, we get hom (M, A) 2 kers(R.) = Q A. A form of M is then defined by means of a right
multiple Q & of @, where £ € A.

A unimodular element m* = 7(\*) of M, where \* € A3 and 7 : A1*3 — M is the canonical
projection onto M, satisfies A\* (Q £*) = 1 for a certain £* € A. Since @) admits a left inverse

> T := LeftInverse(Q,A);
T:=[1/2z2 0 -1/2]

ie, TQ =1, if \* =T, then m* = m(\*) is a unimodular element of M and ¢ € homa(M, A)
defined by p(m()\)) = AQ for all A € A>3 satisfies o(m*) =T Q = 1.

Serre’s splitting-off theorem (see Theorem 7) cannot be used since rank 4 (M) < 2.
> UnimodularElement (R,A);
Error, (in Stafford/UnimodularElementInSubmodule) expecting that the rank of the
left module presented by the first matrix is at least 2.

But, using the option "checkrank"=false, we can try to detect a unimodular of M by means
of a method different from the one used in Theorem 7 (which assumes that rank 4 (M) > 2). See
the end of Section 3.1.

> U := UnimodularElement(R,A,"checkrank"=false);

_d2
U .= [[ 1/2:62 0 —1/2 ], $2d3+d1 ]
—2—$2d2

We find again that m* = w(U[1]) = n(T) is a unimodular element of M and ¢ € hom4 (M, A),
defined by p(m(\)) = AU[2] for all A € AY*3 ] satisfies p(m*) = 1:

> Mult(U[1],U[2],A);
[1]
Finally, we can check that ¢ € homy (M, A) since RU[2] = 0:

> Mult(R,U[2],4);
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Now, let us consider a new left A-module M = A'*3/(A R) finitely presented by the following
matrix R:

> R := evalm([[d1+x2,d2,d3+x1]]);
R:=[dl+a2 d2 d3+ul ]

The rank of M is clearly 2. Let us compute a unimodular element based on Serre’s splitting-off
theorem (see Theorem 7).

> U := UnimodularElement (R,A);
—(d3 +z1 +d2)(d3 + «1)
U:=[0 1 0], 1 ]
24d3dl+d322+zx1dl +x1 22+ dld2+z2d2

We obtain that m* = 7(U[1]) is a unimodular element of M, where 7 : A3 — M is the
canonical projection onto M, and ¢ € hom 4 (M, A), defined by ¢(m()\)) = AU|2] for all A € A¥3,
satisfies ¢(m*) = 1:

> Mult(U[1],U[2],4);
[ 1]
Let us check that ¢ € homp(M, D), i.e., RU[2] = 0:
> Mult(R,U[2],4);
0]
Since M admits a unimodular element, M can be decomposed as M = A® M’. A presentation of

the left A-module M’ can be obtained using the command FreeDirectSummand with the option
"presentation".

> F := FreeDirectSummand(R,A,"presentation"):

> mnops(F);
4

The output of the command FreeDirectSummand with the option "presentation" is a list with
four entries. The first one F[1] is a representative of a unimodular element of M

> F[1];
[0 1 0]

i.e., m* = w(F[1]) is a unimodular element of M. The second entry of F

> F[2];
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—(d3 + 1 +d2)(d3 + «1)
1
24d3dl+d3z2+zx1dl +x122+dld2+z2d2

defines ¢ € homy (M, A) by ¢(m()\)) = AF[2] for all A € A3, which satisfies p(m*) = 1. The
third entry of F', namely,

> FI[3];
1 0 0
-1 di+2z22 —d3—=x1

is a presentation matrix of M, i.e., M’ = A>3 /(A2 F[3]) is such that M’ = ker ¢. Finally,
the last entry of F', namely,

> F[4];
dl + z2 d2 d3 + x1
1 d3? +2d3 x1 + x1? + d2 d3 + d2 1 0
0 2+ d3dl 4+ d3a2 +al dl +x1x2+dl d2+a2d2 -1

defines an injective left A-homomorphism i : M’ — M given by i(k(v)) = w(y F[4]) for all v €
A3 where k : AY3 — M’ is the canonical projection onto M’. Using the OREMORPHISMS
package ([14]), we can check again that 7 is injective:

> TestInj(F[3],R,F[4],A);

true
Let us compute rank 4 (M'):

> OreRank(F[3],A);
1

Since rank 4 (M') = 1, we cannot use Serre’s splitting-off theorem again to decompose the left
A-module L.

Using the option "isomorphism" of the command FreeDirectSummand,
> G := FreeDirectSummand(R,A,"isomorphism"):

we can get another representation of the above splitting. The output G contains

> nops(G);
4
four entries. The first one
> G[1];
[0 1 0]

defines the unimodular element m* = 7(G[1]) of M:

> G[2];
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—(d8 + a1 +d2)(d3 +z1)
1
24+d3dl+d3z2+x1dl +21 22+ dld2+z2d2

The second one defines ¢ € hom 4 (M, A) such that ¢(m*) = 1. The third one

> GI[3];
0 1 0 0
0 —1 di+22 —d3—auxl

is a presentation matrix of the left A-module M = A'*4/(A'*2 G[3]) which is such that M =

A® M = M. Indeed, we note that G[3] = (0 F[3]). The last entry of G

> G[4];
0 1
A1 + x2 d2
1 d3% +2d3 x1 + x1? + d2 d3 + d2 z1

0 24+d3dl +d3z2 +x1dl +2x122+dld2+ z2d2

0

d3 + x1

0

-1

defines a left A-isomorphism g : M — M, i.e., g(7(0)) = 7(0 G[4]) for all § € A** which is
a left A-isomorphism. This last result can be checked again using the OREMORPHISMS package

([14]):

> TestIso(G[3],R,G[4],A);
true

We can simplify the presentation G[3] of M. Indeed, we have M = M = A'*3 /(A S[2]), where

S[2] is the second entry of S defined by:

> with(PurityFiltration):
> S := ReducedPresentation(G[3],A);

0 1 0 0
S:i=] ,[O d1 + z2 —dé’f:zzl],
0 -1 di+4=z22 —d3—uxl

o O O =

S = O O

- o o o

)

10 00
0 010
0 0 01

The left A-isomorphism h : M — M is defined by h(o(v)) = 7(v S[4]) for all v € A3, where
o : A3 — M is the canonical projection onto M, and h=1(7(6)) = (0 S[3]) for all € AT >4,

> TestIso(S[2],S[1],S[4],4);

true
Hence, if we define P = S[4] G[4], namely,
> P := Mult(S[4],G[4],4)
0 1
P=1 d3* +2d3 x1 + 21 + d2 d3 + d2 o1

0 2+d3dl +d3x2+x1dl +2x1z2+dld2+z2d2

Inria

]



A constructive study of the module structure of rings of partial differential operators 59

then i = goh : M — M defined by i(c(v)) = w(v P) for all v € A>3 is a left A-isomorphism.

> TestIso(S[2],R,P,A);
true

Let us now compute i~ ! : M — M.
> Q := InverseMorphism(S[2],R,P,A);
—d3* — 221 d3 — x1? — d2 d3 — 21 d2 1 0
Q=1 1 0 0 |, [1]
2+dl1d3+22d3+x1dl +2l122+dld2+22d2 0 -1

We obtain that i~(7()\)) = o(AQ[1]) for all A € A*@3. Finally, let us check again that i~*
defines a left A-isomorphism between M and M.

> TestIso(R,S[2]1,Q[1],4);
true

Example 21. Let us consider the second Weyl algebra A = A5(Q)
> A := DefineOreAlgebra(diff=[dx,x],diff=[dy,y],polynom=[x,y]):
and the left A-module M = A'*®/(A1*3 R) finitely presented by the matrix R defined by:
> R := evalm([[dx,dy,0,0,0,0],[0,1,-1,0,dx,dy]l,[0,0,dx,dy,0,011);
de. dy 0 0 0 O
R := 0 -1 1 0 dzx dy
0 0O dzr dy 0 O

The left A-module M corresponds to Cosserat’s equations appearing in linear elasticity. See
Example 6. The rank of M is:

> QOreRank(R,A);
3

Thus, Theorem 7 shows that M admits a unimodular element. Let us compute one:

> U := UnimodularElement(R,A);

dy
—dx

U:=[[0 000 -1 0], ]

If #: A6 — M is the canonical projection onto M, then m} = w(U[1]) is a unimodular
element of M. Moreover, ¢; € homa (M, A) defined by ¢1(m()\)) = AU[2] for all A\ € AL*6
satisfies 1 (m3) = U[1]U[2] = 1:
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> Mult(U[1],U[2],A);
[1]
Let us check that o1 € homa (M, A), i.e., U[2] € kera(R.):
> Mult(R,U[2],A);
0
0
0

Therefore, we have M = Am] @ ker ¢;. The left A-submodule ker ¢ of M can be computed
using the command FreeDirectSummand with the option "kernel".

> E := FreeDirectSummand(R,A,"kernel");
[ dy ] ]
1 0 0 0 dy 0
—dz
0 00 -1 0 0 -—dy
E::[[OOOO—IO], 0 ,/0 0 1 0 O 0 ]
) 00 O 1 0 0
00 O 0 O 1
L 0 - ) )

The first entry E[1] of E corresponds to U[1] and the second entry E[2] is U[2]. The residue
classes of the rows of the third entry E[3] of E generate ker ¢1, i.e., kerp; = Zle Am(F[3]ia),
where F[3];q is the ith row of F[3].

The command FreeDirectSummand with the option "presentation" computes a presentation

of ker ¢.
> F := FreeDirectSummand(R,A,"presentation");

[ dy | 1 0 0 0 dy 0]

—dz 0 1 0 0 0 0 de dy 0 0 0 O
F::[[O 00 0 1 0}’ 0 ’ 0 0 1 1 0 dy ’ 0 -1 0 0 dz O |

0 0 0 0 de dy O 0 0 1 0 0 O

-1 de. =1 —dy 0 0 O 0 0 01 0 O
. 0 | . 00 0 0 0 1]

The first entry F[1] of F' corresponds to U[1] and the second entry F[2] of F' is U[2]. The third
entry F[3] of F is a presentation of ker ¢y, i.e., kerp; = Oy = AY6/(A>4 F[3]). Finally, the
left A-homomorphism i; : O — M is defined by i1(k1(7)) = 7(y F[4]) for all v € A*6, where
k1 : A6 — Oy is the canonical projection onto O;. Let us check again that i; is injective:

> TestInj(F[3],R,F[4],h);

true

Using the option "isomorphism" of the command FreeDirectSummand
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> F2 := FreeDirectSummand(R,A,"isomorphism") ;
_ _ 0 0O 0 0 -1
dy
1 0 0 0 dy
—dx 0 0 1 0 0O 0 O
de. dy 0 0 O
0 0O 0 O 1 1 0 dy
F2::[[0000—1 O], , ,] 0 =1 0 0 dx
0 0O 0 O 0 dr dy 0
0 0O 1 0 O
-1 0 de -1 —dy 0 0 O
0 0O 0 1 0
0
B N 0 0O 0 0 O

we first obtain a representative F'2[1] of the unimodular element m} = w(F2[1]) of M and a
form ¢; € homa (M, A), defined ¢;(7()\)) = AF2[2] for all A € A5 such that ¢;(m7) = 1.
Moreover, the left A-module M; = A'*7/(A'** F2[3]) finitely presented by the third entry
F2[3] of F2 is such that M; = A @ kerp; = M. The left A-homomorphism g; : My — M
defined by g1 (71(0)) = 7(0 F2[4]) for all § € A7, where F2[4] is the fourth entry of F'2 and
71 A7 — M, is the canonical projection onto M1, is an A-isomorphism. Let us check again
that g1 is an A-isomorphism:

> TestIso(F2[3],R,F2[4],4);
true

Let us compute the rank of the left A-module ker 1 :

> OreRank(F[3],A);
2

Since rank 4 (ker ¢1) = 2, we can apply Theorem 7 to the left A-module ker ¢;.

> G := FreeDirectSummand(F[3],A,"presentation");

0 -~ _ 1 00 0 O
0 1 0 0 O 0

0 01 0 0 O
0 0 1 1 0 0

0 001 0 O

G:=[[0 0000 —-1], .1 0 0 0o 0 1 0 ,

dy 0 0 0 1 0
de. =1 —dy 0 O 0

—dx 0 0 0 dx dy
0 O 0 de —1 —dy

-1 B N 000 0 -1

We have ker o1 = Amj@ker g, where m} = 71 (G[1]) is a unimodular element of ker ¢ and ¢, €
hom 4 (ker @1, A), defined by 2(71(¢)) = ¢ G[2] for all ¢ € A1*6 sastisfies po(m3) = G[1] G[2] =
1. Moreover, we have ker gy = Oy = A*6 /(A5 G[3]) and the embeeding ip : Oy — ker 1
is defined by ia(ke(v)) = v G[4] for all v € A7, where kg : A% — O, is the canonical
projection onto Os. Let us check again that is is injective:

> TestInj(G[3],F[3]1,G[4],A);

true
Now, the rank of O, is equal to:

> OreRank(G[3],A);
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1

Hence, Theorem 7 cannot be applied again to the left A-module ker 5.

The left A-homomorphism ¢ = iz 04y : Oy — M is then defined by t(k2(v)) = v J for all
v € A7 where J = G[4] F[4] is defined by:

> J := Mult(G[4],F[4],h);

1 0 0 0 dy O
de,. dy 0 0 0 O
0 -1 0 0 dxr O
J =
0o 0 1 0 0 dy
0 0 der dy O O
L 0 0 0 -1 0 dz |

Let us check again that ¢ is injective:

> TestInj(R3,R,J,A);
true

Elementary operations can be used to simplify the presentation G[3] of Os.

> with(PurityFiltration):
> K := ReducedPresentation(G[3],A);

_ _ 0 1 0
o 1 0o 0 0 0
0 0 O
o o 1 1 0 0 000 10O
de 0 —dy -1 0 0
=[l o o o0 o0 1 0 |, , , /1 0 0 0 0 O
dy dr 0O 1 00
de. =1 —dy 0 0 O 0 00 0 01
0 0 0
0 0 0 dzr -1 —dy
B N 0 0 1

We obtain that S = K|[2] defined by

dz 0 —d
S = [ Y ]

dy dzr 0
is a presentation matrix of a left A-module O} = A*3/(A'*28) which is isomorphic to Ox.
Moreover, if k) : A¥*3 — O}, is the canonical projection onto O}, then the left A-homomorphism
jo : Oh — Oa, defined by jo(k5(€)) = k(€ K[4]) for all £ € A3, is an A-isomorphism. Thus,
we get M =2 A1*2 @ O). The left A-homomorphism x : Of — M defined by x(k5(£)) = 7(£ P)
for all £ € A3, where P = K[4] J is defined by

> S := K[2];

> P := Mult(K[4],J,A);
00 1 O 0 dy

P=|100 0 dy 0
000 -1 0 do
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is injective:

> TestInj(S,R,P,A);
true

We note that the left A-module O} corresponds to the linear PD system defining the equilibrium
of the symmetric stress tensor. Hence, if F is a left A-module, then

ker}-(R.) ~ F2 (&) ker]:(S.),

which shows that the solution space of Cosserat’s equations is isomorphic to the direct sum of
F? and the solutions of the classical linear PD system defining the equilibrium of the symmetric
stress tensor. Since x and y do not appear in the coefficients of the unimodular elements and
in their corresponding forms, the above results are also valid over the commutative polynomial
ring B = Q[0;, 9] and for any B-module F. For more details, see Example 6.

Using the command MaximalFreeDirectSummand, the decomposition M = A'*2 @ Oy can be
obtained in one step.

> N := MaximalFreeDirectSummand(R,A,"presentation"):

The first entry N[1] of N returns two unimodular elements mj and mj of M and the corres-
ponding two forms.

> N[1];
] S
—dx 0
(o oo o0 -1 0], 0 ,[[o 0000 —1], W 1]
0 —dz
-1 0
U L -1 ]
The second entry N[2], namely,
> N[2];
[0 1 0 0 0 0
0 O 1 10 0
0 O 0 0 1 0
de. =1 —dy 0 O 0
L 0 0 0 drv -1 —dy |

is a presentation of the left A-module Oy = A1X6/(AY*5 N[2]) = ker p,. Moreover, the left
A-homomorphism iy : Oy — M defined by is(k2(v)) = 7(v N[3]) for all v € A1*® where the
matrix N[3] is given by

> N[3];
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1 0 0 0 dy O
de dy 0 0 0 O
0 -1 0 0 dzr O
0 0 1 0 0 dy
0 0 dr dy 0 O
. 0 0 0 -1 0 dz |

is injective:
> TestInj(N[2],R,N[3],4);
true

Since the rank of Oy is one

> OreRank(N[2],A);
1

Theorem 7 cannot be applied again to decompose Os.
If we use the option "isomorphism" of the command MaximalFreeDirectSummand,
> N2 := MaximalFreeDirectSummand(R,A,"isomorphism"):

then we first find again two unimodular elements mj and m} of M with their corresponding
forms 1 and 3,

> N2[1];
C oy ] S
—dx 0
0 dy
[[[0 00 0 -1 0], ]7[[0 0 0 0O —1], i
0 —dx
-1 0
. 0 - - _1 -

and the left A-module M finitely presented by the second entry N2[2] of N2, namely,

> N2[2];

0
0
0
0

o o o o o
o o o o o
e}

s}

o
o

0 O 0 dr -1 —dy

is isomorphic to A"? @ Oy = M, ie, M = A8 /(AP N2[2]) = A2 @ Oy = M. The left
A-isomorphism g : M — M is defined by ¢g(7()) = (0 N2[3]) for all § € A'*® where the third
entry N2[3] of N2 is defined by:
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> N2[3];

0 0 0 0 -1 0 ]
0o 0 o o0 0 -1
1 0 0 0 dy O
de. dy 0 O 0 0
0 -1 0 0 dz O
0 0 1 0 0 dy
0 0 dr dy O 0

| 0 0 0 -1 0 dz |

We can check again that ¢ is an A-isomorphism:

> TestIso(N2[2],R,N2[3],4);
true

Let us compute f = g~ ! : M — M. We have f(r(\)) = 7(A X[1]) for all A € A1*¢ where X[1]
is the first entry of X defined by:

> X := InverseMorphism(N2[2],R,N2[3],4);

dy 0 10000 0]
—dz 0 0O 0 01 0 O
1 dy 010
0 dy 0 0 0 1 0 O
X o= o 0o 00 0]
0 —dzx 0 0 0 0 0 -1
0 0 1 0 1
-1 0 0O 0 0 0 0 O
L0 -1 00000 0|
> TestIso(R,N2[2],X[1],4);
true

Example 22. Let us consider the first Weyl algebra A = A;(Q)
> A := DefineOreAlgebra(diff=[d,t],polynom=[t]):
and the left A-module M = A'*3 /(A R) finitely presented by the matrix R defined by
> R :=evalm([[d,0,-t11);
R = [ d 0 -t ]
and the left A-module M’ = A'*6 /(A3 R') finitely presented by the matrix R’ defined by:
> Rp := evalm([[d,-t,0,0,0,-1],[0,d,0,-t,0,0]1,[0,0,d,0,-t,011);
d -t 0 0 0 -1
Rp:=]10 d 0 —t 0 O

0 0 d 0 -t 0
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For more details, see Example 7. Let us also consider the matrix P € A3%6 defined by
> P := evalm([[0,0,1,0,0,0],[1,0,0,0,0,1],[0,0,0,0,1,0]1);
0 01 0 0 O
P=|1 00 0 0 1
000 010
and the matrix P’ € A'*3 defined by
> Pp := evalm([[0,0,1]1);
Pp:= [ 0 01 ]

which are such that R P = P’ R’. Thus, they define the left A-homomorphism ¢ : M — M’
given by «(m()\)) = /(A P) for all A € A3, where 7 : A1*3 — M (vesp., 7' : A6 — M) is
the canonical projection onto M (resp., M'). We can check that ¢ is injective:

> TestInj(R,Rp,P,A);

true
Hence, we get M = (M) = (AY3 P+ A3 R /(A3 R') C M'.
Let us now compute an element m* € M such that +(m*) is a unimodular of M’.
> U := UnimodularElementInSubmodule(R,Rp,P,A):

The output U of the command UnimodularElementInSubmodule contains two entries

> nops(U);
2
the first one U[1], namely,
> U[1];
[0 1 0]

defines an element m* = w(U[1]) of M which is such that ¢(m*) is a unimodular element of M’.
The second entry U[2] of U, namely,

> map(collect,U[2],d,t);

[ —2/9t2 +t—1/3dt> + £ 13 T
~1/3td>+ (1/3—5/9t + 2t2)d+5/9+ Z
0
5 —1/3d+ (=5/9+ £t)d® + (Ft+ 5)d
0
i 1/3dt* —t+1+2/9¢* — 2t |

defines ¢ € homa(M’, A) which is such that ¢(«(m*)) = (@' (U[1]P)) = U[1]PU2] = 1.
Indeed, if \* = U[1] P, i.e.,

> lambda_star := Mult(U[1],P,A);
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(10000 1]
then \* U[2] = U[1] PUJ2] is equal to:
> Mult(lambda_star,U[2],4);
[1]
Finally, let us check that ¢ € hom4(M’, A), i.e., R'U[2] = 0:

> Mult(Rp,U[2],4);

8.2 Stafford’s reduction

Example 23. Let us consider the third Weyl algebra A = A3(Q)

> A := DefineOreAlgebra(diff=[d[3],x[3]],diff=[d[1],x[1]1],diff=[d[2],x[2]],
> polynom=[x[3],x[1],x[2]]):

and the left A-module L = A1*3/(A*3 P) finitely presented by the matrix P of PD operators
defining the curl operator in R3, namely:

> P := evalm([[0,-d[3],d[2]],[d[3],0,-d[1]],[-d[2],d[1],0]11);

0 —ds do
P:=| ds 0 —di
—dy dy 0
Let us compute the rank of L:
> OreRank(P,A);
1

Thus, rank 4 (L) = 1. We can check that L is not a free left A-module of rank 1 since ext? (N, A) =
A/(dy,ds,d3) # 0, where N = A3 /(P A3) is the Auslander transpose of L:

> Exti(Involution(P,A),A,2);
da
[| di |.[1],SURJ(1)]
ds
For more details, see [11]. Equivalently, we can check that no generalized inverse of P exists:

> GeneralizedInverse(P,A);
[

Lemma 5 then shows that L can be generated by two elements. Using Stafford’s reduction, let
us try to compute a presentation of L with two generators:
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> S := map(collect,StaffordReduction(P,A),d[1],d[2],d[3]):

The output of the command StaffordReduction is a list with two entries.

> nops(8);
2
The first entry S[1] of S
> S[1]1;
0 0
—ds® —dids + (24 ds (23 + 1)) do

d1d3 + (1 + (71’3 — 1) dg) dg d12 + (72 — 2:63) d2d1 + (2 I3 + £ZE32 + 1) d22

is a matrix presenting a left A-module L = A'*2/(A'*3 S[1]) isomorphic to L, i.e., L = L. The
second entry S[2] of S defines this left A-isomorphism

-1 T3 + 1 0

0 0 1
i.e., v : L — L defined by v(c(0)) = 7(6 S[2]) for all € A2, where g : A" — L (resp.,
7: A3 — L) is the canonical projection onto L (resp., L), is a left A-isomorphism:

> S[2];

> TestIso(S[1],P,S[2],4);
true

A minimal set of generators of M is defined by {z1 = v(c((1 0))),22 =v(c((0 1)))}, i.e.,
z1=-y1+ (@3 +1)y2, 22=1ys,

where {y; = 7(fj)}j=1,2,3 is a set of generators of L, where {f;},;=1,23 is the standard basis of
AX3_ Moreover, computing v~ !,

> U := InverseMorphism(S[1],P,S[2],4);

d3$3 + d3 -1 =2 dgl‘g - d2$32 - dg + dlﬁCg + d1 0 1 0
U .= [ dg —d2$3 - d2 + d1 s 0 —I3 — 1 0 ]
0 1 0 0 1

we obtain 77! : L — L is defined by v~ 1(7()\)) = a(AU[1]) for all A € A>3, Thus, in terms of
generators, we get y = U[1] 2z, where y = (y1  y2 y3)T and 2 = (21 20)7.

Let us try to reduce the number of relations of the above presentation of L.

> T := map(collect,StaffordReduction(P,A,"reduce_relations"=true),d1,d2,d3):

We obtain that L = A'*2/(A*2T1(1]), where T[1] is defined by

> T[1];
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—dyds + (—1 + d3 (56'3 + 1)) do —d12 + (2 + 21}3) dodi + (—1 —2x3 — 1‘32) d22
is isomorphic to L, i.e., v : L — L is defined by v(c(0)) = 7(0T[2]) for all § € A*2 where

T[2] is defined by
-1 xr3 + 1 0
0 0 1

i.e., T[2] = S[2]. To conclude, the linear PD system Py = 0 defined by the curl operator in R?
is either equivalent to the linear PD system T[1]u = 0 in two unknowns u and defined by two
equations.

> T[2];

Example 24. Let us consider the second Weyl algebra A = A5(Q)
> A := DefineOreAlgebra(diff=[dx,x],diff=[dy,y],polynom=[x,y],comm=[u,rho,c]):
and the left A-module L = A1*3 /(A3 P) finitely presented by the matrix P defined by:

> P := Matrix(3,3, [[u*rho*dx,c”2*dx,0], [0,c"2*dy,u*rho*dx],
> [rhoxdx,u*dx,rho*dyl]);

updr cdz 0
R:= 0 Ady updz
pdr udx pdy

The left A-module P corresponds to the steady two-dimensional rotational isentropic flow (see,
R. Courant, D. Hilbert, Methods of Mathematical Physics, Volume II, Wiley Classics Library,
Wiley, 1962, pp. 436-437). Let us compute ker 4(.P):

>  SyzygyModule(R,A);

|

Thus, P has full row rank, which shows that ranks(A'*3 P) = 3. Theorem 9 shows that L
admits Stafford’s reduction. Let us compute one. We obtain

> S := map(collect,StaffordReduction(P,A) ,dx,dy):
> mnops(8);
2

that L = L = A1*2/(AY*3 §[1]) where S[1] is defined by

> S[1];
0 up (—u® +¢?) da® + *dy*up
(—u2 + 62) dz? —udz p dy
(P (v + P+ (-4 ) dyde — S (—u’+ %) dy —upds (—u’ + ) + (—upac® — Pup) dy?

and the left A-isomorphism v : L — L is defined v(c(0)) = 7(0 S[2]) for all € A**2 where
S[2] is defined by
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> map(collect,S[2],u,rho,c,distributed);
(x4+VDup 1+ (x+1)c® 0
0 0 1

and o : A2 — L (resp., 7 : A1*3 — L) is the canonical projection onto L (resp., L). We can
check again that v defines a left A-isomorphism:

> TestIso(S[1],R,S[2],4):
true

If {f;}j=1.23 is the standard basis of A'*3 then {y; = 7(f;)} is a family of generators of L
(see Section 2). Then, z = S[2]y is a set of generators {z1, 22} of L, where z = (21 22)T. In
particular, we have:

21 :up(a:+1)y1+(02(x+1)+1)y2, 22 = Y3.

The inverse y~! : L — L of y is defined by v~ 1(7()\)) = o(AU[1]) for all A € A>3 where U[1]
is the first entry of U defined by:

> U := map(collect,InverseMorphism(S[1],P,S[2],A),dx,dy,u,rho,c,
> distributed);

T 2 dz c z dy (14(z+1) ¢2 2 o\ —1
)Pl & e _% 0 (—u® + ) 0
2 v (1 2 o\ —1
[ 1+ (z-Dd vpdyatn) |, | 0 0 —(~u2+ )7 ]
14+ (2z4+1) 2+ (—2z—1) u?
0 1 0 S 0

We can check again that U[1] defines a left A-isomorphism from L to L.

> TestIso(P,S[1],U[1],A);
true

The above results show that y = U[1] z and the linear PD system Py = 0 is equivalent to the
linear PD system S[1] z = 0 defined by two unknowns and three equations.

Theorem 9 shows that one relation can be removed from S[1], i.e., there exists 7" € A%%2 such
that A3 S[1] = A2 T, and thus L is isomorphic to a left A-module L = A'*2 /(A2 T). Let
us compute such a matrix T

> Q := StaffordReduction(P,A,"reduce_relations"=true):

> nops(Q);

We can choose T' = Q[1], where:

> Ql1]1;
(c2 (—u2 + c2) x4+ (—u2 + 02)) dy dz — ¢ (—u2 + 02) dy —updzx (—u2 + 02) —upc® (z+1)dy?
(u2 — c2) dz? udz p dy
Moreover, we have Q[2] = S[2]

> map(collect,Q[2],u,c,rho);
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(x+Dup 1+ (x+1)c? 0
0 0 1
which shows that the left A-isomorphism v: L — L = A2 /(A2 T) is defined by (o (0)) =
7(6 Q[2]) for all § € AL*2,
Example 25. Let us consider the third Weyl algebra A = A5(Q)

> A := DefineOreAlgebra(diff=[d[1],x[1]],diff=[d[2],x[2]],diff=[d[3],x[3]],
> polynom=[x[1],x[2],x[3]11):

and the left A-module L = A1*3 /(A3 P) finitely presented by the matrix P defined by:

> P := evalm([[x[2]*d[1]/2,x[2]*d[2]+1,x[2]*d[3]+d[1]/2],
> [-x[2]*d[2]/2-3/2,0,d[2]/2], [-d[1]-x[2]*d[3]/2,-d[2],-d[3]1/2]11);

1/2x9d; Zodo+1 xods+1/2d;
P:=| —1/2x5dy —3/2 0 1/2dy
—dy —1/2x9d3 —ds —1/2d3
Let us compute its rank:
> QOreRank(P,A);
1

We obtain rank4 (L) = 1. Using 2 of Theorem 10, L is either a free left A-module of rank 1 or
L can be generated by two elements.

Let us compute Stafford’s reduction of L:

> S := StaffordReduction(P,A,"reduce_generators"=true) ;
g [ —1/2d1$2d2—3/2d1—1/2d3$22d2—3/2$2d3 1/2$2d3d2+1/2d2d1 1 0 0
o —1/2x5dy — 3/2 1/2d, oo 1

We obtain that the left A-homomorphism «y : L = A'*2/(A**2 §[2]) — L defined by (o (0)) =
7(0.5[2]) for all § € A2, where 0 : A2 — L (resp., 7 : A'3 — L) is the canonical
projection onto L (resp., L) is a left A-isomorphism. This result can be checked again:

> TestIso(S[1],P,S[2],A);
true

Let us try to reduce the number of relations in the presentation S[2] of L:
> T := StaffordReduction(S[1],A,"checkrank"=false,"reduce_generators"=true);
T=([0],[ 2 1]
We get L = A/(ATI[1]) = A. This last isomorphism can be checked again:

> TestIso(T[1],S[1],T[2],A);
true

Thus, L & L = A is a free left A-module of rank 1. If we define U = T[2] S[2], i.e.,

> U := Mult(T[2],S[2],A);
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U := [ Xro 0 -1 ]
then ¥ : A — L defined by 9(a) = 7(aU) for all a € A is a left A-isomorphism:

> TestIso(T[1],P,U,A);
true

In particular, since 1 is a basis of A, then ¥(1) = 7(U) is a basis of L.

Example 26. The next example show that trivial reduction techniques can also be used to
simplify the presentation of classical linear differential time-delay systems.

We first start with a wind tunnel model studied in A. Manitius, “Feedback controllers for a
wind tunnel model involving a delay: analytical design and numerical simulations”, IEEE Trans.
Autom. Contr., 29 (1984), pp. 1058-1068.

Let us define the commutative polynomial ring A = Q((, k, a,w)[d, d]

> A := DefineOreAlgebra(diff=[d,t],dual_shift=[delta,s],polynom=[t,s],
> comm=[zeta,k,a,omegal ,shift_action=[delta,t,h]):

where dy(t) = y(t) is the differential operator and dy(t) = y(t — h) is the time-delay operator.
Let us also consider the matrix P € A3** defining the wind tunnel model defined by

> P := matrix(3,4, [d+a,k*a*xdelta,0,0,0,d,-1,0,0,omega"2,d+2*zeta*omega,
> -omega“~2]);

d+a kad 0 0
P = 0 d -1 0
0 W d+2¢w —w?

and the A-module L = A™*/(A'3 P). We can use Stafford’s reduction to try to simplify the
presentation of L by removing trivial unimodular elements, namely, unimodular elements which
are A-linear combinations of the generators of L but not A2(Q((, k, a,w))-linear ones.

> S := StaffordReduction(P,A,"reduce_relations"=true);
d+a —hepd _okacd g Lo
SI:[ o ) 0 0 10 }
0 4128441 4 00 01

We get that L = L = A3 /(A2 S[1]), where the A-isomorphism v : L — L is defined by

Y(o(9)) = T(05[2]) for all 6 € A3, where o : A3 — L (resp., 7 : A" — L) is the
canonical projection onto L (resp., L).

> TestIso(S[1],P,S[2],4);
true

We can try again the find a trivial reduction of the presentation of L.

> T := StaffordReduction(S[1],A,"reduce_relations"=true);
1 0 0 ]

T:=[d+a -k ], 0 dt20w

w2
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> TestIso(P,T[1],Q[1],4);
true

Thus, L = L = A'2/(ATI1]), where the A-isomorphism 3 : L — L is defined by 8(x(£)) =
o(€T[2]) for all £ € A2, where k : A'*? — L is the canonical projection onto L.

> TestIso(T[1],S[1],T[2],A);
true

If we define U = T'[2] S[2], namely,

> U := Mult(T[2],S[2],A);
10 0 0
L0 0 de2¢w —w?
then ¥ = yo 3 : L — L defined by 9(x(£)) = 7(¢U) for all £ € A*2 is an A-isomorphism:

> TestIso(T[1],P,U,A);
true

Hence, we get that the linear differential time-delay system Py = 0 defining the wind tunnel
model is equivalent to the single differential time-delay equation:

() +ax(t) — % u(t —h) = 0.

Finally, 97! : L — L is defined by 9=(7(0)) = x(0 Q[2]) for all § € A'**, where Q2] is the
first entry of @ defined by

> Q := InverseMorphism(T[1],P,U,A);

1 0

0 —w? !
=1y g |0

0 7w2+dij;2d§w 0

and we can finally check again that 9! is an A-isomorphism:

> TestIso(P,T[1],Q[1],4);
true

Example 27. Let us consider the commutative polynomial ring A = Q(n1,72)[d, 01, 02] of
differential time-delay operators

> A := DefineOreAlgebra(diff=[d,t],dual_shift=[sigmal[1],t,h[1]],
> dual_shift=[sigmal[2],t,h[2]],polynom=[t,s1,s2],comm=[etall],etal[2]]):

where dy(t) = y(t) and o; y(t) = y(t — h;) for i = 1,2, the matrix P € A**5 defined by
> P := evalm([[1,1,-1,-1,0,0], [d+etal[1],d-etal[1],-etal[2],etal[2],0,0],
> [sigma[1]1°2,1,0,0,-sigma[1],0],[0,0,1,sigma[2]"2,0,-sigma[2]]]);
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1 1 -1 -1 0 0

d+m d—m -m m2 0 0

12 1 0 0 —o1 0
0 0 1 092 0 —09

and the A-module L = A'*¢/(A1*4 P) which defines a vibrating string with an interior mass
considered in H. Mounier, J. Rudolph, M. Fliess, P. Rouchon, “Tracking control of a vibrating
string with an interior mass viewed as delay system”, ESAIM Control, Optimisation and Calculus
of Variations, 3 (1998), pp. 315-321. Let us apply Stafford’s reduction to L.

> 8§ := StaffordReduction(P,A,"reduce_relations"=true);
[0 1.0 0 0 0]
—2m  d+m—mn2 d+m+n 0 0 001000
S:=[| -1+0®  —0o1® ~2 oy 0 |, 00010 0[]
0 1 092 0 —oo 000010
(0000 0 1|

We find that L = A5 /(A S[1]) = L, where v : L — L defined by v(o(0)) = 7(6 S[2]) for
all 0 € AY5 where o : A1 — L (resp., 7 : A1¥6 — L) is the canonical projection onto L
(resp., L), is an A-isomorphism:

> TestIso(S[1],P,S[2],4);
true

Let us try to apply Stafford’s reduction to the presentation of L, i.e., of L.
> T := StaffordReduction(S[1],A,"reduce_relations"=true):
We obtain that L =2 L = AY™4 /(A2 T[1]), where T[1] is defined by
> TI[1];
—d+ (= —m) o2 +o2d+ne—m (p—m)o>+oi’d—m —n—d 2mo; 0

1 0'22 0 —09

and 8 : L — L defined by 3(k(£)) = o(£T[2]) for all £ € A4 where T'[2] is defined by

> T[2];
01 0 0 O
00100
0 0010
0 0 0 0 1

and k : A'** — L is the canonical projection onto L, is an A-isomorphism:

> TestIso(T[1],S[1],T[2],A);
true
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Let us try again to apply Stafford’s reduction to L, i.e., to L:

> U := map(collect,StaffordReduction(T[1],A,"reduce_relations"=true),
> sigmall],sigmal2],d,distributed):

> rowdim(U[1]); coldim(U[1]);

1
3

We obtain that L & L' = A3 /(AU[1]), where U[1] = (U[1][1] U[1][2] U[1][3]) and

> U[1][1,1];
(—771 — 772) 012022 + (—772 + 771)0'12 + (7]2 — 7]1)0'22 + d0'120'22 +n2+m+ d— d0'22 — (712d

> U[11[1,2];
—2moy

> U[11[1,3];
(=n2 +m) o2 — o12dog + (N2 +m) 01202 + dos
and a : L’ — L defined by a(v(u)) = k(pU[2]) for all p € A3, where U[2] is defined by
> U[2];
01 0 0
0 01 0
0 0 01

and v : A'¥3 — L/ is the canonical projection onto L', is an A-isomorphism:

> TestIso(U[1],T[1],U[2],A);
true

If we define W = U[2] T'[2] S[2], namely,
> W := Mult(U[2],T[2],S[2],A);
00 01 0O
W:=1]0 00010
000 001

then ¥ = yofBoa: L' — L defined by 9(v(p)) = 7(u W) for all u € A3 is an A-isomorphism:

> TeStISO(U[l]:P:w’A);
true

T

Performing algebraic simplification on V[1] = U[1]", namely,

> with(PurityFiltration):
> V := ReducedPresentation(transpose(U[1]),4):

> VI[1];
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(—=m —n2) 012022 + (=2 +m) 012 + (N2 — M) 02% + do1209% + o + 1 +d — doa? — 01%d

—2mo

(=2 +m) o2 — 01%doy + (92 + ) 01202 + doy
we get that A/(AV3V([1]) =2 A/(AY*3V[2]), where V[2] is defined by
> v[2];
2mo
2202
2mmnz + 2md +2m,?

the corresponding A-isomorphism being defined by the identity map, i.e.:

> V[3];
[1]

This result can be checked again:

> TestIso(V[1],V[2],V[3],A);
true

If we denote by @ a matrix satisfying V[2] = QT V[1], namely,

> Q := transpose(Factorize(V[2],V[1],4));

0 iep 2m
Q:=| -1 —moyo1  (—m2+m)o1—o1d
0 —m +mog? 2mo

then V[2]T = V[1]T Q = U[1] Q, we get that L' =2 M = A3 /(AV[2]T) = A>3 /(AR), where
R = V[2]"/n1, namely,
> R := simplify(evalm(transpose(V[2])/(2*etal1])));
RI:[Ul 7720'2 772+d+7]1}

and the A-isomorphism w : L' — M is defined by w(v(p)) = (v Q) for all v € A3, where
7 1 A3 — M is the canonical projection onto M. Let us check again that w is an A-
isomorphism:

> TestIso(U[1],R,Q,A);
true

Then, w™! : M — L' defined by w=t(n(n) = v(n X[1]) for all n € A>3 where X[1] is the first
entry of X defined by:

> X := InverseMorphism(U[1],R,Q,A);

o1 (—d+dos® —na—mios>+m —n205°) o201 (—n2—n1+d)
1/2 o —1 -1z zelmomtd
X =] o 0 — ! L 12zmt ]
o1 a
-1/2 2771 0 1/277%
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Now, if we define Z = X[1] W, namely,

> Z := Mult(X[1]1,W,A);

0 0 0 1/t mettnomot) gy g csor(Cmammtd)

m m

Z:=10 0 0 2 0 -t
2_ (o4

0 00 —1/2 2= 0 1/222

then @ = w09 : M — L is the A-isomorphism defined by w(7(n)) = 7(n Z) for all n € A>3

> TestIso(R,P,Z,A);
true

which shows that the linear differential time-delay system defining the string model with an
interior mass is equivalent to the single differential time-delay equation:

z3(t) + (m +m2) 23(t) + 21(t — ha) +n2 22(t — h2) = 0.

Finally, w=!: L — M is defined by w1 (7(\)) = 7(AY[1]) for all A € A*6 where Y[1] is the
first entry of Y defined by

> Y := InverseMorphism(R,P,Z,A);

0 —1202 —ne+m—d
0 1202 d+m +n 0
0 —1n102 0 0
| 0 N102 2m 11 ]
-1  —o0901m2 —doy — o012 +mo1 0
0 mo2—m 2mog

a fact which can be checked again:
> TestIso(P,R,Y[1],A);

true

8.3 Computation of bases of finitely generated free modules

Example 28. Let us consider the first Weyl algebra A = A;(Q)
> A := DefineOreAlgebra(diff=[d,t], polynom=[t]):
and the left A-module M = A'*3/(A R) finitely presented by the matrix R defined by:

> R := evalm([[d,t,0]]);
R = [ d t 0 ]
The rank of the left A-module M is:

> QOreRank(R,A);
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Since R admits a left inverse S defined by

> 8 := RightInverse(R,A);

M is a stably free left A-module of rank 2, i.e., a free left A-module of rank 2 by 4 of Theorem 1.
Using M & A =2 A3 and the Cancellation theorem (see Theorem 11), let us compute a basis of
M. Following Section 6.2.1, let us first compute X = (RT (I3 — SR)T)T

> X := stackmatrix(R,1-Mult(S,R,A));

d t 0
—dt+1 -2 0
X =
d? 24dt 0
0 0 1

which defines the left A-isomorphism g : A® M — A3 (see Section 6.2.1). Moreover, we have
AdoM=L=AY/(AP), where P = (0 R) is defined by:

> P := augment(evalm([[0]]),R);
P:=[0d t 0]
Similarly, A'*2 = A1*2/(AR'), where R’ is defined by
> Rp := evalm([[0$2]1);
Rp = [ 0 0 ]
and AV3 = [/ = AY3 /(A P'), where P = (0 R') is defined by:
> Pp := augment(evalm([[0]11),Rp);
Pp:= [ 0 0 0 ]

Let us check again that f: L — L' defined by f(7(0 X)) = (0 X)X for all § € A and for all
A€ A3 where 7 : A% — L is the canonical projection onto L, is a left A-isomorphism:

> TestIso(P,Pp,X,A);
true

We can now apply Algorithm 6 to P, P’, and X
> Q := map(collect,Cancellation(Rp,X,A,"splithom"),d,t):

to obtain a left A-isomorphism h : M — A2 defined by h(m(\)) = AQ for all A € A3,
where 7 : A3 — M is the canonical projection onto M and Q is a 3 x 2 matrix

> rowdim(Q); coldim(Q);
3,2

whose first column is defined by
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> submatrix(Q,1..3,1..1);
(=t —t3) d? + (=312 — 4> — t*)d — 3¢* — 243
(2 +83)d®+ (2 +6t+8t%)d*>+ (15t + 6t +6)d+ 6+ 6¢
—d?t3 4 (—t* = 3t%) d — t — 2¢
and its second column is defined by:
> submatrix(Q,1..3,2..2);
(=t =2 =283 P+ (—t —t* =612 —613) d® + (—6> =2t +1-3t3)d — t* +2
2+ (t+224+13) d* + (34+ 1082 + 126 4+ 1) d3 + (14 + 24t + 7¢%) d*> + (10t + 12)d
(=3 =) &>+ (—t =512 — t3) d* + (=3t —3t%)d+1—t

Let us check again that h is a left A-isomorphism:

> TestIso(R,Rp,Q,A);

true

Thus, the matrix @ defines an injective parametrization of M, i.e., we have ker4(.Q) = AR

>  SyzygyModule(Q,4A) ;
[d t 0]

and Q admits a left inverse T € A2%3
> T := map(collect,LeftInverse(Q,A),d,t):
> rowdim(T); coldim(T);
2,3
whose first two columns are
> submatrix(T,1..2,1..2);
-2 (P43 P+ (5t + T2 +t3)d+4+10t+ 582
t —2t2 — 3 —t3d

and its last column is defined by:

> submatrix(T,1..2,3..3);
(t+202+87) P+ (3+11t+ 98 +13) d® + (11 + 19t + 6%) d + 7+ 61
(3 =)+ (—t— 42 —t3)d+ 1 -2t — 2¢*

Hence, we get the exact sequence 0 — A SRk 9 g2 0, which shows that M =
cokera(.R) = ima(.Q) = A3 Q = A2. In particular, the residue classes of the rows of the left
inverse T of @) define a basis of M, i.e., {m(T;s)}i=1,2 is a basis of the free left A-module M of
rank 2.
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Example 29. Let us consider the second Weyl algebra A = A5(Q)

> A := DefineOreAlgebra(diff=[d[1],x[1]],diff=[d[2],x[2]],
> polynom=[x[1],x[2]]):

and the left A-module M = A'*3/(A R) finitely presented by the matrix R defined by:

> R := evalm([[0,d[1],d[2]+x[1]1]11);
R = [ 0 di do+m }
The rank of left A-module M is:

> QOreRank(R,A);

2
Since R admits a left inverse S defined by
> S := RightInverse(R,A);
0
S:=| da+x
—d;

M is a stably free left A-module of rank 2, i.e., a free left A-module of rank 2 by 4 of Theorem 1.
Using M & A =2 A3 and the Cancellation theorem (see Theorem 11), let us compute a basis of
M. Following Section 6.2.1, let us first compute X = (RT (I3 — SR)T)T

> X := stackmatrix(R,1-Mult(S,R,A));

0 dl dQ “+ 21
1 0 0
X = 9
O —(d2+I1)d1+1 —(d2 —|—I1)
0 dq? 2 +dydy +dixy

which defines the left A-isomorphism g : A®@ M — A'*3 (see Section 6.2.1). Moreover, we have
AeM=L=A"/(AP), where P = (0 R) is defined by:

> P := augment(evalm([[0]]),R);
P=[0 0 d dota ]

Similarly, A'*2 = A1*2/(AR'), where R’ is defined by

> Rp := evalm([[0$2]11);

Rp:=[0 0]

and A3 > [/ = A3 /(A P’), where P’ = (0 R') is defined by:

> Pp := augment(evalm([[0]]),Rp);

Pp:=[0 0 0]

Let us check again that f : L — L’ defined by f(7(8 X)) =(0 )X for all # € A and for all
A€ A3 where 7 : A'** — L is the canonical projection onto L, is a left A-isomorphism:
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> TestIso(P,Pp,X,A);

true
We can apply Algorithm 6 to P, P/, and X

> Q := Cancellation(Rp,X,A,"splithom");

dy dy + 1
QZ: —(d2+1'1)d1+1 —(d2+1'1)2
di? 2+ didy + dyzy

to obtain a left A-isomorphism h : M — A'*2 defined by h(7(\)) = A Q for all A € A¥3,
where 7 : AY3 — M is the canonical projection onto M. Let us check again that h is a left
A-isomorphism:

> TestIso(R,Rp,Q,A);
true

Thus, the matrix @ defines an injective parametrization of M, i.e., we have kers(.Q) = AR

> SyzygyModule(Q,A);
[ 0 di do+x1 ]
and @ admits a left inverse T' € A2*3
> T := LeftInverse(Q,A);
do+21 1 0
—d 0 1

Hence, we get the exact sequence 0 — A SBoqixs 9, g1k 0, which shows that M =
coker4(.R) = im4(.Q) = A>3 Q = A2. In particular, the residue classes of the rows of the left
inverse T of () define a basis of M, i.e., {m(T})}i=1,2 is a basis of the free left A-module M of
rank 2.

Let us compare this approach with the ones developed in [11, 36]. Let us first check if we can
compute a basis of M by means of a minimal parametrization [11].

> K := MinimalParametrizations(R,A);
1 0 1 0
K:=[| 0 —dy®—=2dozy — 212 |,| 0 —dido—dyzy +1 |]
0 2+ didy +dizy 0 di?

We obtain that ker4(.K[i]) = AR for i = 1,2, and thus, M = AY3 K[i] C A**2. But none of
the K[i]’s admits a left inverse:

> map(LeftInverse,K,A);
(0.1

Therefore, we get A>3 K[i] € A2 and thus these two minimal parametrizations do not define
an injective parametrization of M.
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Let us now use the algorithm developed in [36] and implemented in the STAFFORD package ([36])
for the computation of bases of free left A-modules of rank greater than or equal to 2:

> Qp := InjectiveParametrization(R,A);
dy + 71 dy
Qp:= | dids® +2dodizy — do® — 2dowy + di1? — 112 —dy +di’do + di’my + 1 — dido — dy2y
2 —di’dy + didy — di°w1 — 2dy + dya —di® +dy”

We obtain that kers(.Q') = AR

> SyzygyModule(Qp,A);
[ 0 dl dg “+ 21 ]
and Q' admits a left inverse T” defined by

> Tp := LeftInverse(Qp,A);

di? —dy 0 1
Tp:=
—didy —dix1 +das+21+1 1 0

which yields M = A2 Q" = A2, Finally, {m(T},)}i=1.2 is also a basis of M.

Example 30. Let us consider the first Weyl algebra A = A;(Q)
> A := DefineOreAlgebra(diff=[d,t], polynom=[t]):
and the left A-module M = A'*4/(A1*2 R) finitely presented by the matrix R defined by:
> R := eValm([[O’d’05_1],[dsos_tso]]);
0 d 0 -1
R :=
d 0 —t 0
The rank of the finitely generated left A-module M is:

> OreRank(R,A);

2
Since R admits a left inverse S defined by
> 8 := RightInverse(R,A);
0 t
0 0
S =
0 d
-1 0

M is a stably free left A-module of rank 2, i.e., a free left A-module of rank 2 by 4 of Theorem 1.
Using M @ A1*2 = A1*4 and the Cancellation theorem (see Theorem 11), let us compute a basis
of M. Following Section 6.2.1, let us first compute X = (RT (I; — S R)T)T

> X := stackmatrix(R,1-Mult(S,R,A));
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I 0 d 0 -1
d 0 —t 0
—dt+1 0 t? 0
X =
0 1 0 0
—d2 0 24dt 0
i 0 d 0 0 |

which defines the left A-isomorphism g : A2 @ M — A4 (see Section 6.2.1). Moreover, we
have A2 @ M = [ = A6 /(A2 P), where P = (0 R) € A?*S is defined by:

> P := augment(evalm([[0,0],[0,0]1),R);
000 d 0 -1
P .=
0 0d 0 —t O

Similarly, A3 = A1*2/(AR'), where R’ is defined by
> Rp := evalm([[0$3]1);
Rp = [ 0 0 O ]
and A4 = [/ = A4 /(AP"), where P' = (0 R') € A™* is defined by:
> Pp := augment(evalm([[0]]),Rp);
Pp:=[0 0 0 0]

Let us check again that f: L — L’ defined by f(7(6 X)) = (0 M) X for all § € A*? and for
all A € A4 where 7 : A'*5 — L is the canonical projection onto L, is a left A-isomorphism:

> TestIso(P,Pp,X,A);
true

Applying Theorem 6 to f, we obtain a left A-isomorphism h; : M; — A'¥3 defined by

hy(mi(p)) = p Q@ for all u € A5, where My = AVS /(A2 P)) 2 A M, mp : AY5 — M is
the canonical projection onto M;, and the matrix P, = (0 R) € A?*® is defined by

> P1 := augment(evalm([[0], [0]]),R);

0 0 d 0 -1
Pl .=
0 d 0 —t 0

and Q; € A%*3 is defined by:

> Q1 := Cancellation(L,X,A,"splithom");

[ d? —t —d ]
—(dt—1)d 2 dt—1
Q1 := 1 0 0
—d3 24dt  d?
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Let us check again that h; is a left A-isomorphism:

> TestIso(P1,Rp,Q1,A);
true

Let R” = (0 0) € A2 namely,

> Rpp := evalm([[0$2]1]);
Rpp:=[0 0]
and L = A™2/(AR") = A2, Applying Theorem 6 to hi, we obtain a left A-isomorphism
hy : M — A2 defined by ha(m(N)) = A Q3 for all A € A4 where 7 : A% — M is the
canonical projection onto M and )5 is the matrix defined by:
> Q2 := Cancellation(L2,Q1,A,"splithom");
2+ t2d? +dt -1 dt—1+(dt—1)d?

—t —d
Q2 :=
24+dt+d3t+3d? d? + d*
—1—dt —d2

Thus, Q2 is an injective parametrization of M, namely, ker4(.Q2) = A*2 R,

d 0 -t 0
0 d 0 -1

or equivalently, M =2 A1*% Q,, and @, admits a left inverse T defined by

> SyzygyModule(Q2,A);

> T2 := LeftInverse(Q2,4);
[ 0 0 1 1+d?

-1 -t 0 —dt+1

ie., AY*(Qy = A'*2, which shows again that M =2 A1%2 ie., M is a free left A-module of rank
2, and the residue classes of the rows of T5 define a basis of M.

8.4 Cancellation theorem

Example 31. Let us consider the third Weyl algebra A = A3(Q)

> A := DefineOreAlgebra(diff=[d1,x1], diff=[d2,x2], diff=[d3,x3],
> polynom=[x1,x2,x3]):

and the left A-module M = A>3 /(A R) finitely presented by the matrix R defining the diver-
gence operator in R?, namely:

> R := evalm([[d1,d2,d3]]);
R:=[d1 d2 d3 |

See Example 16. Moreover, let us consider d = d1
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d1
and the element m = w(\) € M defined by

> lambda := evalm([[0,0,-x1]1]);
A= [ 0 0 —uzI ]

where 7 : A3 — M is the canonical projection onto M. Let @ € A3*3 be a matrix such that
ker4(R.) = Q A3, for instance:
Q

> := Involution(SyzygyModule(Involution(R,A),A),A);
d3 d2 0
Q= 0 —di d3
—d1 0 —d2

Thus, we have hom 4 (M, A) 2 kera(R.) = Q A3.

Let us check that (d, m) is a unimodular element of A® M, ie., de+ A Q& =1 for certain e € A
and & € A3, or equivalently that S = (d Q) admits a right inverse (e ¢7)T. We first have

> L := Mult(lambda,Q,A);
L:=[a1dl 0 z1d2 |

which yields that S = (d A Q) is defined by:

> S := augment(evalm([[d]]),L);
S:=[dl wtdl 0 z1d2 ]

The matrix S admits a right inverse T' defined by:

> T := RightInverse(S,A);

zl
-1
T :=
0
0
Hence, we get that e is defined by
> e :=T[1,1];
xl
and & is defined by:
> xi := submatrix(T,2..4,1..1);
-1
£ = 0
0

Let us check that = @ &, namely,
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> mu := Mult(Q,xi,A);

is such that p € ker4(R.), i.e., u defines ¢ € hom4 (M, A):
> Mult(R,mu,A);
[0]

Now, since rank4 (M) = 3 — 1 = 2, using Lemma 6, let us compute ¢ € hom (A, M) which is
such that ¢(d) + m is a unimodular element of M.

> U := ReductionOfUnimodularElement(R,d,lambda,e,mu,A,"splithom") :
The output of the command ReductionOfUnimodularElement contains two entries

> nops(U);

the first one U[1], namely,

> U[1];
[0 z1+1 0]

defines an element m = 7(U[1]) € M which is such that ¢(a) = am for all a € A. Moreover, the
second entry U[2] of U, namely,

> U[2];
—d3 +d3di%z1? + d3 d1%z1 — 21 d2 + d2 x1%d1 +2d3 d1 z1 +2d1 d3

—xldl —x1%2d1? +1
—dl — d13x1 — x1%d1® — 421 d1® —3d1?
defines ¢ € hom (M, A) satisfying:

P(d(d) +m) = p(r(A+dU[1))) = A+ dU[1)) U[2] = 1.

Finally, let us check again this result. We first have u = A + d U[1]

> u := simplify(evalm(lambda+Mult(d,U[1],A)));
U= [ 0 dIl+z1dl+1 —x1 }

then we have w U[2] = 1 since

> Mult(u,U[2],A);
[1]
and RU[2] =0

> Mult(R,U[2],A);
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which shows that ¢(7(v)) = vU[2] for all v € A'*3 defines a left A-homomorphism from M to
A, i.e., ¢ € homy (M, A), which satisfies ¢(¢(d) +m) = 1.

Example 32. Let us consider the first Weyl algebra A = A;(Q)
> A := DefineOreAlgebra(diff=[d,t],polynom=[t]):
the left A-module M = A'*2/(A1*2 R) finitely presented by the matrix R defined by

> R := evalm([[t~2,t], [t*d+2,d]]);

R =

2t
td+2 d 1
and the left A-module M’ = A/(A**? R’) finitely presented by the matrix R’ defined by:
> Rp := evalm([[t~2], [t*d+2]]);
2

Rp :=
td+ 2

Let us also consider the left A-homomorphism x : M’ — M defined by x(7'(a)) = w(a W) for
alla € A, where 7 : A — M (resp., m : A1*2 — M) is the canonical projection onto M (resp.,
M), and the matrix W is defined by:

> W := evalm([[1,0]]);
W:=[1 0]
For more details, see Example 18. We can check that y is a left A-isomorphism:
> TestIso(Rp,R,W,A);
true

Since we have M 2 M’, Theorem 12 and (60) then show that A1X* & N =~ A3 @ N,
where N = A'2/(AR) and N’ = A™2/(AY*2 R'), and R (resp., R') is the formal adjoint
of R (resp., R'). The corresponding left A-isomorphism can be computed by the command
AuslanderEquivalence:

> 0 := AuslanderEquivalence(Rp,R,W,A,opt):

We obtain that the left A-module L = A'*7/(A1*3 P) finitely presented by the first entry
P =1L[1] of O, i.e.,

> P :=0[1];
000 O0T1TO0 0
P:=|0 000 0 t 1-td
0 000 0 ¢ —d

is isomorphic to A4 @ ]\N/', and the left A-module L' = AX7/(A*3 P') finitely presented by the
second entry P’ = O[2] of O, namely,

> Pp := 0[2];
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0 0 0 t 1—-td 0 0
Pp:=]10 0 0 O 0 1 0
0 00 O 0 0 1

is isomorphic to A3 & N’. Moreover, if X = O[3], namely,

> X := 0[3];

[0 -1 0 1 0 0 0 ]

0 0 -1 0 1 0 0

1 —* —1+td 0 0 1 0

X=10 =t d 0 0 0 1

0 0 0 2 1—td -1 0

0 0 0 td+2 —d* 0 —d
|0 0 0 > 1—td 0 —t |

then the left A-homomorphism f : L — L’ defined by f(7(¢)) = 7/(¢ X) for all ¢ € A7 where
71 AT — [ (vesp., 7' : AAX7 — L) is a left A-isomorphism:

> TestIso(P,Pp,X,A);

true

The inverse f~1 : L’ — L of f is defined by f~!(7/(a)) = 7(a X’) for all « € A7 where X’
is defined by:

> Xp := 0[5];

—t2 -1+td 1 0 1 0 0
—td—2 d? 0d 0 1 0
—t2 —-1+td 0 t 0 0 1
Xp:=| —~td—1 d? 0 d 0 1 0
—t2 td 0t 0 0 1
0 0 0 0 —1 t* 1—td
0 0 00 0 ¢t —d |

We can check again that the above left A-homomorphism is an isomorphism:

> TestIso(Pp,P,Xp,A);

true
If P=(0 P,), where P; is defined by

> P2 := submatrix(Pp,1..3,2..7);
000 1 0 0
P2:=0 0 0 0 ¢ 1—td
0 0 0 0 ¢ —d
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and P’ = (0 Pj), where P} is defined by

> P2p := submatrix(P,1..3,2..7);
0 0 ¢t 1—td 0 O
Pp:={000 0 10
0 0 O 0 0 1

Ly = A6 /(A3 Py), and Ly = A'*6 /(A3 Pj), then Corollary 4 shows that Lo 2 L. Let us
compute the corresponding left A-isomorphism fo.

> Y := Cancellation(P2p,X,A);
[0 -1 0 1 0 0 ]
-1 —1+td 1-—¢? 0 1 0
0 d —t 0 0 1
Y =

0 0 t2 1—td -1 0
0 0 td+2 —d? 0 —d

|0 0 2 1—td 0 —t

We obtain that fo : Ly — L} defined by fa(m2(§)) = m5(€Y) for all £ € A1*C is a left A-
isomorphism, where 75 : A% — Ly (resp., 74 : A'*6 — L}) is the canonical projection onto
Ly (resp., L}).

> TestIso(P2p,P2,Y,A);

true
If P,=(0 Ps)and P,=(0 Pj), where
> P3 := submatrix(P2,1..3,2..6);
0 01 O 0
P3:=10 0 0 t* 1—td
0 0 0 ¢ —d
> P3p := submatrix(P2,1..3,2..6);
0 t* 1—td 0 0
P3p=|0 0 0 10
0 0 0 0 1

then applying again Corollary 4 to Ly = L), we get Lz = L}, where Ly = A /(A>3 P3) and
Ly = A3 /(A3 PL). Let us compute the corresponding left A-isomorphism f3.
> Z := Cancellation(P3p,Y,A);
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11—t —2+td 1 0
0 —t d 0 1
Z:=10 ¢ 1—td -1 0
0 td+2  —d? 0 —d

0 l—td 0 —t |

We obtain that f3 : Ly — Lj defined by f3(73(v)) = 74(v Z) for all v € A1*® is an isomorphism,
where 73 : A5 — L3 (resp., 74 : A1¥® — L) is the canonical projection onto L3 (resp., L}).
Let us check that f3 is a left A-isomorphism.

> TestIso(P3,P3p,Z,A);

true
Finally, if P; = (0 P,), where
> P4 := submatrix(P3p,1..3,2..5);
0 1 0 0
Pi:=|0 0 t2 1—td
0 0 ¢ —d

P;=(0 Pj), where

> P4p := submatrix(P3,1..3,2..5);
t? 1—td 0 0
Pip:=| O 0 1 0
0 0 0 1

Ly = AV4/(AY3 Py), and L = A4 /(A3 Py}), then we cannot deduce a left A-isomorphism
fa: Ly — L) from f5 since rank 4 (L)) = 1:

> U := Cancellation(P4p,Z,A);
Error, (in Stafford/ReductionOfUnimodularElement) expecting that the rank of the

left module presented by the first matriz is at least 2.

Example 33. Let us consider the second Weyl algebra A = A5(Q)

> A:=DefinelreAlgebra(diff=[dx,x],diff=[dy,y],polynom=[x,y]):

the left A-module M = A**3/(A1*¢ R) finitely presented by the matrix R defined by

> R := transpose(evalm([[dx,dy,0,0,0,0],[0,1,-1,0,dx,dy], [0,0,dx,dy,0,0]11));
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dr 0 0
dy 1 0
0 -1 dz
R =
0 0 dy
0 dr O
| 0 dy 0 |

and the left A-module M’ = A'*2/(A**3 R') finitely presented by R’ defined by:

> Rp := evalm([[dx,0], [dy/2,dx/2],[0,dyl]);

dz 0
Rp:=| 1/2dy 1/2dz
0 dy

Let m: A3 — M (resp., 7’ : A'*2 — M’) be the canonial projection onto M (resp., M’)
and f € homa(M’, M) defined by f(7'(\)) = ©(AS) for all A € A*2, where S is given by:

> S8 := evalm([[1,0,0],[0,0,111);

1 00
S =
0 0 1

We can check that f is a left A-isomorphism:

> TestIso(Rp,R,S,A);
true

Theorem 12 and (60) show that A6 & N =2 A8 ¢ N/, where N = A3 /(A2 R) (resp.,
N’ = AYX6 /(A1X3 R")) is the left A-module finitely presented by the formal adjoint R (resp., R’)
of R (resp., R’), namely:

> Involution(R,A);
—dz —1/2dy 0
0 —1/2dz —dy
> Involution(Rp,A);
—dzr —dy 0 0 0 0
0 1 -1 0 —dzr —dy
0 0 —dx —dy O 0

The corresponding isomorphism can be computed by the command AuslanderEquivalence:

> 0 := AuslanderEquivalence(Rp,R,S,A,opt):
The left A-module L = A1*14 /(A5 P) finitely presented by the first entry P = O[1] of O

> P :=0[1];
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00000010 0O 0O O 0 0 0
00000001 0 0 0O 0 0 0
P=|00000000 —de —dy 0 0 0 0
00000000 0 1 —1 0 -—di —dy
(00000000 0 0 —dz —dy 0 0 |

is isomorphic to A6 & N, and the left A-module L' = A1X/(A'*5 P’) finitely presented by
the second entry P’ = O[2] of O, namely:

> Pp := 0[2];

0000O0OO0UO0OUO O —de -1/2dy 0 0 0 O
0000O0O0OOO 0 =1/2dr —-dy 0 0 O
Pp:=|0 0 0 0O 0O 0O O 0 O 0 0 1 0 0
00 0 0 0 0 0 O 0 0 0 01 0
00000 O0O0O0 O 0 0 0 0 1]
is isomorphic to A8 & N'.
The rank of the left A-module L is:
> QOreRank(P,A);
9
The rank of the left A-module L' is:
> OreRank(Pp,A);
9

The left A-homomorphism f : L — L’ defined by f(7(¢)) = 7/(¢ O[3]) for all { € AY14 where
70 AV [ (vesp., 7/ AV14 — [/) and the matrix O[3] is defined by:

> 0[3];
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00 -1 0 0 0 -—dy 0 1 0 0 0 0
00 0 0 -2 0 0 —-2dy O 1 0 0 0
0 0 O 0 0 -1 0 dx 0 0 1 0 0
1 0 dz dy O 0 0 0 0 0 0 1 0
00 0 -1 1 0 dr dy 0 0 0 0 1
01 0 0 dz dy O 0 0 0 0 0 0
00 0 0 0 0 0 0 —dz —1/2dy 0 -1 —dy
00 0 0 0 O 0 0 0 -—1/2dz —dy O 0
00 0 0 0 0 -—dy 0 1 0 0 0 0
0 0 O 0 0 0 dz 0 0 1/2 0 0 1
0 0 O 0 0 0 0 —dy 0 1/2 0 0 0
00 0 0 0 O 0 dz 0 0 1 0 0
00 0 0 0 o0 1 0 0 0 0 0 0
L0 0 0 0 0 0 0 1 0 0 0 0 0
We can check that f is a left A-isomorphism:
> TestIso(P,Pp,0[3],A);
true
If P=(0 P,), where P; is defined by
> P2 := submatrix(P,1..5,2..14);
[0 000010 0 0 0 0 0 0 ]
0 000O0O0T1 O 0 0 0 0 0
P2: =10 0 0 0 0 0 0 —dz —dy 0 0 0 0
0000 O0OO0O0O O 1 -1 0 —dz —dy
00 000 O0O0 O 0 —dr —dy O 0 |

then L = A @ L), where Ly = AV 13 /(A5 Py). The rank of Lo is:

> OreRank(P2,A);
8

Simirlarly, if P’ = (0 Pj), where P} is defined by

> Pp2 := submatrix(Pp,1..5,2..14);

0000000 —dz —1/2dy 0 0 0 0
0000000 0 —1/2dc —dy 0 0 0

Pp2:=[0 000000 0 0 0 100
0000000 0 0 0 010
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then L' & A & L}, where L) = A1*13/(A1*5 PJ). The rank of L} is:

>

OreRank (Pp2,4A) ;

8

Corollary 4 then shows that L, = L. Let us compute the corresponding left A-isomorphism
f2 S hOHlA(LQ,L/Q).

>

X := Cancellation(Pp2,0[3],4);

0o 0 0 -2
0o 0 0 O
0 -1 dy O
0 0 -1 1
1 0 0 dx
0o 0 0 O
0 0 0 O
0 0 0 O
0o 0 0 O
0 0 0 O
0 0 0 O
0o 0 0 O
0o 0 0 O

0
-1

0

0

U
<

o o o o o o o o

0
0

0

—(1+dzx)dy

o o o o o ~= O

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 -1 —dy O
—dy O 0 -1
0 0 0 0
0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0

We obtain that fo : Ly — L} defined by fa(m2(£)) = 75(£ X) for all £ € A3 is left A-
— L) is the canonical projection onto
Lo (resp., LY). We can check again that fo is a left A-isomorphism:

isomorphism, where 1

>

TestIso(P2,Pp2,X,A);

. A1><13

If P, =(0 Ps), where Pj is defined by

>

P3 := submatrix(P2,1..5
0 0 O

0
P3 .=

0
0
0

0

0
0
0

0

o O O

0
0
0
0

0

,2.
1
0
0
0

0

— Lo (resp., 75

true
.13);
0 0 0
1 0 0
0 —dr —dy
0 O 1
0 O 0

. A1><13

0
0
0
-1
—dx

o o o o

_dy

then Ly & A ® Lg, where Ly = A1X12/(A1X5 Py). The rank of L3 is:

>

OreRank (P3,A) ;
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If P)=(0 Pj), where Pj is defined by

> Pp3 := submatrix(Pp2,1..5,2..13);
[0 0 000 0 —dr —1/2dy O 0 0 0]
000000 0 —1/2dz —dy 0 0 0
Pp3:=|[0 0 0 0 0 0 O 0 0 1 0 0
000000 O 0 0 0 10
000000 O 0 0 0 0 1|

then L) = A @ Lf, where L = AY12/(A'5 P}). The rank of L} is:

> OreRank(Pp3,A);
7

1%

Corollary 4 then shows that L3
f3 € homa(Ls, L}).

L%. Let us compute the corresponding left A-isomorphism

> Y := Cancellation(Pp3,X,A);

0 0 0 -1 0 d 0 0 1 0 0 0
~1 dy 0 0 —(l+dx)dy 0 1+ do 0 0 1 0 0
0 -1 0 0 dx 0 0 1/2 0 0 1 0
0 0 -2 dy 0 —2+dx)dy 0 14+1/2dz 0 0 0
0 0 0 0 0 0 —dz  —1/2dy 0 -1 —dy O
0 0 0 0 0 0 0 ~1/2dz  —dy 0 0
0 0 0 0 —dy 0 1 0 0 0 0
0 0 0 0 d 0 0 1/2 0o 0 1
0 0 0 0 0 —dy 0 1/2 0 0 0
0 0 0 0 0 dx 0 0 1 0 0
0 0 0 0 1 0 0 0 0 0 0

L0 0 0 o0 0 1 0 0 0 0 0

o O o o o o

We obtain that f3 : Ly — L} defined by f3(13(v)) = 75(vY) for all v € A1*12 is a left A-
isomorphism, where 73 : A1¥12 — L3 (resp., 74 : A1¥12 — [1) is the canonical projection onto
Ls (resp., L;). We can check again that f3 is a left A-isomorphism:

> TestIso(P3,Pp3,Y,A);

true

If P =(0 P,), where Py is defined by

> P4 := submatrix(P3,1..5,2..12);
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P4 .=

o o o o o

o o o o o

o O O o O

1 0 0
01 0
0 0 —dz
0 0 O
0 0 O

0
0

_dy

1
0

0
0
0

-1
—dx

o o o o

then L3 & A ® Ly, where Ly = A1 /(A1X5 P)). The rank of Ly is:

>

OreRank (P4,A) ;

If P{,=(0 Pj), where P, is defined by

>

Pp4 :

Pp4 .=

0

0
0
0
0

0

0
0
0
0

0

o O O O O
o O O O
o O O O O

submatrix(Pp3,1..5,2..12);
—dz

0
0
0
0

—1/2dy
—1/2 dx

0
0
0

o O = O O
o = O O O

then L; & A& L}, where L) = AP /(A1X5 PJ). The rank of L/ is:

>

OreRank (Pp4,A);

= o o o O

Corollary 4 then shows that Ly = L). Let us compute the corresponding left A-isomorphism
f4 S homA(L4, Li;)

>

dy

\
_

o o o o o o o o o

0
0

|
N

o O O o o o o o

1

o O O o o o o o o o

dr
0
0
0
—dy
dzr

0
0
1
0

Z := Cancellation(Pp4,Y,A);
— (1 +dzx)dy

—dz
0

— (24 dz) dy + dy dx

0
0
0
0

—dy
dr
0
1

1+dz 0
0 1/2
0 1+1/2dx
—dx —1/2dy
0 —1/2dz
1 0
0 1/2
0 1/2
0 0
0 0
0 0

S = O O

o O o o o o
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We obtain that fy : Ly — L/, defined by fi(m4(a)) = 74(a Z) for all @ € A1 is a left A-
isomorphism, where 74 : A1t — L, (resp., 75 : AL*1! — L)) is the canonical projection onto
Ly (resp., L}j). We can check again that fy is a left A-isomorphism:

> TestIso(P4,Pp4,Z,A);

true

If P, =(0 Ps), where Ps is defined by

> P5 := submatrix(P4,1..5,2..11);

0010 0 0O 0 0 0 0
0001 0 0O 0 0 0 0
P5:=|0 000 —dc —dy 0 0 0 0
0000 0 1 -1 0 —do —dy
(0000 0 0 —dt —dy 0O 0 |

then Ly = A ® Ls, where Ly = A1¥10/(A1X5 Py). The rank of Ls is:

> OreRank(P5,4A);

5
If P, =(0 P.), where P, is defined by
> Ppb5 := submatrix(Pp4,1..5,2..11);

[0 0 0 0 —dr —1/2dy 0 0 0 0]

0000 O -=1/2dc —dy 0 0 O

Pp5:=[0 0 0 0 0O 0 0 1 00

000 0 O 0 0 010
100 0 0 0 0 0 0 0 1]

then L) & A® L, where L = A'10/(AY¥5 P!). The rank of Ls is:

> OreRank(Pp5,4);

Corollary 4 then shows that Ly = LL. Let us compute the corresponding left A-isomorphism
f5 € homa(Ls, Lt).

> U := Cancellation(Pp5,Z,A);
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0 -1 de+(1+dx)dy dz —1—dz 1/2 1 -1 1
-2 0 0 — (24 dz) dy + dy dx 0 1+1/2dz dy O 0
0 0 0 0 dr  —1/2dy 0 -1 —dy
0 0 0 0 0 —1/2dx —dy O 0
0 0 —dy 0 1 0 0 0 0
0 0 do 0 0 1/2 0 0 1
0 0 0 —dy 0 1/2 0 0 0
0 0 0 dzx 0 0 1 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0

We obtain that f5 : Ly — LL defined by f5(15(3)) = 74(3U) for all B € A1 is a left A-
isomorphism, where 75 : A1¥10 — Lg (resp., 7 : A1¥10 — LL) is the canonical projection onto
L; (vesp., L). We can check again that f5 is a left A-isomorphism:

> TestIso(P5,Pp5,U,A);

true

If P, =(0 Ps), where Fs is defined by

> P6 := submatrix(P5,1..5,2..10);

01 0 O 0 0 0 0 0
0 01 O 0 0 0 0 0
P6:=|0 0 0 —dz —dy O 0 0 0
0 00 O 1 -1 0 —der —dy
L0 0 0 0 0 —dz —-dy O 0 |

then Ly =2 A ® Lg, where Lg = A9 /(A5 Ps). The rank of Lg is:

> OreRank(P6,A);

If PL=(0 P), where Pf is defined by

> Pp6 := submatrix(Pp5,1..5,2..10);

[0 0 0 —dz —1/2dy 0 0 0 0]
000 0 —1/2dc —dy 0 0 0
Pp6:=|0 0 0 0 0 0 100
000 0 0 0 010
(000 0 0 0 00 1

then L, =2 A® L}, where Li = A9 /(A5 P}). The rank of Lf is:
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> OreRank(Pp6,A);
4

Corollary 4 then shows that Lg = Lj. Let us compute the corresponding left A-isomorphism
fe € homa(Lg, Lg).

> V := Cancellation(Pp6,U,A);
2 —2dr—2dy—2dydr —(2+dz)dy+dyde—2de 2+2dz 1/2dz dy—2 2 =2

0 0 0 —dx —1/2dy 0 -1 —dy
0 0 0 0 —1/2dz —dy 0 0
0 —dy 0 1 0 0 0 0
0 dx 0 0 1/2 0 0 1
0 0 —dy 0 1/2 0 0 0
0 0 dzx 0 0 1 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0

We obtain that fs : Lg — Lf defined by fo(16(7)) = 74(7 V) for all v € A™? is a left A-
isomorphism, where 7 : A9 — Lg (resp., 74 : A*Y — L) is the canonical projection onto
Lg (resp., Lg). We can check again that fg is a left A-isomorphism:

> TestIso(P6,Pp6,V,A);

true
If Ps=(0 P;), where P; is defined by
> P7 := submatrix(P6,1..5,2..9);
[1 0 O 0 0 0 0 0 ]
01 0 0 0 0 0 0
Pr:=]10 0 —dz —dy O 0 0 0
0 0 O 1 -1 0 —dz —dy
|0 0 0 0 —dzr —dy O 0 |

then Lg = A ® Ly, where Ly = AY™8 /(A5 P;). The rank of Ly is:

> OreRank(P7,A);

If P = (0 P}), where P} is defined by

> Pp7 := submatrix(Pp6,1..5,2..9);
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[0 0 —dz —1/2dy 0 0 0 0]
00 0 —1/2dz —dy 0 0 0
Pp7:={0 0 0 0 0 100
00 0 0 0 010
00 0 0 0 00 1

then Ly = A® L., where L = A8 /(A1*5 PZ). The rank of L is:

> OreRank(Pp7,A);
3

Corollary 4 then shows that Ly = L%. Let us compute the corresponding left A-isomorphism
fr € homA(L7, L/7)

> W := map(collect,Cancellation(Pp7,V,A),{y,dx,dy}):

We obtain that f; : Ly — L% defined by f7(77(0)) = (0 W) for all § € A*® is a left A-
isomorphism, where 77 : AY® — L7 (resp., 7 : A8 — L) is the canonical projection onto
L7 (vesp., L%). We can check again that f7 is a left A-isomorphism:

> TestIso(P7,Pp7,W,A);
true

Let us compute a matrix @Q satisfying Py W = Q Pr:

> Q := Factorize(Mult(P7,W,A),Pp7,A);

(1 0 -1 —dy 0 ]
01 0 0 -1
Q=10 0 —dy 0
00 0 1 0
001 0 0 0 |

If P, =(0 Ps), where Py is defined by

> P8 := submatrix(P7,3..5,3..8);
—dr —dy O 0 0 0
P8 := 0 1 -1 0 —dr —dy
0 0 —dx —dy 0 0
then L; = A ® Lg, where Lg = A7 /(A% Pg). The rank of Lg is:

> OreRank(P8,A);

If P, =(0 Pj), where P is defined by

> Pp8 := submatrix(Pp7,1..2,1..5);
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0 0 —dz -1/2dy O
Pp8 :=
0 0 0 —1/2dz —dy
then L, = A ® L}, where L = A7 /(A5 P}). The rank of L} is:

> OreRank(Pp8,A);
3

Let us consider the matrix W’ obtained by taking the last five rows of W
> Wp := submatrix(W,3..8,1..5):
i.e., the rows of Q) are respectively defined by:
> for i from 1 to 5 do submatrix(Wp,1..2, i..i); od;
(=6 dy? — 3dy® — 3dy) dz? + (3 — 3dy* + (=9 +3y) dy® + (6y — 6) dy? + (3 + 3y) dy) dz — 3dy* + (=3 + 3y) dy® + 3ydy? + 2 dy
(6dy +3dy? +3)de® + (3dy® +(9—-3y)dy®> + (9—6y)dy +3 —3y) dz® + (1 +3dy> + (3—3y)dy? + (3—3y) dy) dz
(—3dy? —3dy) dz® + (6 — 6 dy> + (6y — 6) dy? + (6y +6) dy) dov —3dy* + (-3 +6y) dy> + (9+6y —3y?) dy?> + (9 — 6y —3y?) dy — 6y
(3dy +3) da® + (6 dy® + (—6y +6) dy — 6y) dz® + (3dy® + (3 —6y) dy? + (~6y+3y> —3) dy — 3 +3y?) dz
(3dy2+3dy) d$2+(—3+3dy3+(6—3y)dy2+(3—3y)dy) dr — 243 dy3 + (3 — 3y) dy® — 3ydy
(—3dy —3)dz3 + (—3dy*> + (-6 +3y)dy — 6 +3y) dz? + (—3dy®> + (-3 +3y)dy —3+3y) dz
(3/4dy? + 3/4 dy) dz® + (—3/4 + 3/4 dy> + (=3/4y + 3/4) dy® — 3/4 ydy) dz
1/2+ (=3/4dy — 3/4) dz® + (=3/4 dy? + (—3/4 + 3/4y) dy — 3/4 + 3/4y) dz>

(3/2dy® — 3/2dy? — 3dy) dz + 3+ 3/2dy* + (=3/2 — 3/2y) dy® + (3/2y — 3) dy® + (=3/2 + 3y) dy
(3—3/2dy* +3/2dy) dz? + (—3/2dy> + (3/2+3/2y) dy® + (3/2 — 3/2y) dy + 3 — 3y) dz
Let us consider the matrix @)’ obtained by taking the three rows of Q:

> Qp := submatrix(Q,3..5,1..2);

We can easily check that Ps W' = Q' P§:
> simplify(evalm(Mult(P8,Wp,A)-Mult(Qp,Pp8,A)));
00 0 00
00 00O
00000

We can also check that fg : Ly — L} defined by fs(7s(v)) = 74(v W) for all v € AX7 is a left
A-isomorphism, where 7g : A7 — Lg (resp., 74 : AY7 — L{) is the canonical projection
onto Lg (resp., L}). We can check again that fs is a left A-isomorphism:

> TestIso(P8,Pp8,Wp,A);
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true

We note that the left A-module Lg corresponds to Cosserat’s equations (see Examples 6 and
21). Moreover, from the structure of the matrix P§, it is clear that Ly = A'¥2 @ L{, where
Ly = AY3 /(A2 P)) and P} is defined by:
> Pp9 := submatrix(Pp8,1..2,3..5);
—dz —1/2dy 0

Pp9 =
0 —1/2dz —dy

We also note that L corresponds to the linear PD system defined by the equilibrium of the
symmetric stress tensor (see Examples 6 and 21). Hence, we find again that Lg = A2 @ Ly.
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