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HOMOGENIZATION APPROACH TO THE DISPERSION THEORYFOR REACTIVE TRANSPORT THROUGH POROUS MEDIA∗GRÉGOIRE ALLAIRE† , ANDRO MIKELI�‡ , AND ANDREY PIATNITSKI§Abstrat. We study the homogenization problem for a onvetion-di�usion equation in a peri-odi porous medium in the presene of hemial reation on the pores surfae. Mathematially thismodel is desribed in terms of a solution to a system of onvetion-di�usion equation in the mediumand ordinary di�erential equation de�ned on the pores surfae. These equations are oupled throughthe boundary ondition for the onvetion-di�usion problem.Under an appropriate hoie of saling fators (large Pélet and Damkohler numbers), we obtainthe homogenized problem in a moving frame whose e�etive veloity does atually depend on thehemial reation.1. Introdution. We onsider saturated �ow through a porous medium. The�ow domain ontains a ertain mass of solute, usually alled traer. Experimentalworks show that the traer gradually spreads with �ow, but its spreading is not welldesribed by the simply averaged advetion-di�usion equations for the onentration.This spreading phenomenon is alled hydrodynami dispersion.Following [10℄, the hydrodynami dispersion is the averaged marosopi pitureof the motion of the traer partiles through the pore struture and of the hemialreations of the solute with the solid walls and with other partiles. It is aused bytwo basi transport phenomena involved: onvetion and moleular di�usion. Theirsimultaneous presene in the pore struture leads to a omplex spreading of the traer.The interation between the solid pore interfaes and the �uid is related to the ad-sorption or deposition of traer partiles on the solid surfae. Eventually, radioativedeay and hemial reations within the �uid may also ause onentration hanges.Due to the omplexity of the problem, many results in the literature are onernedwith simple models of porous media being either bundles of apillary tubes, or arraysof ells and so on. Suh simpli�ations allow expliit alulations. Taylor's dispersionis one of the most well-known examples of the role of transport in dispersing a �owarrying a dissolved solute. The simplest setting for observing it, is the injetion ofa solute into a slit hannel. The solute is transported by Poiseuille's �ow. In thissituation Taylor found in [36℄ an expliit expression for the dispersion.Atually the hydrodynami dispersion ould be studied in three distint regimes:a) di�usion-dominated mixing, b) Taylor dispersion-mediated mixing and ) haotiadvetion. In the �rst regime, the veloity is small and the Pélet's number Pe is oforder one or smaller. Moleular di�usion plays the dominant role in solute dispersion.This ase is well-understood even for reative �ows (see e.g. the papers [16℄, [18℄,[20℄, [21℄, [22℄, [17℄). If the �ow rate is inreased so that the Pélet's number Peis muh larger than one, then there is a time sale at whih transversal moleulardi�usion smears the ontat disontinuity into a plug. This is the regime under
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study in the present paper. In addition to dominant Pélet's number we also onsiderdominant non-dimensional numbers linked to the hemistry, like Damkohler's number.Eventually the third regime, orresponding to turbulent mixing, is muh more deliateand is not onsidered here.Our main ontribution (see Theorem 3.3) is to give a rigorous derivation of amarosopi homogenized model explaining Taylor dispersion for a traer in an in-ompressible saturated �ow through a periodi porous medium, undergoing linearadsorption/desorption hemial reations on the solid boundaries of the pores. Ourmain tehnial tool is the notion of two-sale onvergene with drift introdued in[23℄ and applied to onvetion-di�usion problems in [8℄ and [14℄. With respet tothese two previous works the new feature in the present work is the oupling of aonvetion-di�usion for the bulk solute with an ordinary di�erential equation for sur-fae onentration.For the derivation of Taylor's dispersion in porous media using formal two-saleexpansions, we refer to [9℄, [24℄, [35℄ and referenes therein. Volume averaging ap-proah to the e�etive dispersion for reative �ows through porous media requires anad ho losure hypothesis, as in [29℄.Rigorous mathematial justi�ation of Taylor's dispersion in apillary tubes, forlassial Taylor's ase and for reative �ows, was undertaken in [25℄ and [12℄. Inthe ase of osillating oe�ients (a mesosopi porous medium), with no hemialreations, the rigorous study of dispersion for dominant Pélet's number, is in [34℄ andin [11℄. The approah from [11℄ is based on an expansion around the regular solutionsfor the underlying linear transport equation. This approah requires ompatible databut also gives an error estimate. In this paper we deal with the pore geometryand dominant Pélet's and Damköhler's numbers and we think that the two-saleonvergene with drift is the right tool to address problems of suh level of di�ulty.The ontents of the paper is the following. In Setion 2 we desribe our modeland its saling in terms of various geometrial and physial quantities. Setion 3 isdevoted to the preise statement of our result, to some uniform a priori estimatesand several de�nitions of two-sale onvergene with drift. Setion 4 is devoted to aweak onvergene proof of our result based on passing to the limit in the variationalformulation of the problem with adequate test funtions. Finally Setion 5 onludesthe proof of our main theorem by showing that the two-sale onvergene is atuallystrong. It relies on a Γ-onvergene type result, namely on the onvergene of theassoiated energy. Let us �nish this introdution by referring the less mathematiallyinlined reader to another paper of us [4℄ where the rigorous two-sale onvergenewith drift is replaed by simpler two-sale asymptoti expansions with drift and whihfeatures some numerial omputations of homogenized dispersion tensors.2. Statement of the problem and its non-dimensional form. We onsiderdi�usive transport of the solute partiles transported by a stationary inompressiblevisous �ow through an idealized in�nite porous medium. The �ow regime is assumedto be laminar through the �uid part Ωf of this porous medium, whih is supposedto be a network of interonneted hannels (in other words, we suppose that Ωf isa onneted domain in R
n, n ≥ 2; usually in the appliations n = 2, 3). The �owsatis�es a slip (non penetrating) ondition on the �uid/solid interfaes and Ωf issaturated by the �uid. Solute partiles are partiipants in a hemial reation withthe solid boundaries of the pores. For simpliity we suppose that they do not interatbetween them.Reative transport of a single solute is desribed by the following model for the2



solute onentration c∗:
∂c∗

∂t∗
+ v

∗(x∗, t∗) · ∇x∗c∗ −D∗∆x∗c∗ = 0 in Ωf × (0, T ∗), (2.1)where v
∗ is the �uid veloity, and D∗ the moleular di�usion (a positive onstant).At the solid/�uid boundary ∂Ωf takes plae an assumed linear adsorption proess,desribed by the following equations:

−D∗∇x∗c∗ · n =
∂ĉ∗

∂t∗
= k̂∗(c∗ − ĉ∗

K∗
) on ∂Ωf × (0, T ∗), (2.2)where ĉ∗ is the adsorbed onentration on the pore surfae ∂Ωf , k̂∗ represents the rateonstant for adsorption, K∗ the linear adsorption equilibrium onstant and n is theunit normal at ∂Ωf oriented outwards with respet to Ωf . For more on mathematialmodeling of adsorption/desorption and referenes from the hemial engineering werefer to [15℄.This system is generi and appears in numerous situations (see e.g. the referenebooks [19℄, [30℄, or [32℄). In the modeling variant [4℄ of this paper, oriented to thehemial engineering readership, we explain in detail how to redue the linearizedmodels for binary ion exhange, and linearized reative �ow systems with m speiesto the system (2.1)-(2.2).To make an asymptoti analysis of this problem we must �rst introdue appropri-ate sales dedued from harateristi parameters suh as the harateristi onentra-tion cR, the harateristi length LR, the harateristi veloity VR, the harateristidi�usivity DR, the harateristi time TR, and other harateristi quantities denotedby a R-index (meaning "referene"). Saling in homogenization is an important issue(see e.g. [31℄, [33℄). The harateristi length LR oinides in fat with the "observa-tion distane". We assume that the typial heterogeneities in Ωf have a harateristisize ℓ << LR. We set ε =

ℓ

LR
<< 1 and the resaled �ow domain is now Ωε = Ωf/LR,with notation reminding us that it ontains pores of harateristi non-dimensionalsize ε. Setting

uf =
c∗

cR
, x =

x∗

LR
, t =

t∗

TR
, v(x, t) =

1

VR
v
∗(x∗, t∗), D =

D∗

DR
,

k =
k̂∗

kR
, vs =

ĉ∗

ĉR
, K =

K∗

KR
,we obtain the dimensionless equations

∂uf

∂t
+
VRTR

LR
v(x, t) · ∇xuf − DRTR

L2
R

D∆xuf = 0 in Ωε × (0, T ) (2.3)and
−DDR

LR
cR∇xuf · n =

ĉR
TR

∂vs

∂t
= kRk(cRuf − ĉRvs

KKR
) on ∂Ωε × (0, T ). (2.4)This problem involves the following time sales:

TL = harateristi global advetion time sale =LR/VR

TD = harateristi global di�usion time sale =L2
R/DR

TDE = KR/kR (harateristi desorption time)
TA = ĉR/(cRkR) (harateristi adsorption time)
Treact = super�ial hemial reation time sale =LR/kR3



and the following harateristi non-dimensional numbersPe =
LRVR

DR
=
TD

TL
(Pélet number);Da =

LRkR

DR
=

TD

Treact
(Damkohler number)We hoose to study a regime for whih TR = TD. Due to the omplex geom-etry and in presene of dominant Pélet and Damkohler numbers, solving the fullproblem for arbitrary values of oe�ients is ostly and pratially impossible. Con-sequently, one would like to �nd the e�etive (or averaged or homogenized) values ofthe dispersion oe�ient and the transport veloity and an e�etive orrespondingparaboli equation for the e�etive onentration, valid in an in�nite homogeneousporous media.Let us be a little more preise on the de�nition of Ωε. From now on we assumethat Ωε is an ε-periodi unbounded open subset of R

n. It is built from R
n by removinga periodi distributions of solid obstales whih, after resaling, are all similar to theunit obstale Σ0. More preisely, the unit periodiity ell is identi�ed with the �atunit torus T

n on whih we onsider a smooth partition Σ0 ∪ Y 0 where Σ0 is the solidpart and Y 0 is the �uid part. The �uid part is assumed to be a smooth onnetedopen subset (no assumption is made on the solid part). We de�ne Y j
ε = ε(Y 0 + j),

Σj
ε = ε(Σ0 + j), Sj

ε = ε(∂Σ0 + j), Ωε =
⋃

j∈Zn

Y j
ε and Sε ≡ ∂Ωε =

⋃
j∈Zn

Sj
ε .The equations for uε = uf and vε = vs in their non-dimensional form read (withthe veloity vε = v)

∂uε

∂t
+Pevε(x, t) · ∇xuε = D∆xuε in Ωε × (0, T ) (2.5)

uε(x, 0) = u0(x), x ∈ Ωε, (2.6)
−D∇xuε · n =

TA

Treact

∂vε

∂t
=

TD

Treact
k(uε −

TA

TDE

vε

K
) on ∂Ωε × (0, T ) (2.7)

vε(x, 0) = v0(x), x ∈ ∂Ωε. (2.8)In Setion 3.1 we shall make some further assumptions on the saling of the aboveadimensional system in terms of the geometrial small parameter ε.3. Main results.3.1. Assumptions and main onvergene theorem. In the present work wemake the following two hypothesis.(H1)
Pe =

1

ε
, Da =

TD

Treact
=

1

ε
,

TA

Treact
= ε,

TA

TDE
= 1. (3.1)(H2) The veloity �eld is periodi and inompressible, i.e.

vε(x, t) = b

(x
ε

)with a periodi divergene�free vetor �eld b(y) satisfying
| b(y) | ∈ L∞(Rn), divyb(y) = 0 in Y 0, b(y) · n(y) = 0 on ∂Σ0.4



The initial data are hosen suh that u0(x) ∈ L2(Rn) and v0(x) ∈ H1(Rn).Taking into aount (3.1), we rewrite problem (2.5)-(2.8) as follows
∂tuε +

1

ε
b
(x
ε

)
· ∇uε −D∆uε = 0 in Ωε × (0, T ), (3.2)

−D
ε

∂uε

∂n
= ∂tvε =

k

ε2

(
uε −

vε

K

) on ∂Ωε × (0, T ), (3.3)
uε(x, 0) = u0(x), vε(x, 0) = v0(x), (3.4)where we reall that K and k are positive onstants. The variational formulation of(3.2)-(3.3) is: �nd uε(t, x) ∈ L2((0, T );H1(Ωε)) ∩ C0([0, T ];L2(Ωε)) and vε(t, x) ∈

C0([0, T ];L2(∂Ωε)) suh that, for any test funtions φ(x) ∈ H1(Ωε), ψ(x) ∈ L2(∂Ωε),and a.e. in time,
d

dt

∫

Ωε

uεφ+
1

ε

∫

Ωε

b
(x
ε

)
· ∇uεφ+

∫

Ωε

D∇uε · ∇φ+
k

ε

∫

∂Ωε

(
uε −

vε

K

)
φ = 0,

d

dt

∫

∂Ωε

vεψ − k

ε2

∫

∂Ωε

(
uε −

vε

K

)
ψ = 0,together with the initial ondition (3.4).Remark 3.1. If the veloity �eld b(y) is not divergene-free and/or does notsatisfy the no-penetration ondition b(y) · n(y) = 0 on ∂Σ0, it is still possible tohomogenize (3.2)-(3.4) by using �rst a fatorization priniple in the spirit of [8℄.Remark 3.2. We do not know how to extend our analysis to the ase of a maro-sopially modulated veloity �eld b(x, y). Atually we believe the asymptoti behaviorould be ompletely di�erent, aording to the preise assumptions on b(x, y). Forexample, in [6℄ (for a onvetion-di�usion equation) and [7℄ (for a self-adjoint di�u-sion equation) it was shown, under spei� geometri assumptions on the marosopidependene of the oe�ients, that a loalization e�et an take plae at a lengthsaleof √ǫ. However the general ase is still open and it is very likely that loalization doesnot always happen.To simplify the presentation we use an extension operator from the perforateddomain Ωε into R

n (although it is not neessary). As was proved in [1℄, there existssuh an extension operator T ε from H1(Ωε) in H1(Rn) satisfying T εψ|Ωε
= ψ andthe inequalities

‖T εψ‖L2(Rn) ≤ C‖ψ‖L2(Ωε), ‖∇(T εψ)‖L2(Rn) ≤ C‖∇ψ‖L2(Ωε)with a onstant C independent of ε, for any ψ ∈ H1(Ωε). We keep for the extendedfuntion T εψ the same notation ψ. Our main result is the following strong onver-gene.Theorem 3.3. The sequene {uε, vε} of solutions to (3.2)-(3.4) satis�es
uε(t, x) = u

(
t, x− b̄

ε
t

)
+ ru

ε (t, x), vε(t, x) = Ku

(
t, x− b̄

ε
t

)
+ rv

ε (t, x) (3.5)with
lim
ε→0

∫ T

0

∫

Rn

|ru
ε (t, x)|2 dt dx = 0 and lim

ε→0
ε

∫ T

0

∫

∂Ωε

|rv
ε (t, x)|2 dt dx = 0,5



where b̄ is the so-alled e�etive drift (a onstant vetor) given by
b̄ = (|Y 0| + |∂Σ0|n−1K)−1

∫

Y 0

b(y)dyand u(x, t) is the unique solution of the homogenized problem




(|Y 0| +K|∂Σ0|n−1)∂tu = divx

(
A∗∇xu

) in R
n × (0, T ),

u(x, 0) =
|Y 0|u0(x) + |∂Σ0|n−1v

0(x)

|Y 0| +K|∂Σ0|n−1
in R

n,
(3.6)where the e�etive di�usion tensor A∗ is de�ned by

A∗ =
K2

k
|∂Σ0|n−1b̄⊗ b̄ +D

∫

Y 0

(I + ∇yχ(y))(I + ∇yχ(y))T dy. (3.7)The vetor-valued periodi funtion χ has omponents χi ∈ H1(Y 0) whih are solu-tions of the following ell problem, 1 ≤ i ≤ n,
b(y) · ∇χi(y) −Ddiv(∇(χi(y) + yi)) = b̄i − bi(y) in Y 0,

D∇(χi(y) + yi) · n = Kb̄i on ∂Σ0.
(3.8)Here |Y 0| stands for the volume of Y 0, |∂Σ0|n−1 for the (n − 1)-dimensionalmeasure of the boundary ∂Σ0 and n(y) is the external unit normal on ∂Σ0.Remark 3.4. Convetion is not seen in the homogenized equation (3.6) beausethe solution u is de�ned in moving oordinates when ompared to uε and vε in (3.5).However, (3.6) is equivalent to a onvetion di�usion equation by a simple hange ofreferene frame. Indeed, introduing ũε(t, x) = u

(
t, x− b̄

ε t
), it is a solution of





∂ũε

∂t
+

1

ε
b̄ · ∇ũε − div (A∗∇ũε) = 0 in R

n × (0, T )

ũε(t = 0, x) =
|Y ∗|u0(x) + |∂O|n−1v

0(x)

|Y ∗| +K|∂O|n−1
in R

nTheorem 3.3 is valid only for an unbounded domain Ωε. It is lear from the large driftin (3.5) or in the above equation that there is a serious di�ulty to deal with the aseof a bounded domain for time muh larger than ε.Remark 3.5. The adsorption rate k appears only in the �rst term of the righthand side of (3.7), so it is easy to hek that A∗ varies monotonially with k andblows up when k goes to 0. Sine in the original problem (3.2)-(3.4) the limit ase
k = 0 is perfetly legitimate and means no hemial reation at all, this shows thatthe homogenization limit does not ommute with the limit as k goes to 0. When kgoes to +∞, the �rst term of the right hand side of (3.7) anels out, a situationwhih orresponds to �xing vε = Kuε on the pore boundaries. The dependene of
A∗ upon the equilibrium onstant K is impliit. At least formally, when K goes to0, one reover the usual ell problem, drift and homogenized tensor orrespondingto homogeneous Neumann boundary ondition on the pore boundaries (i.e. withouthemistry). On the other hand when K goes to +∞, we obtain that b̄ = 0 and theprodut Kb̄, as well as A∗, have a non-zero limit, orresponding to the ase of Fourieror Robin boundary ondition for uε. 6



Remark 3.6. The proof of Theorem 3.3 is the fous of the last two setions andrelies on the notion of two-sale onvergene with drift. For the mathematially lessinlined reader, a formal method for guessing the orret homogenized problem (3.6)is the method of two-sale asymptoti expansions with drift (see [4℄ and [28℄). Morepreisely, one assumes that
uε(t, x) =

+∞∑

i=0

εiui

(
t, x− b̄

ε
t,
x

ε

)
,with ui(t, x, y) a funtion of the marosopi variable x and of the periodi mirosopivariable y ∈ Y = (0, 1)n, and similarly

vε(t, x) =

+∞∑

i=0

εivi

(
t, x− b̄

ε
t,
x

ε

)Plugging these ansatz in the equation (3.2) yields after some standard algebra thedesired result, at least formally.3.2. Uniform a priori estimates. We now derive a priori estimates based onthe energy equality. As usual, they imply existene of a unique solution to problem(3.2)-(3.4). Depending on the assumed regularity of the initial data, we ould provearbitrary high regularity of the solution.Lemma 3.7. There exists a onstant C, whih does not depend on ε, suh thatthe solution of (3.2)-(3.4) satis�es
‖uε‖L∞((0,T );L2(Ωε)) +

√
ε‖vε‖L∞((0,T );L2(∂Ωε)) + ‖∇uε‖L2((0,T )×Ωε)

≤ C
(
‖u0‖L2(Rn) + ‖v0‖H1(Rn)

)
. (3.9)Proof. The energy estimate for (3.2)-(3.4) reads

1

2

d

dt

[
‖uε‖2

L2(Ωε) +
ε

K
‖vε‖2

L2(∂Ωε)

]
+

∫

Ωε

D∇uε(t) · ∇uε(t)dx+
εk

ε2

∫

∂Ωε

(
uε −

vε

K

)2

dσ = 0, (3.10)from whih we easily dedue the desired result sine ε‖v0‖2
L2(∂Ωε) ≤ C‖v0‖2

H1(Rn). Toobtain (3.10) we multiply equation (3.2) by uε and integrate by parts over Ωε. Theonvetive term anels out sine the veloity is divergene-free and has a zero normalomponent on the boundary
∫

Ωε

b
(x
ε

)
· ∇uε uε dx =

1

2

∫

Ωε

div
(
b
(x
ε

)
|uε|2

)
dx = −1

2

∫

∂Ωε

|uε|2b
(x
ε

)
· n dσ = 0.It yields

1

2

d

dt
‖uε‖2

L2(Ωε) +

∫

Ωε

D∇uε(t) · ∇uε(t)dx +
k

ε

∫

∂Ωε

(
u2

ε −
vε

K
uε

)
dσ = 0.7



Multiplying then the equation ∂tvε =
k

ε2

(
uε − vε

K

) by εvε/K and integrating theresult over ∂Ωε yields
1

2

ε

K

d

dt
‖vε‖2

L2(∂Ωε) +
k

ε

∫

∂Ωε

(
− uεvε

K
+

v2
ε

K2

)
dσ = 0.Summing up the last two relations, we obtain (3.10).Next we estimate vε using uε. Without loss of generality we an assume that thefuntion vε is de�ned by the equation ∂tvε =

k

ε2

(
uε −

vε

K

) everywhere in Ωε and notsolely on ∂Ωε.Lemma 3.8. There exists a onstant C, whih does not depend on ε, suh that
‖vε‖L2((0,T );H1(Ωε)) ≤ C(‖uε‖L2((0,T );H1(Ωε)) + ε‖v0‖H1(Rn)). (3.11)Proof. Solving expliitly the ODE (3.3), we get

vε(t, x) =

t∫

0

k

ε2
exp

( k

Kε2
(s− t)

)
uε(s, x)ds + v0(x) exp

(
− kt

Kε2

)
.Sine k

ε2
exp{− kτ

Kε2
}χ0≤τ≤t is bounded in L1(0, T ) independently of ε, Young's in-equality yields

{
‖vε‖L2((0,T );H1(Ωε)) ≤ C(‖uε‖L2((0,T );H1(Ωε)) + ε‖v0‖H1(Rn)),
‖vε‖L2((0,T )×Ωε) ≤ C(‖uε‖L2((0,T )×Ωε)) + ε‖v0‖L2(Rn)).

(3.12)The next a priori estimate is again a onsequene of the energy equality (3.10).Lemma 3.9. There exists another onstant C, whih does not depend on ε, suhthat
∥∥ 1

K
vε − uε

∥∥
L2((0,T )×Ωε)

≤ Cε.Proof. The desired estimate is a onsequene of the following Poinaré typeinequality
‖w‖2

L2(Ωε) ≤ C
(
ε2‖∇w‖2

L2(Ωε) + ε‖w‖2
L2(∂Ωε)

)This inequality is derived in [13℄. Combining it with the energy estimate (3.10), weobtain the statement of lemma.Remark 3.10. All the previous a priori estimates are not uniform with respetto k and K. This is one reason why taking the homogenization limit ε→ 0 and takingthe zero-adsorption limit k → 0 do not ommute.3.3. Two-sale onvergene with drift. For the reader's onveniene we re-all here the de�nition of two-sale onvergene in moving oordinates (or with drift)introdued in [23℄ (see [3℄ for a pedagogial presentation inluding detailed proofs).8



Definition 3.11. Let V be a onstant vetor in R
n. We say that a sequene offuntions Uε(t, x) ∈ L2((0, T ) × R

n) two-sale onverges in moving oordinates (or,equivalently, with drift) (x, t) → (x− V
ε t, t) to a funtion U0(t, x, y) ∈ L2((0, T )×R

n×
T

n) if
‖Uε‖L2((0,T )×Rn) ≤ Cand for any φ(t, x, y) ∈ C∞

0 ((0, T ) × R
n × T

n)

lim
ε→0

T∫

0

∫

Rn

Uε(t, x)φ
(
t, x− V

ε
t,
x

ε

)
dxdt =

T∫

0

∫

Rn

∫

Tn

U0(t, x, y)φ(t, x, y)dxdydt. (3.13)The onvergene (3.13) is denoted by Uε
2−drift−→ U0.In analogy with the lassi two-sale onvergene results (see [2℄ and [26℄), wehave:Proposition 3.12. ([23℄) Let V be a onstant vetor in R

n and let the sequene
Uε be uniformly bounded in L2((0, T );H1(Rn)). Then there exists a subsequene, stilldenoted by ε, and funtions U0(t, x) ∈ L2((0, T );H1(Rn)) and U1(t, x, y) ∈ L2((0, T )×
R

n;H1(Tn)) suh that
Uε

2−drift−→ U0 and ∇Uε
2−drift−→ ∇xU0 + ∇yU1. (3.14)Let Wε be a sequene uniformly bounded in L2((0, T ) × R

n) suh that ε∇Wε is alsouniformly bounded in L2((0, T )×R
n)n. Then there exists a subsequene, still denotedby ε, and a funtion W0(t, x, y) ∈ L2((0, T ) × R

n;H1(Tn)) suh that
Wε

2−drift−→ W0 and ε∇Wε
2−drift−→ ∇yW0. (3.15)Thanks to estimate (3.10) and Lemmata 3.7, 3.8 and 3.9 and Proposition 3.12,we have the following ompatness result.Corollary 3.13. Let {uε, vε} be the solution of problem (3.2)-(3.4), extended tothe whole spae. Take the drift V = b̄. Then there exists a subsequene (still denotedby ε) and {u,w, q} ∈ L2((0, T );H1(Rn))×L2((0, T )×R

n;H1(Tn))×L2((0, T )×R
n×

T
n) suh that





uε
2−drift−→ u(t, x), ∇uε

2−drift−→ ∇u(t, x) + ∇yw(t, x, y),

vε
2−drift−→ Ku(t, x),

1

ε

(vε

K
− uε

)
2−drift−→ q(t, x, y).

(3.16)The fat that {uε} and {vε/K} have the same (two-sale with drift) limits followsfrom Lemma 3.9.Next we show that the last onvergene in (3.16) holds true even for integrals onthe boundary ∂Ωε instead of Ωε. This result is reminisent of the notion of two-saleonvergene on periodi surfaes developed in [5℄ and [27℄ and we ould develop thesame onvergene but with drift. 9



Corollary 3.14. Let {uε, vε} be as in Corollary 3.13. Then, for the sametwo-sale limit with drift q, as de�ned in (3.16), we have
lim
ε→0

ε

T∫

0

∫

∂Ωε

1

ε

(
uε − vε/K

)
φ
(
t, x− b̄t

ε
,
x

ε

)
dσdt =

T∫

0

∫

∂Σ0

∫

Rn

q(t, x, y)φ(t, x, y) dxdσydt, (3.17)for any test funtion φ(t, x, y) ∈ C∞
0 ((0, T ) × R

n × T
n),Proof. Let a ∈ C1(Ȳ 0; Rn) be a solution for

a · n = 1 on ∂Σ0; div a =
| ∂Σ0 |n−1

| Y 0 | in Y 0; a is Y − periodi. (3.18)Then we have
T∫

0

∫

∂Ωε

(
uε −

vε

K

)
φ
(
x− b̄t

ε
,
x

ε
, t

)
dσdt =

T∫

0

∫

Ωε

div (
a(
x

ε
)
(
uε −

vε

K

)
φ
(
x− b̄t

ε
,
x

ε
, t

))
dxdt =

T∫

0

∫

Ωε

(
1

ε
(uε −

vε

K
)
| ∂Σ0 |
| Y 0 | φ

(
x− b̄t

ε
,
x

ε
, t

)

+
1

ε
a(
x

ε
) · (uε −

vε

K
)∇yφ

(
x− b̄t

ε
, y, t

)
|y=x

ε

+a(
x

ε
) · ∇(uε −

vε

K
)φ

(
x− b̄t

ε
, y, t

)
|y= x

ε

)
dxdt + O(ε) →

T∫

0

∫

Y 0

∫

Rn

divy

(
q(x, y, t)φ(x, y, t)a(y)

)
dxdydt, as ε→ 0, (3.19)where we used the bounds

∥∥1

ε

(
uε − vε/K

)∥∥
L2(Ωε×(0,T ))

≤ C , ‖∇
(
uε − vε/K

)
‖L2(Ωε×(0,T )) ≤ Cand the onvergene result (3.15) for the sequene ε−1

(
uε − vε/K

). The surfaetwo-sale limit result (3.17) follows from (3.19).4. Proof of weak two-sale onvergene. Before proving our main result,Theorem 3.3, we state and prove a weaker version whih relies on the notion of two-sale onvergene with drift.Theorem 4.1. The sequene {uε, vε} two-sale onverges with drift (x, t) →
(
x − b̄

ε
t, t

), as ε → 0, to the ouple (u(x, t),Ku(x, t)) where u(x, t) is the uniquesolution of the homogenized problem (3.6).10



The proof of Theorem 4.1 is divided in �ve steps, in the spirit of [2℄.1. STEP (ompatness and hoie of the drift)By virtue of the a priori estimates of setion 3.2, Proposition 3.12 and Corol-lary 3.14 imply the existene of a subsequene (still denoted by ε) and of limits
{u,w, q, v} ∈ L2((0, T );H1(Rn))×L2((0, T )×R

n;H1(Tn))2×L2((0, T );H1(Rn)) suhthat




uε
2−drift−→ u(x, t), ∇uε

2−drift−→ ∇u(x, t) + ∇yw(x, y, t);

vε
2−drift−→ Ku(x, t),

1

ε

(vε

K
− uε

)
2−drift−→ q(x, y, t).

(4.1)At this moment the hoie of the drift veloity is arbitrary. Nevertheless we now makea hoie whih will turn out, in the third step, to be the only possible one.In the absene of hemial reations (i.e. with homogeneous Neumann boundaryondition for uε instead of (3.3)), the drift veloity would be simply bc = |Y 0|−1

∫

Y 0

b(y) dy(see e.g. [8℄). The hemistry term leads to a non-trivial drift whih is now de�ned inagreement with periodi gradient osillations.Lemma 4.2. Let the e�etive drift b̄ (a onstant vetor) be given by
b̄ = (|Y 0| + |∂Σ0|n−1K)−1

∫

Y 0

b(y)dy. (4.2)There exists a periodi solution χi(y) ∈ H1(Y 0) of the following ell problem, 1 ≤ i ≤
n,

b(y) · ∇χi(y) −D div
(
∇(χi(y) + yi)

)
= b̄i − bi(y) in Y 0,

D∇(χi(y) + yi) · n = Kb̄i on ∂Σ0,
(4.3)where n(y) is the external unit normal on ∂Σ0. This solution is unique up to anadditive onstant.Proof. We hek that b̄ is de�ned preisely so that the ompatibility ondition(or Fredholm alternative) in (4.3) is satis�ed. We obtain

∫

Y 0

b(y)dy − |Y 0|b̄ −
∫

∂Σ0

K dσy b̄ = 0, (4.4)where dσy is an element of (n− 1)-dimensional volume on ∂Σ0.2. STEP (determination of the limit funtion q)In order to haraterize the limit funtion q(x, y, t), we multiply the equation
∂tvε =

k

ε2

(
uε −

vε

K

) by εϕ(
x − b̄t

ε
,
x

ε
, t

), where ϕ(x, y, t) ∈ C∞
0 (Rn × T

n × (0, T )),and integrate the resulting expression over Ωε × (0, T ). An integration by parts withrespet to time yields
T∫

0

∫

Ωε

(
vεb̄ · ∇xϕ

(
x− b̄t

ε
,
x

ε
, t

)
− k

ε
(uε −

vε

K
)ϕ

(
x− b̄t

ε
,
x

ε
, t

))
dxdt = O(ε),11



where we used the notation ∇xϕ
(
x− b̄t

ε
,
x

ε
, t

)
= ∇xϕ(x− b̄t

ε
, y, t)

∣∣
y=x/ε

and ∇yϕ
(
x−

b̄t

ε
,
x

ε
, t

)
= ∇yϕ(x − b̄t

ε
, y, t)

∣∣
y=x/ε

. Passing to the two-sale limit with drift andbearing in mind that the two-sale limit of vε is equal to Ku(x, t), we obtain
T∫

0

∫

Rn

∫

Y 0

(
Ku(x, t)b̄ · ∇xϕ(x, y, t) − kq(x, y, t)ϕ(x, y, t)

)
dxdydt = 0Therefore,

q(x, y, t) = q(x, t) = −K
k

b̄ · ∇xu(x, t). (4.5)3. STEP (determination of the limit funtion w)In order to haraterize the limit funtion w(x, y, t), we hoose again a test fun-tion as before:
ϕε = εϕ

(
x− b̄t

ε
,
x

ε
, t

)
.Substituting it in problem (3.2)-(3.4) yields

T∫

0

∫

Ωε

{
uεb̄ · ∇xϕ

(
x− b̄t

ε
,
x

ε
, t

)
+ b

(x
ε

)
· ∇uεϕ

(
x− b̄t

ε
,
x

ε
, t

)
+

D∇uε∇yϕ
(
x− b̄t

ε
,
x

ε
, t

)}
dxdt + ε

T∫

0

∫

∂Ωε

k

ε

(
uε −

vε

K

)
ϕ
(
x− b̄t

ε
,
x

ε
, t

)
dσdt

= O(ε). (4.6)Passing to the two-sale limit with drift gives us the ell problem
T∫

0

∫

Rn

∫

Y 0

{
u(x, t)b̄ · ∇xϕ(x, y, t) + b(y) · (∇xu(x, t) + ∇yw(x, y, t))ϕ(x, y, t)+

D(∇xu(x, t) + ∇yw(x, y, t)) · ∇yϕ(x, y, t)
}
dxdydt+

T∫

0

∫

Rn

∫

∂Σ0

kq(x, y, t)ϕ(x, y, t)dxdσydt = 0. (4.7)As in lassial two-sale onvergene, problem (4.7) leads to the following di�erentialproblem for w, valid a.e. on (0, T )× R
n:

−D divy(∇xu(x, t) + ∇yw(x, y, t)) + b(y) · (∇xu(x, t) + ∇yw(x, y, t)) =

b̄ · ∇xu(x, t) in Y 0, (4.8)
w is Y − periodi in y (4.9)

−D(∇xu(x, t) + ∇yw(x, y, t)) · n = kq(x, t) = −K∇xu(x, t) on ∂Σ0. (4.10)12



At this point it is ruial to have hosen the drift b̄ de�ned by (4.2), otherwise (4.10)would have no solution but the trivial one. Finally, we onlude that the funtion
w(x, y, t) is given by the following separation of fast and slow variables formula:

w(x, y, t) = χ(y) · ∇xu(x, t), (4.11)with χ(y) of omponents χi solving problem (4.3).4. STEP (determination of the homogenized equation)In this step we test problem (3.2)-(3.4) by φ̂(x, t) = φ
(
x − b̄t

ε
, t

), with φ ∈
C∞

0 (Rn × [0, T )), implying that φ(x, T ) = 0. Also, we use the symbol ∂̂tφ for
∂tφ(z, t)|z=x−b̄t/ε. Note that

∂tφ̂(x, t) = ∂̂tφ(x, t) − b̄

ε
· ∇xφ̂(x, t).We get

T∫

0

∫

Ωε

{
uε

b̄ − b
(

x
ε

)

ε
· ∇xφ̂− uε∂̂tφ

}
dxdt+

T∫

0

∫

∂Ωε

vε(x, t)b̄ · ∇xφ̂dσdt−

∫

Ωε

u0(x)φ(x, 0) dx+D

T∫

0

∫

Ωε

∇uε · ∇xφ̂ dxdt−

ε

T∫

0

∫

∂Ωε

vε(x, t)∂̂tφdσdt− ε

∫

∂Ωε

v0(x)φ(x, 0)dσ = 0. (4.12)Next we introdue the auxiliary vetor funtion ψ by




∆ψi(y) = bi(y) − b̄i on Y 0;

∂ψi

∂n
= Kb̄i on ∂Σ0;

ψi is 1 − periodi. (4.13)Then for ψε(x) = ψ(x/ε) we have




ε2∆ψε
i (x) = bi(

x

ε
) − b̄i in Ωε;

ε
∂ψε

i

∂n
= Kb̄i on ∂Ωε;

(4.14)13



Furthermore, we have the following integral identity
T∫

0

∫

Ωε

uε

b̄ − b

(
x
ε

)

ε
· ∇xφ̂ dxdt +

T∫

0

∫

∂Ωε

vε(x, t)b̄ · ∇xφ̂dσdt =

−
T∫

0

∫

Ωε

ε

n∑

i=1

∆ψε
i ∂xi

φ̂uε dxdt+

T∫

0

∫

∂Ωε

vε(x, t)b̄ · ∇xφ̂dσdt =

K

T∫

0

∫

∂Ωε

(vε

K
− uε

)
b̄ · ∇xφ̂dσdt+

T∫

0

∫

Ωε

ε

n∑

i=1

∇ψε
i · ∇(∂xi

φ̂uε) dxdt. (4.15)Inserting (4.15) into (4.12) gives
Kε

T∫

0

∫

∂Ωε

1

ε

(vε

K
− uε

)
b̄ · ∇xφ̂dσdt +

T∫

0

∫

Ωε

ε

n∑

i=1

∇ψε
i · ∇(∂xi

φ̂uε) dxdt−

T∫

0

∫

Ωε

uε∂̂tφ dxdt−
∫

Ωε

u0(x)φ(x, 0) dx+D

T∫

0

∫

Ωε

∇uε · ∇xφ̂ dxdt−

ε

T∫

0

∫

∂Ωε

vε(x, t)∂̂tφdσdt− ε

∫

∂Ωε

v0(x)φ(x, 0)dσ = 0. (4.16)Passing to the two-sale limit with drift (x, t) →
(
x − b̄t/ε, t

) in the last relation isnow straightforward. For the omfort of the reader, we do it term by term:
lim
ε→0

T∫

0

∫

Ωε

uε∂̂tφ dxdt = |Y 0|
T∫

0

∫

Rn

u(x, t)∂tφ(x, t) dxdt, (4.17)
lim
ε→0

ε

T∫

0

∫

∂Ωε

vε(x, t)∂̂tφdσdt = |∂Σ0|n−1

T∫

0

∫

Rn

Ku(x, t)∂tφ(x, t) dxdt, (4.18)
lim
ε→0

D

T∫

0

∫

Ωε

∇uε · ∇xφ̂ dxdt = D

T∫

0

∫

Rn

n∑

i=1

(
|Y 0|∂xi

u(x, t)+

n∑

j=1

∂xj
u(x, t)

∫

Y 0

∂χj(y)

∂yi
dy

)
∂xi

φ(x, t) dxdt, (4.19)14



lim
ε→0

Kε

T∫

0

∫

∂Ωε

1

ε

(vε

K
− uε

)
b̄ · ∇xφ̂dσdt =

T∫

0

∫

Rn

|∂Σ0|n−1
K2

k
b̄⊗ b̄∇xu∇xφ dxdt, (4.20)

lim
ε→0

T∫

0

∫

Ωε

ε

n∑

i=1

∇ψε
i · ∇(∂xi

φ̂uε) dxdt =

T∫

0

∫

Rn

n∑

i,j=1

∂2φ

∂xixj
u(x, t)

( ∫

Y 0

∂ψi

∂yj
dy

)
dxdt+

T∫

0

∫

Rn

∫

Y 0

n∑

i,j=1

∂xi
φ(x, t)

∂ψi(y)

∂yj

(
∂xj

u+ ∂xℓ
u

n∑

ℓ=1

∂χℓ(y)

∂yj

)
dydxdt. (4.21)It is now time to introdue the homogenized matrix whih for simpliity we deom-pose as a sum of elementary matries. The �rst one linked to adsorption/desorptionreations, transported by the drift veloity, is alulated in (4.20) and given by

Ā1 =
K2

k
|∂Σ0|n−1b̄⊗ b̄ =

[
K2

k
|∂Σ0|n−1b̄ib̄j

]
. (4.22)The seond one, related to advetion-di�usion and hemistry, is alulated in (4.19)-(4.21) and given by

[
Ā2

]
ij

= D

∫

Y 0

(
δij +

∂χi(y)

∂yj

)
dy +

n∑

ℓ=1

∫

Y 0

∂χj(y)

∂yℓ

∂ψi(y)

∂yℓ
dy. (4.23)Remark that only the symmetri part of the homogenized matrix appears in thehomogenized equation: Ā1 is already symmetri but Ā2 is not and should be sym-metrized. The e�etive or homogenized matrix is thus de�ned by

A∗ = Ā1 +
1

2
(Ā2 + ĀT

2 ).Then after inserting the limits (4.17)-(4.21) into the variational equation (4.16) weonlude that the limit funtion u(x, t) solves the problem
(|Y 0| +K|∂Σ0|n−1)∂tu = divx

(
A∗∇xu

) in R
n × (0, T ), (4.24)

u(x, 0) =
|Y 0|u0(x) + |∂Σ0|n−1v

0(x)

|Y 0| +K|∂Σ0|n−1
in R

n. (4.25)It remains to prove that the matrix A∗ is positive de�nite and establish uniquenessof the limit funtion.5. STEP (properties of the e�etive matries and uniqueness)Clearly, the matrix Ā1, given by (4.22), is symmetri and non-negative, i.e. Ā1ξ ·
ξ ≥ 0 for any ξ ∈ R

n. Furthermore, we have15



Lemma 4.3. The matrix Ā2, given by (4.23), is positive de�nite and satis�es
[
Ā2

]
ij

= D

∫

Y 0

(∇yχi(y) + ei) · (∇yχj(y) + ej) dy+

∫

Y 0

b(y) · ∇yχi(y)χj(y) dy. (4.26)Finally, A∗ is also positive de�nite, equivalently de�ned by
A∗ =

K2

k
|∂Σ0|n−1b̄⊗ b̄ +D

∫

Y 0

(I + ∇yχ(y))(I + ∇yχ(y))T dy. (4.27)Proof. First we test problem (4.13) for ψi by χj . The seond term on the right-hand side of (4.23) beomes
n∑

ℓ=1

∫

Y 0

∂χj(y)

∂yℓ

∂ψi(y)

∂yℓ
dy =

∫

Y

(b̄i − bi(y))χj(y)dy +K

∫

∂Σ0

b̄iχj(y)dσ. (4.28)Next we multiply the equation (4.3) for χi by χj(y) and integrate the resulting relationover Y 0. This yields a formula for the �rst term on the right-hand side of (4.23)
∫

Y

(b̄i − bi(y))χj(y)dy +K

∫

∂Σ0

b̄iχj(y)dσ =

∫

Y 0

b(y) · ∇yχi(y)χj(y)dy+

D

∫

Y 0

(ei + ∇yχi(y)) · ∇yχj(y)dy = −D
∫

Y 0

(
δij +

∂χi(y)

∂yj

)
dy+

∫

Y 0

b(y) · ∇yχi(y)χj(y)dy +D

∫

Y 0

(∇yχi(y) + ei) · (∇yχj(y) + ej) dy. (4.29)Identities (4.28)-(4.29) imply (4.26). Sine b(y) is solenoidal and its normal ompo-nent is equal to zero at ∂Σ0, we �nd easily that the matrix { ∫
Y 0 b(y)·∇yχi(y)χj(y)dy

}is skew-symmetri:
−

∫

Y 0

b(y) · ∇yχj(y)χi(y)dy =

∫

Y 0

b(y) · ∇yχi(y)χj(y)dy, i, j = 1, . . . , n.The remaining part of Lemma (4.3) follows immediately. As a onsequene, theuniqueness of the homogenized solution u(t, x) is obvious. Thus the entire sequene
{uε, vε} is onverging.5. Strong onvergene (proof of Theorem 3.3). This setion is devoted tothe proof of Theorem 3.3, i.e. it improves on Theorem 4.1 by replaing the weaktwo-sale onvergene (with drift) with a strong onvergene result. Namely, we aregoing to show that in the moving oordinates (x, t) → (x− (b̄/ε)t, t) the funtions uεand vε onverge strongly to the limit funtions u(x, t) and Ku(x, t), respetively, orequivalently that

lim
ε→0

∥∥uε(x, t) − u(x− b̄t

ε
, t)

∥∥
L2(Ωε×(0,T ))

= 0. (5.1)We start with the ase of well-prepared initial data, i.e. the initial data are atthe equilibrium isotherm. Our �rst result is the following16



Proposition 5.1. Let v0(x) = Ku0(x) ∈ H1(Rn) (i.e. initial data at theisotherm). Then uε(x, t)χΩε
strongly two-sale onverges with drift (x, t) →

(
x −

b̄t

ε
, t

) in R
n × (0, T ) towards χY 0(y)u(x, t). Similarly, vε(x, t)χΩε

strongly two-saleonverges with drift towards KχY 0(y)u(x, t). In partiular,
T∫

0

∫

Ωε

∣∣∣uε(x, t) − u
(
x− b̄

ε
t, t

)∣∣∣
2

dxdt −→
ε→0

0.Proof. We start by integrating the energy equality (3.10) in time variable overthe interval (0, t). This yields
1

2

[
‖uε(t)‖2

L2(Ωε) +
ε

K
‖vε(t)‖2

L2(∂Ωε)

]
+

∫ t

0

∫

Ωε

D∇uε(s) · ∇uε(s)dxds+

∫ t

0

εk

ε2

∫

∂Ωε

(
uε(s) −

vε(s)

K

)2

dσds =
1

2

[
‖u0‖2

L2(Ωε) +
ε

K
‖v0‖2

L2(∂Ωε)

]
.

(5.2)Sine we expet the family {uε, vε} to be ompat only in the produt spae L2((0, T )×
Ωε), it is out of reah to laim onvergene of these funtions for a �xed value of t. Toirumvent this di�ulty, we integrate formula (5.2) in temporal variable one again.The resulting formula reads

1

2

T∫

0

[
‖uε(t)‖2

L2(Ωε) +
ε

K
‖vε(t)‖2

L2(∂Ωε)

]
dt+

T∫

0

t∫

0

∫

Ωε

D∇uε(s) · ∇uε(s)dxdsdt+

k

ε

T∫

0

t∫

0

∫

∂Ωε

(
uε(s) −

vε(s)

K

)2

dσdsdt =
T

2

[
‖u0‖2

L2(Ωε) +
ε

K
‖v0‖2

L2(∂Ωε)

]
. (5.3)Using the two-sale onvergene results of the previous setion and taking into aountthe lower semiontinuity of the orresponding norms with respet to the two-sale andweak onvergene (see [2℄ if neessary), we have

lim inf
ε→0

T∫

0

[
‖uε(t)‖2

L2(Ωε) +
ε

K
‖vε(t)‖2

L2(∂Ωε)

]
dt ≥ |Y 0|‖u‖2

L2(Rn×(0,T ))+

|∂Σ0|n−1K‖u‖2
L2(Rn×(0,T )) = (|Y 0| + |∂Σ0|n−1K)‖u‖2

L2(Rn×(0,T )). (5.4)By the same arguments,
lim inf

ε→0

T∫

0

t∫

0

∫

Ωε

D∇uε(x, s) · ∇uε(x, s)dxdsdt ≥

T∫

0

t∫

0

∫

Rn

∫

Y 0

D|∇xu(x, s) + ∇yχ(y)∇xu(x, s)|2dydxdsdt (5.5)17



and
lim inf

ε→0

k

ε

T∫

0

t∫

0

∫

∂Ωε

(
uε(x, s) −

vε(x, s)

K

)2

dσdsdt ≥

k|∂Σ0|n−1

T∫

0

t∫

0

∫

Rn

∣∣∣K
k

b̄ · ∇xu(x, s)
∣∣∣
2

dxdsdt. (5.6)Passing to the limit on the right hand side of (5.3), we get
lim
ε→0

T

2

[
‖u0‖2

L2(Ωε) +
ε

K
‖v0‖2

L2(∂Ωε)

]
=
T

2
|Y 0|‖u0‖2

L2(Rn) +
T

2K
|∂Σ0|n−1‖v0‖2

L2(Rn).Our next aim is to ompute the energy of the limit equation. Multiplying equation(4.24) by u(x, s) and integrating over R
n × (0, t) and then one again in variable tover the interval (0, T ), after straightforward transformations we obtain

1

2
(|Y 0| + |∂Σ0|n−1K)‖u‖2

L2(Rn×(0,T )) +

T∫

0

t∫

0

∫

Rn

A∗∇u(x, s) · ∇u(x, s)dxdsdt =

T

2(|Y 0| +K|∂Σ0|n−1)

∥∥(
|Y 0|u0 + |∂Σ0|v0

)∥∥2

L2(Rn)
(5.7)Due to (4.27) the seond integral on the left hand side an be rearranged as follows

T∫

0

t∫

0

∫

Rn

A∗∇u(x, s) · ∇u(x, s)dxdsdt

=

T∫

0

t∫

0

∫

Rn

∫

Y 0

D|∇xu(x, s) + ∇yχ(y)∇xu(x, s)|2dydxdsdt

+

T∫

0

t∫

0

∫

Rn

K2

k
|∂Σ0|n−1(b̄ · ∇xu(x, t))

2dxdsdt.Beause of the energy equality (5.7) for the homogenized problem and the lowersemiontinuity of the terms in the energy equality (5.3) for the mirosopi problem,we onlude that the norm onvergene is valid if and only if we have
(|Y 0| +K|∂Σ0|n−1)

−1
∥∥(

|Y 0|u0 + |∂Σ0|n−1v
0
)∥∥2

L2(Rn)
=

(|Y 0|‖u0‖2
L2(Rn) +K−1|∂Σ0|n−1‖v0‖2

L2(Rn)). (5.8)After a simple alulation, we �nd out that (5.8) is equivalent to ||u0
√
K−v0/

√
K||2L2(Rn) =

0. Hene under our assumptions on well prepared initial data, we have
lim
ε→0

‖uε‖2
L2(Ωε×(0,T )) = |Y 0|‖u‖2

L2(Rn×(0,T )) = ‖χY 0(y)u(x, t)‖2
L2(Y ×Rn×(0,T ))

lim
ε→0

ε‖vε‖2
L2(∂Ωε×(0,T )) = K2|∂Σ0|n−1‖u‖2

L2(Rn×(0,T ))18



whih is equivalent to the desired strong two-sale onvergene (see [2℄).In order to prove the strong onvergene result for uε in the ase of arbitrary initialonditions u0 ∈ L2(Rn) and v0 ∈ H1(Rn), and thus to �nish the proof of Theorem3.3, we onsider problem (3.2)-(3.4) on subintervals t ∈ (δ, T ) with small positive δ.For non-onsistent initial onditions the solution (uε, vε) ontains an initial layer termwhih makes a nontrivial ontribution to the energy. By restriting problem (3.2) onsubinterval (δ, T ), we make this ontribution negligible for small δ.We proeed with rigorous arguments. Assume that for a subsequene (still de-noted by ε) there is a lak of energy ontinuity, i.e.,
lim
ε→0

‖uε‖2
L2(Ωε×(0,T )) > |Y 0|‖u‖2

L2(Rn×(0,T )). (5.9)Then, sine ‖uε(t)‖2
L2(Ωε) ≤ C uniformly in time by Lemma 3.7, there is δ0 > 0 suhthat for any δ, 0 < δ < δ0, we have
lim inf

ε→0
‖uε‖2

L2(Ωε×(δ,T )) > |Y 0|‖u‖2
L2(Rn×(0,T )). (5.10)It follows from (3.10) and Lemmata 3.8 and 3.9 that there exist a onstant c (depend-ing on the initial data but not on δ0) and a sequene δε suh that δ0/2 ≤ δε ≤ δ0,and

‖uε(·, δε)‖2
H1(Ωε) ≤

c

δ0
, ‖vε(·, δε)‖2

H1(Ωε) ≤
c

δ0
, ‖Kuε(·, δε)−vε(·, δε)‖2

L2(Ωε) ≤
cε2

δ0
.Taking, if neessary, a subsequene, one an assume that δε onverges to some δ̄,

δ0/2 ≤ δ̄ ≤ δ0. Consider two auxiliary problems




∂tu1,ε +
1

ε
b
(x
ε

)
· ∇u1,ε − ∆u1,ε = 0 in Ωε × (δε, T ),

−1

ε

∂u1,ε

∂n
= ∂tv1,ε =

k

ε2

(
u1,ε −

v1,ε

K

) on ∂Ωε × (δε, T ),

u1,ε(x, δε) = uε(x, δε), v1,ε(x, δε) = Kuε(x, δε);

(5.11)and




∂tu2,ε +
1

ε
b
(x
ε

)
· ∇u2,ε − ∆u2,ε = 0 in Ωε × (δε, T ),

−1

ε

∂u2,ε

∂n
= ∂tv2,ε =

k

ε2

(
u2,ε −

v2,ε

K

) on ∂Ωε × (δε, T ),

u2,ε(x, δε) = 0, v2,ε(x, δε) = vε(x, δε) −Kuε(x, δε).

(5.12)By onstrution, uε(x, t) = u1,ε(x, t) + u2,ε(x, t) and vε(x, t) = v1,ε(x, t) + v2,ε(x, t)for all t ≥ δε. It is easy to show that the solution of (5.12) tends to zero as ε → 0.Indeed, applying the estimate
‖g‖2

L2(∂Ωε) ≤
c

ε
‖g‖2

L2(Ωε) + cε‖∇g‖2
L2(Ωε)whih is valid for any g ∈ H1(Ωε), we onlude that

‖Kuε(·, δε) − vε(·, δε)‖2
L2(∂Ωε) ≤ cε/δ0.19



Therefore, by the a priori estimate (3.10) applied to (5.12), we get
‖u2,ε(·, t)‖2

L2(Ωε) + ε‖v2,ε(·, t)‖2
L2(Ωε) ≤ cε2/δ0 (5.13)for all t ≥ δε. Under our hoie of δε, using the standard extension operator [1℄,we an assume, without loss of generality, that uε(x, δε) is de�ned in the whole R

n,satis�es the bound ‖uε(x, δε)‖2
H1(Rn) ≤ c/δ0 and that uε

(
x − (b̄/ε)δε, δε

) onverges,as ε→ 0, to a funtion ǔ0(x), suh that ‖ǔ0‖2
H1(Rn) ≤ c/δ0.In exatly the same way as in the ase of onsistent initial onditions one anshow that on the set R

n × (δ̄, T ) the funtion u1,ε strongly two-sale onverges withdrift (x, t) → (x− (b̄/ε)t, t) towards a solution to the following problem
(|Y 0| +K|∂Σ0|n−1)∂tǔ = div(A∗∇ǔ) in R

n × (δ̄, T ),

ǔ(x, δ̄) =
|Y 0|

(|Y 0| +K|∂Σ0|n−1)
ǔ0(x) +

|∂Σ0|
(|Y 0| +K|∂Σ0|n−1)

ǔ0(x). (5.14)In partiular,
lim
ε→0

‖u1,ε‖2
L2(Ωε×(δε,T )) = |Y 0|‖ǔ‖2

L2(Rn×(δ̄,T )).Combining this with (5.13), we dedue that uε two-sale onverges with drift (x, t) →
(x−(b̄/ε)t, t) on the set R

n×(δ̄, T ) to the funtion ǔ. This implies that ǔ(x, t) = u(x, t)for t ≥ δ̄, and
lim
ε→0

‖uε‖2
L2(Ωε×(tε,T )) = |Y 0|‖ǔ‖2

L2(Rn×(δ̄,T )),then
lim
ε→0

‖uε‖2
L2(Ωε×(tε,T )) = |Y 0|‖u‖2
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