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Homogenization of a nonstationary
convection-diffusion equation in a thin rod and in a

layer

G. Allaire * I. Pankratova A. Piatnitski ¥

October 30, 2011

Abstract

The paper deals with the homogenization of a non-stationary convection-
diffusion equation defined in a thin rod or in a layer with Dirichlet boundary
condition. Under the assumption that the convection term is large, we describe
the evolution of the solution’s profile and determine the rate of its decay. The
main feature of our analysis is that we make no assumption on the support
of the initial data which may touch the domain’s boundary. This requires the
construction of boundary layer correctors in the homogenization process which,
surprisingly, play a crucial role in the definition of the leading order term at the
limit. Therefore we have to restrict our attention to simple geometries like a rod

or a layer for which the definition of boundary layers is easy and explicit.

Keywords: Homogenization, convection-diffusion, localization, thin cylin-

der, layer.

1 Introduction

The paper deals with the homogenization of a nonstationary convection-diffusion
equation with large convection stated either in a thin rod or in a layer. In the

previous work [4] the authors addressed a similar homogenization problem for an
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equation defined in a general bounded domain @ C R%. Namely, the following

initial-boundary value problem has been considered:

1
Opu® — div(a(E)Vua) + - b(f) -Vu® =0, in (0,7) x £,
€ € ‘e
us(t,x) =0, on (0,7 x 09, (1.1)
uf(0,x) = up(x), z €,

with periodic coefficients a;;,b; and a small parameter . Notice that in the case
of a solenoidal vector-field b(y) with zero mean-value the problem can be studied
by the classical homogenization methods (see, for example, [8], [24]). In partic-
ular, the sequence of solutions is bounded in L>[0,T; L?(Q)] N L?[0,T; H'(Q)]
and converges, as € — 0, to the solution of an effective or homogenized problem
in which there is no convective term. For more general vector fields b, a similar
behaviour of u® is observed if the so-called effective drift (a suitable weighted
average of b) is equal to zero. The behaviour of the solution changes essen-
tially if the effective drift is nontrivial. Problem (1.1) with nonzero effective drift
has first been considered in the whole space R? [3], [12], [18], [21] by using the
method of moving coordinates: the solution travels at a large speed (equal to
the effective drift divided by €) and its profile is given by the solution of an ho-
mogenized diffusion equation. Recently the authors solved the same problem in
a bounded domain €2 under the crucial assumption that the initial function wug
has a compact support in € [4]. In this case the initial profile moves towards the
boundary during a time of order €, and then, upon reaching the boundary, starts
dissipating. As a result, the solution is asymptotically small for time t > ¢ and
our paper [4] describes precisely the asymptotics of u®, which is quite different
from that obtained in the case of R%.

Without the assumption that ug has a compact support in €2, one faces the
necessity to construct boundary layer correctors in the neighbourhood of 9€). It
is well known that the construction of boundary layers for general domains is
a difficult problem which cannot be expressed in explicit form (see however the
recent papers [13], [14]). However, it is a feasible task if the periodic structure
agrees with the geometry of the boundary of €. In the present paper we consider
two types of domains which possess this property. Namely, we study a convection-
diffusion models in a thin rod (see Fig. 1) and in a layer (see Fig. 2) in R%. We
emphasize that, unlike in classical homogenization, the boundary layers we shall
construct for (1.1) are not just corrector terms but, rather, they play a crucial
role in the definition of the leading order term in the asymptotic analysis (for
more details, see the discussion after Theorem 2.1).

In the case of a thin rod (Section 2) we impose homogeneous Neumann bound-
ary conditions on the lateral boundary of the rod and homogeneous Dirichlet
boundary conditions on its bases. As in the case of a general bounded domain
[4], the solution asymptotically vanishes for time ¢ > . Theorem 2.1 determines

the rate of vanishing of the solution and describes the evolution of its profile. If



the effective axial drift is not zero (otherwise the problem is trivial), the rescaled
solution concentrates in the vicinity of one of the rod ends, and the choice of
the end depends on the sign of the effective convection. In order to characterize
the rate of decay we introduce a l-parameter family of auxiliary cell spectral
problems, similar to Bloch waves but with real exponential argument (see [8],
[9], [11]). The asymptotic behaviour of the solution is then governed by the
first eigenpair of the said family of spectral problems and by a one-dimensional
homogenized problem with a singular initial data.

In the case of a layer, addressed in Section 3, in addition to the factorization
principle, we also have to introduce moving coordinates [3], [12]. More precisely,
we use a parameterized cell spectral problem and factorization principle to sup-
press the normal component of the effective drift (perpendicular to the layer
boundary). While, due to the presence of the longitudinal components of the ef-
fective convection, we have to introduce moving coordinates (parallel to the layer
boundary). The main result in this case is given by Theorem 3.1. The asymp-
totic behaviour of u. is again governed by the first eigenpair of the spectral cell
problem and by a homogenized problem with a singular initial data.

In both cases (rod or layer) the initial data of the homogenized problem, and
thus the asymptotic behavior of solutions to (1.1), differ from those obtained
for the case of a general domain in [4] (see again the discussion after Theorem
2.1). Among the technical tools used in the paper, are factorization principle (see
[16], [23], [24], [2], [9]), dimension reduction arguments and qualitative results

required for constructing boundary layer correctors.

2 The case of a thin rod

This section is concerned with the homogenization of equation (1.1) stated in
a thin rod G. = (—1,1) x Q (see Figure 1). Here @ C R%! is a bounded
domain with Lipschitz boundary 9Q, € > 0 is a small parameter. Without loss
of generality, we assume that @ has a unit (d — 1)-dimensional measure, i.e.
|Q|4—1 = 1. Throughout this section the points in R? are denoted 2 = (x1,2")
with 2/ € R?~1. The lateral boundary of the rod G, is denoted ¥, = (—1,1) x
e0Q. For T > 0, we consider the following model:

ot (t,z) + Acu(t,z) =0, in (0,7) x G,
B.uf(t,z) =0, on (0,T) x X,
(2.1)
us(t, £1,2") = 0, on (0,7T) x @,
u(0,2) = up(x1), z € G;

with 1
At = —div(a*Vut) + 2 - Vu';  Bew® = oVl .
£
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Figure 1: The rod G,

The coefficients of the equation are given by

Note that the fixed domain € in (1.1) is replaced in (2.1) by G. which has a
vanishing cross-section and that the Dirichlet boundary conditions are applied
merely at the end bases of the thin rod. If the rod had a square cross-section,
the problem with the Neumann boundary condition on the lateral boundary 3.
could be reduced to a problem with periodic boundary conditions in a cylinder
having in the cross-section the square of double size. This gives us an idea that
our results can be extended to the case of periodic boundary conditions on the
lateral boundary of the rod. Indeed, the arguments used in the paper also apply,
with some simplifications, to the case of periodic boundary conditions.

We assume that:

(H1) The coefficients of A. are measurable bounded functions, that is a;;,b; €
L>®(R x Q). Moreover, a;j(y1,y'),bj(y1,y’) are 1-periodic with respect to

Yr-
(H2) The d x d matrix a(y) is symmetric and satisfies the uniform ellipticity
condition, that is there exists A > 0 such that

aij(y)&i&; > AlE®,  Va,€ € RY
(H3) The initial function ug(z1) € C1[-1,1].
(H4) For simplicity, we assume that e = 1/N, N € Z.

Remark 2.1. In assumption (H2) the Einstein summation convention over
repeated indices is used, as well as later in this paper. Assumption (H4) means
that the rod is made up of a number of entire cells which are not cut at both ends.

Since the rod has a vanishing thickness and ug is smooth, there is no funda-

mental restriction in assuming that ug depends only on x1.

Under the stated assumptions we study the asymptotic behaviour of solutions

u®(t,x) of problem (2.1), as ¢ — 0.

2.1 Auxiliary spectral problems and main result
In what follows we denote

Au = —div(aVu) +b-Vu, Bu=aVu-n; (2.3)
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A*u = —div(aVu) — div(bu), B*'u=aVu-n+ (b-n)u. (2.4)

Following [8], [9], for # € R, we introduce two parameterized families of spectral
problems (direct and adjoint) which are different from the usual Floquet-Bloch
spectral problems because the exponential factor 6 is real instead of being purely

imaginary. They reads

e~ A 1 po(y) = A(0)pe(y), inY =Ty xQ,
e % BePpy(y) =0, on dY =Ty x 0Q, (2.5)

y1 — po(y) 1-periodic,

and
e A* =% pi(y) = MO) pi(y), inY,

e B e~ py(y) =0, on 9Y,

y1 — py(y) 1-periodic.
Here Ty is the 1-dimensional unit circle. Note that the exponential transform

is applied only with respect to the first space component y;. The next result,

based on the Krein-Rutman theorem, has been proved in [9].

Lemma 2.1. For each 6 € R, the first eigenvalue A\1(0) of problem (2.5) is
real, simple, and the corresponding eigenfunctions pg and py can be chosen pos-
itive. Moreover, 0 — A\1(0) is twice differentiable, strictly concave and admits a

mazximum which is obtained for a unique 6 = O.

The eigenfunctions py and py defined by Lemma 2.1, are normalized by

/Ipe(y)l2 dy=1 and /pe(y)pZ(y) dy = 1. (2.6)
Y Y

Differentiating equation (2.5) with respect to 6, integrating against pj and writing

down the compatibility condition for the resulting equation, yield

dX\

- = / (b1 po P + a1 (po By, 05 — P Dy;p0) — 260 popjarr) dy. (2.7)

Y
Noticing that A1(0) = 0 and py(y)|s=o0 = 1, one obtains

d o
W‘gzo - / (a15 0y, p" + b1p*) dy = by, (2.8)

Y

where p*(y) = pj(y)|o=0. The last expression is the so-called effective axial drift
61 e R.

In what follows we assume that b; > 0 (which is equivalent to © > 0). The
case by < 0 is symmetric and can be considered in the same way.

To avoid excessive technicalities, we first formulate our main result in a loose

way.



Theorem 2.1. Let conditions (H1) — (H4) be fulfilled and by > 0 (see (2.8)).
Suppose that ug(—1) # 0. Then there exist constants a®® and M such that, for
t >0 and z € G., the asymptotics of the solution u® of problem (2.1) takes the
form

_A(®)t o(xy+1)

u(t,z) =ee 2 e - ]96(:C

) [ult, 1) +ro(t, 2)],

where u 1s a solution of the one-dimensional effective problem

€

Ou = a2 u, (t,xz1) € (0,T) x (—1,1),
u(t,+1) = 0, te(0,7),
w(0,71) = =M ug(—=1) 8 (z1 + 1), z1 € (—1,1).

Here r.(t,x) is such that |re(t,-)| < Ce fort >ty >0,z € [T xeQ, [T € (—1,1],
and the constant C depends on I, A, Q,d.

A more precise statement of Theorem 2.1 can be found below in Theorems 2.2
and 2.3. The interpretation of Theorem 2.1 is that it is a result of both localiza-
tion/concentration and homogenization. Indeed, up to a multiplicative constant
€2, the solution u° is asymptotically equal to the product of two exponential
terms, a periodically oscillating function pg (%) (which is uniformly positive and

bounded) and the homogenized function u (¢, z;) (which is independent of €). The

ESTCILN . . .
first exponential term e <2 indicates a fast decay in time, uniform in space.
. Oz +1) . L. .
The second exponential term, e = , indicates a localization of the solution

in a small neighborhood of the right end of the rod, where the solution attains
its maximum; everywhere else in (—1,1) the solution is exponentially smaller.
The homogenized solution u depends only on the value of the initial data ug at
the opposite extremity 1 = —1 and it is proportional to the constant M which
depends on some homogenization boundary layers.

The role of boundary layers is thus crucial in the result of Theorem 2.1.
Furthermore, if the initial data up had a compact support [o, 8] € (—1,1) and
up(a) # 0, then Theorem 5.2 in [4] gives a similar asymptotic behaviour ex-
cept for the initial data of the homogenized problem which would be u(0,x1) =
M ug(e) 6(x1 — ). In other words, the derivative of the Dirac mass would be

replaced with the Dirac mass itself.

Remark 2.2. The error estimate for the remainder term r. is not precise enough

and it shall be improved in Theorem 2.3. Indeed, the homogeneous Dirichlet
O(zq1+1)
boundary condition for u(t,x1), together with the exponential e © " shows that

us(t,x) attains its maximum at a distance of order e of the end point x1 = 1:
there, by a Taylor expansion, u(t,x1) is of the order of €, like the remainder term
re(t,x) which is thus not negligible. A better ansatz with a better error estimate

will be given in Theorem 2.3 (again, boundary layers will be crucial).

The proof of Theorem 2.1 is performed in several steps. First, we make

use of a factorization principle in order to simplify the original problem. Then,



we represent the new unknown function in terms of the corresponding Green’s
function. And, finally, we study the asymptotic behaviour of the mentioned

Green’s function, as € — 0.

2.2 Proof of Theorem 2.1

2.2.1 Factorization
In order to simplify the original problem we perform the change of unknowns, as
was suggested in [3], [4], [10], [23].

_MO)t O(x1+1) x

wt,z)=e 2 e = po(=)vi(tz). (2.9)
€
Note that (2.9) is a proper definition of v* since pg is a positive function. Sub-
stituting (2.9) into (2.1) yields the problem for the new unknown function v®

(

po (%) 0 — div(@®()ver) + 10°(2) - VeF =0, i (0,7) x Ge,

€
ae(E)VUg -n =0, on (0,7) x X,
€
ve(t, £1,2") = 0, 2 € (0,T) x eQ,
O(xq1+1)
ve(0,z) = uo(xl)pél (g) e~ L , z € G,.
(2.10)

Here
po(y) =pe(y) P6(y), a®(y) =rpe(y) P5(y)aly),

b°(y) = po(y) P6(y) b(y) — 20 pe(y) P (y) aly)er (2.11)
+a(y) [pe(y) Vypo(y) — ro(y) Vype ()],

with ej the first coordinate vector. For brevity, in what follows we denote

gv=—div(a®(D)ve) + 20°(%) - Vo, Bav=a®(5)Vuom,

Aev = —div(a®Vv) +0° - Vv, Bev =a®Vu - n, (2.12)
ey — _qiv(a®(Z)vo) — 260 () .
Agv= dlv(a (E)Vv) Eb (8) Vo,

sv = —div(a®Vov) — b° - V. (2.13)

Straightforward calculations yield that, for any 6 € R,
div,’(y) =0 inY, b’ -n=0 on Y. (2.14)

Taking into account the fact that © is the maximum point of A; and equality

(2.7), we obtain that the first component of b° has zero mean:

/b?(y) dy = 0. (2.15)

Y



Due to (2.14), (2.15), the partial differential equation in (2.10) could be homoge-
nized by standard methods [7], [8] if the initial data were independent of . How-
ever, the presence of an asymptotically singular initial condition in (2.10) brings
some difficulties into the homogenization procedure. In particular, the classi-
cal approach of homogenization (based on energy estimates in Sobolev spaces)
cannot be applied since the initial data is not uniformly bounded in L?(G.).

In order to study the asymptotic behaviour of v¢, following our previous work

[4], we use its representation in terms of the corresponding Green’s function

K (t,z,€)

_ _ 8+
v ta) = [ Kot uo(erg! (2) e ™ (2.16)
Ge
Here K., as a function of ¢ and z, for each £ € G., solves the problem

pe O K. + AgK:. =0, (t,x) € (0,T) x G,

BgK. =0, (t,z) € (0,T) x X,
(2.17)

K (t,x,€) =0, (t,2')€(0,T) x eQ,

r1=%1
K. (0,z,8) = d(x — &), z € G..

Note that K. with respect to (t,€) is a solution of the formally adjoint problem,
which differs from (2.17) by the sign in front of the first-order terms.
Because of the presence of the delta-function in the initial condition, it is

difficult to construct the asymptotics for K. directly. Let us introduce a function

‘/s(taxag) = (I)g(t,$,£) - KE(tax,g)a (218)

where ®. stands for the Green function in the infinite cylinder G, = R x Q). As

a function of ¢ and &, it is a solution to the following problem
po(§) 0P + Ag"®. =0, (t,€) €(0,T) x G,
Bg®. =0, (t,€) € (0,T) x T, (2.19)
D.(0,2,€) = b(z — €), £<G..

By I'. we denote the lateral boundary R x 0(e@) of the cylinder G.. For each
x € G, V. as a function of ¢t and & solves the problem

(

po(8) 0 Ve + AGVz = 0, (t,€) € (0,7) x G,
BgV. =0, (t,€) € (0,T) x %o,
(2.20)
Vet 2,€)|, = ®(t.2.8)|, _ . (8 €(0.T) xeQ,
Ve(0,2,£) =0, § € Ge.

In the following subsection we construct an asymptotic expansion for ®. which is
a relatively easy task because it is defined in an infinite cylinder (thus not requir-

ing any boundary layers). Subsection 2.2.3 will be devoted to the approximation
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of V. which is delicate because of the necessity of defining boundary layers but
still possible since the boundary condition for V. is smooth for x # +1. The
final subsection will combine these two results to get an ansatz for K. and, using
(2.16), to prove Theorem 2.1.

2.2.2 Asymptotics for ¢_(¢,x,§)

The goal of this section is to compute an asymptotic expansion for the Green
function ®. with a bound on the error term (see Lemma 2.3 below). Denote by

®( a fundamental solution of the 1-dimensional homogenized problem

01®g = a*" 0 ®o(t,21,61), (,61) € (0,T) xR, 21 €R,
(2.21)
Do (0,21,&1) = 0(x1 — &), &,m1 €R

Here the effective coefficient a° is given by one of the two equivalent formulae

a’™ = /(a% + a%(?yjN — 9 N)dy = /(a% + a%@yjN* +09 N*)dy, (2.22)
Y Y

where the 1-periodic in y; functions N and N* solve the standard cell problems

(direct and adjoint, respectively):

AeN(y) = 9,05 (y) = b5 (), y €Y,

BGN(y) = 07 ye aYv

(2.23)

5N*(n) = 0,05 (n) + b9 (n), ey,

BgN*(n) =0, ne€dY.

(2.24)

Of course, (2.21) is the homogenized problem for (2.19) and it can be shown that
a®™ > 0. Note that N and N* are Hélder continuous functions (see [15]). The

fundamental solution ®y admits the explicit formula

1 1 _lei—&0?
— e 4acffy | 2.25
2/t af ( )

We also introduce the first- and second-order approximations of ®. by

Po(t,x1,61) =

Pi(t,x,§) = Po(t,71,61) + €N(§) Oz, Po(t, 71,&1)

. (2.26)
+€N*(g) a£1¢0(t7x17§1)7
q)g(taxaé.) - q)i(t,l',é.) + 52 NQ(E) 8§1®0(t7x17§1)
93
. . (2.27)
+¢? N3 (2) 0 Do(t, x1,&1) + €2 N(Z) N*(2) 0010 o(t, w1, &),

Our further analysis relies on Aronson type upper bound for ®.. Consider the

Green function ®(t,y,n) of the following initial boundary problem in the infinite



rescaled cylinder G = R x @ with lateral boundary X:
po(y) Bi® + Ao® =0, () € (0,00) x G,
Bg® =0, (t’y) € (0? OO) X X, (228)

(b(oayan) = 5(2/ - 77)7 ye G.

Lemma 2.2. The Green function ®, solution of (2.28), satisfies the following

Aronson type estimate

2
0 < ®(t,y,n) < Cpmax (t_d/Q,t_1/2> exp < - cM) (2.29)

with positive constants C1 and c.

Remark 2.3. In the right hand side of estimate (2.29) the factor t=42 takes
care of the short times (for which there is no difference between the cylinder G
and the full space R?) while the other factor t=1/2 s valid for the longer times
(for which the cylinder G behaves as a 1-d line).

Proof. We only briefly sketch this proof. The idea is to derive (2.29) from the
classical Aronson estimate in R (see [5]) for divergence form operators. Let us
check first that the operator Ag can be rewritten in divergence form. Since bg is
a divergence-free vector field and the average of its first component is zero, there

is a skew-symmetric periodic in y; matrix S(y) with bounded entries such that
be = divS (see e.g. [9]). Then

Aop = —div((a® — S)V).

Assume for a moment that the cross section Q is the unit cube in R4~ We
duplicate the cube by symmetric reflection of the operator coefficients and the
solution ®(¢,y,n) of (2.28) with respect to each direction orthogonal to its faces.
The resulting problem is now periodic with period 2 in each coordinate direction.
It should be noted that the initial condition on each period is the sum of 2¢~!
delta functions in y at the point 7 and its symmetric reflections. We denote
these points by {Uk(ﬁ)}%i_ll with n1(n) = n. Then the solution $(t,y,n) of the
introduced above 2Q-periodic problem coincides with ®(¢,y,7n) on Q.

Due to the linearity of the problem

9d—1

O(t,y,1) = ZG#tynk ),

where G4(t,y,n) is the Green function of the corresponding 2Q-periodic opera-
tor. Clearly, G4(t,y,n) is constructed from the fundamental solution G(t,y,n)
in the whole space by summing over the square periodic network of period 2Q).
Namely,

Gu(t,y,n) = Zthn—i—Qn)

n€Zd—1

10



Making use of the classical Aronson estimate for the fundamental solution G(¢, y, )
in R, we get

G#(ta Y, 77) = Z G(t’ y,m+ 2”)

C nEZd71 2 2
O —C ly1—n1l —C ly'—n'—2n]
< +d/2 Z € ' € ' ’
nezd-1

for some positive constants C, Cy. For small time the contributions of the distant

(2.30)

cells are negligible because of the exponential decay, and the main contribution

is given by the term with n = 0. Consequently, for small time

e 2
_Co\y ull

C
G#(tayan)gme t 9

with some positive constants C,Cy. For large time ¢ all the terms in (2.30)

contribute. Indeed, after making the change of variables

for small § > 0, we get

j i, Col o el y/—i/=s
G#(l %,g)f e_co\yl Tm\ Z e_co\y nT

52’ Td/2
ne(6z)d—1
C16 1 i1 |2 g’ — 7' — 72 Ci6 51— i1 12
< —12 e_COf B_Cof dn < it e_COf .
+d/2 71/2

Rd-1
Changing back the variables we have
Gy (t,y,m) < % oot
for any time t such that ¢t > ¢y > 0. Thus, estimate (2.29) is satisfied when @ is
the unit cube.
Finally, if @ is not a cube, we first map it to the unit cube by a Lipschitz
diffeomorphism which preserves the divergence form and elliptic character of the

operator with uniformly bounded coefficients. O

Using Lemma 2.2, we can paraphrase the upper bound, announced in [24]
(see Chapter II, page 85) and then proved rigorously in [1] (similar results were
proved in [6]). The difference is that we address the case of an infinite cylinder

instead of the whole space as in these previous references.

Lemma 2.3. For any z,& € G, and t > €2,

3 €k+1
’Ed 1(1)8(t7x7§)—<1>i(t,x1,§1)] SCW, ]{?:O,172, (231)

where Of = ®g, D is defined by (2.26) and 5 by (2.27).

We do not give the details of the proof of Lemma 2.3 which is completely
similar to that in [1]. It relies on two arguments. The first one is the Bloch
decomposition and m-sectorial property of the decomposition of the operator Ag
in Y which still holds true in the present case. The second one is the Aronson
estimate which is granted by Lemma 2.2. Estimate (2.31) holds true if |Q|4—1 = 1.
Otherwise, the multiplier |Q|s_1 appears in front of ¢4~ ®_(t, z, ).
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2.2.3 Asymptotics for V.(¢,z,¢)

The goal of this section is to construct an asymptotic expansion for the difference
V., defined by (2.18), with a bound on the remainder term (see Lemmas 2.4 and
2.5 below). Bearing in mind estimate (2.31), it is €=V, rather than V., which
has a limit. The formal asymptotic expansion for €71 V; takes the form (see e.g.

(71, [19])

Wg(t,x,f) - V’O(taxlagl) + EN(%) axl‘/o(t,l'l,fl)

e N (8) 0, Volt, o1, &0) + 2 Vi (1, 1) + € Vit 2,€) (2.32)

3

+e2 Vo (t a1, & f g) + Wi (t, 2, &),
where Vj, for each x1, is the solution of the homogenized problem
Vo =a" 0 Vo, (t,&)€(0,T) x (—1,1),
Vo(t,xy, £1) = Oo(t, z1, +1), te(0,7), (2.33)

Vb(oyxlagl) = 07 51 € (_1?1)

with the effective coefficient a*® defined by (2.22). Recall that N and N* are
solutions of (2.23) and (2.24), respectively. The other terms in (2.32) are defined
as follows.

The function V5 is defined by

VQ(ta Ty, 517 Y, 77) = NQ(y) agl‘/b(ta X1, 51)
+N5 () 8 Vo(t, x1,€1) + N(y) N*(1) Or, g, Vo (t, 1, &1) (2.34)

+N(y) Ox, Vi(t,z1,&1) + N¥(n) Og, Vi(t, 21, &1)

where the functions Na(y) and N3 (n) (1-periodic with respect to their first vari-

able) solve the following problems:

AgNy = 8yi(agN) + a?jayjN + a1®1 — b? N —a®pg, inY,
BgNy = —ai@l n; N, on 9Y, (239
and
AYN = 0y, (aG N*) + a%(?mN* +af + P N* — 0 pg, i,
BoNj; = —a§ n; N*, on dY.
In order to define V; and the boundary layer corrector Vj in (2.32), we introduce
two functions v* defined in semi-infinite cylinders, v~ in GT = (0, +00) x Q and

vt in G = (—00,0) x Q:
BGUi(n) =0, ne E:F’ (236)

vi(o’ 77,) = _N*(Oa 77/)’
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where ©* are the lateral boundaries of G*. It has been proved in [20] that

+

bounded solutions v=* exist, are uniquely defined and stabilize to some constants

0T at an exponential rate, as 1n1 — £oo:
[vE (1, 1) — 6% < Cy e Yml ¢y v >0;
IV L2 (1)) < Ce” 7", ¥n >0, (2.37)
IV L2 (nt1),—nyx@) < Ce™ 7™, ¥n > 0.

Then the first boundary layer corrector is given by

R
V};(t?x’g) = |:U (516 ’%) -0 ]afl(‘/o_q)(])(tyxl’gl :_1)

6 -1 ¢ (2.38)

ot (= 2) = ] 8, (Vo — Do) (1,60 = 1),

€ €
and Vi, for 1 € (—1,1), satisfies the problem

Vi =a OF Vi + F(t,1,&1), (t,&1) € (0,T) x (=1,1),

Vi(t,z1, +1) = 0% 8, (Vo — @) bt t € (0,7), (2.39)
1=
‘/’1(071.1751) = 07 51 € (_17 1)7

where

Fta1.6) = 8, Va(t,o1,&) [ (o (00,50
Y (2.40)
AR N () + B NS (n) — o po () N* (1)) .

Finally, the second boundary layer corrector Wy, is designed to compensate the

time derivative of Vj; and is defined by

& +1 5_')

9 9

Wilt,2.€) = |w( 7] 00, (Vo — @o) (71,60 = —1)

—|—|:ZU+(%, %) - QIPL} atafl (‘/0 - (I)O)(t’xl’gl = 1)

The functions w® solve nonhomogeneous problems

Ayw™(n) = (iF —vEm)) pe(n), ne€GT,

Bow®(n) =0, n € o7,
w*(0,7') = 0.
+

Bounded solutions w™ exist, are uniquely defined and stabilize to some constants
T at an exponential rate, as 1; — oo (see [20]).

Using the standard elliptic estimates one can easily show that, for x7 # +1,
the function Vy belongs to C*°([0,7] x (—1,1) x [-1,1]), and for ¢ € [0,T],

ry €l € (-1,1), & € [—1,1], we have

C
min{|zy — 1[, [z + 1[}2RHmHL
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Then V; is also a smooth function of its variables for x € I € (—1,1). Notice
finally that Ny and N3 are Holder continuous. Indeed, it is straightforward to
check that the equation and the boundary conditions in (2.35) can be rewritten
in the form 1

Ae(N2 +y1 N + 59%) =—aTpe, yev,

1
B@(N2+y1N—|—§y%):0’ y € 0Y.

Since a®pg € L>®(Y), then it is known that the corresponding solution is Holder
continuous (see [15]). The Hoélder continuity of Ny can be justified in a similar
way.
We denote by V{ the first-order approximation of =1y,
Vﬁu@@:vuum@g+aN€)@Juum@g
(2.42)
+& N*(g) Oe, Vo(t, z1,&1) + e Vi(t, 1,61) + e Vi (t, 2, §).

By construction, its trace at the cylinder ends coincide with that of ®7, namely

{Vitt.2.9)}

= ®i(t,z,¢)

&=+1 e1==+1

where ®f is defined by (2.26). Of course, V is also the first-order approximation
of We, defined by (2.32). It turns out that all terms in V¥ will contribute to the
leading term of the asymptotics of €1V, while the other terms, V5 and Wy, in

(2.32) are constructed in order to guarantee the required accuracy.

Lemma 2.4. Let V. be defined by (2.18), or equivalently be a solution of (2.20).
Let V§ be defined by (2.42). Then, there exists a constant C, depending on
I,A,Q,d and independent of €, such that, for x € I xeQ andt >0, I € (—1,1),

l/w4%—wﬁ@gcﬁﬂ4. (2.43)
Ge

Proof. The strategy of the proof is the following: we plug the difference (W, —
£91V.) into the boundary value problem (2.20) and calculate the right hand
sides in the equation and in the boundary condition. The terms of the asymp-
totic expansion W, were designed in a such a way that these right-hand sides
are small. Thus, by a priori estimates, the difference W, — %1V, is small in a

appropriate norm. For the sake of clarity, we divide the proof in several steps.

Step 1. We first prove a priori estimates for the following problem:

(50" + A w® = f(t,x) +divF(t,z), in (0,T) x G-,

Bgw® =¢eg(t,x) — F -n, on (0,T) x X,
(2.44)

we(t,+1,2") =0, (t,2") € (0,T) x Q,

w®(0,z) =0, z € Ge.

14



Since by (2.14) divbg = 0 and bg - n = 0 on the lateral boundary, a priori
estimates are obtained in a standard way. Multiplying the equation in (2.44) by
w*® and integrating by parts and exploiting the Cauchy-Bunyakovsky inequality

and Gronwall’s lemma, we obtain for any ¢t < T

t

G[\wf(t)\Qder//waEy?dxdT (2.45)

0 G,
< Cet (12 0,1y x 60y + €290 T2 0y 52y + IE I (0,19 x 1))

where the constants C, C] are independent of € and t.

Step 2. To estimate the L?(G.) norm of W, — e 1V, we first substitute W, —
g1V, for w® in (2.44). This yields

Po O(We — T 1Vo) + A5 (We — e771V2)
=eRy(t,x1,&52/e,&/e) + aa,h.}?u(t,xl,&; x/e,&/e) »
4% Ro(t, 1, &1/, €/e) + € R§(t, x1, €), (240
BE(We — e7WL) = €2 ny Ry i(t, 21, €152 /e, € )€),
where
Ry (t,21,&159,m) = pe(n)N (y)9:0x, Vo(t, 21, &1)
+po(n)N*(1)0:9¢, Vo + pe(n)0:Vi — a$i ()N (y)9F, 02, Vo (t, 1, &1)
—aD (N N* () Vo (t, w1, 1) — afy (), Vi(t, 21, &)
—a?j(n)% On; Va(t,x1,8159,m) — bS ()¢, Va(t, 21, €159, m),
and
Ryi(t,@1,&15y,m) = ag ()0, Va(t, @1, €159, m),
Ry(t,21,&1:9,m) = pe 0:Va(t, x1, &3y, m) — af (0)9Z, Va(t, 21, €159, m),
R3(t,1,€) = po O Wi (t, ).

All cancellations on the right hand side of (2.46) are classical (see e.g. [7])
except for the one due to the additional boundary layer corrector term 63W,fl in
the ansatz (2.32) for We. Indeed, the coefficient € in front of W allows us to

cancel the time derivative of V;;. By construction
Vi (t,x, &) = —&? Agawg(t,m,g)
and

(0o O + AS) (e Vig(t, 2, &) + 2 Wii(t,2,8)) = % pg 0 Wy (t, ., €).
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By linearity, we have W, — 41V, = V:f + Vf, where Vf and V;€ , for each = € G,,
solve the following problems:

(

po O VE + ASVE = e Ry(t, o1, €150/, &)€) + €0, Ry i(t, 21, &1 /¢, € /) +
22 Ry(t, w1, €15 0/2, £€) + &8 R (1,71, €), (£:€) € (0,T) x G,
B%V:le = 82 g Rl,i(taxlagl;x/€7§/€)7 (t7§) € (OaT) X 287
Ve(t =0 te (0, T
1( 71.75) E1=+1 I ( ’ )
VE(0,2,6) =0, ¢ € Gy

(P OVs + ASVE =0, (t,€) € (0,T) x Ge,

BEVE =0, (t,€) € (0,T) x X,

‘/2 (t7m7§) E1=+1 (W5 € 5)(t,$,§) 51::&17 te (07 )

V5 (0,2,6) =0, ¢ €Ge.

Step 3. We estimate Vf using the a priori estimates (2.45) obtained in the first
step. To this end, we notice that, in view of (2.33) and (2.39),

/Rl(taxlagl;yan) d77 = 0.
Y

Thus, there exists a 1-periodic with respect to 71 vector-function x = x (¢, z1,&1;y, 1)
such that

—divyx =Ry ney,
x-n=0, n € Y.

Obviously,

Rl(taxlagl; ?/,77)‘ = —€diV§ <(X(t,xla£1;ya §)>+6861X1 (t,xhgl;y’n)‘

n=¢§/e n=¢/c’

and

O, Ra it @1, €13, 77)‘

= €0, <R1,¢(t, z1,813Y, é)) —e0g, R (t, x1, 613y, 77)‘ .
€ n=¢§/e

Considering (2.34) and (2.41), we see that

£2Ry t,x1,§1;y,§ + 3 RE(t, 21,82 de < Ce*e®™, z e xeQ. 2.47
- 3
Ge

With the help of (2.45) the above relations yield, for z € I x @,

[ Wit gpra et iz (2.48)
Ge

with the constant C' depending on I, A, @, d only.
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Step 4. We proceed to the estimate of ‘]'25_ Due to the presence of the boundary
layer corrector Vi;, some cancellations occur and the axial boundary conditions

read
Ws(t’x,g/’ :l:l) - edil‘/;(t’x’g/, :l:l) = W&(t’x,g/’ :l:l) - edil(be(taxagla il)
= (Valt, o, 9, ) + Wit 2,0)) + (5(1,,6) — <41 0u1,2,).

Taking into account (2.41) and the fact that N, N*, Ny, N5 are Holder continuous

functions, we see that
‘621/2(75,3:1,51;@/, §)+53W,fl(t,x,g)( <Ce% t>0, £€G,, zelxeQ, (2.49)

where C depends on I, A, Q,d only.
To estimate the other term (®5 —e¢~1®.) we consider separately small times
t <ef, B €(0,2), and larger times ¢t > 5. For t < £ we have

|85 — 471D, | < B + 41D,

The first term on the right-hand side here is small by its very definition (2.26)
while we use Aronson’s estimates (see Lemma 2.2) for the second one. Namely,
thanks to (2.14)-(2.15), for z € I x eQ and t < &

D.(t, 2, +1,¢)| < O(e /")

with some positive constant C.
For large time t > ¢?, we use Lemma 2.3. Namely, for z, ¢ € G-, the following

estimate holds true:
et 2, €) — D5(L, 3, )| < OS2 VB >0,

with the constant C' independent of €. On the other hand, in view of (2.25), for
any t > 0,

|®5(t, 2, +1,&") — @{(t,2,+1,8)| < Ce?, ¢ €eQ, z €1 xeQ,

with some constant C' = C(I,A,Q,d). Finally, choosing small enough 3, we
obtain that, for any ¢ > 0,

|ed 1D (8,2, +1,&") — B (t,x, £1,6)| < Ce?, € eeQ, v elxeq,

where C depends on I, A, @, d only.
Combining the last estimate with (2.49), we obtain that the boundary con-

ditions on the bases of the rod are satisfied up to the second order in e:
\We(t,x,£1,&) — et (t,2,£1,)| < Ce?, t>0, z€lxeQ  (2.50)
where C depends on I, A, Q,d. Thus, by the maximum principle, for x € I X eQ),

Vi(t,z,€)| <Ce? >0, £€G., (2.51)
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where C depends on I, A, Q, d.

Step 5. Recalling that W, — 41V, = V¢ + V5, by summing (2.48) and (2.51),
for any ¢ € [0, 7], we obtain

/|ed_1V€—W€|2d:n <Cete®l relxeqQ.
Ge

It is easy to see that for x € I x e@Q, t > 0,

/‘Vz(t’“’fﬁy’§>(2d5+/‘wb3<f7w7s)\2dssced—l.

Ge Ge

Consequently, last two estimates yield (2.43). Lemma 2.4 is proved. O

Lemma 2.4 provides an L? estimate for the discrepancy. By working harder
we can get an L estimate of the same order. Namely, we prove the following

result.

Lemma 2.5. Let V. be a solution of (2.20) and VE be defined by (2.42) as a first-
order approzimation of €¥ V.. Then, fort >0, z € IT x eQ and € € I~ x €Q,

the following estimate is valid:
led VL (t, 2, &) — VE(t,z,6)| < C & (2.52)

where I'™ @ (—1,1], I~ € [~1,1); the constant C' depends on I, 17, A, Q,d and

is independent of €.
Remark 2.4. The same estimate holds if € € IT x eQ and x € I~ x Q.

Proof. Estimate in Lemma 2.4 is based on two auxiliary bounds, (2.48) and
(2.51). Notice that estimate (2.51) gives a bound in L norm and, thus, need
not be improved. Our goad is to modify the ansatz W€ in order to obtain a
greater power of £ on the right-hand side of (2.48). This will allow us to use L
elliptic estimates.

Observe that adding interior higher order terms to the asymptotic expan-
sion (2.32) (without adding additional boundary layer correctors) increases the
power of € in estimate (2.48). More precisely, denote by Wi (t,x,§) the k-order

approximation for e?~1V,

k
ng(t7x7§) :W€(t,m,§)—i—Za”Vn(t,ml,fl;y,n) bl
y=2 =~
n=3 € €

where V,(t,x1,&1;y,m) are l-periodic with respect to y1,71. For the sake of
brevity, we do not specify the form of functions V,, (for precise formulae see [7],
[19]). Let us substitute W —e4~1V, into (2.20) and then, represent W¢ — 41V,
as a sum Wi +W3, where W§ solves nonhomogeneous problem with homogeneous
Dirichlet boundary conditions at the rod ends (compare with f/f), and Wf is a

solution of a homogeneous problem with nonhomogeneous Dirichlet boundary
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conditions at £ = +1 (compare with 1725). Arguing exactly like in Lemma 2.4,
we see that
/|Wf|2d§§0152ked—1, t>0, zelxeQ, (2.53)
Ge

where I € (—1,1); and by the maximum principle,
W5 (t2.€)| < Cae®, t 20,z €1 xeQ, €€ G,

where C1,Cy depend on I, A, Q,d.
Notice that V. is Holder continuous, and by the Nash—-De Giorgi estimates in
the rescaled cylinder, for &, ¢ € G,

Vet = Valt,a, Q)| S Ce e = (I, t20, eI xQ,  (254)

where C,«a depend on A, Q,d and are independent of . Indeed, let us change
the variables 7 = t/e?,y = x/e,n = £/ in (2.20) and denote V.(r,y,7) =
V.(e%1,ey,en). By the maximum principle,

Vo(ry,m| <C 720, ne(—e e )xQ, yeeIxQ,

where I € (—1,1). Due to the local Nash-De Giorgi estimates, for any n € Z,
T>0,yee I xQ

Ve(r,y,m) = Ve(r 9, 0) < Clp =917, m,0 € (n,n +1) x Q,

for some 0 < o < 1 and C depending on A, @, d. Changing back the variables in
the last inequality yields (2.54).

Due to the Holder continuity properties of N, N*, N, N5, regularity of Vj,
the function W, is uniformly w.r.t. € Holder continuous. Indeed, for example,

since N* is Holder continuous, so is N*(£/e) and

|N*(§) _N*(gﬂ <Ce € —-¢|* &,& el 0<a<l

Thus, eN*(£/)0¢, Vo(t, x1,&1) is Hoélder continuous uniformly with respect to €.
By similar arguments, W and Wf are Holder continuous functions, so is Wf .
By contradiction one can prove that, if (2.53) holds, then for some ¢ € (0,1)

Witz &) <t
where 0 depends on A, @, d. Thus, for sufficiently large k,
eVt 2, €) — Wit 2,8)| < C3e®, >0, E€Ge, z€1xeQ,

where C3 depends on I, A, @, d and is independent of . Clearly, by regularity of
Vo
|W]§(f,$,£) - WE(t’x’é-N < 0452, 5 € GE’ relx 5@,

with Cy = Cy(I, A, d, Q).
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Combining the two last estimates implies a similar bound for (¢4~'V, — W)
with the constant C' that depends on I, A, Q,d only. Eventually, using (2.49)
which proves that (W, — V{) is of order €2 we obtain (2.52), at least for 1 in a
compact subset of (—1,1).

Now we extend this estimate to point z and £ such that for x € I'™ x Q) and
el xeQ (oré € It xeQand x € I~ xeQ). To this end, considering Vz (¢, z, )

as a solution of the equation in (¢, z) (for fixed &), we get a ”symmetric” estimate
’WE(t7x7§) - Edil‘/s(t7x7§)‘ S C5 827 t Z 07 YIS G87 § € I X EQa
with the constant C5 depending on I, A, @, d. In particular,

|We(t,z, &) — Ed_lvg(t,x,f)] <Ce, t>0, zeGG- (2.55)

1=0

with the constant C' independent of t, z, &, e. Considering W, (¢, z, &) —e% V. (t, z, )
as a solution (w.r.t. ¢,&, for fixed z) of a nonhomogeneous initial boundary prob-
lem stated first in I~ x eQ and then in It X £Q, using estimate (2.55) and
arguing as above we obtain, for x € I x eQ and £ € I~ x eQ (or £ € I'T x eQ
and x € I~ x Q),

eVt 2, &) — VE(t,x,8)| < C?, >0,

with the constant C depending on 1,17, A, d,Q and independent of &. O

2.2.4 Asymptotics for v* and main results

Recalling from (2.18) that K. = ®. — V. and using the first order approxima-
tions (2.26) and (2.42) obtained in the previous sections, we define a first order

approximation of the Green function K.
Ki(t,z,§) = ®i(t,z,8) = Vi (t z,§)
=Ko(t7901,§1)+€N(§)aleo(t7901,§1) (2.56)
+e N*(g) O, Ko(t,1,61) + e Ki(t,x1,&) — e Vig(t, x,§),
where Ky = ®y—V} is the Green function of the one-dimensional effective problem

O Ko = a™ 07 Ko, (t,&1) € (0,T) x (=1,1),

Ko(t,x1,£1) =0, te(0,7), (2.57)
Ko(0,21,&1) = 6(z1 — &), &e(-1,1),
K, = —V; with Vj, the solution of (2.39), and the boundary layer corrector

Vg is defined by (2.36) and (2.38). By combining Lemmata 2.3 and 2.5, we

immediately obtain the following statement.
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Lemma 2.6. Denote by I, I~ compact subsets of (—1,1] and [—1,1), respec-
tively. Let conditions (H1) — (H4) be fulfilled. Then, for each x € I'T x £Q, £ €
I~ xeQ, and t >ty > 0, there exists a constant C depending on IT, 17, A, Q,d
and independent of € such that

|ed VK (t,,6) — K§(t,z,8)] < Ce2 (2.58)
We can now state our main result.

Theorem 2.2. Let conditions (H1) — (H4) be fulfilled and by > 0. Let © be
the mazximum point of A\1(0) and pe the corresponding eigenfunction defined by

Lemma 2.1.

1. Suppose ug € C'[—1,1] is such that ug(—1) # 0. The asymptotics of the
solution u® of problem (2.1), fort >ty > 0 and x € G., takes the form

_MO)t o(z1+1)

u(t,z) =e*e T e - PG(x

E) [u(t,m) + re(t,x)],

where u is the solution of the homogenized problem
Oyu = a*" 92 u, (t,x1) € (0,T) x (—1,1),
u(t,+1) =0, te(0,7), (2.59)
w(0,21) = =M ug(—=1) ' (z1 + 1), x1 € (—1,1),

where the effective coefficient a®™ is defined by (2.22), and the constant M
1s defined by

+oo
M = / /(zl + N*(2) + vf(z))pél(z) e 9% d2'dz, (2.60)
0 Q

with N*, solution of the adjoint cell problem (2.24) and v~, solution of the
boundary layer problem (2.36). For some constant C = C(IT,\,Q,d), the

remainder term satisfies the estimate
|re(t,x)] < Ce,

which is uniform for t > tg >0, v € I'T x eQ, with I € (—1,1].

2. If ug € CF1(—=1,1) is such that ug)(—l) =0,1=0,---,k—1, and
ugk)(—l) # 0, then

_2M©)t  o(x;+1) x
2

W(t ) = 2e e p@(g) [a(t,z) + 7 (t,z)],

where u is the solution of the homogenized problem
O = " 02 1, (t,z1) € (0,T) x (—1,1),
u(t,£1) =0, te(0,7),
4(0,21) = —Mpul? (=1) 6 (21 + 1), a1 € (—1,1),
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with the constant Mj given by
1 +o0
Mk; = E / /(Zl)k (Z1 +N*(Z) +U_(Z)) pél(z) 6—@21 dZ/dZI.
0 Q

The remainder term satisfies |7 (t,z)| < C'e, and the estimate is uniform
fort >ty >0,z el xeQ, with [T € (—1,1].

Remark 2.5. If the initial data ug is non-negative, then the effective initial data
is non-negative too. Indeed, —0'(x1 + 1) is non-negative in distributional sense,
and M is positive, because by the maximum principle, (z1 + N* +v~) is positive.

The multiplicative constant M depends explicitly on the boundary layer v~ for
the left end point 1 = —1 (see formula (2.60)). It is quite surprinsing that such
a boundary layer (which is of lower order in classical homogenization theory)
enters the asymptotics of u® at the main order.

Note also that, if the initial data ug had a compact support, then Theorem
5.2 in [4] gives a similar asymptotic behaviour with a different initial data for
the homogenized problem, featuring a Dirac mass instead of the derivative of the

Dirac mass as in (2.59).

Remark 2.6. Theorem 2.2 provides the leading term of the asymptotics of uf.
But, as already explained in Remark 2.2, the error estimate for the remainder
term r is not precise enough in the region of interest where u®(t,x) achieves its
mazimum. A better ansatz with a better error estimate are given in Theorem 2.3

below (again, boundary layers will be crucial).

Proof. Based on Lemma 2.6 we can compute the asymptotics of v®, given by
(2.16) in terms of the corresponding Green function K.. Obviously, (2.16) can

be rewritten in the following form

) = [ Kitrue g () e
Ge ©
+ [E R0, — Kiha, ) wien) pg! (2) 4
Ge ©
(2.61)
Thanks to (2.58), for z € I'™ x Q, t >ty > 0, we have
| [t R0 - it ) wo(€) et () e g
Ge :
+o0o
< Cl 52 /e_e(ﬁi-kl) d£ < Cl 62 €d|Q| / e—@m dnl < C€d+2
Ge 0

with the change of variables & + 1 = €21, £ = €2’ and for some constants C, Cy
which do not depend on ¢.

We proceed by evaluating the first integral in (2.61). We compute separately
the contributions of each summand in (2.56). Expanding Ky and ug into Taylor
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series in the neighbourhood of {; = —1, and recalling that Ko(¢,z1,—1) = 0, we
see that, for t >ty > 0,

/Ko(ta$1,$1)uo(fl)pel(§) e

O(61+1)
€

Ge
_ _9+D
= (uo(—l) O¢, Ko(t, x1,—1) + 0(€)> /(51 + 1)Pel(§) et
Ge
Performing again the change of variables & + 1 = €21, £ = €2’ and using the

periodicity of peg yields

+oo
/(51 n 1)])(51 (g) e_@(ﬁi-kl) d£ _ €d+1 / /Zl pél(z) e—@zl dz'dzl + O(€d+2).
Ge 0 Q
(2.62)

Recall that, for the simplicity of presentation, we assumed (H4), namely ¢ =
1/N, N € Z,. Similarly, for t >ty > 0,

uo(&) 7@(§l+l)

6/]\[;‘< (g) aglKo(t,x,g)

e
p pe(&/e)
5 oo
= e ug(—1) O, Ko(t, x1,—1) / ]:@((j)) e 9 d2'dzy 4+ O(e%72).
0 Q

On the contrary, since differentiating (2.57) with respect to x; does not affect
the homogeneous Dirichlet boundary conditions, we have 0., Ko(t,x1,£1) = 0

and, therefore, the following term can be neglected

g/N(g) 8$1K0(t,361,§1)uo(fl)Pél(g) €

Ge

O(&1+1)
_+ d

— O(€d+2).

The last summand (eK; — €V}j) in (2.56) is written as a sum of three terms.
The first one, since Ki(t,z1,—1) — 070 Ko(t,z1,—1) = 0, gives a negligible

contribution

 [ita16) — o Kot~ D) w0 v ()

G-

O(51+1)
1>

= 0("?).

For the second one, performing a change of variables as above and using the

periodicity of pg yields

e _O@1+1)
6/ (516 f)a&KO(t x1,—1) uo(gl)p@ (g) :
Ge
(2.63)
= e ug(—1) 9, Ko(t, x1, — / / = eI e+ O,
po(2)

Thanks to (2.37), the third term containing the boundary layer corrector near
the right base of the rod 1 = 1 is exponentially small. Combining (2.61)—(2.63)
yields

Ve (t, @) = 2 (M ug(—1) O¢, Ko(t, 1, —1) + O(e)), (2.64)
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where O(g) is uniform for t >ty > 0 and z € I'" x Q.
The second statement of Theorem 2.2 can be proved in the same way as the

first one and we safely leave it to the reader. O

Theorem 2.2 provided the leading term of the asymptotics of u®. But, as
already explained in Remark 2.6, due to the presence of the exponentially large
factor e®@@1t)/e
neighbourhood of the right end of the rod, where both, the leading and the

corrector terms (together with the boundary layer corrector) are of the same

we are mostly interested in the asymptotics of u® in a e-

order. Therefore, we can not claim that, in this localization zone, we have
O@IHD/2 1o (1 1) & P@ D/ (1, 1)),

Due to similar reasons, we had to construct extra terms in the asymptotics of
the Green function K. Indeed, because of the factor e=©@1+1)/e ip (2.16), only
the behaviour of K. in a e-neighbourhood of the left end plays a significant part.
To obtain a precise asymptotics near the left end of the rod, we have constructed
the corrector terms for K.. Notice that the integrals (2.61)—(2.63) are of the
same order.

In Theorem 2.3 below we construct the corrector for u®, that improves the
asymptotics of u near the right end of the rod and, therefore, makes the result

of Theorem 2.2 complete.

Theorem 2.3. Under the same assumptions as in Theorem 2.2, the refined
asymptotics of the solution u® of problem (2.1), fort >ty > 0 and x € G., takes
the form

_ MGt o(zy+1)

ui(t,z) =e?e” T e = p@(g) [U®(t, ) + R-(t, )],
where U® is given by

Us(t,z) = u(t,z1) + aN(z) Oy u(t, 1)
. 1’5 . (2.65)
+euy(t, ) + ¢ [vj (17, g) — {)ﬂ Oy u(t, 1),

where u(t, 1) is the solution of the homogenized problem (2.59), N solves (2.23),
uy and the boundary layer corrector vy are defined in (2.70) and (2.69), re-
spectively. For some constant C' = C(A,Q,d), the remainder term satisfies the
estimate

|Re(t,z)| < Ce(l —xq),

which is uniform fort >ty >0, z € G..

Proof. In view of the facorization (2.9), it is sufficient to improve the asymptotics
of v°. Because of (2.64), the function u(¢,z;), solution of (2.59), is in fact the

leading term of the asymptotics for e 20 (¢, ) for t > to > 0. Let us construct

24



the corrector for e 2v°(¢,z). Obviously, due to the semigroup property of the
parabolic operator, one can represent € 2v°(t, ) as a sum ¥§ + 05, where

(

( )8{[)1 + A@Ul in (to,T) X G,g,
Bgf =0, on (tg,T) x X,
(2.66)
0§ (t, £1,2") = 0, 2 € (ty,T) x €@,
ﬂi(thx) :u(t()?xl)a x € Ge,
(05 (2) 0,5 + A5 5 = in (to,T) x Gx,
Bgvs =0, on (tg,T) x X,
(2.67)
05(t, £1,2") = 0, 2 € (to, T) x €@,
o5 (to, x) = e 2% (tg, ) — u(ty,x1), =€ Ge.
It is easy to see that the asymptotics of 0] takes the form
U(t, ) = u(t,z1) + & N (Z) Opyu(t, z1)
€
1
Veur(t, ) + ¢ [v:(“ : 9 . @:] Oy u(t, 1) (2.68)
1+mx o
+6{ - ( 6 1,;)—1} }amlu( —-1),

where the boundary layer correctors v (y) and their asymptotic limits ¢F are
defined similarly to v*(y) and 4 in (2.36), except that the adjoint operator and
the adjoint cell functions are replaced by the direct ones. In other words, v¥ are
solution in the semi-infinite cylinders G~ = (—00,0) x Q and G* = (0, +00) x Q
of

Aevi(y) =0, yeGT,

Bovi(y) =0, yeXT, (2.69)

v} (0,y) = —N(0,9").
+

The boundary layers v (y) stabilize at infinity to constants o
fast, as in (2.37).

In (2.68) the function wu; is designed so that U¢ satisfy homogeneous boundary

exponentially

conditions at x7; = 1, namely it solves
Opur(t,z1) = a™ Qilul(t,xl) + f(t,z1), (t,x1) € (to,T) x (—1,1),
up(t, 1) = w0, u(t, +1), t € (to,T), (2.70)
uy(to, z1) = 0, x1 € (—1,1),

where, Ny being a solution of (2.35), f(¢,z1) is given by

f(t,xl) = 8glu(t,1'1)/ [alja NQ + a%N — b1®N2 — aeﬁ PO N] dy.
Y
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As in the proof of Theorem 2.2, one can prove that the following estimate holds
|05 — US| < Ce2, t > ty, x € Ge,

with the constant C' independent of . On the other hand, because of the expo-

nential stabilization of the boundary layer v, , we have
U —U®| < Ce(l—xy), t>tg, x€Ge,
where U*® is given by (2.65). This yields
0] —U°| <Ce(1l—x1), t >tg, x € G.. (2.71)

We proceed by estimating the solution 5 of (2.67). Let ¢°(¢, z) be a solution
of the following problem

5 (2) O ° + AS¢° = 0, in (1, T) x G,
Bgo® =0, on (to,T) x 3¢,

(2.72)
¢E(t,i1,$,) =0, z’ € (tO’T) X eQa
& (to, ) = 1, z € G..

\

Then, by the maximum principle,

[5(t,2)] < 6°(¢, 7) max|e™*0" (to, z) — ulto, 21)|,  (t2) € (t0,T) x Ge.

In view of Theorem 2.2,
max |e 2% (tg, ) — u(to, 71)| < Ce,
r€Ge

thus,
05, 2)| < Ced®(t,x), (tz)€ (to,T) x Ge.

By standard homogenization it easy to prove that
lp(t,z)| < C (1 —m1), (t,x) € (2ty,T) X Ge.
Combining the last two estimates yields
|05(t,z)| < Ce(l—x1), (t,z)€ (2t0,T) x G-. (2.73)

Estimates (2.71), (2.73) imply the statement of Theorem 2.3. The proof is com-
plete. O

3 The case of a layer

We now consider the case of a layer in R?. More precisely, the domain € is defined
as the layer {x € R?: 2/ = (21, ,mq_1) € R¥1, —1 <14 <1} (see Figure 2).
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Figure 2: The layer €2

Note that we change the notations from the previous section since a point z € R?
is now denoted z = (2, z4) with 2’ € R4~!. The boundary of 2 consists of two
hyperplanes I't = {z € R? : 24 = +1}. We study the homogenization of the
non-stationary convection-diffusion problem (1.1) which, in the case of a layer,
reads

Ot + A.uf =0, in (0,7) x £,

u®=0, on(0,T)x (TTUl"), (3.1)

uf(0,x) = up(z), in Q,
where, as before,

1
Auf = —div(CLaVu‘E) + =b* - Vub,
€

and the coefficients of the equation are still given by (2.2), namely af;(z) =
a;j(x/e) and b (x) = b;(z/e). In the case of a layer our main assumptions are
slightly different from those in the previous section. We assume that the following

conditions are satisfied.

(A1) The coefficients of the equation a;;,b; € L>°(f2) are Y-periodic, Y = (0, 1]¢
being the periodicity cell.

(A2) The d x d matrix a(y) is symmetric and satisfies a uniform ellipticity con-

dition with a coercivity constant A > 0.

(A3) The initial data ug has compact support with respect to 2’ = (21, ,x4-1),
namely ug(z) € C§(RL O -1, 1)).

(A4) For simplicity we assume that e = 1/N, N € Z*, so that an entire number
of periodicity cells fits in the thickness of the layer €.

As in the case of a thin rod, we study the asymptotic behaviour of solutions
u®(t, x) of problem (3.1), as ¢ — 0.
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3.1 Auxiliary spectral problems, factorization and main
result.

In order to simplify the original problem, we make use of the factorization prin-
ciple, as in Section 2 (with respect to x4 instead of x1), and then construct the
asymptotics of the new unknown function. However, the main difference with
the previous case of a rod is that we must use moving coordinates (see [3], [12],
[18]) in the directions parallel to the layer. This makes the equation homogeniz-
able at the price that the initial condition becomes asymptotically singular. As
before, we circumvent this difficulty of singular initial data by constructing the
asymptotics of the Green function of the factorized problem.

We recall that the cell operator A is defined by (2.3) and its adjoint A* by

(2.4). For 8 € R, we introduce two families of spectral problems, similar to (2.5),

e 0va A efva p@(y) = )‘(9) p@(y)’ inY,
(3.2)
y — pp(y) Y-periodic,

eVt A% =0 pi(y) = N(0) py(y), Y,
y — pp(y) Y-periodic.

By the Krein-Rutman theorem, for each § € R, the first eigenvalue A;(6) of
problem (3.2) is real, simple, and the corresponding eigenfunctions pg and pj; can
be chosen positive. Moreover, the statement of Lemma 2.1 remains valid, and
we call © the unique maximum point of A\{(#). The eigenfunctions pg and pj are

normalized by (2.6) as above. Arguments similar to those in Section 2 yield

d\ ) ) i
%‘9:0 - / (ba pj + agj Oy;ph) dy = ba, (3.3)
Y

where by is called the normal effective drift (normal to the layer). Hence, by = 0
if and only if © = 0. If the normal effective drift is zero, i.e., by = 0, then the
method of homogenization in moving coordinates can be applied directly (see [3],
[12], [18]). Therefore, we assume that by # 0 (or, equivalently, © # 0).

In what follows we consider the case by > 0, the other case by < 0 being
symmetric. If by > 0, then we perform the change of unknown function as

follows
AL (©) O (zg+1)

u(t,x) =e 2 e - p@(ﬂ3

g) ve(t, ). (3.4)
Substituting (3.4) into (3.1), one obtains that the new unknown function v° solves

the following problem
pg O + Agv® =0, (t,x) € (0,T) x Q,
v* =0, (t,z) € (0,T) x (It UT™), (3.5)

O (zy+1)
(0,2) =w(@)pg (S)e ¢, we,
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where pg(z) = oe(z/e),
1
gu = —div(a®(2) Vo) + =9 () - Vv,
€ € €
and the coefficients of the operator are given by

ag(y) = ce(y) aij(y), 0e(y) = pe(y) P (y),
by (y) = 00 (y) bi(y) — 2 0o (y) aia(y) © (3.6)

+aij(y) [pe(y) 9y, p5(y) — P& (Y) 9y, pe(y)].

(S}

The matrix a® is positive definite since both pe and pg are positive functions.

The vector-field b®, for each 6 € R, is divergence-free and its last component bS)

has zero mean, that is

/bg)(y) dy=0; divt! =0, V6. (3.7)
Y

The averages of the other components are denoted by

ﬁi@:/bi@(y)dy, i=1,-,d. (3.8)

Y

The vector 3© is called the effective convection (note that its formula is different
from that of the normal effective drift by defined in (3.3)). Since 8§ = 0 because
of (3.7), the convection is parallel to the layer. When the effective convection
(€ is not equal to zero, contrary to the case of the rod, we cannot use classical
homogenization methods for (3.5), and, rather, we rely on the method of moving
coordinates (see [3], [12], [18]).

Theorem 3.1. Suppose that conditions (A1)-(A4) are fulfilled, the normal ef-
fective drift (defined by (3.3)) satisfies by > 0 and ug(-,—1) # 0. Then, for
t >ty > 0, the asymptotics of the solution u® of problem (3.1) takes the form

MO O(zg+1) z ©

ui(t,x) =c’e 2 e = p@(g) [u(t,x - %t) + rg(t,m)],
where u(t, x) is the solution of the homogenized problem
Ou(t,z) = div(aVu(t,z)), (t,z) € (0,T) x Q,
u(t,z) =0, (t,z) € (0,T) x (T~ UT™). (3.9)
w(0,7) = =M up(z’, 1) § (x4 + 1), x €,
with a positive definite matriz a®™ defined by (3.14) and the constant M defined

by
+o0

M = / / [Zd + Nj(z) + v_(z)] pél(z) e O%dz, dz, (3.10)
(071}d—1 0
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where Nj is a solution of the cell problem (3.16) and the boundary layer v™ is
defined by (3.25). The remainder term satisfies, fort > tg > 0,

lre(t,z)| < Ce  for any v € Q such that xg € It € (—1,1],

and the constant C depends solely on I, A,d.

Remark 3.1. In the case up(z', —1) = --- = 8§d_1uo(x’, —1)=0and 8§du0(x', —1) #
0 for some k, the asymptotics of u® takes the form
_2A(O)t ©(ay+1) ©
it 2) = e Oy o B ),
€ €

where |r(t,z)] < Ce, fort >tg >0 and x € Q such that xg € IT € (—1,1] and

u(t,x) solves the problem
Ou(t,z) = div(a*Vu(t,z)), (t,z) € (0,T) x Q,
u(t,z) =0, (t,z) € (0,T) x (T~ UT™).
u(0,x) = —Mj, 8§du0(az/, 1) (xg—1), z€Q,

with the constant M} given by

400
1 - - —0Oz,
My, = k! / /(Zd)k [Zd + Nj(z) +v (z)] p®1(2) e © iz, dz.

(0,1]¢-1 0

Remark 3.2. Similarly to the case of a rod (see Remarks 2.2 and 2.6), the
error estimate for the remainder term r. is not precise enough in the region of
interest where u®(t,xz) achieves its maximum. Indeed, the homogeneous Dirichlet
o . . O(zg+1)
boundary condition for u(t,x), together with the exponential e~ =  shows that
uf(t,x) attains its mazimum at a distance of order ¢ of the plane I'": there, by
a Taylor expansion, u(t,x) is of the order of e, like the remainder term r.(t,x)
which is thus not negligible. A better ansatz with a better error estimate will be

given in Theorem 3.2 below.

3.2 Proof of Theorem 3.1

The proof is partly similar to that of Theorem 2.1 and relies on the representation

formula for v

Ue(tax) = /KE(t7x7§) uo(g)pél(g)e
Q

O (&qt1)
1>

de, (3.11)

where K. (t,x,€) is the Green function of problem (3.5). However, one major
difference with the previous case of a rod is that, as was already pointed out, in
the case € # 0, the classical homogenization methods do not apply to problem

(3.5). To overcome this difficulty, we shall use moving coordinates.
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Recall that, for any x, K. solves the adjoint problem

00 (%) U (1,0,€) + A Ko(t,2,6) =0, (1) € (0,7) x
K.(t,2,6) =0, (£ €O.T)x (T urh),  (312)
K. (0,2,8) =d(x — &), £eq,

Az = —div(@®(2)ve) - 109(%) v,

Since bg is divergence-free, Age differs from Ag by the sign in front of the first-
order term. For any £ € 2, K. solves the direct problem with respect to (¢, x),
but since we are interested in the asymptotics of K. w.r.t £, we prefer to interpret
it from the very beginning as a solution of adjoint problem (3.12).

We study the asymptotic behaviour of K., as ¢ — 0, and then from (3.11)

derive the asymptotics for v°.

3.2.1 Asymptotic behaviour of K.(t,z,¢)

As in the proof of Theorem 2.1, instead of analyzing directly K., we consider the

difference
V;:(t,:ﬂ,g) = (I)g(t,ﬁl?,é) - Ke(t,x’g)a

where ®, is the fundamental solution in R?, that is, for any = € R?, @, solves

the problem

g@(g) P+ AgTP. =0, (,€) € (0,T) x RY,
®:(0,2,8) = 6(z = &), {eRY
In this way, for all z € , V. satisfies the problem
00(2) Vit 2, + AT Vo126 =0, (1,6 € (0,T) <,
Vo(t,z,&) = ®(t, x,€), (t,€) € (0,T) x (D~ UTH), (3.13)
V2(0,2,8) =0, £eq.

We emphasize that V; is a regular function of &, for x such that x4 # +£1.
The asymptotics of ®, is easier to establish. First, we introduce its zero-order

approximation ®g(t,x,§), the fundamental solution of the effective problem
0Py = dive (a“Vedo), (t,€) € (0,T) x RY,
Do(0,2,€) = bz — €), ¢eRr

with a°® given by

oif = [@S0) + a0 N5 (0) ~ 820) Ny) + 65 po N dy

Y (3.14)
= [ @S0 + a8, N; () + 426 N; () — 57 g N; () .
Y
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The vector functions N and N* solve the following cell problems (direct and
adjoint, respectively)
—div(a®VN;) + b2 - VN; = 0,07 (y) — b9 (y) + B, inY,

(3.15)
y— N; Y — periodic;

—div(a®VN;) = b° - VN; = 0y,a)(y) + b7 (y) — B7, inY,

(3.16)
y+— N Y — periodic.
Notice that, although the above cell problems (3.15) and (3.16) are of the same
type as (2.23) and (2.24), they contain additional 8° term on the right-hand
side. Observe that, by the very definition of 5©, the compatibility conditions for
(3.15) and (3.16) are satisfied.

We further introduce the second-order corrector functions Nizj7 ij*, solutions

of
A@szj = ayk (a?iNj) + az‘@kaykNj + ag

—bY Nj + 82 pe Nj — asff pe, inY, (3.17)
Y — ij is periodic;

* * O ATx €] * S
AN = 0y, (a; NT) + a;3,0y, NI + a;;

+07 Nj = 57 po Nj — aff pe, inY, (3.18)
Y ij* is periodic,
where Ag and Ay are defined by (2.12) and (2.13), respectively.

Then we define the first- and second-order approximations of &,

§

€

¥ (t,2,€) = Bo(t,2,€) +e N (2) -Vuo(t,2,€) +e N*

) Vo (t,2,€), (3.19)

5 (t,2,€) = 5 (t,2,) + & Ng(g) By, O, Bo (1, 2, €)

(3.20)
+&2 ij*(g) Oe, 0, Do(t, , ) + 2 Ni(g) Nj(g) Oz, 06, Do (t, 21, £),
where 5 is the moving coordinate defined by
~ 39
E=¢E+ = t. (3.21)

Remark 3.3. The variables © and £ being dual, the moving coordinate for x is

defined with the opposite velocity, namely
©
T=x— —t.
€

By the same techniques, as in [1], one can prove
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Lemma 3.1. Assume that conditions (A1)-(A2) are fulfilled. Then, for x,§ €
R? and t > €2, the estimate holds

© k+1
9
e

)‘SCM, k:O,172,

Ce(t,z,8) — P (t, @, €
where $© is defined by (3.8).

Turning back to V., its zero-order approximation is Vj, defined for any x € €,

as a solution of the homogenized problem
0:Vo = dive(a™VeVo), (t,€) € (0,T) x 9,
Vot z,€) = @o(t,z,€),  (,§) € (0,T) x (I"ULT),
Vo(0,2,8) =0, ceq.

Note that Vg(t,z,£) € C([0,T] x Q x Q) and for (t,£) € [0,T] x Q one has

C

< dist(K, (I~ U [+))2k++mtd’ rze K e

|0F 0L OF" Vo(t, &)

The first-order approximation of V. is defined by

Vi(t ) = Vo(t,2,€) + e Nj(Z) s, Vo b, .€)

$) 0, Vot 8) +<Vi(1,2,8) + € Vi(1,,),

(3.22)
+e N7 (

where E is the moving coordinate defined by (3.21), and Vi, V}] are defined below.

A higher order asymptotic expansion for V. takes the form
We(t,2,€) = VE(t,2,€) + 2 Vi (£, 2,€) + 2 65y (1,2, ) + £ U (1,2,€)  (3.23)
with
Vs (t,x,&) = ij(ac/s) @Ciawjvo(t,x,g)
+INZ(€/2) 0, 0, Vo (t, 2, €) + Ni(w/e) N (€/e) 0, ¢, Vo(t, . €) (3.24)
+Ni(1/€) 05, Vi (t,2,€) + N} (€/2) 0 Va(t, 2, ).

In order to define V; and the first boundary layer corrector Vi3, we consider

auxiliary problems in semi-infinite cylinders GF = (0, 1]~ x (0, Fo0):
AgvE =0, neGT,
vE(,0) = =Ni (', 0), (3.25)
n = vE(n',ng) is (0,1]%71 — periodic.

+

Since 5 = 0, such functions v™* exist, are uniquely defined and stabilize to some

constants 9 at an exponential rate, as g — Foo (see [22]):
WE  na) — 0% < Coe VMl Co,y > 0
||vv+||L2((n—1,n)><Q) <Ce 7", V¥n <O, (3.26)

||vv_||L2((n,n+1)><Q) <Ce 7" Vn>0.
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The first boundary layer corrector is given by

& Gty B°
Vbi(t?'%g) = |:U (;’ T) —-v } 8§d(V0 B <I>0)(t,x, B ?t) Eg=—
¢ &a—1, . B°
+ [U"’ (E’ T) — U+] agd(‘/o — <I>0)(t,x, — ?t) =1
(3.27)
Then, Vi, for z € €, is defined as the solution of

at‘/l = divf(aeg val) + F(t,x,f), (75,5) € (OaT) X Qa
Vilt, @, €) = 0% dg, (Vo — ®o)(t,2,6),  (£,€) € (0,T) x T, (3.28)

‘/1(07'%'75):07 5697

where
F(t2.€) = 06,0000 Vo(t,.8) [ 650,85
Y
+ag Ni + by N7 — BP pe N — a5 pe Ni] dn.
The second boundary layer corrector ¢y, is defined as follows

(Pleyl(th?g)
/ 1 ~
= [ (5550 - ] 96 (Gt - @0 (k2. )

et ) ] o (00, — @) (1,2,

5d=1>.

Remark that, since ﬁc(? =0, we have 5 = gd and the above definition makes sense

when we enforce £ = —1. The functions golic solve nonhomogeneous problems

x + O/ + A+ ) +
( 6¥); = Oy (ag, (v —97)) + ag, Oyv

+(bF — Bepe) (vt —0F),  neGT,
wE(n',0) =0,

77/ = @f (77,, nq) is (0, 1]d_1 — periodic.

The right-hand side of the above equation, due to (3.26), is an exponentially
decaying function. Since ﬁc(? = 0, the functions go,f exist, are uniquely defined
and stabilize to some constants gbf at an exponential rate, as g — £00 (see [22]).
The corrector ¢y is introduced to compensate the terms of order €% which will
appear on the right-hand side after substituting V5 into the original equation.

The last boundary layer corrector 5, is defined by

7/)51(15,33,5)
& &ty F
- [wik(% atly- ¥z ) 96,0, (9e, (Vo = o) (8,2, €) 5d=—1)
! _ 1 R ~
o) — 0] 0o, (06,06 - 20) (.8)| )
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The functions 1/1;',2 solve nonhomogeneous problems

ASVyy, = (af — asipe) (v — 0%) + 8y, (afj (¥ — é™))
+aon, ¢k + (07 = BY) (@i — an), n€GT,
Vi (1,0) = 0,

n %2(77/, na) is (0, 1]d71 — periodic.

The right-hand side of the above equation is again an exponentially decaying
function. Thus, the functions ¢zik exist, are uniquely defined and stabilize to
some constants 1&% at an exponential rate, as 73 — Foo. The boundary layer
corrector 1y, is designed in order to compensate the terms of order € on the right-
hand side of equation (3.13) which comes from V{5 and ¢f; being substituted into
this equation.

This completes the construction of the formal expansion. We proceed with
its justification. Recall that the functions Vi and Vi are introduced to satisfy
the boundary conditions on I'* up to second order in e, while the purpose of
Vs, ¢, and 9y is to guarantee the required accuracy, and the latter terms will

not show up in the final result.

Proposition 3.1. Let VF be the first-order approzimation of V. defined by (3.22).
Then, for x such that xq € I € (—1,1) and for t > 0, we have

/ Vo — Ve[ da < C &l (3.29)
Q

with the constant C depending only on dist(z, T~ UTT), A and d.
Proof. Let us substitute ansatz (3.23) into (3.13) and compute the discrepancy

P%at(Ws - Ve) + Aga(WE - VE—:)

= e Rt Gyom) +edivy (@ )VValtn Gym)| L (3.30)
+e2 Ryt 2, &)+ Ra(tw &),
Yy=2mn=z

where 5 is the moving coordinate defined by (3.21) and

Ri(t,2,&y,n) = —pe(maVi(t,,€) — pe(n) N} (0)0:0¢, Vo(t, ,€)
—pe ()N ()0, Vo(t, , &) — p@(n)ﬁ?%‘/g(t, ,&y,n)
+dive (a® () V Va(t, 2, & y,m)) + dive(a® (n) Ve(N* (n) - VVo(t, o, €))
+dive (a® () Ve(N () - VaVal(t ,8)) + dive(a® () VeVa(t, 2, €))

+05 ()0, Va(t, @, &y, m),
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and
Ry (t,,€m) = { (i = a§ () (o) — &1)

— 0y, (afy () (Vix(n) — bir)) — a5y (1) Oy, ik (1)
+(89 = b9 (n) Wik (n) — m)}

X O¢; O¢, g, (%(VO — @) (t,2,¢)

§d=1)’

Rs(t,2,&m) = (pe(n)asy — a§) (Wi (n) — i)

5d=1).

Xaflaﬁja&aﬁk (8&1(% - (I)O)(t, €z, 5)
Notice that, in view of (3.24) and (3.28),

/Rl(taxagy’n) d77:0
Y

Thus, there exists X(t, x, E, Y, 77), periodic in 7, such that

~divyx = Ry (t,2,&y,7).

Consequently,
Ru(t,z,&y, g) = —edivex(t,, &, g) + edivex(t, 2,6y, m) ‘nzé-

It is easy to see that, for sufficiently small €,

[Ita&o)Pae<c [ [ (mengyn) e
Q QY

with the constant C' independent of €. To estimate the norm on the right-hand
side of the last inequality, we notice that each term in R; is a product of the

form

F(y,n) 907 Vo(t, 2, &)
with a bounded periodic function F(y,n). It is a classical matter to show that

the derivatives Vjy are exponentially decreasing at infinity. Consequently,

[ ta&o ) <o

Q
for x4 € I. Then, multiplying equation (3.30) by W. — VL, integrating by parts
taking into account (3.7), the exponential decay of boundary layers and of V},
we obtain

/|W€—V;|2d£§054, t>0. (3.31)
Q

Note that due to the presence of the boundary layer correctors, the boundary
conditions on I'" NI~ in (3.13) are satisfied up to the second order in €. It
remains to notice that for ¢ > 0 and = € Q such that z; € I € (—1,1)

/Www@—%%wﬂﬁﬁé&ﬂ
Q
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where VF is the first-order approximation of V. defined by (3.22). Combining

the last two estimates finishes the proof of Proposition 3.1. O

Combining the previous estimates on the aproximations of ®. (Lemma 3.1)
and of V. (Proposition 3.1), we deduce similar result for the asymptotics of the
Green function K. (t,z,£). We do not give the proofs of the two lemmas below
since they are very similar to their counterpart given in Section 2 in the case of

a rod.

Lemma 3.2. Assume that conditions (A1) — (A2) are satisfied. Let K. be the
Green function solving (3.12). Fort >ty > 0 and x € Q such that z4 € I €
(—=1,1), we have

S}
[ 1Kett.) - K ng+ o) P < o2
Q

where K7{ is a first-order approximation of K. given by

K (t,2,€) = Ko(t,2,€) +eN(2) - VaKo(t,2,€)
(3.32)

+€N(§) ' V§K0(t,$,g) + 6K1(t,£ﬂ,€) - 5‘/}5(75,33,5),
gis the moving coordinate defined by (3.21), Ko = ®g— Vj is the Green function
of the effective problem (3.9), N,N* are the cell solutions of (3.15), (3.16),
respectively, Vi is defined by (3.27) and Ki(t,x,§) = =Vi(t,z,§) with Vy the
solution of (3.28).

Lemma 3.3. Denote by I, I~ compact subsets of (—1,1] and [—1,1), respec-
tively. Let conditions (A1) — (A2) be fulfilled. Then, for z,§ € Q such that
xg €1, €1, andt > tg > 0, the following estimate holds true:

(S]
|Kc(t,2,€) — Ki(t,2 — ﬁ?t,g)y < Cée?, (3.33)

with the constant C depending on I7,I1~,A,d and independent of ¢.

3.2.2 Asymptotics of u°(¢,x)

Recall that v® as a solution of (3.4), is represented in terms of the Green function
K. by (3.11). Obviously,

© O (§qt1
v n) = [ Ko - g u(@pe () e T
Q
© - (3.34)
+/ <K€(t’x’§) - Ki(t,z - %t7§)) uo(§)P61(§) o dé,

Q

where K7 is the first order approximation of K. given by (3.32). Suppose that
the initial function is such that ug(z’,—1) # 0. The case up(z’,—1) = --- =
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Bgd_luo(x' ,—1) =0, 8§du0(m' ,—1) # 0 can be considered similarly. With the help

of Lemma 3.3 we estimate the second integral in (3.34).

O ({4t+1)

1/ (o) - K- 206 un(@pa' (§) e

—+o0
@ [ ol -lde [ a0,
Rd-1 0

To complete the proof it remains to compute the asymptotic behavior of the first
integral in (3.34). Denote

_ ©(gq+1)
Then, by definition (3.32) of K7,
/Kl t,x, &) v5(€) dé = /Kot:c—— §) v5(€) dé

+6/N* ) O¢, Ko (t, 2 — %t €) v5(€) d¢

/ S
+e/v(5_, 5d;L 1) O, Ko (t,x — %t,é)

(L

i e (3.35)
Nj(g) O Ko (t, 2 — ?taf) vg(€) d€

S S
%t,{) — 07 0, Ko(t,z — %t,g)

B EIGL

(v (£, 5921y ot o, Ko 1,0 - @,g)

9 9

gd:1> v (€) de.

Notice that Ky (t,x — @t,{) =Ky (t,m,{—i— @t) since ﬁ(? = 0 and Q is bounded

only in the xg4-direction. Expanding Ky and wug into Taylor series with respect
to &4, for t > tg > 0, we obtain

5@
[ Kolta = g (o) ag

Q I 5@ ,
- [ wie v Lugl e
]Rdl—l
< [+ 0pa' ) e " aga+ o)
-1
S}
B T
+O[§d_1 I
X / deél(%,z(i) e 9% dzy + O(3).
0
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The function
+oo

B(¢) = / capg (¢ 2a) e tdzg,

0
is (0,1]% -periodic and belongs to H'((0,1]7!). By the classical mean-value
theorem, we deduce the asymptotic behavior of the first term in (3.35)

59
[ Kolta = 6 (o) ag

Q
=2 uo(&', —1) 0¢ , K — @ d¢’
= 0(57 ) &d ()(tam N t7§) =1 §
Rd-1 ¢
—+00
X / /zdpel(z',zd) e~ %ddzgd2 4+ O(e%).
(071}d—1 0

By similar arguments, the other terms in (3.35) admit the representations

£ B
N]*(g) 35].[(0(15,1‘ — ?t,f) US(S) d§

%

a=—

/ /Nd e %% dzy dz + O(e?)

(0,1]4-1

Q
©
— g2 / o (5/ ~1) 8£dK0(t,m - %t,§)

and

, ©
[ AT (e - )i e

Q

2 5° /
= £ UQ(S —1) 8&[(0(15 Xr — —t §) ¢ 7_1d§

Rd-1 -
+oo
X / / v (2) pg'(2) e~ %ddzg d2 + O(e3).
(0,1)4-1 0
Noticing that Kl{g = @fagdKo{g » and 8$JK0‘§ _ 4, = 0, one can see

that the last three 1ntegrals in (3.35) are of order €. We emphasize that, in view
of (3.26), the terms containing boundary layer correctors near I'" are negligible.

Finally,

S}

v (t,x) =2 M / up(&',—1) 9, Ko (t,x — %t,&) de' + 0(e%),
R

a=—

where the constant M is given by (3.10). This completes the proof of Theorem
3.1. 0

As already said in Remark 3.2, Theorem 3.1 provides only the leading term

of the asymptotics of u®. However, due to the presence of the exponentially
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O@at1)/e e are mostly interested in the asymptotics of u€ in a e-

large factor e
neighbourhood of I'", where uf is maximum and where both, the leading and the
corrector terms (including the boundary layer corrector) are of the same order.

In Theorem 3.2 below we construct the corrector terms for u®, that improves
significantly the asymptotics of u¢ in the vicinity of ' and, therefore, makes the
result of Theorem 3.1 complete.

Let us define the first-order approximation for u® by

© ©
Us(t,z) =u(t,z — 5—75) + €Nk(£) Onu(t,z — 5—25)
£ £ 9
g0 R g0 (3.36)
tew (o — 1) + e ol (T, 2 =) — o | dnult e - ) ot

Here u(t, z) is the solution of the homogenized problem (3.9), N solves (3.15).

The boundary layer corrector v; (y) are defined similarly to v™ (y) (see (3.27)),

except for the fact that the adjoint operator is replaced with the direct one.
Namely, v} solves the following problem in G~ = (0, 1]~! x (—o0, 0):

Aev) =0, ye G,
v:r(yl’o) = _Nd(yl’o)’
y' = v (v, yaq) is (0,1]%7! — periodic.
Since 4 = 0, there exists a unique bounded solution v} and it stabilizes to some

constant ¢ at an exponential rate, as yg — —oo.

The function u;(¢,z) in (3.36) solves the following problem
Oy = div(a™® Vuy) + F(t, z), (t,z) € (0,T) x 9,
ui(t,z) = o Oy, ult,x), (t,z) € (0,T)x (T~ UTT),
u1(0,z) =0, x €€,

where
F(t,z) = amkamiamju(t,x)/ [a%@nl]\ffj
Y
+ag) Ny, — b N + B2 po N — a5 pe Ny dn.

?

Theorem 3.2. Let the assumptions of Theorem 8.1 be fulfilled. The refined
asymptotics of the solution u® of problem (3.1), fort >ty > 0 and x € Q, takes
the form

_ M)t O(zg+1)
ui(t,x) =e*e 2 e -

po () [UF(t2) + Re(t,2)].

where U® is given by(3.36), and, for some constant C = C(A,d), the remainder

term satisfies the estimate
Re(t,2)] < Ce(l — ),
which is uniform fort >ty >0, z € Q.
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The proof of Theorem 3.2 is similar to that of Theorem 2.3 in the case of a

rod. We leave it to the reader.
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