N

N

Analysis of the factorization method for a general class
of boundary conditions
Mathieu Chamaillard, Nicolas Chaulet, Houssem Haddar

» To cite this version:

Mathieu Chamaillard, Nicolas Chaulet, Houssem Haddar. Analysis of the factorization method for a
general class of boundary conditions. Journal of Inverse and Ill-posed Problems, 2013, 10.1515/jip-
2013-0013 . hal-00783288

HAL Id: hal-00783288
https://inria.hal.science/hal-00783288v1
Submitted on 31 Jan 2013

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/hal-00783288v1
https://hal.archives-ouvertes.fr

Analysis of the factorization method for a general class of
boundary conditions

Mathieu Chamaillard * Nicolas Chaulet f Houssem Haddar T

January 28, 2013

Abstract

We analyze the factorization method (introduced by Kirsch in 1998 to solve inverse
scattering problems at fixed frequency from the farfield operator) for a general class of
boundary conditions that generalizes impedance boundary conditions. For instance, when
the surface impedance operator is of pseudo-differential type, our main result stipulates that
the factorization method works if the order of this operator is different from one and the
operator is Fredholm of index zero with non negative imaginary part. We also provide some
validating numerical examples for boundary operators of second order with discussion on
the choice of the testing function.

1 Introduction

The factorization method is one of the most established inversion method for inverse scattering
problems where one is interested in reconstructing the shape of inclusions from the knowledge
of the farfield operator at a fixed frequency in the resonant regime [10, [IT]. The present work is
a contribution to the analysis of the method for a large class of boundary conditions verified on
the boundary of the scattering object. We consider here only the scalar case. The analysis of
the method for electromagnetic vectorial problems is still an open question.

Let us recall that this method provides a characterization of the obstacle shape using the
range of an operator explicitly constructed from the farfield data (available at a fixed frequency,
for all observation directions and all plane wave incident directions). Since this characterization
(and subsequent algorithm) is independent from the boundary conditions, a natural question
would be to specify the class of boundary conditions for which the method works. We remark
that as a corollary, one also obtains a uniqueness result for the shape reconstruction without
knowledge of the boundary conditions (in the considered class).

Motivated by so-called generalized impedance boundary conditions that model thin layer
effects (due to coatings, small roughness, high conductivity, etc...) [16}[2,[7,[8,9], we consider here
the cases of impedance boundary conditions where the impedance corresponds with a boundary
operator acting on a Hilbert space with values in its dual. Pseudo-differential boundary operators
can be seen as a particular case of this setting. The simplest form (classical impedance boundary
conditions) corresponds with a multiplication by a function and has been analyzed in [II]. For
non linear inversion methods associated with second order operators we refer to [4] [5].

We first analyze the forward problem using a surface formulation of the scattering problem.
This method allows us to show well posedness of the forward scattering problem under weak
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assumptions on the boundary operator. We then analyze the factorization method for this class
of operators. We demonstrate in particular that the method is valid for boundary operators “of
order” (if we see them as surface pseudo-differential operators) strictly less than one or strictly
greater than one, which are of Fredholm type with index zero and having non negative imaginary
parts. We observe that in the first case (order < 1), the analysis of the method follows the lines
of the case of classical impedance boundary conditions as in [I1] where the second case is rather
similar to the case of Dirichlet boundary conditions. Our proof however fails in considering
boundary operators of order 1 or mixtures of operators of order less than one and operators of
order greater than one. We faced here the same difficulty as one encounters in trying to answer
the open question related to the factorization method for obstacles with mixture of Neumann
and Dirichlet boundary conditions.

For the numerical two dimensional tests, we relied on the use of classical Tikhonov-Morozov
regularization strategy to solve the factorization equation. Our numerical experience suggested
that this method handles the case of noisy data more easily than the classically used spectral
truncation method. We refer however to [I3] for tricky numerical investigations on this type of
regularization in the case of noisy data. We also use combinations of monopoles and dipoles
as test functions for implementing the inversion algorithm. Numerical examples show how this
provides better reconstructions as compared with the use of the sole monopole test functions.

The outline of the paper is as follows. The second section is dedicated to the introduction
of the forward problem for a general class of impedance boundary conditions and we explain
the principle of the factorization method. Section 3 is devoted to the analysis of the forward
scattering problem under general assumptions on the boundary operator, with some applicative
examples motivated by thin coating models. The analysis of the factorization method is done
in section 4. The last section is devoted to numerical implementation of the inversion algorithm
and some validating results. An appendix is added for the proof of two technical results.

2 Quick presentation of the forward problem and the fac-
torization method

Let D be an open bounded domain of ]ly for d = 2,3 with Lipschitz boundary I'. Assume
in addition that its complement 2 := R%\ D is connected. The scattering of an incident wave
u; that is solution to the homogeneous Helmholtz equation in R? by a obstacle D gives rise to a
field u, that is solution to

Aug + k?ug, =0 in Q, (1)
Opus + Zrus = — (Opu; + Zgu;) on T,

and u, satisfies the radiation condition

lim |0pus — ikug|® = 0. (2)

Here v is the unit outward normal to I and Z; is an impedance surface operator that can
possibly depend on the wavenumber k. In the next section we give a precise definition of Z (see
Definition and we prove in section |3 that under few assumptions on Z the forward problem
is well-posed, i.e. it has a unique solution in a reasonable energy space and this solution depends
continuously on the incident wave. In the following, we say that us is an outgoing solution to
the Helmholtz equation if it satisfies the radiation condition . In this case, one can uniquely



define the far-field pattern u™ : S9=1 - C associated to the scattered field us (see [6] for further
details on scattering theory) by
. eik\w| 1
wle) = w@n@ Sy (140 (1)) lal -
z| = ||

im
€

uniformly for & := z/|z| € S9! where S9! is the unit sphere of R? and ~(2) := \/;Tk and
v(3) == ﬁ. Let us recall that for any bounded set O of Lipschitz boundary 0O such that
D C O, the following representation formula holds:

O (A " ae—ik§c~y _e—ikfc'yaus(y) s 3 d—1
@)= [ (e 2o sy, 3 e 50

We define u® (-, 0) the far field pattern associated to the scattering of an incident plane wave of
ikf-x

incident direction 6, which is given by u;(z) = e”***. The inverse problem we consider is then
the following: from the knowledge of {u(z,6) for all (&,0) € S9! x §4=1} find the obstacle D
with minimal a priori assumptions on Zj.

Let us introduce F : L?(S?!) — L2(S971), the so-called far field operator defined for
g € L*(S471) by

(Fg)(2) = / u™®(z,0)g(0)dd,  for & e S (3)
gd—1
This operator factorizes in a particular way, there exists two bounded operators G and T, defined

in section [£.1} such that
F=-GT*G*.

As we show in Lemmal[L.5|the operator G characterizes the obstacle D and we have the equivalence
z €D <<= ¢, € R(G)

for ¢.(#) := e~ and where for any bounded linear operator L defined from an Hilbert space
E; into another Hilbert space Eg, the space R(L) := {y € Ey | 3z € Ey s.t. y = Lx} is the
range of L. As shown in section the factorization Theorem applies and gives the equality

1
between the ranges of F! i and G where Fy is the self-adjoint and positive operator given by
Fyu = |Re(F)| + Im(F).

See @ for a definition of the real and imaginary parts. As a consequence, the far field patterns
for all incident plane waves are sufficient to determine the indicator function of the scatterer D
thanks to the equivalence

zeD . e R(F2).

Remark that this equivalence does not depend on the impedance operator Zy. Hence, if justified,
the factorization method gives a simple way to compute the indicator function independently
from the impedance operator.

3 Analysis of the forward problem for a general class of
impedance operators

3.1 Mathematical framework

Let V(I') € L?(T) equipped with the scalar product (-,-)y () be a Hilbert space and assume
that the embedding C*°(T") C V(T") is continuous and dense. For any Hilbert space X we denote



by X* the space of continuous anti-linear forms on X and we define the duality pairings for all
(u,v) € X x X* by

W, u)x= x ==o(u), (u,v)x x~:=v(u).

From now on, if not needed, we do not specify the spaces for the duality products. We then
define an impedance operator on V(I') as:

Definition 3.1. For any frequency k € C an impedance operator Zy is a linear bounded operator
from V(T') into V(T)".

In this case, equations — make sense for any ug in
HY(Q):={veD(Q) |V cDRY, ¢vec H(Q) and yov € V(I')}
where 7 is the trace operator on I'. Problem — can be seen as a particular case of: find
us € HY(Q) such that
Aug + k*us = 0 in €,
Oyus + Zyus = fon T, (4)
lim |0pus — ikug|® =0
with f := —(9,u; + Zru;). In fact, this problem makes sense whenever the right-hand side f is
in the dual space V2 (I) of the Hilbert space V2 (') := V(I') N H= (T') equipped with the scalar
product (-, -)V%(F) = (v + -)H%(F). The aim of this section is to determine conditions
on Z; under which is well posed in the sense that for all f € vz (T"), it has a unique solution
in HY () and for any bounded open subset K of €2, there exists a constant Cg > 0 such that

sty ey + llusllz ) < Crllflly, -3 -

To do so we first assume that Z;, satisfies
Im(Zy) > 0, (5)

which corresponds with the physical assumption that the model does not produce energy. For all
Hilbert spaces F, F' and all linear and continuous operator T : E +— F' its adjoint T* : F* — E*
is defined by (T™*u,v)g+ g = (u,Tv)p-  for (u,v) € F* x E. Its real and imaginary parts are
then given by

T+Tr T-T*
= and Im(7T):= . (6)

Re(T) : 5

Finally, since C>°(I') € V/(I') then the embedding of V2 (T') into H=(T') is dense, thus we have
the following dense and continuous embeddings:

V() c L*(T) c V(I)*

and

N

Vi(T)c H*(T) c L*(I) c H™3(I') c V3 (I).



3.2 An equivalent surface formulation of the problem

In order to optimize the hypothesis on Zj, we propose to rewrite the problem as a surface
problem on the boundary I'. To do so we use the so-called exterior Dirichlet-to-Neumann map
ne : H2(T) — H~2(T) defined for g € Hz(I') by noh = 8,u, where uy, € HL () = {v e
D'(Q) | V¢ € D(R?), ¢v € HY(Q)} is the unique solution to

Aup, + k?up =0in 9,
Uh:hon F, (7)

lim |Orup — z'kuh|2 =0.
R—o00 _
|z|=R
For f in V—2(I'), problem then writes: find ur € V2(I') such that
Zyur +neur = f (8)

and this formulation is equivalent to . The surface formulation that we adopt here is similar
to the one used in [18] for the study of second order surface operators.

Lemma 3.2. For f in V=2(T), if us € HV(Q) is a solution of then yous € V2(T) is
a solution of . Reciprocally if ur € V%(F) is a solution of then the unique solution
us € HL (Q) of with h = ur is a solution of ({).

Proof. Take f € V=2(T), if u, € HY(Q) is a solution of then yous belongs to V2 (T).
Moreover

auus = Ne (VOUS)
since ug is an outgoing solution to the Helmholtz equation outside D and therefore vyous is a
solution of .

Reciprocally assume that up € V2 (I) is a solution of (8) and define u, € H _(Q) the unique
solution of with h = ur. Thus us € HY () is a solution of because we have:

auus = NeUr = f — ZpUs.

3.3 Existence and uniqueness of solutions

To prove existence and uniqueness of the solution to problem we use the surface formu-
lation and prove that it is of Fredholm type. Then the following Lemma on uniqueness is
sufficient to also have existence and continuous dependance of the solution with respect to the
right-hand side.

Lemma 3.3. The operator Z + ne : V2(I) = V=2 (T) is injective.

Proof. Thanks to Lemma it is sufficient to prove uniqueness for the volume equation . Let
us be a solution of with f = 0 then we have

<8l/usaus> + <Zkusaus> =0.

Hypothesis (5)) implies:
Im(d,us, us) < 0. (9)



Let us denote by B, an open ball of radius 7 which contains D. A Green’s formula in €2, := B, \ D
yields:

Im ( arususds> = Im (0, us, us) <0,
9B,

by @D Thanks to the Rellich lemma [6], us = 0 outside B, and by unique continuation we have
ug = 0 in €. O

It still remains to give some hypothesis under which Zy + n. is of Fredholm type. To do so,
we need the following fundamental properties of the Dirichlet-to-Neumann map.

Proposition 3.4. There exists a bounded operator C, from Hz (') into H=2(T') which satisfies
the following coercivity and sign conditions: dc. > 0 such that for all x € H? (T):

Re(Cew,x) > cellzl® 4
1 (r)
Im(Cex,z) <0,

and a compact operator K, from Hz (') into H=2(T) such that:
ne =—C. + K.,.
The proof of this Proposition is classical and is given in the appendix for the reader convenience.
Corollary 3.5. If one of the following assumptions is fulfilled
1. the operator Zy writes as —Cz + Kz where Cyz : V%(F) — V_%(l") satisfies:
Re(Czx,z) — Im{Cyx,x) > cZHxH%,(F) Ve e V(I), (10)
for ¢, > 0 independent of x and Kz : V%(F) — V_%(F) 18 a compact operator,

2. the space V(T) is compactly embedded into H=(T) and Zj, : V(I') — V(I)* writes as
Tz + Kz for some isomorphism Tz : V(I') — V(I')* and compact operator Kz : V(T')
V()

3. the space Hz(T) is compactly embedded into V (I),
then Zy, + ne is an isomorphism from V= (T') into V=2 (T).

Proof. Assume that the first assumption is fulfilled. Thanks to Proposition there exists a
1 1 1

compact operator K. : Hz(T') — H2(T") and an operator C, : Hz(T") — H~2(T") with coercive

real part such that n, = —C, + K,. For all z in C we have

[Re(2)[ + [Tm(2)|
\/5 )

2| >

and then for all z € V2 (I)

Re(Cex,z) + Re(Czx,x) — Im{Czx, x) — Im(Cex, x)

(Ce + Cz)z, )| = 72 :

and from
Re(Cex,x) + cszH%,(F) —Im(C.x, x)

V2

[((Ce + Cz)a, x)| =



Proposition yields:

2 2

CeHx”H%(I") + Cz”xHV(F)
ﬁ ’

and then C, + Cy : V2 (') = V~2(I') is coercive on V2 (T'). Furthermore K, + K is compact

from V2 (T') into V=2 (T') and

[((Ce + Cz)z, )| >

Zk+ne:_(ce+CZ)+Ke+KZ

which implies that Zj + n. is a Fredholm type operator of index zero. The conclusion is a direct
consequence of the uniqueness Lemma (3.3

If we suppose that the second assumption is fulfilled, then V(I') = V(') and they have
equivalent norms. In addition, n. : V2 (I') — V~2(I') is a compact operator and then Zj + n, :
Vz () — V=2(T) is clearly a Fredholm type operator of index zero.

Finally if we assume that the last assumption is fulfilled then H2(I') = V2 (') and they have
equivalent norms. Thanks to Proposition [3.4] there exist an isomorphism C, : Hz (I') — H~2 (T
and a compact operator K, : Hz(I') — H~2(T) such that n, = —C, + K,. Since Hz(T)
is compactly embedded into V(T'), the operator Zj : H2(I') — H~2(I') is compact and so is
K.+ 2, : H2(D) — H™2(T). Thus Z; +n, : H2(I') = H~2(T) is a Fredholm type operator of
index zero and by Lemma[3.3]it is an isomorphism. O

Remark 3.6 (Example of applications). We denote by Vr the surface gradient operator, divr
the surface divergence operator which is the L? adjoint of —Vr and Ar := divprVr the Laplace
Beltrami operator on T' (see [15] for more details on these surface operators). We consider

Zk = AFZ/kAF — diUFMkVI‘ + )\k

with (Vg, g, M) € (L= (1)) such that the imaginary parts of the bounded functions vy, jux and \g
are non negative and such that the real part of vy, is positive definite. This example is motivated
by high order asymptotic models associated with thin coatings or imperfectly conducting obstacles
(see [2,[9]). One can easily check that classical variational techniques cannot let us conclude
on the analysis of the scattering problem associated with Zi while the method developed above,
namely point 3 of Comllary indicates that this problem is well posed with V(I') := H?(T).

4 Factorization of the far field operator

We shall assume here that one of the hypothesis of Corollary [3.5]is fulfilled so that Z; 4 n, :
1 1
Vz2(T') — V~2(T) is an isomorphism and problem (4) is well posed.

4.1 Formal factorization

In this part we give a formal factorization of the far field operator defined by under the
form F' = —GT*G*. To achieve this objective, we proceed as for classical impedance boundary
conditions. Let G, Hy and H; be defined by G f := u® where u™ is the far field associated with
the solution uy of (@), Hog := vovy and Hig = y1v4 where for g € L?(S471),

vg(z) = /Sdi1 eiké'”’g(é) ds(0).



The operator 7; denotes the normal derivative trace operator defined for v € {w € H} (Q) s.t. Aw €
L2(Q)} by
Y10 = Oy vlr.

We recall that F : L2(S971) — L2(S971) is defined for g € L2(S971) by

(Fo)@) = [ w= (@ 0)g(0)is(i)
where u™(., ) is the far field pattern associated with the incident wave z — eih0-T  For 0,2) e
(§9=1)2 this far field writes as u™(#,0) = —[G(Zre™™®* + 4,€™*¢7)](2). Hence, by linearity of
the forward problem with respect to the incident waves,

(Fg)(@) = /S Gz e (@) (0)ds(0) = ~C (Zivg +11v,) (8)

and then we get the first step of the formal factorization:

F =-G(ZyHo + Hy). (11)
Formally, the adjoints of Hy and H; are respectively given for all ¢ and & € S9! by:
€\ (A —iké %\ (A de~hy
(Hio)@) = [ ™ awisty). (=@ = [ T Cawdsto).
r r ov(y)
Therefore,
* (A —ikZy r7* 867%5@
(ZeHo + Hy)"q(2) = | e Zgq(y)ds(y) + | ————q(y)ds(y). (12)
r r ov(y)

We recognize the far field pattern associated to
v :=SLk(Zjq) + DLi(q), (13)

where SLy et DLy are the single and double layer potentials associated to the wave number k:
SLu(0)(z) = [ Gula = w)aw)ds(y), = € BT,

T
DLi(0)(0) = | 9Gr(@ =Y) 1 ()ds(y), = € B3\ T,

r ov(y)

and G, is the Green’s outgoing function of A + k? given for z € R? by
e

4|z

where H{ (k|z|) is the Hankel function of the first kind and order zero. The function v defined
by is a solution of problem with the right hand-side

[ =2Zyv+0v=2Z18,Z}q + Nig + ZkDrq + D, Z)q,

Gi(z) = ng(me ifd=2  Gpz)= if d =3,

where
S =7SLk, Dp := DLy,

D;c =M SLk, Nk =M DLk .
Thus we can deduce that
(ZuHo + Hy)* = GT, (14)
with
T := ZkSkZZ + Ny + Z, Dy, + D;CZZ
and from we finally get
F=-GT*G". (15)



4.2 Appropriate function setting

Thanks to (L5), the operator F has the form required by the factorization Theorem [11]

1
Theorem 2.15] that allows us to prove that D is characterized by the range of F' ;- We just have
to find two Hilbert spaces X and Y such that the operators:

G: X+—Y,
T X" — X,

are bounded. The space X has to be a reflexive Banach space such that X* C U C X with
continuous and dense embedding for some Hilbert space U. The space Y being the data space,
the choice Y = L?(S?"!) seems appropriate. For the space U we take L?(T'), and given that
G maps a right-hand side f to the far field pattern of the solution to , V-3 (T) is a natural
choice for X. Thus T has to be bounded from V2 (I') onto V~2(I') which is false in general

1

since Z,SiZ; - V2(T') — V=2(T') is not necessarily bounded. It is in particular the case for
the impedance operator Z, = Ar which is continuous from V(I') = HY(T) into H~'(T'). To
overcome this difficulty, let us introduce the following Hilbert space:

A(T) = {u Vi), Ziue H—%(r)}
associated to the scalar product

(u,v) Ay = (u,v)v + (Z:u,ZZv)H,l

(D) 3(r)

We denote by || - [|a(ry the norm associated with its scalar product and this norm is equivalent
to the norm
2 . 112 * 12
1Bty o= 112 gy 12212,
Indeed, since Zj, 4+ ne : V2(I') = V~2(I') is an isomorphism, (Z; + n¢)* : V2(I) = V=2(T) is
also an isomorphism and there exists C' > 0 such that for all v in A (T")

1ol oy < CNZk 1) 0l ) < N+ 1) 0l g oy < C (loll g oy + 12200, )

and then there exists C' > 0 such that for all v € A (T):
1
clllllacy < llvllaey < Clivlllaey-

Remark 4.1. If we have the inclusion H2 (') C V/(T') then:

1

ViT)=H*(T) and A(T)=H?(D).

With this space, we recover some symmetry for the spaces on which T is defined and the
factorization makes sense as proven in the remainder of this section. But first of all let us
indicate an important property of A (T).

Lemma 4.2. The space A (T') is dense in V2 (') and
AT)CcVeE()cH:T)C L3T)c H () c V- 2(I') c A(D)".

Moreover, if V(T) is compactly embedded in Hz(T') then A (T) is compactly embedded in V2 (T).



The proof of this lemma is straightforward and is given in the appendix for the reader convenience.

Proposition 4.3. The operator Zy + n. can be extended to an isomorphism from H3 (T") into
A ).

Proof. First, let us prove that (Z;+n.)* is an isomorphism from A (T') into H~2 (T'). By definition
of A (T") we have:
A ={ueviT), Ziue B AT},
- {u EVED), (Zi+ne) uc H*%(F)} :
= ((Zk+ne)) " (HTHD)) (16)

Since (Zy, + ne)* is assumed to be an isomorphism from V2 (T') into V~2(I') and H~2(T') C
V-3(D), implies that (Zj + no)* : A() — H~2(T) is bijective. By definition of the
norm on A (T) we get the continuity of (Z + n.)* defined from A (T') into H~2(I'). Then
(Zi +mne)* : A(T) — H~2(T) is an isomorphism and its adjoint (Z; + ne) : H2(T') — A ()" is
also an isomorphism. O

Then the following Lemma is straightforward and completes the factorization of F.
Lemma 4.4. G and T enjoy the following properties,

e the operator G is bounded from A (T')" to L?(S971),

e the operator T is bounded from A (T') to A (T)".

Proof. Let us introduce the bounded operator A% : H2 (T') — L2(S%~1) defined by A®h = u>
where u® is the far field pattern associated to the scattered field u, € H{ () solution to the
Dirichlet problem . We have:

G =A®(Zy+n.)! (17)

and Proposition [£.3] proves the first point.
Let us recall the definition of T":

T = ZkSkZ; + N, + Z;, Dy, + 'D;,Z;

The definition of A (') implies that Z, : H2(I') — A(I)* and Zy - AD) — H—2(T) are
two bounded operators. Thus using that S : H~2(I') — Hz(), N}, : H2(I') — H~2(D),
Dy : H2(T) — Hz2(T) and D - H2(T') — H~2(T) are bounded (see [14, chapter 7]) we
obtain the second point. O

We show in the next section how to use the factorization to determine the obstacle D.

4.3 Characterization of the obstacle using F;
First of all, D is characterized by the range of G as stated in the next Lemma.

Lemma 4.5. Let ¢, € L?(S9™1) be defined for (z,&) € R% x 841 by ¢, (%) = e~ **%* then we
have
z €D << ¢, € R(G).

10



Proof. If z € D, then for f(z) = Gi(x — z) we have
¢z = =G[(Zk + 9,)f]

since ¢, is the far-field of the outgoing solution Gy (z — z) to the Helmholtz equation outside D.
Hence ¢, € R(G).

Reciprocally, assume that z ¢ D and let us prove by contradiction that ¢, ¢ R(G). Assume
that there exists f € A (I')* such that

d)z:Gf

Then the solution to coincides with the near field associated with ¢,, which is Gx(x — 2), in
the domain Q \ {z}. This contradicts the singular behavior of G}, at point 0 that prevents this
function to be locally H' in the neighborhood of z. O

Now we will prove that the factorization satisfies the hypothesis of the factorization
Theorem (see [1I, Theorem 2.15]). We mainly have to prove that G is injective with dense
range, that —7T™ satisfied good sign properties and that its imaginary part is strictly positive
injective.

Lemma 4.6. The operator G : A(T')" — L? (Sdil) is injective and compact with dense range.

Proof. Thanks to Proposition (Zi, + ne)~! is an isomorphism from A (T')* into H? (T).
Moreover from [I1, Lemma 1.13] we get that A : H=z(T') — L2(S%!) is injective and compact
with dense range. Then using factorization we obtain that G : A (I')" ~ L2 (Sd_l) is also
injective compact with dense range. O

Lemma 4.7. If one of the two assumptions is fulfilled:
1. the space V(') is compactly embedded into H= (T),
2. the space Hz(I) is compactly embedded into V (T'),

then the real part of rT writes as
CT + KTa

with r = 1 if assumption 1. is fulfilled and r = —1 if assumption 2. is fulfilled and Cr : A (T') —
A ()" is a self-adjoint and coercive operator i.e.

der >0, (Crz,z) > cT||xH/2\(F) Vo e A(T).
Moreover Kt : A (T) — A (T)" is compact and so is Im(T) : A (T') — A (T)".

Proof. The operators S; : H~2(T') — Hz (') and —\; : H2(T') — H~2(T') are seclf-adjoint and
coercive (see proof of Lemma 1.14 and Theorem 1.26 of [I1]), i.e., there exists two strictly positive
constants cgr,, and cpr, such that:

, 2 -3
(Siz,x) > csr, ||:c||H7%(F) Va € H2(T),
N 2 3
(—Niz,z) > CDLiHJ?”H%(F) Vo € Hz(T).
Assume that V(T') is compactly embedded into Hz2 (T'). From the coercivity results on S; and
N, we get that Cr := Z,8;ZF — N; : A(T) — A(I)" is self-adjoint and coercive. Now let us

prove that:
K :=Zp(Sk— Si)Z; + Nk + Ni + Z, Dy, + D, Z},,

11



is compact as an operator from A (I') onto A (T')*. Since (S, —8;) : H~2(I') = H2(T) is compact
we obtain that Zj(Sx — S;)Z; : A(T') — A(T')" is compact. The operators

Ni+N;: H2(D) — H 2 (D),
ZiDy, - H2(T) — A (D)*,
D, Z;: : A(T) — H-2(D),

are bounded operators and using that A (I') is compactly embedded into Hz (T') (Lemma we
can conclude that K : A (T') — A (I')" is compact and so are its imaginary and real parts.

Now assume that Hz(I') is compactly embedded into V(T'). Thanks to Remark [4.1{ we have
that A(I') = H2(T') and then Zj, VA Hz(I') — H~2(T) are compact operator. Define Cp =
—N;, we recall that this operator is self adjoints and coercive and that Dy, : H%(F) > H%(F)
and D}, : H=2(I') — H~2(T") are bounded operator. Furthermore Ny, — N : Hz(I') = H~2(T)
is compact and then the operator

K= ZkSkZ;: + Z1. Dy + DQZZ + N, — N,

is compact as an operator from H2(T') onto H~%(I') and thus the same goes for its real and
imaginary parts. O

We still need to prove that the imaginary part of —7* is strictly positive on R(G*). To do
so, we have to avoid some special values of k for which this may not be true.

Definition 4.8. We say that k? is an eigenvalue of —A associated with the impedance operator
Zy, if there is a nonzero u € {v € HY(D), vov € V2 (')} solution to

Au+k*u=01in D,
ou+Zru=0onT.

Lemma 4.9. If k? is not an eigenvalue of —A associated with the impedance operator Z; then

—Im(T™) is strictly positive on R(G*).

Proof. First of all, we can prove similarly to [T, Theorem 2.5] that

where v(2) = f/i;% and ¥(3) = 4=, and Rz, : L*(S%') — L?*(S?"') is such that for all

(9:h) € (L*(5971))?
(Rzkg, h)L2(5d—1) = Im<Zng, Vh>.

The functions Vy := vy + vy and Vj, = v}, + v, are the total fields associated to the scattering
of the Herglotz incident waves u; = vy and u; = vy, respectively, namely v (resp. vj) satisfies

(1)-@) with u; = vy (resp. vp). For all z € R(G*) with 2 = G*y we have
Im(—T"z,z) = Im(-T*"G*y, G*y) = Im(Fy, y)
and by using together with the fact that Rz, is non negative we get:
Im(~T"2,2) > k() 2IFYll? = HA(dRIGT G |2 = k(@) BIGT o). (19)

Since G and T* are two bounded operators inequality holds for all z € R(G*). Hence we
simply have to prove that GT™* is injective to obtain the result of the Lemma.

12



The operators A® : H2(T') — L2(8%1) and (Z), + ne)~t : A(D)* — Hz(T') are injective,
therefore, implies that G is also injective. Hence if T is injective, GT™* will also be injective.
Let us prove that in fact 7' and then T* are isomorphisms. From Lemma[4.7] the operator T is of
Fredholm type and index zero, hence we simply have to prove that it is injective to deduce that it
is an isomorphism. By , the injectivity of T is equivalent to the injectivity of (ZpHo + H1)*,
take ¢ € A (T) such that (ZxHo + H1)*q = 0, expression leads to

o ae—ikfcy
e " Zrq(y)ds(y) + | ————q(y)ds(y) = 0.
[ ezt + [ S atdst)
The left-hand side of this expression is the far field pattern associated to

vy := SLx(Z}q) + DLk(¢) =0 in Q.

Let us also define
v_ = SLy(Z;q) + DLk(q) in D.

Rellich’s Lemma implies that v; = 0 outside D and thanks to the jump conditions for the single
and double layer potentials (see [I4] for example) we have on I':

Vo =V — vy = —g,
Oyv_ = Oyv_ — Oy = Zjq.
The assumption on k2 implies that v_ = 0 inside D and therefore ¢ = 0. We finally get that T*
is an isomorphism, which concludes the proof. O
We are now in position to state the main Theorem of this paper.
Theorem 4.10. If one of the two assumptions is fulfilled:
1. the space V(') is compactly embedded into H= (T),

2. the space Hz(T) is compactly embedded into V (T),

then provided that k? is not an eigenvalue of —A associated to the impedance condition Z} we
have:

R(G) = R(F2) (20)

and

ze D¢, e R(FL). (21)

Proof. Under these assumptions the results of Lemmas and [£.9 hold which means that
the factorization of the far field operator satisfies all the requirements of [II, Theorem 2.15].

Thus R(G) = R(Fﬁ) and we can conclude using Lemma O

Remark 4.11. Identity and the decomposition G = A (Zj + n.)~! implies that we can
replace the family (¢,),epe by any family of functions (V,),cra satisfying:

z€D <=1, € R(A™). (22)

An example of these functions is given by the far field pattern of a dipole located at point z
with polarization p defined by v, (L) = p- Z¢,(&). These are the farfields associated with
x> p-VeGr(z — 2).

13



Remark 4.12. In the intermediate case, when none of the compact embeddings (V(I') ¢ Hz (T)
or H%(I‘) C V(I')) hold, the principal part of operator T fails to be positive. As a matter of fact
1

we are not able to link the range of G with the range of Fi

To complement this work we should verify that most of the time k2 is not an eigenvalue of
—A associated to the impedance operator Z;.

Theorem 4.13. Assume that Z; depends analytically on k € C. Under one of the assumptions
of Theorem the set of eigenvalues of —A associated to the impedance operator Z; is discrete
and the only possible accumulation point is +oo.

Proof. In order to prove that, we use the Analytic Fredholm Theorem ([6l Theorem 8.19]). If
—k? is not a Dirichlet eigenvalue in D we can define the interior Dirichlet-to-Neumann map
ni(k) : H2(T) — H~2(T) for g € Hz(T) by n;(k)g = d,u where u is the unique solution to
the Helmholtz’ equation in D with u = g on I'. If Z} + n;(k) is injective, then —k? is not an
eigenvalue associated with Z;. In the remaining of the proof, we show that Z; + n;(k) fails to
be injective only for & in a discrete set of (0, +00).

Let ko be a complex number such that: k3 = 4, and assume that the embedding of V/(I') into
Hz(T) is compact. Then,

Zy +ni(k) = T +ni(k) —ni(ko), (23)
where T, : V2 (') — V2 (T') is defined by
Ty := Zj, 4+ ni(ko).
Let us prove that T} is an isomorphism. Following the lines of the proof of points 2 and 3

of Corollary one easily observe that T} is Fredholm with index 0. Let us prove that T} :
1 1
Vz(T) — V~2(T) is injective. Take g € V'2(T) such that Tyg = 0 and u, € H*(D) such that

Aug + k3u, =0in D,
ug = g on I'.

Then 0,uy = n;(ko)g = —Z;uy and Green’s formula yields:
/ \Vu,|*dz — kg/ lug2dx + (Z}ug, uy) = 0.
D D
By taking the imaginary part of this last equation we have:
Im(kg)/ lug|?dz — Im(Zfug, uy) = 0.
D
Since we supposed that Im(Z;) > 0 and k2 = i, we get

/ \ug|2dx =0,
D

which gives g = 0 and T}, is an isomorphism. From we have:

Zi +ni(k) = To(I + Ty, (ni(k) — ni(ko)))

14



and then Z; + n;(k) : V2(T') — V=2(T) is injective if and only if the operator
I+ T3, (ni(k) — niko)) : VE(D) = VE(ID),

is injective. The parameter dependent family of operators n;(k) depends analytically on k over
the complement of the Dirichlet eigenvalue in D and we supposed that Z}; depends analytically
on k then T}, ' (n;(k) — n;(ko)) depends analytically on k. Since this operator is bounded from
Hz () — V2(T) this operator is a compact operator from V2 (I') — V2 (T'). Thus we can apply
the the analytic Fredholm Theorem to

For k = ko this operator is injective and then one can conclude that I + T, '(n;(k) — n;(ko)) is
injective except for a discrete a discrete set of k. Thus the set of the eigenvalues of —A associated
to the impedance condition Z} is discrete with +oo for only possible accumulation point.

O

5 Numerical tests for second order surface operators

Motivated by models for thin coatings we consider in this section impedance operators of the
form
Zk = din‘,qu - A (24)

where (1, \) € (L°°(I"))? depend analytically on k with non positive imaginary parts and where
the real part of y is positive definite or negative definite. Then, Theorems [£.10] and apply
and except for a discrete set of wave numbers k, the following equation

Figz = d)zv (25)

has a solution if and only if z € D whenever ¢, is a valid right-hand side to apply Theorem {4.10
(see Remark . We shall give in the following some two dimensional numerical experiments
that show how this test behaves when the far-field data are given by an obstacle characterized
by a generalized impedance boundary condition of the form .

5.1 Numerical setup and regularization procedure

Here we identify the unit sphere S* of R? with the interval ]0,27[. The data set we con-
sider is not the operator F itself but a discrete version that we represent by the matrix U,, :=

- — 2m(i—1) 2m(j—1 i A
(ufi)1<i<n,1<j<n where ujl; is an approximation of u> (%, %) For § € S*, u™(.,0) is

the far field associated to us which is the unique solution of — with u; defined for & € R?
by u;(z) = etk

In practice, the matrix U,, contains the values of a synthetic far field computed with a finite
element method. We also contaminate these data by adding some random noise and build a
noisy far field matrix U? := (u?j’ghgignggjgn where

ult® = (1 + (XY +iXy))

for n > 0 and (X]ij)lgign,lgjgn,ke{l,2} are uniform random variables on [—1,1]. We denote
by ®7 € C" the vector defined 1 < i < n, ®7(i) = ¢.(2%) where ¢, is a valid right-hand

n
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side to apply Theorem (see Remark . We define the real symmetric matrix (U?)y :=
|Re(U)| + [Im(U?)| and denote by (e, \)1<;<, its eigenvectors and eigenvalues. Since this
matrix is positive its eigenvalues are positive, we assume in addition that they are non zero.
Then, Theorem [£.10] and the Picard criterion suggest to use the function

-1
n

1
o [ D0 e llen o (26)

j=1"17

as an indicator function for the obstacle D since it should have small values for any z outside the
obstacle D and greater values for z inside D. The far field operator F' is compact, the values A}
are very small for large j in N and then the computation of this indicator function is unstable.
Thus we prefer to use the function:
-1
n )\n )
J n o n
Wp(2) = —|(e’, , 27

j=1

where a,, is the regularization coefficient. We remark that w,,(z) is nothing but the inverse of
the squared norm of the unique solution to the discrete problem with Tikhonov regularization

(] + (U) ) gn(2) = (U%) 267

The regularization coefficient «,, is chosen by using the Morozov discrepancy principle which is:
choose a,, as the unique solution of find « € (0, d, A}] such that

1
1(U2)29n(2) — @2 ll22(s1) = Snllgn (2)llL2(s1)

or equivalently - ,
a® — 02| AT
pputn e LTENTETY
|oz+/\§?|2 JrrE

Jj=1

where §,, > 0 is a bound on the noise on the operator F;L/ % and the right hand side ¢,. It has
been proven in [I0] (see also [I7]) that the function w,(z) is an indicator function of D when n
tends to infinity and the noise §,, to 0.

5.2 Numerical experiments

Let wy,(z) be the function given by whith the test function ¢, = v, /||¢,| L2 with ¢, (&) =
e %= and wh 400(2) the function given by when ¢, = 1. /|| ||L2 with ¥.(Z) = p(@) -

te~ %% with p(f) = (cos(#),sin(h))!. We choose to take 4 directions of the polarization p and
we define
. 9
wn,dipole(z) = GE{O,WI/I}ll,gl'rr/4,7r} wn,dipole(z)'

Remark that thanks to the linearity of the farfield equation, taking 6 in the interval [0, 7] is
equivalent to take it in [0, 27]. We finally plot the values of

Wn(z) = wn(z) + wn,dipole(z)

in order to determine the indicator function of the scatterer. We refer to [3], [1] for a discussion
on this choice of indicator function based on the analysis of impedance boundary conditions for
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0.6 0.6 0.6

0.4 04 0.4

0.2 0.2 0.2

0 0 3 0 0
(a) wn (b) wn,dipole

Figure 1: Comparison of different right-hand sides, with ¢ = 0.1, A = 0, £k = 2 and no noise.

3 1 3 1 3 1
2 0.8 2 , 0.8 2 0.8
1 1 1
0.6 0.6 0.6
0 0 0
1 0.4 1 0.4 1 0.4
9 0.2 9 . 0.2 5 0.2
-3 0 -3 0 -3 0
-3 0 3 -3 0 3 -3 0 3
(a) ellipse, p = 0.01 (b) ellipse, = 0.1 (c) ellipse, p =10

Figure 2: Reconstruction of a convex geometry for several u, k = 2 with 1% of noise.

cracks. Numerical illustration of the importance of this choice is given by Figure [1| where we
compare the plots of wy,, Wy dipole and Wy, for = 0.1. The reconstruction provided by W, is
much better than the two others. The searched domain (the black line on the plot) is given by

0D = {(cos(t) + 0.65cos(2t), 1.5sin(t)), 0 <t < 27}. (28)

The green line represents the isoline of the function W, (z) that visually fits better the unknown
shape 0D. The size of D is of the order of one wavelength when the wavenumber k is equal to 2.
The sampling domain is the square [—3,3]? which is discretized with 80 x 80 points z. Finally,
we take n = 50, which means that we send 50 incident waves uniformly distributed on the unit
circle and we observe the far field at all these directions. For noisy data, we take n = 1%. We
restrict ourselves to the cases A = 0 but the results for A # 0 are similar.

Figures [2| and [3| show the influence of the generalized impedance coefficient p on two different
geometries: the first one is convex and is an ellipse of semi-minor axis 1 and semi-major axis
2, the second is the non-convex obstacle (Kite shape) given by . For large values and small
values of p (u =10 and p = 0.01) the reconstruction is quite satisfactory (see Figures
2(a)|and [3(a)]) while for an intermediate value (yz = 0.1) the reconstruction is poorer (see Figures
2(b)| and [3(b)). Let us also mention that the noiseless reconstruction (Figure for p=0.1
is quite accurate which means that in this case the reconstruction is sensitive to the noise. A
possible explanation is that the test functions ¢, we use are not well-suited to this case. Figure
shows the influence of the frequency, these figures should be compared to the Figure and,
as we would expect, we increase the precision of the reconstruction by increasing the frequency.
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Figure 4: Reconstruction of a non-convex geometry for several k, . = 0.1 with 1% of noise.
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Appendix

Proof of Proposition[3.} Let us denote by B, an open ball of radius r which contains D. The
exterior Dirichlet-to-Neumann map on 9B,, S, : H%(ﬁBT) — H_%((?Br) is defined for g €
H %(aBT) by S,g = O,u®|lgp, where u® is the outgoing solution of the Helmholtz’ equation
outside B, and u® = g on dB,. Thanks to the appendix of [I2] for d = 2 and [15, Theorem 2.6.4]
for d = 3 we recall that the operator S, satisfies

Re(S,u,u) <0, Yu € H?(0B,), (29)
Im(S,u,u) > 0, Vu € H?(dB,). (30)

Let us denote €, := (R?\ D) N B, and define the bounded operator A, : Hz (') — H(Q,) for
ge H? (T') by A,g := u, where u, is the unique solution of:

Au, + k?u, =0in Q,,
u, =gonT, (31)
Ortty = Sy, on 0B,.

Let us introduce C, : H2(T') — H~2(T') and K, : H2(I') — H~2(I') defined by

<Cef» g> = (Arfv Arg)Hl(Qr) - <Srf, g>a
and

(K.f.g) = (K + 1) /Q A, fAgda,

for all (f,g) € Hz(I') x Hz(T'). Using Green’s formula and the Helmholtz’ equation satisfied by
A, f and A,g in Q,., we prove that

ne = —C, + K.
Let us prove that C. has a coercive real part and that K. is compact. Remark that
Re(Cef, f) = | Af 1 (,) — Re(Srf. ), (32)
but Re(S,f, f) <0 by . The range of A, is given by:
R(A,) = {u € H(Q,), Au+ k*u =0 andS,u = d,u on IB,},

and this space is a closed subspace of H*(2,.). Hence, since A, is injective there exists C' > 0
such that
1
1Az fll 1@, = ClSI vfe H>(I).

In regard of , we deduce that C, has a coercive real part. We also have

H%(r)’

Im(C.f, g) = —Im(S,f,g) <0

by .
To conclude remark that A, : H2(T') — H*(B,) is bounded, and since the embedding of
HY(Q,) into L2(Q,) is compact, K, : Hz (I') — H~2(T) is compact. O
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Proof of lemma[/.3. Let us prove that this space is dense into Vz(l). Take 2 € V2(I') and
€ > 0. The space L2(T") is densely embedded in V== (T') and then there exists y. € L(I') such
that:

1(Z1 + ne) ™z — yell

€
1 S Nk

VRO T (2 4 ne) ™) HL(V—%(F),V%(F))

where for any Hilbert space E, L(E, E*) is the space of linear and bounded applications from F

to E*. Thus we have for z, := ((Z;C + ne)_l)* Ye

e =zl y oy < 1 ((Zi4n0) )" | N A

V(D)

and we get

But z, € V2(T) since y. € L(I') and we have
Zize = (Zp+ne)*ze —n'ze = ye —n'ze € H3(T).

Hence we obtain the density result.
Assume that V(I') is compactly embedded into H2 (') and let us prove that A (I') is also
compactly embedded into V2 (I'). Let (2,,)nen be bounded a sequence in A (I'). We have

2
*z, |2 < ( : 1 : 1 )
[(Zk + ne) x"HH_%(F) = ||Zk$n||H7§(F) + ||nexn||H*§(F) ’

* 2 2
< 2max (Ll 0y 2y ) (V00 g+ Dl )

and then (Z, + ne)*z,, is bounded in H~2(T'). Using that H~2(T') is compactly embedded into
V2 (T') we get that (up to a subsequence) (Zj,+ne)*z, converges into V=2 (T'). Thus using that
((Zk +ne)*) ' : V=2(D) = V2(I) is bounded we get that z, (up to a subsequence) converges
into V2 (T).

O
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