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Abstract:  Safety critical real-time applications in aviation, automotive and industrial automa-
tion have to guarantee not only the functionality, but also the timeliness of the results. Here, a
deadline is associated with the software tasks, and a failure to complete prior to this deadline could
lead to a catastrophic consequences. Hence, for the correctness of real-time systems, it is essential
to be able to compute the worst case execution time (WCET) of the tasks in order to guarantee
their deadlines. However, the problem of WCET analysing is difficult, because of processors use
cache-based memory systems that vary memory access time significantly. Any pessimistic esti-
mation of the number of cache hits/misses will result in loose precision of the WCET analyses,
which could lead to over use of hardware resources. In this paper, we present a new approach
for statically analysing the behaviour of instructions on a direct mapped cache. The proposed
approach combines binary representation and a new abstraction that reduces the analysis time
without sacrificing the precision. This is unlike the existing cache analysing approaches where
either precision or scalability (analysis time) is sacrificed. Experimental results are presented that
demonstrate the practical applicability of this analysis.
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Modélisation précise du comportement du cache
d’instructions

Résumé : Les applications temps-réel critiques en avionique, automobile, et informatique in-
dustrielle doivent garantir non seulement leur fonctionnalité mais aussi le respect des contraintes
temporelles. Dans ce domaine, une date limite est associée a chaque tache logicielle, et un échec
dans le respect d’une telle date limite peut conduire & des conséquences catastrophiques. Aussi,
pour la correction des applications temps-réel, il est essentiel d’étre capables de calculer le temps
d’exécution au pire cas (WCET) des taches logicielles, de fagon a garantir le respect des dates
limites. Toutefois, ’analyse du WCET est difficile, parce que les processeurs utilisent des mé-
moires cache (antémémoire) qui font varier significativement les temps d’accés a la mémoire.
Toute estimation pessimiste du nombre de succés et d’échecs des accés au cache va entrainer une
perte de précision de I'analyse de WCET, et donc une utilisation non-optimale des ressources
matérielles. Dans cet article, nous présentons une nouvelle approche pour analyser statique-
ment le comportement des instructions avec une mémoire cache & correspondance préétablie
(« direct-mapped cache »). Notre approche combine une représentation binaire et une nouvelle
abstraction qui réduit le temps d’analyse sans perdre de précision. Ceci différe des approches
existante dans lesquelles on doit faire le choix entre la précision et le passage a 1’échelle. Les
résultats expérimentaux que nous présentons démontrent I'utilité de notre nouvelle analyse de
caches.

Mots-clés : Analyse du cache instructions, WCET, analyse du temps d’exécution au pire cas,
cache a correspondance préétablie.
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1 Introduction

Most applications can benefit significantly from a fast, cheap and large memory. However in
reality, as the memory gets faster, the cost increases and the size decreases. For example, caches
are fast and small, but expensive compared to hard disks which are slow, cheap and large. This
restriction has forced the computer architects to physically place the fast and smaller memories
close to the processor. In contrast, slower and larger memories are placed further away from the
processor. Hence, we have a hierarchy of memories as presented in Figure 1. Memory hierarchies
are effective because, during an execution of a program, the frequency of accessing storage units
at any particular level is more than the frequency of accessing storage at the next lower level.
Hence, the next level storage units can be slower. The overall effect is a large memory unit that
is very cost effective.

CPU

Size: ~1KB

Registers Latency: ~1 cycle
Cost/Bit: Very high

Cache

Level 1

Size: ~32KB to 2MB
Latency: ~3 to 5 cycles
Level 2 Cost/Bit: High

Level 3

Main memory

Size: ~1GB
Physical RAM and Virtual Memory Latency: ~200 cycles
Cost/Bit: Low
Storage Devices
Size: ~1TB|
RO ard Drives and Removable Device Latency: ~10,000,000 cycles
Cost/Bit: Very low|

Figure 1: Memory hierarchy

In embedded systems, as the application complexity is growing continuously, the complexity
of the underlying memory hierarchy is also increasing. For example, for a simple automatic door
control, the computation is very simple and hence a memory architecture with only registers and
main memory could meet the requirements. In contrast, applications in automotive industry
(such as engine control unit) are much more complicated and would require a complex memory
hierarchy [22].

After registers, caches are the next nearest memory to the processor. They are used for
temporary storage of instructions, such that future requests can be processed much faster. They
act as a bridge between the fast processors and the slower main memory. Caches are effective,
because of the following two principles:

1. Temporal locality: Memory locations that are accessed recently are likely to be accessed
again, e.g., cycle through instructions of a loop.

2. Spatial locality: Memory locations that are close to the locations that are currently accessed
are likely to be accessed soon, e.g., reference to instructions in sequence.

Inria



Precise Modelling of Instruction Cache Behaviour 5

When a processor requests the cache for data at a location in the main memory, the cache
first checks it’s memory contents. If the requested data is in the cache (cache hit), the data is
sent to the processor. Otherwise, if the data is not in the cache (cache miss), it is copied from the
main memory into the cache and then forwarded to the processor. However, during this copy, if
the cache is already full, a replacement policy will decide which location of the cache memory is
to be replaced by the new data. The performance of a cache is measured by the number of cache
misses (or cache hits). Thus, the goal of the replacement policy is to reduce the number of cache
misses. There are several policies and some are architecture specific. The cache architectures
are either classified as set-associative or direct mapped caches [5]. For a set associative cache,
each location of the main memory is mapped to more than one location in the cache memory.
In general the following three policies are used during replacement [21]:

e Least recently used (LRU): replaces the least recently accessed memory location.

e First in first out (FIFO): replaces the memory that has been in the cache for the longest
amount of time.

e Pseudo-LRU (PLRU): is a binary tree based approximation of the LRU policy. The history
of the access define the structure of the tree and the leaves represent the cache lines. For
more details refer to [15].

In contrast, for a direct mapped caches, the replacement policy is very simple. Each location
of the main memory is mapped to exactly only one location in the cache memory. This policy
does not require any history bits and updating, unlike the replacement policies mentioned above.
Most embedded applications use Direct Mapped Caches because of their simple design, low
complexity (requires small hardware), and low power consumption. It also simplifies the static
analysis that is required for hard real time systems.

Alternatively, to achieve timing predictability and to simplify static timing analysis, there has
been a shift towards predictable memory hierarchy for hard real-time systems. One such approach
is to use a cache locking mechanism [14]. In this approach, the contents of the cache are decided
at compile time and are loaded prior to the execution of the program. This simplifies the analysis
and provides a predictable platform. However, this significantly reduces the throughput. This
simple approach has been further extended to dynamically reload and lock the cache at statically
determined control points [13]. This increases the throughput at the expense of the analysis time.

Recently, scratchpad memories (SPMs) have been introduced as an alternative to caches for
predictable systems. In SPMs, the allocation and replacement decisions are made by software,
guided by the decisions made at compile time. In contrast, the allocation and replacement of
traditional caches are done dynamically, guided by the history of the cache states. Recent work
on SPMs focuses on developing software allocation algorithms [16], [19], [3] and/or designing
tailored architectures with SPMs [16], [10], [11].

In this paper, we focus only on single core processors with direct mapped caches. We present
two prominent related works in analysing direct mapped caches. In the NUS approach [12],
the problem of computing all possible cache states is mapped to a problem of computing the
least fixed point. This approach performs very precise analysis. However, as the program size
increases, this approach experiences state-space explosion and the analysis time grows exponen-
tially. To address this issue, the same research group has formulated a new probabilistic approach
for modelling cache behaviour [9]. It is used for design space explorations and reduces overall
analysis time by exploiting the structural similarities among related cache configurations. Ex-
perimental results indicate that their new probabilistic based analysis is 24 to 3855 times faster
than simulation. Also, they have employed the idea of cache conflict graphs (CCF) in [7]. This
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6 Sidharta Andalam, Roopak Sinha, Partha S. Roop, Alain Girault, Jan Reineke

work analyses one cache line at a time and presents a more scalable approach. However, it ab-
stracts the relation between cache lines, thus, sacrificing precision. Also, it would be interesting
to quantitatively compare the precision and the analysis time with other existing techniques, like
the Absint approach [4], [15]. The Absint approach performs an abstraction based WCET anal-
ysis by sacrificing precision for scalability. As a result, it is the preferred approach for analysing
cache based architectures for industrial applications [18], [2], [17].

The organisation of this paper is as follows. In Section 2, we formalise the cache analysis
problem. In Sections 3 and 4 we present two prominent related works in analysing direct mapped
caches. First, the NUS approach [12] is presented in Section 3. Second, the Absint approach [4]
is presented in Section 4. We compare both approaches in Section 5. In Section 6, we present the
proposed cache analysis approach (UoA approach), along with some optimisations. In Section 7
we present a comparisons between all three (NUS, Absint and UoA) approaches. Finally, in
Section 8 we conclude the chapter with some discussions.

2 Cache Analysis

2.1 Cache model

The first step in the cache analysis is the creation of a suitable cache model. Before we for-
mally define the cache model, we provide an illustrative description. Cache analysis requires the
following information:

1. A control flow graph (CFG). This is extracted from the binaries of an embedded pro-
gram [20]. The CFG contains basic blocks which are annotated with instructions that are
executed in this block. An example CFG is presented in Figure 2(a). It contains nine basic
blocks, B1 to B9. The basic block Bl is annotated with four instructions m1, m2, m3 and
m4 that are executed in this basic block. The entire program (CFG) has eight different
instructions ml to m8.

2. A mapping of all instructions to cache lines. Since, the number of instructions in a program
is usually greater than the number of cache lines, more than one instruction is mapped to
the same cache line. For the example CFG (presented in Figure 2(a)), we present the
instructions to cache lines mapping using Figure 2(b). The cache has four cache lines ¢y,
c1, Co, c3. Instructions m1 and mb are both mapped to the cache line ¢y. This means that
during program execution, cache line ¢y can contains either m1 or m5 or nothing (when

empty).

The above information can be used to map the instructions in each basic block to the cache
lines. E.g., for block B1, instructions m1, m2, m3, m4 are mapped to cache lines ¢y, ¢y, ca, c3
respectively (as presented in Figure 2(b)). If we enforce C' = {cy, c1, 2, c3}, the set of cache lines,
to be an ordered set, then the instructions of B1 can be described using a vector [m1, m2, m3, m4]
where the index of the i*" element corresponds to the i** cache line. E.g., the 2" element m2
corresponds to the 2"¢ cache line ¢;. Similarly, the basic block B2 has only one instruction
mb5 that is mapped to cache line ¢y and the rest of the cache lines have no instructions (rep-
resented using the symbol F). Hence, the instructions of B2 can be described using the vector
[m5, F, F, F|.

For the rest of this section, we formalise the cache model, the behaviour of the cache, and
the cache analysis problem.

Definition 1 (Cache model). The cache model for a given program is defined as a tuple
CM = (I, C, CI, G, BI), where:

Inria
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B1:
ml
m2
m3
m4

Cache | Instructions
line
Co ml,mb
c1 m2,m6
Co m3,m7
c3 m4,m8
(b)

Figure 2: (a) A simple control flow graph consisting of nine basic blocks (Bl to B9) and the
instructions that are accessed during execution of the basic block. (b) Mapping of instructions
on to four cache lines (¢g to c3).

e [ is a finite set of instructions and |I| is the total number of instructions in the program.

o C = {cg,c1,...,en—1} s an ordered set of cache lines. N = |C| is the total number of
cache lines.

e CI:C — 2! is the cache line to instructions mapping function. For a cache line c € C,
ClI(c) is a subset of I representing the set of instructions that are mapped to cache line c.
We restrict CI such that for any two cache lines ¢, and ¢;, CI(ck)NCI(¢;) =0 and further

N-1
U ClI(ck) =1 i.e., CI partitions I into N partitions, where each partition represents the
k=0

istructions mapped to a given cache line.

Also, we define the instruction to cache line mapping function IC : I — C. For an
instruction i € C, IC(i) = ¢, where i € CI(c).

e G is a directed graph G = (B, bipnit, E) where:

— B is a finite set of basic blocks.
— binit € B is the initial basic block.

— E C B x B is the set of edges. For short hand, (by,b1) € E is represented using
b() — by.
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8 Sidharta Andalam, Roopak Sinha, Partha S. Roop, Alain Girault, Jan Reineke

e BI : B — (IU{F})" is the block to instruction mapping function. For any given basic
block b € B, BI(b) = [instg,insty,...,instxy_1]. For any i € [0, N — 1], BI(b)[i] is the
instruction mapped to the it" cache line ¢; € C. Thus, BI(b)[i] € CI(c;) U {F}.

Illustration of the cache model
Using Figure 2, we illustrate the cache model CM = (I,C,CI,G, BI) as follows:
e I ={ml, m2, m3, m4, mb, m6, m7, m8} and |I| = 8.

o C' = {cp,c1,co,c3} is an ordered set and N = |C| = 4.

ClI(cp) = {ml,mb} and IC(ml) = cy.

G = (B, by, E) where B = {B1,B2,..., B9}, by = Bl and E = {(B1, B2), (B2, B3),...}.

BI(B1) = [ml,m2,m3,m4] and BI(B1)[1] = m2. Similarly, BI(B8) = [F, m6, m3, m4]
and BI(B8)[0] = F, which represents that block B9 does not contain any instruction that
is mapped to the cache line c¢y. The order of the instructions in the vector are based on
the mapping of the instructions to the cache lines. It is not based on the order of the
instructions specified by the programmer, i.e., BI(B8) # [F, m3, m4, m6].

2.2 Cache states

We describe the behaviour of the cache by first describing cache states. A cache state describes
the instructions in the cache at some instance in time. It is described as a vector [instg, insty, . . .
instn_1] where each inst; represents the instructions contained in cache line ¢; € C.

For the example CFG shown in Figure 2(a), when the program starts executing, we assume
the cache is empty. This is represented as the cache state cst = [T, T, T, T]. Instructions are
loaded into the cache as the basic blocks are executed (starting from the initial block). E.g.,
after executing the basic block B1 the cache state is cs = [m1, m2, m3, m4].

Generally, the status of the cache may be unknown when a block is being analysed. We
used the symbol L to represent an unknown instruction in a cache line. E.g., c¢s = [1L, L, 1 1]
represents the status of every cache line is unknown. This notion of unknown cache state is used
during the cache analysis and is explained later in Section 3.

Note that a cache state has identical structure to the block to instructions mapping function
BI(b) for any block b € B. E.g., The cache state after executing Bl is ¢s = [m1,m2,m3, m4]
and also, BI(B1) = [m1,m2,m3,m4]. The cache state represents the instructions in the cache,
while the function BI represents the instructions that are executed by the basic block. This
identical structure simplifies the cache analysis as simple comparison between vectors allows us
to analyse the cache misses. This is later explained in later part of this section.

We now define the cache states.

)

Definition 2 (Cache state). A Cache state cs € (I U{T,L})YN, can be described as a vector
[insto,insty, ...,insty_1] where each element cs[i] represents an instruction in cache line c;.
Further, we restrict cache states such that, for any i € [0, N — 1], ¢s[i] € CI(¢;) U{T,L}. We
denote cst = [T,...,T] as a empty cache state where all the elements of the vector are T.
Similarly, we denote cs; = [L,..., 1] as a unknown cache state where all the elements of the
vector are L. Also, the set of all cache states is defined as C'S.

Before we illustrate cache states, we introduce two key terms essential to cache analysis. For
any basic block b, the Reaching cache states (RC'S) represent the set of cache states prior to the

Inria



Precise Modelling of Instruction Cache Behaviour 9

execution of a basic block and the Leaving cache states (LCS) represent the set of cache states
after the execution of the basic block. We denote the RC'S of a basic block b as RC'S, and the
LCS of a basic block b as LC'Sy.

Illustration of cache states

co mb
c1 mb6
ca m7
c3 m8
|
I
I
K I
B7: ! c0 mb mb
mo6 ‘ cl m6 m2
.77 ¢2 | m7 | m3
m7 ) c3 | m8 | m4
m8 /
I
1
1
I
|
|
Bé6: 1 BS8:
m2 1 m3
T T
| m3 | m4 |
I I I
| m4 | m6 |
I I I
I I I
| | |
c0 T c0 ml c0 mb c0 mb
cl T cl m2 cl m2 cl m2
c2 T c2 m3 c2 m3 c2 m3
c3 T c3 m4 c3 m4 c3 m4
c0 mb
cl m6
c2 m3
c3 m4

Figure 3: Illustration of the cache states.

Using Figure 3, we illustrate reaching/leaving cache states of a block. Initially the cache is
empty. The state of the cache is est = [T, T, T, T]. After the execution of block B1, cache
lines ¢g, c1, c2, c3 will contain instructions m1, m2, m3, m4 respectively, resulting in the state
[m1, m2,m3, md]. The cache state [T, T, T, T] is the state of the cache prior to the execution of
the basic block B1. Thus, RCSp; = {[T, T, T, T|} is the set of reaching cache states of block
B1. Similarly, LCSp; = {[m1,m2, m3, m4]} is the set of leaving cache states of block B1.

The leaving cache state of B1 is also the reaching cache state of B2, RC'Sps = LCSp1. Block
B2 has only one instruction m5, and is mapped to cache line ¢y. Thus, the previous instruction
in line ¢y will be replaced by m5. Since the RCSpe = {[m1,m2, m3, m4|}, after executing the
instructions in B2, the resulting leaving cache state is LC'Sga = {[m5, m2, m3, m4]}.

Now, the control reaches a branch due to which, it is possible to execute either block B6 or
block B7. In this case, RCSpg = LCSps = RCSp7. After executing blocks B6 or B7, the state
of the cache is either [m5, m2, m3, m4d] or [m5, m6, m7, m8|.

Block B8 has two incoming edges: from blocks B6 and B7. In this case, in order to compute
RCSpg, we need to join LCSgg and LCSp7. There are various approaches to describe this join
function [12], [4]. This join function is the key difference between existing approaches and could
dictate the precision and the scalability of the cache analysis. Later in this chapter, we formally
present several join functions. See the summary in Section 7
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For now, we assume the join function is a union over the set of cache states. Thus, RCSpg =
LCSp7 U LCSgg, resulting in RC'Spg = {[m5, m2, m3, md], [m5, m6, m7, m8]}. After execution
of block B8, for both reaching cache states the resulting leaving cache state is [m5, m6, m3, m4].
Thus, the LCSps = {[m5, m6, m3,m4]}.

2.3 Analysing the cache states

The purpose of cache analysis is to compute the number of cache misses experienced during
the execution of every basic block. For example, for block B8 consider the cache state cs =
[m5, m2, m3, m4d] before executing the block. Since ¢s[1] = m2, the cache contains the instruction
m?2 on the cache line ¢, before executing B8. Now, BI(B8) = [+, m6,m3, m4] and BI(B8)[1] =
mb6 for cache line ¢;. This means, for cache line c¢;, the cache contains the instruction m2,
whereas the block needs to execute m6. Since, we have a mismatch (BI(B8)[1] # cs[1]), B8 has
a cache miss during the execution of instruction m6 on the cache line c;.

Similarly, since BI(B8)[2] = m3 = cs[2], we have a cache hit. Also, BI(B8)[0] = F, which
represents that block B8 does not execute an instruction from cache line ¢y. Therefore, B8 can
not have a miss for cache line ¢y, regardless of the content of a reaching cache state. Thus, a
cache miss on a cache line ¢; can only occur when the block b has an instruction that can be
mapped to a cache line ¢; ( i.e., BI(b)[i] # F) and further the instruction does not match with
the instruction in the reaching cache state (i.e., BI(b)[i] # cs]i]). Using Definition 20, we define
a function that computes the number of cache misses.

Definition 3 (Miss count). The cache miss function, mc: B x CS x C — {0,1}, where for any
block b € B, cache state cs and a cache line ¢; € C with i € [0, N — 1] is defined as follows:

me(b, cs, ¢;) = { 1 wif BIb)[i] #F ABI(b)[i] # csli]

0 : otherwise

We extend the function mc to return the total number of misses for a block b and a cache
state ¢s as, mc: B x CS — NO where,

N-1
c(b, cs) g me(b, cs, ¢;)
1=0

2.3.1 Illustration

C; Co Cc1 C2 c3
cs = [m5 m4]
BI(BS) - i m(ﬂ m3\ md \
me(B8,cs,¢;)) = 0 1< o0d o
me(BS, cs) = 04+14+04+0=1

Figure 4: Illustration of the function mc

Inria



Precise Modelling of Instruction Cache Behaviour 11

Given a c¢s = [mb,m2,m3,md] and BI(B8) = [F, m6,m3,m4], we now illustrate the mc
function using Figure 4. For all cache lines ¢; € C, the figure shows that there is only one cache
miss and it occurs on cache line cq, because instruction m2 is present in the reaching cache state
c¢s while the block needs instruction m8. Thus, mc(B8,cs, 1) = 1. Similarly, me(B8, ¢s,¢p) = 0,
me(B8, ¢s, ca) = 0 and me(B8, ¢s, c3) = 0. Hence, me(B8,¢s) = 04+140+0 = 1. Thus, only one
cache miss occurs during the execution of block B8 for reaching cache state of [m5, m2, m3, m4].

The mc function computes the number of cache misses for a given reaching cache state and
a basic block. However, if a block has more than one reaching cache states, the number of cache
misses can vary. For cache analysis, we are interested in finding the best case and the worst case
number of cache misses that may be experienced by a basic block.

Definition 4 (Worst miss count). We define the function wme : Bx 2% — N° where, for a given
block b € B and a set RCS’ C CS such that RCS' = {rcsy,rcsa, ..., rcsm} and m = |[RCS'|,

wme(b, RCS") = MAX (mc(b,resy), ..., me(b,respy))

Definition 5 (Best miss count). We define the function bme : B x 265 — N° where, for a given
block b € B and a set RCS’ C CS such that RCS' = {rcsy,rcsa, ..., 7¢8m},

bme(b, RCS") = MIN (mc(b,resy), .. .,me(b,rcs,y,))

Illustration of wmc and bmc

Using the reaching caches states for B8 (RCSps), we now illustrate the functions wme and
bmec. Since, RC'Spg contains two cache states of {[m5, m2, m3, m4], [m5, m6, m7, m8|}, using the
me(B8, [m5, m2,m3, md]) = 1 or mc(B8, [m5, m6, m7, m8]) = 2. Since, the maximum number
of misses is 2, thus, wmec(B8, RCSpg) = 2. Similarly, the function bmc(B8, RC'Sps) = 1.

2.4 Cache analysis problem

The cache analysis problem consists of two sub problems. The first sub problem is to compute
all the possible reaching cache states for every basic block in the given cache model. The second
sub problem is to compute the number of cache misses in the best case and the worst case, using
the reaching cache states computed in sub problem one.

Definition 6 (Cache Analysis Problem). Given CM, the cache analysis problem can be stated
as the computation of:

1. All possible RCSy, for every block b € B. We refer to this first problem as sub problem one.

2. P: B — N° x N where for every block b € B, P(b) = (wme(b, RCSy), bme(b, RCSy)) for
allb € B. We refer to this second problem as sub problem two.

Different cache analysis approaches differ in how they compute sub problem one (presented
in Definition 6). We present two existing approaches, the NUS approach [12] and the Absint
approach [4] to solve the cache analysis problem. In Table 1 we present a summary of the symbols
and the definitions that are presented so far.
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Symbol/Definition | Description Example
CM Cache model of a given | see Section 2.1
program
B Set of basic blocks {B1,B2,...,B9} in Figure 2
I Set of instruction {m1,m2,...,m8} in Figure 2
C Ordered set of cache | {cg,c1,c2,c3} in Figure 2
lines
CI:C—2f Maps cache line to a set | CI(cp) = {ml, mb}
of instructions
1C:1-C Maps instruction to a | IC(ml) = ¢
cache line
BI:B — (IU{F})Y | Maps instructions exe- | BI(B1) = [ml,m2,m3,m4] then
cuted by the block to | BI(B1)[0] =ml
cache lines
BI(b)[i] =F Block b has no instruc- | BI(Bl) = [F,m2,m3,m4] then
tion on cache line ¢; BI(B1)[0] =F
cs Cache state cs = [ml,m2,m3,md] and cs[0] =
ml
cslil] =T Cache state has no in- | ¢s[0] =T
struction on cache line ¢;
esli] = L Cache state has an un- | ¢s[0] = L
known instruction on
cache line ¢;
cST Empty cache state cs=|T,T,T,T
cs | Unknown cache state cs=|1,L, 1,1
RCS, Set of reaching cache | RCSpg = {[m5, m2, m3, m4],
states of block b [m5, m6, m7, m8|}
LCS, Set of leaving cache | LCSps = {[mb, m6,m3, m4]}
states of block b
NO Natural numbers that | N = {0,1,2,3,...}

includes zero

me: BxCS - NO

Computes the number
of cache misses experi-
enced by the block for a
given cache state

BI(B8) = [+, m6,m3,m4] and c¢s =
[mb5, m2,m3, m4] then mc(B8,cs) =
1

wme: B x 265 5 NO

Computes the maxi-
mum number of cache
misses

wme(B8, RCSps) = 2

bme: B x 265 5 NO

Computes the minimum
number of cache misses

bmc(B8, RCSpg) =1

Table 1: Some of the symbols and the definitions (Illustrated using Figures 3)
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3 The NUS approach

We first present two functions, join and transfer, that compute the of reaching/leaving cache
states of basic blocks. These two functions are used in the cache analysis algorithm, employed
by this approach, to compute all possible reaching cache states of every basic block of a cache
model (sub problem 1, Definition 6).

3.1 The NUS join function

The NUS join function describes how to compute the reaching cache states of a basic block
when the block has more than one incoming edges. E.g., in Figure 3, the basic block B8 has
two incoming edges: from blocks B6 and B7. To compute RC'Spg we need to join LC'Spg and
LCSp7. A simple join function could be described as an union over the sets of reaching cache
states, i.e., RCSpgs = LCSpgU LCSpg. However, in the NUS approach, during the computation
of the reaching cache states unknown cache states (cs) ) are introduced as part of the analysis
(later explained in Algorithm 1). This introduces spurious cache states that must be removed as
described in the NUS approach [12]. Given two cache states ¢s; and csa, ¢sy is subsumed by csa,
if for all cache lines ¢;, the instruction in css is equal to the instruction in c¢s; (csa[i] = es1[d])
or the instruction in ¢s; at cache line ¢; is unknown L (Vi, csa[i] = es1[i] or esq1[i] = L). In this
case, we can remove csi, as it does not contain any extra information compared to css.

For example, let RC'S, = LC'S; U LC'S,, it contains two cache states ¢s; = [m1, L, 1, 1] and
csy = [ml, L,m2, L]}. Since cs; is subsumed by csa, we can reduce the reaching cache states of
bto RCS, = {[ml, L,m2, L]}. Also, a cache state cs; =[L,L,..., 1] will always we subsumed
by any other cache state. This idea of subsumed cache states is further explained during the
fixed point computation (see Section 3.3).

This join function for the NUS approach is defined in Definition 7.

Definition 7 (NUS join function). The NUS join function is Jyys : 269 x 269 — 265 where,
for any two sets of cache states CSy C 2¢° and C'S, C 2¢9,

JNUs(CS1, OSQ) =CS5,UCS, \ {681 (S (051 U CSQ)ECSQ € (051 U OSQ) A SNUs(Csl,CSQ)}

where, Syys : CS x CS — {true, false} where, for any csy,csy € CS,

true  :if Vi€ [0,N —1],csqi] = csi1i] or esq[i] = L

SNUS(CShCS2):{ false : otherwise

csy cSa Snus(csi, cs2)
[L,m2, 1, md] [mb,m2, L, md] | true
[m5,m2, L,md] | [L,m2, L, m4| false

Table 2: Tllustrate the subsumed function Sypyg

Using Table 2 we first illustrate the NUS subsumed function (Syyg). In the first row, given
two cache states ¢s; = [L,m2, L,md] and csy = [mb,m2, L,md], Syus(csi,csa) = true. This
shows the case when cs; is subsumed by a cso. In the second row, given two cache states
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CS, CS, CS,uUCS, Inus(CS1,CS2)

{[L, m2, L, md], {[m5, m2, L, m4], {[L, m2, L, md], {[L, m2, L,md],

[mb5, m6, m7, m8|} [mb5, m6, m7, m8|} [mb,m2, L, md], [m5, m6, m7, m8|}
[mb, m6, m7, m8|}

Table 3: Tllustrate the join function Jyyg

cs1 = [mb,m2, L,md] and csy = [L,m2, L, md], Syus(csi,css) = false. This shows the case
when c¢s; is not subsumed by css.

Using Table 3, we illustrate the NUS join function. Given two sets of cache states C'S; =
{[L,m2, L, md], [m5,m6, m7,m8]} and C'Sy = {[m5, m2, L, md], [m5, m6, m7, m8]}, CS1UCSy =
{[L,m2, L, md], [mb, m2, L,md],[m5, m6,m7, m8]}. As illustrated in first row of Table 2, cache
state [ L, m2, L, m4] is subsumed by [m5, m2, L, m4]. Thus, Jyys(CS1,CSs) = {[mb,m2, L, md],
[mb5, m6, m7, m8|}.

3.2 The NUS transfer function

A transfer function described how a reaching cache state of a basic block is transformed into
a leaving cache state, after executing the instructions in the basic block. E.g., in Figure 3,
the reaching cache state of block B2 is ¢s = [m1,m2,m3,m4] and after execution, where the
instructions of the block as described by BI(B2) = [m5,F, F, F], the leaving cache state of B2
is ¢’ = [mb,m2,m3, m4]. This transformation can be described as follows. First, if a block b
does not have an instructions mapped to a cache line ¢; (BI(b)[i] = F), then after execution
of the block, the contents of the cache corresponding to that cache line ¢; remains the same.
E.g., basic block B2 has no instruction mapped to the cache line ¢;, (BI(B2)[1] = F). Thus,
after execution, the leaving cache state has the same instruction as the reaching cache state
cs'[1] = m2 = es[1]. Secondly, if a block has an instruction mapped to a cache line (BI(b)[i] # F),
then, after execution of the block, the content of the cache corresponding to that cache line is
changed to the instruction executed by the block. E.g., basic block B2 has the instruction mb
mapped to the cache line ¢g, (BI(B2)[0] # F). Thus, after execution, the leaving cache state
has the instruction m5, ¢s’ = mb = BI(B2)[0] . The transfer function, Tnys, formalises this
transformation as follows.

Definition 8 (NUS transfer function). The NUS transfer function is Tnys : B x CS — CS
where, for a given basic block b € B and a cache state cs,

Tyus(b,cs) = cs'
where for all cache lines ¢; € C where i € [0, N — 1],

eolij={ Gl IO =7
BI(b)[i] : otherwise

Illustration of the transfer function Thyg
Figure 5 illustrates the operation of the transfer function Tyyg. Given block b, with BI(b) =

[m5, F, F,F|, and a reaching cache state cs = [m1, m2,m3,m4], the leaving cache state cs’ =
Tnus(b, cs) is computed as follows.
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o 1 o c3

s = [ml  m2 m3 ™\ md]

BI(b) = [m5y 7 \ + \ F]
Tnys(b,cs) =cs’ = [mSJ m2 </ md </ m4]

Figure 5: Illustration of the NUS transfer function

For cache line ¢, block b requires an instruction m5 on cache line ¢g (BI(b)[0] = m5). Thus,
irrespective of the reaching cache state, the leaving cache (cs’) contains the instruction m2 on
its cache line cg, i.e., ¢s’[0] = mb = BI(b)[0].

For the cache line ¢;, block b has no instruction mapped to cache line ¢; (BI(b)[1] = F).
Thus, the instruction m2 on cache line ¢; in ¢s (m2 = cs[l]), is copied to the cache line ¢;
of the leaving cache state cs’ i.e., ¢s'[1] = m2 = ¢s[1]. Similarly, block b has no instructions
mapped to cache lines ¢o and c3, resulting in ¢s’[2] = m3 = ¢s[2] and ¢s'[3] = m4 = ¢s[3]. Thus,
given a block b, with BI(b) = [mb, F,F, F| and a reaching cache state cs = [ml,m2, m3, m4],
Tnus(b,cs) = es’ = [mb, m2,m3, m4].

The transfer function, as defined in Definition 8, computes a leaving cache state for a ba-
sic block given a reaching cache state. During cache analysis, a block may have a set of
reaching cache states. E.g., in Figure 3, block B8 has two reaching cache states, RCSpg =
{[m5, m2, m3, m4], [m5,m6, m7, m8]}. Thus, we extend the transfer function to compute a set
of leaving cache states for a given set of reaching cache states for a block.

Definition 9 (Extended NUS transfer function). The NUS transfer function is Tnys : B %
205 — 209 where, for a given basic block b € B and a set of cache states CS C 269,

Tnus(b,CS) = CS’
where for all cache states cs; € CS where i € [1,|CS]],

|CS]
08" = |J{Twus(b,esi)}

i=1

In Figure 3, block B8 has two reaching cache states (RC'Sps = {cs1,cs2}) where cs; =
[mb5, m2, m3, md] and csy = [mb, m6, m7, m8]. In this case, Tnys(B8,{cs1,cs2}) = {Tvus(BS,
¢s1)}J {Tnus(B8,cs2)}. In this example, Ty s (B8, cs1) = [mb, m6, m3, md] and Tnys(B8, cs2)
= [m5, m6, m3, md]. Thus, Tnus(B8, {cs1,cs2}) = {[mb, m6,m3,m4]|} U {[m5, m6,m3, md|} =
{[m5, m6, m3, m4]}

3.3 Fixed point computation

As described in Definition 6, the cache analysis problem consists of two sub problems. The
first sub problem is the computation of all reaching cache states for every block b € B. The
NUS approach [12] solves this problem using a fixed point computation algorithm presented in
Algorithm 1. We will present the NUS solution to the second sub problem following the fixed
point algorithm (Algorithm 1).
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Algorithm 1 Fixed point computation for the NUS approach
Input: A cache model CM = (I, C, CI, G, BI)
Output: RCS, for every block b € B.
i = 1 {iteration counter}
: {Initialise the RCS of all blocks}
: for eachbe B do
if b = by then
RCS;, = {cst}
else
RCS} = {cs.1}
end if
end for

© P NPT W

10: repeat

11:  {Compute the set of leaving cache states for all blocks for iteration i}
122 foreachbe B do

13: LCS} = Tnus(b, RCS})

14:  end for

15:  i=14+1; {Next iteration}
16:  {Compute RCS}
17:  for eachbe B do

18: if b = by then

19: RCSZZ; = {CST}

20: else

21: RCSi =10

22: for each LCS;,, where (b',b) € E do
23 RCS; = Jnus(RCS;, LCS; )

24: end for

25: end if

26: end for

27: until Vb € B, RC’S}; = RCS;~' {Termination condition}
28: return RCS; for allbe B

In Algorithm 1, we first initialise the reaching cache states for all blocks (lines 3 to 9, Algo-
rithm 1). Since we assume that initially the state of the cache is empty, on line 5 for the initial
block by we set its reaching as RCS};O = {esT}. Here, the notation RCS} represents the reaching
cache states of block b in iteration i. E.g., RCSI}O represents the reaching cache states of block
bg for iteration 1. For rest of the blocks, the execution of the CFG will impact the state of the
cache, the state of the cache is unknown. Thus, on line 7, we set their reaching cache states as
RCS} ={cs.}.

After initialisation, we compute the leaving cache states of each block, on lines 11 to 14. We
apply the transfer function Tyyg to every block and its corresponding reaching cache states.

The iteration index (7) is incremented (line 15) to signal the start of the next iteration. Next,
on lines 16 to 26, the reaching cache states of each block are computed. For the initial block
bg, we know that the reaching cache state is always empty. Thus, on line 19, we always set its
reaching as RC'S; = {csT}. For rest of the blocks, on lines 22 to 24, the reaching cache states
are computed by looking at the leaving cache states of the predecessors (b') of the block b and
using the NUS join function.

The iterative process, repeat-until loop on lines 10 to 27, is repeated until a fixed point is
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reached, i.e., if two consecutive iterations have the same sets of reaching cache states for all
blocks (line 27).
Illustration of the fixed point algorithm

We illustrate the above fixed-point algorithm using the Figure 6. The CFG and the mapping
of the instructions to cache lines are presented in Figure 6(a) and Figure 6(b), respectively. These
are reproduced from Figure 2. Figure 6(c) presents a table showing the reaching and leaving
cache states for all blocks, during each iteration of the algorithm.

We first initialise the reaching cache states for all blocks (lines 3 to 9). For the CFG in
Figure 6(a), the initial block is by is B1. Since we assume that initially the state of the cache is
empty, on line 5, we set RCSk; as {[T, T, T, T|}. For rest of the blocks, on line 7, the state of
the cache is unknown. Thus, we set their reaching cache states as {[.L, L, L, 1]}.

After initialisation, to compute the leaving cache states of each block, we apply the transfer
function Ty s (lines 11 to 14). For example, in iteration 1 (i = 1), LCSL, = Tnus(B1, RCSY,) =
Tnus(BLA[T, T, T,T]}) = {[ml,m2,m3,m4]}. For block B2, which has one instruction m5
that is mapped to line cg, the leaving cache states LCSL, = Tnus(B2,{[L, 1,1, 1]}) =
{[m5, L, L, L]}. Similarly, the leaving cache states (column 4) for rest of the blocks are computed
for iteration 1 as shown in Figure 6(c).

The iteration index (7) is incremented (line 15) to signal the start of the next iteration (i = 2).
Next, the reaching cache states of each block, for iteration ¢ = 2, are computed (lines 16 to 26).
For the initial block B1, we know that the reaching cache state is always cs+. Thus, on line 19,
we set its reaching cache state as RCS%, = {csT}. For rest of the blocks, on lines 22 to 24, the
reaching cache states are computed by looking at the leaving cache states of the predecessors
(t') of the block b and using the NUS join function. E.g., the predecessors of B2 are B1 and B9,
V' € {B1, B9}, and from the previous iteration (i = 1) the LCSk, = {[m1,m2,m3,m4]} and
LCSLy = {[L, L, L,m8]}. The process for computing RCS%, is as follows.

1. Initialise RCS%, = 0 (line 21).

2. Using the NUS join function we process the LC'S of each predecessor block (B1, B9), on
lines 22 to 24, one at a time (in no particular order). For illustration we will first analyse
LC S}, followed by LCSLg as follows.

RCS%, = Jnus(RCS%,, LCSE,)
= Jnus (D, {[m1,m2,m3,m4]})
= {[m1,m2,m3, m4|}
RCS%, = Jyus(RCS%,, LCS}g)
= Jyus({[m1, m2,m3,m4]}, {[L, L, L,m8]})
= {[m1,m2,m3,m4],[L, L, L, m8|}

The iterative process, repeat-until loop on lines 10 to 27, is repeated until a fixed point is
reached, i.e., if two consecutive iterations have a same sets of reaching cache states for all blocks
(line 27). For our example, it happens at the 9" iteration, where the same sets of reaching cache
states are computed for all blocks. As a result, the reaching cache states of the 9" iteration
represents all the possible reaching cache states of the program.

Note that during the first iteration, we assumed the reaching cache states for blocks B2 to B9
as unknown ({[L, L, L, 1]}), but when we reach the fixed-point, all the unknown cache states
are resolved.

Finally, using the functions wmc(b, RCSy) and bme(b, RCS)) (presented in Definitions 4
and Definition 5), the number of cache misses in the worst and the best case is computed. E.g.,
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B1:
ml
m2
m3

m4

(a) Control flow graph

Cache | Instructions
line
co ml,mb
c1 m2,m6
Ca m3,m7
c3 m4,m8

(b) Instructions to cache line mapping

Iteration Block Reaching Cache Leaving Cache
(i) (b) States (RCS}) States (LCSp)
1 Bl T, T,T,T m1l, m2, m3, m4]}
B2 T, 1, 1, L m5, L, L, L]}
B3 T, 1,1, L mi, L, L, 1]}
B4 T, 1,1, L T, 1, m3, ma]}
B5 T, 1,1, L T, m2, L, 1]}
B6 T, 1,1, L T, m2, m3, ma
B7 1,1, 1L, L 1L, m6, m7, m8
BS T, 1,1, L T, m6, m3, ma
BO T, I, L, L T, L, L, m8]}
pl Bl T, T, T, T ml, m2, m3, ma]}
B2 ™1, m2, m3, mal, ™5, m2, m3, mal,
[m1, L, L, m8]} [m5, L, L, m8]}
B3 {Im5, 1, L, 1]} {Im1, L, L, 1]}
B4 {[m1, L, L, 1]} {[m1, L, m3, ma]}
B5 {[m1, L, L, LI, {[m1, m2, L, L]
[L, L, m3, md]} [L, m2, m3, ma]}
B6 {Tm5, L, L, L]} {[mb5, m2, m3, mal}
B7 {Im5, L, L, LT} {Im5, m6, m7, m7]}
B8 {1L, m2, m3, m4], {TL, m6, m3, m4[}
[L, m6, mT7, m8]}
B9 {IL, m2, L, I, {[L, m2, L, m8],
[L, m6, m3, m4]} [L, m6, m3, m8]}
8 B1 {7, T,7,T1} {[m1, m2, m3, m4]}
B2 {[m1, m2, m3, ma], {[m5, m2, m3, mAa],
[m1, m2, m3, m8], [m5, m2, m3, m8],
[m5, m6, m3, m8]} [m5, m6, m3, m8]}
B3 {[m5, m2, m3, md][, {[m1, m2, m3, md[,
[m5, m2, m3, m8], [m1, m2, m3, m8],
[m5, m6, m3, m8]} [m1, m6, m3, m8]}
Ba {[m1, m2, m3, ma[, {Im1, m2, m3, mAa[,
[m1, m2, m3, m8] [m1, m6, m3, ma]}
[m1, m6, m3, m8]}
B5 {Im1, m2, m3, m4], {Im1, m2, m3, m4],
[m1, m2, m3, m8], [m1, m2, m3, m8]}
[m1, m6, m3, m8],
[m1, m6, m3, m4]}
B6 {m5, m2, m3, m4J, {[m5, m2, m3, m4]}
[m5, m2, m3, m8],
[m5, m6, m3, m8]}
BT {[m5, m2, m3, md[, {[mb5, m6, m7, m8|}
[m5, m2, m3, m8],
[m5, m6, m3, m8]}
B8 {Im5, m2, m3, m4], {Im5, m6, m3, m4]}
[m5, m6, m7, m8]},
B9 {[m1, m2, m3, mAa], {[m1, m2, m3, m8[,
[m1, m2, m3, m8], [m5, m6, m3, m8]}
[m5, m6, m3, m4]}
9 Bl {[T, T, T,TI]} {[m1, m2, m3, m4]}
B2 {[m1, m2, m3, mal,
[m1, m2, m3, m8],
[m5, m6, m3, m8]}
B3 {[m5, m2, m3, mAa[,
[m5, m2, m3, m8],
[m5, m6, m3, m8|}
B4 {[m1, m2, m3, m4J,
[m1, m2, m3, m8]
[m1, m6, m3, m8]}
B5 {[m1, m2, m3, md[,
[m1, m2, m3, m8],
[m1, m6, m3, m8],
[m1, m6, m3, m4]}
B6 {Im5, m2, m3, m4],
[m5, m2, m3, m8],
[m5, m6, m3, m8]}
BT {[m5, m2, m3, md][,
[m5, m2, m3, m8],
[m5, m6, m3, m8]}
BS {[m5, m2, m3, md][,
[m5, m6, m7, m8]},
BO {[m1, m2, m3, mAa[,

[m1, m2, m3, m8],
[m5, m6, m3, m4]}

(¢) Reaching and leaving cache states

Figure 6: Computing all possible reaching cache states using the NUS approach.
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in Figure 6(c), at the fix-point, RC'S%¢ = {[m5, m2, m3, m4], [m5, m6, m7,
m8|} and BI(B8) = [F, m6, m3, m4]. Then, me(B8, [m5, m2, m3,m4]) = 1 and mc(BS,
[m5, m2, m3, md]) = 2. Thus, wmc(B8, RCSp8?) = 2 and bme(B8, RCSp8%) = 1.

In summary, we have solved the first sub problem of cache analysis (Definition 6) using the
fixed-point computation (Algorithm 1). For the second sub problem (Definition 6), we compute
the number of cache misses for the worst and the best case using Definitions 4 and Definition 5.

4 The Absint approach

In the Absint approach [4], the notion of cache states is different from that of the NUS approach.
We first describe the notion of abstract cache states used during the Absint approach.

4.1 Abstract cache states

An abstract cache state describes the possible combination of instructions in the cache at some
instance in time. It is described as a vector [setq, setq, ..., sety_1] where each set; represents a
set of instructions, and the set contains a possible instruction contained in cache line ¢; € C' of
a cache state.

For the CFG shown in Figure 2(a), when the program starts executing, we assume the cache
to be empty. This is represented as [{T},{T},{T},{T}]. Instructions are loaded into the cache
as the basic blocks are executed (starting from the initial block). E.g., After executing the basic
block B1 the abstract cache state is [{m1}, {m2}, {m3}, {m4}].

Generally, the status of the cache may be unknown when a block is being analysed. In the
Absint approach, we use the symbol | to represent an unknown instruction in a cache line. E.g.,
acsy = [{L},{L},{L},{L}] represents the status of every cache line is unknown. This notion
of unknown cache state is used during the cache analysis and is explained later.

We now define the abstract cache states.

Definition 10 (Abstract cache state). Given a cache model CM = (I, C, CI, G, BI), an
abstract cache state acs C (211NN | can be represented as a vector [instg,insty, . . .,
instn_1] where each element acs[i] represents a set of possible instructions in cache line c;.
Further, we restrict cache states such that, for any i € [0, N — 1], acs[i] C CI(s) U{T,L}. We
denote acsT = [{T}H{T}, ..., {T} as the empty cache state, where all the elements of acs are
{T}. Similarly, we define acs; = [{L},{L},...,{L}], where all the elements of acs are {L}.
Also, the set of all possible abstract cache states are referred to as ACS.

Before we illustrate abstract cache states, we introduce two key terms essential to cache
analysis. For any basic block b, an abstract reaching cache state represents the abstract state of
the cache prior to the execution of b. Abstract leaving cache state represents the abstract state
of the cache after the execution of the basic block. We denote the abstract reaching cache state
of a basic block b as arcs, and the abstract leaving cache state of a basic block b as alcsy.
Illustration of abstract cache states

Using Figure 7, we illustrate abstract reaching/leaving cache states of a block. Initially the
cache is empty. The state of the cache is acst = [{T},{T}{T},{T}]. After the execution
of block B1, cache lines cg, c1, ¢z, c3 will contain instructions m1, m2, m3, m4 respectively,
resulting in the acs = [{m1}, {m2}, {m3}, {m4}]. The abstract cache state [{T},{T} {T} {T}]
is the abstract state of the cache prior to the execution of the basic block B1. Thus, arcsg; =
{{THA{T}HA{T}{T}} is the abstract reaching cache state of block B1. Similarly, alcspy =
[{m1}, {m2}, {m3}, {m4}] is the abstract leaving cache state of block B1.
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Figure 7: Illustration of the abstract cache states.

The abstract leaving cache state of B1 is also the abstract reaching cache state of B2,
arcsps = alcspy. Block B2 has only one instruction mb, and is mapped to cache line ¢y. Thus,
the previous instruction in line ¢ will be replaced by m5. Since the arcsgs = [{m1}, {m2}, {m3},
{md}], after executing the instructions in B2, the resulting abstract leaving cache state alcsgy =
[{m5}, {m2},{m3}, {m4}].

Now, the control reaches a branch due to which, it is possible to execute either block B6 or
block B7. In this case, arcsgg = alcsps = arcspy. After executing blocks B6 or B7, the state
of the cache is either [{m5}, {m2}, {m3}, {m4}] or [{m5}, {m6}, {m7}, {m8}].

Block B8 has two incoming edges: from blocks B6 and B7. To compute arcspg, we need to
join alcspg and alcspry. In this case, the join function is a pair-wise union over the vector ele-
ments. Thus, arcsps[i] = alespgli]Ualcspr[i], resulting in arcsps = [{mb}, {m2,m6}, {m3, m7},
{m4, m8}|. After execution of block B8, the resulting leaving cache state is [{m5}, {m6}, {m3},

{m4}].

4.2 The Absint join function

The Absint join function computes the abstract reaching cache state of a basic block when
the block has more than one incoming edges. E.g., in Figure 7, the abstract reaching cache
state of Block B8 has two incoming edges: from blocks B6 and B7. To compute arcsgs we
need to join alcspe and alcspy. It is possible that during the computation of the abstract
reaching cache state of a block b, we may need to join two abstract leaving cache states that
contain unknown instructions for some cache lines. E.g., alecs; = [{m1},{L}, {m2},{L}] and
alesy = [{m1},{L},{L},{L}]. The join function could be described as an union over the
abstract reaching cache states, i.e., arcs, = alcsy Ualess = [{m1},{L},{m2, L}, {L}]. However,
as described in Section 4.1, in the Absint approach an unknown instruction L is subsumed by
any instruction. E.g., [{m1},{L},{m2, L}, {L}] becomes [{ml},{L},{m2},{L}]. This join
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function for the Absint approach is defined in Definition 11.

Definition 11 (Absint join function). We define the join function Japsint : ACSx ACS — ACS
where for any two abstract cache states acs; € ACS and acss € AC'S,

J Absint(acs1, acse) = acss
where for all cache lines ¢; € C' where i € [0, N — 1]

acs [i] cif aesoli] =L
acssli) = < acsali] cif aesilij =L
acs1[i) U acssali] : otherwise

Given two abstract cache states acs; = [{L},{m2},{m3},{L}] and acsy = [{m5},
{m6},{m7},{L}], then, Japsint(acsi,acsa) = [{mb}, {m2,m6},{m3,m7},{L}]. The union of
sets that correspond to the same cache lines.

4.3 The Absint transfer function

The Absint transfer function describes how an abstract reaching cache state of a basic block
is transformed into an abstract leaving cache state, after executing the instructions in the
basic block. E.g., in Figure 7, the abstract reaching cache state of block B2 is arcsgs =
[{m1},{m2},{m3},{m4}] and after the execution of block B2, where the instructions of the
block is described by BI(B2) = [mb, F, F, F|, the abstract leaving cache state of B2 is alcsps =
[{mb}, {m2}, {m3},{m4}]. This transformation can be described as follows. Firstly, if a block
b does not have an instructions mapped to a particular cache line ¢; (BI(b)[i] = F), then after
execution of the block, the contents of the cache corresponding to that cache line remains the
same. E.g., basic block B2 has no instruction mapped to the cache line ¢;, (BI(B2)[1] = F),
thus, after execution, the abstract leaving cache state has the same set of instructions as in
the abstract reaching cache state alcspa[l] = {m2} = arcspe. Secondly, if the block has an
instruction mapped to a particular cache line (BI(b)[i] # F), then, after execution of the block,
the content of the cache corresponding to that cache line is changed to the instruction exe-
cuted by the block. E.g., basic block B2 has the instruction m5 mapped to the cache line ¢y,
(BI(B2)[0] # F), thus, after execution, the abstract leaving cache state has the instruction m5,
alespa[0] = {mb} = {BI(B2)[0]} . The transfer function, Tapsint, formalises this transformation
as follows.

Definition 12 (Absint transfer function). The Absint transfer function is Tapsint : B x ACS —
ACS where, for a given basic block b € B and an abstract cache states acs € AC'S,

Tapsint (b, acs) = acs’
where for all cache lines ¢; € C where i € [0, N — 1] then,

el = { gpsll 2 if BION] =7
BI(b)[i] : otherwise
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acs = [{ml,mb} {m2\ {m3}\{m4, m8}]
BI() N \ ¢\ 7

T apsint(b, acs) = acs’ = [{m5}) {m2}</{m3}</{m4, m8}]

Figure 8: Illustration of the Absint transfer function

Illustration of the transfer function T4pgin¢

Figure 8 illustrates the operation of the transfer function Tapsine. Given block b, with BI(b) =
[mb5, F, F, F|, and an abstract reaching cache state acs = [{m1, m5}, {m2}, {m3},

{m4, m8}], the abstract leaving cache state c¢s’ = Tapsint(b, acs) is computed as follows.

For cache line ¢, block b executes an instruction mb on cache line ¢q (BI(b)[0] = m5). Thus,
irrespective of the reaching cache state, the leaving cache (acs’) contains only the instruction m5
on its cache line ¢y, i.e., ¢s'[0] = {mb} = {BI(b)[0]}.

For the cache line ¢1, block b has no instruction mapped to cache line ¢; (BI(b)[1] = F). Thus,
the instructions set {m2} on cache line ¢; in acs (cs[1] = {m2}), is copied to the cache line ¢; of
the leaving cache state acs’ i.e., acs’[1] = {m2} = acs[1]. Similarly, block b has no instructions
mapped to cache lines ¢y and c3, resulting in acs’[2] = {m3} = cs[2] and acs’[3] = {m4, m8} =
acs[3]. Thus, given block b, with BI(b) = [mb,F,F,F| and a reaching cache state acs =
[{m1,m5}, {m2}, {m3},{m4, m8}], Tapsint (b, acs) = acs’ = [{mb}, {m2}, {m3}, {m4, m8}].

4.4 Fixed-point computation

Cache analysis starts by the computation of abstract reaching cache state for every block b € B.
The Absint approach [4] solves this problem using a fixed-point computation algorithm presented
in Algorithm 2.

In Algorithm 2, we first initialise the abstract reaching cache states for all blocks (lines 3
to 9, Algorithm 2). Since we assume that initially the state of the cache is empty, on line 5 for
the initial block by we set its reaching as arcs,, = {acst}. Here, the notation arcsy represents
the abstract reaching cache state of block b in iteration i. E.g., arcsio represents the reaching
cache states of block by for iteration 1. For the rest of the blocks, the execution of the CFG will
impact the state of the cache, the state of the cache is unknown. Thus, on line 7, we set their
reaching cache states as arcs} = {acs_ }.

After initialisation, we compute the abstract leaving cache states of each block, on lines 11
to 14. We apply the transfer function Ty, 4 to every block and its corresponding abstract reaching
cache states.

The iteration index (¢) is incremented (line 15) to signal the start of the next iteration. Next,
on lines 16 to 26, the abstract reaching cache states of each block are computed. For the initial
block by, we know that the abstract reaching cache state is always empty. Thus, on line 19, we
always set its reaching as arcséo = {acsT}. For rest of the blocks, on lines 22 to 24, the reaching
cache states are computed by looking at the leaving cache states of the predecessors (b') of the
block b and using the Absint join function.

The iterative process, repeat-until loop on lines 10 to 27, is repeated until a fixed point is
reached, i.e., if two consecutive iterations have the same sets of abstract reaching cache states
for all blocks (line 27).
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Algorithm 2 Fixed-point computation for the Absint approach
Input: A cache model CM = (I, C, CI, G, BI)
Output: arcs, for every block b € B.
i =1 {iteration counter}
: {Initialise the arcs of all blocks}
: for each be B do
if b = by then
arcst = acst
else
arcst = acs,
end if
end for

© PN DT W

10: repeat

11:  {Compute the set of leaving cache states for all blocks for iteration i}
12: foreachbe B do

13: alcsh = Tapsint (b, arcst)

14:  end for

15: ¢ =1+ 1; {Next iteration}
16:  {Compute arcs }
17: for eachbe B do

18: if b = by then

19: arcsy = acsT

20: else

21: ares;™ = [0, 0,...,0] {Empty vector}
22: for each alcsy/, where (V',b) € E do
23: a*rcsfrl = JAbsmt(a'rcsZH,alcsb/)
24: end for

25: end if

26: end for

27: until Vb € B, arcsj = arcs; ' {Termination condition}
28: return arcsy for allb € B

4.4.1 TIllustration of the fixed-point algorithm

We illustrate the fixed-point algorithm using the Figure 9. The CFG and the mapping of the
instructions to cache lines are presented in Figure 9(a) and Figure 9(b) respectively. Figure 9(c)
presents a table showing the abstract reaching and abstract leaving cache states for all blocks,
during each iteration of the algorithm.

We first initialise the abstract reaching cache states for all blocks (lines 3 to 9). For the CFG
in Figure 9(a), the initial block is by is B1. Since we assume that initially the state of the cache
is empty, we set arcsh; as acst = [{T},{T},{T},{T}. For the rest of the blocks, the state of

the cache is unknown. Thus, we set their reaching cache states as acs; = [{L},{L},...,{L}].
After initialisation, to compute the abstract leaving cache state of each block, we apply
the transfer function Tapsint (lines 11 to 14). For example, in iteration 1 (i = 1), alcsk,

= TAbsint(Bla aTCS}BI) = TAbsint(Bla [{T}a {T}a {T}7 {T}]) = [{ml}v {m2}a {m3}7 {m4}] For
block B2, which has one instruction m5 that is mapped to line ¢y, the leaving cache states
aleshy = Tyus(B2, [{L}, {L}, {L}, {L}]) = [{m5},{L}, {L},{L}]. Similarly, the leaving cache
states (column 4) for rest of the blocks are computed for iteration 1 as shown in Figure 9(c).
The iteration index (7) is incremented (line 15) to signal the start of the next iteration (i = 2).
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Cache | Instructions
line
Co ml,mb
c1 m2,m6
Co m3,m7
c3 m4,m8

(a) Control flow graph

(b) Instructions to cache line
mapping

May analysis
Ite. Block Abstract reaching cache Abstract leaving cache
(i) (b) states (arcs})) states (alcs’l‘))
T B1 T O LT {mi}, {m2}, {m3}, {ma}]
B2 (L} {1} {L}. {1} {m5},{L},{L}, {1}]
B3 {13 {1} {1 {1} {m1}, {1}, {1}, {1}
B4 {1} {0y {1 {1} {1}, {1}, {m3}, {m4}]
B5 {1} {L {1h {1} {1}, {m2}, {1}, {L}]
B6 {1} {L {1h {1} {L}, {m2}, {m3}, {m4}]
B7 {1} {0y {Lh {1} {L},{m6}. {m7}, {m8}]
B8 {1} {1} {1} {1} {L},{m6}, {m3}, {m4}]
BY {1} {1} {L}. {1} {1} {L}. {1}, {m8}]
2 B1 LT LTy {m1}, (m2}, (m3}, {m4}]
B2 {m1}, {m2}, {m3}, {m4, m8}] {m5}, {m2}, {m3}, {md4, ms}]
B3 {m5}, {1} {1}, {L}] {mi} {1}, {1}, {L}]
B4 {m1}, {1}, {1}, {1}] {m1}, {1}, {m3}, {m4}]
B5 {m1}, {L}, {m3}, {m4}] {m1}, {m2}, {m3}, {m4}]
B6 {m5}, {L},{L}, {L}] {m5}, {m2}, {m3}, {m4}]
B7 {m5}, {L}, {1}, {L}] {m5}, {m6}, {m7}, {m8}]
B8 {L}, {m2, m6}, {m3, m7}, {m4, m8}] {L}, {m6}, {m3}, {m4}]
B9 {L}, {m2, m6}, {m3}, {m4}] {L}, {m2, m6}, {m3}, {m8}]
3 B1 THLTL{TH{TT {miT, {m2}, {m3], {md}]
B2 {m1}, {m2, m6}, {m3}, {m4, m8}] {m5}, {m2, m6}, {m3}, {m4, m8}]
B3 {m5}, {m2}, {m3}, {m4, m8}] {m1}, {m2}, {m3}, {m4, m8}]
B4 {m1}, {L},{L}, {L}] {m1}, {L},{m3}, {m4}]
B5 {m1}, {L}, {m3}, {m4}] {m1}, {m2}, {m3}, {m4}]
B6 {m5}, {m2}, {m3}, {m4, m8}] {m5}, {m2}, {m3}, {m4}]
B7 {m5}, {m2}, {m3}, {m4, m8}] {m5}, {m6}, {m7}, {m8}]
B8 {m5}, {m2, m6}, {m3, m7}, {m4, m8}] {m5},{m6}, {m3}, {m4}]
B9 {m1}, {m2, m6}, {m3}, {ma}] {m1}, {m2, m6}, {m3}{m8}]
4 B1 {7 A{THA{TH{TH {m1}, {m2}, {m3}, {m4}]
B2 {m1}, {m2, m6}, {m3}, {m4, m8}] {m5}, {m2, m6}, {m3}, {m4, m8}]
B3 {m5}, {m2, m6}, {m3}, {m4, m8}] {m1}, {m2, m6}, {m3}, {m4, m8}]
B4 {m1}, {m2}, {m3}, {m4, m8}] {m1}, {m2}, {m3}, {m4}]
B5 {m1}, {m2}, {m3}, {m4, m8}] {m1}, {m2}, {m3}, {m4, m8}]
B6 {m5}, {m2, m6}, {m3}, {m4, m8}] {m5}, {m2}, {m3}, {m4}]
B7 {m5}, {m2, m6}, {m3}, {m4, m8}] {m5}, {m6}, {m7}, {m8}]
B8 {m5}, {m2, m6}, {m3, m7}, {m4, m8}] {m5}, {m6}, {m3}, {m4a}]
B9 {m1l, m5}, {m2, m6}, {m3}, {m4}] {m1l, m5}, {m2, m6}, {m3}, {m8}]
5 B1 {T7HA{THA{TH{TH {m1}, {m2}, {m3}, {m4}]
B2 {m1, m5}, {m2, m6}, {m3}, {m4, m8}] {m5}, {m2, m6}, {m3}, {m4, m8}]
B3 {m5}, {m2, m6}, {m3}, {m4, m8} {m1}, {m2, m6}, {m3}, {m4, m8}]
B4 {m1}, {m2, m6}, {m3}, {m4, m8} {m1}, {m2, m6}, {m3}, {m4}]
B5 {m1}, {m2, m6}, {m3}, {m4, ms} {m1}, {m2}, {m3}, {m4, m8}]
B6 {m5}, {m2, m6}, {m3}, {m4, m8} {m5}, {m2}, {m3}, {m4}]
B7 {m5}, {m2, m6}, {m3}, {m4, ms} {m5}, {m6}, {m7}, {m8}]
B8 {m5}, {m2, m6}, {m3, m7}, {m4, m8}] {m5}, {m6}, {m3}, {ma}]
B9 {m1, m5}, {m2, m6}, {m3}, {m4, m8}] {m1, m5}, {m2, m6}, {m3}, {m8}]
6 Bl {THATHATHATH
B2 {m1,m5}, {m2, m6}, {m3}, {m4, m8}]
B3 {m5}, {m2, m6}, {m3}, {m4, m8}
B4 {m1}, {m2, m6}, {m3}, {m4, m8}
B5 {m1}, {m2, m6}, {m3}, {m4, m8}
B6 {m5}, {m2, m6}, {m3}, {m4, m8}
B7 {m5}, {m2, m6}, {m3}, {m4, m8}
B8 {m5}, {m2, m6}, {m3, m7}, {m4, m8}]
B9 {m1, m5}, {m2, m6}, {m3}, {m4, m8}]

Figure 9: Computing all possible abstract reaching cache states using the Absint approach.

(¢) Reaching and leaving cache states
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Next, the abstract reaching cache states of each block,for iteration ¢ = 2, are computed (lines 16
to 26). For the initial block B1, we know that the abstract reaching cache state is always acs.
Thus, on line 19, we always set its abstract reaching cache state as RC'S%, = {cst}. For rest of
the blocks, on lines 22 to 24, the reaching cache states are computed by looking at the abstract
leaving cache states of the predecessors (b') of the block b and using the Absint join function. E.g.,
the predecessors of B2 are Bl and B9, i/ € {B1, B9}, and from the previous iteration (i = 1)
the alcsh, = [{m1},{m2},{m3},{m4}] and alcshy = [{L},{L},{L},{m8}]. The process for
computing arcs%, is as follows.

1. Initialise arcs%, = [0,0,...,0] (line 21).

2. Using the Absint join function we process the alcs of each predecessor block (B1, B9), on
lines 22 to 24, on at a time (in no particular order). For illustration we will first analyse
alesk, followed by aleskg as follows.

arcshy = Juoa(arcsyy, alesky)
= Juoa([0,0,....0], {m1}, {m2}, {m3}, {m4}])
= {{m1}, {m2}, {m3}, {m4}]}
arcsy, = Juoalarcsy,y, alesh,)
= Juoa([{m1}, {m2}, {m3}, {m4}], [{ L}, {L},{L}, {m8}])
= {[{m1},{m2}, {m3}, {m4, m8}]}

The iterative process, repeat-until loop on lines 10 to 27, is repeated until a fixed point is
reached, i.e., if two consecutive iterations have a same set of abstract reaching cache state for all
blocks (line 27). For our example, it happens in the 6" iteration, where the same set of abstract
reaching cache states are computed for all blocks. As a result, the reaching cache states of the
6" iteration represents all the possible abstract reaching cache states of the program. Note that
while the NUS approach reached a fixed point after 9 iterations, the Absint approach achieved
a fixed point after 6 iterations, when applied over the same example.

Also, note that during the first iteration, we assumed the reaching cache states for blocks B2
to B9 as unknown ([{L},{L},...,{L}]), but when we reach the fixed-point, all the unknown
cache states are resolved.

Thus, we have presented how to computes all possible abstract reaching cache states arcs for
every block in a given cache model. However, to solve the first sub problem (Definition 6) which
involves the computation all the possible reaching cache states (RCS) for every basic block in
the given cache model, we need to translate the arcs in to corresponding RC'S.

4.4.2 Mapping an abstract cache state to cache states

An abstract cache state (acs) contains the possible set of instructions that can be present in the
line ¢; (acs[i]). If we simply compute the cross product of these sets, we can compute the set
of all cache states. For example, given the arcs = [{mb}, {m2,m6}, {m3, m7}, {m8}], the cross
product is,

{[m5, m2, m3, m8], [m5, m2, m7, m8|, [m5, m6, m3, m8|, [m5, m6, m7, m8]}
Using Definition 13, we define the function that describes the above mapping.

Definition 13 (Abstract cache state to cache states mapping). We define a mapping function
MAPapsint - ACS — 295 where, for a given abstract reaching cache states acs € ACS is,

MAPapsint(acs) = acs[0] x acs[1] x ... X acs|[N — 1]
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For example, given an arcs = [{mb}, {m2,m6}, {m3,m7}, {m8}], then

M APppsint(arcs) = arcs|0] x arcs[1] x arcs[2] x arcs[3]
={mb5} x {m2,m6} x {m3,m7} x {m8}
= {[mb, m2, m3, m8|, [m5, m2, m7, m8], [m5, m6, m3, m8|, [m5, m6, m7, m8|}

By mapping an abstract cache sate to a set of cache states, we have solved the first sub
problem (Definition 6) which involves the computation all the possible reaching cache states
(RCS) for every basic block in the given cache model.

4.5 Calculating cache misses

The second sub problem of cache analysis (Definition 6) involves the computation of the number
of cache misses for the best case and the worst case of every basic block. We present two solutions
to this problem.

First, after translating arcs (computed using Algorithm 2) into RC'S (as described in Defi-
nition 13), using the functions wme and bmce (presented in Definitions 4 and Definition 5), the
number of cache misses in the worst and the best case can be computed.

Second, the number of cache misses could be computed by directly analysing the abstract
cache state arcs. An abstract cache state arcs describes the possible combination of instructions
in the cache at some instance in time. arcs[i] describes the possible instructions that can be
present on the cache line ¢;. For example, consider the abstract reaching cache state arcs =
[{m5}, {m2,m6}, {m3,m7},{m8}]. For the cache line ¢, arcs[1] = {m2, m6} describes that the
cache either contains the instruction m2 or m6. BI(b)[i] represents the instruction that block
b executes cache line ¢;. E.g., consider the block B8 with BI(B8) = [F,m6,m3,m4]. Then,
BI(B8)[1] = m6 describes that block B8 needs the instruction m6 on the cache line ¢;. We now
describe how to compute the number of cache misses for the worst case and the best case.

Worst case analysis: A cache miss can occur on cache line ¢;, if b has an instruction (BI(b)[i] #
F), and BI(b)[i] is not the only instruction contained in the abstract reaching cache state
on cache line ¢; ({BI(D)[i]} # arcs[i]). For the above example, the block B8 executes the
instruction m6 on cache line cl, whereas the cache may contain either m2 or m6. Hence,
for a cache line ¢, in the worst case, we have a cache miss ({BI(B8)[1]} = {m6} #
{m2,m6} = arcs[1]).

Best case analysis: A cache miss can occur on cache line ¢;, if b has an instruction (BI(b)[i] #
F), and BI(b)[i] is not present in the abstract reaching cache state on cache line ¢;
(BI(b)[i] & ares[i]). For the above example, the block B8 executes the instruction m4
on cache line ¢8, whereas the cache contains only m8. Hence, for a cache line c3, in the
best case, we have a cache miss (BI(B8)[3] = m4 & {m8} = arcs[3]).

Using Definitions 14 and 15, we define the functions that compute the number of cache misses
for the worst and the best case for a block directly from an abstract (reaching) cache state.

Definition 14 (Absint worst miss count). We define the Absint worst miss count function
WMCApsint : B x ACS — NO where, for a given block b € B, an abstract cache state acs € AC'S
18,

N-1
WMC Apsint (b, acs) = E WMISS;
=0
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where,

wWMss; =

{ 1 :if BI(b)[i] # F and {BI(b)[i]} # acs]i]

0 :otherwise

Definition 15 (Absint best miss count). We define the Absint best miss count function bmcapsing :
B x ACS — N° where, for a given block b € B and an abstract cache state acs € ACS is,

N—1
bmcapsint (b, acs) = E bmiss;
=0

where,
wimisss — { 1 :if BI(b)[i] # F and BI(b)[i] & acs]i]
¢ 0 :otherwise

Illustration
Given a acs = [{mb}, {m2,m6}, {m3,m7},{m8}] and BI(B8) = [F,m6,m3, m4], using Fig-

ci o c1 Co c3
acs = [{mb} {m2,m6} {m3,m7} {m8}]
BI(B8) = [ F mb m3 m4]
wWMIss; = 0 1 1 1 = 3 = wmcapsint (B8, acs)
bmiss; = 0 0 0 1 = 1 = bmcapsint (B8, acs)

Figure 10: Illustration of the functions wmcapsin: and bmcapsint

ure 10 we now illustrate the functions wmecapsine and bmeapsing-

During a worst case analysis, for cache line ¢y, we do not have a cache miss, wmissy = 0,
because the block B8 does not have any instruction mapped to ¢y (BI(B8)[0] = F). For cache
line ¢1, we have a cache miss, wmissy; = 1, because the block needs to execute m6 and it is not the
only possible instruction in the cache ({BI(B8)[1]} = {m6} # {m2,m6} = acs[1]). Similarly,
wmissy = 0, because m3 is not the only possible instruction in the cache ({BI(B8)[2]} = {m3} #
{m3,m7} = acs[2]). Finally, for the cache line c3, we have a cache miss, wmisss = 1, because the
block needs to execute m4, while the cache contains m8 ({ BI(B8)[3]} = {m4} # {m8} = acs[3)).
Thus, for the four cache lines, in the worst case, we get three misses (wmcapsint(B8,acs) =
0+1+1+1=3).

During a best case analysis, for cache line ¢y, we do not have a cache miss, bmissg = 0, because
the block B8 does not have any instruction mapped to ¢y (BI(B8)[0] = F). For cache line ¢;, we
have a possible cache hit, wmiss; = 1, because the block needs to execute m6 and it is present
in the set of possible instruction in the cache ({BI(B8)[1]} = {m6} € {m2,m6} = acs[l]).
Similarly, for the cache line ¢;, we have a possible cache hit wmisse = 1, because m3 is present in
the set of possible instruction in the cache ({ BI(B8)[2]} = {m3} € {m3, m7} = acs[2]). Finally,
for the cache line c3, we have a cache miss, wmisss = 1, because the block needs to execute m4
and the instruction is not in the cache ({BI(BS8)[3]} = {m4} & {m8} = acs[3]). Thus, for the
four cache lines, in the best case, we get three misses (bmcapsint(B8,acs) =04+0+0+1=1).
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In summary, we have solved the first sub problem of cache analysis (Definition 6) using the
fixed-point computation (Algorithm 2) and the abstract cache state to cache states mapping
function (Definition 13). For the second sub problem (Definition 6), we define two solutions
(directly over ares, or indirectly by mapping to C.S) to compute the number of cache misses for
the worst and the best case.

5 Comparison between NUS and Absint approaches

In this section, using Table 4, we present a comparison between the NUS and the Absint ap-
proaches. For the example (presented in Figure 2), column 2 presents the number of iterations
required for reaching the fixed point computation. Column 3 presents the reaching cache states
for block B8 computed during the NUS approach, and the abstract reaching cache states for
block B8 computed during the Absint approach. Finally, the number of cache misses in the
worst case and the best case are presented in columns 5 and 6 respectively. Approaches for
solving the cache analysis problem may be compared on the basis of precision and the analysis
time.

Approach | Ite. RCSpBs/arcsps Worst case | Best case
NUS 9 [m5, m2, m3, m4| 2 1

[mb5, m6, m7, m8]
Absint 6 [{m5}, {m2,m6},{m3, m7}, {m4, m8}] 3 0

Table 4: Comparing the precision between the NUS and the Absint approaches.

Precision
The NUS approach is more precise than the Absint approach, for both the worst case
(2 < 3) and the best case (1 > 0) analysis.

Analysis time: The NUS approach is slower than the Absint approach. It takes 9 iterations to
reach the fixed point, while the Absint approach takes only 6 iterations.

In general, Precision and Analysis time are complementary opposite to each other, i.e., If
an approach yields high precision it is most likely will have high analysis time, and vice versa.
The Absint approach, abstracts the relation between the cache lines during the join function
(Definition 11), by doing a pair-wise union over elements of abstract reaching cache states. This,
reduces the precision of the analysis. In contrast, the NUS approach during the join function
(Definition 7), accumulates all cache states and does not lose any precision, but is much slower
than the Absint approach.

In general, due to the scalability, the Absint approach is more practical and adopted by
industry for successfully analysing large programs. However, some applications could significantly
gain from more precise analysis. We present this idea in Figure 11. The ideal cache analysis
approach should be as closer to the desired region as possible. Using this as a objective, in
Section 6 we present our new cache analysis approach.

In Table 5 we present a summary of the symbols and the definitions that are presented in
this section.
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Figure 11: NUS and Absint approaches on precision vs analysis time.

Symbol/ Defi- | Description Example
nition
Jyus @ 299 x | NUS join function CS; = {[mb,m2,m3,md]} and CSy; =
205 5 9¢S {[m5, m6, m7,m8|}, JInvus(CSi,CSs)
{[m5, m2, m3, m4], [m5, m6, m7, m8|}
Tyus : B x | NUS transfer function | csy = [mb,m2,m3,md],  csa =
205 5 208 [m5, m6,m7,m8], RCSps = {cs1,cs2},
Tnus (B8, {cs1,cs2}) = {[mb5, m6, m3, m4]}
acs Abstract cache state [{m1}, {m2}, {m3}, {m4d}]
arcsy Abstract reaching | In Figure 7, arcspa =
cache state of block b | [{m1}, {m2},{m3}, {m4}]
alcsy, Abstract leaving cache | In Figure 7, alcspo =
state of block b [{mb}, {m2}, {m3}, {m4}]
Japsint + ACS x | Absint join function acsy = [{L}, {m2}, {m3},{L}],
ACS — ACS acss = [{mb}, {m6}, {mT7}, {J_}]
then, JAbsint(acs1, acss)
[{mS5}, {m2, m6}, {m3, m7}, { L]
T avsint B x | Absint transfer func- | BI(b) = [mb, F,F,F|, acs =
ACS — ACS tion [{m1}, {m2}, {m3}, {m4}], Tapsint(b,acs) =
acs’ = [{mb}, {m2}, {m3}, {m4}]
M AP ppsingt Abstract cache state to | acs = [{mb},{m2,m6}, {m3,mT7}, {m8}]
ACS — 2¢5 cache states mapping then M AP ppsint(acs)
{[m5, m2, m3, m8|, [m5, m2, m7, m8|,
[m5, m6, m3, m8J, [mb, m6, m7, m8|}
WMCApsint : B X | Absint  worst miss | acs = [{m5},{m2,m6}, {m3,m7}, {m8}]
ACS — NO count and BI(B8) = [F,m6,m3,m4] then,
wWMCapsint(B8,acs) =04+1+14+1=3
bmcapsint : B X | Absint best miss count | acs = [{m5},{m2,m6}, {m3,m7}, {m8}]
ACS — NO and BI(B8) = [F,m6,m3,m4] then,

bmcapsint(B8,acs) =0+04+0+1=1

Table 5: Some of the symbols and the definitions presented in this section.
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6 Proposed approach

6.1 Overview

The NUS approach (see Section 3) and the Absint approach (see Section 4) solve the cache
analysis problem (Definition 6) by analysing all basic blocks in a single fixed point computation.
However, if we analyse only one block (called the reference block) at a time, we can ignore
blocks that execute instructions which do not affect the precision (number of cache hits/misses)
of the reference block. Secondly, we can abstract the instructions in the cache state w.r.t. the
instructions executed by the reference block. This may significantly reduce the number of possible
cache states, and may reduce the number of iterations required during cache analysis, resulting
in faster analysis time compared to the NUS approach. These are the basis of our proposed
approach. Importantly, our abstraction is unlike the Absint approach, and the precision is the
same as the NUS approach. Our intuition for analysing each block individually is based on the
following two observations.

Observation 1 : A reference block br.y may not refer to all the cache lines during its exe-
cution. The unrefereed cache lines, can be ignored during the analysis of b,.f. Further,
we can remove vacuous blocks from the graph, if all their instruction(s) are mapped to
the unrefereed cache lines (w.r.t by.s). For example, given BI(B8) = [F,m6, m3, m4],
BI(B1) = [ml,m2,m3,m4] and BI(B2) = [m5, F,F, F|, during the analysis of block B8
(brey = B8), we observe that B8 does not execute any instruction on the cache line ¢
(BI(B8)[0] = F). Thus, we can ignore the instructions m1 and m5 that are executed by
blocks B1 and B2. This leaves block B2 with its only instruction being mapped to the
unrefereed cache line ¢y. Hence, B2 is vacuous, and can be removed from the graph. By
reducing the number of cache lines to be analysed, and by removing vacuous blocks, we
can perform more efficient (faster) analysis of a block.

Observation 2 : For a cache line ¢;, a reference block byey can experience a cache hit (or miss)
only when the instruction executed by byes is the same (or different) as the instruction in
the reaching cache state. During the analysis of block b,.f, all instructions that can be
executed on cache line ¢; (for every block b in the CFG) can be abstracted as same (0) when
BI(b)[i| = BI(byef)[i], or different (1) when BI(b)[i] # BI(bycf)[i], or as no instruction
(F) when there is no instruction on ¢; in b (BI(b)[i] = F), or as not of interest (x) when
there is no instruction on ¢; in byey (BI(breyr)[i] = F).

For example, given BI(B8) = [F, m6, m3, m4] and BI(B1) = [m1,m2,m3,F|, during the
analysis of block B8 (reference block = B8 =b,.s), the instructions in block Bl can be
abstracted as the vector [x,1,0,F], and is computed as follows:

1. The first element of the vector is x because the instruction is mot of interest as the
reference block does not have any instruction on cache line ¢o (BI(B8)[0] = F).

2. The second element of the vector is 1. This captures that for cache lines ¢; the
instruction in B1 is different to the instruction in B8 (BI(B1)[l] = m2 # m6 =
BI(B38)[1]).

3. The third element of the vector is 0. This captures that for cache lines ¢ the instruc-
tion in B1 is same as the instructions in B8 (BI(B8)[2] = m3 = BI(B1)[2]).

4. Finally, the fourth element of the vector is F. This captures that for cache lines c3
there is no instruction in Bl (BI(B1)[3] = F).

Inria



Precise Modelling of Instruction Cache Behaviour 31

This abstraction reduces the number of instructions (|I]) in the CFG to just four values
(x,7F,0,1), which reduces the memory foot print and could reduces the analysis time. We
refer to these four abstract instructions as relative instructions and the instructions (I) as
concrete instructions.

An overview of the proposed approach is presented using Algorithm 3. In our approach, as ex-
plained earlier, we analyse each block individually. This is described using the for-loop on lines 1
to 8. For each reference block b,..¢ in B, on line 2, we first reduce the CFG and compute relative
instructions w.r.t the reference block (using Algorithm 44, explained later in Section 6.2). Due
to the relative instructions, cache states also needs to be represented using relative instructions
(explained later in Section 6.5). On line 3, using a fixed point computation, we compute all the
possible reaching relative cache states of the reference block (using Algorithm 5, explained later
in Section 6.5). Finally, on line 6 to 7, the number of cache misses in the worst/best case are
computed (using Definitions 21 and 22, explained later in Section 6.5).

Algorithm 3 Overview of the proposed approach
Input: A cache model CM = (I, C, CI, G, BI).
Output: Compute the worst/best miss count (wmc/bmce) for all basic blocks in B.
1: for each b,y € B do
(G", B") = Reduce(CM,b,c.r) {Reduced graph and relative instructions (Section 6.2)}
RCS = FPyoa(CM,G", BI") {Compute reaching relative cache states (Section 6.5)}
wme = wmcuoa(RCSy, j) {Cache miss in the worst case (Section 6.6)}
bmce = bmcyoa(RCSy, ) {Cache miss in the best case (Section 6.6)}
P(byey) = (wme,bme) {Solution for the second sub problem (Definition 6)}
7: end for
8: return P(b) (wmc, bmc) for all basic blocks b in B

We now present each of the algorithms and definition in detail.

6.2 Reducing the CFG and abstracting the instructions

We now formalise Observations 1 and 2 using Algorithm 4. Given a cache model CM =
(I, C, CI, G, BI) and the reference block b,.y € B, the objective of the algorithm is: (1)
to compute a new reduced graph G = (B",b;nit, E”) which contains only these blocks that
are relevant for the analysis of block b, (described in Observation 1) and, (2) to compute the
function BI" which describes the relative instructions executed by the blocks in B" w.r.t b,c¢,
referred as the relative instruction mapping function. The algorithm contains the following three
steps.

Step 1: Initialise (lines 2 to 4). On line 2, we initialise G" to have the same content as G,
i.e., same set of blocks (B" = B), initial block (bin;t), edges (E™ = E). On lines 3 to 4,
we initialise the function BI" such that it does not contain any relative instructions for
any block. For the example CFG (presented in Figure 2(a)), the graph G” is presented in
Figure 12(a).

Step 2: Relative instruction mapping (lines 7 to 22) Based on Observation 2,
given a reference block b,y € B and a cache line ¢;, the instruction of any blocks b; € B”
can be expressed as different (1) when BI(by)[i| # BI(byes)[t] (checked on line 12), or
same (0) when BI(b1)[i] = BI(bres)[i] (checked on line 15), or no instruction (F) when
there is no instruction in by on cache line ¢;, BI(b1)[i] = F (checked on line 18), or not of
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interest (x) when there is no instruction in b,y on cache line ¢;, BI(byey)[i] = F (checked
on line 9). This relation is captured using the relative instruction mapping BI"(b;).

For example, given BI(b,.f) = [F,m6, m3,m4] and BI(bl) = [ml,m2, m3, m4], we illus-
trate the relative instruction mapping function BI" using Figure 13,

o For cache line ¢y, BI"(b1)[0] = x because, the reference block b,.; does not have an
instruction (BI(bref)[0] = F).

o For cache line ¢;, BI"(b1)[1] = 1 because, the reference block b,.s has an instruction
m6 which is different to the instruction m2 of the basic block by (BI(bcr)[1] = m6 #
m2 = BI(b1)[1]).

o For cache line cp, BI"(b1)[2] = 0 because, the reference block by s has the instruction
m3 which is the same as the instruction in the basic block by (BI(brer)[2] = m3 =
BI(b1)[2]).

e For cache line c3, BI"(b1)[3] = F because, the basic block b; does not have an in-
struction (BI(b1)[3] = F).

For the graph G" in Figure 12(a), the relative mapping (w.r.t B8) for every block is shown
in Figure 12(b). Note that for all blocks b in B", if the reference block (by.s) does not
have an instruction on cache line ¢; (BI(byey)[i] = F), then for cache line ¢;, the relative
instruction for all blocks is x (BI"(b)[i] = x). This shows that during the analysis of by,
the cache line ¢; is not considered. For example, in Figure 12(b), the reference block B8
does not have an instruction on cache line ¢y (BI(B8)[0] = F). Thus, for cache line ¢y, the
relative instruction for all blocks is x (BI"(b)[i] = x).

Step 3: Remove vacuous blocks and update edges (lines 24 to 44) Based on
Observation 1, we can remove vacuous blocks which do not affect the precision of the
reference block b,.¢. We define a block b; € B" to be vacuous, if BI"(b1) € ({x,F}H".
This check is done on line 25. It is possible for the initial block (b;n:t) to be vacuous.
However, if the initial block has more than one successors, removing the initial block may
result in multiple initial blocks. Thus, to simplify the analysis, we do not remove the initial
block even when it is vacuous (line 25).

If a block by is vacuous, we first compute the predecessors (line 27) and the successors
(line 28) of by. Secondly, we remove the incoming edges to b; from each predecessor block
(on lines 30 to 32) and, we remove the outgoing edges from b; to each successor block (on
lines 33 to 35). Thirdly, we create a transition from each predecessor to each successor of
b1. This is achieved using the nested loop on lines 37 to 41. Finally, on line 42, the vacuous
block by is removed.

For the graph shown in Figure 12(b), blocks B2 and B3 do not contain any relative in-
structions (BI"(B2) = [x,F,F,F| and BI"(B3) == [x,F, F, FJ, thus, they are removed
for the graph and the updated graph G” is presented in Figure 12(c). This is the reduced
graph G™ (w.r.t to byey = B8).

So far, we have presented how to reduce the graph size (Reduce(CM,byer) = (G7,BI")),
and compute the relative instruction mapping function BI". Due to the relative instructions,
cache states also needs to be represented using relative instructions. The next step describes the
behaviour of the cache.
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Algorithm 4 Reduce: Reduce the CFG and abstract instructions.

Input: Cache model CM = (I, C, CI, G, BI) and a reference block b,.s € B.
Output: G™ = (B",binit, E™) and BI" : B" — ({x, ¥, 1,0V

1: {Step 1: Initialise}

2: B" =B, E"=E, G" = (B",binit, E”) {Copy all blocks and edges}

3: for each by € B” do

4:  BI"(b1) = 0 {Initialise the vector BI"(b1)}
5: end for
6
7
8

: {Step 2: Relative instruction mapping}
: for each b; € B" do
for each ¢; € C do

9: if (BI(bres)[i] = F){not of interest} then
10: BI"(by)[i] = X
11: end if
12: if (BI(breys)[i] # BI(b1)[i]) {different instruction} then
13: BI"(b1)[i] =1
14: end if
15: if (BI(bey)[i] = BI(b1)[i]){same instruction} then
16: BI"(b1)[i] = 0
17: end if
18: if (BI(b1)[i] = F){no instruction} then
19: BI™(b1)[i] = F
20: end if
21: end for
22: end for

23: {Step 3: Remove vacuous blocks and update edges}
24: for each b1 € B" do
25: if (BI(b1) € ({x,F})™) A (b1 # binst) {check for all vacuous blocks, excluding initial block} then

26: {Compute predecessors and successors of by }
27: Preds = {b2|ba — b1 € E"}

28: Suce = {bz‘bl — by € ET}

29: {Remove incoming and outgoing edges of b1}
30: for each by € Preds do

31: E" =E"\ {by — b\ }

32: end for

33: for each by € Succ do

34: E" = E"\ {bs = b\ }

35: end for

36: {Add new edge from each predecessor to each successor }
37 for each b, € Preds do

38: for each b}, € Succ do

39: E" = E" U {b), — bi}

40: end for

41: end for

42: B" = B" \ {b1} {Remove block b1}

43: end if

44: end for
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Figure 12: Illustration of Algorithm 4 with b,.; = BS.
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C; Co c1 C2 C3
BIb)  —  fm w2 w3
BI(bey) = [ F+ m6\ m3\ m4m
BI'(b) — «d 14 od  F

Figure 13: Illustration of the function BI"(b)

6.3 Relative cache states

We describe the state of a cache using the notion of relative cache states. A relative cache state
is described as a vector [inst],inst], ... instly_,], where each element inst] is described w.r.t
the instruction (BI(bcf)[i]) in the block b,.s. For a cache line ¢; € C:

e inst] = 1represents that the instruction in the cache is different to the instruction executed
in the reference block bycs. E.g., BI(brer)[i] = ml and inst] = 1 represents that the
instruction on the cache is not ml.

e inst] = 0 represents that the instruction in the cache is same as the instruction executed
in the reference block bycs. E.g., BI(bres)[i] = ml and inst] = 0 represents that the
instruction on the cache is m1.

e inst; = T represents that the cache does not contain any instruction i.e., it is empty.
e inst; = 1 represents that the cache has an unknown instruction.

e inst] = x represents that the instruction on this cache line is not of interest during the
analysis of by.q.

Definition 16 (Relative cache state). Given a reference block by, a relative cache state cs” €
({1,0, T, L, x PN, is a vector [inst}, insty, ... insty_,], where each element instt € {1,0, T, L,
x}. Also, the set of all possible relative cache states (w.r.t byes) is denoted as CS”.

Before we illustrate relative cache states, we introduce two key terms essential to cache
analysis. For any basic block b, the reaching relative cache states represent the set of relative
cache states prior to the execution of a basic block and the relative leaving cache states represent
the set of cache states after the execution of the basic block. We denote the reaching relative
cache states of a basic block b as RC'S] and the relative leaving cache states of a basic block b
as LCSy.

Illustration

A fragment of the reduced graph (Figure 12(c)) is presented in Figure 14. Using this graph
we illustrate relative reaching and leaving cache states of a block. Given the reference block
bref = B8 with BI(byey) = [F,m6, m3, m4] and the relative instruction mapping of each block
(described by the function BI"), we illustrate the relative cache state as we start executing the
initial block B1. Initially, the cache is empty and the reference block does not have an instruction
on cache line ¢y (BI"(brer)[0] = F). Thus the instruction on cache line ¢q is not of interest (x)
resulting in the initial cache state of [x, T, T, T], denoted as c¢s. Note this initial cache state
is unlike the NUS approach, where the initial state is represented using the vector [T, T, T, T].
In our approach, given the reference block b,.; (in this case b..; = B8), we are only interested
in the cache line ¢1, ¢z, c3. Thus, we ignore the cache state w.r.t cache line ¢y, as it does not
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Figure 14: Illustration of the relative cache states.

affect the precision of the reference block. Also, by ignoring cg, allows for a memory efficient
implementation. In this case, the relative cache state can be represented using a vector with
only three elements, instead of four elements, saving 25% of memory.

After execution of block B1, where the relative instructions are described by BI"(B1) =
[x,1,0,0], cache lines ¢, ca, cs will contain relative instructions 1, 0, 0. Hence after B1 exe-

cutes, the relative cache state cs” = [x,1,0,0]. Here, ¢s"[0] = X represents the instruction on
cache line ¢y is not of interest. ¢s"[1] = 1 represents that the instruction in the cache is not
m6, because BI(by.f)[1l] = m6. ¢s"[2] = O represents that the instruction in the cache is m3,

because BI(bres)[2] = m3. Similarly, ¢s"[3] = 0 represents the instruction in the cache is m4
(BI(bref)[S} = m4)

The relative cache state cs’ is the state of the cache prior to the execution of the basic block
Bl. Thus, RCS%, = {[x,T,T,T]} is the set of reaching relative cache states of block B1.
Similarly, LCS%, = {[x,1,0,0]} is the set of relative leaving cache states of block B1.

Now, the control reaches a branch due to which, it is possible to execute either block B6 or
block B7. In this case, RCSys = LCSE, = RCSY,. After executing blocks B6 (or BT), the
state of the cache is [x,1,0,0] (or [x,0,1,1]).

Block B8 has two incoming edges: from blocks B6 and B7. To compute RCSpg, we need to
join LCSp, and LC'S%,. In this case, the join function is a union over the set of relative cache
states. Thus, RCShg = LCSEe U LCSY,, resulting in RC S = {[%,0,1,1],[x,1,0,0]}.

The UoA join function is different to a simple union operator, due to its handling of unknown
instructions (L). During the computation of the reaching relative cache states of a block b, we
may need to join two leaving relative cache states that may contain unknown (L) instructions
for some cache lines. E.g., LCS] = {cs7} where csf = [1, L, L, 1] and LCSE = {csh} where
esh =1[1,L,0,1]. In this case, given two relative cache states cs] and cs}, the cache state cs] is
subsumed by the cache state cs}, if for all cache lines (¢; € C), when the relative instruction in
csh is same as the instruction in es] (esh[i] = csi[i]) or, the relative instruction in ¢s] is unknown
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(csi[i] = L). In this case, we can remove cs], as it does not contain any extra information
compared to csh.

For example, let RCS; = LCST U LCS; which contains two relative cache states cs] =
[1,1,1,1] and esy = [1,1,0, L]. Since es? is subsumed by cs}, we can reduce the reaching
relative cache states of b to RC'S, = {[1,L,0, L]}. This idea of subsumed relative cache states
is further explained during the fixed point computation.

Intuitively, when joining two sets of reaching relative cache states, the join function retains
only those relative cache states that can not be subsumed. The join function for our approach
is defined in Definition 17.

Definition 17 (UoA join function). The UoA join function Jyoa : 2657 x 265" — 265" where
for any two sets of relative cache states CST € 265" and OS5 € 2¢5",

Juoa(CST,CS5) =CSTUCS; \ {es] € (CSTUCS;)|Fesy, € (CSTUCSE) A Suoalest,esy)}

where, Syoa : CS™ x CS™ — {true, false} where, for any csy,csh € CS”,

s oo | true  if Vi€ [0,N —1],cs5[i] = csi[i] or es] =L
Svoalest, esp) = { false : otherwise
csy cs) Svoa(csy,csh)

[x,1, L, 1] | [x,1,L,0] | true
[x,1,1,0] | [x,1,L, 1] | false

Table 6: Illustrate the subsumed function Sy,a

CST CS: CS;UCS; Juoa(CST, CSY)

<1, L. 1], x.1, L0, <1, L1, x.1, 1,0,

[x,1,1,1]} [x,1,1,1]} [x,1,1,0], (x,1,1,1]}
[x<,1,1,1]}

Table 7: Tllustrate the join function Jy,4

Using Table 6, we first illustrate the UoA subsumed function (Sy,4). In the first row,
given two relative cache states cs] = [x,1,L, L] and c¢sf = [x,1, L,0], Syoa(csy,csh) = true.
This shows the case when cs] is subsumed by cs5. In the second row, given two cache states
est =[x,1,1,0] and esh =[x, 1, L, 1], Syoa(csy,csh) = false. This shows the case when cs] is
not subsumed by cs5.

Using Table 7, we illustrate the UoA join function. Given two sets of relative cache states
ST ={[x,1,L,1], [x,1,1,1]} and CS5 = {[x, 1, L,0], [x,1,1,1]}, CSTUCS5 = {[x, 1, L, 1],
[x,1,1,0], [x,1,1,1]}. As illustrated in first row of Table 6, relative cache state [x,1, L, 1] is
subsumed by [x, 1, L,0]. Thus, Jy,a(CS],CS5) ={[x,1,L,0], [x,1,1,1]}.

6.4 UoA transfer function

The UoA transfer function describes how a reaching relative cache state cs} = [inst},insti, ...,
insth _,] of a basic block is transformed into a relative leaving cache state csh = [inst3, inst?,.. .,
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inst3_,], after executing the relative instructions in the basic block b with BI"(b) = [inst}, inst?,

, inst%_,]. The transformation can be described using the following four cases:

(1) If a block b does not have an instruction mapped to a cache line ¢; (inst? = F), or (2) a
cache line ¢; is not of interest (inst? = x) then after execution of the block, the contents of the
cache corresponding to that cache line remains unchanged (inst? = inst}). (3) If a block b has
the same (inst? = 0), or (4) different (inst? = 1) relative instruction, then after execution of the
block, the content of the relative leaving cache is changed to the relative instruction executed by
the block (csh[i] = inst?]).

For example, given a reaching relative cache State est =[x,1,1,1] of block b, with BI"(b) =
[x,F,0,0], the relative leaving cache state cs, =[x, 1,0,0]. Here, for cache line ¢( the instruction
in block b is not of interest (BI"(b)[0] = x). Thus, the state of the cache is unchanged (cs5[0] =
x = ¢s7[0]). For cache line ¢; the block b does not have a relative instruction (BI"(b)[0] = F).
Hence, the state of the cache is also unchanged (csh[1] = 0 = ¢s7[1]). In contrast, for cache lines
¢z and cg, block b has relative instructions (BI"(b)[2] = 0 and BI"(b)[3] = 0). Thus, the state of
the cache is updated (cs5[2] = 0 = BI"(b)[2] and ¢s5[3] = 0 = BI"(b)[3]).

We now define the transfer function using Definition 18.

Definition 18 (UoA transfer function). The UoA transfer function Ty,a : B x CS™ — CS”
where, for a given basic block b € B and a relative cache state cs] € CS™,

Tuoa(b,cst) = esh

where for all cache lines ¢; € C where i € [0, N — 1],

cifi = { BOOH < 4 (B0 =0V (5r0f = b
2 st i] . otherwise
Illustration
Co C1 C2 C3
cs] = 1 0 1 0]
BI(h) - [ﬂ 1, 0y :ﬂ
Tyoa(b,csy) =csy = 1 14 0od

Figure 15: Illustration of the UoA transfer function

Figure 15 illustrates the operation of the transfer function Ty,4. Given a block b, with
BI"(b) = [¥,1,0,F], and a reaching relative cache state ¢s} = [1,0,1,0], the relative leaving
cache state csh = Tyoa(b, cs7) is computed as follows:

For cache lines ¢y and cs, ¢s5[0] = ¢si[0] and es5[3] = es?[3] because the block b has no
instructions (BI"(b)[0] = F and BI"(b)[3] = F) mapped to the cache lines. Thus, the content
of the relative cache state is unchanged.

For the cache lines ¢; and ¢z, the relative instructions are 1 (BI"(b)[1]) and 0 (BI"(b)[2])
respectively. Thus, the relative leaving cache state contains 1 on cache line ¢; (esh[1] = BI"(b)[i])
and 0 on cache line ¢y (cs5[2] = BI"(b)[2]). Hence, given a block b, with BI"(b) = [F, 1,0, F]
and a reaching relative cache state cs] = [1,0, 1, 0], TUOA(b est) = esh =[1,1,0,0].

Given a reaching relative cache state of a basic block, the transfer function (Definition 18)
computes its leaving relative cache state. During cache analysis, a block may have a set of
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reaching relative cache states. E.g., in Figure 14, the block B8 has two reaching cache states,
RCSEg = {[%,0,1,1],[x,1,0,0]}. Thus, we extend the transfer function to compute a set of
relative leaving cache states for a given set of reaching relative cache states for any block.

Definition 19 (Extended UoA transfer function). We define the transfer function Tiroa @ B X
208" 5 208" where, for a given basic block b € B and a set of cache states CS] C 2€5",

Tuoa(b,CST) = CSy
where for all cache states csj € CST 1is,

|CSTl
CSy = U {Tvoa(b,csi)}

i=1

In Figure 14, block B8 has two reaching cache states (RC Sy = {cs], csh}) where cs] =
[%,0,1,1] and ¢sh = [x,1,0,0]. In this case, Ty,a (B8, {csT, cs5}) = {Tvoa (B8, csT) U {Tvoa(BS,
¢s5)}. In this example, Ty,a(B8, cs]) = [x,0,0,1] and also Ty,a(B8, csy) = [x,0,0,1]. Thus,
Tuoa(B8,{cs1,es2}) = {[x,0,0,1]} U {[x,0,0,1]} = {[x,0,0,1]}.

6.5 Computing all possible reaching relative cache states of the refer-
ence block

The first step for cache analysis involves the computation of all possible reaching relative cache
states of byef (RCS{;W), using the fixed point computation algorithm presented in Algorithm 5.

As illustrated in Figure 14, the initial state of the cache is empty(csT), and is based on the
instructions of the reference block. Similarly, like the NUS and the Absint approaches, we must
also introduce the unknown cache state (cs’, ), which is explained later during this algorithm.
In general, the empty/unknown cache state is different for each b,.y € B. Thus, for a given
reference block b;..¢, we first compute the empty cache state cs, and unknown cache state cs’;
on lines 2 to 8.

For each cache line ¢;, if the reference block b,.y does not have an instruction (in this case,
BI"(byes) = X), then the cache state on ¢; is not of interest during the analysis of the reference
block b,cs. Thus, the relative instruction on cache line ¢; of cst and cs'] is set to x (line 4).
Otherwise (BI"(bref) # X), on line 6, for cache line ¢;, the empty cache state is set to be T
(esh-lt] = T), and the unknown cache state is set to be L (cs” [{] = 1).

Using relative cache states cs’- and cs' , we initialise the reaching relative cache states for all
blocks (lines 11 to 17). Since we assume that initially the state of the cache is empty, on line 13
for the initial block b;,;; we set its reaching as RCS{;M = {csh}. Here, the notation RC’SZZ

represents the reaching relative cache states of block b in iteration i. E.g., RC’SZ;W represents
the reaching relative cache states of block b;,;; for iteration 1. For rest of the blocks, the initial
state of the cache is unknown. Thus, on line 15, we set their reaching cache states as {cs] }.
After initialisation, we compute the relative leaving cache states of each block, on lines 19 to 22.
We apply the transfer function Ty,4 to every block and its corresponding reaching relative cache
states.

The iteration index (7) is incremented (line 23) to signal the start of the next iteration. Next,
on lines 25 to 34, the reaching relative cache states of each block are computed. For the initial
block b;,;+, we know that the reaching relative cache state is always empty. Thus, on line 27, we
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Algorithm 5 FPy,4: Fixed point computation for UoA approach
Input: A cache model CM = (I, C, CI, G, BI), reduced graph G" = (B",binit, ") and BI" : B" —
({5, 1,0)™.
Output: Reaching relative cache states of block byef (RCS,fmf).
1: {Initialise csT and cs'| }
2: for each ¢; € C do
3. if BI"(bres)[i] = x then
4 esti] = x, es'L[i] = x {When b,¢; has no instruction (in this case, BI" (brey) = X) on cache
line ¢;, initialise empty /unknown cache states as not of interest.}
5. else

6: est[i =T, e¢s' [i] = L {When b,.; has an instruction on cache line ¢;, initialise empty/un-
known cache states as T/L.}

7. end if

8: end for

9: ¢ =1 {iteration counter}

10: {Initialise RC'S" for all blocks }
11: for each b€ B do

12: if b = bt then

13: RCS;;M = {est} {for the initial block, the initial state of the cache is always empty}
14:  else )

15: RCS] = {cs"| } {for rest of the blocks, the initial state of the cache is unknown}

16:  end if

17: end for

18: repeat

19:  {Compute LCS™ for all blocks}
20: for eachbe B" do )

21: LCS] = Tyoa(b, RCSE)

22:  end for

23: i =14+ 1; {Next iteration}
24:  {Compute RCS" for the next iteration ¢ + 1}
25: foreachbe B" do

26: if b= b““t then

27: RCS;. = {cst}

28: else )

29: RCS] =0 v

30: for each LCS}, , where (b',b) € E” do
31: RCS}" = Juoa(RCS] ,LCSE)

32: end for

33: end if

34: end for

35: until Vb € B", RCSgi = RCSgi_1 {Termination condition}
36: return RCSZ,.ef
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always set its reaching as RC’S{;;W = {csT}. For rest of the blocks, we first initialise the reaching
relative cache state as empty set (line 29), and on lines 30 to 32, the reaching cache states are
computed by looking at the relative leaving cache states of the predecessors (b') of the block b
and using the UoA join function.

The iterative process, repeat-until loop on lines 18 to 35, is repeated until a fixed point is
reached, i.e., if two consecutive iterations have the same sets of reaching relative cache states for
all blocks (line 35).

Illustration of the fixed point algorithm

We describe the fixed point algorithm using the Figure 16. The reduced graph G" w.r.t
the reference block, (b = B8) is presented in Figure 16(a). Figure 16(b) presents a table
showing the reaching and leaving relative cache states for all blocks, during each iteration of the
algorithm.

We first initialise the empty cache state cs- and the unknown cache state cs’| on lines 2 to 8.
The reference block B8 does not have an instruction on cache line ¢y (BI"(byes)(0) = F), and
has an instruction for rest of the cache lines (c1,cz,c3). Thus, we get ¢sh = [x, T, T, T] and
est[x, L, L, 1].

Using relative cache states csT and cs’|, we initialise the reaching relative cache states for
all blocks (lines 11 to 17). For the CFG in Figure 16(a), the initial block (b;n;:) is B1l. Since

we assume that initially the state of the cache is empty, on line 13, we set RCS;;M as {esh} =
{[x, T, T, T]}. For rest of the blocks, on line 7, the state of the cache is unknown. Thus, we set
their reaching cache states as {cs’, } = {[x, L, L, L]}, as presented during the first iteration in
column 3 of Figure 16(b).

After initialisation, to compute the relative leaving cache states of each block, we apply the
transfer function Ty, 4 (lines 19 to 22). For example, in iteration 1, LC’SI;1 =Tvoa(B1, RC’Sgll) =
Tuoa(BL,{[x, T, T,T]}) = {[x,1,0,0]}. Similarly, the relative leaving cache states for rest of
the blocks are computed.

The iteration index (i) is incremented (line 23) to signal the start of the next iteration
(i = 2). Next, the reaching relative cache states of each block, for iteration ¢ = 2, are computed
(lines 25 to 34). For the initial block B1, we know that the reaching relative cache state is
always cs’. Thus, on line 27, we set its reaching relative cache state as l[%C’S,T;1 = {esT}. For the
remaining blocks, on lines 29 to 32, the reaching relative cache states are computed by joining
the leaving relative cache states of its predecessor blocks (b') using the UoA join function. E.g.,
the predecessors of B4 are Bl and B9, such that ¥’ € {B1, B9}. From the previous iteration
(¢ =1), the LC’Sgl ={[x,1,0,0]} and LCS};Q = {[x, L, L,1]}. The process for computing the
reaching relative cache states RCSTBZ, in the next iteration 7 = 2, is as follows.
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(a) Control flow graph

Iteration [Block | Reaching Cache Leaving
Cache
(7) (b) States (RCS}) States
(LCS})
T Bl X, T, T, T {[x,1,0,0]}
B4 x, L, 1L, L {[x,L,0,0]}
B5 x, 1,1, L {[x,1, L, L]}
B6 x, L, L, L x,1,0,0
B7 {[x, L, L, L x,0,1,1
B8 X, L, L, L %x,0,0,0
B9 x, L, L, L x, L, 1, 1]}
2 B1 X, T,T,T x,1,0,0]}
B4 %, 1,0, 0], x,1,0,0],
[x, L, 1,1]} [x.1,0,0]}
B5 | {[x,1,0,0], {[x,1,0,0],
[x, L, L1} [x,1, L,1]}
B6 {[%,1,0,0], {[x,1,0,0]}
[x,L,L1,1]}
B7 | {[x,1,0,0], {[x,0,1,1]}
[x,L,L1 0]}
B8 [ {[x,1,0,0], {[x,0,0,07}
[x,0,1,1]}
B9 {[x,1, L, 1], {Ix,1,L,1],
[x,0,0,0]} [x,0,0,1]}
3 Bl [ {[x,T.T.T1} {[x,1,0,0]}
B4 [ {[x,1,0,0], {[x,1,0,0],
[x,1,L1,1], [x,0,0,0]}
[%,0,0,1]}
B5 {[x,1,0,0], {[x,1,0,0]
[x,1,1,1], [x,1,L,1],
[x,0,0,1]} [x,1,0,1]}
B6 {[x,1,0,0], {[x,1,0,0]}
[x,1,1,1],
[x,0,0,1]}
B7 {[%,1,0,0], {[x,0,1,1]}
[x,1,L1,1],
[%,0,0,1]}
B8 | {[x,1,0,0], {[x,0,0,0J}
[x,0,1,1]}
B9 {[x,1,0,0], {[x,1,0,1],
[x,0,0,0], [x,0,0,1],
[x,1, L,1]} [x,1,L,1]}
4 Bl | {[x, T, T, T]} {[x,1,0,0[}
B4 {[x,1,0,0],[x,1,0,1], | {[x,1,0,0],
[x,0,0,1]} [x,0,0,0]}
B5 {[x,1,0,0],[x,1,0,1], | {[x,1,0,0],
[x,0,0,1], [x,0,0,0]} [x,1,L,1],
[x,1,0,1]}
B6 {[x,1,0,0],[x,1,0,1], {[x,1,0,0]}
[x,0,0,1]}
B7 {[x,1,0,0],[x,1,0,1], | {[x,0,1,1]}
[x,0,0,1]}
B8 {[x,1,0,0],[x,0,1,1]} | {[x,0,0,0]}
B9 {[x,1,0,0],[x,0,0,0], {[x,1,0,1],
[x,1,0,1]} [x,0,0,1],
[x,1,1,1]}
5 B1 {[x, T, T,T]}
B4 {[x,1,0,0],[x,1,0,1],
[x,0,0,1]}
B5 [ {Ix,1,0,0],[x,1,0,1],
[x,0,0,1],[x,0,0,0]}
B6 {[x,1,0,0],[x,1,0,1],
[x,0,0,1]}
B7 [ {Ix,1,0,0],[x,1,0,1],
[x,0,0,1]}
B8 {[x,1,0,0],[%x,0,1,1]
B9 {[x,1,0,0],[x,0,0,0],
[x,1,0,1]}

(b) Reaching and leaving relative cache states

Figure 16: Computing all possible reaching relative cache states of the reference block b,.s

(B8) using the UoA approach.
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1. Initialise RC'Sp, = 0 (line 29).

2. Using the UoA join function we process the LC'S™ of each predecessor block (B1, B9), on
lines 30 to 32, one at a time (in no particular order). For illustration we will first analyse

LCSY, followed by LCSp, as follows.

RCSY, = Juea(RCSH,, LCST))
= JUOA(Q,{[X,LO,O]})
={[x,1,0,0]}

RCSY, = Juoa(RCST,, LCST)
- JUoA({[Xv 17 07 0]}» {[X,J_, J—v 1]})
={[x,1,0,0],[x, L, L,1]}

The iterative process, repeat-until loop on lines 18 to 35, is repeated until a fixed point is
reached, i.e., if two consecutive iterations have a same sets of reaching relative cache states for all
blocks (line 35). For our example, it happens at the 5" iteration, where the same set of reaching
relative cache states are computed for all blocks. As a result, the reaching relative cache states
of the 5'" iteration represents all the possible reaching relative cache states of the program.

Note that during the first iteration, we assumed the reaching relative cache states for blocks
B4 to B9 as unknown ({[x, L, L, L]}), but when we reach the fixed point, all the unknown cache
states are resolved. Thus, we have

In summary, we have presented how to compute all possible reaching relative cache states
of the reference block RC’S,’;mf. This corresponds to the function call on line 3 of Algorithm 6
(reproduced from Algorithm 3, which shows the overall cache analysis approach). Given the set
of reaching relative cache states of the reference block (RC’Sgref), the next step (lines 4 to 5,
Algorithm 6) in our approach is to compute the number of cache misses for the worst case and
the best case.

Algorithm 6 Overview of the proposed approach (reproduced from Algorithm 3)
Input: A cache model CM = (I, C, CI, G, BI).
Output: Compute the worst/best miss count (wmc/bmc) for all basic blocks in B.
1: for each b,.;y € B do
(G", B") = Reduce(CM,b,c.5) {Reduced graph and relative instructions (Section 6.2)}
RCS}, = FPuoa(CM,G", BI") {Compute reaching relative cache states (Section 6.5)}
wme = wmc(bres, ROS,, ) {Cache miss in the worst case (Section 6.6)}
bme = bmc(bres, RCSh,, ) {Cache miss in the best case (Section 6.6)}
P(brey) = (wme, bme) {Solution for the second sub problem (Definition 6)}
7: end for
8: return P(b) (wmc, bmc) for all basic blocks b in B

6.6 Calculating cache misses for the reference block

The second sub problem of cache analysis (Definition 6) involves the computation of the number
of cache misses for the worst case and the best case. The number of cache misses could be

computed by directly analysing the relative cache state c¢s” = [inst],insth, ..., insth,_;]. For a
cache line ¢; € C, inst; = 1 represents a cache miss. Thus, to compute the number of cache misses
for a given cs” we count the number of instances when inst; = 1. E.g., given ¢s” = [x,0, 1, 1], we

have two cache misses (insth, = 1 and inst} = 1). We define this computation in the following
definition.
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Definition 20 (UoA miss count). The UoA miss count function, mcyoa : CS™ — NO, where
for any relative cache state cs™ € CS™ and a cache line ¢; € C with i € [0, N — 1] is defined as
follows:

N—1
meyoa(cs’) = E Miss;
1=0
where,

misss — 1 :if es"[i]=1
71 0 :otherwise

For example, given ¢s” = [x,0,1,1] then, missy = 0, miss; = 0, missy = 1, missz3 = 1 and
megoa(es™) =04+0+1+1=2.

The mcy,4 function computes the number of cache misses for a given reaching relative cache
state. However, if there is more than one reaching relative cache states (C'S™), the number of
cache misses can vary. For cache analysis, we are interested in finding the worst /best case number
of cache misses that may be experienced by a basic block. This can be computed by calculating
the maximum /minimum number of cache misses. It is defined using the following two functions.

Definition 21 (UoA worst miss count). We define the function wmcyoa 205" 5 NO where, for
a set of relative cache states CS] € 25" such that OS] = {cs},csh,...,csh} and m = |CS}],

wmcyoa(CST) = MAX (mceyoa(est), ... ,meuoal(csy,))

Definition 22 (UoA best miss count). We define the function bmcyoa : 26°° — N° where, for
a set of relative cache states CSY € 25" such that CS] = {cs},csh, ..., cs",} and m = |CSY],

bmeyoa(CST) = MIN(meyoal(csy),...,mcuoalcs,))

Illustration

For example, given the reference block b,.y = B8 and RC'Spq = {cs], csh} where ¢s] =[x, 1,0, 0],
csh =[x, 0,1,1] then, meyoa(cst) =1 and meyoa(esh) = 2. For the worst case analysis, the ref-
erence block has 2 misses, wmecy,a(CST) = MAX (mcyoa(csy), meyoa(esy)) = MAX(1,2) = 2.
For the best case analysis, the reference block has 1 misses, bmcyo,a(CST) = MIN (mcyoa(cst),
meyoalcsy)) = MIN(1,2) = 1.

In summary, for a given reference block b,y € B, we have computed the number of cache
misses for the worst case and the best case. To complete the cache analysis, we repeat this
process for each basic block in B (lines 1 to 6, Algorithm 6). In the next section, we present an
optimisation that can be applied to our approach to reduce the analysis time while maintaining
the precision.

6.7 Reducing the analysis time

Figure 17(a) presents our current approach (presented in the previous section). Here, given a
cache model C'M and a reference block by.¢, using a fixed point computation (Algorithm 5) all
possible reaching relative cache states of the reference block are computed (CSgref). Then using
the the functions wmecy,4 and bmey,a, the worst and best case cache misses are computed.
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bmcyoa(CS™)
(Definition 22)

(a) Current UoA approach

(Definition 21)

Worst Best Worst Best
miss miss miss miss
count count count count
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Cache Model Cache Model
(CM) (CM)
fized point fized point fixed point
(with Jyon) (with Jyoa+w) (with Jyoa+s)
Reaching Reaching Reaching
relative relative relative
cache states cache states cache states
(CcSsm) (cSsm) (csm)
wmcyoa(CS™) wmcyoa(CS™) bmcyoa(CS™)

(Definition 22)

(b) Optimised UoA approach

Figure 17: UoA approaches for analysing a reference block byy.

CS" = {cs},cs}, csh,csy} | Worst case | Best case
est =10,1,0,0] remove keep

esh =10,1,0,1] keep remove
esh =10,1,1,0] keep remove
esy =10,1,0,1] remove keep

est =1[1,0,0,0] keep keep

Table 8: Reducing cache states based on the worst/best case analysis.

In this section, we propose to customise our current approach to analyse either for the worst
case or the best case. Our intuition is that by analysing only the worst case (or the best case)
allows us to ignore cache states that are not relevant, i.e, during the worst case analysis, we
can ignore cache states that represent the best case. Using this customisation, we may be able
to reduce the number of iterations required to reach the fixed point, and may result in faster
analysis time, while not effecting the precision.

For example, given CS” = {[1,1,1,1],[0,1,0,1],[0,0,0,0]}, during the fix-point computation
if we are only analysing for worst case, we can reduce C'S™ to {[1,1, 1, 1]} because it captures the
worst case (four misses) relative cache state and the rest can be removed. Similarly, for the best
case we can reduce C'S™ to {[0,0,0,0]} because it captures the best case (zero misses) relative
cache state and the rest can be removed. Now, consider the C'S™ with five possible relative cache
states (C'S™ = {cs], s}, csh,csh}) presented in column 1 of Table 8. To decide on what cache
states can be subsumed (removed) is not very trivial. The decision on how to remove a relative
cache state is based on rest of the relative cache states in the set and the type of the analysis
(worst/best). We explain the decision process as follows:

Worst case A cache state csj, is subsumed by cs}, if for all cache lines (¢; € C), when the
relative instruction in cs’ is same as the instruction in esj, (es’[i] = csj[i]) or, the relative
instruction in cs} captures a cache miss (csj[i] = 1).

RR n° 8214



46 Sidharta Andalam, Roopak Sinha, Partha S. Roop, Alain Girault, Jan Reineke

For the example in Table 8, for the first three cache line (cp, ¢1, ¢2) the relative instructions
in e¢sh and cs] are same. However, for the cache line ¢, ¢s§[3] = 1 and ¢s7[3] = 0. Thus,
cs] is subsumed by csj.

Best case A cache state csj is subsumed by cs}, if for all cache lines (¢; € C), when the
relative instruction in cs’ is same as the instruction in esj (esf[i] = esy[i]) or, the relative
instruction in cs captures a cache hit (csj[i] = 0).

For the example in Table 8, for the first three cache line (cg, ¢1, ¢g) the relative instructions
in e¢sh and cs] are same. However, for the cache line ¢z, ¢s5[3] = 1 and ¢sf[3] = 0. Thus,
csy is subsumed by csj.

The overview of the new approach is presented in Figure 17(b). Given a cache model C M,
we optimise the current UoA join function (Definition 17) by creating two new join functions to
analyse the best and worst cases. These two functions are described by the following definitions.

Definition 23 (UoA join function for worst case). The worst case UoA join function Jyoa+w :
208" 5 205" 5 905" where for any two relative cache states CST € 2¢5" and OS5 € 2057,
Juoa+w(CS],CSE) = CSE where,

CS% =Jyoa(CST,CS85)\ {cs] € (Juoa(CST,CS85))|Fesy € (Juoa(CST,CS5)) A Syoa+w(csy, csh)}
where, Sgoa+w : CS™ x CS™ — {true, false} where, for any csy,csh € CS”,

true  :if Vi€ [0,N —1],cs5[i] = csi[i] or csh =1
r N\ 5 5
Svoarwlesy, cs3) = { false : otherwise

Definition 24 (UoA join function for best case). The best case UoA join function Jyoa+s :
208" % 205" 5 205" where for any two relative cache states CST € 2¢5" and OS5 € 2057,
Jyea+s(CS],CS3) = CSE where,

CS% =Jyoa(CST,CS5)\ {cs] € (Juoa(CST,CS5))|Fesy, € (Juoa(CST,CS5)) A Syoa+s(csy,csy)}

where, Syoa+e : CS”™ x CS™ — {true, false} where, for any csy,csy € CS”,

. true :if Vi€ [0,N —1],cs5i] = cstli] or csh =0
T r\ 5 5
Suoare(esy, esp) = { false : otherwise
CcsT CST | Juoa(CSL,C8Y) | Jyuntw(CST,C8%) | Jyunte(CST,CSY)
{[x,0,L,1], | {[x,0,0,1], {[x,0,0,1], {[x,1,0,1], {[x,0,0,1]
[x,1,0,1]} | [x,0,1,0]} [x,1,0, 1], [x,0,1,0]} [x,0,1,0]}
[x,0,1,0[}

Table 9: Tllustration of functions Jy,a+w and Jy,a+»

Using Table 9, we illustrate the functions Jy,4+w and Jyoa+s. Given CST = {[x,0, L, 1],
[x,1,0,1]}, CST = {[%,0,0,1],[x,0,1,0]}, to compute the Jy, 4+« (CST, CS5) and Jyyoa+s (CSY,
CS%) we first check for subsumed unknown (L) relative cache states using Jy,4(CS7,CS3).
In this case, Jyo,a(CST,CS5) = {[x,1,0,1],[x,0,0,1],[x,0,1,0]}. For worst case analysis,
Jreara(CS], CS5) = Jygara{[x,1,0,1], [x,0,0,1],[x,0,1,0]} = {[x,1,0,1],[x,0,1,0]}. Here,
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we remove relative cache state [x,0,0, 1] as it is subsumed by the cache state [x,1,0,1]. Sim-
ilarly, for best case analysis, Jy,4+5(CST,CSE) = Jyoa+s{[%,1,0,1],[x,0,0,1],[x,0,1,0]} =
{[x,0,0,1],[x,0,1,0]}. Here, we remove relative cache state [x, 1,0, 1] as it is subsumed by the
cache state [x,0,0,1].

As illustrated in Figure 17(b), for the worst (or best) case analysis, using the function
Jyoatw (or Jyoa+e) we should be able to reduce the analysis time and the memory footprint,
and most importantly there should be no change in the precision compared to the non opti-
mised approach (Figure 17(a)). For example, if we analyse the set C'ST = Jy,a(CST,CSY) =
{[x,1,0,1],[x,0,0,1], [x,0,1,0]} for the worst case we get two misses (using wmecy,4(CS%) = 2,
Definition 21) and for the best case we get one miss (using bmecyo,a(CS5) = 1, Definition 22).
This precision (worst/best miss count) is the same as Jy,a+w([X,1,0,1],[x,0,1,0]) = 2 and
Juoat+s([x,0,0,1],[x,0,1,0]) = 1. Thus we illustrate the precision is the same for both ap-
proaches (Figure 17(a) and Figure 17(b)).

In summary, using the fixed point computation (Algorithm 5) we have computed the reaching
relative cache states of the reference block. During the fixed point computation, the optimisations
presented in Section 6.7 reduces the analysis time, while not effecting the precision. Finally, as
described in Section 6.6, we compute the number of cache misses for the worst case and the best
case. In Table 10, we present a summary of the symbols and the definitions that were used in
this section.
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Symbol/ Def-
inition

Description

Example

Reduce Given a CM and | See Section 6.2
block b,.r, computes
the reduced graph G”
cs” € | Relative cache state | ¢s” =[x,0,1, 1]
{1,0, T, L, x}V | w.r.t t0 byey
es"[i] = x not of interest es”[0] = x
es"fi] =1 different es”[0] # BI(byey)[0]
es"[i] =0 same cs”[0] = BI(byes)[0]
es"li) =T no instruction es"0]=T
es"[i] = L unknown instruction | Given CI(0) = {ml,mb}, es"[0] =
{m1,mbT}
RCS] Set of relative cache | In Figure 14, RCS%, = {[x, T, T, T|}
states prior to the ex-
ecution of block b
LCSy Set of relative cache | In Figure 14, LCS%, = {[x,1,0,0]}
states after the execu-
tion of block b
Juoa @ 2957 x | The UoA join function | Given CS7 = {[x,0,1,1]} and
208" 208" CS5 = {[x,0,0,0]}, Jyoa(CS7,CS5) =
{[x,0,1,1],[%,0,0,0]}
Tuoa : B x | The UoA transfer | Given BI"(b) = [F,1,0,F]| and RCS"1 =
CS" — CS” function {[1,0,1,0]}, Tyroa (b, RCS™1) = {[1,1,0,0]}
meyoA UoA miss count func- | Given ¢s” = [x,0,1,1] then mcyoa(cs”) =
CS" — N° tion 0+04+1+1=2.
WMCYoA UoA worst miss count | Given wmeyoa({[%,1,0,0],[x,0,1,1] }) =2
9CS” — NO
bmcyoa UoA best miss count | Given wmepoa({[%,1,0,0],[x,0,1,1] }) =1
9CSs" 5 NO
Jyoa+w UoA join function for | Jy,a+w{[X,1,0,1],[%x,0,0,1],[%x,0,1,0] } =

205" x 209"

2C’S7'

worst case

[X)
{[x,1,0,1],[x,0,1,0]}

JU0A+b Z2CS X
2C’ST — 2CST

UoA join function for
best case

JU0A+5{[><7 1707 1]7 [X70707 ]-]u [X707 170] }
{[%,0,0,1],[x,0,1,0]}

Table 10: Some of the symbols and the definitions presented in this section.
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7 Comparisons between the NUS, Absint and UoA approaches

In this section, we compare the three approaches by comparing their computed concrete reaching
cache states and the precision. The NUS approach directly computes the concrete reaching cache
states of a block, during its fixed point computation (Algorithm 1). The Absint approach com-
putes the abstract reaching cache states and then maps them into the concrete cache states, using
the mapping function M APapsin: (Definition 13). Similarly, the proposed approach computes
the reaching relative cache states of a block using the fixed point computation (Algorithm 5).
However, we have not yet described how the relative cache states are mapped into the con-
crete cache states. We need this mapping to facilitate a better comparison between the three
approaches.

We start by presenting a function that maps the relative cache states to the concrete cache
states (in Section 7.1). Later, we present a detailed comparison between the three approaches
(in Section 7.2).

7.1 DMapping relative cache states of b,.; to concrete cache states

In this section, we present how the reaching relative cache states for the reference block can be
converted into concrete reaching cache states. The mapping function, called M APy, 4, is defined
in Definition 27. However, the following notions/definitions are essential to describe the mapping
function.

A relative cache state cs” is a vector [inst(), inst], . .., insty_,] and for each cache line ¢; € C,
inst] € {x,0,1, T, L}. Here, each element inst! is described in relation to the instruction on
cache line ¢; (BI(byes)[i]) in the block b..y. These relations can be translated into a set of
constraints. We explain these constraints as follows.

e inst] = x describes that the instruction on the cache line ¢; is unconstrained. The in-
struction in the cache line ¢; can be any possible instruction from the set CI(¢;) or can be
empty (T). E.g., given CI(cg) = {ml,mb} and inst = x, then the instruction on cache
line ¢; could represent any instruction from {T}UCI(co) = {m1l,m5, T}.

o inst] = 0 describes the constraint that the instruction in the cache must be BI(by.r)[i].
E.g., given insty = 0 and BI(byer)[0] = ml, then the only possible instruction in cache
line ¢g is m1.

e inst] = 1 describes the constraint that the instruction in the cache is not BI(by.s)[d].
Thus, the instruction can only belong to {T}UCI(¢;) \ {BI(bres)[i]}. E.g., given CI(cy) =
{m1,mb}, instf = 1 and BI(bycf)[0] = ml, then the instruction in the cache belongs to
Cl(co) U{T}\ {ml} ={T,m5}.

e inst! = T describes that there is no instruction (T) on the cache line ¢;. E.g., given
insty = T, then there is no instruction on cache line ¢y. It is empty (T).

e inst] = 1 describes that there is an instruction on the cache line ¢; and it must belong to
the set (CI(¢;)). E.g., given CI(co) = {ml,m5} and instj = L, then the instruction in
cache line ¢g could represent any instruction from {ml, m5}.

Hence, given a cache model C M, a cache line ¢; € C, an element of the relative cache state

(inst?) and, the reference block b, s, we can compute the corresponding set of possible concrete
instructions, for the cache line ¢;. This computation is described using the following function.
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Definition 25 (Relative instruction to concrete instructions mapping). Given a cache model
CM and the reduced graph G™ = (B", binit, ET), the relative instruction to concrete instructions
mapping function M APinsty,a : C x {x,0,1, T, L} x B" — 2!} where, for a given cache
line ¢; € C, a relative instruction insti € {x,0,1, T, L}, and a block b € B".

{TIUCI(e) cif inst] = x
{BI(b)[i]} cif inst! =0
MAPinstyoa(ci,inst],b) =<4 {TYUCI(c;) \{BI)[{]} :if instl =1
{T} sif inst] =T
CI(c) sif anst] = L

Illustration

Using Table 11, we illustrate the function M APinsty,a. For the cache line ¢y, given that
the instruction executed by the block bycf is ml (BI(byey)[0] = ml) and ClI(co) = {ml,m5},
for each possible relative instruction insty, we describe the mapping as follows.

inst | MAPinsty,a(co, insty,brey)

{TIUCI(cy) ={T}U{ml,mb} ={T,ml, mb}

{BI(bres)[0]} = {m1}

}T% U CI(co) \ {BI(bres)[0]} = {T}U{ml,m5} \ {m1} = {T,md}
=

ClI(co) = {ml,mb}

H | ==

Table 11: Tllustration of the function M APinsty,a w.r.t cache line co, BI(byes)[0] = ml and
ClI(c) = {ml,mb}

e insty = X (row 1) describes all possible instructions M APinstyoa(co, X, bref) = {T}U
ClI(co) = {ml,m5, T}

e insty = 0 (row 2) describes the instruction on the cache can only be m1,
MAPinStUOA(Co, O7 bref) = {BI(bTPf)[O]} = {ml}

e insty = 1 (row 3) describes the instruction on the cache can not be ml,
MAPinstyoa(co, 1,brep) = {T} U CI(co) \ {BI(bres)[0]} = {T} U {ml,mb}\ {ml} =
{T,m5}.

e insty = T (row 4) describes the instruction on the cache is empty,
MAPinstyoa(co, Tybrey) ={T}

e insty = L (row 5) describes the cache has an unknown instruction,
MAPinstyoa(co, L, brey) = CI(co) = {ml,mb}.

As discussed above, a relative instruction inst] could map to more than one instruction. For
the cache model presented in Figure 2 (running example), given a relative cache state cs” =
[%,1,0,0], the reference block with BI(b,.;) = [F,m6, m3, m4d], for cache lines ¢y, c¢1, 2, ¢3
using the mapping function M APinsty,a, we get the sets {T,ml,mb}, {T,m2}, {m3}, {m4}
respectively.

This represents that cg contains T, ml, or mb, ¢; contains T or m6, cy contains m3, c3
contains T or m8. We can describe this as the abstract cache state (described in Definition 10)
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acs = [{T,m1,m5}, {T,m2}, {m3},{T,m8}]. Then using the abstract cache state to cache state
mapping function (described in Definition 13), we get the set of cache states cs as,

{[T, T,m3,md], [T, m2,m3,md], [m1, T,m3, md],

[m1, m2,m3, md], [mb, T, m3, md], [m5, m2, m3, m4|}
This translation is described by the following function.

Definition 26 (Relative cache state to cache state mapping). Given a cache model CM, the
UoA mapping function is M APy, : CS™ x B" — 2°5 where for a given relative cache state
cs" € CS" and b€ B".

MAPy,a(es™, b) = setg X sety X ... x sety_1 where, set; = MAPinsty,a(ci,cs"[i],b).

Illustration
For example, given c¢s” = [x,1,0,0], and the reference block b,.; is B8 with BI(byes) =
[F, m6, m3, m4] then,

MAPUOA(CST7bTef) = MAPUOA([X, 170,0}, BS)
= sety X sety X sety X setg
={T,ml,m5} x {T,m2} x {m3} x {m4}
={[T,T,m3,md], [T, m2,m3, md], [m1, T, m3, m4],
[ml, m2,m3, md], [mb, T, m3, md], [m5, m2, m3, m4d]|}

The mapping function, as defined in Definition 26, translates a relative cache state cs” into a
set of concrete cache state C'S. However, a block my have more than one reaching relative cache
states C'S”. In this case, the mapping of the cache states is an union of the possible mapping
for each reaching relative cache state, i.e., given C'S™ = {cs], csh}, then mapping to the cache
sates is M APyoa(csy,bref) U MAPyoa(csh,brey). We define this mapping using the following
function.

Definition 27 (Extended UoA mapping function). The mapping function MAPy,4 : 265" x
B" — 2°5 where for a given b € B” and a set of relative cache states CS™ € 25" Then, for all
relative cache states cs] € C'S™ where i € [1,|CS"|],

|[CS™|
MAPyoA(CS™,b) = | J {MAPyoa(cs],brey)}
=1

Illustration

For example, given the reference block by.¢ is B8 with BI(b,.f) = [F,m6,m3,m4], and
after the fixed point RCS; = = {es],csh} where es] = [x,1,0,0], esy = [x,0,1,1] then,
MAPUOA(RCS{;M, bref) = MAPyoa(csy, bref) U MAPyoa(csh, brey). We start by illustrat-

ing the mapping of individual relative cache states (cs?, cs}), and later present the mapping for
the set of relative cache states (RC'Sy ).
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]\414]31]0,4(0817 bmf) = MAPUOA([X7 1, 0, 0], BS)
={T,ml,m5} x {T,m2} x {m3} x {m4}
=A{[T, T,m3,md], [T, m2,m3,md], [m1, T, m3, m4],
[m1,m2,m3, m4], [m5, T, m3, m4], [m5, m2, m3, m4]}
MAPUOA(CSS, bref) = MAPUOA([X,O, 1, 1], B8)
={T,ml,mb} x {m6} x {T,m7} x {T,m8}
=A{[T,m6, T, T],[T,m6, T,m8],[T,m6,m7, T],[T, m6,m7,my|,
[m1,m6, T, T], [ml,m6, T,m8], [ml, m6, m7, T], [ml, m6, m7,m8|,
[m5,m6, T, T], [m5, m6, T, m8], [m5, m6, m7, T], [mb, m6, m7,m8|}

MAPy 4 (RCSgref , bref) = MAPy, 4 (687{, bref) UMAPy,4 (6857 bref)
={[T, T,m3,md], [T, m2,m3,md], [ml, T, m3, md],
[m1,m2,m3, md], [m5, T, m3, md], [m5, m2, m3, m4d]}

U {[T,m6, T, T],[T,m6, T,m8],[T,m6,m7, T],[T,m6, m7,m8|,
[ml,m6, T, T], [m1,m6, T,m8|,[ml,m6,m7, T], [ml, m6,m7, m8|,
[mb,m6, T, T], [mb, m6, T, m8|, [m5, m6, m7, T], [m5, m6, m7,m8|}

={[T, T,m3,md], [T, m2,m3, md], [ml, T, m3, md], [m1, m2, m3, m4],
[m5, T, m3,md], [m5, m2, m3, md], [T, m6, T, T],[T,m6, T,m8|,

[T, m6,m7, T],[T,m6, m7,m8|,[ml,m6, T, T],[ml,m6, T,m8]
[m1,m6,m7,T], [ml, m6, m7,m8], [m5,m6, T, T], [m5, m6, T, m8§]
[mb5, m6, m7, T, [m5, m6, m7,m8|}

Finally, we have presented the mapping function M APy,4 (Definition 27), which computes

the corresponding concrete cache states from a given set of relative cache states. Next, we present
a detailed comparison between the NUS, Absint and the proposed approaches.
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7.2 Comparison between the approaches

In this section, we start by presenting a summary of the three approaches that were presented
in this chapter.The NUS approach (see Section 3) and the Absint approach (see Section 4) solve
the cache analysis problem (Definition 6) by analysing all basic blocks in a single fixed point
computation. In contrast, the proposed (UoA) approach (see Section 6) analyses one basic block
at a time. Given a cache model CM, using Figure 18, we discuss how the three approaches
analyse a basic block (b). Before we discuss the approaches, we present the meaning of the
different components of the figure.

A domain is represented as an ellipse. For example, the figure has four domains: (1) Domain 1
that represents all possible relative cache states, (2) Domain 2 that represents all possible abstract
cache states, (3) Domain 3 that represents all possible concrete cache states, and (4) Domain 4
that represents all possible precisions (the pairs (wmc, bmc)) for block b. A set of elements inside
a domain is represented as a circle. An element is represented as a point.

Domain 1: all possible
relative cache states

Domain 4: all possi-
ble precision results
(G", BI") = Reduce(CM ¥ wme(b, ROSYeA) P (P)=(wme,bme)
RCS; = FPy,a(CM,G/,BI")

bme(b, ROSY4)

wme(b, ROSNUS)
bme(b, ROSNUS)

RCSNYS computed during
FPNnus(CM)

Set of all blocks
B in a given cache
model CM

wme(b, RCS{?%“"")

Domain 3: all possible bme(b, Rcstfbsmt)

acrs, computed during concrete cache states

FPapsint(CM)

Domain 2: all possible
abstract cache states

Figure 18: Overview of NUS, Absint and UoA approaches for computing the worst/best cache
misses for a block b
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NUS approach: Given a cache model C'M,

1. Using the fixed point computation (Algorithm 1), the set of all possible concrete
reaching cache states, of all basic blocks, is computed. For the basic block b, the set
is represented by the circle RC'S}YS in Domain 3.

2. Then, using the functions wme and bmce (Definitions 4 and 5), we compute the num-
ber of cache misses in the worst/best case. For the computed reaching cache states
(RCSNUS), the precision is represented by the point Pyys(b) in Domain 4.

Absint approach: Given a cache model C'M,

1. Using the fixed point computation (Algorithm 2), the possible abstract reaching cache
state, of all basic blocks, is computed. The abstract reaching cache state for the basic
block b, is represented by the point arcsy, in Domain 2.

2. Then, using the function M APapsin: (Definition 13), the abstract cache state is
mapped to a set of concrete cache states, represented by the circle RC’S;‘bsmt, in
Domain 3.

3. Then, using the functions wme and bme (Definitions 4 and 5), we compute the num-
ber of cache misses in the worst/best case. For the concrete reaching cache states
(ROS{Absint) | the precision is represented by the point Paps(b), in Domain 4.

UoA approach: Given a cache model C'M,

1. For the reference basic block b, we first compute the reduced graph G” and the rel-
ative instructions mapping function BI” (Algorithm 4). Then, using the fixed point
computation (Algorithm 5), we compute the set of all possible reaching relative cache
states. The set is represented by the circle RCSy, in Domain 1.

2. Then, using the function M APy, (Definition 27), the set of relative cache states
are mapped to a set of concrete cache states, represented by the circle RCSIE] oA in
Domain 3.

3. Then, using the functions wmec and bme (Definitions 4 and 5) we compute the number
of cache misses in the worst/best case. For the set of reaching cache states (RC'SF°4),
the precision is same as the NUS approach. Thus, the precision is also represented by
the point Pyyg(b), in Domain 4.

We now compare the three approaches by first comparing the computed concrete cache states
(Domain 3) and then the precision (Domain 4).

Comparing the concrete cache states: In Domain 3, we illustrate that: (1) the concrete
cache states corresponding to the NUS approach (RCS{NV9) is always a subset (or equal) of
the concrete cache states corresponding to the Absint and the UoA approaches (RC Slfv Us ¢
RC St and ROSNYS C RCSY°4) and, (2) the concrete cache states corresponding to
the Absint and the UoA approaches may not be equal (RCS;;”""‘”“5 =+ RCSgJ od).

We illustrate this idea using the example cache model (Figure 2). For the basic block B8,
Table 12 presents comparison of the three approaches. For the NUS approach (row 1), the
concrete reaching cache states of B8 are presented in column 3. For the Absint approach
(row 2), the abstract reaching cache state of B8 and the corresponding concrete cache states
are presented in columns 2 and 3 respectively. It contains 8 possible concrete cache states.
Similarly, for the UoA approach, the reaching relative cache states and the corresponding
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concrete cache states are presented in columns 2 and 3 respectively. It contains 18 possible
concrete cache states.

As stated earlier, we observe that the set of concrete cache states corresponding to the
NUS approach (only 2 cache states) is a subset of the concrete cache states corresponding
to the Absint (8 cache states) and the UoA (18 cache states) approaches. This shows that
the NUS approach yields the smallest set of possible reaching cache states.

Comparing the precision: In Domain 4, we presented the precision of the NUS, Absint and
UoA approaches. We illustrate that always the precision computed by the UoA approach
is the same as the NUS approach and, the precision from the Absint approach is always less
than or equal to the NUS/UoA approaches (Pyyg(b) < Paps(b)). We illustrate this idea
using Table 12. For the block B8 (BI(B8) = [F,m6,m3, m4]), given the set of possible
reaching concrete cache states for each approach (in column 3), the precision (wme, bmc)
are presented in columns 4 and 5 respectively. As stated earlier, the precision from the
NUS approach (2,1) is the same as the UoA approach (2,1).

Also, we observe that the precision of the Absint approach is(3,0). For the worst case, the
wme for the Absint is greater than the NUS approach (3 > 2), making Absint approach
less precise. Similarly, for the best case, the bmc for the Absint is smaller than the NUS
approach (0 < 1), making Absint approach less precise. Thus, as illustrated in Domain 4,
the NUS approach is more precise than the Absint approach (Pyys(B8) = (2,1) < (3,0) =

Pyps(B8)).
Approach arcspg/RCSGg RCSpgs wme(B8) | bmc(B8)
(Worst) (Best)
NUS mb5, m2, m3, m4 2 1
mb5, m6, m3, m4
Absint {m5}, {m2, m6}, {m3, m7}, {m4, m8} mb, m2, m3, m4 3 0

mb5, m2, m3, m8
mb, m2, m7, m4
mb, m2, m7, m8
mb5, mb6, m3, m4
mb5, m6, m3, m8
mb5, m6, m7, m4
mb5, m6, m7, m8
ToA {[x100] [x011]} T, T, m3,md], 2 1
T,m2, m3, m4],
ml, T, m3, md],
ml, m2, m3, md],
mb5, T, m3, m4],
mb5, m2, m3, md],
T,m6,T,T],
T,m6, T, m8],
T,m6,m7,T],
T,m6, m7, m8],
ml,m6, T, T],
ml, m6, T, m8],
ml, m6, m7,T],
ml, m6, m7, m8|,
mb5,m6, T,T],
mb, m6, T, m8],
mb5, m6, m7, T],
mb5, m6, m7, m8|

Table 12: Comparing the cache states and the precision between the NUS, the Absint and the
UoA approaches as we analyse block B8 (BI(B8) = [F,m6, m3, m4]).
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Finally, using Table 13, we present a qualitative comparison between the three approaches.
(1) The NUS approach analyses all blocks using a single fixed point computation. It directly
computes all possible reaching concrete cache states of all blocks, because it does not introduce
any abstractions. The lack of abstraction yields high precision, but longer analysis time. (2) The
Absint approach analyses all blocks using a single fixed point computation. However, the notion
of abstract cache states is introduced which abstracts the relation between cache lines. This
allows for faster analysis time, but sacrifices precision. (3) Finally, the UoA approach analyses
one block at a time. It introduces the notion of relative cache states. This abstraction does
not sacrifice the precision (same as NUS). Later in Section 9, using experimental results, we
quantitatively compare the three approaches in terms of precision and analysis time.

Approach Fixed Cache States Precision Analysis time Optimisation
point
NUS all blocks concrete (cs) high slow none
Absint all blocks abstract (acs) low fast merge cache states
UoA one block relative (cs™) high medium (1) reduce graph
at a time (same as NUS) (2) reduce cache lines
(3) relative instructions

Table 13: Qualitative comparing the precision between the NUS, the Absint and the UoA
approaches.

8 Discussion

We started by formalising the cache model C M (presented in Definition 1). The model contains
the instructions (I) and the set of cache lines (C'), where each instruction is mapped to a single
cache line. We assume that whenever there is a cache miss, only one instruction is fetched from
the main memory. However, in practice, this assumption is not true. Whenever there is a cache
miss, a set of instructions, called memory block, are fetched from the main memory and stored
in a cache line. This execution model is identical to the analytical model presented by the NUS
approach [12]|. In order to map the execution model to the cache model presented in this chapter,
we treated each memory block as an instruction. Then, each cache line stored one memory block
instead of one instruction.

To fairly compare the three approaches, we presented the Absint approach in a slightly
different manner to match the NUS and the UoA approaches. However, the differences do
not affect the core technique of the Absint approach [4]. The Absint approach as described
in [4], presents two different analyses. The May/Must analysis computes the instructions that
may/must be in the reaching cache state of a basic block. This analysis is used to compute
the number of cache misses in the best/worst case. However, given the results of the May
analysis, both the worst case and the best case cache misses can be derived, avoiding the need
for Must analysis. Thus, in this chapter, during the fixed point computation (Algorithm 2) we
only illustrated the May analysis. Also, during the initialisation of the fixed point computation
in the Absint approach, an empty set is used to represent an unknown instruction. However, to
maintain consistent terminology w.r.t the NUS approach, we used the symbol 1.

One cache analysis approach that we did not compare with is the Cache Conflict Graphs [7,8].
This approach analyses the number of cache misses in each block, one cache line at a time. For
our example (Figure 2), the cache model has four cache lines cg, ¢1, c2 and c3. We would
generate four graphs, one for each cache line ¢;, where each graph captures the instructions that
are mapped to the cache line ¢;. Then, by traversing each graph and looking at the predecessor
basic block, the cache hit (or miss) of each basic block can be computed for the particular cache
line. A cache hit occurs when the instruction appears in the predecessor block, otherwise, it is a
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cache miss. We believe, by analysing one cache line at a time, the relation between cache lines
is abstracted away. This abstraction is similar to the join function (Definition 11) of the Absint
approach. Thus, we would expect the precision of the Cache Conflict Graphs to be identical to
the precision of the Absint approach. However, it would be interesting to compare the analysis
time.

9 Benchmarking and Experimental Results

In this section, we compare the precision and computation time between the NUS, the Absint,
and the UoA approaches. Here, we compare the WCRT, BCRT, and the analysis time over a set
of benchmarks.

For the experiments, we have selected five examples from [6] that model control applications.
These examples are developed using the model-driven engineering approach defined by the IEC
61499 international standard for describing industrial process-control systems [?]. It prescribes
the use of function blocks to facilitate a component-oriented approach to software development
for industrial process-control systems. FEach example contains a collection of function blocks
and, all blocks are executed in a round-robin fashion to emulate the semantics of scan cycles
of programmable logic controllers (PLC). The program runs periodically in a sequence of scan
cycles. This is similar to the execution of PRET-C program that runs periodically in a sequence
of ticks. Using an automated tool, similar to the work presented in [6], we translate each function
block into a PRET-C thread. EOT statements are then used to mark the computation boundaries
for each scan cycle.

All five examples are presented in last five rows in Table 14. The first column presents the
example followed by its description (column 2). The number of PRET-C lines of the program
and its memory footprint is presented in columns 3 and 4 respectively. The largest example
are CruiseController and RailRoadCrossing with more than 4000 lines of PRET-C code. We
have also created two additional examples: a BubbleSort program and a Synthetic example.
The latter example is introduced to highlight the difference between the NUS, Absint and UoA
approaches.

Example Description Number of Size
PRET-C lines (source file)
BubbleSort Bubble sort program. 128 2KB
Synthetic Contains branching and loops | 180 4KB
Flasher Control for distributed lights 384 9KB
DrillStation Controlling a drilling station 1800 62KB
ConvBelt Airport baggage conveyor belt | 1280 44KB
RailRoadCrossing | Rail road intersection cnt. 4613 163KB
CruiseController Cruise control model 4194 146KB

Table 14: Benchmark programs and their characteristics.

9.1 Benchmarking

In our experiment, we compare WCRT, BCRT and analysis time of Absint, the UoA, and the
NUS approaches. The results are presented in Table 15. For this experiment, we have configured
the cache size to be 1% of the program size. We have chosen this cache size because, in practice,
the size of the cache is significantly smaller that the program size. For example, the MicorBlaze
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processor has a main memory of size 128 MB and, the cache size can be configured from anything
between 128 bytes to 128 KB (0.001% to 1% of the mian memory) [1].

The WCRT, BCRT, and the analysis time (in seconds) for Absint is presented in columns 2,
3, and 4 respectively. Similarly, the following columns present results for the UoA and NUS
approaches. For most examples, the NUS approach takes longer than 12 hours. In this case, we
were not able to calculate the WCRT and the BCRT values. This was represented using “T.0”
(Time Out). Finally, the last column of the table presents the gain in precision on the WCRT
estimate of the UoA approach, compared to the Absint approach.

For WCRT analysis, across all the benchmarks, we observe that the estimates from the UoA
approach is always less than or equal to the estimates from the Absint approach. Also, the
estimates from the UoA approach are always equal to the estimates from the NUS approach.
This shows that the UoA approach does not lose any precision.

For BCRT analysis, across all the benchmarks, we observe that the estimates from the UoA
approach is always greater than or equal to the estimates from the Absint approach. Also, the
estimates from the UoA approach are always equal to the estimates from the NUS approach.
This shows that the UoA approach does not lose any precision.

The abstractions presented for UoA approach also significantly reduces the analysis time,
when compared to the NUS approach (see earlier comparison in Section 7). For most of the
examples, the NUS approach does not finish (more than 12 hours) its computation, while the
UoA approach takes less than 3 minutes. However, the UoA approach is slightly longer than the
Absint approach.

For the biggest example (RailRoadCrossing), the UoA approach is 24% (1.24 in the last
column) tighter then the Absint approach. More importantly, this experiment shows that, on
an average, the UoA approach is more precise (less abstract) than the Absint approach. At the
same time, it is always as precise (i.e., no loss in precision) as the NUS approach, while being
significantly faster than the NUS approach, and marginally longer than the Absint approach.
This idea is illustrated using Figure 19. Overall, this is a significant result that supports the
contribution (UoA approach as a new cache analysis technique) of this chapter.

Absint UoA NUS Gain|

Example WCRT BCRT AT WCRT BCRT AT WCRT BCRT AT |(col2/
(clks) (clks) | (sec) (clks) (clks) (sec) (clks) (clks) (sec) | colb)

RailRoadCrossing| 307389 7090 4.0 249609 7270 142.0 T.O T.O T.O 1.23]
Flasher 117292 1110 1.8 95692 1110 41.9 T.O T.O T.O 1.22]
CruiseController 356270 5679 3.6 287438 5679 113.7 T.O T.O T.0 1.24]
ConvBeltModel 21200 5716 1.7 17960 7660 35.1 T.0 T.0 T.0O 1.18]
DrillStation 31341 8564 1.9 26913 13028 45.1 T.0 T.0 T.0 1.16]
BubbleSort 2571 44 0.7 2571 44 36.6 2571 44 0.4 1
Synthetic 78015 311 1.4 77835 311 8.2 77835 311 0.8 1.0
Average 130583 4073 2.2 108288 5015 60.4 NA NA NA 1.15|

Table 15: Quantitative comparison between Absint, UoA, and NUS approaches

10 Conclusions

In this paper, we have formally described the cache analysis model and presented three ap-
proaches for solving it. First, the NUS approach, which does not introduce any abstractions
resulting in a very precise, but very slow analysis. In contrast, the Absint approach abstracts the
relation between the cache lines. This allows for faster analysis time, but sacrifices precision. Fi-
nally, we have presented a new approach, called UoA approach, which abstracts the instructions
and cache states w.r.t. to a reference block. This does not sacrifice any precision. Experimental
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Figure 19: Comparing WCET and analysis time for the last five examples (1% relative cache
size)

results reveal that the precision of the UoA approach is the same as the NUS approach, but
more precise than the Absint approach. Also, the analysis time is much shorter than the NUS
approach, but longer (on average by 1 minute) than the Absint approach.
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