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EDSR réfléchies et problémes robustes d’arrét optimal de
mesures de risques dynamiques avec sauts

Résumé : On étudie le probléme d’arrét optimal de mesures de risque dynamiques représentées
par des équations différentielles stochastiques (EDSR) avec sauts et sa relation avec des EDSR
réfléchies. On prouve des théorémes généraux d’existence, d’unicité et de comparaison pour ces
équations dans le cas d’un obstacle cadlag adapté. On montre que la fonction valeur de notre
probléme d’arrét optimal est solution d’'une EDSR réfléchie. L’existence d’un temps d’arrét
optimal est obtenu sous des conditions de régularité & gauche de 'obstacle. On étudie ensuite le
probléme d’arrét optimal dans le cas d’ambiguité de modéle pour la mesure de risque.

Mots-clés : Equations diffOrentielles stochastiques rOflOchies, processus L sauts, arrRt opti-
mal, mesures de risque
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1 Introduction

In this paper we study optimal stopping problems for dynamic risk measures p; represented by
Backward Stochastic Differential Equations (BSDEs) with jumps. The properties of these risk
measures have been studied recently in [20]. The optimal stopping problem can be formulated as
follows: given a dynamic financial position &;, represented by an RCLL adapted process, we want
to determine a stopping time 7 which minimizes the risk of the position &, and compute the
corresponding value. To this purpose, we study the links between this optimal stopping problem
and reflected BSDEs (RBSDEs) with jumps. RBSDEs have been introduced by N. El Karoui
et al. (1997 ) (see [7]) in the case of a Brownian filtration. The solutions of such equations
are constrained to be greater than given processes called obstacles. We provide here existence
and uniqueness results for RBSDEs with jumps, as well as comparison and strict comparison
theorems, when the obstacle is RCLL. This completes some results in Hamadéne, Ouknine and
Issaky [12, 13, 9.

We prove that the value function of our optimal stopping problem is the solution of an
RBSDE with obstacle given by the dynamic position . We provide an optimality criterium,
that is a characterization of optimal stopping times. In the case when the obstacle is left-upper
semi-continuous along stopping times, we show the existence of an optimal stopping time. In the
case of a general RCLL obstacle, we prove the existence of e-stopping times. Related studies can
be found in El Karoui and Quenez [8], Bayraktar and coauthors in [1] and [2] in the Brownian
case.

We then address the optimal stopping problem when there is ambiguity on the risk measure.
To this purpose, we study the following optimal control problem for RBSDEs: Let {f*, a € A}
be a family of Lipschitz drivers and let {Y* « € A} be the solutions of the RBSDEs associated
with drivers {f*} and obstacle &. The problem is to minimize Y* over «. Under appropriate
hypotheses, the value function is characterized as the solution Y of an RBSDE. We then focus on
the robust optimal stopping problem for risk measures: we consider the family of risk measures
{p¢,a € A} induced by the BSDEs associated with drivers {f* a € A}. In this ambiguity
framework, the risk measure is defined as the supremum over « of the risk measures p®. Given
the dynamic position &, we want to determine a stopping time 7* which minimizes over all
stopping times 7 the risk of the position &,. This leads to a mixed control/ optimal stopping
game problem. We show that, under some hypothesis, the value function is equal to Y. We then
study the existence of saddle points.

The paper is organized as follows. In Section 2, we state the notation and give the formulation
of our optimal stopping problem for risk measures. In Section 3, we provide existence and
uniqueness results for RBSDEs with jumps and RCLL obstacle. Relations between optimal
stopping problems and RBSDEs are given in Section 4. In Section 5, we provide comparison
theorems for RBSDEs with jumps and optimization principles. The robust optimal stopping
problem for risk measures when there is ambiguity on the risk measure is addressed in Section 6.
An application to a case of multiple priors is presented in Section 7.

2 Formulation of the problem

Notation. Let P be the predictable o-algebra on [0,T] x Q.

RR n°



4 Quenez € Sulem

For each T' > 0 and p > 1, we use the following notation:
e LP(Fr) is the set of random variables £ which are Fpr-measurable and p-integrable.

e HPT is the set of real-valued predictable processes ¢ such that

T ,
(/0 ¢tdt)]<oo.

For 3 >0 and ¢ € H*", we introduce the norm [|¢[|3 . := E[f e p2ds].

1P g0 = E

e [P is the set of Borelian functions £ : R* — R such that fR*

w)|Pr(du) < +o0.
The set L2 is a Hilbert space equipped with the scalar product

(6,0), := / S(u)l(u)v(du) for all §, £ € L2 x L2,

and the norm [|€]|2 := [5. [0(u)]*v(du) < +oc.

o IHP'T is the set of processes [ which are predictable, that is, measurable

1([0,T] xQxR*, PRBR")) = (R,BR)); (w,t,u)— l(w,u)

T P
E|( / ||zt||3dt>2] < .
0

For >0 and | € H2T, we set |12 5 7 := E[[; ¢*|lL,2 ds].

such that

[/
HP

o SPT is the set of real-valued RCLL adapted processes ¢ such that
16|53, == E( sup [¢¢|") < oo.
0<t<T
When T is fixed and there is no ambiguity, we denote IH? instead of IH”'T IH? instead of
HPT | SP instead of SP'T.
e 7y denotes the set of stopping times 7 such that 7 € [0, 7] a.s.
e For S in 7y, Tgs is the set of stopping times 7 such that S <7 < T a.s.

Definition 2.1 (Driver, Lipschitz driver) A function f is said to be a driver if

e fi0,T]xOxR*x L2 >R
(w,t,x,m, () = fw,t,z,m () is P @ B(R?) ® B(L2)— measurable,

e £(.,0,0,0) € H2.

A driver f is called a Lipschitz driver if moreover there exists a constant C > 0 such that
dP ® dt-a.s., for each (x1,m1,01), (x2,m2,¥l2),

|f(w,t7x1,7r1,£1) - f(watva;ﬂ—Qng” S C(|fE1 - x2| + |’/T1 - ’/T2| + Hel - £2||V)

Inria



Reflected BSDEs and robust optimal stopping for dynamic risk measures with jumps 5

Existence and uniqueness result for BSDEs with jumps. (Tang and Li 1994 [22]) Let
T > 0. For each Lipschitz driver f, and each terminal condition & € L?(Fr), there exists a
unique solution (X, 7,1) € S>T x H?*T x H>7T satisfying

—dX; = f(t, Xo-,m, L ())dt — mdWy — [ L(w)N(dt,du);  Xp =¢. (1)
R~
This solution is denoted by (X (&, T),w(&,T),1(£,T)).

This result can be extended if the terminal time T is replaced by a stopping time S € Ty. Let
(X(&,8),m(&,8),1(£,5)) (denoted here by (X, 7,1)) be the solution of the BSDE associated with
driver f, terminal time S and terminal condition ¢ € L?(Fg). The solution can be extended on
the whole interval [0, T] by setting X; =&, m = 0,1; =0 for t > S. So, ((X¢, m,l¢);t < T) is the
unique solution of the BSDE with driver f(,z,7,1)1{;<g} and terminal conditions (7', &).

We refer to [3, 21] and to [20] where some results are used in this paper.

Dynamic risk measures induced by BSDEs with jumps. Let 77 > 0 be a time horizon.
Let f be a Lipschitz driver such that f(-,0,0,0) € H2T'. We define the following functional:
for each T € [0,T"] and & € L?(Fr), set

pLET) = pil&,T) = —Xo(&,T), 0<t<T. 2)

where X (¢,T) denotes the solution of the BSDE (1) with driver f, terminal condition ¢ and
terminal time 7. If T represents a given maturity and & a financial position at time 7', then
p:(&,T) will be interpreted as the risk of ¢ at time ¢. The functional p : (§,T) — p.(§,T) defines
then a dynamic risk measure induced by the BSDE with driver f. Properties of such dynamic
risk measures are given in [20].

Optimal stopping problem. The aim of this paper is to study optimal stopping for dynamic
risk measures. Let T' > 0 be the terminal time. Let {£;,0 < ¢ < T} be a RCLL adapted process
on [0, 7], belonging to S?, representing a dynamic financial position.

Consider the following optimal stopping problem: For each stopping time S € Ty, let v(.S) be
the Fg-measurable random variable (unique for the equality in the almost sure sense) defined by

S) ;= ess inf o T)- 3
o(8) = ess inf_ps(€r,7) @
Since by definition pg(¢,,7) = —Xs(&;, 7), we have that for each stopping time S € T,

v(S) =ess inf —Xg(&;,7) = —ess sup Xs(&-, 7). 4)
T€Ts T€Ts

The aim is to characterize for each S € Tg the minimal risk-measure v(S) and to provide an
existence result of an S-optimal stopping time 7* € Tg, that is such that v(S) = pg(&,+,7*) a.s.
This problem is related to reflected BSDEs. We give below existence and uniqueness results for
these equations.

3 RBSDEs with jumps and RCLL obstacle process

Reflected BSDEs (RBSDEs) have been introduced by N. El Karoui et al. (1997 ) (see [7]). The
solution of such equations are constrained to be greater than a given process called the obstacle.

RR n°



6 Quenez € Sulem

In this section, we provide existence and uniqueness results for RBSDEs with jumps, in the case
when the obstacle is RCLL, which complete some results in [12, 13, 9].

Let T > 0 be a fixed terminal time and f be a Lipschitz driver. Let £ be a process called
obstacle in S2.

Definition 3.1 A process (Y, Z, k(.), A) is said to be a solution of the reflected BSDE associated
with driver f and obstacle & if

(Y, Z,k(.),A) € S* x H? x H? x S*

- det = f(ta }/ty Zt7 kt())dt + dAt - thWt - kt(u)N(dta du)7 YT = §T7 (5)
R*

Yi >&, 0<t<T a.s.,

A is a nondecreasing RCLL predictable process with Ag = 0 and such that

T
/ (Y; — &)dA; =0 a.s. and AAtd = —AYily, —¢,  a.s.
0

Here A¢ denotes the continuous part of A and A? its discontinuous part.
We introduce the following definition.

Definition .1 A progressive process (¢) is said to be left-upper semicontinuous along stopping
times if for all 7 € Ty and for each non decreasing sequence of stopping times (1,) such that
™7 as.,

¢ > limsup¢,, a.s. (6)

n—oo

Remark 3.2 Note that in this definition, no condition is required at a totally unaccessible stop-
ping time. In our framework, since the filtration is generated by W and N, this means that no
condition is required at the jump times of N.

3.1 The case when the driver f does not depend on v, z, k.

Proposition .1 Suppose that f does not depend on y,z,k, that is f(w,t,y,2,k(:)) = f(w,t),
where f is in H? ;== H*T. Then, RBSDE (5) admits a unique solution (Y, Z,k(.), A) € 8% x
H? x H?2 x 82 and for each S € To,

T
Ys =ess sup E[¢; +/ f@®)dt| Fs] a.s. (7)
T€Ts T

Moreover if (&) is left-upper semicontinuous along stopping times, then A; is continuous.

Proof.  For each S € 7y, we introduce the following random variable

B T
Y (S) :=ess sup E[¢, +/ ft)dt | Fs). (8)
TETs T

By classical results of optimal control theory, there exists a RCLL adapted process denoted by
(Y;) such that for each S € T, Y(S) = Y a.s. The process (Y, —|—f0t f(s)ds) is a supermartingale.
By the Doob-Meyer decomposition, it can be uniquely written as

dY; = —f(t)dt — dA; + dM;,

Inria



Reflected BSDEs and robust optimal stopping for dynamic risk measures with jumps 7

where M is a square-integrable martingale and A is a nondecreasing RCLL predictable process
with E(A2) < oo and Ay = 0. Furthermore, by the theorem of representation [22], there exist
unique processes Z in IH? and k in IH? such that

dM, = ZdW, + / ky(w)N (dt, du).
The process A can be uniquely decomposed as dA; = dA§ + dA¢. By Proposition B.11 in [14]
(or [6]), we have fOT(Yt —&)dAS =0 a.s. and AAY = —AYily _.  as. Hence, (Y, Z,k(),A)
is a solution of the RBSDE associated with driver f(t) and obstacle (&;).

In the particular case when (&) is left-upper semicontinuous over stopping times, by Propo-
sition 2.11 in [14] (see also [6]), the supermartingale v, := Y, + fg f(s)ds is then left-continuous
over stopping times in expectation, that is, for all 7 € Ty and for each non decreasing sequence
of stopping times (7,,) such that 7" 1 7 a.s., lim, o F[v,,] = E[v;]. Consequently, by Lem.
B.8 in [14] (or Th. 10, Chap. VII in [5]), the nondecreasing process A is continuous.

We will now show that conversely, if (Y, Z,k(-), A) is a solution of the RBSDE associated
with driver f(¢) and obstacle (&;), then, for each S € Ty, Ys = Y (9) ass.

To simplify, suppose that f = 0. The following proof can be easily generalized to the case
where f # 0. Suppose that (Y, Z,k(.), A) is a solution of the reflected BSDE associated with
driver f = 0 and obstacle &. For each t, let

t t
M; =Y, +/ ZsdW +/ / ks(u)N(ds, du).
0 0 *
Note that M is a square integrable martingale. We have
dY; = dMy = 1gy,—¢,ydAf — dAY;  Yr =¢r, (9)

with AAY = —AYily, —¢,  as. Since Y > &, it clearly follows that for each stopping time S €
To and for each 7 € Tg,

YS = E[YT | fs] - E[A.,- - AS | fs] > E[f.,— | fs] a.s.
Hence, by taking the supremum over 7 € Tg, we have

Ys >ess sup E[¢, | Fs] =Y (S) as. (10)
T7€Ts
It remains to show the converse inequality.
Let us first consider the simpler case where (&) is left-upper semicontinuous over stopping
times and A is continuous, that is A = A°. For each S € 7T, consider

té=inf{t > S, Y; =&}

Note that 75 € 7s. Since Y and & are right-continuous processes, we have Y7: = &= a.s. By
definition of 7§, for almost every w, for each ¢t € [S(w), 74 (w)[, we have Y (w) > & (w). Hence, since
Y is solution of the RBSDE, for almost every w, the nondecreasing function ¢ — A;(w) is constant
on [S(w), 7é(w)[. The continuity of A implies that t — A;(w) is constant on [S(w), 74(w)]. This
clearly leads to the following equality:

Yg = E[ng

.7:5} a.s.

RR n°



8 Quenez € Sulem

This with inequality (10) gives the desired equality Ys = Y (S) a.s.

We now consider the case where (&;) is only supposed to be a RCLL process. For each S €
To and for each € > 0, let

te=inf{t > 5, YV, <& +el.

Note that 7§ € Tg. Fix ¢ > 0. For a.e. w, if t € [S(w), 7§(w)], then Y;(w) > & (w) + € and hence
Yi(w) > & (w). It follows that for a.e. w, the function ¢ — Af(w) is constant on [S(w), 75 (w)] and
t— A¢(w) is constant on [S(w), T&(w)[. Also, Yire)- = §(rz)- +¢€ as. Sincee > 0, it follows that
Y(r¢)- > {(rg)- a.s. , which implies that AA‘% =0 a.s. The process (Y;) is thus a martingale on
[S, 7§]. Furthermore, by the right-continuity of (¢;) and (Y;), we clearly have

Yie <&zte as.
It follows that

Ys = E[Y;e | Fs] < E[ére | Fs] +¢e <esssup B¢, | Fs]+¢ as. (11)

TETs
Hence, Y5 < Y(S) + € a.s. for each € > 0, which implies that Ys < Y(S) a.s. This, with
inequality (10), ensures the desired equality Ys = Y (S) a.s. |

3.2 The case of a general Lipschitz driver

Theorem 3.3 Suppose that f is a Lipschitz driver with Lipschitz constant C. Then, RBSDFE
(5) admits a unique solution (Y, Z,k(.), A) € S? x IH? x H?2 x §%. Moreover if (&) is left-upper
semicontinuous over stopping times, then A; is continuous.

Proof. =~ We denote by Hg the space IH? x IH? x IH? equipped with the norm ||Y, Z, k:()||%2 =
Y13+ 1213 + Ikl

We define a mapping ® from H; into itself as follows. Given (U,V,l) € H2, let (Y, Z,k) =
®(U, V,1) be the the solution of the RBSDE associated with driver f(s) = f(s,Us, Vs,1s). Let A
be the associated nondecreasing process. The mapping ® is well defined by Proposition .1. By
using some a priori estimates (see Proposition .5), ® can be shown to be a contraction from JHE
into itself. It thus admits an unique fixed point, which corresponds to the solution of RBSDE
(5). For details, see the Appendix. O

4 Relations between optimal stopping problems and RBS-
DEs

In the following, we make the following assumption on the driver f which ensures the mono-
tonicity property of the associated risk measure p (see [20]).
Let T > 0.

Assumption .1 A driver f is said to satisfy Assumption .1 if the following holds:
dP @ dt-a.s for each (z,m,11,lz) € [0,T] x Q x R? x (L2)?,

f(tax7ﬂ-all) - f(t,ﬂf,ﬂ',lg) Z <0'Z7Tr7l17l2 ) ll - l2>ua

Inria



Reflected BSDEs and robust optimal stopping for dynamic risk measures with jumps 9

with

0:[0,T] x QxR? x (L2)? v L2; (w,t,z,m, 11, lo) = 0772 (w, )
P @ B(R?) @ B((L2)?)-measurable, bounded, and satisfying dP @ dt @ dv(u)-a.s., for each
(xvﬂ'vllle) € RQ X (L3)27

af,w,ll,lg (u) > 1 and ‘azﬂ,ﬂ',h,lz (u)| < w(u)’ (12)

where 1 € L2.

4.1 Characterization of the value function as the solution of an RBSDE

We relate the optimal stopping problem (4) to reflected BSDEs. We first show that the value
function v coincides with —Y', where Y is the solution of the reflected BSDE associated with
driver f and obstacle &.

Theorem 4.1 (Characterization) Let T > 0 be the terminal time. Let (§,0 <t <T) be a
RCLL adapted process on [0,T), belonging to S. Suppose that (Y, Z,k(-), A) is the solution of
the reflected BSDE (5). Then, for each stopping time S € Ty, we have

Ys =ess sup Xg(&-,7)  a.s. (13)
T7€Ts

where on the interval [S, 7], the process (Xs(7,&7), ms(T,€2),1s(T,&7)) satisfies the BSDE
—dX, = f(s,Xs,ms,1l5)ds — msdW, — 1s(u)N (ds, du); X =¢&.
R*
Proof.

We first show that Yg > Xg(7,&;), for each 7 € Ty. Fix 7 € To. In the interval [S, 7], the
process (Y, Z, k(-), A) satisfies :

—dY, = f(s,Ys, Zg, ko)ds + dAy — Z,dWs — | ko(u)N(ds,du); Y, =Y.
R*

In other words, the process (Y5, Zs, ks; S < s < 7) is the solution of the BSDE associated with
terminal time 7, terminal condition Y, and (generalized) driver

f(s,y,2,k)ds + dAs.

Since f(s,y,z2,k)ds + dAs > f(s,y,z,k)ds and since Y, > &, a.s., the comparison theorem for
BSDEs (see Theorem 4.2 in [20]) gives that

Yo > Xg(&r,7) as.
By taking the supremum over 7 € Tg, we derive that

Ys > ess sup Xg(&-,7) as. (14)
TETs

It remains to show the converse inequality.
For each S € 7Ty and for each € > 0, let 7§ be the stopping time defined by

Te:=inf{t > S, V; <& +e}. (15)

We first show two useful lemmas.

RR n°



10 Quenez € Sulem

Lemma 4.2 e We have
Ygg < §9§ +e a.s.

o The process (Y3, S <t < 0%) is the solution of the BSDE associated with terminal time 6%,
terminal condition Yy and driver f, that is

Y = Xy (Yo, 05) S<t<05 as.

Proof.  The first point follows from the definition of 6% and the right-continuity of (&;) and (¥3).
Let us show the second point. Note that 85 € Tg. Fix e > 0. For a.e. w, if t € [S(w), 0%(w)], then
Yi(w) > & (w) + € and hence Y;(w) > &(w). It follows that for a.e. w, the function ¢ — Af(w) is
constant on [S(w), 05 (w)] and t — A¢(w) is constant on [S(w), 05 (w)[. Also, Yioz)- = o)~ +¢
a.s. Since € > 0, it follows that Yioz)- > f(gg)— a.s., which implies that AAgg =0 a.s. O

Lemma 4.3 Set :=3C? + 2C, where C is the Lipschitz constant of f.
For each € > 0 and each S € Ty, we have

LT
2

Ys < Xg(fgg,og) +ez2e a.s. (16)

Proof. By Lemma 4.2 and by the comparison theorem for BSDEs, we derive that for each
e >0,
Ys = Xs(Ygg,og) < Xs(fgg +e, 9%) a.s. (17)

Now, by the a priori estimates on BSDEs (see Proposition A.4 [20]), we have
| Xs(€os, +,605) = Xs(&oz, 05)° < "9 as.

This with inequality (17) leads to inequality (16), which ends the proof of Lemma 4.3. |

End of the proof of Theorem 4.1
By Lemma 4.3, we have for each € > 0,

Ys < Xs(6os,05) teTe < ess sup Xg(&-,7) + eTe as. (18)
T€Ts
It follows that
Ys < esssup Xg(&,7) as.,
T€Ts
and, since we have already shown the converse inequality, this inequality is an equality. |

Remark 4.4 By inequality (16), the stopping time 0% is an €'-optimal stopping time for the
optimal stopping time problem (13) with &’ = e e

Note also that the above result does not require any concavity assumption on the driver,
contrary to [1] and [2].

Inria



Reflected BSDEs and robust optimal stopping for dynamic risk measures with jumps 11

4.2 Optimal stopping times
We now provide an optimality criterium for the optimal stopping time problem (13).

Proposition .2 (Optimality criterium.) Let S € Ty and let 7 € Tg. Suppose that in Assump-
tion .1 for each 1 € L2, we have
oX T S 1, dt@dP — as. (19)

where (X7, 77, 17) := (X (&;,7), (&, 7), (€4, 7)) is the solution of the BSDE associated with 7,
.

The stopping time T is S-optimal, i.e.

YS = €sS Sup Xg(fT,T) = XS(&%,%) a.s. (20)
T€Ts
if and only if
Y, = Xs(&,7), S<s<7a.s (21)

In other words, T is S-optimal if and only if (Ys, S < s < 7) is the solution of the non reflected
BSDE associated with terminal time 7 and terminal condition &;.

Proof. It is clear that (21) = (20). Note that this implication does not require condition (19).
It remains to prove that (20) = (21).

Suppose that 7 is an S-optimal stopping time.

The process (Ys, Zs, ks; S < s < 7) is the solution of the BSDE associated with terminal time
7, terminal condition Y; and (generalized) driver

f(s,y,2,k)ds + dAs.

We have f(s,y,z,k)ds + dAs > f(s,y,z,k)ds, Yz > & a.s. as well as equality (20). Using
Assumption (19) and applying the strict comparison theorem for BSDEs (see [20], Th 4.4), we

get the desired result.
O

Remark 4.5 In the particular case when the driver f does not depend on (y,z), this gives the
well-known optimality criterium of the Optimal Stopping Theory: a stopping time 7 is S-optimal
if and only if (Y + fos f(r)dr), S < s <7)is a martingale with Yz = & a.s.

We now show that, under a left regularity condition on the obstacle, 7& tends to an S- optimal
stopping time for Problem (13) as € tends to 0, and we provide some additional properties.

Theorem 4.6 Suppose (&) is left-upper semi-continuous along stopping times. Let S € Ty.
(i) The stopping time Ts defined by

Tg := lim 1 7§
S ewT S

is an S-optimal stopping time.
(1) the stopping time 7% defined by

& = inf{u > S; Y, = &}

RR n°
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is an S-optimal stopping time and we have
Y, = Xs(§T§7T§>, S<s<75a.s.

We also have 7§ > 75 a.s.
(iii) Suppose moreover that in Assumption .1, for all x,m, 11,1, we have

gr ™l 5 1 dt @ dP — as. (22)
Then, 7§ = Ts a.s. and 7 is the minimal S-optimal stopping time.

Proof.
(i) By letting € tend to 0 in inequality (18), we get

Ys < limsup Xs(&rz,75)- (23)
eJ0
For each w such that the map ¢ — 7§(w) from R% — [0,T] is constant for e sufficiently small,
we have

lim ¢ (w) = &7 (w)-

Moreover, since the process (&;) is left-limited, for almost every w such that for each ¢ > 0,
75(w) < 7s(w), we have

lim &z (w) = €

el0

- (w).

Ts

Hence, for almost every w, lime o &g (w) does exist.
The continuity property of BSDEs with respect to terminal conditions (see Prop. A6 in [20]),
implies
leiﬁjl Xs5(&rs, 75) = Xs(lsiig&g,%s) a.s. (24)

Now, by the left-upper semicontinuity property of the obstacle along stopping times, we have
laiﬁ)l §re < &7g as.
By the comparison theorem, it follows that

Xs(lsiﬁ)lfrg,?s) < Xs(ff'svi—s)'

Hence, by (23) and (24), we get Ys < Xg(&74,7s) a.s. By using the characterization of Yg as
the value function of the optimal stopping time problem (13), we get

Ys = X5(&75,75)  as. (25)

Thus, 7g is an S-optimal stopping time.

(ii) The right continuity of (Y;) and (&;) ensures that Y;: = &+ a.s. By definition of 73,
we have that almost surely on [S, 5[, the process (Y}) is strictly greater than the obstacle (&)
and hence the process A is constant on [S, 75[ and even on [S, 75| because A is continuous (see
Theorem 3.3). We derive that (Y5, S < s < 7%) is the solution of the BSDE associated with
terminal time 75, terminal condition & and driver f, that is, Yy = X(§2,75), S < s < 74 as.

Inria



Reflected BSDEs and robust optimal stopping for dynamic risk measures with jumps 13

Hence, 7¢ is an S-optimal stopping time.
Furthermore, for each € > 0, 75 < 74 a.s. By letting ¢ tend to 0, we get 75 < 7&. a.s.

(iii) Let 7 be an S-optimal stopping time. By the strict comparison theorem for non reflected
BSDEs (or Proposition .2), we have Y; = {; a.s. Hence, by definition of 7§, we have 7 > 7§
a.s. Thus, 7g > 7¢ a.s., which, with the other inequality, yields that 7s = 7¢ a.s. We also have
proven that 7¢ is the minimal S-optimal stopping time. O

Remark 4.7 Consider the case of a Brownian filtration and a continuous obstacle (§;). The
second assertion of the above theorem concerning the optimality of 74, corresponds to Theorem

5.9 in El Karoui and Quenez (1996).

5 Comparison theorems for RBSDEs with jumps and opti-
mization problems

5.1 Comparison theorems for RBSDEs with jumps
We now state a comparison theorem for RBSDEs with jumps.

Theorem .1 (Comparison theorem for RBSDEs.) Let ¢!, €2 be two obstacle processes in
82, Let ftand f? be Lipschitz drivers. Suppose that f' satisfies Assumption (.1). Suppose that

e 2<¢,0<t<T as.
o f2(t,y,2,k) < fi(t,y, 2, k), forall (y,z,k) € R?> x L2; dP ®@dt — a.s.
Let (Y%, Z1 k', A?) be the solution of the RBSDE associated with (&%, f*) , i = 1,2. Then,
Y2 <Y} Vvt e[0,T)] as.

Proof. = We give here a simple proof based on the characterization of solutions of RBSDEs
(Theorem 4.1) and on the comparison theorem for non reflected BSDEs. Let ¢ € [0,T]. For each
7 € Ty, let us denote by X*(£4, 7) the unique solution of the BSDE associated with (7, &L, f*) for
i = 1,2. By the comparison theorem for BSDEs with jumps [20], the following inequality

XP(&7,7) < X[ (&, 7) as.

holds for each 7 in 7;. Hence, by taking the essential supremum over 7 in 7; and using Theorem
4.1, we get

Y2 = ess sup X7(&2,7) <esssup X/ (&L, 7) =Y} as.
TET: TET:

Remark 5.1 The result still holds when f? satisfies Assumption (.1) instead of f*.

We now provide a strict comparison theorem. The first assertion addresses the particular
case when the obstacle is left-upper semicontinuous along stopping times and the second one
deals with the general case.
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Theorem 5.2 (Strict comparison.) Suppose that the assumptions of the comparison theorem
(Th. .1) hold and that the driver f! satisfies Assumption .1 with

g™l 5 1 dt @ dP — aus. (26)
Let S in Ty and suppose that Y& =YZ a.s.

1. Suppose that &' and £ are left-upper semicontinuous along stopping times. Let T} = Tig =
inf{s > S; Y =¢}, i=1,2. Then,

VI=Y? S<t<7ATS as.

and
A, Y2 Z2 k) = fL, Y2, Z2, k%) S<t<r1i ATy, dP®dt— a.s. (27)

el 2 ¥k 1 _vyv2 _ ¢l
Moreover if & = £° a.s., then 71 =15 a.s. and YTI‘ fYTlx fle* a.s

2. Consider the general case where £ and €2 are not supposed to be left-upper semicontinuous
along stopping times. For e > 0, define

H=inf{t > 8, V<& +e} and F ::liﬁ)lTTiE i=1,2.

Then, for each € > 0,

VI=Y? S<t<tiATS. as. (28)
Moreover,
A, Y2 Z2 k) = fH, Y2, Z2, k) S<t< T AT, dPRdt—a.s.
and if &1 = €2 a.s., then for each e > 0, 7§ = 75 a.s. and 71 = 7».
Proof.  Suppose that &' and &2 are left-upper semicontinuous along stopping times. By the

existence theorem (see Theorem 4.6), 7; is optimal for Problem (13) with f = f1, £ = ¢!, that is

Yo =ess sup X&(¢h,7) = XL(E,77) as
T€Ts !
where X 1(&1* , 71 ) denotes the solution of the BSDE associated with terminal time 71, terminal
condition fil* and driver f1. Furthermore, by Theorem 4.6, we have

Yi=XxMeL ), S<t<1 oas.

T1 ?
Moreover 75 is optimal for Problem (13) with f = f2, ¢ = ¢2, that is,

Y3 = ess sup X2(£2,7) = X2( 32*,72*),
TETs

where X?(&7,,73) denotes the solution of the BSDE associated with terminal time 75, terminal
condition 53; and driver f2.
Also, Y2 = X3( 35772*) S <t <75 as. Hence

Y =X} (Y

* *
TLNTS

A7), and Y = X2 (V72

Ak
Ty NTS?

TTATY), S<t<T1ATS as.
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Reflected BSDEs and robust optimal stopping for dynamic risk measures with jumps 15

Since f! > f2? and &' > €2, the comparison theorem for RBSDEs (Th. .1) yields that
YTll*ATg > YTQ;*AT; a.s. By hypothesis, Y4 = Y2. Now, Assumption (26) allows us to apply the
strict comparison theorem for non reflected BSDEs with jumps (see [20] Th 4.4) for terminal
time 77 A 7. Hence, we get ;! = Y2, S <t <77 A7 as., and equality (27), which provides
the desired result.

Suppose now that &' = ¢2 = ¢ a.s. Then, using Y2 < Y! we get 75 < 7/ a.s. Since we have
already shown that YT12 = Y% a.s., and since Yf; = {r; a.s. Hence leg =&y and 77 <75 as. It
follows that 7 = 75 a.s.

Let us now consider the general case where the obstacles are not supposed to be left-upper
semicontinuous along stopping times.

Let € > 0. By a property of 7§ (see Lemma 4.2), we have

V! =X/ (Y ), S<t< as.
Similarly, Y;> = XE(Y%,TQE), S <t <75 as. By the same arguments as above with 77" and 75
replaced by 7{ and 75 respectively, we derive the desired result.

Suppose now that ¢! = ¢2 = ¢ a.s. Since Y2 < Y! we have 75 < 7§ a.s. Moreover by
inequality Lemma 4.2 and Assumption (28), we have

2 1
§rste2Y =Y as.

Consequently, 75 > 7§ a.s. Since we have already shown the converse inequality, we have 75 = 7§
a.s.

O

5.2 Optimization problems for RBSDEs

We use the following setup: Let & in S? and let (f, f*; o € A) be a family of Lipschitz drivers
satisfying Assumption (.1). In (.1), the coefficient associated with f* (resp. f), is denoted by
go=ml (resp. %),

We denote by (Y, Z, k) the solution of the RBSDE associated to obstacle (§;) and driver f,
and by (Y%, Z%, k%) the solution of the RBSDE associated with obstacle (&) and driver f®.
Also, for each 7 € Ty and ¢ € L?(F,), we denote by (X({,7),7(¢,7),1(¢,7)) the solution of the
BSDE associated with driver f, terminal conditions ¢, 7, and by (X*({,7),7%({,7),1%((, 7)) the
solution of the BSDE associated with driver f¢ and terminal conditions ¢, 7.

From the comparison theorem, we derive a first optimization principle for RBSDEs which
generalizes the result established by El Karoui and Quenez in [8] to the case of jumps.

Proposition .3 (Optimization principle for RBSDEs I) Suppose that
1. For each a € A, f(t,y,2,k) < f(t,y,z, k), forall (y,z,k) € R? x L2; dt ®dP — a.s.
2. There exists @ € A such that

f(t7)/lf7Ztakt) = essinf fa(tv}/bZtvk.t) = fd(t7)/t7Zta kt)a 0 <t< T7 dt @ dP — a.s. (29)
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Then, for each S € Ty,
Ys =essinf Y =Y$  as. (30)

Proof.  For each «, since Condition 1. is satisfied and, since f¢ satisfies Assumption .1, the
comparison theorem for RBSDEs yields (see Theorem .1) that Y < Y“. It follows that for each
S €T,

Ys <essinfY§ as.
«

Now, by condition 2., Y is a solution of the RBSDE associated with f®. By uniqueness of the
solution of this RBSDE, we have Y = Y@, which leads to equality (30). |

Remark 5.8 This Proposition still holds if f does not satisfy Assumption (.1).

Proposition .4 (Optimization principle for RBSDEs II) Suppose that the drivers f%, «
€ A satisfy f < f¢ and are equi-Lipschitz with constant C.
Suppose moreover that for each n > 0 , there exists o € A such that

Ft,Ye, Zy k) > [ (6, Ye, Zyyky) —n, 0<t<T,dP®dt—a.s. (31)
Then, for each S € Ty, we have

Ys =essinfY§  as. (32)

Proof. Since f < f¢, we have Y < Y® a.s. for each o € A. It follows that for each S € 7y, we
have Yg < essinf, Y a.s. Since Assumption (31) holds, by using estimation (59), with n = &
and 8 = 3C? + 2C, we derive that there exists a constant K > 0, which depends only on C' and
T, such that, for each n > 0 and for each S € 7T,

Yo+ Kn>YS >essinf Y& as.
Equality (32) thus follows. U

By using the strict comparison theorem for reflected BSDEs (see Theorem 5.2), we provide
some necessary and sufficient conditions of optimality at a given time S € 7.

Theorem .2 (Optimality criteria for RBSDEs.) Suppose that for each o € A, f < f®. Let
a € A, and suppose that in Assumption .1 the coefficient 05 corresponding to driver f satisfies
=™l > 1, for each x, 1.

1. Suppose that the obstacle £ is left-upper semicontinuous along stopping times. Define for
each S in Ty,
t&=inf{t > S, Y; =&}

The parameter & is S-optimal (i.e. essinf, Y& =YE) if and only if
YA =& as f(6,Ys, Zi, ki) =[O, Y:, Zi, k), S <t <75, dP @ dt — a.s. (33)

*
Ts
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2. Consider the general case when the obstacle is not supposed to be left-upper semicontinuous
along stopping times. Define for each € > 0, and each S € Ty, the stopping time 7§ :=
inf{t > S, Vi <& +e¢}.

A parameter & is S-optimal (i.e. essinf, Y§ =Y§) if and only if for each e > 0,

Y% <& teas; f(6,Y Zg k) =[O, Y0, Zy, k), S <t <75, dP®@dt —as.  (34)

Also, in both cases, Yg = essinf, Y§ =Y§ a.s.

Remark 5.4 Note that in the first assertion, even if the assumption 0%% ™! > —1 is not satisfied,
(33) implies that & is S-optimal. The same holds for assertion 2.

Proof. 1. Suppose that & is S-optimal. Note that, since Y < Y@, it follows that 7§ <

Tg"* where Tgf’* = inf{t > S, Y@ = &}. By the first strict comparison theorem for RBSDEs

(Theorem 5.2 1.) applied to &' = &2 =¢, fl=f, f2=f% Y =Y, Y? = Y% we derive that
equalities (33) hold.
It remains to show the converse. Suppose that equalities (33) hold. Then, by the optimality
of 7§ for Ys, we have
Y, = Xt(fTé,Tg), S <t<7g, as.

This with equality (33) and the uniqueness result for BSDEs leads to
Yy = Xt(€7'§77—§') = X?(€T§7T§) = X?(YT%7T§)’ S<t<7g, as.,

Moreover, according to the previous equalities, X (Y%7 T8) =Y > &, S <t <71¢as. By the
uniqueness result for RBSDEs, it follows that

Y, = Xf(Y%,Tgf) =Y S<t<7i as.

By taking ¢t = S, we get Y = essinf, Y§ = Y§ a.s., which ends the proof of the first assertion.
2. Suppose that & is S-optimal. Let

e =inf{t > S, V¥ <& + e}

Since Y < Y%, it follows that for each € > 0, we have T¢ < Tg’e a.s. By the second strict
comparison theorem for RBSDEs (Theorem 5.2 2.) applied to ¢! = ¢2 = ¢, f! = f, f2 = f9,
Y=V, V2 =YY% we derive that Yf; =VYe <&z tceasand f(t,Yy, Z, ki) = fO(, Y, Zi, Ky),
S <t< 7§, dP ®dt-as.

It remains to show the converse. Suppose that equalities (34) hold. Note first that since
< f%, we clearly have Yg < Y§ a.s.
Let us now show that Ys > Y& a.s. By a property of 75 (see Lemma 4.2), we have

Vi = Xi(Yre,75), S <t<7g, as.,
Hence, using equality (34), we derive that
K:Xt(YTg,Tg):Xf‘(YTg,Tg), S<t<7g, as..
By the comparison theorem for non reflected BSDEs and the inequality Y72 > &< a.s., we have

Vi = X7 (Vee, 75) > X (6re,75), S <t<75, as.
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Now, by the a priori estimates (see [20]), we have

BT
2

Yo > X§(&rs,75) > X§(&rg +2,75) —€e a.s.

with 8 = 3C%+2C, where C is the Lipschistz constant of f*. Since by assumption, §rste 2> Y%
a.s., the comparison theorem for non reflected BSDEs yields that

Ys+ece? > X§(&rg +e.75) > X5(Y2,75) as.

Since Y. < Y%, we have 7§ < Tg’s a.s. (actually equality holds). Now, by Lemma 4.2, the
non decreasing process associated with Y@ is constant on [S,74"°] and hence on [S, 7§]. Thus,
(Y,*, S <t <7g) is the solution of the non reflected BSDE associated with driver f®, terminal
time 7§, and terminal condition Y;2. We thus get

Consequently, for each ¢ > 0, we have Yg + ces > Y§ as., and hence, Yg > Y§ a.s. We thus
have Yg = Y& a.s., which provides the desired result. O

6 Robust optimal stopping problem

We now consider the optimal stopping problem when there is ambiguity on the risk-measure
modeling. Let {f*, a € A} be a given family of Lipschitz drivers satisfying Assumption (.1). For
each a € A, let p® be the risk measure induced by the BSDE with driver f¢, defined as follows:
for each terminal time 7 € 7o and position ¢ € L?(F,), set

pi (¢, 1) i= =X, 1), 0<t<T,

where X (¢, 7) denotes the solution of the BSDE associated with driver f©, terminal condition
¢ and terminal time 7. We consider an agent who is averse to ambiguity, and we define her risk
measure of position (, at each time S in Ty with S < 7 a.s., as the supremum over « of the
associated risk-measures p% (¢, 7) that is,

ess sup pg(¢, ) = ess sup —Xg(C, 7).
acA acA

Let (&) be a dynamic position, given by an RCLL adapted process (£;) in S2. At time S € Tp,
the agent wants to choose a stopping time 7 € Tg which minimizes her risk measure. At time .5,
her value function is defined as

u(S) :=ess inf esssup pG (&, 7). (35)
T€Ts acA

This leads to the following game problem.
Let S € Ty. Define the first value function at time S as

V(S) :=ess inf ess sup Xg (&, 7T), (36)

acA TETs
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and the second value function at time S as

V(S) := ess sup ess inf Xg (&, 7). (37)
TETs acA

Note that V(S) = —u(S) a.s.

By definition, we say that there exists a wvalue function at time S for the game problem if

V(S) =V(S) as.

We introduce the definition of an S-saddle point:

Definition .2 Let S € Ty. A pair (7,&) € Tg X A is called a S-saddle point if

e V(S)=V(S) as.,

e the essential infimum in (36) is attained at &,
o the essential supremum in (37) is attained at 7.

By classical results, for each S € Ty, (7,&) is a S-saddle point if and only if for each (r,«)
€Tsg x A,
X§(&,7) < X5(&,7) < X5(&,7) as. (38)

Note that for each S € 7o, the inequality V(S) < V(S) a.s.clearly holds. We want to
determine when the equality holds, characterize the value function, and address the question of
existence of a S-saddle point.

Remark 6.1 If (7, &) is an S-saddle point, then T and & attain respectively the infimum and the
supremum in V(S) that is,

V(S) = ess sup essinf X&(&,,7) = essinf XZ(&3,7) = X5 (&2, 7).

T€Ts @ @
Hence, T is an optimal stopping time for the agent who wants to minimize over stopping times
her risk-measure at time S in the case of ambiguity (see (35)). Also, since & attains the essential
infimum in (36), p& can be interpreted as the“worst" risk measure.

We will now relate the game problem to an optimization problem for RBSDEs.
Let (Y%, Z%, k%) be the solution of the RBSDE with obstacle (§;) and driver f*. For each 7 € Ty
and ¢ € L*(F,), let (X*(¢, 1), 7*(¢, 7),1%(¢, 7)) be the solution of the BSDE with driver £ and
terminal conditions (¢, 7).

By the characterization of RBSDEs (see Theorem 4.1), for each S € Ty, we have
Y§ = esssup, ., X§(&7,7) as. It follows that

= inf Y§ 8.
V(S) ess inf Y5 a s (39)

By using the previous results on RBSDEs, we provide the following theorem, which holds for
a general adapted RCLL obstacle process ().

Let f be a Lipschitz driver satisfying Assumption (.1). Let (Y, Z, k) be the solution of the RB-
SDE with obstacle (&) and driver f. For each 7 € T and ¢ € L%(F,), let (X (¢, 7),7(¢,7),1(¢, 7))
be the solution of the BSDE with driver f and terminal conditions (¢, 7).
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Theorem .3 (Verification theorem I) Suppose that the drivers f¢, o € A satisfy f < f
and are equi-Lipschitz with constant C. Suppose that there exists & such that

f(taiftaztykt) = €8S ianfa(tayvtaZt;kt) = fa(taY;faZtakt)7O S t S Ta dt@dp* a.s. (40)
(¢S

Then, there exists a value function, which is characterized as the solution of the RBSDE with
obstacle (&) and driver f, that is, for each S € Ty, we have

Ys =V(S)=V(S) as.

This theorem can be seen as a verification theorem in the following sense: if we are given a driver
f satisfying some appropriate conditions, the solution of the RBSDE with driver f coincides with
the value function of the game problem.

Proof. Let S € To. Let us prove that V(S) < V(S) a.s. By assumption (40) and the
optimization principle for RBSDEs (see Theorem .3), we have:

V(S) = ess ini\YSa =Y&=Ys as. (41)
ae
Let € > 0. By a property of 75 (see Lemma 4.2), we have
Y, = Xt(YTg,Tgv), S<t<rTg, as.

If (Xy, m, 1) denotes the solution of the BSDE associated with driver f and terminal conditions
(Yre,75), we thus have (Y, Zy, k) = (X4, 7, l¢) for S <t < 75 a.s. This with Assumption (40)
ensures that

f(t,Xt,?Tt,lt) = €88 ingfa(t7Xt77Ttalt) = f&(t,Xt,ﬂ't,lt), S <t< Tg’, dt ® dP — a.s. (42)

Hence, the first optimization principle for non reflected BSDEs (see [20]) can be applied. It
follows that
Xs(Yre,75) = essinf XG(Yre,75) as. (43)

TS7

Using the comparison theorem for non reflected BSDEs and the inequality Y7: < &z +¢ ass., it
follows that
Ys = essinf X§(Yre,75) < essinf X§ (&g +¢,75). (44)
[0 «

By the a priori estimates for non reflected BSDEs with jumps (see [20]), for each € > 0 and for
each a € A, we have
8T
X§(6re +6,75) < X§(&rz,75) +ee 2 as.,

with 8 = 3C? + 2C, where the constant C is equal to the Lipschitz constant common to all the
drivers f¢, a € A. By taking the essential infimum over «, we derive that for each € > 0,

essinf X§(&rs +¢,75) <essinf X§(&-¢,75) +ee 2 <V(S)+ee= as.,

where the last inequality follows from the fact that

V(S) = ess sup essinf Xg(&,,7) a.s.
TETs o
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Using (44), we get Ys < V(S) + ce™ as. Since V(S) = Ys a.s. (see (41)), it follows that for

each € > 0, we have
_ BT
2

V(S)=Ys <V(S)+eez as.

(
Hence, V(S) = Y5 < V(S) a.s. Since V(S) < V(S) ass., it follows that V(S) = Ys = V(S) ass.
The proof is thus complete. O

Remark 6.2 Suppose that for each o in A, f < f* and the drivers f* are equi-Lipschitz. Let S
in To. Assume there exists & such that for each € > 0,

YT&E <&steas and f(4,Yy, Zy k) = fO(4, Yy, Zi k), S <t <75, dP @ dt — a.s. (45)

Then, we have

Yg =V(5) =V(9).

Note that (45) is weaker than (40). This result follows from the second optimality criterium (see
Theorem .2 2.) and the same arguments as above.

We stress on that the above theorem holds without making the left-upper semicontinuity
hypothesis on £ along stopping times and hence, it may be that there does not exist any optimal
stopping time for Ys = esssup, ., X5(£7,7) and that there does not exist any S-saddle point.

We now show the following verification theorem, which holds under weaker hypotheses.

Theorem .4 (Verification Theorem II) Suppose that for each o € A, f < f*. Suppose that
for each n > 0, there exists o € A such that

f(tmazt;kt) Zfa”(taytaztakt)_nv OStST, dP®dt—as (46)
Then, for each S € Ty, the equality Ys = V(S) = V(S) holds a.s.

Proof. By Theorem .4, we already know that Yg = essinf, Y§ = V(5) as.
Since f < fo‘", we have Yg < YSO‘T7 a.s.
For each € > 0, by a property of 7§ (see Lemma 4.2), we have

()/Vthtakt):(Xhﬂ-talt) SStSTga a.s. .
By assumption (46), we have
F Xeome b)) > F7(t, Xey T, ) — 1, S<t<75, dP®dt —as. (47)

and this holds for each 1 > 0. By the second optimization principle for non reflected BSDE (see
[20], Theorem 4.6), we have

Ys = Xg = Xs(Yrg, 75) = essinf X§(Yre, 75) as.
The end of the proof is the same as that of Theorem .3. O

From the above theorems, we derive a saddle point criterium.
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Corollary .1 Suppose that the assumptions of Theorem .3 or Theorem .4 are satisfied. Let S
€ To. For each stopping time 7 € Tg and for each & € A, the pair (7,&) is an S-saddle point
if and only if T is an optimal stopping time for Ys = esssup, . Xs(§r,7) and & is optimal for
Yg =essinfoea Y§'.

Proof. By Theorem .3 or .4, we have V(S) = V(S) = Ys a.s. The result follows from the
definition of an S-saddle point (see Definition .2). O

The following existence result clearly follows.

Corollary .2 Suppose that the assumptions of Theorem .3 hold and that the obstacle & is left-
upper semicontinuous along stopping times. Let 7§ = inf{u > S; Y, = &,}.
Then, for each S € Ty, (1§, &) is an S-saddle point.

Remark 6.3 This corollary generalizes a similar result of [8] obtained in the case of a Brownian
framework and a continuous obstacle.

By Theorem .2 and Remark 5.4, we get the following existence result which holds under a
weaker hypothesis.

Corollary .3 Suppose that the assumptions of Theorem .4 are satisfied and that the obstacle &
is left-upper semicontinuous along stopping times. Let S in Ty. Suppose that there exists & such
that

Y% =&z as. and f(t,Yy, Zy, k) = o, Y, Zky), S<t<7s, dP®dt — as. (48)

Then, (1§, &) is an S-saddle point.

7 Application to the case of multiple priors

We now apply these results to an optimal stopping problem for dynamic risk-measures in the
case of multiple priors. Let A be a Polish space (or a Borelian subset of a Polish space) and let A
the set of A-valued predictable processes a. With each coefficient o € A, is associated a model
via a probability measure Q< called prior as well as a dynamic risk measure p®. More precisely,
for each a € A, let Z¢ be the solution of the SDE:

dzg = 7 (ﬂl(t,at)th + Bz(t,at,u)dN(dt,du)) D28 =1,

R*
where 8! : (t,w,a) — B(t,w,a), is a P ® B(A)-measurable function defined on [0,7] x Q x A
and valued in [-C, C], with C > 0, and 82 : (t,w, o, u) — B2(t,w,a,u) is a P @ B(A) @ B(R*)-
measurable function defined on [0,7] x  x A x R* which satisfies dt ® dP ® dv(u)-a.s.

B (t,o,u) > Cy and B2t a,u)| < (u), (49)

with C; > —1 and % is a bounded function € L? for all p > 1. Hence, Z& > 0 a.s. and, by
Proposition Al in [20], Z& € LP(Fyp) for all p > 1.

For each o € A, let Q% be the probability measure equivalent to P which admits Z¢& as
density with respect to P on Fr. By Girsanov’s theorem, the process W := W; — fot B(s, as)ds
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is a Brownian motion under @“ and N is a Poisson random measure independant from W%
under Q® with compensated process N (dt,du) = N(dt, du) — B3 (t, oy, w)v(du)dt.

For each control «, the associated dynamic risk measure is induced by a BSDE under Q¢
and driven by W< and N©, which makes sense since we have a Q“-martingale representation
property (see Lemma 5.7 in [20]). We introduce a function
F:0,T]xOxRxL2xA— R; (t,w,m{,a) — F(t,w,m ¢, «) which is PRB(R)®B(L2)@B(A)-
measurable. Suppose F' is uniformly Lipschitz with respect to (m, ), continuous with respect to
a, and such that esssup,¢c 4 |F(+,¢,0,0,0,a)| € HPT, for each p > 2. Suppose also that

F(t,m 1y, 0) — F(t,m,ly,a) > (7702 10— 1), (50)

for some adapted process 772 (.) satisfying 77> (u)| < (), where 9 is bounded and in

L2 for all p>1, and 771> > —1 — C}.
For each o € A, the associated driver is given by

F(t,w,m ¥l ay(w)). (51)

Note that these drivers are equi-Lipschitz. For each a € A, let p® be the dynamic risk-measure
induced by the BSDE associated with F(., ;) and driven by W and N°.

More precisely, for each 7 € Ty and ¢ € LP(F,) with p > 2, there exists a unique solution
(X, 7,1%) in 82 x HZ2 x H? , of the Q*-BSDE

—dX{ = F(t, 7,18, o )dt — ol dW — / 12(u)N(dt,du); X =¢, (52)

driven by W* and N°. The dynamic risk-measure p® (¢, 7) of position ¢ is thus well defined by
pi(C,7) ==X (7)), 0<t<T, (53)

with X*({,7) = X“. Assumption (50) yields the monotonicity property of p®.
The agent is supposed to be averse to ambiguity. Her dynamic risk measure is given, for each
T € Tgand ¢ € LP(F;), p > 2, by

ess sup pg(¢,7) = —ess inf X (¢, 7). (54)
acA acA

at each stopping time S € Ty.

The financial dynamic position is given here by a RCLL predictable process (£;) which belongs
to SP. At fixed time S € 7y, the agent wants to choose a stopping time in Tg so that it minimizes
(54), which leads to the following mixed control/optimal stopping problem:

u(S) :=ess inf esssup pg(&r,7) = —ess sup ess inf Xg(&,,7),
T€Ts acA T€Ts acA

which corresponds to that studied in Section 77.

Theorem .5 Let (Y, Z, k) be the solution of the RBSDE associated with obstacle () and Lisp-
chitz driver f, defined for each (t,w,m,t) by

ft,w,m, €)= igi{F(t,w,w,&@ + Bt w, )T + (B2 (t,w, ), ), }. (55)

For each S € Ty, we have
Ys =V (S)=V(9) as.
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Proof. In order to prove this result, we will express the problem in terms of BSDEs and
RBSDEs under probability P and then apply Theorem .4.

Fix now 7 € Tp and ¢ € LP(F;) with p > 2. Since (X<, 7,[%) is the solution of BSDE (52),
it clearly satisfies the following P-BSDE driven by W and N

—dXP = fO(t, 7™ 1) dt — mEdW, — / I9(w)N(dt,du); X =¢, (56)
where the driver is given by

[t m0) = F(t,m, b, o) + Bt )7+ (B2(t, o), £) . (57)

The process (X%, 7, 1%) is the solution of P-BSDE (56) in 82 x IH? x IH2 (see the proof of
Theorem 5.9 in [20]). Moreover, for each «, f< satisfies Assumption .1, and f, defined by (55),
is a Lipschitz driver (see [20]).
By the definition of f (see (55)) and f (see (57)), we get that for each a € A, f < f°.

Also, for each 7 > 0 and each (t,w,7,1) € Q x [0,T] x R x L2, there exists a” € A such that

ftw,ml)+n> Ft,w,m,0a") + Bl(t7w,a")7r + (ﬁQ(t,w, am), l),.

By the section theorem of [4], for each 1 > 0, there exists an A-valued predictable process (o)
such that f(t, Zy, k) +n > f*"(t, Z;, ki), dP @ dt-a.s. Consequently, by Theorem .4, the result
follows. ]

Corollary .4 Suppose A is compact and F, B* and B? are continuous with respect to . Suppose
that the position (&) is left-usc along stopping times. Then, there exists & € A such that

f(t,Y;, Zt,kt) = €88 inf,;lfa(LYL Zt, kt) = fa(t,}/t, Zt7kt),0 <t< T‘7 dt @ dP — a.s. (58)
ac

Also, for each S € Ty, the pair (75, &) is an S-saddle point, where 7¢ = inf{u > S; Y, = £, }.

This result still holds in the case when A, instead of being compact, is a bounded, conver and
closed subset of a separable Hilbert space, and if F, B! and % are convex and lower semicontin-
uous with respect to .

Proof.  Since A is compact and that F', 3! and 2 are continuous with respect to «, the section
theorem of [4] provides the existence of & € A such that (58) is satisfied. By Corollary .3, (74, @)
is thus an S-saddle point.

Let us now consider the second case. By convex analysis arguments, one can show the
existence of & € A satisfying equality (58) (for details, see the proof of Theorem 5.2 in [20]). The
result follows. |

Example. Suppose that L2 is separable and that A is a Borelian of the Hilbert space R x L2
such that A C [-K, K] x T, where

T:={peP, Cl<p) and |p(u)] <¥(u) v(du)as. },
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with C] > —1 and 9 is bounded and in LP, for all p > 1. For each process a := (al,a?) € A,
the prior Q“ is defined as the probability measure which admits Z$ as density with respect to
P, Z* being the solution of

aze = 7 (a}th + /

Theorem .5 and Corollary .4 then hold.

af(u)dN(dt,du)) D28 =1.

5

Remark 7.1 In the case when F(t,w,,{,cz(w)) is linear with respect to w and ¢, the above
problem is related to that studied in [2] (in the Brownian case).

A Appendix

Proposition .5 LetT > 0 and let £ € S2. Let f' be a Lipschitz driver with Lipschitz constant C
and let f? be a driver. Fori=1,2, let (Y%, Z% k', A?) be a solution of the RBSDE associated to
terminal time T, driver f* and obstacle £. For s in [0,T), denote Yy := Y} ~Y2 Z .= 7! - 72
ks :=k! — k2, and f(s) := f! (s Y2, 72 k%) — f2(s,Y2, 22, k2).

ERERE s7's

Letn, 8 > 0 be such that 3 > 3 o +20. Ifn < 012, then, for each t € [0,T], we have

T
Py? < nE[/ P f(s)%ds | F;] a.s. and (59)
t

Y15 < 7ol f13- (60)

Also, if n < é, we then have
1215 +11FIZ,s < 7= Czllf”%- (61)

Proof. From It6’s formula applied to the semimartingale e?*Y; between t and T, it follows
that

T T T
Y2 + ﬂ/ eP*Y2ds + / ePs Z%ds + / €%\ k|2 ds
¢ ¢ ¢

T
:2/ BT (s, VI, ZL KD — f2(s, Y2, 22, K2))ds

72/ YZdW—?/ / w)dN (du, dt)

t

+2 / Y~ dAL — 2 / MY~ dA? (62)
t t

Now, we have a.s.
YdAy© = (Y] = &)dAye — (Y2 = &)dAy = —(Y] = &)dA;© <0
and by symmetry, Y ,dA%¢ > 0 a.s. Also, we have a.s.

Vo AAL = (YR — g )AAM - (Y2 — &, )AAb = (Y2 — ¢, )AAlt <0
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and Y,- AA%4 > 0 a.s. Consequently, the two last terms of the r.h.s. of (62) are non positive.
Moreover,

|f1(S7Yslvzl kl)_f2(37Y;27Z§7k§)| < |f1(3aYslvzl kl)_f1(57Y527Z2 k2)|+‘f8|

s§71'7s s§1'7s s71's

< CIY| + (C1Zs| + Cllkslly + | fsl)-

Now, for all real numbers y, z, k, f and € > 0
2 2
2y(Cz+Ck+ f) < % +2(Cz+ Ck+ f)? < % 4 3¢%(C%y? + C?k* + f?). Hence, we get

T T
PHE B\ [ Pl [T+ Rl | 7
t t

<E
t

1 T T B B
a0+ ) [ Vs a0 [z ks|3)ds|ft]
t

+ 3e°E
t

T
/ s f2ds | ]—'t] . (63)

Let us make the change of variable n = 3¢?. Then, for each 3,7 > 0 chosen as in the theorem,
these inequalities lead to (59). We obtain the first inequality of (60) by integrating (59). Then
(61) follows from inequality (63). O

Remark A.1 By classical results on the norms of semimartingales, one similarly shows that
Y ls2 < K||f|| g2, where K is a positive constant only depending on T and C.

Proof of Theorem 3.3: Using the previous a priori estimates, we show that the mapping ®
is a contraction from ’H% into ’H%. Given (U, V,1) € 7—[%7 let (Y, Z,k) := ®(U, V,1), that is, the so-
lution of the RBSDE associated with driver process f! := f(s,Us, Vs, ls) (which does not depend
on the solution). Let (U’, V' k') be another element of ’H% and let (Y, Z" K') .= o(U", V' ]l'),
that is, the solution of the RBSDE associated with driver process f2 := f(s, UL, V!, 1.).

Set U =U-U,V=V-V,1l=1-1Y=Y-Y,Z2=2-2k=Fk-—Fk. Let
Af = f(,U V1) — f(-,U, V', I'). Using estimates (60) and (61) with n < ﬁ and Lipschitz
constant equal to 0 (since the driver f! does not depend on the solution), we get

Y15+ 1ZI3 + %17 5 < (T + 2DNALIF < 0T +22C* U5+ IVIE + 76,

where the second inequality follows from the Lipschitz property of f with constant C. Choosing
n= m, we deduce ||(Y, Z, k)[|3 < 3]/(U, V,1)||3. Hence, @ is a contraction and thus admits
a unique fixed point (Y, Z, k) in H%, which corresponds to the solution of RBSDE (5).
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