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Abstract

The computation of Gibner bases remains one of the most powerful methods for tack-
ling the Polynomial System Solving (PoSSo) problem. The most efficient known al-
gorithms reduce the @bner basis computation to Gaussian eliminations on several
matrices. However, several degrees of freedom are available to generate these matri-
ces. Itis well known that the particular strategies used can drastically affect the effi-
ciency of the computations. In this work we investigate a recently-proposed strategy,
the so-calledMutant strategy”, on which a new family of algorithms is based (MXL,

MXL » and MXLg). By studying and describing the algorithms based oob@er basis
concepts, we demonstrate that the Mutant strategy can be understood to be equivalent
to the classical Normal Selection strategy currently used b@er basis algorithms.
Furthermore, we show that the “partial enlargement” technique can be understood as a
strategy for restricting the number of S-polynomials considered in an iteration Bf the
Grobner basis algorithm, while the new termination criterion used in Mdbes not

lead to termination at a lower degree than the classical Gebadket\hstallation of
Buchberger’s criteria. We claim that our results map all novel concepts from the MXL
family of algorithms to their well-known Gbner basis equivalents. Using previous
results that had shown the relation between the original XL algorithnFanae con-

clude that the MXL family of algorithms can be fundamentally reduced to redundant
variants off,.

Keywords: Grobner bases, polynomial system solvingytants.

1. Introduction

The past few years have witnessed a growing interest from the cryptographic com-
munity in computational algebra methods, in particulabl@rer basis algorithms [8, 9].
This was motivated by the proposal of algebraic attacks against stream ciphers [13] and
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block ciphers [17, 26, 1, 2], as well as by the proposal of several public-key schemes
based on systems of multivariate polynomial equations (e.qg., [36]), and the correspond-
ing cryptanalysis using this algorithm [23, 25, 21, 6]. One particular algorithm has
received considerable attention from the cryptographic community: the XL algorithm
[15] (and its several variants, e.g., [16, 17, 14]) was originally proposed by cryptogra-
phers to tackle problems arising specifically from cryptology. Although not strictly a
Grobner basis algorithm, it used a similar idea to the one proposed by Lazard [27]: it
constructs the Macaulay matrix up to some large defraed reduces it to obtain the
solution of the system. The algorithm was shown to work only under particular con-
ditions [19], while other flaws were also shown in other high-profile variants [12, 28].
Eventually, it was shown that the XL algorithm could be described essentially as a re-
dundant (and less efficient) variant of tRgalgorithm [3]. That is, one can simulate

the XL algorithm using a variant of thg, algorithm.

Despite of these results, because of its simplicity the XL algorithm continues to
attract the attention of researchers working in cryptography [11, 37]. In this paper we
investigate a prominent recent addition to the XL family, namely the MutantXL algo-
rithms [11, 34, 33, 10]. The concept of Mutants was first introduced in [11], giving rise
to a family of algorithms and techniques [34, 33, 10], which showed to be particularly
efficient against the MQQ multivariate cryptosystem [35]. Unlike the XL algorithm,
some of the Mutant algorithms (e.g., MXI[33]) do in fact explicitly compute the
Grobner basis of the corresponding ideal, assuming it is zero-dimensional. Because of
the remarkable experimental results reported in [33], a natural question arises: what
is behind such a performance? Is it due to changes in the algorithm, implementation
tricks, tuning towards particular problems, or perhaps a fundamentally novel algorith-
mic idea?

In the MutantXL literature [11, 34, 33, 10] the observed performance gains are
attributed to algorithmic advances. Hence, in order to compare the MutantXL family
of algorithms to standard techniques in computational commutative algebra, we need
to describe both in common terms. This will allow us to answer the question, whether
mutants are a new concept or whether they can be described based on well-known com-
putational algebra concepts. Likewise, are the newtant strategiegieneral enough,
so that they can potentially be incorporated to existefib@er basis algorithms?

There has been so far no in-depth study of the mathematical properties of mutants
and related strategies, and how they are connected to otlien&rbasis algorithms.
Because of this, there is a considerable gap between the symbolic computation and the
cryptographic communities. Both investigate efficient algorithms for solving polyno-
mial systems but results seem incommensurable in terms of strategy.

In this work, we undertake the task to bridge this gap. In particular, we compare the
MXL family with two variants of the=, algorithm [20]: first, the so-called simplifiete}
which does not use Buchberger’s criteria to avoid useless reductions to zero and second,
the full F4 as specified in [20]. Considering these algorithms, we show that the Mutant
strategy can be understood as essentially equivalent to the Normal Selection strategy
as used in Gibner basis algorithms, such Bg Based on previous results, which
showed the relation between the XL algorithm d&nd3], we conclude that MXL can
too be described as a redundant variarEpfFurthermore, we also study the “partial
enlargement” strategy proposed in [34] and demonstrate that it corresponds to selecting



a subset of S-polynomials in @loner basis algorithms. As a result, we conclude that
MXL , can also be described as a variantgf although a variant that diverges from
known approaches about how to select the number of S-polynomials in each iteration.
Finally, we consider the new termination criterion proposed in [33] and demonstrate
that it does not lead to a lower degree of termination than using Buchberger’s criteria to
remove useless pairs in adkmer basis algorithm. As a result, we reach the conclusion
that MXL3 can be reduced to a redundant variant of theRyklgorithm.

Our work is in the tradition of previous papers comparing different approaches for
polynomial system solving [30, 31, 29]. We stress, however, that the equivalence of
algorithms presented in this workésnstructivei.e., we show that the Mutant family
of algorithms can be simulated using redundant variants dftlaégorithm.

The remaining of this work is organised as follows. In Section 2 we recall the well-
known XL algorithm, and re-state the result showing the relation between XIEand
In Section 3 we review well-known statements from commutative algebra. For the sake
of exposition, we place particular emphasis on the concept of S-polynomials and the
central role they play in Gbner bases computations. In particular, we show that in
XL-style algorithms any multiplication of polynomials by monomials except for those
giving rise to S-polynomials is redundant. In Section 4 we review the definition of
Mutants, and present our pseudocode for the M¥lgorithm. In Section 5 we state
and prove our main result, namely that the Mutant strategy is a redundant variant of
the Normal Selection strategy. We also treat partial enlargement and the termination
condition of MXLs in Section 5. We conclude in Section 6, where we include a brief
discussion on what we view as the limitations of using running times asallebasis
for comparison between Glboner basislgorithms

2. The XL Algorithm

In this section we briefly recall the well-known XL algorithm. An iterative variant
of the algorithm is given in Algorithm 1. We adopt the notation from [33] and, given
a set of polynomialss, we denote by§,q the subset of with elements of degree
(op)d where(op) € {=,<,<,>,>}.

It was shown in [3] that the XL algorithm can be emulated usingRhalgorithm.

In particular, [3] proves that:

Lemma 1. XL (described in Algorithm 1) can be simulated using(&escribed in
Algorithm 3) by adding redundant pairs.

A simple corollary of this result is that the following holds when both algorithms only
compute up to a fixed degré&e

Corollary 1. Let Gx.p be the set of polynomials computed by the XL algorithm up to
degree D. Thelvg € Gx_ p, there exists &£ Grap with LM (f) | LM (), where G4 p
is the set of polynomials computed by theakgorithm up to degree D.

3. Grobner Bases Basics

In this section we recall some basic results abouil@er bases. For a more de-
tailed treatment, we refer the reader to, for instance, [18]. Consider a polynomial ring



Input: F — a tuple of polynomials
Input: D — an integer> 0
Result aD-Grobner basis foF

1 begin

2 G+— o,

3 for1<d<Ddo

4 Feg — 9;

5 for f € F do

6 if deq f) =d then

7 addf to F_g;

8 else ifdeq f) < d then

9 M_g_deq f) < all monomials of degred — deqf);
10 for me M:d—deg(f) do

11 | addm- f to F_g;

12 G «—— the row echelon form (of the matrix) @ UF_g;
13 return G

14 end
Algorithm 1: XL

R = F[xo,...,*%—1] over some finite field. We adopt some admissible ordering on
monomials inR. We can then denote by LM) the largest or leading monomial ap-
pearing inf € Rand by LQ f) € F the coefficient corresponding to L(M) in f. By
LT(f) we denote LEf)-LM(f). In this work LV(f) denotes the largest variable —
ordered w.r.t. the monomial ordering —in the leading monomial EMof f, and given
a setr C R we define LMF,x) as{f € F | LV (f) =x}. The set of leading monomials
of F is defined as LMF) = {LM (f) | f € F}, M denotes the set of all monomials in
R, while M(F) is the set of all monomials appearing in the polynomialg in

The ideal.# generated by, ..., fmn-1 € R, denoted fo,..., fm-1), is defined as

m—1
hifi | ho,...."m 1 €R .
{i% i Ti m }

It is well-known that every ideal C Riis finitely generated. A Gibner basis of an
ideal .7 is a particular set of generators.

Definition 1 (Grobner Basis). Let .# be an ideal off[xy, ...,x,—1] and fix a mono-
mial ordering. A finite subset

G:{g()w"vgmfl}cj

is said to be &robner basisof .# if for any f € .# there existyy; € G such that
LM (gi) | LM(f).

We note that if a set of polynomial, ..., f,,_1 has a unique root, i.e. the system of
equationsfo =0, ..., fm_1 = 0 has a unique solution, then computation of thélsser



basis of the corresponding ideal allows one to solve the system (i.e. the solution can be
“read” directly on the Gabner basis). More generally, if the ideal is zero-dimensional,
the solutions of a system can be computed from @b@er basis in polynomial-time
(in the number of solutions) [22].

Since the notion of Gibner bases is defined by the existenceetztivelylow lead-
ing terms, the task of computing a&mer basis is essentially to find new elements in
the ideal with lower leading terms until no more such elements can be found. Buch-
berger proved in his PhD thesis [8] thatd®Bner bases can be computed by considering
only S-polynomials. Such polynomials are designed to cancel leading terms and thus
potentially produce new elements in the ideal with lower leading terms.

Definition 2 (S-Polynomial). Let f,g € F[xo,...,%,—1] be non-zero polynomials.

o Let LM(f) = "x% and LM(g) = 2%, with ai, B € N, denote the lead-
ing monomials off andg respectively. Seyy = max(a;, 3) for every 0<i < n,
and denote byx/ = ﬂ{‘;&&”. It holds thatx! is the least common multiple of
LM (f) and LM(g), written as

x¥ =LCM(LM(f),LM(q)).

e TheS-polynomiabf f andgis defined as

XV XV
SO =Fm '~ T ¢

Now letG = {go,...,0s-1} C R, and.# be the ideal generated 16§ We say that
a polynomialf € .# has astandard representatiow.r.t. G if there exist constants
ag,...,as 1 € F and monomialsy, ...,ts 1 € M such that

s—1
f= t Ok,
kZOak kOk
with LM (tyg) < LM (f). Buchberger’s main result stated ti@ts a Gibbner basis for
# if and only if every S-polynomia$(g;,g;) has astandard representatiow.r.t. G.
Furthermore, Buchberger showed that in the computation 6ber bases it is
sufficientto consider S-polynomials only, sine@yreduction of leading terms can be
attributed to S-polynomials. There are many variants of this result in textbooks on
commutative algebra; we give below the statement and proof based on [18] since the
presentation helps to understand the close connection between XL éhdebbasis
algorithms. The proof is included for the sake of completeness.

Lemma 2. Let fy,..., fi_1 be nonzero polynomials in R. Given a monomfksych
thatLM (f;) [ xd foralli =0,...,t—1,letx*©, . x3=1 be monomials in R such that
x? LM (f;) = x® for all i. We consider the sum= =t _2cix?(0) fi, where ..., 1 €
F\{0}. If LM (f) < x?, then there exist constants & I such that

t—-1 t—-2

f=Scoxdf = byx?~Ti S(fj, fj11), 1)
2, 2



where Xi = LCM(LM (fj),LM(fj;1)). Furthermore
XOTTS(f, fj1) <, forall j =0,....t—2.

PROOF. Letd, = LC(f ) It follows thatc;d; is the leading coefficient of;x?()
Furthermore, lep; = X f' and thus LQp;) = 1. Consider the “telescope sum”:

t—1 t—1 ai

f = iZOCiXO{(i)fi:iZOCIdI f Zt cidipi
= :i(gocjdj—zl)cde Pi

t—=1 i i

= ‘;;dejpi |_—1|Z)de] Pi+1

t—2 i

= chjdjpt 1+ Z}EOCJ — Pis1)-

All ¢;x@0 f; havex? as leading monomial. Since their sum has smaller leading mono-
mial, we have thaE!_jcid; = 0, leading to:

t—2 i

f= Z)Z)CJ = Pit1)- )

By assumption® ) LM (f;) =x% foralli =0,...,t — 1, and we have:

Xé_er(fj,fj+1) _ X6—1j< X7 fj— XTi fj+1)
RICYRENEICY
) ali+
T o g e
= Pj—=Pj+1.

This is now plugged into the telescope sum (2) leading to:

f—tZ:IZ)CJdX 'S(f|7f|+l Z)bl iS(fi,fi+1)7

with by = zijzocjdj. Since the polynomialg; and pj1 have leading monomial®
and leading coefficient 1, the differenpg — pj;+1 has a smaller leading monomial.
Since we have thap; — pj;1 = X0 TiS(fj, fj;1), this claim also holds true for
x0~TiS(fj, fj;1). Thus the Lemma holds. O

The following corollary is a simple generalisation of Lemma 2 to sums where not
all summands have the same leading term.



Corollary 2. Let fy,..., f_1 be polynomials in R. Consider the polynomial f as the
sum f= = -3cix? () ;, with coefficients & ..., 1 € F\{0}, such that.M (f) < x =
max{x?( LM (f;)}. Without loss of generality, we can assume that therd sLeh that
xALM (fj) =x% for j < Tand ¥WLM (fy) < x? for k> f. Then there exist constants
b; € F such that

() t—1
f = bix® TS fi, fig) + Y G ®fie
I; | Iy 1 k;«

s

where Xi = LCM(LM (fj),LM(fj41)), 6x@0f = ¢ x@(+D i, if i > -1 and
bix5*TiS(fi, fi11) otherwise. Furthermore, for a <i <f- 2, we have

LM (S, fiy1)) < x°

and thus o 3
xAOLM (f)) < x% foralli.

Corollary 2 states essentially that whatever cancellations can be produced by mono-
mial multiplications andF-linear combinations, they can be attribute&tpolynomialq
It follows that the only cancellations that need to be considered in an XL-style algo-
rithm are those produced by S-polynomials.

Example 1. Consider the polynomial§ = xy+x+1, g=x+1 andh=2z+1¢
F127]X,Y,2], a pathological example constructed to demonstrate the r&euofynomiald]
We fix the degree reverse lexicographical term ordering. To computélan@r basis,

we start by constructing two S-polynomials of degree two, namielyy-g=x—y+1
andz-g—x-h= —x+z We note that the latter trivially reduces to zero and would
be detected and avoided by Buchberger’s first criterion [18]. Ignoring this optimi-
sation, in matrix notation, we would have to consider the six rows corresponding to
f,y-g,z-g,x-h,g andh. For comparison, XL would consider the following polynomi-
als up to degree two.

f= xy+x+1, X-g= X°+X  y-g= Xy+y,

z-g= Xz+z, XxX-h= xz+X, y-h=yz+y,

z-h= Z+7z g= x+1, h= z+1.

In matrix notation we have

0O 1 0 0 O 1 o 0 1 1 0 0 0 0O 0O O 0 -1
10 0 0 0 1 0 0 O 01 0 00 0 0 O O
01 0 0 0 0 1 0 O 001 0 0 0 0 0 -1
0 01 00 0 0 1 0 0001 00 O0O0 O
A= 0 0 1 0 O 1 0 O O andE= o 0 0 o1 0 0O 0 -1
0O 0 0 1 O O 1 0 O 0O 0 0 0 0O 1 o o 1
0 00 0 1 0 0 1 0 000 00O 01 0 0
0 00 0 0 1 0 0 1 000 0O OO0 1 1
0 00 0 0 0 0 1 1 00 00O OO0 O0 O

Of course, the systerh=0,g = 0,h = 0 is straightforwardly solved by evaluatirfg
atx = —1 as implied byg. We note, however, that this computation is equivalent to
reducing the S-polynomid&( f,g) by g, i.e., the first step in Buchberger’s algorithm.



Note that Lemma 2 does not state that (IM = max{LM (S(fj, fj;1))}, but rather

that the leading terms of summands decrease once rewritten using S-polynomials. In
the following example, we consider the case when(lfM< max{LM (S(fj, fj;1))}.

In this case, we can reapply Lemma 2ffo= S(fj, f;) as the following example em-
phasizes.

Example 2. Consider the polynomial§ = xy+a, g =yz+b, andh=ab+1 in the
polynomial ringF127]X, Y,z a,b]. We consider the degree reverse lexicographical term
ordering. There are three possible S-polynom&ik g), S(f,h) andS(g,h). Two of

them —S(f,h) andS(g, h) — trivially reduce to zero and would be detected and avoided
by Buchberger's first criterion. However, one S-polynomial does not reduce to zero:
so =z f —x-g=za—xb. Fromsg we can then construst =b-sp—z-h=—xt? -z,
among others, also at degree 3, which is an element of the redutbd&sbasis. The

XL algorithm at degree 3 will produce

{m' p ‘ me {15X7yazvaab}7 pe {fag7h}}a
which reduces to

XPy+xa, xyY+ya xyz+xb, y’z+yb,
yZ+zh xya+a?, yza—1, xyb—1,
yzb+b%, xab+x, yab+y, zab+z
a’b+a, ab’+b, xy+a  yz+b,
za—xb, and ab+1

by Gaussian elimination. Note thelt’ + z is not in that list. However, if we increase
the degree of XL to 4, the list returned is

X¥y+xPa,  xyP—a?,  xy’+vyla,  xPyz+x°h,
xy¥z+1,  Yz+y’h, xyZ+xzh Y2 -DbP,
yZ2+722b, XPya+xa, xylatya&, Xyza—X,
y2za—y, yZa—z, xyd+ad, yzd-—a,
X¥yb—x,  xy’b—y, xyzb—z, y’zb+yI?,
yZb+zt?, xPab+x?, xyab—a,  ylab+y?
xzab+xz  yzab-b, Zab+7, xa&b+xa
y&b+ya, z&b+xb, ab+a’ xyk? — b,
yzlP 4+ b8,  xalP+xb, vyakP+yb, zalP+zh
a?b’—1, abP+b%  xXy+xa Xy’ +ya,
xyz+xb,  y?z+yb, yZ +zb xya+ a2,
xza—x?b, yza—1, Za—xzh  z@+X,
xyb—1, yzb+ b2, xab+x, yab-+y,
zab+z ab+a, xb? +z, alk? +b,
Xy+a, yz+b, za—xb andab+ 1,

which does containb? +z. Thus, XL did produce? + zin one step at degree 4 but it
could not produceb? + z at degree 3 since this element corresponds to

b-(z-f—x-g)—z-h=(bz)- f —(bx)-g—2z-h,



but we have that d€bz- f) = 4. We note that this behaviour of XL was the motivation
for the Mutant concept.

4. Mutants and MXL algorithms

LetF = {fo,..., fm-1} C F[X0,...,Xn-1], @and.# = (fo,..., fm_1) be the ideal gen-
erated byF. Recall that any elemerfte .# can be written as

m-1

f= hi - fi, with by € F[Xo, ..., Xq—1]-
I; | | | n

Note that this representation is usually not unique. Following the terminology of [11],
we call thelevelof the representatiofi ;¢ hy - fi of f the maximum degree dh; - fj |

fi € F}. We call thelevelof f the minimal level of all its representations. We can then
define the concept of mutant[11, 34, 33].

Definition 3. Given a set of generatofs of an ideal.#, a polynomialf € .# is a
mutant if its total degree is strictly less than its level.

A mutant corresponds to a “low-degree” relation occurring during XL or more gener-
ally during any Gobner basis computation. It follows from the discussion in Section 3
that, in the language of commutative algebra, a mutant occurs when an S-polynomial
has a lower-degree leading monomial after reductior-bgnd if this new leading
monomial was not in the set L) before reduction.

The concept of mutant has recently motivated the proposal of a family XL-style
algorithms [11, 34, 33, 10]. We discuss below the most prominent, namely thes MXL
algorithm.

4.1. MXlg Algorithm

The MXL family of algorithms improves the XL algorithm using the mutant con-
cept. In particular, the MXg. (Algorithmm 2) differs from XL in the following re-
spects:

1. Instead of “blindly” increasing the degree in each iteration of the algorithm, the
MXL algorithms treat mutants at the lowest possible degree, (cf. line 9 in Algo-
rithm 2). This is the key contribution of the MXL algorithm [11].

2. Instead of considering all elemefitsy of the current degre@, MXL 3 only con-
siders a subset of elements per iteration. It incrementally adds more elements of
the current degree, if the elements of the previous iteration did not suffice to solve
the system (cf. lines 24-26 in Algorithm 2). This is calleartial enlargemenin
[34, 33]. This is the key contribution of the MXlalgorithm [34].

3. XL terminates at the user-provided degBeevhile MXL 3 does not require to fix
the degree a priori. Instead, the algorithm will terminate once@f@ar basis
was found using a new criterion (cf. line 18 in Algorithm 2). This is the key
contribution of the MXlg algorithm [33].



The pseudocode presented in Algorithm 2 is a slightly simplified variant of the MXL
algorithm; we use this presentation in Section 5 to compare it with=ihedgorithm
(Algorithm 3).

Our pseudocode has some minor differences with the pseudocode presented in [33];
we list these below:

Partial enlargement. We disregard any partial enlargement strategy in the case when
mutants were found. This matches the pseudocode in [33]. However, the actual
implementation of MXlz does indeed use the partial enlargement wWkien
@ (i.e. mutants exist) [32]. We note that our pseudocode and that in [11] are
equivalent to MXL [11] in this case. Since our work is mainly concerned with
the concept of mutants, maintaining this simplification seems appropriate.

Choice ofy. Inline 11 we sey to maxLV (f) | f € Fo1} instead of makLV () |
f € Mu_y} since this allows reductions among all elements of delgred in-
stead of only those iMu_y. ;. Restricting reduction to the elementshti_y 1
could lead to incomplete reductions and thus results. The actual implementation
of MXL 3 uses “partial enlargement” in this step and thus incregsesatively
[32].

Incomplete reductions. In line 25 we removed the optimisation that only variables
< x are used for multiplication in the extension step. This optimisation can lead
to an incorrect result as some reductions are never performed. As an example,
considerf =ab+ 1, g=bc+a+bandh=c. The reduced Gibner basis of
the ideal(f,g,h) overFz[a,b,c] with respect to a degree lexicographical term
ordering is{a+1,b+1,c}. However, the pseudocode of MXlas described
in [33] will not perform the necessary reductions. The leading variableisf
¢, thush € LV (F,c) andh is never extended using any variable exagpgince
a>candb>c.

Furthermore, the S-polynomi&(f,g) =c- f —a-g= (abc+c) — (abc+ab+
a) = ab+a-+cis not constructed sin@grequires multiplication ofin LV (F, b)l]
by abuta > b. Thus, on termination the output of MXlis not a Gbbner basis.

Our change matches Proposition 3 from [33], which requires that fer— {t -
glgeG,tatermand ded-g) < D+ 1} the reduced row echelon form Bff is

G. However, this property is not enforced by MXhks presented in pseudocode
in [33], since some - g are prohibited from being constructed if d€g= 1 and

t > LV (g). We confirmed with the authors of [33] that their implementation
catches up on those missing multiplications whewExtend= True[32].

We also present a simplified version of thealgorithm in Algorithm 3. For this,
we need however to introduce the required notation.

Definition 4. LetF C Fixo,...,X-1], and(f,g) € F x F with f #£ g. We denote:

PaIR(f,g) = (LCM(LM(f),LM(g)),ms, f,my,q),

10



where LCMLM (f),LM(g)) = LM (mg-g) = LM (ms - f). Now, letP = {PAIR(f,Q) |
V(f,g) e PxPwithg> f},P=PaIrR(f,g) € P. We define [EFT and RGHT as:

LEFT(P) = (mg, f) RIGHT(P) = (mg,9),

LEFT(P) = Upep LEFT(P)  RIGHT(P) = Upep RIGHT(P).

5. Relationship between the MXL Algorithms andF,4

In this section we discuss the relation between MXandF,. It was shown in [3]
that XL can be understood as a redundant variaf, ¢€f. Lemma 1). Thus, we know
that the “framework” of MXLz is compatible withF4. In particular, we know that in
each iteration of the main loop XL will not compute any non-redundant polynomials
not computed b¥4. Thus in order to study the connection between the two algorithms,
we only have to consider the modifications made in MXbmpared to XL. That is, we
consider each of these modifications independently and argue that these still perform
the same useful computations as Epalgorithm.

5.1. Mutants

The most visible change to XL in MXd.is the special treatment given to mutants,
i.e. whenMu # @. That is, instead of increasing the degikén each iteration, if
there is a fall of degree, then these new elements are treated at the current or perhaps a
smaller degree before the algorithm proceeds to increase the degree as normally. Thus,
compared to XL, the MXL family of algorithms may terminate at a lower degree.

On the other hand, th&, algorithm does not specify how to choose polynomials in
each iteration of the main loop. Instead, the user passes a fundiowt8ch specifies
how to select pairs of polynomials. However, in [20] it is suggested to choose the
normal selection strategy [4, p. 225] for most inputs. We recall here how the normal
strategy has been adoptedrin

Definition 5 (Normal Strategy). Let F = {fo,..., fn_1}. We shall say that a pair
(fi, f;) € F x F with f; # fj is a critical pair. Let ther” C F x F be the set of critical
pairs. We denote by LCNpij) the least common multiple of the leading monomials
of the critical pairp;; = (fi, fj) € &. We also call deg.CM(pj;)) the degree of the
critical pair pjj. Further, let

d=min{degLCM(p)) | p€ &}

be the minimal degree of those least common multiplep iof &?. Then the normal
selection strategy selects the subset

P ={pe & |degLCM(p)) =d}.

We can now state our main result.
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Theorem 1. Let both MXIg and iz compute a Gbbner basis with respect to the same
degree compatible ordering on the same input. Assume that until iteration i (inclusive)
of the main loop both fand MXLg computed the same list of polynomials except for
redundant polynomials, i.e., the leading monomials appearing wivde the leading
monomials appearing in MXL Furthermore, assume that M & in Algorithm 2 at

line 9 and define k to be the minimal degree of a polynomial in Mu. The set of poly-
nomials k1 considered by MX4.in the next iteration of the main loop is a superset
of the polynomials considered by when using thélormal Selection Strategy the

next iteration H- 1. Furthermore, every polynomial indg, 1 not in the set considered

by F, is redundant in this iteration.

PrROOF We note that it follows from Corollary 1 that the first assumption of the the-
orem will be satisfied whildMu = @. Now assume we havdu # . First consider
the F4 algorithm, and let 8L be the Normal Selection Strategy. Then, the $&t 1
will contain the S-polynomials of lowest degree #4. Every S-polynomial in%;1
will have at least degrele+ 1, since the seé¥u_y is in row echelon form and is the
minimal degree iMu. If there exists an S-polynomial of degrke- 1 then it is of the
form¢t; f; —t; f; with ded(t; fi) = k+ 1 and degt; f;) = k+ 1, where at least one tft;
has degree 1. MX4, on the other hand, constructs all multiptgs; with degtj;) =1

if deg(f;) = k. Furthermore, it considers all elements of dedteel in the next it-
eration which covers the case that onetjdf is 1. Hence, both components of the
S-polynomial are included iRy 1.

In the Symbolic Preprocessinghaser, also constructs all componentspaitential
S-polynomials that could arise during the elimination. These are always of the form
fi —t; f; where degf) = ded(; f;). Since MXLz considers all monomial multiplies of
all fj up to degred+-1 in the next iteration, these components are also included in the
setR 1.

Recall from Corollary 2 that aff = Z-3cix?() f; can be rewritten as

t—-2
f=S b Ts(fj, fi1)
J;)I IR

if f<max{x?)f;}. Note that de«®) < k+ 1 for F<i,1 and that defx’i) = k+ 1 for
all S-polynomials contained iRy 1. It follows that de@x®~Ti) = O if bj #0. That s,
any f with a smaller leading term than its representaibrgcix®() f; can be computed
by anF-linear combination of S-polynomiald: = ztj;% b S(fj, fj+1).

It follows immediately from Corollary 2 that any multiple df which does not
correspond to an S-polynomial is redundant in this iteration since it cannot lead to a
drop of a leading monomial. O

For the MXL algorithm, which only differs from XL wheMu # &, the following
corollary is a direct consequence of Theorem 1 and Corollary 1.

Corollary 3. MXL can be simulated using;Kdescribed in Algorithm 3) by adding
redundant pairs and using thdéormal Selection Strategy

We note however that the MXdalgorithm may improve upon MXL wheklu = &
by using a “partial enlargement” strategy, which we discuss below.

12



5.2. Partial Enlargement

The “partial enlargement” technique was introduced in MXind is also applied
in MXL 3. Instead of multiplying every polynomid| € F by all variablesc, ..., xn—1
only a subset LVF,x) is considered. This subset is increased in each iteration by
increasingx. In the language of linear algebra, the algorithm first computes the row
echelon form of a submatrix in the lower right corner. If that does not suffice to produce
elements of smaller degree, a larger submatrix is considered.

This corresponds to selecting a subset of S-polynomials with small least common
multiple in SEL instead of selecting all polynomials of minimal degree. We note that
both the ®BLYBORI package [7] and MGMA computer algebra system [5] accept an
option to restrict the number of S-polynomials considered in each iteration. However,
the strategy for how the number of S-polynomials is chosen AGMA and ROLY-

BoRI is different from MXLs. In the former ones, eonstannumber of S-polynomials

is chosen as specified by the user; in the latter (X4 changeablenumber of S-
polynomials is chosen based on the partition by leading variable. The strategy em-
ployed in MXL3 will consider S-polynomial§( f,g) where bothf andg have leading
variable at mosk (inclusive). That is, if there is an S-polynomB(f,g) =t;- f —tg-g

with LV (f) < LV (g), MXL 3 will constructt; - f when considering LVF, LV (f)) and

ty- g when considering LYF,LV (g)). SinceF<qy contains all elements of degree at
mostd, both components are included in the matrix when(EMV (g)) are consid-
ered.

It is currently not clear which strategy for selecting subsets of S-polynomials is
beneficial under which conditions. It should be noted however that if the size of the
matrix is the main concern then selecting exactly the smallest S-polynomial in each
iteration would be optimal; just as Buchberger’s algorithm does. On the other hand,
the contribution of algorithms such &g is to improve performance by considering
more than one S-polynomial in each iteration. Thus, it is not certain that using matrix
sizes as a main measure of comparison gives an adequate picture of the performance of
these algorithms.

5.3. Termination Criterion

The key contribution of the MX4. algorithm is the introduction of a new criterion
to detect when a @bner basis is found. Since the MXL family does not use the
concept of critical pairs, standard termination criteria such as an empty list of pairs are
not immediately applicable. In Lemma 3 we give an equivalent variant of this criterion,
rephrased to be more suitable for our discussion.

Lemma 3 (Proposition 3 in [33]). Let G={qo, ..., 0s_1} be afinite subset @[xy, ..., X_1]l}
with D being the highest degree of its elements. Suppose that the following hold:

1. all monomials of degree D ifi[Xg, ..., X,—1] are divisible by a leading monomial
of some ge G; and

2. ifH =GU{t-gi | g € G,t amonomial and deg- g;) < D+ 1}, there existsl —
a row echelon form of H — such thaM (H<p) C (LM (G)).

Then G is a Gbbner basis.
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Note that condition 1 implies that the ideal generatedtg 0-dimensional.

The MXL3 algorithm uses a termination criterion based on Lemma 3 and thus will
consider matrices up to degr&+ 1 (whereD is defined as in Lemma 3). THg
algorithm, on the other hand, will terminate once the list of critical pairs is empty. It
is obvious that no new pairs will be created after théléer basis is found, since
all reductions will lead to zero in this situation. However, if we consi@gas given
in Algorithm 3, one can see that the algorithm may consider pairs of degi2e- 1
after a Gbbner basis is discovered, if those pairs were constructed before dha&sr
basis is found. Put differently, the simplifiéd variant considered in this work does
not prune the list of critical pairs based on the current b&sislowever, thefull F4
algorithm as specified in [20, p. 69] does indeed prune th@lst calling a subroutine
called UPDATE. In [20] areference to [4, p. 230] is made — which applies Buchberger’s
first and second criteria using the Gebaudilit installation — as an example of such
a routine.

The question thus becomes whether Buchberger’s first and/or second criterion will
remove all pairs of degree D + 1 if the conditions (1) and (2) of Lemma 3 hold. An
algorithmic variant of Buchberger’s second criterion is given in the Lemma below.

Lemma 4 (Buchberger’s second criterion).Let p,g1,92 € F[xo, . .., Xn—1] be suctthafj
LM (p) | LCM(LM (g1),LM(g2)).

and Sgai, p), S(g2, p) have already been considered. Theig;Sg2) does not need to
be considered and can be discarded.

We can now prove that the fully algorithm will not consider pairs of higher degree
than the MXLg when applying Buchberger’s second criterion.

Proposition 1. We assume a degree compatible orderindf@w, . .., X,—1]. If during

a Grobner basis computation using the fulf Blgorithm conditions (1) and (2) of
Lemma 3 hold, then Buchberger's second criterion will remove any pair of degree
> D + 1 from the list of critical pairs. As a results/will consider critical pairs of
degree at most B- 1.

Our proof follows very closely the original proof of Lemma 3 in [33].

PROOF LetG = {go,...,0s—1} be a finite subset dF[Xo,...,X,—1] with D being the
highest degree of its elements such that:

1. all monomials of degreB in Fxo,...,X,—1] are divisible by a leading monomial
of someg; € G; and

2. ifH=GU{t-gi | g € G,t amonomial and ddg-g/) < D+ 1}, there exists
— arow echelon form ofl — such that LMH<p) € (LM (G)).

We denote the S-polynomid&(g;,g;j) by f, and letd = deg f). We only have to
consider pairs of degrese> D+ 1.

Todo so, lem=LCM(LM(gi),LM(gj)). There exist monomialsy, m; such that
m=m-LM(gi) =m;-LM(g;). Itis clear that GCDm;,m;) = 1.
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By assumption deg;) and dedg;) are at most equal t®. This implies that
degm;) > 2 (resp. degm;) > 2) sinced > D+ 1. It is then possible to writey =
m 1 -m 2 such that de@;) +degm ) = D+ 1 and degm 1) > 1. A similar de-
composition can be found fan; = m; ;- m;>. Thus, we have that all monomials
m 1, M 2,M; 1-mj 2 are of degree> 1.

Now, letm* = %m,l By construction, we have

LCM(m",LM(gi)) = m/mi 1 (resp. LCMm*,LM (g;)) = m/m; 1),

which dividesm properly. We also have dég*) < D. Sincem; andmp must be
distinct, we have than* cannot be equal to either L{g;) or LM(gj). By condition 1,
there existgy € G\ {01,092} such that with LMg) = m*. In addition

degLCM (LM (g),LM(gi)) < degm)

and degLCM (LM (g),LM(g;)) < degm). Thus,S(g,0i) andS(g,g;) are being con-
sidered at a lower degree thBnt 1.

Finally, m* dividesm= LCM (LM (gi),LM(g;)) by construction. It then follows
from Buchberger's second criterion that= §(g;,g;) does not need to be considered
and is discarded. O

6. Conclusion

In this work we have studied the MXL family of algorithms, and their connections
to Grobner bases theory. We demonstrated that the mutant strategy as used in the MXL
algorithms is in fact a redundant variant of the Normal Selection Strategy. Further-
more, we showed that the partial enlargement strategy proposed in [34] corresponds to
selecting a subset of S-polynomials of minimal degree in each iteration of algorithms
such ag. As a result, we conclude that both the MXL and MxXalgorithms can be
seen as redundant variants of fagalgorithm, although the latter may select critical
pairs differently from usual,; implementations. Finally, we studied the novel termi-
nation criterion proposed in [33] and concluded that it does not allow the algorithm to
terminate at a lower degree thBn Consequently, we conclude that MXtoo can be
understood as a redundant variant of Epealgorithm. However, here too we empha-
sise that it might selects S-polynomials differently from standaranplementations
due to the partial enlargement strategy.

We conclude with a brief discussion on what we view as the limitations of using
running times as the basis for comparison betweedb@er basislgorithms Lin-
ear algebra-based &Qner bases algorithms allow several degrees of freedom to the
designer and implementer of the algorithm to generate the matrices, and selection of
strategies can drastically affect the efficiency of the computations. Furthermore, the
specific implementation details and sub-algorithms used in the implementation (e.g.,
the package used for performing the Gaussian reductions, the internal representation of
sparse matrices, etc.) will also have great effect on running times and memory require-
ments (cf., Appendix A for an example).

In fact, we claim that three almost-independent aspects will affect running times
of such algorithms: the mathematical details of the algorithm itself, the strategies and
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heuristics used in the implementation, and the low-level implementation details. The
first aspect was the main focus of interest in this paper, but it should be clear that our
results do not preclude that particulamplementation®f MutantXL algorithms can
outperform particulaimplementationsf F4/Fs in some situations. On the other hand,

we are aware that it is difficult to compare the complexity odkarer basis algorithms

and strategies and that designers often have little choice but to resort to experimental
data to demonstrate the viability of their approach.
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Input: F — alist of polynomialsfo, ..., fm-1 € Flxo, ..., Xn—1] Spanning a

zero-dimensional ideal.

Result A Grobner basis fotfg, ..., fm-1).

begin

D «— max{deqf) | f e F};

d— min{deg f)| f e F};

Mu «—— @; newExtend— Trug X «— Xg; CL +—d;

while Truedo

Ifgd «— the row echelon form (or matrix form) ¢i<y;

Mu«— Muu{f € Foq| degf) <dand LM (f) & LM (F<q)};
ng — ng;

// did we find mutants?

if Mu # @ then

end

k — min{deq f) | f € Mu};

y — max{LV (f) | f € Faya};

Muik «—— Multiply all elements oMu_g by all variables<'y;
Mu «— Mu\ Mu_y;

F«— FUMuU’;

d—Kk+1,;

else

// does the basis contain all monomials of some
degree ¢i7

if d <CLandM_g, C LM (F) for somel < d; <d then
// We found a Grdbner basis

L return F;

// did we do all enlargements at this degree
already?

if newExtend= Truethen

D«——D+1;

X— min{LV(f) | f e Fep_1};

newExtend— False

else

// do partial enlargement and eliminate

Xe— min{LV (f) | f e F=p_1 and LV (f) > x};

F* «— Multiply all elements of LMF,x) by all variables<x

without redundancies;

F«—FUFT;

if Xx=xgthen
newExtend— True

L CL+— D;

B d«——D;

Algorithm 2 : MXL 3 (simplified)
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16
17

18
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20
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22

23
24

Input: F — a tuple of polynomialdy, ..., fm-1
Input: SEL — a selection strategy
Result a Gidbner basis foF
begin
G,i«—F,0;
Ifi”L —F;
P— {PaIr(f,g) | Vf,ge Gwith g> f};
while P #£ @ do
i—i+1;
R «—— SEL(P);
P« P\PR;
£« Left(R) U Right(R);
// Symbolic Preprocessing
F—{t-f|V({tf)eZL}
Done— LM (F);
while M(F) # Donedo
m«— an element iM(F) \ Done
addmto Done
if 3 g€ Gsuch thatLM (g) | mthen
u=m/LM(g);
L addu-gto F;

// Gaussian Elimination
F «— the row echelon form of;
Fre—{fcR|LM(f)gLM(F)};
forhe £ do

P« PU{PaIR(f,h) : Vf € G};
L addhto G;

return G;

end
Algorithm 3 : F4 (simplified)
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Appendix A. Effect of Linear Algebra Implementations on Grobner Basis Com-
putations

To show the effect of the linear algebra implementation, we compare two imple-
mentations of thé&, algorithm. The only difference is the linear algebra package used
to perform the Gaussian elimination step. We compare the original FGb implemen-
tation with the new linear algebra package described in [24]. However, to make the
comparison fair we only use a sequential version of the package described in [24]. To
compare, we consider the reduction of the 7th matrix occurring in the computation of
a Gobner basis of the standard benchmark Katsura 12861, as well as the full
Grobner basis computation. Typically, it takes 326.1 sec and 250 Mbytes to reduce the
7th matrix with FGb and 83 seconds and 682 Mbytes using FGb with the library from
[24].

Table A.1: Algorithm: F4 — Katsura 14 ov&gsso1.

Matrix 7 (21,915x 23,127)  Full Gibbner basis
FGb/CPU 83s. 326 s.

FGb/Memory 250 Mbytes 262 Mbytes
FGb/Pasco/CPU [24] (1 core) 32s. 151s.
FGb/Pasco/Memory [24] 682 Mbytes 68Mytes
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