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Abstract

In this paper, we report a performance bound for the wideBdugast-squares policy iteration
(LSPI) algorithm. We first consider the problem of policy lenaion in reinforcement learning,
that is, learning the value function of a fixed policy, usihg teast-squares temporal-difference
(LSTD) learning method, and report finite-sample analysistiiis algorithm. To do so, we first
derive a bound on the performance of the LSTD solution etetlat the states generated by the
Markov chain and used by the algorithm to learn an estimatbef/alue function. This result is
general in the sense that no assumption is made on the exdstén stationary distribution for the
Markov chain. We then derive generalization bounds in tise gghen the Markov chain possesses a
stationary distribution and @-mixing. Finally, we analyze how the error at each policyleation
step is propagated through the iterations of a policy it@namethod, and derive a performance
bound for the LSPI algorithm.

Keywords: Markov decision processes, reinforcement learning,isqisares temporal-difference,
least-squares policy iteration, generalization boundggefisample analysis

1. Introduction

Least-squares temporal-difference (LSTD) learning (Bradtke antbBE®96; Boyan, 1999) is a
widely used algorithm for prediction in general, and in the context of reiefoent learning (RL),
for learning the value functiol™ of a given policyrt. LSTD has been successfully applied to a
number of problems especially after the development of the least-squdi®sifration (LSPI)
algorithm (Lagoudakis and Parr, 2003), which extends LSTD to conyraiding it in the policy
evaluation step of policy iteration. More precisely, LSTD computes the fixed pbihe operator
M7, where7 is the Bellman operator arid is the projection operator in a linear function space
F. Although LSTD and LSPI have been widely used in the RL community, a finitgakaanalysis

of LSTD, that is, performance bounds in terms of the number of samples, ¢gloe $p and the
characteristic parameters of the MDP at hand, is still missing.

Most of the theoretical work analyzing LSTD have been focused on thektasded case, where
explicit models of the reward function and the dynamics are available. In pgartidisitsiklis and
Van Roy (1997) showed that the distance between the LSTD solution andltrefunctionv™is
bounded by the distance betweéh and its closest approximation in the linear space, multiplied
by a constant which increases as the discount factor approachethis bound, it is assumed that
the Markov chain possesses a stationary distribytfoand the distances are measured according
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to p™. Yu (2010) has extended this analysis and derived an asymptotic cencergnalysis for off-
policy LSTD(Q\), that is when the samples are collected following a behavior policy différemt

the policytunder evaluation. Finally, on-policy empirical LSTD has been analyzed big&eas
(2007). His analysis reveals a critical dependency on the inverse shih#est eigenvalue of the
LSTD’s A matrix (note that the LSTD solution is obtained by solving a system of linear equations
Ax= b). Nonetheless, Bertsekas (2007) does not provide a finite-sampleiarwdlifse algorithm.
Although these analyses already provide some insights on the behaviof Bf BSymptotic results

do not give a full characterization of the performance of the algorithm weingna finite number of
samples is available (which is the most common situation in practice). On the other Haniig-a
sample analysis has a number of important advantagdesilike in Tsitsiklis and Van Roy (1997),
where they assume that model-based LSTD always returns a solution, in-aéinifge analysis we
study the characteristics of the actual empirical LSTD fixed point, includingigsesce2) a finite-
sample bound explicitly reveals how the prediction error of LSTD is related tottaeacteristic
parameters of the MDP at hand, such as the discount factor, the dimditgiohahe function
spacef, and the number of sample3) once this dependency is clear, the bound can be used to
determine the order of magnitude of the number of samples needed to achieued aesuracy.

Recently, several works have been focused on deriving a finite-samalgsis for different RL
algorithms. In the following, we review those that are more strictly related to LSidDta the
results reported in this paper. Antos et al. (2008) analyzed the modified Beltaglual (MBR)
minimization algorithm for a finite number of samples, bounded function spaces, gimbin
that might be different from the norm induced p¥§. Although MBR minimization was shown to
reduce to LSTD in case of linear spaces, it is not straightforward to exterfthite-sample bounds
derived by Antos et al. (2008) to unbounded linear spaces considgre8TD. Farahmand et al.
(2008) proposed @,-regularized extension of LSPI and provided finite-sample analysis for the
algorithm when the function space is a reproducing kernel Hilbert spacél@RKn this work,
the authors consider the optimization formulation of LSTD (instead of the betterrkfized-
point formulation) and assume that a generative model of the environment ishéealldoreover,
the analysis is foW,-regularized LSTD (LSPI) and also for the case that the function sgace
is a RKHS. Pires and Szepési/(2012) also analyzed a regularized version of LSTD reporting
performance bounds for both the on-policy and off-policy case. Irpduer, we first report a finite-
sample analysis of LSTD. To the best of our knowledge, this is the first coenfitéte-sample
analysis of this widely used algorithm. Our analysis is for a specific implementatitu$ 6D
that we callpathwise LSTDPathwise LSTD has two specific characteristit¥it takes a single
trajectory generated by the Markov chain induced by pati@s input, an@) it uses the pathwise
Bellman operator (precisely defined in Section 3), which is defined to betaaction w.r.t. the
empirical norm. We first derive a bound on the performance of the pathv@$® solution for a
setting that we calMarkov design In this setting, the performance is evaluated at the points used
by the algorithm to learn an estimate\oT. This bound is general in the sense that no assumption
is made on the existence of a stationary distribution for the Markov chain. Thihg case that the
Markov chain admits a stationary distributipf and isp-mixing, we derive generalization bounds
w.r.t. the norm induced bp™. Finally, along the lines of Antos et al. (2008), we show how the
LSTD error is propagated through the iterations of LSPI, and under iggbumptions, derive a
performance bound for the LSPI algorithm.

Besides providing a full finite-sample analysis of LSPI, the major insights gaynt#wanalysis
in the paper may be summarized as follows. The first result is about therexdsté the LSTD
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solution and its performance. In Theorem 1 we show that with a slight modificéttbe empirical
Bellman operatorI” (leading to the definition of pathwise LSTD), the operabe (Whereﬁ is

an empirical projection operator) always has a fixed pwjrgven when the sample-based Gram
matrix is not invertible and the Markov chain does not admit a stationary distributicthis very
general setting, it is still possible to derive a bound for the performanteedf STD solutiony,”
evaluated at the states of the trajectory used by the algorithm. Moreoverabssia of the bound
reveals a critical dependency on the smallest strictly positive eigenvaloé the sample-based
Gram matrix. Then, in the case in which the Markov chain has a stationary dt&rip™, it is
possible to relate the value of, to the smallest eigenvalue of the Gram matrix defined according
to p™. Furthermore, it is possible to generalize the previous performance baendhe entire
state space under the measpfewhen the samples are drawn from a statiorfrixing process
(Theorem 5). It is important to note that the asymptotic bound obtained by t#kéngumber of
samplesn, to infinity is equal (up to constants) to the bound in Tsitsiklis and Van Roy{)L&9
model-based LSTD. Furthermore, a comparison with the bounds in Antos et @) (&@ows that
we successfully leverage on the specific setting of LSIDhe space of functions is linear, agj

the distribution used to evaluate the performance is the stationary distribution ofatk@wthain
induced by the policy, and obtain a better bound both in ternig e$timation error, a rate of order
O(1/n) instead 0fO(1/+/n) for the squared error, ar) approximation error, the minimal distance
between the value functiov™ and the spac¢ instead of the inherent Bellman errors 6f The
extension in Theorem 6 to the case in which the samples belong to a trajecteratgeiby a fast
mixing Markov chain shows that it is possible to achieve the same performanoetfze case of
stationaryp-mixing processes. Finally, the analysis of LSPI reveals the need feralesritical
assumptions on the stationary distributions of the policies that are greedy w.r.t. tontieifs in

the linear spac¢ . These assumptions seem unavoidable when an on-policy method is useld at ea
iteration, and whether they can be removed or relaxed in other settings is stileangopstion.
This paper extends and improves over the conference paper byid aizak. (2010) in the following
respectsil) we report the full proofs and technical tools for all the theoreticalltestihus making
the paper self-containe@) we extend the LSTD results to LSPI showing how the approximation
errors are propagated through iterations.

The rest of the paper is organized as follows. In Section 2, we set thigomotiged throughout
the paper. In Section 3, we introduce pathwise LSTD by a minor modification to thaesthLSTD
formulation in order to guarantee the existence of at least one solution. In Séct@nintroduce
the Markov design setting for regression and report an empirical bouSfoD. In Section 5, we
show how the Markov design bound of Section 4 may be extended when ttk@Wzhain admits
a stationary distribution. In Section 6, we analyze how the LSTD error is patpddhrough the
iterations of LSPI and derive a performance bound for the LSPI algorifmally in Section 7, we
draw conclusions and discuss some possible directions for future work.

2. Preliminaries

For a measurable space with domain we let $(X) and B(X;L) denote the set of probability
measures ovek, and the space of bounded measurable functions with doMaind bound G<

L < oo, respectively. For a measupe= S(X) and a measurable functidn: X — R, we define the
lr(p)-norm of f, || ||, and for a set o pointsXy,..., X, € X, we define the empirical normf ||,
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as

I15= [ to%ptan and =[5 £00)?

The supremum norm df, || f ||, is defined a$| f || = supc | f(X)].

We consider the standard RL framework (Bertsekas and Tsitsiklis, 19@6pn and Barto,
1998) in which a learning agent interacts with a stochastic environment @rdteraction is mod-
eled as a discrete-time discounted Markov decision process (MDP). AutitbMDP is a tuple
M = (X, A4, Py) where the state spacé is a bounded closed subset of thdimensional Eu-
clidean space4 is a finite (4| < ») action space, the reward function X x 4 — R is uniformly
bounded byRmax, the transition kernd? is such that for atkk € X anda € 4, P(-|x, a) is a distribution
overX, andy € (0,1) is a discount factor. A deterministic poliey. X — 4 is a mapping from states
to actions. For a given policy, the MDP M is reduced to a Markov chai/™ = (X,R™, P y)
with the reward functiofR™(x) = r (x, T(x)), transition kerneP™(|x) = P( - |x, T(x)), and stationary
distributionp™ (if it admits one). The value function of a poliay V", is the unique fixed-point of
the Bellman operato? ™ : B(X;Vinax= R"W) — B(X;Vimax) defined by

(TV)() = R0 +Y | PayV(y).

We also define the optimal value functi®fi as the unique fixed-point of the optimal Bellman
operator?™ : B(X;Vmax) — B(X;Vinax) defined by

(T*V)(x) = rgleaﬂx {r(x, a) +y/x P(dyx, a)V(y)} )

In the following sections, to simplify the notation, we remove the dependency toothoy pr and
useR, P, V, p, and7 instead ofR™, P™, V™, p™, and‘7™ whenever the policytis fixed and clear
from the context.

To approximate the value functidn, we use a linear approximation architecture with param-
etersa € RY and basis functiong; € B(X;L), i =1,...,d. We denote byp: X — RY, ¢(-) =
(¢1() NORIE )) the feature vector, and by the linear function space spanned by the basis
functlonscb. Thus¥ = {fq | a € R and fo() )Ta}.

Let (Xi,...,Xy) be a sample path (trajectory) of simggenerated by the Markov chait™.
Letv e R" andr € R" be such thaty = V(Xt) andr; = R(X) be the value vector and the reward
vector, respectively. Also, lab = [@(X1)";...;@(X,) "] be the feature matrix defined at the states,
and F, = {®a, a € RY} ¢ R" be the correspondlng vector space. We denotél byR” — Tn
the orthogonal projection ontg,, defined agly = arg Min . |ly — 2 |n, where||y||2 = zt Y2
Note that the orthogonal prOJectld'rly for anyy € R" exists and is unique. Moreovef is a
non-expansive mapping w.r.t. tiig-norm: since the projection is orthogonal and using the Cauchy-
Schwarz inequality| My — [1z]|2 = (y— z, Ay — [12)n < ||y — Z||n||Fly — Z|n, and thus, we obtain
1Ay =1Z][n < [ly—2Z|n.

3. Pathwise LSTD

Pathwise LSTD (Algorithm 1) is a version of LSTD that takes as input a linaastion space
F and a single trajector¥s, ..., X, generated by following the policy, and returns the fixed-point
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Algorithm 1 A pseudo-code for the batch pathwise LSTD algorithm.
Input: Linear spacef =spar¢;,1<i<d}, sample trajectory(x,r)}{._, of the Markov chain

Build the feature matrixp = [@(x1) ";...; (X)) ']

Build the empirical transition matriR : Bj =1{j =i+1,] #n}
Build matrix A= ®T (I —yP)®

Build vectorb = ®Tr

Return thepathwise LSTD solutiond = Atb

of the empirical operatdﬁf?, whereT : R" — R"is thepathwise Bellman operatatefined as

~ <
(Ty)t _ { 't + Yyt+1 1 <t< n,
It t=n.

Note that by defining the operatBr. R" — R" as(Py); = 1,1 for 1 <t < nand(Py), = 0, we have

‘Ty =r +yPy The motivation for using the pathwise Bellman operator is thatytdentraction in
/>-norm, that is, for any,z € R", we have

1Ty -T2 =¥y 2z < Vlly-27-

Since the orthogonal projecti(ﬁhis non- expansive w.r.p-norm, from Banach fixed point theorem,
there eX|sts a unique fixed- pombfthe mapplng'I‘T thatis,v= A79. Sincevis the unlque fixed
point of I'I‘T the vectorv™ 7V is perpendlcular to the spack, and thus® ' (V — Tv) 0. By
replacingvwith ®a, we obtaind T ®a = & (r +yPda) and therd " (I —yP)da = d'r. Therefore,
by settingA = &' (1 — yﬁ)qa andb = @ 'r, we recover al x d system of equation&a = b similar
to the one in the original LSTD algorithm. Note that since the fixed pwiexists, this system
always has at least one solution. We call the solution with minimal narmA*b, whereA™ is the
Moore-Penrose pseudo-inversefotthe pathwise LSTD solutioh.

Finally, notice that the algorithm reported in Figure 1 may be easily extended ittcctieenental
version of LSTD by incrementally building the inverse of the ma#ias the samples are collected.

4. Markov Design Bound

In Section 3, we defined the pathwise Bellman operator with a slight modification in timtidefi
of the empirical Bellman operataF, and showed that the operaiﬁf[ always has a unigue fixed
pointV. In this section, we derive a bound for the performance e¥dluated at the states of the
trajectory used by the pathwise LSTD algorithm. We first state the main theomtmeadiscuss it
in a number of remarks. The proofs are postponed at the end of the section.

Theorem 1 Let Xg,..., X, be a trajectory generated by the Markov chain, and &« R" be the
vectors whose components are the value function and the pathwise LSTiorsat X }{,, re-
spectively. Then with probability at leakt- & (the probability is w.r.t. the random trajectory), we

have
(2d/3) 1>]

~ 1 d 8log
_ < - = = A S A T
V=¥t < —= V= vlln-+ 7= [wmax,/Vn( =4

1. Note that whenever the matuxis invertibleA™ = A~1,

(1)
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where the random variable, is the smallest strictly-positive eigenvalue of the sample-based Gram
matrix 1o .

Remark 1 Theorem 1 provides a bound on the prediction error of the LSTD solwtiotr.f.
the true value functiowv on the trajectoryXy,..., X, used as a training set for pathwise-LSTD.
The bound contains two main terms. The first tgtm- F1v||, is the approximationerror and it
represents the smallest possible error in approximatingth functions in . This error cannot
be avoided. The second term, of ord®,/d/n), is theestimationerror and it accounts for the
error due to the use of a finite number of noisy samples and it shows what idltrenge of the
different elements of the problem (e.g.d, n) on the prediction error and it provides insights about
how to tune some parameters. We first notice that the bound suggests thatrther of samples
should be significantly bigger than the number of featar@s order to achieve a small estimation
error. Furthermore, the bound can be used to estimate the number of samplied tteguarantee
a desired prediction erra: In fact, apart from the approximation error, which is unavoidable, we
have than = O(d/((1—y)%?)) samples are enough to achievesamccurate approximation of the
true value functiorv. We also remark that one might be tempted to reduce the dimensiothadity
as to reduce the sample cost of the algorithm. Nonetheless, this is likely to redwaggptioximation
capability of 7 and thus increase the approximation error.

Remark 2 When the eigenvalues of the sample-based Gram mpdrix® are all non-zerop ' ®

is invertible, and thudl = d(P'd)" b7, In this case, the uniquenesswifriplies the uniqueness
of & since
V=0a = ®'V=0"da = a= (') o'V

On the other hand, when the sample-based Gram n#mi&CD is not invertible, the systelix=Db
may have many solutions. Among all the possible solutions, one may choose the on@niritial
norm: & = A*h.

Remark 3 Note that in case there exists a constant 0, such that with probability + & all the
eigenvalues of the sample-based Gram matrix are lower-boundeduoyation 1 (withv, replaced

by v) holds with probability at least 4 (d+ &) (see Section 5.1 for a case in which such constant
v can be computed and it is related to the smallest eigenvalue of the model baseth&irix).

Remark 4 Theorem 1 provides a bound without any reference to the stationary ditrilnf
the Markov chain. In fact, the bound of Equation 1 holds even when thie do@s not admit a
stationary distribution. For example, consider a Markov chain on the real lireathe transitions
always move the states to the right, thatg 1 € dy|X = x) = 0 fory < x. For simplicity assume
that the value functiol is bounded and belongs $. This Markov chain is not recurrent, and thus,
does not have a stationary distribution. We also assume that the features\tor . .., @(X,)
are sufficiently independent, so that all the eigenvalue%qﬁd) are greater tham > 0. Then
according to Theorem 1, pathwise LSTD is able to estimate the value functioe sarhples at a
rateO(1/4/n). This may seem surprising because at each 3atee algorithm is only provided
with a noisy estimation of the expected value of the next state. However, the testiana unbiased
conditioned on the current state, and we will see in the proof that usingceistration inequality
for martingale, pathwise LSTD is able to learn a good estimate of the value furattestatex;
using noisy pieces of information at other states that may be far awayXforin other words,
learning the value function at a given state does not require making asgavever many samples
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close to that state. This implies that LSTD does not require the Markov chposgess a stationary
distribution.

Remark 5 The most critical part of the bound in Equation 1 is the inverse dependentyeon
smallest positive eigenvalug. A similar dependency is shown in the LSTD analysis of Bertsekas
(2007). The main difference is that here we have a more complete finite-sanghsia with an
explicit dependency on the number of samples and the other characteristicgtars of the prob-
lem. Furthermore, if the Markov chain admits a stationary distribupiowe are able to relate the
existence of the LSTD solution to the smallest eigenvalue of the Gram matrix dieficerding to

p (see Section 5.1).

In order to prove Theorem 1, we first introduce the regression settingMdtkov desigrand
then state and prove a lemma about this model. Delattre aifte&€2011) recently analyzed a
similar setting in the general case of martingale incremental errors.

Definition 2 The model of regression wittiarkov design is a regression problem where the data
(X, Yt)1<t<n are generated according to the following model; X., X, is a sample path generated
by a Markov chain, Y= f(X) +¢&;, where f is the target function, and the noise t&gris a random
variable which is adapted to the filtration generated ky.X , X, 1 and is such that

’Et‘ < C and E[Et’X]_,,X[] =0. (2)

The next lemma reports a risk bound for the Markov design setting which isdepandent
interest.

Lemma 3 (Regression bound for the Markov design settingWe consider the model of regres-
sion with Markov design in Definition 2. L&t <€ ¥, be the least-squares estimate of the (noisy)
values Y= {Y;}{,, that is, W = ﬁY, and we 7, be the least-squares estimate of the (noiseless)
values Z= {Z; = f (%) }{_;, that is, w= AZ. Then for any > 0, with probability at leastL — & (the
probability is w.r.t. the random sample path.X ., X;,), we have

. 2dlog(2d/d
i wiy < cLy [ 2HOHEVD), ©

wherev,, is the smallest strictly-positive eigenvalue of the sample-based Gram rﬁaﬂim.
Proof [Lemma 3] We defin€ < R" to be the vector with componerés=Y; — Z, andé W—w=

I'I(Y Z) = M&. Since the projection is orthogonal we haégé), = ||F,||2 (see Figure 1). Since
& € Ty, there exists at least omec RY such tha€ = ®a, so by Cauchy-Schwarz inequality we have

1 d . n REE
B2 = .8 Z“'ZE“" nuauz[i;(;aqai(xo)] . @)

Now among the vectors such that‘:; = ®a, we defined to be the one with minimal,-norm,
that is,& = ®*&. LetK denote the null-space df, which is also the null-space éﬂfq). Thena
may be decomposed as= Gk + G, wheredy € K anddy. € K+, and because the decomposition
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Figure 1: This figure shows the components used in Lemma 3 and its proofswclvag, andé,
and the fact thaté, &), = ||&||2.

is orthogonal, we havgd||3 = ||Gk |5+ |Gk ||3. Sinced is of minimal norm among all the vectors
a such thaﬁ = ®aq, its component ik must be zero, thug € K-+,

The Gram matrix%qftb is positive-semidefinite, thus its eigenvectors corresponding to zero
eigenvalues generakeand the other eigenvectors generate its orthogonal compléfrierithere-
fore, from the assumption that the smallest strictly-positive eigenvalt%@ﬁtb is vy, we deduce
that sinced € K+,

~ 1. . AT A n
HEHﬁ:ﬁGTq’TCDG > vl "6 = vi||G][3. %)

By using the result of Equation 5 in Equation 4, we obtain

1

X d . n NEE
[Elln < -5 [izl(tzlth))] . ©®)

Now, from the conditions on the noise in Equation 2, we have that for any, ..., d

E[&i(X)[Xa, ..., %] = 0i(X)E[&[Xa, ..., %] =0,

and sincegd;(X;) is adapted to the filtration generated Ky, ..., X1, it is a martingale differ-
ence sequence w.r.t. that filtration. Thus one may apply Azuma’s inequalitydieceehat with
probability 1— 9,

5 &/X)] < CLy 2001275

where we used thak; ¢; (X )| < CL for anyi andt. By a union bound over all features, we have that
with probability 1— 9, forall 1 <i <d

3 & (X)] < CLy 2nlog(2d]3). Y
=

The result follows by combining Equations 7 and 6. |
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Figure 2: This figure represents the sp&fethe linear vector subspadg and some vectors used
in the proof of Theorem 1.

Remark about Lemma 3 Note that this lemma is an extension of the bound for regression with
deterministic design in which the statgs; }{ ;, are fixed and the noise terndg’s, are indepen-
dent. In deterministic design, usual concentration results provide higlalpititp bounds similar

to Equation 3 (see, e.g., Hsu et al., 2012), but without the dependengge é&m open question is
whether it is possible to remowg in the bound for the Markov design regression setting.

In the Markov design model considered in this lemma, stg¥e' ; are random variables gen-
erated according to the Markov chain and the noise témsay depend on the next stae 1 (but
should be centered conditioned on the past stétes.,X;). This lemma will be used in order to
prove Theorem 1, where we replace the target functiovith the value functior/, and the noise
term&; with the temporal difference(X;) + W (X+1) —V (%).

Proof [Theorem 1]

Step 1:Using the Pythagorean theorem and the triangle inequality, we have (see E)g
(V=117 = [[v= I+ ([0 = AVIZ < v = v+ (119 = ATVl + [[ATv—Tv]]n)% (8)
From they-contraction of the operatcﬁl‘f‘ and the fact that is its unique fixed point, we obtain
19— ATV||n = [AT9— ATV < V][I Vl]n ©)
Thus from Equation 8 and 9, we have
(V=912 < [[v—FIV|[2+ (Vi[v—"9]|n+[|ATv—Fv]}s)*. (10)

Step 2: We now provide a high probability bound qrﬁ%v— ﬁan. This is a consequence of
Lemma 3 applied to the vectod= 7v andZ = v. Sincev is the value function at the points
{X}L,, from the definition of the pathwise Bellman operator, we have that fot ¥ n—1,

G=%—V=r(%)+WX*1)-V(X) = V[V(Xt+l) —/P(dY\Xt)V(Y)L

3049



LAZARIC, GHAVAMZADEH AND MUNOS

and&n = yn— Vo = =Y/ P(dy|Xn)V(y). Thus, Equation 2 holds for£t < n—1. Here we may
chooseC = 2Whax for a bound org;, 1 <t < n-—1, andC = Wy ax for a bound org,. Azuma’s
inequality may be applied only to the sequenca ef1 terms (then-th term adds a contribution to
the bound), thus instead of Equation 7, we obtain

i&tq)i (Xt)’ < Winax (ZW—F l),

with probability 1— 9, for all 1 <i < d. Combining with Equation 6, we deduce that with probability
1-9, we have

d< M+}), (11)

ﬁ‘f‘v—ﬁv < L/ —
I I < Wonail 5 4

n
wherev,, is the smallest strictly-positive eigenvalue%JDTQJ. The claim follows by solving Equa-
tion 10 for||v — V||, and replacing|[1Tv— Fv||, from Equation 11. |

5. Generalization Bounds

As we pointed out earlier, Theorem 1 makes no assumption on the existeneestéditionary dis-
tribution of the Markov chain. This generality comes at the cost that the npeafoce is evaluated
only at the states visited by the Markov chain and no generalization on otlies &gpossible.
However in many problems of interest, the Markov chain has a stationary digtnip, and thus,
the performance may be generalized to the whole state space under theenmeasdoreover,
if p exists, it is possible to derive a condition for the existence of the pathwis® L®lution
depending on the number of samples and the smallest eigenvalue of the Gramdetited ac-
cording top ; G € R™Y | Gj; = [¢i(X)0j(X)p(dx). In this section, we assume that the Markov
chain M™ is_exponentially fasf-mixing with parameter§, b, Kk, that is, itsB-mixing coefficients
satisfyf; < Bexp(—bi¥) (see Section A.2 in the appendix for a more detailed definitigg+miixing
processes).

Before stating the main results of this section, we introduce some notatiois fiie stationary
distribution of the Markov chain, we define the orthogonal projection opeFat@B(X; Vimnax) — F
as

nv _argfrngV— fllp -

Furthermore, in the rest of the paper with a little abuse of notation, we replaegnpieical norm
[|V||n defined on stateXy, ..., X, by ||V||n, whereV € B(X;Vmayx) is such tha¥ (X;) = w. Finally,
we should guarantee that the pathwise LSTD sollfﬁcbtmuniformly bounded otk. For this reason,
we move from# to the truncated spacg in which for any functionf € 7, a truncated functior
is defined as

Fg = 4 T 1 (0] < Vinax
f<X> B { Sgr(f(x))vmax otherwise (12)

In the next sections, we present conditions on the existence of the path@ide solution and
derive generalization bounds under different assumptions on the way rifgesa, ..., X, are
generated.

3050



FINITE-SAMPLE ANALYSIS OF LEAST-SQUARESPOLICY ITERATION

5.1 Uniqueness of Pathwise LSTD Solution

In this section, we assume that all the eigenvalues afe strictly positive; that is, we assume the
existence of the model-based solution of LSTD, and derive a condition torgaarthat the sample-
based Gram matri%CDTCD is invertible. More specifically, we show that if a large enough number
of samples (depending on the smallest eigenvalu®) @ available, then the smallest eigenvalue of
%(DTCD is strictly positive with high probability.

Lemma4 Let G be the Gram matrix defined according to the distributpoand w > 0 be its
smallest eigenvalue. Let X. ., X, be a trajectory of length n of a stationafymixing process with
parameter{3, b,k and stationary distributiomp. If the number of samples n satisfies the following
condition

2 1/
. 288 /:\()n,d,{)) max{/\(n’d’é),l} 7 (13)

b
wheré A(n,d,8) = 2(d+1)logn+log$ +log" (max{18(6e)2d+1), B}), then with probabilityL —
9, the family of featured, ..., dq) is linearly independent on the stateg, X., X, (i.e., || fa||n =0
impliesa = 0) and the smallest eigenvalug of the sample-based Gram matlﬁdeb satisfies

1/k
VVn >V = \/Za—eL\/ZA(”r’]d’é) max{ A(”;Od’{’),l} >0. (14)

Proof From the definition of the Gram matrix and the fact tkgt O is its smallest eigenvalue, for
any functionfy € ¥, we have
[1fallz = ll¢"alf; = o' Ga > wa'a = wl|alf®. (15)

Using the concentration inequality from Corollary 18 in the appendix and tttettiat the basis
functions¢; are bounded by, thus fy is bounded by ||a||, we have||fy||p — 2|| fa||n < € with
probability 1— 6, where

1/k
€= 12LH0(H\/2A(nr’]d’& max{/\(n’b(m,l} .

Thus we obtain
2||falln+£ > Val|al]. (16)

Leta be such thalt f||n = O, then if the number of samplesatisfies the condition of Equation 13,
we may deduce from Equation 16 and the definitioredhata = 0. This indicates that given
Equation 13, with probability + 3, the family of featureg¢s,...,¢q) is linearly independent on
the states(y, ..., Xn, and thusy, > 0. The inequality in Equation 14 is obtained by choogintp
be the eigenvector oﬁd)TQJ corresponding to the smallest eigenvaliye For this value ofa, we
have||fq||n = v/Vn||a||. By using the definition of in Equation 16 and reordering we obtain

2A(n,d,d A(n,d,8) V¥
2¢v7|ra|+12L|ra|r\/ e e N[
and the claim follows. [ |

2. We define log x = max{logx, 0}.
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Remark 1 In order to make the condition on the number of samples and its dependency on the
critical parameters of the problem at hand more explicit, let us consider Heeafea stationary
process withb = 3 = k = 1. Then the condition in Equation 13 becomes (up to constant and

logarithmic factors)
~ (28872 ny 2
nZO( o ((d+1)|og8> >

As can be seen, the number of samples needed to have strictly positive kigenumahe sample-
based Gram matrix has an inverse dependency on the smallest eigeriv@luésa consequence,
the moreG s ill-conditioned the more samples are needed for the sample-based Gram%mﬁtm(
to be invertible.

5.2 Generalization Bounds for Stationaryp-mixing Processes

In this section, we show how Theorem 1 may be generalized to the entire siateXsprhen the
Markov chainM™ has a stationary distributign In particular, we consider the case in which the
samples{y, ..., X, are obtained by following a single trajectory in the stationary regim# &f that

is, when we consider thag; is drawn fromp.

Theorem 5 Let X,..., X, be a path generated by a stationgbymixing process with parameters
B,b,k and stationary distributiorp. Let w > 0 be the smallest eigenvalue of the Gram matrix
defined according tp and n satisfy the condition in Equation 13. Nétbe the truncation (using
Equation 12) of the pathwise LSTD solution, then

2

ViV
(17)

with probability 1 — 8, wherev is a lower-bound on the eigenvalues of the sample-based Gram
matrix defined by Equation 14,

1/k
o om \/ZAl(n,nd,é/4) .. { Al(n,g,6/4)’ 1} |

d( 8Iog(:3d/5) n i) Lgg

~ 2
HV—VHPS (2\[2|V—HV|’p+82)+]-_y[WmaxL =

\Y

with A1(n,d,3/4) = 2(d+ 1) logn+log % + log* (max{18(6e)2¢+1 B}), and

1/k
€2 = 12(Vimax+ L||0(*H)\/2/\2(?]’6/4) max{/\Z(n’B/A'),l} , (18)

b
with A2(n, 8/4) = log % + log (max{6, nE}) anda* is such that §- =NV.

Proof This result is a consequence of applying generalization bounds to bothdfidgjuation 1
(Theorem 1). We first bound the left-hand side:

2V =V|ln>2|N =V|[n> |V =V|p—&

with probability 1— &. The first step follows from the definition of the truncation operator, while
the second step is a straightforward application of Corollary 17 in the append
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We now bound the tertiV — V||, in Equation 1:
IV =Vl < |V =1V[]a < 2V2[V = NV[|o + £2

with probability 1— & The first step follows from the definition of the operaffrThe second step
is an application of the inequality of Corollary 19 in the appendix for the fundatien V.

From Theorem 1, the two generalization bounds, and the lower-bourdeach one holding
with probability 1— &', the statement of the Theorem (Equation 17) holds with probability by
settingd = 40'. [ |

Remark 1 Rewriting the bound in terms of the approximation and estimation error terms (up to
constants and logarithmic factors), we obtain

. ~( 1 11
HV—VIIp§0<HV—|’IVIIp+ )

V1Y 1-yyh

While the first term §pproximation erroy only depends on the target functivhand the function
space¥, the second terme§timation erroy primarily depends on the number of samples. Thus,
whenn goes to infinity, the estimation error goes to zero and we obtain the same pearéerbwund
(up to a 4/2 constant) as for the model-based case reported by Tsitsiklis and Vari8@%)( The
additional multiplicative constant\42 in front of the approximation error is the standard cost to
have the improved rate bounds for the squared loss and linear spages.gseGorfi et al., 2002).

In fact, it is possible to derive a bounds with constant 1 but a worsaraté instead oh~/2. The
bound in Theorem 5 is more accurate whenever the approximation error isssrddbw samples
are available.

Remark 2 Antos et al. (2008) reported a sample-based analysis for the modified Belisidnal
(MBR) minimization algorithm. They consider a general setting in which the functiesesfp

is bounded and the performance of the algorithm is evaluated accordingatidiamry measure
M (possibly different than the stationary distribution of the Markov ch@in Since Antos et al.
(2008) showed that the MBR minimization algorithm is equivalent to LSTD wfieis a linearly
parameterized space, it would be interesting to compare the bound in Theorethésdoe in
Lemma 11 of Antos et al. (2008). In Theorem 5, similar to Antos et al. (2C88)ples are drawn
from a stationary3-mixing process, howevef is a linear space arlis the stationary distribution
of the Markov chain. It is interesting to note the impact of these two diffeieimcthe final bound.
The use of linear spaces has a direct effect on the estimation error asddesmetter convergence
rate due to the use of improved functional concentration inequalities (Lemma 1€ apgendix).
In fact, while in Antos et al. (2008) the estimation error for the squared &raf orderO(1/,/n),
here we achieve a faster convergence rate of d@d#yn). Moreover, although Antos et al. (2008)
showed that the solution of MBR minimization coincides with the LSTD solution, its sangseeb
analysis cannot be directly applied to LSTD. In fact, in Antos et al. (2@08)function spacer

is assumed to be bounded, while general linear spaces cannot be boddether the analysis
of Antos et al. (2008) may be extended to the truncated solution of LSTD ip&m question that
requires further investigation.
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5.3 Generalization Bounds for Markov Chains

The main assumption in the previous section is that the trajegtpry., X, is generated by a sta-
tionary 3-mixing process with stationary distributign This is possible if we consider samples of

a Markov chain during its stationary regime, thatfs,~ p. However in practicep is not known,

and the first sampl¥; is usually drawn from a given initial distribution and the rest of the sequence
is obtained by following the Markov chain frob& on. As a result, the sequengg,..., X, is ho
longer a realization of a stationafymixing process. Nonetheless, under suitable conditions, after
fl < n steps, the distribution 0f5 approaches the stationary distributipnin fact, according to the
convergence theorem for fast-mixing Markov chains (see, e.g., Bitapo20 in the appendix), for
any initial distributionA € S(X), we have

where|| - ||ty is the total variatior.

We now derive a bound for a modification of pathwise LSTD in which the fisarmples (that
are used to burn the chain) are discarded and the remaming samples are used as training
samples for the algorithm.

| A@xP (%)~ p()
X

< Bexp(—br).
\%

T

Theorem 6 Let X, ..., X, be a trajectory generated by&mixing Markov chain with parameters
B,b,k and stationary distributiorp. Letfi (1 < fi < n) be such that - i satisfies the condition
of Equation 13, and p¢1, ..., X, be the samples actually used by the algorithm. chet O be the
smallest eigenvalue of the Gram matrix defined accordimgaoda* € RY be such thatd = V.
LetV be the truncation of the pathwise LSTD solution (using Equation 12), then by sitting

(% log %) “_ with probability1 — &, we have

IV =Vllp <

2 d 8log(8d/d) 1
(M”V—”V”p+€2)+1_y[WmaxL o TR ) e

2
VIV
(19)
whereg; ande; are defined as in Theorem 5 (with+1i as the number of training samples).

The proof of this result is a simple consequence of Lemma 24 in the appegiigéito Theo-
rem 5.

Remark 1 The bound in Equation 19 indicates that in the cas@-afixing Markov chains, a
similar performance to the one for stationfimixing processes is obtained by discarding the first
fi = O(logn) samples.

6. Finite-Sample Analysis of LSPI

In the previous sections we studied the performance of pathwise-LSTiiphoy evaluation. Now
we move to the analysis of the least-squares policy iteration (LSPI) algorithgo(dakis and
Parr, 2003) in which at each iteratiarsamples are collected by following a single trajectory of the

3. We recall that for any two distributiong, > € S(X), the total variation norm is defined dgy — ||ty =
SUBcx [M1(X) — H2(X)].
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policy under evaluatiomy, and LSTD is used to compute an approximatioWdf. In particular,

in the next section we report a performance bound by comparing the vatlne pblicy returned by

the algorithm afteK iterations,V™, and the optimal value functio¥,*, w.r.t. an arbitrary target
distributiona. In order to achieve this bound we introduce assumptions on the MDP and the linea
spacef . In Section 6.2 we show that in some cases one of these assumptions dodd aattbe
performance of LSPI can be arbitrarily bad.

6.1 Generalization Bound for LSPI

In this section, we provide a performance bound for the LSPI algorithmal@dakis and Parr,
2003). We first introduce thgreedy policyoperatorG that maps value functions to their corre-
sponding greedy policies:

(6)) (9 —argmaxlr(x.a) +v | Playix.av(y)]

We useG (¥ ) to refer to the set of all the greedy policies w.r.t. the functiong inLSPI is a policy
iteration algorithm that uses LSTD for policy evaluation at each iteration. It stattisaw arbitrary
initial value functionV_; € ¥ and its corresponding greedy policyg. At the first iteration, it
approximate¥ ™ using LSTD and returns a functiafy whose truncated versiafy is used to build
the policy Ty for the second iteratioh. More precisely;m is the greedy policy w.r.tvp, that is,
m = g(\7 ). So, at each iteratiok of LSPI, a functionVi_1 is computed as an approximation
to V™1, and then truncated_1, and used to build the policy = g(\7k_1). Note that the MDP
model is needed in order to generate the greedy palicyo avoid the need for the model, we could
simply move from LSTD to LSTD-Q. The analysis of LSTD in the previous sestimay be easily
extended to action-value function, and thus, to LSTD-Eor simplicity we use value function in
the paper and report the LSPI bound in terms of the distance to the optimalfualction.

It is important to note that in general the measure used to evaluate the fif@inpence of
LSPI, 0 € $(X), might be different than the distribution used to generate the samples at eaeh iter
tion. Moreover, the LSTD performance bounds of Section 5 require the samapbe collected by
following the policy under evaluation. Thus, we make the following assumption.

Assumption 1 (Lower-bounding distributionYhere exists a distLibution g S(X) such that for
any policymt that is greedy w.r.t. a function in the truncated spateu < Cp™, where C< « is a
constant an@™ is the stationary distribution of polici

Assumption 2 . (Discounted-average Concentrability of Future-State Distribution [Antcd. et
2008]) Given the target distributioo € $(X) and an arbitrary sequence of poliCi¢Sim}m>1, let

d(pPe. .. Pm)
do '

4. Unlike in the original formulation of LSPI, here we need to explicitly trurthe function so as to prevent unbounded
functions

5. We point out that moving to LSTD-Q requires the introduction of sonmogation to the current policy. In fact, in
the on-policy setting, if the policy under evaluation is deterministic, it doeprmtide any information about the
value of actions # 11(-) and the policy improvement step would always fail. Thus, we need tddemstochastic
policies where the current policy is perturbed bye 0 randomization which guarantees that any action has a
non-zero probability to be selected in any state.
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We define the second-order discounted-average concentrability cé-fstiate distributions as

Cop=(1—-y)? z my™ ¢ u(m)

m>1

and we assume that,G < .

We also need to guarantee that with high probability a unique LSTD solution exigtach
iteration of the LSPI algorithm, thus, we make the following assumption.

Assumption 3 (Linear independent featurdsgt pe S(.X') be the lower-bounding distribution from
Assumption 1. We assume that the featqes of the function spacg are linearly independent
w.r.t. i In this case, the smallest eigenvatyeof the Gram matrix G € RI%A w.r.t. p is strictly
positive.

Lemma 7 Under Assumption 3, at each iteration k of LSPI, the smallest eigenuglaéthe Gram
matrix G, defined according to the stationary distributipp= p™ is strictly positive andw > %

Proof Similar to Lemma 4, for any functiofy € F, we havel|a|| < % Using Assumption 1,

|| fallu < VC||fallp, @and thus]|al| < ,/% || fa||pe- FoOr thea that is the eigenvector @ corre-

sponding tgy, we have|a|| = H\f;%pk. For this value ofx, we may write% <./ % || fal| o @Nd
thus,wy > =X, which guarantees thai is strictly positive, becauss, is strictly positive according
to Assumption 3. |

Finally, we make the following assumption on the statiorfarixing processes corresponding
to the stationary distributions of the policies encountered at the iterations of tHelgeiRthm.

Assumption 4 (Slower 3-mixing process)Ve assume that there exists a stationgsyixing pro-
cess with parametef b, K, such that for any policyrthat is greedy w.r.t. a function in the truncated
space?, it is slower than the stationarfg-mixing process with stationary distributi@i (with pa-
rametersf, b, Kr). This means tha is larger and b andk are smaller than their counterparts
B, b, andky; (see Definition 14).

Now we may state the main theorem of this section.

Theorem 8 Let us assume that at each iteration k of the LSPI algorithm, a path of sizeanis g
erated from the stationar3-mixing process with stationary distributigey_1 = p™-1. Let n sat-
isfy the condition in Equation 13 for the slowBtmixing process defined in Assumption 4. Let
V_1 € ¥ be an arbitrary initial value function, /..., Vk_1 (\70, ... ,\7K,1) be the sequence of value
functions (truncated value functions) generated by LSPI after K iterationsyrrie the greedy
policy w.r.t. the truncated value functidf_1. Then under Assumptions 1- 4, with probability &
(w.r.t. the random samples), we have

2

£ Tk 4y {
V* =V ”"S(l_y)z (1+V)v/CCop =

2 d , /8log(8dK/3) 1 K1
‘|‘1_y(Wmax|—\/V7“( n+n))+E1] +Y Rmax},
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where
1. Bo(F) = SURy ;7 infreg || —VTlor,
2. E; is € from Theorem 5 written for the slow@rmixing process defined in Assumption 4,

3. B is e, from Theorem 5 written for the slowfrmixing process defined in Assumption 4 and
||a*|| replaced by\/>Rmax and

4. vy, isv from Equation 14 in whicko is replaced by, defined in Assumption 3, and the second
term is written for the slowefd-mixing process defined in Assumption 4.

Remark 1 The previous theorem states a bound on the prediction error when L36ped after

a fixed numbeK of iterations. The structure of the bound resembles the one in Antos et a8)(200
Unlike policy evaluation, the approximation erigg(F ) now depends on how well the spagecan
approximate the target functiold' obtained in the policy improvement step. While the estimation
errors are mostly similar to those in policy evaluation, an additional term of gfdierintroduced.
Finally, we notice that the concentrability terms may significantly amplify the predietimor (see
also next remark). Farahmand et al. (2010) recently performed adedimalysis of the propagation
of the error in approximate policy iteration and have interesting insights on tleeotrability terms.

Remark 2 The most critical issue about Theorem 8 is the validity of Assumptions 1-4. The
analysis of LSTD explicitly requires that the samples are collected by followiagthicy under
evaluation,t, and the performance is bounded according to its stationary distribpitioince

the performance of LSPI is assessed w.r.t. a target distribatieve need each of the policies en-
countered through the LSPI process to have a stationary distribution whesmabdiffer too much
from . Furthermore, since the policies are random (at each iterktioa new policyry is greedy
w.r.t. the approximatioW,_; which is random because of the sampled trajectory), we need to con-
sider the distance of and the stationary distribution of any possible policy generated as greedy
w.r.t. a function in the truncated spage that is,p™, te G(¥). Thus in Assumption 1 we first
assume the existence of a distributiplower-bounding any possible stationary distributppn The
existence ofu and the value of the consta@tdepend on the MDP at hand. In Section 6.2, we
provide an example in which the consté&his infinite. In this case, we show that the LSPI perfor-
mance, when the samples at each iteration are generated according to thergtdistribution of

the policy under evaluation, can be arbitrarily bad. A natural way to relaxagssamption would

be the use of off-policy LSTD in which the samples are collected by followingtetbior policy.
Nonetheless, we are not aware of any finite-sample analysis for sudtparitham. Another critical
term appearing in the bound of LSPI, inherited from Theorem 5, is the mawiofu|ag|| over

the iterations, wherej is such thatfo; = My, V™. Each term|ag|| can be bounded whenever the
features of the spacg are linearly independent according to the stationary distribygjorSince

a; is a random variable, the featurfs }¢ ; of the spacef should be carefully chosen so as to be
linearly independent w.r.t. the lower-bounding distribution

We now prove a lemma that is used in the proof of Theorem 8.

Lemma 9 Let 1y be the greedy policy W.r¥_1, that is, i, = g(\7k_1) and p™ be the stationary
distribution of the Markov chain induced bog. We have

[IVk— T Vid [ < (L) Vi = VT o
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Proof [Lemma 9] We first show thaf — 7™V, = (I — yP™) (Vi — V)
(I = yYPT®) (Vi — V%) = Vi — VT — yPTRVj 4 yPTRV Tk =\ — V& — TR 4 TTRY T
:\~/|<—Vn-k—’Tﬂk\N/k—i—VT[k :\7k—‘T"k\7k.
For any distributioro € §(X), we may write
V=TVl lo = [1(1 = YPT) (Ve = V) g < [[1 = YP™¥[o] [Vk = VT
< (L+YiIP™||o) [V = V¥ |o

If ois the stationary distribution afy, that is,o = p, then||P™||; = 1 and the claim follows. Note
that this theorem holds not only fés-norm, but for any’,-norm,p > 1. [ |

Proof [Theorem 8] Rewriting Lemma 12 in Antos et al. (2008) Yoinstead ofQ, we obtairy

. 4y ~ ~ K-1
[V = VT¥||s < WC /CG’”o?ki)ri V= T™Vi| [y +Y 2 Rmax). (20)
From Assumption 1, we know that ||, < v/C|| - ||, for any 0< k < K and thus we may rewrite
Equation 20 as
4y

o o K-1
IV V™l < (s (VCCan e I — Tl V% v (21)

Using the result of Lemma 9, Equation 21 may be rewritten as
IV VMo < 1o ((2+V)y/CCo mad Ik =V +Y7 R (22)

We can now use the result of Theorem 5 (which holds with probaldlitg) and replace|Vi —
VT||o, with its upper-bound. The next step would be to apply the maximum lov@this upper-
bound (the right hand side of Equation 17). There are four terms on te affEquation 17 that
depend ork and in following we find a bound for each of them.

1. [V — M, V¥||o,: This term can be upper-bounded By(# ). This quantity,Eq( ), mea-
sures the approximation power of the linear function space

2. €1 This term only depends on the parametéxgbk,Kk of the stationary3-mixing process
with stationary distributiopy. Using Assumption 4, this term can be upper-boundeéhy
which is basicallye; written for the sloweB-mixing process from Assumption 4.

3. &2: This term depends on the followingrelated terms.

6. The slight difference between Equation 20 and the bound in Lemm&Aitas et al. (2008) is due to a small error
in Equation 26 of Antos et al. (2008). It can be shown that the r.h.Egoftion 26 in Antos et al. (2008) is not an
upper-bound for the r.h.s. of its previous equation. This can be dagly by redefining the coefficients, while
we make sure that they remain positive and still sum to one. This modificzdigses two small changes in the final
bound: the constant 2 in front of the parenthesis becomes 4 and the @iciivey in front of Ryax changes fronK /p
to (K—1)/p.
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e The term under the root-square in Equation 18: This term depends onrdragiars
Bk, bk, Kk of the stationanf-mixing process with stationary distributigy. Similar to
€1, this term can be upper-bounded by rewriting it for the slof#emixing process from
Assumption 4.

e 0oy The coefficient vectomy is such thaff; =M, V™. This term can be upper-bounded

as follows:
C © |/C
Pk — 7ankvnk|’pk§ 7HVWHPk
Wy Wy

L@ [fe|lu® [C
g @ el @ /€,
VAQT Wy

C C C ax
< JE VMo = [ S Vo= 4 [ & Remax
Wy Wy wy 1-y

(a) Similar to Equation 15, this is true for any functidp € F .
(b) This is an immediate application of Assumption 1.
(c) We use the fact that the orthogonal projectitg) is non-expansive for norm- ||, .

4. vp,: This term depends on the followirigrelated terms.

e wx: This is the smallest eigenvalue of the Gram matixdefined according to the
distributionpy. From Lemma 7, this term can be lower-boundeddy

e The second term on the r.h.s. of Equation 14: This term depends on thegiara
Bk, bk, Kk of the stationanf-mixing process with stationary distributigy. Similar to
€1 andey, this term can be upper-bounded by rewriting it for the slg@varixing process
from Assumption 4.

By replacing the above lower and upper bounds in Equation 14, we obtawhich is a
lower-bound for any, .

The claim follows by replacing the bounds for the above four terms in Equago [ |

6.2 A Negative Result for LSPI

In the previous section we analyzed the performance of LSPI whenlaitegation the samples are
obtained from a trajectory generated by following the policy under evaluatio order to bound
the performance of LSPI in Theorem 8, we made a strong assumption on silblpastationary
distributions that can be obtained at the iterations of the algorithm. Assumption 1 staristaece
of a lower-bounding distributiop for the stationary distributiop™ of any policyrte G(¥). If such
a distribution does not exis€C(is infinite), the LSPI performance can no longer be bounded. In
other words, this result states that in some MDPs, even if at each iteratiomgheftanctionvV™ is
perfectly approximated by, underpy-norm, that is)|V™ — V| |ox =0, the LSPI performance could
be arbitrarily bad. In this section we show a very simple MDP in which this is acttralgase.

Let consider a finite MDP withX = {x1,X2,x3}, 4 = {a,b}, and the reward function and
transition modeb as illustrated in Figure 3. As it can be noticed only two policies are available in
this MDP: 1, which takes actiora in statex; and g, which takes actiom in this state. It is easy

to verify that the stationary distributiop’™ assigns probabilitie%, ﬁ and 0 toxy, X2, andxs,
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V7ak

Jor

Figure 3: (left) The MDP used in the example of Section 6.2 gright) the value function for
policy 1, in this MDP.

while p™ has probabilitie%, 0, andl—is. Sincep™ andp™ assign a probability 0 to two different
states, it is not possible to find a finite const@rguch that a distributiop is lower-bounding both

p"™ andp™, thus,C = « and according to Theorem 8 LSPI may have an arbitrary bad performance

Let initialize LSPI with the suboptimal polici,. The value functiotv™ is shown in Figure 3
(note that the specific values depend on the choiesofly). Let 7 = { fy(X) = aix+ 0, a € R?}
be the space of lines in dimension 1. logtbe the solution to the following minimization problem
o* =arginfyer ||V — fangra (the projection oW/ ™ onto spaceF). Sincep™ assigns a probability
0 to statexs, the fy: in Figure 3 has a zero loss, that[i8/™ — fq«||pa = 0. Nonetheless, while the
greedy policy w.r.tV™ is the optimal policyr, the policy improvement step w.rfq- returns the
policy Ti,. As a result, although at each iteration the function sgaaeay accurately approximate
the value function of the current poligyw.r.t. its stationary distributiop™, LSPI never improves
its performance and returmg instead of the optimal policw,. By properly setting the rewards we
could make the performance of arbitrarily worse tharmg,.

7. Conclusions

In this paper we presented a finite-sample analysis of the least-squargstecdition (LSPI) algo-
rithm (Lagoudakis and Parr, 2003). This paper substantially extendséhgses in Lazaric et al.
(2010) by reporting all the lemmas used to prove the performance bouh& ¥ in the case of-
mixing and Markov chain processes and by analyzing how the perfoer@niSTD is propagated
through iterations in LSPI.

More in detail, we first studied a version of LSTD, called pathwise LSTD pfadicy evalua-
tion. We considered a general setting where we do not make any assumption\barkos chain.
We derived an empirical performance bound that indicates how close fhP E8lution is to the
value function at the states along a trajectory generated by following the oidtysed by the
algorithm. The bound is expressed in terms of the best possible approximatienvafiue function
in the selected linear space (approximation error), and an estimation error vedgehds on the
number of samples and the smallest strictly-positive eigenvalue of the samplecrasednatrix.
We then showed that when the Markov chain possesses a stationary ti@trillme may deduce

3060



FINITE-SAMPLE ANALYSIS OF LEAST-SQUARESPOLICY ITERATION

generalization performance bounds using the stationary distribution of theah#ie generaliza-
tion measure. In particular, we considered two cases, where the sampleotsajsgenerated by
stationary and non-stationafymixing Markov chains, and derived the corresponding bounds. Fi-
nally, we considered the whole policy iteration algorithm (LSPI) and showedutider suitable
conditions it is possible to bound the error cumulated through the iterations.

The techniques used for the analysis of LSTD have also been recentlyyed it the devel-
opment of the finite-sample analysis of a number of novel algorithms such as W&fibandom
projections (Ghavamzadeh et al., 2010), LassoTD (Ghavamzadeh d1dl), 2nd Classification-
based Policy Iteration with a Critic (Gabillon et al., 2011).

Technical issueg=rom a technical point of view there are two main open issues.

1. Dependency on, in the bound of Theorem 1n Section 4 we introduced the Markov design
setting for regression in which the samples are obtained by following a Maitkaw @and
the noise is a zero-mean martingale. By comparing the bound in Lemma 3 with thesbound
for least-squares regression in deterministic design (see, e.g., Th&trgénm Gyorfi et al.,
2002), the main difference is the inverse dependency on the eigerwabfehe empirical
Gram matrix. It is not clear whether this dependency is intrinsic in the psogeserating
the samples or whether it can be removed. Abbasi-Yadkori et al. (2@téhtly developed
improved Azuma'’s inequalities for self-normalizing process (see alsode.dgp, P@a et al.,
2007; de la Pga and Pang, 2009) which suggest that the bound can be improved byimgmo
the dependency fromy, and, thus, also from thie,-normL of the features.

2. Thelogn dependency in the generalization boun@haining techniques (Talagrand, 2005)
can be successfully applied to remove theratgpendency in Pollard’s inequalities for re-
gression in bounded spaces. An interesting question is whether similar teehrdign be
applied to the refined analysis for squared losses and linear spacesgsdeemma 10) used
in our theorems.

ExtensionsSome extensions to the current work are possible.

1. LSTDQ). A popular improvement to LSTD is the use of eligibility traces, thus obtaining
LSTD(A\). The extension of the results presented in this paper to this setting doesenot s
to be straightforward since the regression problem solved in LE)'Bdes not match the
Markov design setting introduced in Definition 2. Hence, it is an open quesbtiratfinite-
sample analysis of LSTR{ could be derived.

2. Off-policy LSTD.Yu and Bertsekas (2010) derived new bounds for projected lineatiegs
substituting the%y2 term in front of the approximation error with a much sharper term

depending on the spectral radius of some matrices defined by the probfeopef question
is whether these new bounds can be effectively reused in the finite-sanaysia derived in
this paper, thus obtaining much sharper bounds.

3. Joint analysis of BRM and LSTScherrer (2010) recently proposed a unified view of Bell-
man residual minimization (BRM) (Schweitzer and Seidmann, 1985; Baird, 1883¢epo-
ral difference methods through the notion of oblique projections. This stgespossibility
that the finite-sample analysis of LSTD could be extended to BRM through tHisdimiew
over the two methods.
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Appendix A.

In this appendix we report a series of lemmata which are used throughgeapee In particular,
we derive concentration of measures inequalities for linear spaces ameddass when samples
are generated from different stochastic processes. We start withaifidamnal setting of inde-
pendent and identically distributed samples in Section A.1, then move to sampleatgdrferm
mixing processes in Section A.2, and finally consider the more general caampfes obtained by
simulating a fast mixing Markov chain starting from an arbitrary distribution in Secti@n A

As a general rule, we uggopositionto indicate results which are copied from other sources,
while lemmarefers to completely or partially new results.

A.1 IID Samples

Although in the setting considered in the paper the samples are non-i.i.d., wedodtftenctional
concentration inequalities for i.i.d. samples which will be later extended to stationdryi@n-
stationary3-mixing processes. We first recall the definition of expected and empfsaadrms for
afunctionf : X — R

f2n:}nf 2 , fI2=E[|f(X)|?].
[ 15 n;l %91 [l [ (X))

Lemma 10 Let 7 be a class of functions fX — R bounded in absolute value by B. Lef %
{X1,..., X%y} be a sequence of i.i.d. samples. For any 0

| (V2 )] ne?
P[3f € F:||fl|-2llfx > €] <3E %<248%X1” ex'°<‘28$2>’

and

(V2 )] ne?
: o < Ve n =
P[3f € F : ||f|lxp — 2| | > €] <3E 9\&<24€’7’X1 eXp< 28832>’

where AL (g, F,X[') is the (L, €)-cover number of the function spage on the samples X(see
Gyorfi et al. 2002).

Proof The first statement is proved in G#fi et al. (2002) and the second one can be proved simi-
larly. |
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Proposition 11 Let ¥ be a class of linear functions X — R of dimension d andf be the
class of functions obtained by truncating functions ff at a threshold B. Then for any sample
X{'={Xy,..., X} ande >0

_ 3e(2B 2\ 2(d+1)
2 (5.7 X)) §3< e(sz) > .

Proof Using Theorem 9.4. in Gyffi et al. (2002) and the fact that the pseudo—dimensioﬁdﬁk
the same ag, we have

- 2e(2B)2 3e(2B)2\ 41 3e(2B)2\ 24+Y
%(S,T,X{‘)§3< (82) log (52)) §3< (82)) :

[ |
We now use Proposition 11 to invert the bound in Lemma 10 for truncated linaeesp

Corollary 12 Let F be a class of linear functions :fX — R of dimension dF be the class of
functions obtained by truncating functionsef# at a threshold B, and X= {Xi,...,X,} be a
sequence of i.i.d. samples. By inverting the bound of Lemma 10, fdr any/, we have

11— 2]l Fllxp < &(8),
[ fllxp — 2 f]] < £(3),
with probability 1 — o, where

£(3) =128 2A(nr’]d’5) : (23)

andA(n,d,8) = 2(d + 1) logn+log & + log (9(12e)2¢+1)).

Proof In order to prove the corollary it is sufficient to verify that the followingguoality holds for

thee defined in Equation 23
3E |26 (ﬁsj,xf”>

ne?
exp ~ e <0.

Using Proposition 11, we bound the first term as

N C.\ 20+1)
%(Msf,xlznﬂg?)(;) :

with C; = 3456B°. Next we notice that\(n,d, ) > 1 and thug > /1/(nG,) with C, = (28882) 1.
Using these bounds in the original inequality and some algebra we obtain

" 2 2(d+1)
3K [% <\2/3877’X12n>] eXp(_Zg;?)z> <9 (g) exp(—n0282)

< 9(nGC,) 24+ exp(—CznA(n’d’&>

24

E

nG
_ 2+ 2@+n0 1
9(nC,Cy) n 6 9(C,Cy) 0T
_%_5
e
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Non-functional versions of Corollary 12 can be simply obtained by remafiegovering num-
ber from the statement of Lemma 10.

Corollary 13 Let f: X — R be a function bounded in absolute value by B ago=xX{ Xy, ..., Xn}
be a sequence of i.i.d. samples. Then

111 =2[Fllxp < &(3),

[1fllxp — 21l < £(3),
with probability 1 — o, where

A.2 Stationary 3-mixing Processes

We first introduce3-mixing stochastic processes anixing coefficients.

Definition 14 Let {X }i>1 be a stochastic process. Leiﬂ X {X,X41,...,%} and O'(Xij) denote
the sigma-algebra generated b}}.XI’he i-thB-mixing coefficient of the stochastic process is defined
by

Bi =SupE | sup |P(B|X{)—P(B)||.
t>1 Beo(X)
The procesg X }+>1 is said to beB-mixing if B; — 0 as i— . In particular, {X; };>1 mixes at an
exponential rate with parametefsb, k if B; < Bexp(—bi*). Finally, {X }+>1 is strictly stationary if
X ~v foranyt> 0.

Let X3,...,X, be a sequence of samples drawn from a statiofiamnixing process with coef-
ficients{B;}. We first introduce the blocking technique of Yu (1994). Let us dividedbquence
of samples into blocks of sidg,. For simplicity we assume = 2myk, with 2m, be the number of
blocks! For any 1< j < m, we define the set of indexes in an odd and even block respectively as

Hj={t:2(j—1kn+1<t<(2j—1)ks}, and
Ej={t: (2 —Dka+1<t < (2j)kn}.

LetH = U'J-TLH,- andE = UTL]_EJ‘ be the set of all indexes in the odd and even blocks, respectively.
We useX(Hj) = {X :t € Hj} andX(H) = {X :t € H}. We now introduce a ghost samp{é (the

size of the ghost sampl¢ is equal to the number of samples in each bligkin each of the odd
blocks such that the joint distribution of (H;) is the same aX(H;) but independent from any
other block. In the following, we also use another ghost saXfilindependently generated from
the same distribution as'.

7. The extension to the general case is straightforward.
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Proposition 15 (Yu, 1994)Let X,...,X, be a sequence of samples drawn from a statiorfiry
mixing process with coefficien{$;}. Let Q, Q be the distributions of ¥1) and X (H), respec-
tively. For any measurable function: k™% — R bounded by B

|Eq [N(X(H))] —Eq [h(X'(H))]| < BmyB.

Before moving to the extension of Propsition 1(Btmixing processes, we report this technical
lemma.

Lemma 16 Let ¥ be a class of functions :fX — R bounded in absolute value by B and X. , X,
be a sequence of samples drawn from a statioflanyixing process with coefficien{§; }. For any
e>0

P3f € 71 |If] -2 flxp > €| <25(v2e) + 2muf, (24)

P[af €T 1| flxe —2v2 ] >s] < 25(v/2¢) + 2P, (25)

\/é / " mn82
A2 (248,7,X (HYUX (H))] exp(—28832> :

Proof Similar to Meir (2000), we first introduc& as the class of block functions: Xk — R
defined as

where

o(e) =3E

1
kntEj

It is interesting to notice that block functions have exactly the same norms asitt®fis in¥ . In
fact

f(X(H))? = F(X)2.

—, L P 1 ™
HfHX(H):ﬁZf = leknte [F OO =11 fllxn), (26)
and
112 =E[|f(X(H)*] = klntg E[[f0)P] =E[[fX)?] = Il 27)

where in Equation 27, we used the fact that the process is stationary. Weouswon Equation 24
P[3f € [t -2fllxp > €]
e[t e 71— (Iflxn + 1 Fxe) > €]
Op |3t € 5 2 (11~ 20 lxw) + 5 (111 -2 f ) > ¢
(<)IP>[3feT £l =2/ fllxm) > 2e] + P [3f € F || ]| — 2| f|Ixe) > 2]
(d)ZIP[HfET 11— 21| Fllx ) > 2¢]
2P T+ 7] - 20l > 2€] + o)

(M)
< 28/(2€) + 2mn .-
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(@) We used the inequality’a+b > \%(\@H— vb) to splitthe normi| f[|xa > 3 (|| f{|x ) + | fllxg) ) -

(b) Algebra.

(c) Split the probability.

(d) (1) Since the process is stationary the distribution over the even blocks isnleeasathe distri-
bution over the odd blocks. (2) From Equations 26 and 27.

(e) Using Proposition 15 witlm equals to the indicator function of the event inside the bracket, and
the fact that the indicator function is boundedBy 1 and its expected value is equal to the proba-
bility of the event.

(f) Lemma 10 on spacg where

&(e)=3E

ﬁ T / " 2
% (24879:7{)( (Hj)7X (HJ) j_l>] exp<_2rr8h§32> )

whereX” is a ghost sample independently generated from the same distributin &ow we
relate thed,-covering number off to the covering number gf . Using the definition off we have

—
—~
P
N—
N
——
Nl
|
/N
«Q
—~
X
S~—
N
——
Nl
1
N

Taking the square and using the Cauchy-Schwarz inequality, each ¢lefriba outer summation
may be written as

[N

3 (10070007 ~2( 3 £00)7)°( 3 9%0?)

t'eH;

< Z (F(X)2+9(%)% - 2f (X)g(%)) =

By taking the sum over all the odd blocks we obtain
1 =%y <11 —allkm) -

which indicates thaf\a (e, 7, {X'(H;), X" (H;) Til) < No(g, F,X'(H)UX"(H)). Therefore, we
haved (2¢) < 8(2¢) < &(+/2¢), which concludes the proof.
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With a similar approach, we can prove Equation 25

P[ﬂf € F 1| flxe —2v2| ] >s]

@ V2

I [af & 7 L2 (Il + 1 flixce)) —2v2 £ >e]

! V2 V2

Yp [af e <2Hfux<H>—ﬁufn> - <2uf||x<E>—ﬁuf||> >s]

Op [Hf € F 1 [|Fllxe —2IF] > \@e} 4P [Hf e T ||fxe — 2] > ﬁs]
Qop 37 e 7 : |fllxm -2l > V2]

L2 3 T <l 2111 > V2] + o)

2 28/ (v/2€) 4 2mnBy,, < 25(1/2€) 4 2my By

(a) We used the inequality’a+b < (/a+ v/b) to split the norm| f ||x» < @(H Fllxr) + 1| Fllxce)) -
(b)-(f) use the same arguments as before. |

Corollary 17 Let ¥ be a class of linear functions :fX — R of dimension d,? be the class of
functions obtained by truncating functions<f# at a threshold B, and X= {Xi,...,X,} be a
sequence of samples drawn from a stationary exponentially3fasking process with coefficients
{Bi}. By inverting the bound of Lemma 16, for ahyg 7 we have

11 =21l < e(3),

Il —2v2)| || < £(3),
with probability 1 — 8, where

1/k
) 128 2000 g [ A00D) 1} -

andA(n,d,3) = 2(d+ 1)logn+log § +log* (max{18(6€)2@+1) ).
Proof In order to prove the statement, we need to verify thatEquation 28 satisfies

& =6E [9\@ (fzs,fx’(H) UX”(H))] exp(—ﬂ&i) +2mnPy, < 5.

Using Proposition 11 the covering number can be bounded by

17282\ 24D
€2 > '

E {9\& <1123,5~f,x’(H) ux”(H)ﬂ < 3(
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By recalling the definition of th@-coefficients{[3;} andk, > 1 we have
n — J—
24, < | -Bexp(—bKy) < nBexp(~bi;) .
From the last two inequalitiesy, = n/ 2k, settingC; = 172&B andD = 2(d + 1) we obtain
Cc\P ne2 1 —
! < ~1 e - _ .

¥ < 18<52> exp( 14482 an> +nBexp(—bk)

By equalizing the arguments of the two exponential we obtain the definitityaxs

|/ nGe? =
kn_R . ) W

whereC, = (5768%)~1, which implies

1 1
2\ ki1 2\ ki1
max nGoe ,15 <k, <max 2nCae ,15.
b b
Thus we have the bound
_1 1
i > }min L - 2 }min L - 1
2k, — 4 nCye2 ’ 4 nCye2 T
Using the above inequalities, we may wrifeas

1 _K_
) c1\° o b I S nCe? | 7
0 < 18(82 exp| —min @,1 nGe“ | +npexp| —bmax T,1 .

The objective now is to make the arguments of the two exponential equal.d-setlond argument
we have

K 1 1
nCe? ) 1 nCye2 . b Kl 5 b !
bmax{ b ,1} bmax{ b ,1,min nCst’l > nGe“min nCst’l

Thus )
C]_ D . . b k+I 2
& < (18<€2> +nB> exp(— mm{nczgz,l} nCe ) .

Now we plug ine from Equation 28. Using the fact that> 1, we know that? > (nC;)~?, and
thus

Y

5 < (18(nC1C2)D n nE) exp(—A).
Using the definition of\, we obtain

§(1+1)2§6,

Dlon

& < (18(nC1C2)D + n[?) n~° max{18(C;C,)°, E}*lg < (1+ntP)
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which concludes the proof. |

In order to understand better the shape of the estimation error, we consitepla 3-mixing
process with parametefis= b = Kk = 1. Equation 28 reduces to

(5) \/28882/\(n,d,6)2 |

n

with A(n,d,8) = 2(d+1)logn+log § + log (18(6€)29*+1)). It is interesting to notice that the shape
of the bound in this case resembles the structure of the bound in Corollagr L2d. samples.
Finally, we report the non-functional version of the previous corollary.

Corollary 18 Let ¥ be a class of linear functions:fX — R of dimension d such that its features
¢i : X — R are bounded in absolute value by L for anyil,...,d and X' = {X,..., Xy} be a
sequence of samples drawn from a stationary exponentiall\3fasiking process with coefficients
{Bi}. Forany fe # we have

1= 2] flxp < &(3),

Ifllxp —2v2 ]| < (3),
with probability 1 — 8, where

1/k
g(d) = 12|\a||L\/2A(nr’1d’6) max{/\(n’bd’é),l} ,

andA(n,d,3) = 2(d+ 1)logn+log & +log™ (max{18(6€)2@+1) B}).

Proof Let G = {ga = LT(&H} so that

ll9alle = il fallo < [af[supl|i (3)[| < 1.

| < el
LHGH I-HO(II

We can thus apply Lemma 16 to the bounded spaweéth B = 1. By using a similar inversion as
in Corollary 17, we thus obtain that with probability-15, for any functiongy € G

19all — 2[|gallxp < £(3),
HgaHX{‘ - 2\/échxH <¢g(9),

1/k
d) = 12\/2/\(nr,ld,6) max{ A(n’bd’é),l} .

Finally, we notice thaf|ga|| = |/ full @nd||gallxp = pigr |l falIxp @nd the statement followsH

with
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Corollary 19 Let f: X — R be a linear functionf be its truncation at a threshold B, and"%
{X1,..., X%} be a sequence of samples drawn from a stationary exponentiall-fasting process
with coefficientd3; }. Then N N

11l =2l fllxp < £(3),

Il —2v2||f]| < &(8).

1/k

A(n,d) = log§ + log (max{6, nB}

with probability 1 — o, where

Proof The proof follows the same steps as in Corollary 17. We have the followiggesee of
inequalities

d < 6exp<— nC232> + %Eexp(—bkﬁ) < (6+nB) exp(—A)

Kn
= (6+-nB)max(e.nB} 1 O < (141)° <5,

whereC, = (5768%) L. [ |

A.3 Markov Chains

We first review the conditions for the convergence of Markov chaine¢fédm 13.3.3. in Meyn and
Tweedie 1993).

Proposition 20 Let M be an ergodic and aperiodic Markov chain defined trwith stationary
distributionp. If P(A|x) is the transition kernel of\ with AC X and x< X, then for any initial
distributionA

i I . —_ . g

tim || [ MaP (pg—p()[|,, =0,

where|| - ||Tv is the total variation norm.

Definition 21 Let M be an ergodic and aperiodic Markov chain with stationary distributpori//
is mixing with an exponential rate with paramet@,k, if its B-mixing coefficientd;} satisfy
Bi < Bexp(—bi¥). Then for any initial distributior

H/X)\(dx)pi(.\x)_p(.)HTv < Bexp(—bi®).

Lemma 22 Let M be an ergodic and aperiodic Markov chain with a stationary distribuioh.et
X1,...,%Xn be a sequence of samples drawn from the stationary distribution of the Melnadwp
and X, ..., X; be a sequence of samples such thatp’ and X _,_,, are generated by simulating
M from X . Letn be an event defined ox", then -

IPIN(X1,- ., %) =P [N(X, - X)) ]| < [l —pllTv
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Proof We prove one side of the inequality. L@be the conditional joint distribution @X;t<n|X1 =
x) andQ' be the conditional joint distribution afX]_,,|X; = X). We first notice thaQ is exactly
the same ag'. In fact, the first sequend&ii<n) is generated by drawing; from the stationary
distributionp and then following the Markov chain. Similarly, the second sequéM¢e,,) is
obtained following the Markov chain froxd; ~ p’. As a result, the conditional distributions of the
two sequences is exactly the same and just depend on the Markov chanesdt, we obtain the
following sequence of inequalities

PN, X0)| = B, {00, X))

= Exyop [Ex,... %, [T{N(X1,X2..., Xn) } [ X4]]

= Ex;~p [Ex§7...,qu [T{n(Xe, %, X0 } ’Xl]]

2 By [ (N0 X0} ]| 4107 =l
2 By [Bg. o, [1{N04, 5., X0} X4]| + 107 = plir
=P[n04,-, X)) + 1P = plirv-

Note thatl {-} is the indicator function.
(a) simply follows from

Bep [0 = Expr [00] = [ 100p(@0) = [ 1099/ (a¥
<[l | (p(@x) =0/ (e) < [Tllello—©llr.

(b) From the fact thaX; = X{ = x. [ |

Lemma 23 Let F be a class of functions :fX — R bounded in absolute value by Bf be a an
ergodic and aperiodic Markov chain with a stationary distributipn Let % be mixing with an
exponential rate with parametefisb, K. LetA be an initial distribution overx and X, ..., X, be a
sequence of samples such that-XA and % 1<, obtained by followingM from X;. For anye > 0,

P[3f € 71 |If]l ~2lfllxg > €| < A plrv+25(v2e) + 2myf,

and
P[3f € 7 |[flxg—2V2| ]l > €] < A —pllrv+25(v2e) + 2B,

A (ﬂs,T,X(H)UX’(H)H exp< e >

where

Proof The proof is animmediate consequence of Lemma 16 and Lemma 22 by defiding. ., X,)
as
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and
N(Xs,..., %) = {3 € F 1 || fllxo — 2V2|| | > €},

respectively. [ |

Finally, we consider a special case in which out ofrthietal number of samples,(1 < fi < n)
are used to “burn” the chain amd- i are actually used as training samples.

Lemma 24 Let F be a class of linear functions :fX — R of dimension d and)vT be the class

of functions obtained by truncating functions=f¥ at a threshold B. LefM be an ergodic and
aperiodic Markov chain with a stationary distributign Let  be mixing with an exponential rate
with parameter{3,b,k. Let u be the initial distribution and 1X..., X, be a sequence of samples
such that X ~ p and X<, obtained by followingM from X. If the firstii (1 < i < n) samples
are used to burn the chain and-+i are actually used as training samples, by inverting Lemma 23,
for any f € F, we obtain

11 =21l < e(3),

Il —2v2||f]| < &(8),

with probability 1 — o, where

= = 1/k
€(d) = 128\/2/\((nn _nr:];j,é) max{ Aln ;’d’é),l} ,

_ !
andA(n,d,8) = 2(d+1)logn+log§ +log" (max{18(6e)%9*V) B}), andfi = (% log ﬂé”) "

Proof After fi steps, the first sample used in the training 3@t {) is drawn from the distribution
A = pP". Using Proposition 20 and Definition 21 we have

A — pl[rv < Bexp(—bA). (29)

We first substitute the total variation in Lemma 23 with the bound in Equation 29, and¢hién
thate in Equation 24 satisfies the following inequality.

& — IA=p|Tv+ 26(\/28) +2Mn-Pk, s

— D = —
< Bexp(—bi*) + 18 (3) exp<—m_k:)(~:2£2> + (n—f)Bexp(—bk;_x)
< (21n+1+(n—ﬁ)1‘D)2 < (;+1+1)2 <9,

whereC; = 1728&B andC, = (2888%)1. The above inequality can be verified by following the
same steps as in Corollary 17 and by optimizing the bound.for ~ |
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