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Abstract

The paper presents a posteriori error estimators for the stationary Stokes prob-
lem. We consider anisotropic finite element discretizations (i.e. elements with very
large aspect ratio) where conventional, isotropic error estimators fail.

Our analysis covers two- and three-dimensional domains, conforming and non-
conforming discretizations as well as different elements. This large variety of settings
requires different approaches and results in different estimators. Furthermore many
examples of finite element pairs that are covered by the analysis are presented.

Lower and upper error bounds form the main result with minimal assumptions on
the elements. The lower error bound is uniform with respect to the mesh anisotropy
with the exception of nonconforming 3D discretizations made of pentahedra or hex-
ahedra. The upper error bound depends on a proper alignment of the anisotropy of
the mesh which is a common feature of anisotropic error estimation.

In the special case of isotropic meshes, the results simplify, and upper and lower
error bounds hold unconditionally. Some of the corresponding results seem to be novel
(in particular for 3D domains), and cover element pairs of practical importance.

The numerical experiments confirm the theoretical predictions and show the use-
fulness of the anisotropic error estimators.
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1 Introduction

In this paper we consider the stationary Stokes problem with Dirichlet boundary conditions:
given a (vector) function f find a vector function u, the velocity of the fluid and a (scalar)
function p, the pressure, satisfying

—Au +Vp = f in 2
divy = 0 in Q (1)
u = 0 on 0f).

In certain situations the solution has strong directional features, for example edge singulari-
ties. Such a so-called anisotropic solution occurs e.g. for concave edges in three dimensional
domains, c¢f. [ANSO1b]. Then it is natural to reflect the anisotropy in a suitable finite ele-
ment discretization by using so-called anisotropic elements. These are stretched elements
where the aspect ratio can be very large, i.e. the ratio of the radii of the circumscribed
and inscribed sphere is (potentially) unbounded. Although this is in contrast with the
conventional, isotropic theory, the use of anisotropic discretizations allows to achieve the
same accuracy with (much) less degrees of freedom. For more details see [Ape99] and the
citations therein.

Here we are concerned with a posteriori error estimators which are vitally important for
adaptive algorithms and quality control. Particular emphasis is given to the Stokes problem
in 3D domains since anisotropic solutions arise there generically. Furthermore we also treat
nonconforming discretizations because they are frequently applied and (comparatively)
simple to implement.

There has been much research for a posteriori error estimators for isotropic discretiza-
tions of the Stokes problem (mainly for 2D domains), cf. [Ver89, BW90, DDP95, A097,
KS00, CF01] to name but a few. On anisotropic meshes, however, these isotropic esti-
mators usually fail since the lower and upper error bound differ by a factor which is (at
most) proportional to the aspect ratio of the anisotropic elements. This potentially un-
bounded factor renders the isotropic, conventional estimators useless. Hence in the last
decade there has been increasing research to find adapted estimators for anisotropic meshes,
cf. [Sie96, Kun99, Kun00, Kun01, FPZ01, DGP99, Ran01]. It turns out that the upper
error bound is the crucial issue which involves a proper alignment of the anisotropic mesh,
see e.g. [Kun00]. Thus we may examine the existing approaches to derive upper error
bounds for the Stokes problem on isotropic meshes. One encounters just a few techniques
(which can partially overlap):

e the residual error estimator method for conforming approximations based on the
continuous inf-sup condition [Ver89, KS00],

e the residual error estimator method for nonconforming approximation based on the
continuous inf-sup condition (applied to the pressure error alone) and on a Helmholtz
like decomposition of the error [DDP95, CF01],

!The paper [Ver91] has a similar aim but the consistency error (which is related to tangential gradient
jumps) is omitted although it is not of higher order in general.
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e the hierarchical basis method based on a saturation assumption [Ban98, Ran01],

e the local residual method which requires the solution of local Stokes problems [Ver89,
BW90, KS00], or of local Poisson problem [AO97, JLOO],

e error estimation by duality arguments [Joh98, Bec00, Bur(1].

Our goal here is to extend the residual error estimator methods to anisotropic meshes in 2D
and 3D domains and to both conforming and nonconforming discretizations. We endeavour
to identify minimal assumptions on the elements in order to obtain an equivalence between
the error norm and the residual error. This approach allows to make an unified analysis
and to extend former results obtained for particular elements on isotropic meshes to a large
class of elements on isotropic and anisotropic meshes.

The paper is organized as follows. Section 2 introduces the problem and some notation.
The discretization (as a mixed formulation) and general conditions on the mesh and the
element pairs are given in Section 3. Section 4 is devoted to analytical tools. The specific
anisotropic interpolation estimates are particularly important. It turns out that an aniso-
tropic mesh should be well aligned with the anisotropic solution. This demand seems to
be an inherent feature of anisotropic discretizations and error estimates. In Section 5 we
present several examples of element pairs that are covered by our analysis. To our knowl-
edge, some of these elements are new. The actual error bounds are given in Section 6.
For the upper error bound, we additionally distinguish between conforming and noncon-
forming discretization. While all these considerations are made for anisotropic meshes, we
simplify the results for the case of an isotropic discretization in Section 6.4. There several
restrictions for anisotropic elements disappear. The numerical experiments of Section 7
confirm our theoretical predictions.

Our exposition treats the two dimensional case (d = 2) as well as the three dimensional
case (d = 3). Where both cases require a different treatment, we present the 2D case and
list the modifications for the 3D case.

2 Preliminaries and notation

Let us fix a bounded domain Q of R%, d = 2 or 3, with a Lipschitz boundary, and consider
the Stokes problem (1). To obtain the corresponding weak formulation, introduce the
spaces

V= (B = {ve[H'(Q)":v=0 on o0},
Q=13 = {geL*9): / =0},

Q

and the bilinear forms

a(u,v) :z/Vu : Vo, b(v, q) :Z—/qdivy,
Q Q



where here and below Vu means the matrix (0;u;)1<; j<a (¢ being the index of row and j
the index of column). We use the standard notation for the contraction of two matrices A
and B, i.e.,

The norm and seminorm of the standard Sobolev space H'(D) is denoted by || - || 1 (py and
|- |m1(p), respectively. The L*(D) norm is denoted by || - ||p. In the case D = Q, we will
drop the index €.

According to Theorem 1.5.1 of [GR86], for f € L?(2)¢, there exists a unique solution
(u,p) €V x Q of B
a(u,v) +b(v,p) = (f,v) VeV, } 2
b(u,q) = 0 Vg € Q,

where (-,-) means the inner product in [L%(Q)]¢ or in L?(Q) according to the context.

We end this section with some notation and some partial integrations that will be
used in the remainder of the paper. The notation u (resp. A) means that the quantity u
(resp. A) is a vector (resp. a matrix). -

In 2D, the curl of a scalar function w is given as usual by curl w := (—dw, dw)". For
a vector function w, we define curl w rowwise:

. (m w1)T —Oowy 01wy

w.—{(mwQ)T]:[_aﬂuQ 61?1121'

In 3D, the curl of a vector function w is given as usual by curl w := V x w. For a
matrix function w we define curl w as well as Matrix X n rowwise:

—

cur

(curl row )" (row, x n)"
curl w := | (curl row 2) " Matriz x n:= | (rows xn)'
(curl rows) " (rows xn)"

Let us recall standard Green’s formula in d spatial dimensions: for w C R? with a
Lipschitz boundary, for any ¢ € H'(w);v € [H?*(w)]*, w € [H'(w)]%, we have

/Vy:Vw—l—Ay-w = /Vyﬂ-w (3)
w Ow
/qlsz+Vq-w = /qlﬂ-w, (4)
w Ow

where n means the outer normal vector along dw.
By (4), in 2D we then have for all v, w € [H'(w)]*:
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where ¢ is the (positively oriented) unit tangent vector along dw.
Similarly in 3D, for any v € [H'(w)]*,w € [H'(w)]**® it holds

/Vy:%rlg :/(VQXQ):g:/Q(cur
w Ow Ow

Finally, let P* and Q¥ be the space of polynomials of total and partial degree not larger
than k, respectively. In order to avoid excessive use of constants, the abbreviations = < y
and r ~ y stand for x < cy and c;x < y < cox, respectively, with positive constants
independent of =, y or 7.

n). (6)

IS

3 Discretization

3.1 Discretization of the domain 2

The domain € is discretized by a conforming mesh 7, cf. [Cia78]. In 2D, all elements
are either triangles or rectangles. In 3D the mesh consists either of tetrahedra, of rectan-
gular hexahedra, or of rectangular pentahedra (i.e. prisms where the triangular faces are
orthogonal to the rectangular faces), cf. also the figures of Section 3.3.

Elements will be denoted by T', T; or 1", its edges (in 2D) or faces (in 3D) are denoted by
E. The set of all (interior and boundary) edges (2D) or faces (3D) of the triangulation will
be denoted by £. In 3D we further use the set of all rectangular faces of the triangulation
that we shall denote by 1. Let z denote a nodal point, and let N be the set of internal
nodes of the mesh. The measure of an element or edge/face is denoted by |T'| := measy(T")
and |E| := meas,_1(E), respectively.

For an edge E of a 2D element 7" introduce the outer normal vector by n = (n,,n,)".
Similarly, for a face F of a 3D element T set n = (ng,n,,n.)’. Furthermore, for each
face E we fix one of the two normal vectors and denote it by ng. In the 2D case introduce
additionally the tangent vector t = n* := (—n,,n,)" such that it is oriented positively
(with respect to T). Similarly set tg := ns.

The jump of some (scalar or vector valued) function v across a face F at a point y € F
is then defined as -

lim v(y + ang) —v(y —ang) for an interior face E,
o, =9 7" -
B v(y) for a boundary face FE.

Note that the sign of [v], depends on the orientation of ng. However, terms such as a
gradient jump [Vvng] are independent of this orientation.

Furthermore one requires local subdomains (also known as patches). As usual, let wp
be the union of all elements having a common face with 7. Similarly let wg be the union
of both elements having E as face (with appropriate modifications for a boundary face).
By w, we denote the union of all elements having x as node.
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If we have v € [HY(T)]? for all T in 7, then we can define a broken gradient norm on
a subset w of 2 by :

IVz ]2 = IVuli.

TCw

Later on we specify additional, mild mesh assumptions that are partially due to the
anisotropic discretization.

3.2 Discrete mixed formulation

We assume a given velocity (resp. pressure) approximation space Vieloe (resp. Qpre) made
of polynomials on each element 7" of the triangulation 7" and such that Qpe C @ (but not
necessarily Vieloe C V). A precise description of the properties that these approximation
spaces Vieloe and Qpre have to satisfy is given in Section 3.4. Moreover many examples of
suitable spaces are presented in Section 5.

Since the velocity approximation space Vo may not be included in the velocity space
V', we define the approximate solution by using the weaker bilinear forms a(.,.) and by (., .):

an(u,v) = Z/TVQ :Vo,  Vu,v € Vieloo, (7)

TeT

bh(ﬂvQ) = - Z qdiv@a v@ € ‘/velomq € Qpre~ (8)
TeT /T

The mixed finite element formulation reads now: Find uj, € Vieloe, Pr € Qpre, such that

an(un, vn) + 0n(vn,on) = (f,vn) You € Vieloc, } )

br(un, qn) = 0 Van € Qpre-
The space Vieloc 18 equipped with the seminorm |[v]]y 4 := ||V 7vlla = a}ll/Q(g, v).

For v € [H} ()] N Vieloe We can subtract (2) and (7) to obtain the ‘Galerkin orthogo-
nality’ relation

/ Vre :Vu— / edive =0 Vo € [Hi ()] N Vieloe, (10)
) Q

where here and below, the error in the velocity and in the pressure are respectively defined
by
€=U — Up, €:=pP— Ph-

3.3 Finite element domains T and reference domains

In our exposition T can be a triangle or rectangle (2D case), or a tetrahedron, a (rectan-
gular) hexahedron, or a prismatic pentahedron (3D case).
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Parts of the analysis require reference elements T that can be obtained from the ac-
tual element T via some affine linear transformation. The table below lists the reference
elements for each case. Furthermore for an element T we define 2 or 3 anisotropy vec-
tors pir,i = 1...d, that reflect the main anisotropy directions of that element. These
anisotropy vectors are defined and visualized in the table below as well.

Element T ‘ Reference element T Anisotropy vectors p;r
Triangle 0< 2,9 p1,r longest edge
P T+y <1 po,r height vector
Rectangle 0<z,y<1 p1,r longest edge

: f p2,r height vector
Tetrahedron 0< 2,9,z p1,r longest edge
N T+y+Zz<1|por height in largest face

V that contains p; 7
\

p 3, remaining height

Hexahedron — 0<7y,z<1|pir longest edge

l° ! p o height in largest face
& ! =" .
J— - that contains p; r

p3,r remaining height

IN
—

g
D
=
=+
Q
=
@
oL
=
o
=
g
-
@

2
(e

8

—+ IN
Qg
IN <
=

longest edge in triangle;
height in triangle;

height over triangle (see
figure)

The anisotropy vectors p;r are enumerated such that their lengths are decreasing,
ie. [pir| > |p2rl > |psr| in the 3D case, and analogously in 2D. The anisotropic lengths
of an element T are now defined by

hz’,T = |]_9i,T|

which implies hyr > hopr > hsp in 3D. The smallest of these lengths is particularly
important; thus we introduce

hmin,T = hd7T = ‘min hi,T-
i=1...d
Finally the anisotropy vectors p; r are arranged columnwise to define a matrix

Cr = [pir,par] € R?? in 2D
Cr = @1,T7£2,T7£37T]€R3X3 in 3D.



3.4 Requirements on the mesh and the elements 7

Note that Cr is orthogonal since the anisotropy vectors p; 7 are orthogonal too, and
Q;QT — diag{h%7T, ey h/62i,T}'

Furthermore introduce the height hgr over an edge/face E of an element 1" by

1 T is rectangle or hexahedron
[ 7| d T' is triangle or tetrahedron
BT E| ] 1 for triangular face E of pentahedron T
2 for rectangular face E of pentahedron T'.

In 3D, we further need the minimal size o(F) of a rectangular face E € &g, i.e., o(E)
is the smallest of the lengths of the edges of E.

3.4 Requirements on the mesh and the elements

Mesh assumptions:
The mesh has to satisfy some mild assumptions.

e The mesh is conforming in the standard sense of [Cia78].
e A node z ; of the mesh is contained only in a bounded number of elements.
e The size of neighbouring elements does not change rapidly, i.e.

himy ~him,  Vi=1...dNTiNTy#0.

Sometimes it is more convenient to have face related data instead of element related data.
Hence for an interior face £ = 17 N T5 we introduce

hmin,T1 + hmin,Tg and hE — hE,Tl + hE,Tz )

2 2
For boundary faces E C 0T simply set hmin g := hpmin 1, b := hg . The last assumption
from above readily implies

hmin,E =

hg ~ hE,T1 ~ hE,Tg and hmin,E ~ hmin,Tl ~ hmm,TQ-
Note that in 3D and for a face E € £, hmin g has no direct relation with o( E).

General Assumptions:

In our analysis, a Clément type interpolation operator I plays a vital role. Although
the precise definition will be postponed until Section 4.2, we briefly describe the image
space of this operator. Roughly speaking, its functions are continuous and piecewise linear
for triangles and tetrahedra 7', and piecewise bi-/trilinear for rectangles/hexahedra. For a
detailed description (and the definition for pentahedra) see Section 4.2. From now on, we
use the notation

VCOI = [Im(I%l)]d

for the Clément interpolation space.
The general conditions are now as follows.
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(G1) The velocity space Vieloc is large enough such that it contains the Clément interpo-
lation space, i.e. [Im(IX)]? =V C [HE ()] N Vieloe-

(G2) In order to obtain robust discrete solutions, the element pairs have to be stable
(i.e. the discrete inf-sup condition is satisfied). Note that this condition is not neces-
sary to prove error bounds, but in particular it guarantees existence and uniqueness
of the discrete solution of (9).

We remark here that an accurate nonconforming discretizations also requires a small con-
sistency error. For some of the example element pairs below, this has been proven already,
cf. [ANSO1b] for example. Nevertheless this question is not of primary interest in our work.

Crouzeix-Raviart property for nonconforming approximation:

For nonconforming approximation we require the “Crouzeix-Raviart” property:
(CR) / [[Qh]]]_«j = Q Vﬂh S %elOC’ Eck&.
E

Note that for boundary faces F this simplifies to f pUn=20.

4 Analytical tools

4.1 Bubble functions, extension operator, inverse inequalities

For the analysis we require bubble functions and extension operators that satisfy certain
properties. We start with the reference element 7' and define an element bubble func-
tion by € C(T). We also require an edge bubble function bgr € C(T) for an edge E C 0T
(2D case), and a face bubble function by € C(T) for a face E C 9T (3D case). Without
loss of generality assume that E is on the z axis (2D case) or in the Zj plane (tetrahedral
and hexahedral case). For the pentahedral case, the triangular face E, is also in the Zy
plane but the rectangular face Eq is in the ZZ plane.

Furthermore an extension operator Fey : C(E) — C(T) will be necessary that acts on
some function vg € C(E). The table below gives the definitions in each case. For vector
valued functions apply the extension operator componentwise.
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Ref. element T ‘ Bubble functions ‘ Extension operator

by = 33zy(l — 7 — §) Fexi (vE) (T, 9) := vp(T)
bpr=2°2(1 -2 —7)

The element bubble function by for the actual element 7' is obtained simply by the
corresponding affine linear transformation. Similarly the edge/face bubble function bg 7 is
defined. Later on an edge/face bubble function bg is needed on the domain wg = T} U Ts.
This is achieved by an elementwise definition, i.e.

b

T, = bE,Tia 1= 1,2

Analogously the extension operator is defined for functions vy € C(FE). By the same
elementwise definition obtain then Fu(vg) € C(wg). With these definitions one easily
checks

br =0 on 07T, bgp =0 on Jwg, |67l cor = |bE 00wy = 1.

Next, one requires so-called inverse inequalities. They can only be expected to hold in
some finite dimensional space. The choice P* covers all relevant cases of our analysis.

Lemma 4.1 (Inverse inequalities) Let E C 0T be an edge/face of an element T. Con-
sider vy € P*(T) and vy € PM(E). Then the following equivalences/inequalities hold.
The inequality constants depend on the polynomial degree ko or ki but not onT’, E or vy,

VE.-
lorby*l2 ~ |urllr (12)
IV(urbr)llr S Ppinrllorle (13)
lveby’lle ~ |vele (14)
[Fexi(vp)bsllr < hipllvels (15)
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IV (Foce(vp)bp)llr S hirhit ollosls (16)
lewrl (Fui(0p)bp)lr S hilahyt, rllvells  (only in 3D.) (17)

Proof: The proof employs scaling techniques but now with transformations that are specif-
ically tailored for anisotropic elements. For the rectangular and hexahedral case, details
are given in [Sie96, Lemma 5.1]. The more sophisticated triangular and tetrahedral case is
treated in [Kun99, Section 2.3.3] (for ky = 0 and k; = 1). The ideas presented there can
be extended to cover the remaining cases as well. [ ]

4.2 Clément interpolation

For the analysis we require some interpolation operator that maps a function from H}(2)
to some continuous, piecewise polynomial function V%. Hence Lagrange interpolation
is unsuitable, but Clément like interpolation techniques have proven to be useful. The
image space V9 will be given by means of its basis functions. To this end denote by Fr
temporarily that affine linear transformation that maps the reference element 7' onto the
actual element T. For simplicity we describe the interpolation for scalar functions; for
vector valued functions the interpolation acts componentwise.

The basis function ¢; associated with a node z ; is now uniquely determined by the
condition

pi(e) =0  Vz,eNo,
and by the polynomial space of ¢;|T"

Finite element domain T' ‘ Local space Pr of ¢;|7 o Fr
Triangle, Tetrahedron PY(T)
Rectangle, Hexahedron | Q'(T)

Pentahedron span{l,z,y, 2, T2, Yz}

Then V), is defined as the space spanned by the functions ¢;, for all interior nodes x; € Ng.
Equivalently, it can be expressed as

VCOI ={v, € C(Q) : vy, =0 0n 09Q, vy|p0 Fr € Pr} C H&(Q), (18)

with Fr, Pr as above. With the exception of the pentahedron, the space V{ consists of
the usual continuous and piecewise linear, bilinear or trilinear functions, respectively.
Next, the Clément interpolation operator will be defined via the basis functions ¢; € V.

Definition 4.2 (Clément interpolation operator) Consider an interior node z; €
Na and the patch w,, = supp(p;), cf. Section 3.1. Define the local L? projection op-
erator P; : L?(w, ;) — P%(wy,) by

/ (v—Pu)w=0 Vw € PO(w,, ).

T
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For vector valued functions v € [LQ(wzj)]d define the projection componentwise.
Then define the Clément interpolation operator 12, : H3(Q) — V& C H3(Q) by

=Y Piv)(z;)e;

z;ENq

This operator 12 acts on functions from Hy () and preserves zero boundary values.

Occasionally we also require an interpolation operator for functions from H(Q), i.e.
without specified boundary values. To this end denote temporarily the set of boundary nodes
by Nt and define

low:= > Pv)(z,) e

QjENQUNF

For vector or matrixz valued functions act componentwise again.

From now on, V& will always be the space of vector valued functions.

The interpolation error estimates on anisotropic triangulations are different to the
isotropic case. Roughly speaking, the anisotropic elements have to be aligned with the
anisotropy of the function in order to obtain sharp estimates. To this end we define an
alignment measure which measures the alignment of mesh and function.

Definition 4.3 (Alignment measure) Let v € [H'(Q)]? be a vector valued function,
and T be a triangulation. The alignment measure mq (-, -) is then defined by

9 9 1/2
(2 hdorlVe-Crli3)
TeT
e T) = o]

(19)

For a matriz valued function s = (s;;)} ,_; € [H'(Q)]**® the definition is componentwise,
i.€.

-2 3 T 2 1/2
(2 hader 3 W(si)T - Corl3)

TeT i,j=1 |

24 3 1/2
(2 % sl
TET ij=1
The influence of the alignment measure can be observed immediately in the interpolation
estimates below and in the upper error bounds of Section 6.3. For a better understanding
we discuss here the behaviour of the alignment measure. The structure of the matrix C'r
from (11) readily gives the crude bounds B

hmax T
1§m1(yaT)§maX77 )
TeT min,T

where hp,apr = hip temporarily denotes the largest element dimension. Although this
bound is practically useless, it implies an interesting by-product for isotropic meshes. There



12 4 ANALYTICAL TOOLS

one concludes my(v,7) ~ 1, and the alignment measure merges with other constants and
thus ‘vanishes’.

For anisotropic meshes the term Vu-Cr of (19) contains directional derivatives along the
main anisotropic directions p, 7 of the element T (since Cp = [p v 1 D21, D3], see (11)).
Consider first anisotropic elements that are aligned with an anisotropic function v. Then
the long anisotropic element direction p 7 is associated with a small directional deriva-
tive Vv - py . Conversely, the short direction p3r has a comparatively large directional
derivative Vv - p3 . Consequently the numerator and denominator of m,(v,7T) will be
balanced, and m; (v, T) ~ 1. Supplementary details are given in [Kun02].

If the anisotropic mesh is not aligned with an anisotropic function v then similar con-
siderations imply that the numerator and denominator of m;(v,7") are no longer balanced,
and thus my(v,7) > 1.

Summarizing, the better the anisotropic mesh 7 is aligned with an anisotropic func-
tion v, the smaller my(v,7) will be. This results in sharper error bounds.

Finally we state the interpolation estimates.

Lemma 4.4 (Clément interpolation estimates) For all functions v° € [HL(Q)]? and
v € [HY(Q)]%one has

> gl = 12lF S mie, T) Ve (20)
TeT
hg
Zh [0° =TIz < mi@’, T) Ve’ (21)
Eecg “min,E
he I 2 < 20T 2
Zh v —TIewllp £ mi(v,T) |Vl (22)
Eecg ‘minE
h
> o = Mplowl} $ mi, T) (Ve (23)
Eeg “minE
where Mg is the face mean operator, i.e., Mgv = |E|™" [ v

For matriz valued functions v all inequalities hold likewise.

Proof: The proof of the estimates (20) and (21) is given in [Kun00, Section 3| for triangles
and tetrahedra. For (22) and for other elements, the proof is similar, with minor adaptions
only.

For the estimate (23) we first use the triangular inequality and the property [|[Mgv||p <
|lv||E to get successively

Tow — )% + lu — Mgyl + [[Me(u - Tov)||%
2|l — v||% + [|lv — Mgul3.

ITeiw — Mglepl|3 <
<

Consider first |[v — Mgv||g and any of the two tetrahedra that contain this face E. Since
the function M gv is constant on the face F, we extend it to T (and use the same notation
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Mgw here). The anisotropic trace inequality of [Kun00, Lemma 1] gives
hil?llv = Mg|le S llw = Meullr + V(@ = Mgw) - Crllr = v = Mg|lr + | Vo - Crllr.

In order to bound |jv—M gv||r we require an anisotropic Poincaré-like inequality. To derive
it, consider the reference element T (with face E) and the specific (isotropic) Poincaré
inequality ||@||¢ S ||[V@|lz + | [z @|. The transformation to the actual element 7" then
gives

Jwllr S V- Crllr + h}f! / w[ vw € [H Q)] E C T,
E

see also the proof of [Kun00, Lemma 4]. Set w := v — Mgv which implies wa =
f 5V — Mgy =0 and Vw = Vu. Combining all these relations eventually leads to

v = Mgu|r S [[Vu-Crllr and hil? v — Mgo|e < Vo - Crllr.

Finally sum over all faces E € £, employ the definition of the alignment measure m; and
utilize the previous estimate (22) to obtain the desired inequality (23). u

4.3 Trace estimates

Here we collect the trace estimates used below.

Lemma 4.5 Let T be the reference element (0,1)4 (rectangle or hexahedron), fix the face
E of T included in the plane § = 0. Then for allv € HY(T), it holds

US‘/U
D T

Proof: By density it suffices to show the assertion for smooth functions v. We prove the
assertion in 3D, the 2D case follows by taking v(z,y, 2) = v(z,y). Using the identity

+ [|02v]| 7. (24)

v(x,0,2) =v(z,y, 2 / Ohv(z, t, z)dt, Va,y,z € (0,1),

and integrating this equality on z,y, z, we obtain

/ / z,0, z) dzdz —/ v(z,y, z) dedydz — // Opv(x, t, z)dt dedydz.

The first two terms evaluate to ’ / P v| and | fT v|. The last term can be bounded by repeated
applications of the Cauchy-Schwarz inequality, giving

y y 1/2
// Opv(x,t, z)dt dedydz < /\/g(/ |82v(x,t,z)|2dt) dzdydz
TJo T 0
1 1/2 1
/( ]82U(x,t,z)|2dt) dzdydz < (// |82U(a:,t,z)|2dtdxdydz>
T \Jo TJo

1/2
( |Oau(z, t, z)|2dxdtdz> = [|02v]| 7.
T

1/2

IA

IA
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The triangle inequality finishes the proof. [ ]

Lemma 4.6 Consider the reference pentahedron T with rectangular faces Es, E,, Ej
(which are included in the planes y = 0, v = 0, and v +y = 1, respectively). Then

T

|
E;

Proof: By density it suffices to show the assertion for smooth functions v. We extend v
to the reference hexahedron (0,1)% as follows:

+ ) llowvlly,  Vi=3,4,5. (25)

k=1,2

- L U(.T,y,Z) if (l’,y, Z) € T7
0(z,y, 2) = { v(l —y,1 —x,z) otherwise.

This extension belongs to H'((0,1)?) and satisfies
/(0 1)36 - 2/ v, and (048]0 = 1920101 = 10wl + 1920117

Applying the estimate (24) of Lemma 4.5 to o € H'((0,1)?) and using the last two identi-
ties, we arrive at the desired estimate (25) for the faces F3 and Ej.

In order to show (25) for the last rectangular face Es, apply the linear transformation
(z,y,2) — (1 —x —y,r, z) that maps T onto itself such that E5 becomes the face E3. For
the transformed function, relation (25) holds. The transformation back yields the desired
inequality for Fs. ]

5 Examples of finite elements

In this subsection we present a (nonexhaustive) list of finite element pairs fulfilling the
theoretical assumptions of the previous sections. The table gives a brief overview of the
element pairs.

Section ‘ Type spatial dim. Elements Remarks
5.1 nonconform 2D+3D triangles, tetrahedra standard CR space
5.2 nonconform 2D rectangles enriched CR space
5.3 nonconform 2D rectangles enriched CR space
5.4 nonconform 3D pentahedra
5.5 nonconform 3D hexahedra
5.6 conform 2D triangles, rectangles  Bernardi-Fortin-Raugel

As in the standard theory, a finite element is denoted by a triplet (T, P, X)), where T is
a domain, P denotes a space of functions, and X is a set of functionals of P*, cf. [CiaT78].
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5.1 Crouzeix-Raviart elements I

For a triangulation of €2 consisting of triangles in 2D or of tetrahedra in 3D, we approximate
the velocity in the Crouzeix-Raviart finite element space and the pressure in the space of
piecewise constant functions, namely (cf. [CR73, GR86, ANSO1b])

Viwe = {un € [L2(Q)]: ualr € [P VT, /E o]y = 0 VE}, (26)

Qpre = {qn € L3(Q) : qu|r € P° VT'}. (27)

It was shown in Lemma 3.1 of [ANSO1b] that this pair is stable independently of the
aspect ratio of the elements 7" of the triangulation, which means that (G2) is valid. Since in
this case we have V& = [H(Q)]*NVieloe, the assumption (G1) holds. The Crouzeix-Raviart
elements are nonconforming and satisfy the condition (CR) by definition.

5.2 Crouzeix-Raviart elements I1

Here we restrict ourselves to the 2D case and to a triangulation of {2 made of rectangles.
Due to the condition (G1) we actually need to modify the finite element given in [ANSO1a,
ANSO1b]. On the reference rectangle T = (0, 1)? we define

@1+ ‘= Span {17:2‘7?37@@7@2}‘

As degree of freedom (i.e. functionals of ¥) we take

ZL(Q) ::/ q72 = 17' e a47 l_5(q) 3:/(]5@1,
E; T

where E; are the four edges of T, and g is the polynomial defined by
G5(,y) = 3(2z —1)(2y — 1).

One readily checks that the triplet (T Q' {I;}°_)) is a finite element whose associated
basis is given by {g;}?_,, where

) y) = =25+ 3y,
= . 1l _ = a5  a-2 = (m o . 1= a5 am2
@(T,y) = 5—T+375-37%, @@y = —;+T+3y—37"

The edges are Ey = (0,1) x {0}, By = (0,1) x {1}, E3 = {0} x (0,1) and £y = {1} x (0,1).

The finite element (7, Q" {I;}>_,) on the actual anisotropic rectangle T is obtained
by a standard affine transformation from (7, Q'Y {I;}°_)) such that ¢ is mapped onto the
stretching direction of the rectangle.?

ZNote that the degrees of freedom I; of the actual element become mean integrals (over E or T).
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Now we define the approximation velocity space by
Vieloo := {un € [L*(V)]* : va|r € [QF] VT,/ [vn]p = 0 VEY, (28)
E

and take Qe as above, cf. (27).
Next we check the conditions on the elements. For the ease of the description, assume
an axiparallel mesh, and define the auxiliary space

Vapel 1= {un € [LX(Q)]” 1 walr € [span{l, =, y,y°}]? VT,/ [vr]p = O0VE},
E

which has been introduced in [ANSOla, ANSO1b].

The first condition (G1) clearly holds: For rectangles, VY consists of continuous and
piecewise bilinear functions. (Note that (G1) is violated for Vjpe; therefore we had to
enlarge the velocity space.)

Moreover by Lemma 6 of [ANSOla] and Lemma 3.1 of [ANSO1b] the pair (Vapel; Qpre)
is stable if for any rectangle T of the triangulation, the vector p p is parallel to the y-axis
(i.e. the largest edges are parallel to the y-axis). As Vipa C Vieloes (G2) holds under the
same assumption on the mesh.

Finally, condition (CR) is satisfied trivially.

5.3 Crouzeix-Raviart elements 111

Here we make the same restriction as in the previous section, i.e., we consider the 2D case
and a triangulation of 2 made of rectangles. For the previous element, the local velocity
space Vieloc|r depends on the stretching direction of the rectangle T'. Here we modify the
element such that this dependence on the directionality is removed.

Consider the reference rectangle T = (0,1)?, set P := P?, and define the degrees of
freedom (with the same notation as before) by

Zz(q) ::/ Q>i:17273a4a Z5(Q) ::/QQSa Z6(Q) ::/Qa
E; T T

with g5 as above. One easily checks that the triplet (T, P, {I;}5_,) is a finite element whose
associated basis is given by {g}{_,, with

@ (7,9) =1 =45+ 39>, @(T,7) = —27 + 377, @3(2,y) =1 — 4z + 32
@u(Z,7) =25 +3%%, (7,0 =022-1)25—1) @(z,7)=6—-2*+75—7°) — L

On a stretched rectangle T' we take the finite element (T, P?, {I;}¢_,) obtained by a standard
affine transformation from T to T, i.e. ¢;(z,y) = ¢;(Z,y) and [;(q) = 1;(Q).
The approximate velocity space is given by

Vicloe = [V (29)

veloc

veioc = {vn € L*(Q) s vp|r € P VT7/ [vr] = 0 VE},
E
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and use Qe as defined by (27).
To prove the stability of this pair, for any v € H!(Q) we define an interpolant I{$§ (v)

of Crouzeix-Raviart’s type as follows:
qi T vV | ge, .
DAV

4
rect Z
Lemma 5.1 For any v € H}(Q), its interpolant TS (v) belongs to VE

We now prove the following result:

o loc Gnd satisfies

/alrect /81} VT, =12 (30)

as well as
5k (V)10 < |v|e- (31)

Proof: The first assertion follows from Green’s formula on any rectangle 7" and the prop-

erty
/ Ire"t( )= / v, 1=1,2,3,4,

which is a direct consequence of the definition of ISy (v).
For the second assertion we remark that for any rectangle 7" by the affine transformation
describe above, we have

TG0 = T (1)
For any constant function m € P*(T) one derives IS5 (0 — m) = I5(0) — m using the
definition of I (v) and the identity Gs + Y2, @ = 1. Therefore we have 9,1 (7) =
O;Iie (v — m), for j = 1,2. Set now m := |T|~" [ ¥ and observe that g3 and s do not
depend on y which implies

OIS (D) = OIS (0 —m) = ) |éi| (/E(@—m)> -

i=1,2

Now employ Lemma 4.5 to obtain

10155 (0) 17 < 110201l

Since Z and 7 play a symmetric role, we similarly obtain ||0,I55(0)||+ < 0,9 7. For
axiparallel rectangles the transformation back immediately yields

101K ()l < 19;0]lr, for j =1,2,

and consequently the desired estimate (31). Non-axiparallel rectangles can be obtained
from axiparallel ones by a simple rotation which leaves the H! seminorm unchanged. Thus
(31) is proven there as well. n
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Corollary 5.2 The above pair (Vieloc, Qpre) Satisfies the uniform inf-sup condition.

rect

Proof: The arguments of Lemma 3.1 of [ANSO1b] (taking as Fortin’s operator ISR (u ),
defined componentwise) show that the property (30) and the estimate (31) are sufficient
to guarantee the uniform inf-sup condition. [ ]

Summarizing, we have build a pair based on a triangulation made of rectangles satis-
fying the assumptions (G1), (G2) and (CR).

5.4 Modified Crouzeix-Raviart elements on pentahedra

We restrict ourselves to the 3D case and to a triangulation of 2 made of rectangular
pentahedra. We want to build a nonconforming approximation of V. Due to the condition
(G1) we need to modify the finite element given in [ANSOla, ANSO1b]. Indeed on a
pentahedron T the velocity space has to contain the space spanned by 1,%,%, 2,72, 4z,
which is not the case of the space introduced in [ANSOla, ANSO1b]. In view of the condition
(CR) in the reference pentahedron T, we then need to construct a finite element whose
set ¥ of degrees of freedom contains the mean on the five faces.

Now we take P :=P? and ¥ := {[;}}°, defined by

[L(p) ::/ b, for i = 17' . '75a Zﬁ(p) = /p7 Zz+6<p) = /pq~lﬂ for i = 1a273747
s T T

E

[N

G(z,9,2) == 1—3x —2z+ 6xz, Go(T,7y,2) := 1 —3y — 2z 4 692,
y

43(Z,9,2) = 1 — 47 — 2y + 67y + 372, qu(z,79,2) = 2T — 2y — 37% + 33>

[

The above choice is motivated by the fact that Z_Z-(c]j) =0fori=1,---,6,7=1,2,3,4.

As before one easily shows that the triplet (T, P2, {I;}12,) is a finite element. Enumerate
the faces E; of T such that Ey, E,, F5, E4, F5 are contained in the planes z = 0, z = 1,
7=0,Z=0and T+ = 1, respectively. There exists an associated basis {g;}2,; here we
need to specify the first six functions:

0(z,9,2) = 2(1 —42+32%), @(z,y,2) = 1 — 6T + 672,
QQ(fvgv 2) = 2(_22_’_ 322)7 q5(1_],g,§) = (1 - G(j - ‘/EZ + g - gQ - 2‘%@))/\/57
@(7,9,2) = 1 =6y +6y%  4(2,9,2) = 242 -2 +y—y* —2y) + 12(2 — 2*) — 6.

The main interest is that ¢;,g do not depend on Z,y, and conversely ¢s,qs, g5 do not
depend on Z.

Consider now the actual (anisotropic) pentahedron 7" which can be obtained from the
reference pentahedron by an affine transformation, cf. Section 3.3. In this way also the
finite element (7', P, X)) is defined, i.e. one has ¢;(z,v, 2) = %(Z,¥, 2) and 1;(¢q) = 1;(q).

At this stage we define the approximation velocity space Vieloc by

V;/eloc = [vstelocP?

S o€ IA(Q) : vyl € P? v:r,/ [on],, = 0 VE},

veloc
E
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and define the approximation pressure space (Qpe again by (27). By construction the
conditions (G1) and (CR) hold. Let us now check that the above pair is stable under
the assumption that for any pentahedron 7' its triangular basis is isotropic (which is a
reasonable assumption).

As before for any function v € H*(Q2) we define its interpolant 125" (v):

g =S8 ([ o ()0

We remark that 15" (v) belongs to V2, . for all v € H(Q) since for any T, one has
/ Igﬁ;“(v):/ v, fori=1,...,5. (32)
Again this identity and the aforementioned properties of q;, ¢ = 1,...,6, allow to prove

Lemma 5.3 For any v € H}(Q), the interpolant 125" (v) satisfies

/alpem /8v VT, j=1,2,3. (33)
Furthermore, if all pentahedra T have isotropic triangular faces then

2R (e < lvha. (34)

Proof: The first assertion follows from Green’s formula and property (32).
For the second assertion we remark that for any pentahedron 7" by the affine transfor-
mation mentioned above, we have

IR (v) = IR (0).

Thanks to the particular form of the ¢, ¢ = 1,...,6, one has Ipent(l) = 1, and thus

Ipent(v —m) = R () — m, for any constant functlon m. Set m = |T|™ [; 0 and recall

that q; and ¢» do not depend on Z or y. This yields

5
0. Ipent( ) a Ipent Z (/ > a]q“ for j =1,2.

=3

Therefore by Lemma 4.6 we obtain

[EATG Z |0k0ll7,  for j=1,2.

For the third derivative utilize that s, ¢4, g5 do not depend on Z to obtain

O () = OB (5 — ) = 3 ( / (5 — m)) O

i=1,2 W Ei
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Therefore by a slight modification of Lemma 4.5 we get ||0s12n" (0)||7 < ||030]|7-

When going back to the original element 7', we use similar arguments as in the previous
section. Start with an axiparallel pentahedron. If the triangular faces are isotropic one
can conclude

10,5 @)llr < Y N10kv]lr, for j =1,2;
k=1,2

102" ()]l < [l9svllr,

~Y

which directly imply the requested estimate. For a non-axiparallel pentahedron employ
the aforementioned rotation argument to achieve the same result. [ ]

As in the previous subsection this lemma allows to conclude that the above pair
(Vieloc, @pre) satisfies the uniform inf-sup condition under the above assumption.

5.5 Modified Crouzeix-Raviart elements on hexahedra

Here we consider the 3D case and a triangulation of ) made of rectangular hexahedra.
Inspired from the above subsection and the condition (G1), on the reference hexahedron
T = (0,1)3, we take P := P? 4+ span{zyz} and ¥ := {I;}1}, defined by

Li(p) :=/ p, fori=1,...,6,  Iz(p) :Z/p, Livr(p) :Z/pdi, fori=1,2,3,4,
) T

E;

where
G(Z,y,2) == 1—2x —2z+ 42z, G2(Z,9,2) == 1 —2y — 2z +4yz,
3(Z,9,2) == 1— 27 — 2y + 47y, Gu(Z,y,2) == 1 -2 —y—z+47y2.

The above choice is motivated by the fact that [;(¢;) =0 fori=1,---,7,j =1,2,3,4.

As before the triplet (T, P,{l;}}1,) is a finite element. Denote the faces Ei, ..., Eg
such that they are included in the planes, z =0,z =1,y =0,y =1,z =0, z = 1,
respectively. Then there exists an associated basis {g;}}1, whose first six entries are of
particular interest, and given by

le(‘fagag):]:l<2> Q3<«f,g
y

,2):]:1(?> 65<j7g72>:@(j)
CYQ(:f,g,E):h(l—f) (j4<i’, 72):h y

(1_5) Cj6<j:7y7§>:h(]‘_j)7
where we have set h(t) := —2t + 3t2. Again the distinct feature is that ¢, g depend only
on Zz, that g3, g4 depend only on g, and gs, gs depend only on Z. The finite element (7, P, X)
on the actual hexahedron 7' is obtained by the usual affine transformation.

To define the pair (Vieloc, Qpre), set’

Vieloe 1= {yh € [LA(Q)]? : va|r € [P* + span{zyz}]? VT,/ [vp]lz =0 VE},

E

3For the ease of notation, the definition of Vieloc is given for axiparallel meshes. Otherwise the
span{zyz} has to be replaced by span{zyz o F,'}, with Fr being the affine transformation from 7'
to T



5.6 Bernardi-Fortin-Raugel elements 21

and utilize )y defined by (27). With a similar analysis as before one proves the stability
of this element pair without any assumption on the mesh. Furthermore this pair satisfies
(G1) and (CR) by definition.

Now we present a family of conforming elements which satisfies the assumptions (G1)
and (G2).

5.6 Bernardi-Fortin-Raugel elements

The Bernardi-Fortin-Raugel elements yield a conforming discretization. Here we restrict
ourselves to the 2D case and to a triangulation of 2 made of triangles or rectangles. The
discrete pressure space Qpre is the space of piecewise constant functions defined by (27),
and the approximate velocity space is defined by (cf. [GR86, AN])

Vieloe := {un € [Hé(Q)]Z tvplr € Pr VT'}. (35)

To define the local space Pr properly, start with triangular elements and consider an edge
E; C 9T'. Then let pg, be the edge bubble function ‘in the direction of the normal vector’
ng,, 1.e.

PE;, ‘= ﬂEibEi,T
(recall the definition of the edge bubble function bg, 7 from Section 4.1). The local space

‘Pr then consists of linear functions enriched by the ‘normal vector edge bubble functions’
from above, namely

Pr =[P & Span{BEi}?:r

For rectangular elements proceed similarly. Set again pg, := ng,bg, 7, where bg, r is of
course an edge bubble function for the rectangle 7. The local space Pr then becomes

Pr:=[Q e span{pg, H

For both elements, condition (G1) is fulfilled by definition. The stability of the Bernardi-
Fortin-Raugel element is shown in [AN] for some families of meshes, i.e. assumption (G2)
is satisfied too.

6 Error estimators

6.1 Residual error estimators

The general philosophy of residual error estimators is to estimate an appropriate norm of
the correct residual by terms that can be evaluated easier, and that involve the data at
hand. To this end denote the exact element residual by

Ry = f — (—=Aup + Vpy) on T.
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As it is common [Ver96], this exact residual is replaced by some finite dimensional approx-
imation called approrimate element residual rr,

rp € PP(T) on T.

Depending on the polynomial order k£ and the actual finite element, this approximation
can be achieved by projecting either f alone or Rt as a whole.
Next, introduce the gradient jump in normal and tangential direction by

7 o [(Vun, —prl)ng],  for interior edges/faces
sEn 0 for boundary edges/faces
Ipr = [Vupte]g for nonconforming 2D case
Jpy = [Vup x ngl g for nonconforming 3D case.

For nonconforming discretizations the tangential jump does not vanish on boundary faces.

Definition 6.1 (Residual error estimator) For a conforming discretization, the local
residual error estimators is defined by

h? .
0t = B el + ldivaslF + Y = Leal
ECOT
For a nonconforming 2D discretization we set
h2 ;. T
. min,
0= hp el + divasl? + ) —= (el + [154E)

Ecor

while for a nonconforming 3D discretization the definition becomes

h%hﬂf
AL (Ll + L LelE)

2
hnan

+ Z Wﬂﬂﬂhh”%'

ECOT,Ecén

= Wl + v+ Y
ECOT

In the isotropic 3D case, the last term containing [us], can be omitted.
The global residual error estimators is given by

=) 0.
TeT
Furthermore denote the local and global approximation terms by

G = > Rnplrr — Bol, Ci= D G

T'Cwr TeT
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Note that in the 3D case, the jump of uy, is bounded by ||[us]zllz S diam(E)||Le,l/ e due
to Poincaré’s inequality and the assumption (CR). For isotropic discretizations one has
diam(E) ~ po(E) and thus

o(B) lunlglle ~ | Leslle  for E € &n.

Therefore, in this case it is not necessary to add ||[us] ||z to the definition of 7.

6.2 Proof of the lower error bound

The general framework of most of our exposition below is (more or less) standard (see
[Ver96, DDP95] for the isotropic 2D counterpart). All 3D considerations seem to be novel.
Recall further the notation for the velocity error ¢ = uw — uj, and the pressure error

&€=D— Dh-

Theorem 6.2 (Local lower error bound) Assume that one of the following cases holds:
the discretization is 2D, or the discretization is 3D and is conforming, or the discretization
1s 3D, is nonconforming and is only composed of tetrahedra. Then for all elements T', the
following local lower error bound holds:

nr SIVT ellor + llellor + Cr (36)

Proof: We start by bounding each of the residuals separately.
Element residual: Set wy := rpbr € [HY(T)]? and integrate by parts to obtain

/fT‘wT = /ET‘MT+/(ET—ET)'MT
T T T

_ /T<_A(@ —w) + V(- ) -wT+/(zT—ET) wr

T
= /(Vg _EI)3VMT_/ (Ve —el)n-wT+/(£T—ET)-wT
T oT T
< (IVellr+ llellr) IVwrllz + llrr = Rellr |lwr/r

The inverse inequalities (12), (13) and the obvious relation ||wr||r < ||rr||7 imply

lerllr S hoinp(IVellr + llellr) + llzz — Rellr. (37)

Divergence: With d being the space dimension, one easily concludes

ldiv anllr = div (u = wp)lr < VA|[V(u = up)r = Vd|[Ver. (38)

Normal jump: For an interior edge/face E consider wgp = Ty U T,. Let us assume that
T = T. Recall that J 5, € [P*(E)]? for some k € N depending on the chosen finite element
space. Set

wp = Fexi(Jpn)be € [Hy (wg)]”.
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Partial integration on wg yields

/wEi@E:/wE(—AngVp).wE = /WE(Vg—pI):VwE — /%E(vg_pI)E.QE

— /(Vg—pl):VwE.

By elementwise partial integration we further conclude
2
— | Jpn-wp = / Vup —ppl)n - w
[ Zeo e > (Ve b
2
= / (Vup —ppl) : Vwp — Z/ (—Aup + Vpn) - we
wp i=1 VT
2
= —/ (Ve —¢l): Vwg + Z/(i—(—AmeVph))-wE
wE i=1 /T
2

< (V7 ellos + lellon) IVwgllos + Y ez lz + llrn, = Brllz) wellu,-
i=1

The inverse inequalities (14)—(16) and the previous bound (37) of ||rr,|

T; hnlﬂy

h2 7 2
S dpalle S VT ells, + lels, + iz D llez, — Br,
i=1

2. 39
hE T; ( )

For a Dirichlet boundary edge nothing needs to be done since Jg, = 0 there.

Tangential jump (for nonconforming elements only): In the 2D case, set
wp = Fo(Jp)bE € [HS(WE)P-

Partial integration for u € [H'(wg)]?, wg € [Hj(wg)]? results in (see (5))

O—/ (Vut) wp = —/ Vu : curl wp.
owg wE

For u;, we integrate elementwise and obtain

2 2
— [ Jgi - wp = /Vyzwz /VQ:MM
2
= Z/ V(up —u):curl wg
i=1 VT -

S HVG—QHWE HVQQEHWE'
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The inverse inequalities (14) and (16) lead to

2

hminT
I el S IVrelll,: (40)

For a Dirichlet boundary edge the analysis is modified appropriately.
In the 3D case, we set

W = Fou(Jpe)bE € [Hy (wi)] .

The proof is the same as in 2D, using identity (6) instead of (5) for the partial integration
and the inverse inequality (17).

Summarizing all results provides the desired local lower error bound (36). |

For a nonconforming 3D discretization we are unfortunately not able to estimate locally
the contribution of the rectangular faces (Rectangular jump). But a global lower bound is
available using the alignment measure.

Theorem 6.3 (Global lower error bound) For 3D discretizations, the following global
lower error bound holds:

Z Z h?nm,Th;JlQ(E)_QH[[uh]]EHE <mi(e,T)?||Vrel* (41)

TeT ECOT,E€én

Proof: Start with hexahedral elements, and let E € £ be an interior rectangular face with
neighbours 7} and T,. Consider those two affine linear transformations that map the unit
cube (0,1)% onto T}, i = 1 and 2, such that E corresponds to the same transformed face £ =
{0} x(0,1)?, say. Denote the transformation matrices temporarily by C C and C’ and note
that they can be obtained from C' 7, by a simple rotation, cf. Section 3. 3 Correspondmgly,
let the transformed error functions e |7, be €,. Next, introduce the function

0(%,3,2) = €,(%,§, %) — €,(%,7,2) € H'((0,1)°)

and observe [ = 0 due to the (CR) property of the discretization. This readily implies
a Poincaré like inequality ||0|| g1(0,1)3) ~ |0|m1((0,1)3)- The standard trace inequality yields
||Q||L2(E) 5 ||Q||H1((0,1)3) ~ |Q|H1((071) 3) and thus

€1 = €allr2my S €1 — Ealmo)s) < €1l + [€2]m(0,1)2)
The transformation back to the original elements provide

1/2 1/2 = ~
WL enl plle = W2l el — el ey S IVe - C o lln 4+ 19 - C ol

S
S ||VQ 'gT1||T1 + ||V§ 'QT2||T2
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since C ¢, and C' 7, differ only by a rotation. Apply this inequality to the left-hand side of

(41) to conclude

Z Z hmmT E Q( )_ || Un EHESJ Z Z hmznT E Q )_2 Z ||V§gT||%

TeT ECOT,Eeén TeT ECOT,Eeén TCwg

From hg 2 hminr and o(E) 2 Ryin,r we further derive

Yo > Birhs' e B) P unlplE S ) hrtarlIVe - Crllt S male, T Vr e

TeT ECOT,Eeén TeT

by the definition of the alignment measure.
For rectangular faces of pentahedral elements proceed analogously. |

Corollary 6.4 (Global lower error bound) For a 3D nonconforming triangulation
consisting of pentahedra or hexahedra, the following global lower error bound holds:

Y Smale, T Vrel.

TeT

6.3 Proof of the upper error bound

For the nonconforming 2D case we proceed similar to [DDP95], with the necessary adapta-
tions due to the anisotropy of our discretization. The whole 3D analysis seems to be new.
Basic steps are always partial integration, combined with Galerkin like orthogonalities and
interpolation error estimates.

First we bound the pressure error (for conforming and nonconforming discretizations).
The bound of the velocity error is divided in two parts since conforming and nonconforming
discretizations are treated differently.

6.3.1 Error in the pressure

We start with an estimate of the pressure error that is valid for conforming and noncon-
forming elements.

Lemma 6.5 (Error in the pressure) There exists a function v. € [H} ()] depending
on € = p — py such that the error in the pressure is bounded by

lell S malve, T)(n+ Q) + [ Vrell (42)
Proof: Since e € L2(2), there exists a function v. € [H}(Q)]¢ such that

fQ ediv v,

9
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cf. [GR&6]. This inequality is equivalent to the continuous inf-sup condition, applied to the
pressure error €. Since the continuous inf-sup condition is not related to the discretization,
the inequality constant is independent of any mesh anisotropy. Next, consider the Clément
interpolant of v,

IOCIQ& € V((;?l C [Hé (Q)]d N ‘/veloc-

By using the Galerkin orthogonality (10) and partial integration, we conclude

1
/sdnga (:O) /5div (v. —I%lya) +/V7§ :VIOClyE
Q Q

= /Q(—Vu +pI) s V(e — Te.) - Z/ —Vuy, + pal) - V(v — Tgyo.)

TeT
+/V7§ : V.
Q
= —/(—A@ + Vp) - (ve — I2u:) +/ (=Vu +phn - (ve — Igyv.)
Q o0
+) {/ (—Aup + Vpn) - (v = Tgyve) — /(—V@h +prl)n - (ve — 100125)}
TeT T oT
+/VT§ - Vo,
SRS DY [TECVTRA /N SIS SR D IR AV CAES
TeT Ee&
+/V7§ : Vo,
< Z hmmTHRTHT hmznT |UE - I(()leénT
TeT
+ 3 hninzhig | e nlle Ay ol e — Toue| s
Ee&
+|Vr el [[Vu].

The Cauchy—Schwarz inequality and the Clément interpolation results of Lemma 4.4 imply

1/2
Jetive: $ (X Rl Bl + 3 Kool Zealls) (e T ]

TeT Eecg
+ Vel [IVee|

S {0+ Omile T) + [ Vre ) Ve

which finishes the proof. ]
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6.3.2 Error in the velocity - Conforming case

Lemma 6.6 (Error in the velocity - Conforming case.) Assume a conform discre-
tization, and let v. € [H}(Q)]? be the function from Lemma 6.5. Then the error in the
velocity is bounded by

IVrell S (mile, T)+mi(e, 7)) (0 +0). (43)

Proof: Note first that here the elementwise operators divy and V7 are identical with the
global operators div and V. Since e € [H}(2)]%, one can utilize the Clément interpolant
1%e € [H} ()] N Vieroe and the Galerkin orthogonality (10) for 14 e. Then integrate by
parts and employ the interpolation results to obtain

Vrell? = /(VTQ —el):Vr5re —|—/5ding
Q

Q

10
) /(w —el): Vr (e — 1) —/€divwh
Q

Q

3 /Q(—Au +Vp)- (e —Tgye) - /m(—w +phn - (e —Ige)

+Z{/(Agh—Vph) (e —Te) —/(Vuh —pul)n - (e —1%12)}

TeET or

—/EdiV']’Qh

Q
= Z/ET-(Q —1e) + > [ Jpa-(e —Te) - /6divwh.
T

TeT EceVE Q

Invoke again the Cauchy—Schwarz inequality, the Clément interpolation inequalities (20),
(21), and the bound of ||¢|| from Lemma 6.5. Additionally employ the triangle inequality
for the exact residual Ry as well as the obvious bound ||divzru,|| <7 to obtain

IVrel? S (+Qmle.T)IVrell + (mie T+ + [ Vrel) divru)

<
< +Omile, T)[Vrell + mie, T)(n+On + nllVrel.

Young’s inequality and the trivial relation 1 < m;(-,7") provide the desired velocity error
bound. =

We remark that this proof is not exactly a special case of the nonconforming exposition
below, although there are similarities.

The error bounds for the pressure and the velocity immediately yield the following main
theorem.
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Theorem 6.7 (Upper error bound - Conforming case.) Assume a conform discre-
tization, and let v. € [H}(2)]? be the function from Lemma 6.5. Then the error is bounded
globally from above by

el + 1¥rell S (mile, T)+mi(, 7)) (n+). (44)
Proof: Follows directly from Lemmas 6.5 and 6.6. ]

6.3.3 Error in the velocity - Nonconforming case

Lemma 6.8 (Error orthogonality) In the 2D case, for any vector valued function s’ €
[Im(Iy)]?, one has the error orthogonality

Vrse :curl s' =0. (45)

i.e. the sum is only over the rectangular faces E € €.

Proof: In the 2D case, by means of (5) one concludes

/V723M§1 = Vﬂiﬂﬁl—Z/vﬂhiwg
) curl curl curl

Q TeT /T
©® _ u st u st
> /BQ_ (Vs 1) +T;/3T—h (Vs' 1)
= — up]p - (Vs'te) = 0
E%;/E[[ rl

since u = 0 on 95, and due to the assumption (CR) and the fact that (Vs’ tg)|,, is always
constant.
In 3D one employs (6) instead of (5) to conclude

/VTQ 3M§I:_Z/[[Qh]]E‘(%§IﬂE)~
Q - E -

Eec&

There we utilize that curl s'np is continuous across a face E. This holds since (curl s'ng)| B

contains only tangential derivatives (on a face E). -
Furthermore, for a triangular face E'x of a triangulation a closer inspection reveals that

curl s'|; is constant for s € [Im(Ic))]**®. Due to the Crouzeix-Raviart property (CR),
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the corresponding contribution to the sum vanishes, and we end up with the sum over the
rectangular faces alone.
As a side effect, (46) vanishes for triangulations consisting solely of tetrahedra. [ ]

Next we will estimate the remaining non-vanishing terms of (46) that arise from rect-
angular faces.

Lemma 6.9 In the 3D case for any matriz function s* € [Im(I¢p)]*>*?

face E € En we have

J I

where Mg is the face mean operator introduced in Lemma /./.

and any rectangular

S Mundsls o(B) 7 ls" — Mes|le, (47)

Proof: By Cauchy-Schwarz’s inequality we have

/E [un]p - (curl 5" np)

The second factor of this right-hand side is estimated using a scaling argument. Note in
particular that curl gl ng involves only tangential derivatives of gl , and that it is rotation-
ally invariant. [ ]

< |Munlplle llcurl s" ngl e

Lemma 6.10 (Error in the velocity - Nonconforming case.) In the 2D case, there
exist functions r € [HY(Q)]?,s € [H'()]? both depending on ¢ = u — uy, such that the
error in the velocity is bounded by

IVrel S (mae,T) +mals. 7)) (n+ ), (48)

In the 3D case the vector function s is replaced by a matriz function s € [H'(Q)]**.

Proof: Start with the 2D case. Following [DDP95, Lemma 3.2], there exists a Helmholtz
like decomposition of the error as

Vre = Vr —ql+ curl s,

with r = r(e) € [HH Q)] q = qle) € LE(Q),s = s(e) € [H(Q)]?, and the additional
properties
Vel + Vsl +lal < IVrell (49)
divr = 0.

Using divr = 0 and divu = 0 one obtains

IVrel? = /w:m—qwgla
0

—

S.

= /(VTQ :Vz—edivz)—i—/dinghq—i—/Vq—g cur
Q Q Q
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Next, we take the Clément interpolants I%lf and Igs (note the different interpolation
operators to reflect the different boundary data). Apply the orthogonality relations (10)
and (45) and integrate by parts to reformulate

IVre|? (10)£<45> /Q(VTQ :V(r = Teyr) — ediv (r — Igyr)) + /Q Vre :cul (s - las)
+/QdiVTth
DOO [ Cpu+ 9=ty + [ (T == )
0 o9

-3 { [ au+ Vo) =100+ [ (Va2 T

oT

o
+/le’]’Uhq
Q
D OY RISICES TR S P PR
T7er VT EceVE
+Z/ Jpi- (s —las) + /diVTuhQ-
peeE Q

The interpolation estimates (20), (21), (22) of Lemma 4.4 then yield

1/2
IVrel? 5 (3 Pl Brllf) " mu(e, ) |V

TeT
1/2
(X P aah N deally) (e, T) V2
Eeg
2 —1 2 1/2
(D P h e ) (s, ) Vs
Eecg
+divrus| gl

< 1+ Q) (e, T) Vel +mi(s, T) [ 9s] + gl

Finally apply the a priori bound (49) to finish the proof.

In the 3D case, the decomposition of Vre changes and contains a matriz function
s € [H'(2)]>* instead (see Theorem 1.3.4 in [GR86]). Consequently the partial integration
of the curl terms is modified which eventually leads to the adapted definition of the
tangential jump Jpy. Furthermore in the above expansion of ||V e || the additional term
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Jo Vre : curl Igs is no longer zero. Using the identity (46) and the estimate (47) from

Lemma 6.9 we get successively

> unlgllze(B) " las — Melas| s

Eegg

/VTe curl Ic1s

1/2 1/2

< Z h’man E Q )72”[[@’1]]E||2E Z hmanhEHIClé_MEIClénE

Eegg EE&D

The estimate (23) of Lemma 4.4 and the definition of the residual error estimator finally
lead to

S nma(s, T) Vsl

/Vfgzmlc@
\ curl lcis

The inequalities of the previous lemmas provide the main upper error bound for non-
conforming discretizations.

Theorem 6.11 (Upper error bound - Nonconforming case.) Let v. and r,s be the
functions from Lemma 6.5 and 6.10. Then the error is bounded globally from above by

el + I¥rell S (mu(e,T)+mi(s, T) +m(e., 7)) (n+ Q). (50)

In the 3D case the vector function s is replaced by a matriz function s € [H'(Q)]**.

Proof: Follows directly from the aforementioned lemmas. ]

Remark 6.12 (Rectangular jump) We may see that the rectangular jump only appears
in the estimate of the left-hand side of (/6) via Lemmas 6.9 and 4.4. As an alternative we
may impose a stronger assumption than (CR) on rectangular faces, namely

/ [udog =0,  Vun € Viewosq € PN(E), E € 0. (CR))
F

This last assumption leads to the orthogonality relation (/5) and then allows to avoid
the use of the rectangular jump. But the construction of element pairs fulfilling (CR) on
triangular faces and (CR’) on rectangular faces and being stable seems to be difficult and
unrealistic.

Remark 6.13 (Alignment measure) The upper error bounds (e.g. (44) and (50)) con-
tain several alignment measures mq(-, 7). This is in contrast to estimators for isotropic
meshes: For anisotropic discretizations, all known estimators are (explicitly or implicitly)
based on an anisotropic mesh that is suitably aligned with the anisotropic function.
Compared with the isotropic estimators, our upper error bounds are special in the sense
that the alignment measure cannot be evaluated explicitly. However, this should not be
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considered too much as a disadvantage. For example, the alignment measure my(e,T) for
the error e = u — wy, is of size O(1) for sufficiently good meshes, cf. [Kun00, Kun01,
Kun02]. We expect a similar behaviour for the other alignment measures. This confidence
15 strengthened by the numerical experiments below.

In practical computations one may simply use the error estimator without considering
the alignment measures. For adaptive algorithms this is well justified since the lower error
bound holds unconditionally (with the exception of nonconforming 8D triangulations made
of pentahedra or hexahedra), i.e. the estimator is efficient.

6.4 Application to isotropic discretizations

On isotropic discretizations, our analysis covers the case of stable pairs like the Mini
element, the Hood-Taylor element, or nonconforming elements of Crouzeix-Raviart type,
see Table 1 below. Then our analysis and the conclusions hold with 7,17 ~ hg ~ hy for
E C 0T and the alignment measure m;(-,7) ~ 1. In other words, the above results may
be rephrased as follows: the residual error estimator is here given by

= W llerl7 + Idivanlz +hr Y (1eallE + 1 LeallE) |
EcoT

while the approximation term becomes

G=hy Y e — Rl

T'Cwr

where we recall that hp is the diameter of T. With these definitions, the lower error bound
(36) of Theorem 6.2 holds for any isotropic elements 7. On the other hand the upper
bounds (44) and (50) reduce to

lell + IVrel < n+¢

Table 1 provides a list of stable elements covered by our analysis. The last column
gives alternative references where some equivalences between the error and the residual
error estimator have been proved (other kinds of estimators are omitted).

7 Numerical experiments

The following experiments will underline and confirm our theoretical predictions. This
example consists in solving the two dimensional Stokes problem (1) on the unit square {2 =
(0,1)2. Here, we use the Crouzeix-Raviart element II (see Section 5.2), on an anisotropic
Shishkin type mesh composed of rectangles. This mesh is the tensor product of a 1D
Shishkin type mesh and a uniform mesh, both with n subintervals. With 7 € (0,1) being
a transition point parameter, the coordinates (x;,y;) of the nodes of the rectangles are
defined by
dry:=27/n, dry:=2(1—-71)/n, dy=1/n,
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7 NUMERICAL EXPERIMENTS

Discretization | Element | Velocity / Pressure Name Ref. on residual
spaces error estimators
2D/conf. Triangle | [Py +el. bubble]? / P;, | Mini element [Verg9]
2D /conlf. Triangle | [P]? / P Hood-Taylor [Ver89](claimed)
[Bur01](up. bound)
2D /conf. Triangle | [P1]? + face bubbles - np | BFR [CFO01]
/ By
2D/conf. Rectangle | [Q1]? + face bubbles - ny | BFR [CFO1]
/ Po
2D/conf. Triangle | [P, @& AA2As P_o] conforming CR | [CFO01]
[Py 1>2
2D /conf Rectangle | [Q;]*/P_1, 1> 2 [CFO1]
2D /non conf. | Triangle | [P)*/Fy CR [DDP95], [CFO1]
2D /non conf. | Rectangle | [P)?/ Py Section 5.3
2D /non conf. | Triangle | [P]*/P, Fortin-Soulie [DDP95]
3D/conf. Tetra [Py + el. bubble]? Mini element
/ Plc
3D/conf. Tetra [P2)? /] Py Hood-Taylor [Bur01](up. bound)
3D /conf. Tetra [P1]? + face bubbles - np | BFR
/ By
3D/conf Tetra [Py @ A A2 A3\ Py? High order BFR
+face bubbles - ng / P,
3D/non conf. | Tetra [P1]3/ Py CR
3D/non conf. | Penta [P / Py Section 5.4
3D/non conf. | Hexa P> + zy2]® /| Py Section 5.5

Table 1: Stable isotropic elements covered

X
X
Y;

T+ (i —n/2)dxs (n/2+1<1i<mn),
Jjdy (0<j<n).

The discrete problem (9) is solved with the Uzawa algorithm. The number of degrees
of freedom is equal to n(3n + 2) for each component of the velocity, and equals n? for the
pressure. The total number of degrees of freedom (DoF') is then equal to n(7n + 4).

The tests are performed with the following prescribed exact solution (u,p) :

This allows to have in particular

d =
u = curl P,
p = e~ T/VE,

2?(1 — z)%y2(1 — y)2e */VE,

divy = 0 and up = 0. Note that u and p present
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-
Figure 1: Shishkin type mesh on the unit square with n = 8.

an exponential boundary layer of width O(y/¢) along the line x = 0. The transition

parameter 7 involved in the construction of the Shishkin-type mesh is defined by 7 :=
min{1/2,2./¢|In+/e|}, i.e. it is roughly twice the boundary layer width. The maximal
aspect ratio in the mesh is equal to 1/(27).

To begin with, let us check that the numerical solution (uy,p,) converges towards the
exact one. To this end we plot the curves

o ||Vr(u —up)|lo as a function of DoF (see Figure 2 left),

e ||p — pnllo as a function of DoF' (see Figure 2 right).

—H—— eps=1E-04 F —H—— eps=1E-04
—</— eps=1E-06 —7/— eps=1E-06
—<&—— eps=1E-08 —<&—— eps=1E-08
—&— eps=1E-10 —&—— eps=1E-10

Velocity Error
Pressure Error

10* |

Figure 2: ||V, (u — up)||q (left) and |[p — prllq (right) in dependence of DoF'.

As we can see, the convergence rates for the velocity and for the pressure are of order 0.5,
as theoretically expected. This shows the good convergence of (uy, py) towards (u,p).

Now we investigate the main theoretical results which are the upper and the lower error
bounds. In order to present the underlying inequalities (36) and (50) appropriately, we
reformulate them by defining the ratios of left-hand side and right-hand side, respectively:
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_IVr (w = un)llo + [lp — palle

L — as a function of DoF,
q p n +C

® (ow = INaX i as a function of DolF'.

1eT |[Vr (w = un)llor + 1P = Pallor + Cr

The second ratio is related to the local lower error bound and measures the efficiency
of the estimator. According to Theorem 6.2, ¢, has to be bounded from above. This can
be observed indeed in the right part of Figure 3. Hence the estimator is efficient. Note that
the values of g, are much alike the ones for other problem classes, cf. [Kun00, Kun01].

The first ratio gy, is frequently referred to as effectivity index. It measures the reliability
of the estimator and is related to the global upper error bound. In order to investigate this
error bound, recall first that the alignment measures m; (-, 7") are expected to be of moder-
ate size since we employ well adapted meshes (cf. Theorem 6.11). Hence the corresponding
ratio gy, should be bounded from above which is confirmed by the experiment (left part
of Figure 3). As soon as a reasonable resolution of the layer is achieved, the quality of the
upper error bound is independent of €. Thus the estimator is reliable. Again the values of
qup Tesemble the ones for other problem classes, cf. above.

04F

E 25
035F —H&—— eps=1E-04 F
03fF ——7— eps=1E-06 oL

o —<&—— eps=1E-08 N
—O— eps=1E-10 I

15

a 2
5 )
o : o
0.15 1
3 Y —F— eps=1E-04
——7/— eps=1E-06
—<&—— eps=1E-08
B —&—— eps=1E-10
0.1f
i
Y Ll il ok ot 0l
10° 10 10° 10° 10° 10* 10° 10°
DoF DoF

Figure 3: qyp (left) and g0y (right) in dependence of DoF'.

8 Summary

We have proposed and analysed a posteriori residual type error estimators for the Stokes
problem on anisotropic meshes. Our investigations cover conforming and nonconforming
discretizations, 2D and 3D domains as well as different kinds of elements. Much effort has
been taken to impose as few assumptions as possible. For nonconforming discretizations,
the main demand consists in Crouzeix-Raviart type elements.
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The upper error bounds of Theorems 6.7 and 6.11 form two of the main results. In order
to obtain sharp bounds, the anisotropic mesh has to be properly aligned, as it is the case
with all known anisotropic (a posteriori) estimators. Here, this alignment enters explicitly
via a so-called alignment measure. In contrast to previous work (e.g. [Kun00, Kun01]),
this mesh alignment is not with respect to the error ¢ = u — uy but also with respect
to other functions (cf. Theorems 6.7 and 6.11). As numerical tests confirm, this is only a
minor disadvantage.

Another main result is given by the local lower error bound of Theorem 6.2 which
could be proven for almost all cases. Only nonconforming 3D discretizations consisting
of pentahedra or hexahedra are exceptional where only a (weaker) global lower bound is
obtained.

For isotropic discretizations, much of the analysis simplifies. The main results are
presented in Section 6.4. The investigations seem to be novel for most 3D elements.

Numerical results accompany and confirm the theoretical predictions.
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