An Elasto-Acoustic Problem with a Thin Layer Framework and Issue

The Problem (P ε ) set in a smooth bounded domain

Ω ε = Ω s ∪ Γ ∪ Ω ε f : ∆p + κ 2 p = 0 in Ω ε f ∇ • C(x)∇u + ω 2 ρu = 0 in Ω s ∂ n p = ρ f ω 2 u • n -∂ n p i on Γ n C(x)∇u = -pn -p i n on Γ p = 0 on Γ ε Ω s ε Γ ε Γ n Ω ε f Assumption (i) C(x) = (C ijkl (x)) is symmetric : C ijkl = C jikl = C klij .
(ii) C ijkl (x) are real valued smooth functions, up to Γ.

(iii) ∃α > 0, ∀ξ = (ξ ij ) sym. tensor, 

Weak Solutions

Variational Problem (VP)ε

V ε = {(u, p) ∈ H 1 (Ω s ) × H 1 (Ω ε f ) | γ 0 p = 0 on Γ ε } For all ε > 0, (VP) ε writes : Find (u ε , p ε ) ∈ V ε such that ∀(v, q) ∈ V ε , a ε ((u ε , p ε ), (v, q)) = F , (v, q) V ε ,Vε a ε ((u, p), (v, q)) := Ω ε f ∇p • ∇q -κ 2 pq dx + Ωs C(x)∇u : ∇v -ω 2 ρuv dx + Γ ω 2 ρ f u • n q + pv • n ds 7/29
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Uniform Estimates

Some resonant frequencies may appear in the solid

Assumption (SA)

The angular frequency ω is not an eigenfrequency of the problem

∇ • C(x)∇u + ω 2 ρu = 0 in Ω s C(x)∇u n = 0 on Γ . Theorem Under Assumption (SA), ∃ε 0 > 0, ∀ε ∈ (0, ε 0 ), the problem (VP) ε with data F ∈ V ε has a unique solution (u ε , p ε ) ∈ V ε and u ε 1,Ωs + p ε 1,Ω ε f C F V ε .
Application : Convergence of an asymptotic expansion as ε → 0.

Key for the proof: introduce a "Scaled Problem"
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For any function p defined in Ω ε f , define p in Ω f := Γ × (0, 1) :

p(x) = p(Ψ(y α ), S) , S = s ε ∈ (0, 1) . V = {(u, p) ∈ H 1 (Ω s ) × H 1 (Ω f ) | p(. , 1) = 0 on Γ } (P) ε writes : Find (u, p) ∈ V such that ∀(v, q) ∈ V ε 1 0 Γ (I + εSR) -2 ∇ Γ p∇ Γ q + ε -2 ∂ S p∂ S q -κ 2 pq det (I + εSR) dΩ f + a s (u, v) + Γ ω 2 ρ f u • n q + pv • n dΓ = F ε , (v, q) V ,V 9/29 Uniform Estimates Equivalent Conditions Numerical Simulations Scaled Problem (P) ε Uniform estimates Lemma Under Assumption (SA), ∃ε 0 > 0, ∀ε ∈ (0, ε 0 ), any solution (u ε , p ε ) ∈ V of problem (P) ε with a data F ε ∈ V satisfies (u ε , p ε ) 0,Ωs×Ω f + u ε • n 0,Γ + p ε 0,Γ C F ε V . Theorem Under Assumption (SA), ∃ε 0 > 0, ∀ε ∈ (0, ε 0 ), the problem (P) ε with data F ε ∈ V has a unique solution (u ε , p ε ) ∈ V which satisfies √ ε ∇ Γ p ε 0,Ω f + √ ε -1 ∂ S p ε 0,Ω f + p ε 0,Ω f + u ε 1,Ωs C F ε V . 10/29
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Sketch of the proof of the Lemma

Proof by contradiction.

Assume : ∃(u m , p m ) ∈ V , m ∈ N, satisfying (P) εm associated with ε m → 0 and F m ∈ V such that (u m , p m ) 0,Ωs×Ω f + u m • n 0,Γ + p m 0,Γ = 1 and F m V → 0 1 Prove that (u m , p m ) W C with W = {(u, p) ∈ V | p ∈ H 1 (0, 1; L 2 (Γ)) , p(. , 1) = 0 on Γ } 2 Compactness argument : u m → u in L 2 (Ω s ) and p m → p = 0 in L 2 (Ω f ). 3 Prove that u 0,Ωs + u • n 0,Γ = 1 4
Using (SA), we prove u = 0 : contradiction 

Methodology

Framework : Γ, Γ ε smooth surfaces in R 3 . Smooth data

Step 1 : Derive an Asymptotic Expansion for (u ε , p ε ) when ε → 0

u ε (x) = u 0 (x) + εu 1 (x) + ε 2 u 2 (x) + • • • , p ε (x) = p 0 (x; ε) + εp 1 (x; ε) + ε 2 p 2 (x; ε) + • • • , p j (x; ε) = p j (y α , S ε
) .

Step 2 : Derive Equivalent Conditions of order k ∈ N :

Identify a simpler problem satisfied by

u k ,ε := u 0 + εu 1 + ε 2 u 2 + • • • + ε k u k up to O(ε k +1 )
Step 3 : Prove the Stability of Equivalent models u k ε and

u ε -u k ε 1,Ωs Cε k +1
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Step 1 : Multiscale Expansion

First terms

At step n = 0, we obtain p 0 = 0 , and then u 0 solves the problem

∇ • C(x)∇u 0 + ω 2 ρu 0 = 0 in Ω s T(u 0 ) = -p i n on Γ .
At step n = 1, we find successively

p 1 (., S) = (S -1) ρ f ω 2 u 0 • n -∂ n p i , S ∈ (0, 1)
and that u 1 solves

∇ • C(x)∇u 1 + ω 2 ρu 1 = 0 in Ω s T(u 1 ) = ρ f ω 2 u 0 • n n -∂ n p i n on Γ .
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Step 1 : Multiscale Expansion First terms

At step n = 2, p 2 (., Y 3 ) = (S 2 -1)H[ρ f ω 2 u 0 • n -∂ n p i ] + (S -1)ρ f ω 2 u 1 • n and then, u 2 solves ∇ • C(x)∇u 2 + ω 2 ρu 2 = 0 in Ω s T(u 2 ) = ρ f ω 2 u 1 • n n + H[ρ f ω 2 u 0 • n -∂ n p i ]n on Γ .
Step

: Validation of the Asymptotic Expansion

Aim : proving Estimates for Remainders

r N+1 ε := u ε - N n=0 ε n u n in Ω s , and r N+1 ε := p ε - N n=0 ε n p n in Ω ε f Evaluation of the right hand sides in              κ 2 r N+1 ε + ∆r N+1 ε = f ε in Ω ε f ω 2 ρr N+1 ε + ∇ • C(x)∇r N+1 ε = 0 in Ω s ∂ n r N+1 ε -ρ f ω 2 r N+1 ε • n = g ε on Γ T(r N+1 ε ) + r N+1 ε n = 0 on Γ r N+1 ε = 0 on Γ ε .
The RHS are explicit:

f ε = O(ε N-1 2 ) in Ω ε f ; g ε = O(ε N ) on Γ Optimal Estimates : r N+1 ε 1,Ωs + √ ε r N+1 ε 1,Ω ε f C N ε N+1 16/29
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Step 2 : Equivalent Conditions on Γ Identify a simpler problem 

(P k ε ) ω 2 ρu k ε + ∇ • C(x)∇u k ε = 0 in Ω s T(u k ε ) + B k ,ε (u k ε ) = h k ,ε on Γ ,
T(u 1,ε ) -εω 2 ρ f u 1,ε • n n = -p i n -ε∂ n p i n -ε 2 ρ f ω 2 u 1 • n n on Γ
We infer a simpler problem

(P 1 ε ) ω 2 ρu 1 ε + ∇ • C(x)∇u 1 ε = 0 in Ω s T(u 1 ε ) -εω 2 ρ f u 1 ε • n n = h 1,ε on Γ ,

  with B k ,ε a surfacic differential operator.k ∈ {0, 1, 2} for a Dirichlet b.c. on Γ ε k ∈ {0, 1} for a Fourier-Robin b.c. on Γ ε u 1,ε = u 0 + εu 1 satisfies the elastic equation in Ω s and

11/29 Uniform Estimates Equivalent Conditions Numerical Simulations Outline Uniform Estimates Equivalent Conditions Numerical Simulations 12/29 Uniform Estimates Equivalent Conditions Numerical Simulations

  

T(u 0 ) = -p i n on Γ .

k = 1:

Fourier-Robin b.c.

Fourier-Robin b.c. :
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Step 3 : Stability and Convergence of Equivalent Conditions

Step 3.1 : Stability

Step 3.1 : Prove that problems (P k ε ) are well-posed

Proposition

Under Assumption (SA), ∃ε 0 > 0 s.t. ∀ε ∈ (0, ε 0 ), ∀k ∈ {0, 1, 2}, the problem

Application : Convergence of an asymptotic expansion of u k ε as ε → 0.
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Step 3.2 : Convergence of Equivalent Conditions

Step 3.2 : Prove that the solution u k ε satisfies an error estimate

Proof :

(i) Derive an expansion of u k ε and show that :

Recall :

(ii) There holds

According to the step 3.1, we infer the uniform error estimates: For k ∈ {0, 1}, we plot the L 2 -errors u εu k ε 0,Ωs w.r.