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Introduction Laplace Operator ({ = 0) The Problem with Angular Conductor (( # 0) Numerical Simulations

Motivations
A usual model for electrical engineering applications

@ Dielectric relaxation vs magnetic diffusion:
€ 2
Te = — < Ty = Mol
o

L, €, o, p: characteristic length, permittivity, conductivity and permeability.
—— magneto-quasistatic (eddy-current) model.

curlE = _8(5,:1) div(pH) =0,

(¢ .
curlH = 0E + 5 div(¢E) = 0.
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Introduction Laplace Operator ({ = 0) The Problem with Angular Conductor (( # 0) Numerical Simulations

Motivations

Usage of the magneto-quasistatic model

@ Electrothermics

(a) Position of the inductor. (b) Induced current density.

Figure : Surface steel hardening of a shift fork. PhD thesis Sven Wanser ('93 -
Renault+EDF/ECL).

@ Others: non-destructive testing, most of electromechanical systems.
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Introduction Laplace Operator ({ = 0) The Problem with Angular Conductor (( # 0) Numerical Simulations

A computational simplification
Skin Effect

@ Skin effect: “exponential decrease” of the electromagnetic field in a

]
b=,/ — <L
urfo

d: penetration (skin) depth.

volume conductor, i.e.

@ Instead of strongly meshing close to the surface of the volume
conductors: surface impedance conditions. Most usual:

141
od

n: unitary normal to the conductor, E;: tangential component of the

Zs(H x n) = E;, with Zy =

electric field.
@ For smooth enough surface, the impedance can even be “more accurate”.
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Introduction Laplace Operator ({ = 0) The Problem with Angular Conductor (¢ # 0) Numerical Simulations

A computational simplification
Difficulties in the corner

@ Example in a domain decomposition process.

[ ] |
[
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_

coil

tted armature|

i

I:“ I:l
global solution = surf. imp. solution + iterative corrections
P. Dular et al. (Compel, 2007)
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Introduction Laplace Operator ({ = 0) The Problem with Angular Conductor (( # 0) Numerical Simulations

A computational simplification
Difficulties in the corner

@ Few authors have considered impedance modifications :
“Surface impedance boundary conditions near corners and edges:
rigorous consideration”. [IEEE Trans. on Mag., 2002]

@ Application of the same asymptotic expansion as in the smooth surface
case. Impedance obtained:

y
=0
P o H,
R tan(7/6) tan(7/6)
Fe X Zy=———"—"",2, = ———.
W1 po po
>0 E=E,e, — blows up in the corner for any
20 o < +o0.

It is not valid for non-magnetic materials with o < +-00 [Buret et al, IEEE
Trans. on Mag., 2012]
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Introduction Laplace Operator ({ = 0) The Problem with Angular Conductor (( # 0) Numerical Simulations
Statement of the Problem
The magnetic vector potential A satisfies
_AA+ == ,U/()J in Q+
’ [A]Z =0, on Z,

—AA" +4iCPCA” =0inQ_, (1)
On =0,o0nX.
At =oonT, [9nAl5 on

with (2 = K0 /4, and a smooth data J.

Aim : Description of the magnetic potential A near the corner ¢ in 2D
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Introduction Laplace Operator ({ = 0) The Problem with Angular Conductor (( # 0) Numerical Simulations

Statement of the Problem

Weak solutions

Variational Formulation
Find A € Hy(Q) such that VA, € Hy(Q2)

VAT VAF dx+ | VA VA +4iCCA~ A7 dx = po / JA,
Q4 Q_ Q

Proposition

There exists a unique solution A in Hg (Q) to problem (1). Moreover, A
5
belongs to Hz2~°(2) foranye > 0.

In particular, by Sobolev embedding, we obtain that .4 belongs to C' (ﬁ)
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Introduction Laplace Operator ({ = 0) The Problem with Angular Conductor (( # 0) Numerical Simulations

Corner asymptotics

@ In general A does not belong to C?(£2) but .A possesses a corner
asymptotic expansion as the distance r to ¢ goes to zero

A(r,0) ~ NSO 0)+ ) > NS (r,0)

r—
k=1 pe{o0,1}

@ Key points for the behavior of A in the vicinity of ¢ :
o Derivation of the singular functions G*?
e Determination of the singular coefficients NP
@ We can provide a constructive procedure to determine G**

J

S"P(r,0) = r*oos(kf—pm/2) +r D (i) D log"r &7(6)
\—/_/ . —
kernel functions of A jZ1 n=0

shadow terms
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Introduction Laplace Operator ({ = 0) The Problem with Angular Conductor (( # 0) Numerical Simulations

Outline

@ The case ( = 0 : For the determination of coefficients A" we introduce
the method of dual singular functions

@ The case ( # 0 : we introduce the method of quasi-dual singular
functions. This method is an approximate method. We prove estimates
for its convergence.

© Numerical simulations illustrate the theoretical results.
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Introduction Laplace Operator (( = 0) The Problem with Angular Conductor (¢ # 0) Numerical Simulations

Laplace Operator (( = 0)

@ We consider the solution A to

—AA = pdinQ,
A=0onT,
with a smooth right hand side with support outside the interior point c.

o A admits the Taylor expansion at ¢ :

A(r,0) ~ NP+ Z Z NPk cos(kf—pr /2)

r—0
k=1 pe{o,1}
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Introduction Laplace Operator (( = 0) The Problem with Angular Conductor (¢ # 0) Numerical Simulations

Methods to extract the coefficients /\“*

@ The method of moments :
It uses the orthogonality of the angular parts cos(kf—pm/2)
@ The dual function method :

It is the application to the present smooth case of a general method
[Mazya-Plamenevskii, '78] valid for corner coefficient extraction
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The Dual Function Method

@ Dual harmonic functions singularat r = 0 :
1

—2— logr, if k=0, p=0,
K, s
E0 p(r’ 9) = 1
—— r ¥ cos(k0—pm/2), it k=1, p=0,1.
2k

@ For R > 0, let us introduce the bilinear form

Jr(K, A) :/ (KO,A— O,K A) Rd6.

r=R

Proposition

Let A be the solution to the Laplace equation with a smooth right hand side
with support outside the ball (¢, R). Then

Ta(8°, A) = N\ and Ja(t5P, A) = AP, k=1, p=0,1.
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Introduction Laplace Operator ({ = 0) The Problem with Angular Conductor (¢ # 0) Numerical Simulations

The Quasi-Dual Function Method ({ # 0)

@ [Costabel et al, '04;°12] : The QDFM for straight edges, circular edges
and homogeneous operators with constant coefficients.

. . K,
@ We use quasi-dual functions P

fik”(r 0) = {’,O’p (r,0) + Z 1(2 E]’f’p(r, 0)
= N——
shadow term

where Pf’p are solution to
{Aef’“ =0, InS,,
kp— kp— .
AP =487, inS-
in the space :
r~**¥span {log?r ®(0), ¢ <j+1, ® e C(T), oF C®(T+)}
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Introduction Laplace Operator ({ = 0) The Problem with Angular Conductor (¢ # 0) Numerical Simulations

Extraction of coefficients

The extraction of A“? is performed through the evaluation of quantities

TJr(8EPA), k=0,1,2,...

Theorem

Let A be the solution to problem (1), under the assumptions of the introduction.
Letk € Nandp € {0, 1} (p =0ifk =0). Let m such that2m + 2 > k.

! A
There exist coefficients J ¥ P independent of R and A such that

[k/2]
jn(ﬁﬁ;p, A) =, NP Z Rt e O(R_kR§m+2 log R),
/=1

where| Ry = CR(1 + /| log R|) |
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Introduction Laplace Operator ({ = 0) The with Angular C (€ #0)

Extraction of coefficients

Example
e Fork=0

A = Ta(8%°, A) + O(RET*" log R)
e Fork =1

NO = Ta(85,A) + O(RR™)

R—0

e Fork =2, weneedm > 1

/\2,0 Hio jﬁ(ﬁ$,07 A) - jZ,O;0,0/\0,0 + O(F!’_ZHS log R)

Numerical Simulations
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Introduction Laplace Operator ({ = 0) The Problem with Angular Conductor (( # 0) Numerical Simulations

The Problem

~AAT =0inQ,,
—AA” +4PAT =0inQ_, [Aly =0, on %,
e 6] - [0, A]s =0, on X.

™

e (2: disk of radius 50 mm.
@ Conducting sector : w = /4
o ¢ = 1/(5v/2) mm~" corresponds to a physical skin depth of 5 mm.

—

<

17/23



Introduction Laplace Operator ({ = 0) The Problem with Angular Conductor (( # 0) Numerical Simulations

Finite Element Solution

We use P finite elementss

az (01) az (11)
ot 020 os aosts o051 ocotor
[ARERRRERE] rrrrrern [NRRRRRREE [RRRRRRRN}
(b) Real part of the solution .A. (c) Imaginary part of the solution A.
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Introduction Laplace Operator ({ = 0) The Problem with Angular Conductor (( # 0) Numerical Simulations
Accuracy for the computation of /\°" as a function of R

Recall A%0 = Tr(8%°, A) + O(RZ ™ log R).
We plot | Jr(R0, A) — Alc| w.rt. the radius R, for m = 0, 1

T T TTTT T T TTTT T T TTTT

10721 1

1074 1

107 1

1078 1

—10 |-

10 Ll I Ll | NN

1074 1073 1072
Radius R .
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Introduction Laplace Operator ({ = 0) The Problem with Angular Conductor (( # 0) Numerical Simulations
Computation of the coefficient /\"°

Recall \'0 = Ja(R)°, A) + O(RTR™2).
We plot | 7r( :ﬁO,A)—jﬂmm( :T;OrAN-

T T T 7117 T T T T 17177 T T T T 17177

10" |- 8
107 1
10731 8
107° 8
1077»111111 | Y O o Y | [ =

10~ 1073 1072
Radius R
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Introduction Laplace Operator ({ = 0) The Problem with Angular Conductor (( # 0) Numerical Simulations
Computation of the coefficient A>°

Recall A?? = Jr(87°, A) — J2° %0\ + O(R 2R} log R).
We plOt ’jﬂ(ﬁ%o7 A) - ijm (ﬁ%of A)|

T T 11717 T T T T 17177 T T T T 17177

10° [ 8

10' |- :

107" [ :
sl —x— m=1
10 ——  Real part

Imaginary part

1075 |- --- R2Rglog(R) |

Ll | | | [N

10~4 1073 1072

Radius R .
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Introduction Laplace Operator ({ = 0) The Problem with Angular Conductor (( # 0) Numerical Simulations

Comparison of the FE solution and of the local expansion

Expansion restricted to order 1:
~0,0 . 0,0 41,0 1,0
jﬂmm(‘hf 9 A)(1 + 1C2511 ) _'_ jﬂmm ("{1/ 9 )50 9
Expansion restricted to order 2: adding to the above expression the term

(Taa (R5°, A) = 200 T (877, A) )55,

\
az 0k
0ot 0244
[

(d) Expansion restricted to order 1. Real part. (e) Expansion restricted to order 2. Real part.
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Thank you for your attention!
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