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Abstract: ANOVA analysis is a very common numerical technique for computing a hierarchy
of most important input parameters for a given output when variations are computed in terms of
variance. This second central moment can not be retained as an universal criterion for ranking
some variables, since a non-gaussian output could require higher order (more than second) statistics
for a complete description and analysis.

In this work, we illustrate how third and fourth-order statistic moments, i.e. skewness and kurtosis,
respectively, can be decomposed. It is shown that this decomposition is correlated to a polyno-
mial chaos expansion, permitting to easily compute each term. Then, new sensitivity indices are
proposed basing on the computation of the kurtosis. An analytical example is provided with the
explicit computation of the variance and the skewness. Some test-cases are introduced showing
the importance of ranking the kurtosis too.

Key-words: high-order statistics, skewness, kurtosis, Uncertainty Quantification.
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Décomposition des statistiques d’ordre élevé

Résumé : L’analyse ANOVA est une technique numérique pour calculer
une hiérarchie des paramétres les plus importants pour une sortie spécifique
quand les variations sont calculées en terme de variance. La variance ne peut
pas étre considérée comme un critére universel pour classifier les variables, vu
qu’une sortie non-gaussienne pourrait demander des statistiques d’ordre plus
élevé pour une description et une analyse complétes. Dans cette étude, nous
illustrons comment les moments statistiques d’ordre trois et quatre peuvent
étre décomposés. De plus, on montre que cette décomposition est, corrélée avec
le développement du Chaos Polynomial, ce qui permet de calculer facilement
chaque terme. Ensuite, des indices de sensibilité nouveaux sont proposés qui se
basent sur le calcul du kurtosis. Un exemple analytique est fourni avec le calcul
explicite de la variance et de la skewness. D’autres cas-tests sont introduits qui
permettent de montrer 'importance du kurtosis.

Mots-clés : statistiques d’ordre élevé, skewness, kurtosis, quantification des
incertitudes
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1 Introduction

Optimization and design in the presence of uncertain operating conditions, ma-
terial properties and manufacturing tolerances poses a tremendous challenge to
the scientific computing community. In many industry-relevant situations the
performance metrics depend in a complex, non-linear fashion on those factors
and the construction of an accurate representation of this relationship is dif-
ficult. Probabilistic uncertainty quantification (UQ) approaches represent the
inputs as random variables and seek to construct a statistical characterization
of few quantities of interest. Several methodologies are proposed to tackle this
issue, most of all focused on stochastic spectral methods [I, 2], 3] 4 5], that can
provide considerable speed-up in computational time when compared to Monte
Carlo (MC) simulation. In realistic situations however, the presence of a large
number of uncertain inputs leads to an exponential increase of the cost thus
making these methodologies unfeasible [6]. This situation becomes even more
challenging when robust design optimization is tackled [7, [§].

Several UQ methods have been developed with the objective of reducing
the number of solution required to obtain a statistical characterization of the
quantity of interest, such as Sparse grid techniques or adaptive mesh genera-
tion. These techniques can lead to a dramatical reduction of the quadrature
points for moderate dimensional problem, provided that the function has some
regularity. Classical sparse grids [9] are constructed from tensor products of
one-dimensional quadrature formulas. Some Galerkin-based methods deals with
multi-resolution wavelet expansions [10} 1], domain decomposition in the ran-
dom space [12], adaptive h-refinement [3] for dealing with arbitrary probability
distributions.

Among the collocation-based stochastic spectral methods, in [I3] they pro-
posed the use of sparse grid quadrature for stochastic collocation. Older stud-
ies show the errors and efficiency of sparse grid integration and interpolation
[14, 15], Smolyak constructions based on one-dimensional nested Clenshaw-
Curtis rules [14, [16] and the integration error of sparse grids based on one-
dimensional Kronrod-Patterson rules [17].

An alternative solution for reducing the cost of the UQ method is based on
approaches attempting to identify the relative importance of the input uncer-
tainties on the output. If some dimensions could be identified as negligible, they
could be discarded in a reduced stochastic problem. If the number of uncertain-
ties could be reduced, a better statistic estimation could be achieved with a
lower computational cost.

Concerning the computation of the most influent parameters, it is important
to determine the uncertain inputs which have the largest impact on the variabil-
ity of the model output. In literature, Global sensitivity analysis (GSA) aims
at quantifying how uncertainties in the input parameters of a model contribute
to the uncertainties in its output (see for example [18]), where global sensitiv-
ity analysis techniques are applied to probabilistic safety assessment models).
Sometimes, GSA classifies the inputs according to their importance on the out-
put variations and it gives a hierarchy of most important ones.

Traditionally, GSA is performed using methods based on the decomposition
of the output variance [19], i.e. ANOVA. The ANOVA approach involves split-
ting a multi-dimensional function into its contributions from different groups
of subdimensions. In 2001, Sobol used this formulation to define global sen-
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sitivity indices [19], displaying the relative variance contributions of different
ANOVA terms. In [20], they introduced two High-Dimensional Model Reduc-
tion (HDMR) techniques to capture input-output relationships of physical sys-
tems with many input variables. These techniques are based on ANOVA-type
decompositions.

Since it requires a large number of function evaluations, several techniques
have been developed to compute the different so-called sensitivity indices at low
cost [21]. In [22| 23] 24], generalized Polynomial Chaos Expansions (gPC) are
used to build surrogate models for computing the Sobol’s indices analytically
as a post-processing of the PC coefficients. In [6], they combine multi-element
polynomial chaos with analysis of variance (ANOVA) functional decomposition
to enhance the convergence rate of polynomial chaos in high dimensions and in
problems with low stochastic regularity. In [25], the use of adaptive ANOVA
decomposition is investigated as an effective dimension-reduction technique in
modeling incompressible and compressible flows with high-dimension of random
space. In Sudret [26], sparse Polynomial Chaos (PC) expansions are introduced
in order to compute sensitivity indices. An adaptive algorithm allows to build
a PC-based metamodel that only contains the significant terms whereas the PC
coefficients are computed by least-square regression.

Other approaches are developed if the assumption of independence of the
input parameters is not valid. New indices have been proposed to address the
dependence [27,, 28], but this attempts are limited to a linear correlation. In [29],
they introduce a global sensitivity indicator which looks at the influence of input
uncertainty on the entire output distribution without reference to a specific
moment of the output (moment independence) and which can be defined also in
the presence of correlations among the parameters. In [30], a gPC methodology
to address global sensitivity analysis for this kind of problems is introduced.
A moment-independent sensitivity index that suits problems with dependent
parameters is reviewed. Recently, in [31], a numerical procedure is set-up for
moment-independent sensitivity methods.

The ANOVA-based analysis create a hierarchy of most important input pa-
rameters for a given output when variations are computed in terms of variance.
A strong limitation of this approach is the fact that it is based on the variance
since the second central moment can not be considered like a general indicator
for a complete description of output variations. For example, any Gaussian sig-
nal is completely characterized by its mean and variance. Consequently the 3rd
order moment of a Gaussian signal is zero. Unfortunately, many signals encoun-
tered in practice have non-zero high-order statistics, but second-order statistics
contain no phase information. As a consequence of this, phase signals cannot be
correctly identified by a 2nd-order technique. Remark also that many measure-
ment noises are Gaussian, and so in principle the high-order statistics are less
affected by Gaussian background noise than the 2nd order measures. For well
describing the complexity of engineering systems, computation of Higher-Order
(HO) statistics are of primary importance, for example the third order, the
skewness (measure of the non-symmetry of the distribution, i.e. any symmetric
distribution will have a third central moment of zero), and the fourth order,
the kurtosis (measure of whether the distribution is tall or short, compared to
the normal distribution of the same variance). Now, let us imagine to compute
the more influential parameters for a given output. The hierarchy of important
parameters based on 2nd-order statistical moment (like in ANOVA analysis)
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is not the same if a different statistic order is considered. Depending on the
problem, a n-order decomposition could be of interest. It seems of primary
importance to collect the set of hierarchies obtained from n-order statistical
moment decomposition, for a correct ranking of all the uncertainties.

For computing HO statistics, the most diffused methods are related to Monte
Carlo and quasi-Monte Carlo approaches. Very few papers exist showing the
application of polynomial-chaos techniques to the computation of HO statistics
32, 53]

First objective of this paper is to provide a general method in order to com-
pute the decomposition of high-order statistics, then to formulate an approach
similar to ANOVA but for skewness and kurtosis. The idea is to compute the
most influential parameters not only for the variance but also for higher orders
permitting to improve the sensitivity analysis. This is a fundamental step in or-
der to formulate also innovative optimization methods for obtaining very robust
designs by taking into account a complete description of the output statistics.
Second objective is to illustrate the correlation between the high-order functional
decomposition and the PC-based techniques, thus displaying how to compute
each term from a numerical point of view.

The paper is organized as follows. Section §2 illustrates some definitions
for high-order statistics. In section §3] functional decompositions for variance,
skewness and kurtosis are presented. In section §4l the correlation between
the functional decomposition and a Polynomial Chaos framework is depicted.
Section §5] extend some sensitivity indices to high-order decomposition. Then,
Section §6] presents several results showing the importance of considering skew-
ness in robust design problems and of computing kurtosis sensitivity indices
when ranking a set of uncertainties. In section 7 conclusions and perspectives
are drawn.

2 High-order statistics definition

Let us consider a real function f = f(&) with € a vector of random inputs
el =5 x-xZ, (ECRY and £ € ¢ — f(&) € L2(Z%,p(¢)), where
p(€) = Hle p(&) is the probability density function of &.

We can define the central statistical moment of f of order n as

(f(&) = E(f))"p(&)ds, (1)

d

=
E
&h
N—
|
T

where E(f) indicates the expected value of f
B(H) = [ f@mee. ©)

In the following, we indicate with o2, the variance (second-order moment),
with s the skewness (third-order), and with & the kurtosis (fourth-order). We
recall here some convenient formulas for skewness s and kurtosis k (see [A] for
more details). They can be computed as follows

s = E(f*) = 3E(f*)E(f) +2E(f)’

s = B(f*) - 302E(f) — B(f)", ¥
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k= B(f*") —4E(f)E(f) + 6E(f*)E(f)* - 3E(f)*

_ p(h 2 2 4 (4)
k=E(f") —4sE(f) —60°E(f)" — E(f)".

These expressions are used for the functional decomposition shown in the
following sections.

3 Functional decomposition

Let us apply the definition of the Sobol functional decomposition [19] to the
function f as follows

N
F&) =" fmi(&-ma), (5)
1=0

where the multi-index m, of cardinality card(m) = d, can contain only elements
equal to 0 or 1. Clearly, the total number of admissible multi-indices m; is
N+1 = 2¢; this number represent the total number of contributes up to the dth-
order of the stochastic variables €. The scalar product between the stochastic
vector £ and m,; is employed to identify the functional dependences of f,,. In
this framework, the multi-index my = (0, ...,0), is associated to the mean term
Jmo = Jza [(€)P(€)dE. As a consequence, fpm, is equal to the expectancy of f,
i.e. E(f). Let us assume, in the following, to order the N multi-indices m; in
the following way:

mq - (1503 50)
ms = (0,1,...,0)
mg = (0,...,1)
maa = (1,1,0,...,0)
mgi2 = (15071507'-'70)
my = (1,...,1).

(6)

Except the term myg, that should be the first in the series, the remaining N
multi-indices m; should be classified with respect to a prescribed criterion.
However, this criterion does not affect in any way the successive ANOVA func-
tional decomposition.

The decomposition (&) is of ANOVA-type in the sense of Sobol [19] if all the
members in Eq. (B are orthogonal, i.e. as follows

L €0 o (6 m)p()d€ =0 with i 2y, (D)

and for all the terms f,,,, except fo, holds
[ Fmil€ madple)des =0 with ¢ € (€ ma). ®)
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Each term f,,,, of (&) can be expressed as

fr€m = [l mp€E - Y fm(Emy).
Card(rzi?gig;d(mi)

(9)
where the multi-indexes, m;, have cardinality equal to the number of non-null
elements in m,; and &, contains all the variables not contained in (£ - m;), i.e.

(€-m)Ug =¢
The functional decomposition (&) is usually employed [I9] to compute the
contribution of each term to the overall variance, as shown in the next section.

3.1 Variance decomposition

ANOVA analysis is based on the variance decomposition in its conditional con-
tributions. Variance can be written in terms of conditional expectancy of f and
f? as (see[Al for more details):

o = B(f*) - B(f)*. (10)

As a consequence, the problem is to compute E(f?), seeing that E(f) is known
and equal to f,,. Starting from Eq. (@), it is easy to compute

N N N
=Y R m) 2> D (€M) fm, (€ -my). (11)

i=0 i=0 j=i+1

If the equation (II)) is integrated in the stochastic space and the orthogonality
property () is applied, variance can be decomposed as

N
02=Z/_df3ni(£-mz £)dé = Z/ P2, (& - ma)p(€ - ma)d(€ - my),
i=1"7=

(12)
where the symbol =, is employed to indicate Z¢#rd(™i) for brevity.
Variance can be expressed as the summation of all the conditional contribu-

tions
N
o2 = Z gfm_ (13)
i=1
So, a comparison with the equation (I2)) shows that
T = [ Fl€ mop(e - mad(e - ma) (14
Then, the same type of analysis is applied to skewness and kurtosis.

3.2 Skewness decomposition in conditional terms

Let us extend the same procedure already presented in the previous section
to the computation of the skewness. As shown in §2 (see [A] for more details),
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skewness depends on E(f), E(f?) and E(f3) 83). The skewness can be written
in the following form

572/ [ (& ma)p(€ - ma)d(€ - my)

+3zz/ S (€ 13) fony (€ g )p(E - 21 ) (€ - masy)

i=1 j=1" =i
J#z

+62 Z Z / Fmi (& -mi) fmy (€& - m5) frn, (€ - ) (€ - i )A(E - M),

i=1 j=i+1 k=j41 7 =ijk
(15)

where é” = =eard(mii;) and éijk = zeard(mijn)

Here, a special notation is introduced to compute multi-indexes as myp....,

Mg, +Mp, +---M Mg, +Mp, +--+mMm
Map...2 = maﬁﬂmbE. . .Hﬂmz — a1 1 21 aq d 24

geeey

"mad+mbd+"'+mzd

(16)

Hmal +mp, gy

where the norm H . H¢ is defined as
0

if 0
ll-{" ¥ 52 &
#0 1 if a=0.

Proof. Let us focus on the computation of f3(€). Starting from (&), f3(&) can
be written as follows

N N N
) =D (& mi)+3) f2(6mi)>  fmy(&-my)
=0 i=0 i—

‘7._ .
J#i (18)

i=0 j=i+1 k=j+1

The first term is split in

N N
S ma) =2 [+ S0 g ma) (19)
=0

i=1
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and the second term in

N N N
3 fomi(€-ma) Y fm, (€-my) = 3f 1, (£ m; me, &-my)
= T =
N
+|3fmo D frni (& - m4) (20)
=1
N N
3D (& ma) Y fmy (- my).
i=1 j=1
JAi

For the third term, the mean contribution is put in evidence

N N N

i=0 j=i+1 k=j+1

N N
6fm0 Z Z fmj (€ : mJ)fmk(& ' mk) (21)

j=1k=j+1

6> > > fmi(& M) fany (&™) fim (€ - TR).

i=1 j=i+1 k=j+1

Moving some terms to the left side and integrating on the whole stochastic
space Z, we obtain

/: FEPE)AE —| frng |~ 3fmoz /_ f2 (€ -ma)p(€-my)d(€-m;) | =

Z / F (€ ma)p(€ - ma)d(€ - my)

+322[ fons (€ m3) fr; (€ - ) p(€ - mig)d(€ - mij)
]ﬁél '

YT Y L €110 oy (€10 o (€ - (€ - i€ sz,
i=1 j=i+1 k=j+1 " =ijk
(22)

where the underlined terms of the equations (20) and (2I)) are equal to zero,
because of the orthogonality, and because f,,, does not depend on &.

If we consider that the variance computed by the ANOVA functional decom-
position

7 =3 [ e map(ec (23)

that [2, f2(&)p(€)dE = E(f(€)), and that f3, = E(f)?, the left side of Eq.
[2)) is exactly equal to the skewness, s, as described in Equation (I5]). O
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The number of terms that form the skewness can be estimated asTs = N + N(N — 1) +

If we consider that N +1 = 2¢, we can compute the number of terms as a func-
tion of the stochastic dimension d

24 — 1
TS:2d(2d—2)+1+( 3 ) with d > 2. (24)

In Table[ the numbers of terms for an increasing dimension up to five are
reported compared to the number of terms (2¢ — 1) allowing the computation
of the variance.

Dimension || Varlance Skewness

2 10
3 84
4 680
) 5456

Table 1: Number of terms in the functional decomposition for the skewness

Concerning the skewness, identifying each conditional term becomes more
difficult, with respect to the classical decomposition of variance, because of some
terms depending from different multi-indexes. However, it is possible to use an
additive form as follows v

s = Z Smy (25)
i=1

where each of the conditional term can be expressed as

S = / £3.,(6 - ma)p(€ - ma)d(€ - ma)

+3Z Z / f72n (&-mp) fm, (& mg)p(§ - my)d(§ - my)

mg#myp
mpEElmq =m;

ADDDIEDD [ (€ ) o (€ ) o (€ (€ - ma)(E - ),

Mp Mpgr=m4 Y =i
P a>ptl r>g+1

(26)

with mpgr = mp HmgHm,..

RR n° 8193
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3.2.1 Kurtosis decomposition in conditional term

In this section, we illustrate the decomposition of the kurtosis. The functional
decomposition based on the functional Sobol form (Eq. (@) is equal to

N N N
B=> [ fm (& map(€ - ma)d(€-ma) +43 / (&) (6D (€ - mig)d(€ - M)
i=1"= i=1 %7:; Zij
N N

+ 62 Z . g (& -m3) fro (€ - mg)p(€ - i) d(€ - M)
i=1 j=i+1"“ =i
N] N N

+ 1222 Z /_ S (&) fny (€ - 5) fmy, (€ - ) (€ - e )A€ - i)
i=1 j=1 k=j+1" =ijk
i ki

+24) > > Z/_ frmi (& M) fm; (€ - M) frns (& - k) fimy (€ - M )P(E - i) A(E - Tijkn)

i=1 j=i+1 k=j+1 h=k+1 " Zijkh
(27)

Proof. The expectancy of f* (see §2) is needed. The term f*(£), based on the
functional decomposition (Eq. (&), can be computed as the summation of five

terms:
N N N
FHE = Smi (€ ma) +4D [ (€:ma) 3 fimy (€ y)
i=0 =0 g;(z)
N N
+6Y  frm (&-mi) D [, (€-my)
i=0 j=i+1
N N N
H12) T f2 €M) Y fmy (€ my) D fmi (€ mk)
i=0 Jj=0 k=j+1
i k#i
N N N N
24 fn (€ ma) Y fmg(6omy) D fa (€ mE) Y fmn (€M)
1=0 J=t+1 k=j+1 h=k+1

(28)

In the following, each of the above terms is manipulated to isolate the kur-
tosis expression (see (B)).
The first term of Eq. (28)) can be written as

N N
> i€ mi) = fh (6 mo) + > f (€ ma). (29)
1=0 =1

If it is integrated on the domain =¢ with a probability density function p(£), we
obtain

> / i (€ maD(E)AE = frng |+ | fony (€ ma)p(€ - ma)d(€ - ).
i=0 /27 i=1 Y E
(30)
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The second term of Eq. ([28)) can be expressed as follows

N
AN [ (& m)> " fmy (€ my) =Af5, mej &-my) +4Zf3 (&-mi) Y fmy (& my)
1=0

7=0 Jj=1 i=1 7=0
J#i J#i

N N
= Afpy > Fmg (& my) +4 [ (€ m3) fmg

j=1 i=1

N N

4D (& ma) Y fmy (€ my).
i=1 j=1
JFi

(31)

Integrating the above expression, it follows that

N
42020/ oo (€ 3) frny (€ - mj)p (€)d€:4ffnoz N “my)d(€ - my)
7 J — =7
JFi

#hmy 3 [ Fin € maple maja(e

+4ZZ/ Fmg (€ -14) fony (€ - g )p(€ - s )A(E - M)
T
N
=4ﬁm§:_;ﬁ”@'mDM6ﬂ%M@'mD

=1 =i

+ 422/ Fong (€ -15) fony (€ - g )p(€ - i )A(€ - M),
= 1;751
(32)

where the barred term is equal to zero.
The third term of Eq. (28) could be decomposed as

N
Zf £m’t Z fmg £mJ _Gfmoz.fm £mJ +62fm £m’t Z fmg £m.7)
=0

Jj=1+1 Jj=1 Jj=1+1
(33)
When integrated on =, we obtain
N
653 3 [ (e ma (€ i€ =672, Y [ fi, (€ mp(e - my)(e - my)
i=0 j=i+1 gd j=1v%j

163 3 / P (€ ma) f2,, (€ - mg)p(€ - mag)d(€ - ).

i=1 j=i+1

(34)
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The double underlined term of Eq. (B4) can be expressed as follows using

Eq. 23)
6120 Y [ F2,(6 m)pl - my)d(€ - my) =GE(0%  (3)

The fourth term of Eq. (28) requires more manipulations

1221‘2 (€ m; me, &-mj) Z Fmi (€
J#Z ;gzgl
N N
= 120203 fny (€M) Y Fn (€
j=1 k—j+1
+122f2 (&-m; meg §-m;) Z fmi (€
J#l ;Q_l

N N

N
=12f20 > Fng (€M) D fana () +12img fom (€-mi) > fma (€
j=1

kg1 =1 =1
J lti

mk)

N N N
H12) 2 (6 ma) D fmy (6 M) D i (€M),

i=1 j=1 k=j+1
i ki
(36)

When integrated, it can be written as follows

1222 Z () g (6 g Frn (6 M )D(€)dE

1=0 j=0 k=j+1 gd
A kA

2 33 L 26 ma) o € madp(€ - mad(€ - ma)

i=1 k=1" =ik
ki

+1QZZ Z / mi (& ) frn; (6 - M) g, (€ - g )p(€ - Miin)A(E - M),

i=1 j=1 k=j+1" =ijk
i ki
(37)

where the first term is zero due to the orthogonality.

RR n° 8193
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The last term of Eq. (28), first, is split into

N N N N
24mez(£ml) Z fmg(gmj) Z fmk(gmk‘) Z fmh(gmh)

i=0 j=i+1 k=j+1 h=k+1
N N N
=24fmo > fm; (€ M5) D> i (& mk) Y fmi (€ mn)
j=1 k=j+1 h=k+1
N N N N
24 (€M) D fmg (6-mg) Y (€ mk) D fma (€M)
1=1 j=1+1 k=j+1 h=k+1

(38)
When integrated on =, we obtain

N N N

N
245 N N / frri (€ ) fr (€ - 1105) fry, (€ - k) o (€ - Tn)P(E - Tiaen )A€ - Mijen)

i=0 j=i+1 k=j+1 h=k+1 " Zijkh

N N N
=24fme Y D Z/ fmi (€ - m5) fmi, (€ - k) frm, (€ - p)D(E - Mjten ) A(E - jken )

j=1 k=j+1 h=k+1" Zikn

N N N N
+24Z Z Z Z [ Sma(& ) g (8 ) fn (§ - k) fon, (€ - ) P(E - Tijien )A(§ - Mijin).
i=1 j=i+1 k=j+1 h=k+1 " Zijkh
(39)

The underlined term of the previous equations, ([32), B7) and (39), can be
summed up and collected into the term

tmo( 2 JL Sl mante ma) 3373 [ fh 6 mo € my)

i=1j=1"%ij

J#i

N N N
4630 0" S0 [ € ) oy (6 o (€ 00)) = AE ()

i=1 j=i+1 k=j+1 " =ijk

(40)

where fm, = E(f) and the equation ([@3) is employed.
Now, if Eq. (28)) is integrated on the stochastic domain =, if some terms

are moved to the left side and Eqs. (30), (32)), (34), (31) and (B39) are used, the
final form of the kurtosis expressed in term of its functional decomposition (27))
is obtained. O

The number of terms in the case of the kurtosis decomposition in its condi-
tional terms is equal to

Tk=N+N(N—1)+(]2V)+N(N21)+(]Z>. (41)

The number of terms can be expressed as a function of the stochastic dimension
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d of the problem, employing N + 1 = 2¢ as follows

11
1+(2d—2)(2d+2d—1—§+§(2d—1)(2d—3)), with d =2

Te = 9d _ 1

14+ (29 -2) <2d+2d1%+%(2d1)(2d3)>+< A

), with d > 3.

(42)
Table @] is obtained from Table [ by adding the values for the kurtosis.

Dimension || Variance | Skewness | Kurtosis

2 3 10 15
3 7 84 210
4 15 680 3060
5 31 5456 46376

Table 2: Number of terms in the functional decomposition for variance, skewness
and kurtosis

Also in this case, kurtosis (7)) can be written using an additive form as
follows

N
i=1

where each term k,,, can be computed as

Fmg = | i (€ map(E ma)d(€ ma) +4Y 0 / o (€ 1) fny (€ - mg)p(€ - mi)d(€ - i)

mp q7#p =
mpyfBmg=m;

S [ e m (€ maple maa(e ma)

=

(1]

+6)

P q7#p
mpfHmg=m;

+12) 0 > D /éifip(ﬁ-mwfmq(&~mq>fmr<e~mr)p(£~mi)d(£~mi>

Mp MgF# My m:;:«]ilnz

Y Y Y% /éifm,,(emp)fmq(s~mq>fm,,(£~mT>fmt(£~mt>p<e~mi>d<e~mi),

P q My Mpgrt =m0
q>pF+1r>g+l  t>r41

(44)

where obviously mpqr = myp HmgHm, and mpgre = mp Bmg Bm, Hm,.

4 Correlation with Polynomial Chaos Framework

This section is devoted to show how formulas of variance, skewness and kurtosis
from the functional decomposition are correlated with the polynomial chaos
framework. If a polynomial chaos formulation is used, an approximation f of
the function f is provided

P

F(&) = (&) =) BuVi(€), (45)

k=0
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where P is computed according to the order of the polynomial expansion ng and
the stochastic dimension of the problem d

P+1=
+ nold'

(46)
Each polynomial ¥ (&) of total degree n, is a multivariate polynomial form

which involve tensorization of 1D polynomial form by using a multi-index o €
R, with Zle alf <np:

d
Ui(§-m*") = H Par (i) (47)

where the multi index m** = m**(a*) € R? is a function of a*: m** =

(mi*, ... ,mZ’k), with m:’k = af/‘ o

Remark that, for each polynomial basis, ¥(§;) = 1 and then ¥y(€) = 1.
Then, the first coefficient Sy is equal to the expected value of the function, i.e.
E(f). The polynomial basis is chosen accordingly to the Wiener-Askey scheme
in order to select orthogonal polynomials with respect to the probability density
function p(€) of the input. Thanks to the orthogonality, the following relation
holds

k
Q;

/_ W (€) UL (E)p(E)AE = 51, (W,(€), s(£)) (48)

where (-,-) indicates the inner product and d;; is the Kronecker delta function.
The orthogonality can be advantageously used to compute the coefficients
of the expansion in a non-intrusive PC framework

(f(£), Yr(£))

S e ner ™ )
4.1 Variance decomposition
First, we compute the term E(f?) as follows
P 2
| rerpenae= [ (z ﬁkwg)) pE)de. (50)
E B4 \k=0
This term can be computed easily due to the orthogonality :
P 2 P
I (z ﬁkwe)) p(E)dE = 3" B (W), 61)
EY \k=0 k=0

As a consequence, variance can be easily computed as
P
o® = E(f*) — E(f)* =) _ BR{VR(E))- (52)
k=1

Finally, an explicit correlation between the last expression and the Eq. (2]
is found. As done for the the functional decomposition of the variance (see
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§3.0), let us compute each conditional term of the variance. Remembering the
equation (3], each conditional term can be computed as

Oy = D BHTLE)), (53)

k€K m,

where K,,, represent the set of indexes in associated to the variable contained
in the vector (& - m;):

K, = {k€{1,...,P} | m** = m**(a") = m;} (54)

4.2 Skewness decomposition

In this section, the conditional terms associated to the skewness are computed
starting from the polynomial chaos formulation. This procedure is the same
usually followed for the variance.

After many manipulations (reported in [B)), the final expression for the
skewness is given by

P P P
+62 Z Z BiBiBr{Vi(§), ¥;(§)Wi(§)),

i=1 j=i+1 k=j+1

that is constituted by the summation of monadic, dyadic and triadic interactions
between the terms of the polynomial chaos approximation. Remark that this
expression has the same structure than that one obtained by means of the
functional decomposition (see Eq. (I3)).

The number of terms composing the skewness can be estimated by using
T=P+P(P—1)+(5). Then, considering that P+ 1 = {2t the total
number of terms depends on both the total degree of the polynomial expansion
ng and the stochastic dimension d. In Table Bl the numbers of terms for an
increasing dimension up to five and an increasing polynomial order ng up to five,
are reported compared to the number of terms (P) allowing the computation of
the variance.

d\no || 2 | 3 | 4 | 5
2 (5;35) (9;165) (14;560) (20;1540)
3 (9;165) | (19;1330) | (34;7140) (55;29260)
4 (14;560) | (34;7140) | (69;57155) | (125;333375)
5 (20;1540) | (55;29260) | (125;333375) | (251;2667126)

Table 3: Couple of terms (02; s) for several combinations of stochastic dimension
d and total degree of approximation nyg.

In this case, the identification of each conditional term becomes more diffi-
cult due to high-order interactions between the polynomial terms of the basis.
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Remembering the equation (23]), we can express each conditional term as

sme= > BUTLE)+3 D B Y BTh(E),Ty(8))
KEKm; PEKm,  g€EKmg—{p}
mpyfHmg=m;

+ 6 Z Z Z ﬁpﬁqﬁT<lI/P(£)a\I]q(g)ll/T(g))a

pGKmp qGKmq r€Km,.
g>p+1 Mear ="

where, as usual, mpgr = mp HmgHm,..

4.3 Kurtosis decomposition

The conditional terms for the kurtosis are presented in this section.
Employing several manipulations (detailed in [B.2), the equation (@8) can be
recast to recover the kurtosis, as it is written in Eq. (87)

k= / FHOPENE — 4B (f)s — 60>E(f)? — E(f)*

P P P P P
= BUTLE) +4D B B W) 46> B8 Y BH(WF, U3
i=1 j=1

=1 i=1  j=it1

JFi
P P P P P P P
12 BEY B Y Be(WE WU +24) 0 Y0 D Y BifiBuBn{TiV, W),
i=1 j=1  k=j+1 i=1 j=i+1 k=j+1 h=k+1

JEL kA
(57)

The total number of terms to compute is equal to

TkP+P(P1)+<§)+P<P21)+<Z>, (58)

where the number of terms P depends from both the total degree of the ap-

proximation ng and the stochastic dimension of the system d: P+ 1 = %.
The single conditional terms associated to the multi-index m; can be com-

puted as

kmo= Y BRYRE) +4 Y B > BTy
kEKm; PEKm,  q€EKmg—{p}
mplBmg=m;

AP DN D DR AU A
PEKm,, qumqf{p}
mpBmg=m;

59
2 2 Y 5 Y setwwy 09
PEKmp  q€EKmg—{p} r€Km,.

r>q+1
Mpgr ="T10;

+24 Z Z Z Z ﬂpﬂqﬂrﬂt<\llp\llq7\llr\pt>'

PEKmp Q€K my T€Km, t€Km,

g>p+1 r2g+1  t>r+l
Mpgrt ="M

In the next section the sensitivity indexes are defined extending the classical
framework [19] based on the variance.
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4.4 Numerical example on a toy-function: computation
and decomposition of high-order statistics

In this section, an analytical example is provided with the exact computation
of the variance, skewness and kurtosis, showing the correlation between the PC
framework and the functional decomposition.

Let us consider a function of total degree equal to two

f&) =8 +&&+&3, (60)

with & ~ U(0,1). The exact solution for the expected value E(f), the variance
o2, the skewness s and kurtosis k are equal to

11
E(f) = D

) 283

7T 720
5203

s = —_—

30240
543521

1209600

Moreover, the ANOVA functional expansion is computed as follows

f&) = fo+ fo + feo + far6) (61)

where

11

fo= [ 1) = 3

feo = | F&)p(&)dé — fo =& — 151 T
271 -
Je = Ef(ﬁ)l?(fl)dffl —fo=6&- 552 13
fots = F€) ~ feo — fou ~ o =662 — 561~ 262+ .

2

The overall variance o can be computed by means of the ANOVA expansion

as
0% =0}, + 0%, + 0, (63)
where
139
2 —_ 2 d _ 7Y
O¢, /Efglp(fl) &1 720
139
o2, = [ fhpleies = oo (o4

1
2 _ 2 _
O¢e; = /52 f€152p(€)d§ T 144

In this case (d = 2), the number of terms to compute for the skewness is 10.
Considering the following nomenclature

f£1 = fm1
fes = fm, (65)
fﬁlfz = fmg;
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the equation (1) can be written as follows

s= [ fipenda+ [ pee+ [ fapena

¥ 3( | tep@e+ [ R facp©de+ | f2tan©)e

+ 2f§2f5152p(£)d€+/:2 f2.e,Fep(€)dE Zféng&P(ﬁ)d&)

+ 6/:2 fei fe fere,p(€)dE.

Looking for an additive form for the skewness, i.e.
8= 8¢ t 8g T S¢10,

the conditional skewness can be computed as follows

571
8¢ = /_f?lp(&)d& = 15120

571
S¢y = /_fip(&)d& = 15120

8616 = ) fgl&p(ﬁ)dﬁ

(11

(67)
B Taer(©+ [ f21ap(E)e

+3< 5 J2 fe,p(€)dE +

+ | fé feep(€)d€ +

P ep(©3 [ f§lg2f52p(£)d£>

139

+6 | fefefeep(§)dE = 75

The kurtosis can be computed as

b= [ fhpoda + [ ripee+ [ fhepne

¥ 4( | rsimeres [ fizaedes [ frined
v [ rzer©de [ rorpedes [ fé”l&fép(&)d’s)
¥ 6( | sineaes [ ionedes [ féf?l&p(ﬁ)d€>

¥ 12( [ Rtataer©dr [ fhiatoar©de+ [ fote f52p(£)d£> ,
(69)
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where the conditional indexes are equal to

17701
ke, = [ Fp(eds = o
e 17701
ke, = [ Fp(ea)de = o
b = [ Fhcp(©)e
+4 ( L st rimenes [ zanede s [ £rnea

+ [ B Rer©+ [ e ripede s

fhe, fép(i)dé)

+6< [ 2@ [ 2 reree | féfé@p(&)dé)

+ 12( s f€21ff2f51€2p(€)d€ + /=2 ff22f§1f£1§2p(€)d€ +
(69)

The use of the polynomial chaos expansion permits to obtain the same re-
sults. In this case, we need to compute all the coefficients appearing in the
Legendre polynomial basis. The number of terms of the polynomial chaos ex-
pansion is equal to P + 1 = 6 for a total order of 2 and for two dimensions
in the stochastic space. Then, in this case, a tensorization of the first three
monodimensional Legendre basis is demanded, i.e.

a’=(0,0), m*°=(0,00 — Ve(¢-m*°)=1
a' =(1,0), m®'=(1,0) — W (- m>) =2 -1
a?=(0,1), m*?=(0,1) — Uy(&-m*?) =261
(70)
o =(1,1), m*®=(1,1) — T3(&-m*) = (26 —1)(26 —1)
ot =(2,0), m*=(1,00 — W€ -m**) =66 —66+1
o®=(0,2), m*®=(0,1) — Us(&-m*°) =66 — 66+ 1.

Each coefficient, of the series can be computed using the orthogonality property
(Eq. ([#9) is reported here for convenience)

J= FOYR(E) p(&)de

=T e "

obtaining
11 3 1 1
Bo 17’ B1 =B e B3 7 and 4 = B5 5 (71)
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Remark that the coefficient Sy is the mean and the variance can be computed
as shown in the equation (96

P
283
2:§ 2q2(¢) = ==,
o i:16k #(8) 720

In order to compute the skewness, 35 terms should be computed for d = 2
and ng = 2. We can split Eq. (B3) to obtain all the conditional terms

571

se, = BHU3) + BHU3) + 3628, (U3, Wy) + 36261 (U3, Wy) = 15130
571

se, = 03(V3) + B3(WE) + 33365 (T3, Us) + 363 52(W3, W) = =

Sere, = B5(V3) + 367 <62<‘1’%, Us) + B3(¥3, W) + B5 (01, ‘I’5>>
+ 363 <61<‘1’§, U1) + B3(V3, Us) + B4 (3, ‘I’4>>
ey (wz, W) + a3, ) + 54U W) + (5, w)
+ 383 <51<‘I’42p W) + Bo(03F, W) + B3(W3, Us) + B5 (03, ‘I’5>>
3 (wg, W) + B2, W) + B, m)
+ 65152 <ﬂg<\111\112, \I/3> + B4 <\I/1\I/2, \I/4> + Bs <\I/1\I/2, \I/5>>
+ 6313 <ﬁ4<\111\113, lI/4> + 65(‘111\1/3, \I/5>> + 6ﬁ1ﬂ4ﬁ5<\1/1, \114\I/5>
+ 6323 <ﬁ4<\112\113, lI/4> + 65(‘112\113, \I/5>> + 6ﬁ2ﬁ4ﬁ5<\1/2, \114\I/5>

139

+6638405(V3, Uy ¥s5) = Ta10°

For the kurtosis, employing the relation ([59), the conditional terms can be
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obtained by PC as follows

= BHWY) + BHL) + 487 Ba (T, Wa) + 451 8301, UF) + 657 53(03, 03) = 2147120210
B 52< £) + AW + 48355 (U3, Ws) + 48,63 (02, W) + 68362003, 92) = 5 T

kfliz

3, W0) + B3 (T3, U3) +65<\I/?,‘If5>> + 483 (/31(\1/3,\111> + B3(W3, U3) +64<\I/§,‘If4>>

+ 43

ol
4(wd)
+4ﬁ1< q/
( Br(¥3, W1) + By ‘113,‘1/2)+64(‘113,‘1’4)+ﬁ5(‘113,‘lf5>>

+ 453 (52@1 o) + B3 (W5, U3) + B5 (01, ‘1’5>> + 453 (51(‘1’2, Wq) + B3(W3, U3) + B (W3, ‘1’4)>

+ 68735 (W5, W3) + 657 83U, W3) + 66755 (W1, W5) + 63585 (W3, U3)
+ 6363035, W) + 6855 (W3, Wi) + 65553 (W3, W5) + 65153 (W5, UF)

+ 1252 (5253@1/%, WoWs) + B2 (U, UaWy) + Baffs(VF, Wals)
+ B3 Ba (1, WaWa) + B35 (T, UsWs) + Bafs( VT, \114\If5>>

+ 1232 (ﬂlﬂg<\p§, U1 W3) + B1 64 (05, U1 Wy) + 51 55(V3, U1 Us5)

+ B38a(03, U3Ws) + B3B5(V3, UaWs) + Baf35(05, ‘I’4‘I’s>>
+12ﬂ§<ﬂlﬁxq§,@1@2>+ﬂu%<W37W1W4>%ﬂu%<W§,W1W5>

+ B2B4(W3, W) + a5 (W3, WaUs) + BafSs (W3, ‘114‘115>>
+12ﬁ§<ﬁﬂ%<@§,mlm2>+—ﬁu%<W37W1Ws>+—6u%<WZ,W1W5>

+ B2B3(], WaWs) + Baf5 (W3, WaUs) + B35 (W, ‘Ifs‘lf5>>
+12ﬂ§<51@xq€,@1w2>4ﬂu%<¢§7W1W3>%ﬂuﬂ<®§,W1W4>

+ B2 B3 (W2, WaWs) + BofBa(VE, Waly) + B3Ba(VE, ‘1’3‘I’4>>
+ 245318283 84(V1 Vo, UsWy) + 2451 828305(V1 Vs, UsWUs) + 2451528485 (V1 Vs, UyWs)

366511
24 U U5, U, 05) + 24 LPER A 900600
+ 2451836455 (U1 s, Wals) + 24520838455V Vs, Wals) = s
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Remark that PC and ANOVA are analytically equivalent, but the PC pro-
vides more flexibility from a numerical point of view with respect to Monte
Carlo methods, as it is shown in the section §6l

5 Introducing more sensitivity indices

As introduced by Sobol [19], sensitivity indexes for variance can be computed
for each conditional contribution following Eq. (I3):

2,51 ‘712m

Here, we introduce new sensitivity indexes, basing on the decomposition of
kurtosis and using the definition of the conditional term in (@3)), as follows

K,
fept = . (73)

If a total sensitivity index is needed, i.e. it is necessary to compute the overall
influence of a variable, it can be computed summing up all the contributions in
which the variable is present

TS = > ond
& E(Em;)

k __ SI
TS = Y K
§€(§my)

(74)

Remark that some indexes could be introduced also for the skewness, but in
this case the positivity of each term is not guaranteed.

6 Some numerical results

6.1 Importance of Skewness in decomposition

This paragraph is devoted to show how important is to control the skewness dur-
ing an optimization process. Let us consider the following polynomial function

f=a(zz+zy)+0d (:I:2 + 2%) + (cba) y* (75)

where z, y and z vary between 0 and 1 with an uniform pdf. Parameters a, b
and ¢ are design parameters that vary between —5 and 5. For this function, it is
possible to compute analytically high-order statistics, as functions of the design
parameters. Basing on Eqs. 2)), (84) and (86)), formulas for mean, variance and
skewness can be computed exactly

1 1 2
= gcba + §a+ gb, (76)
8 1 5 1 4
2 2 2 2 272 2
= —b"+ —-ab+ —a” + —cba® + —c°b
7 45 1T TR Tt (77)
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11 13 32 1 1
= —ab®>+ —a% b3 3 242
S 120@ + 120a + 015 + 24a + 240 a (78)
17 4 L 9,03 16 3,3 3
—a’ch + —c“b —c’b’a’.
+ 360a S 60C @t 945c “

The skewness can be decomposed (see Eq. (I3)), in conditional contribu-
tions, as follows

2
1 /1 1 1
Sy = <§+—b) b+ ——0b3

15 2 3780
2
1 1 1
Sy =15 <§cba+ Za) cba + 3780031)3@3
1 /1 1.\° 1
s, =— | =a+=b) b+ —03
15 \ 4 2 3780 (79)
1, 31 1 1
oy = — b -3 b 3 — b2 2
Sy = 00T T Ot gt e
1, 1/1 1 11
rz = ——a°b —| = =b - =b
s 360(1 +<6<2a+2)> <4a+2>a
5y, =10
Spy> =0

In order to show the importance to take into account also the high-order
statistics in the robust optimization, different types of optimization are per-
formed using several objective functions.

First, a classical bi-objective optimization is performed, where the mean of
the function (Eq. (f6)) is maximized and its variance (Eq. (77)) minimized.
The Pareto front is reported in Figure [l No measures of skewness have been
used during the optimization process, then the Pareto front is constituted by
various designs displaying a very large variation of skewness.

Now, let us consider a three-objectives optimization, i.e. consisting in the
maximization of the mean (Eq. ({6)), the minimization of the variance (Eq.
(@) and the minimization of the absolute value of the conditional skewness
Szy (Eq. (@@)). In this case, the Pareto front is no more constituted by a curve,
but by a surface in a 3D plan. The Pareto front is represented by means of 2D
representation in the Figures [land ] with projections on the plans p-02, pi-s4,
and o02-s,,, respectively. As shown in Figure[2 designs belonging to the Pareto
front display a large variation of the conditional skewness.

Now, let us compare the results obtained with both optimizations. In Figure
[[l we show Pareto fronts in the plan 1 — o2. Designs obtained with the three-
objectives optimization are dominated (with respect to only p and o?) by the
designs coming from the bi-objectives optimization. This is reasonable seeing
that designs from bi-objective optimization are not influenced by the skewness
Szy during the optimization.

In Figure B curves associated to the three-objectives optimization are ob-
tained by the 3D Pareto front regarding only the designs having a skewness lower
than 0.0001. Remark that individuals of this Pareto front take values of 1 lower
than 3.2 and values of o2 lower than 4.4. Moreover, they could be dominated
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Figure 1: Pareto front in the plan pu — o2 for the bi-objectives and three-
objectives problem.
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Figure 2: Pareto front in the plan p — s;, (on the left) and 0® — s,, (on the
right) for the three-objectives optimization.

in terms of y and o2 by some individuals of the Pareto front obtained from
the bi-objectives optimization. Here, the interest is to get a Pareto front that
is not sensitive to large variation in the skewness, since designs obtained from
bi-objective optimization could present large skewness values. This displays the
great interest to estimate high-order statistics during optimization.

6.2 Ranking uncertainties with respect to high-order sta-
tistical moments

Ranking uncertainties play a prominent role for managing large set of uncer-
tainties problem. Here, we present a very simple test-case, for showing how
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Figure 3: Pareto front in the plan yu — o? for the three-objectives optimization
(extracted by the complete one considering only skewness inferior to 0.0001)
and the bi-objective optimization.

variance-based decomposition (such as Anova) could lead to wrong analysis and
decisions. As a consequence, high-order decompositions are needed for an ac-
curate and complete ranking analysis. Let us consider the following polynomial
function:

f = acx® + bxy + cby® + ay, (80)

where x and y are two random variables with an uniform distribution between
0 and 1 and a, b and ¢ are real design parameters.
Basing on Eqgs. (@), (84) and (BE)), mean, variance and kurtosis are

1 1 1 1
= §Cb+ ZbJr §a+ gac
o? = icba + 4%02172 + 1—120b2 + %ab + %a%Q + TZLLbQ + %(f
k= %IOCM + %b% + %b%ﬁ + %Oba?’ + %c‘lb4 + %a‘lc4 + %5@43
+ %6254 + %673063()4 + %cb%Q + %cﬁbc2 + 1—1803b2c12 + 11—210cba3 + %c‘lb%f
+ %69063()@3 + %b%a + %b%% + %b%sa + £4—819c2b2a2 + %;301)‘; +)8—10a4
81

Considering different sets for (a, b, ¢), appreciable variations of 62,3 and

k351 can be observed. In[C] formulas for these indices are reported. In Figure
[ each contribution O’?ﬁsil and kf’iz are reported for a = —42.204, b = —66.655,
¢ = 2.9687. The first-order effects on = and y explain more than 99.0% of the
variance. The function stochastic model is of additive form with negligible inter-
action effects concerning the variance. Concerning the kurtosis decomposition,
the interaction term is more predominant than the first-order terms. Remark
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also that the variance sensitivity index for the variable z, i.e. ¢!, is nearly

five times higher than kurtosis sensitivity index, i.e. kS'. As a consequence,
o281 > o251 while k51 < kS), then the ranking based on sensitivity indexes
changes if variance or kurtosis are considered.

Let us recall the total sensitivity indexes, defined in ([74). For the function

described in (80), these indexes are equal to
TSI, = o251 + Ui’ySI

TSI, = 05 4 o2 .
TSIk — k/,SI + k/,SI ( )
T T Ty

k _ 1.51 SI
TSIE = k51 + &5L.

Referring to Figure[d, TSI; and TSI? are obviously different for each j, but

the ranking is not influenced, i.e. TSI, < TSI, and TSI® < TSIS.

In Figure [ a different set of coefficients is considered (¢ = 15.611, b =
92.919, ¢ = 5.4995). As seen earlier, first-order effects are predominant for the
variance also in this case(explaining more than 99.5%). On the contrary, total
sensitivity index for the variance changes consistently for x with respect to the
kurtosis one (3 times more), i.e. TSII; ~ 3TSI,. This means that the variable
could be considered potentially negligible for the variance, but this hypothesis
could be false when looking at the kurtosis.

This shows how much it can be dangerous to rank the variables with respect
to the variance only.

80 5

40 .

%

T
X Xy y

Figure 4: Sensitivity indices for variance (.5;) and kurtosis (Sk;) obtained with
a = —42.204, b = —66.655, ¢ = 2.9687.

7 Conclusions

This paper deals with the decomposition of high-order statistics, i.e. such as
skewness and kurtosis. The main contributions are the following;:
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100 - 5

80 |- *

60 5

%

40 - N

om0 B

X Xy y

Oog2stiipgst

Figure 5: Sensitivity indices for variance (.S;) and kurtosis (Sk;) obtained with
a=15.611, b = 92.919, ¢ = 5.4995.

e A correlation was found between the functional decomposition, as depicted
by Sobol, and the polynomial chaos development. This permitted to iden-
tify clearly each term of the decomposition, drawing also a practical way
to compute all these terms.

e Computing skewness was shown to be of great importance for an exhaus-
tive and complete stochastic analysis.

e Sensitivity indices bases on kurtosis decomposition were introduced. The
importance of ranking the predominant uncertainties in terms not only of
the variance but also of higher order moments (then extending the ANOVA
analysis also to higher order statistic moments), was demonstrated with
an algebraic function, where all the decomposition terms can be calculated
analytically.

Future works will be oriented towards adaptive strategies for the reduction of
the global computational cost.
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A Definition of High-order statistics

Here, let us demonstrate that the statistics (of order n) of f can be computed
from the conditional expectancy of n-powers of f. First, let us consider the
definition of the variance

o = / (f(€) — E(f))*p(E)de. (83)

o? = B(f2) — B(f)". (84)

Starting from the definition of the skewness, we can obtain the following
formula

- / (F(6) — 3/ @)E(f) + 3/ E())? — B p(€)dE (g5
= B(f*) - 3B(f)E(f) + 3B())E(f)? - B(f)’
E(f*) — 3E(f)E(f) + 2B(f)".

Then, skewness, as defined in Eq. RS, depend only from the expected values of
the function f, f2 and f3. Using the formula for E(f?) obtained from Eq. §4]
equation [B5] becomes

E(f*) = 3E(f*)E(f) +2E(f)*
E(f*) = 30”E(f) = 3E(f)* + 2E(f)* (86)
= E(f*) — 30°E(f) — E(f)*.

Following the same procedure, kurtosis can assume the following form

S

b= [ (1O~ E()'ple)ag
= [ (7€) - £ © () + £ E(? ~ 1B FE) + B(D)') pe)d
= B~ 4B(f)B() + 6B(P)B(f)? ~ 4B(f)* + B(f)*
o S BB + 6B (Y - 3B(7)*

(87)
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Using the value of E(f)? from Eq. and the value of E(f?) from Eq.
the formula of the kurtosis becomes

k= E(f') = 4E(f)s — 60 E(f) — E(f)". (88)

B Computation of skewness and kurtosis decom-
position in a PC framework

B.1 Skewness
First of all, the following term should be computed

I 3
| rervenae= [ (Z mk(s)) p(€)de (59)
S =Y \k=0
This expression is equal to the sum of three terms:
P 3 P P P
/_ ) (Z ﬁm(&)) p(&)dE =D BUTE) +3) 87> Bi{(TF (), W,(8))
=% \k=0 k=0 i=0 =0

J#i

+GZ Z Z BiBiBr(Wi(§), V;(&)Wk(£)).

i=0 j=i+1 k=j+1
(90)

Let us analyze more in detail the three terms. The first summation can be split

as follows
P P
S =[]+ S aie)). (1)
k=0 k=1

The second summation of equation @0 requires some further manipulations

P P P
3 62D BHYIE). V(€)= 365 Y Bi(TE(E). ;(€))
i=0 j;q j=1
JFL
PP (92)
+3) B Bi(TI(E). (€))-
i=1  j=0
J#i
Remark that the first term on the right side of the equation @2]is equal to zero
because of the orthogonality, i.e. (V2 U,) = (¥g, ¥;) = 0.
The second term on the right side of the equation can be split in the
following way

P P P P P
3281 Bi(WHE). W5(8) = 3D BIB(WI(€), Wo(€)) +3D_ 7 Y B {WI(€), W, ()

=0
G G

- 3ﬁ0263<‘1’?(€)> +32ﬁ32ﬁj@?(£>,%(5>>-
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The last term of the @0 can be written in the following way

62 Z Z BiBiBr(Vi(€), V;(&)Vi(§)) =

i=0 j=i+1 k=j+1

P P P P P
680 > D BiBklT(€), k(€)Y +6D> Y D BiBiBr{i(€), U,;(£)Tk(€)),

G=i+1 k=j+1 i=1 j=i+1 k=j+1
(94)

where the first term on the right side is equal to zero because of the orthogonality
property of the polynomial basis.

The last step in order to obtain the final form of the skewness is to move
some terms to the left of the equation B9

P P
FEp(E)dE — |87~ | 350 Y BHURE) | = Y AR

1=1 k=1
P P
£330 8 5 (UR(E), 15 (6)
i=1 _j:1

P P P
+6‘Z Z Z BiBiBr(Wi(§), ¥, (&) Vi (£))

i=1 j=i+1 k=j+1

(95)
and recognize that 8y = E(f) is the expected value of f and the term
P
> BHEIE) =0 (96)
i=1

is the variance of f computed by the PC expansion.
The left hand side of the equation @3] can be re-written as

L 7€rpee - 5~ 350 Y HWEE) = E(Y) — ()~ 3E()o* (91)

that is exactly the skewness as defined in the equation
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B.2 Kurtosis
First, the term [ f4(&)p(¢)d¢ should be computed as follows

» FHE)p(&)de = (Zﬂk‘h(ﬁ))

g4 0
P

) +4> B> 8w
i=0  j=

I
M"U [1]

k=0 =
J#i
.
+3Y 87y AW +1225225; D BR(W, W)
= ;éz' =
+24Z/31 Z Bi Z Br Z B (Wi W, U Wy,).

=0 Jj=i+1 k=j+1 h=k+1
(98)

The five terms must be analyzed more in details. The first term can be written

as
P P
Sostwie) =[a]+ D siwie). (99)
k=0 k=1
The second term requires adding manipulations
P P P P P
AN BN B W) = 483> B, W) +4) B> B, 0y). (100)
i=0 j=1 i=1  j=0

j=
J#i J#i

The first term at the right hand side is zero due to the orthogonality while the
second can be further decomposed as

P P P P P
AN BN B W W) =4 BB + 4 87 B W)
i=1 j= = i j=

G G

» - . (101)
=48 Y BHTY) +4> B B0, 0y).
i=1 i=1 j=1
J#1

The third term of the equation ([@8) can be manipulated as

P P
DIDIAE HeH) +3ﬂ§252 (o) +3252252
=0 j

H'M“U

7=0
J#i i
P P P
=683 > BY (WD) +3D 87D 8w, W)
i=1 i=1  j=1
i

(102)
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Manipulating the fourth term of the equation (Q8), we obtain

P
1225 Zﬂj > BRI W) = 1285 85 Y Bl )

k=j+1 j=1  k=j+1

T
+12ZBQZ& D BT, 0y,

i=1 7=0 k=j+1
Ak

(103)

The first term at the right side is zero due to the orthogonality and then the
second one can be decomposed as

122522/3] Z Bi (W3, 0 0y) —126026 Zﬁk
i=1

k=j+1
j;éz k;ﬁ—: k;éz
+12Zﬁ22/3a S Ak,
k=j+1
pei R

(104)
The fifth term of the equation (@8] should be split as follows

P P P P
242 Z Z Z BiBi B Bn (VW j, U Wy) =

i=0 j=i+1 k=j+1 h=k+1

P P P P P P P
2480 Y > > BiBeBn(W WpWa) 424> 0 N N N BB BB (Ui, Uy,

j=it1 k=j+1 h=k+1 i=1 j=i+1 k=j+1 h=k+1

(105)

The boxed term in the equation (@) is equal to E(f)*, while the underlined
terms in the equations (I0T)), (I04) and (I03) can be summed

P

P P
4%253 () +125025225k TR +2480 D Y > BiBkBa(T, Uly) =
=1

j=i+1k=j+1 h=k+1
k;él

253 (U3 +325225k U2 W) + 6 Z Z Z B BB (¥, VW)
=1

Jj=i+1 k=j5+1 h=k+1
k;él
(106)
Employing the equation (B3)), we can identify the skewness in the term be-
tween parenthesis so

P

P P
450253 (w3) + 125025225k R 2460 Y YT D BiBeBa(T,, Ty =
i=1

i=i+1 k=j+1 h=k+1
k# J j

4B0s = 4E(f)s.
RR n® 8193 (107)
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Moreover in the double underlined term of the equation (I02) the expression
for the expectancy and the variance ([@6) can be recognized

685 Y B (¥5) = 6E(f)°0>. (108)

Jj=1

Replacing every term in Eq. (@8], Eq. (51) is obtained.

C Computation of sensitivity indices
Here, we provide the variance and kurtosis sensitivity indices for the function

described in Eq. ([80). Basing on formulas (I2)), (I5)) and (27]), sensitivity indexes
can be easily computed from Eqs. ([2) and [(3 as follows

1 1,1 1

1 1 2,1 1 1 1
028l = (242 + Zcba+ = (—=b— Zac)ac + —b* + = (==b— —ac)b+ (—Zb — ~ac)?|/o?

¥ ) 4 3" 4 3 12 2" 4 3 3
05’51 = [éc2b2 + %(%b +a)ch + %(—ib — %a - %cb)cb + %(%b + a)?
+ (—%b - %a - %cb)(%b +a)+ (*ib - %a - %Cb)Q]/O'Q
o2t = (b)o?
K= <£a4c4 + %gocgbag + %02172&2 + %bgca + %&)b‘l) /k
kgt = (%c‘*b‘l + %Zoc%‘* + 2—2281)4 + 1—éocb4 + ﬁb?’a + %Ob%ﬂ + %b(ﬁ
+ %bgcga + 6—53b3c2a + %CQan2 + %bgca + %chaQ + 2—100ba3 + %80()4 + %a‘l)/k
kii = (4—25a4c2 + %02174 + 37:001)4 + %bga + 61—0172(12 + %b‘l + %621)2&2 + %c‘leaQ
+ %b%% + 1—1803172112 + %c3ba3 + 1—1811‘°’l7c2 + 1—18b3c3a + E7Ob3ca + %cb%f + icb(ﬁ

(109)

where formulas for o and & are given in Section
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