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On the estimation of sequestered parasite population in
falciparum malaria patients

Résumé : L’objectif de ce papier est de donner une estimation de la charge parasitaire
totale d’un patient & partir de sa charge parasitaire périphérique. On donne aussi une méthode
d’estimation du taux d’infection S dans un modéle intra-héte du paludisme en utilisant les outils
de la théorie du controle.

Mots-clés : modeéles intra-hote, observateurs, estimation, Plasmodium falciparum, modéles
structurés en classes d’age
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1 Introduction

Malaria is a disease that causes at least one million deaths around the world each year, with ninety
per cent among African children. The most deadly malaria is caused by the most virulent strain of
parasite Plasmodium: The Plasmodium falciparum. The intra-host models describe the dynamic
of interaction of parasite(virus, specie,...) into the host(human being, environment,..).These
models have been used to understand the evolution of Plasmodium Falciparum into the host.
An abundant literature has been dedicated to malaria’s intra-host model [1, 5, 12, 13, 14] and
the references therein. See [10] for a review. The most papers are, in the whole, related to the
seminal Anderson, May and Gupta’s model [1| which is the 3 dimensional system:

T =A— pgx — Brm
g = Brm — pyy (1)
M = Tpyy — pmm — Srm

where x is the concentration of uninfected erythrocytes in the blood, y is the concentrations of
the infected erythrocytes, and m the concentration of free merozoites. Parameters ji,, p, and
m are the death rates of the uninfected erythrocytes , infected parasites and free merozoites
respectively. The parameter § is the contact rate between RBC and merozoites. Uninfected
blood cells are recruited at a constant rate A from the bone marrow and have a natural life-
expectancy of 1/, x days. Death of an infected erythrocyte results in the release of an average
number of r merozoites. Free merozoites die or successfully invade a healthy erythrocyte. For
the epidemiology of malaria, we refer to [1, 19].

As we can see in (1), the dynamic of the infected erythrocytes is described by one differential
equation. However, experimental analysis has shown that the dynamic of Plasmodium falciparum
might change according to its "age". Hence, a model, where the dynamic of the healthy cells is
coupled with an age-structured model for the infected cells and the dynamic of free merozoites,
has been considered [12, 5]:

T=A—p,xr— Bxm

y1 = Brm — ayy;

Y2 = 71Y1 — G2y2 )
yn = Yn—1Yn—1 — QnlYn

M = TrYnYn — HmM — BTm

In practice, to know a patient’s stage of infection, the total parasite concentration 2?21 Yi
in the bloodstream is needed. The exact number of stage of infected cells that leads to the
maturation of the infected cells is unknown. According to [4] there are five main stages: young
ring, old ring, trophozoite, early schizont and finally late schizont.

However, only the peripheral infected RBC (young parasites), also called circulating, can be
observed (can be seen on peripheral blood smears) and the other ones, hided in some organs
like brain and heart, are called sequestered. There is no clinical method of measuring those
sequestered infected cells.

Also, if the different parameters in (2) can be estimated by biological considerations, the
parameter 5 which is the Red Blood cells (RBC)’s rate of infection is hardly known. In fact,
in [16], the authors claimed that the parameter 3 cannot be estimated directly and that any
estimation of 8 depends on Ry and growth rate.

The estimation of sequestered parasite population have been a challenge for biologist and
modeler. Many authors [18, 8, (] have studied this problem. In this paper, we propose a different
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and simple method to estimate the total parasite concentration from the measured circulating
parasites and we show how the parameter $ can be estimated. To this end, we use some control
theory’s tools. More precisely, we built an observer, i.e: an auxiliary dynamical system whose
states tend exponentially to the states of the original system (2). Moreover, this auxiliary system
does not depend on the badly known parameter 5. The notion of disturbance which allow us to
decouple the g from the auxiliary system, is well known in control theory to avoid problems of
modeling such as nonlinearities, noise in measurement and so forth [10, 11].

2 Design of the observer

We suppose that the parasitized erythrocytes population within the host is divided in 5 different
stages: y1, y2, Y3, Y4, Ys. LThe two first stages correspond to the concentration of free circulating
parasitized erythrocytes and the three last stages correspond to the sequestered ones. Let x be
the concentration of healthy cells, and m the concentration of merozoites. The healthy cells x
are produced by a constant recruitment A from the thymus and they become infected by an
effective contact with merozoite m. At the late stage of infected cells, they blow up and release
r merozoites. The model that we consider is the following:

T=A—pzx— pfxm
Y1 = Pam — (1 + p1)
Y2 =my1 — (V2 + p2) Y2

Us = Yaya — (V5 + i5) Ys

m=r7Ys — fmm — Brm
The different parameters of this model are defined as follows:
e A : Recruitment of the healthy red blood cells (RBC).
e 3 : Rate of infection of RBC by merozoites.
e i, : Natural death rate of healthy cells.
e 1; : Natural death rate of i-th stage of infected cells.
e ~; : transition rate from i-th stage to (¢ + 1)-th stage of infected cells.
e 7 : Number of merozoites released by the late stage of infected cells.
® (i, : natural death rate of merozoites.

As suggested in [4], we suppose that we can measure the circulating parasitaemia, i.e: y1 4y
and we want to find out an estimation of the sequestered parasitaemia, y3 + y4 + y5. Here, we
shall use some classical notations from control theory. Let z(t) be the state at time ¢ of the
system (3), ie., z = (2, y1,... ,y5 ,m) € R”. The measurable output of system (3) will be
denoted by ). Here, the measurable output corresponds to the concentration of the circulating
parasitized erythrocytes, and hence we have Y(t) = y1 (t) +y=2(t). System (3) can then be written
as:

2 = Az+ pzm E+ Aey (4a)
y = Cz (4b)
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where z € R7, y € R are the state vector, the disturbance and measurement, respectively. The
matrices A, C, and E are defined as follows:

— by 0 0 0 0 0 0
0 —U1— M 0 0 0 0 0
0 71 — M2 — Y2 0 0 0 0

A= 0 0 V2 —p3 — 73 0 0 0 ;
0 0 0 V3 —f4 — V4 0 0
0 0 0 0 V4 —ps =7 0
0 0 0 0 0 5 —lm

-1 1
1 0
0 0
E = 0 , e = 0 |, and C=(0,1,1,0,0,0,0)
0 0
0 0
-1 0

The equation (4a) describes the dynamics of the system while equation (4b) gives information
about what is measured.

The problem we are interested in is: how to use the dynamical model (4a) together with the
information provided by the measurements (4b) in order to get estimates of the state variables
that can not be measured ? A solution to this problem can be provided by what is called in
Control Theory an "observer". An observer is an auxiliary dynamical system which uses the
information Y(t) provided by the system and which produces an estimate Z(¢) of the state z(t)
such that the estimation error 2(t) —z(t) tends exponentially fast to zero as time ¢ goes to infinity.
An observer for system (4a-4b) can be given, for instance, by:

{ = f(i,) (5)

One has to find the functions f and g in such a way that the solutions 2(¢) of (5) and the solutions
z(t) of (4a) satisfy for all initial conditions (2(0), z(0)):

I2(t) — z(¥)|| < exp(—At)]|2(0) — z(0)|| for some positive real number .

However, the construction of the observer requires the knowledge of all the parameters of the
model. This is not the case for our system since the parameter g is unknown. Therefore we are
going to consider the term Sxm appearing in the system (4a) as an unknown input and we shall
use the notation: d(t) = () m(t). With this, system (4a) can be considered as a linear system
with unknown input d(t) and can be written:

i=Az+Aey +d(t) E
{yZCz (6)

Using some ideas from [11], we shall construct an estimator (observer) for system (6).
We define the matrix A by

A=(I;,~EC)A

RR n° 8178
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where I; denotes the identity matrix. For our system, we have

—fhe  —H1 —pH2 — Y2 0 0 0 0
0 —mn petm 0 0 0 0
0 Y1 —H2 =72 0 0 0 0
A= 0 0 ST ER 0 0 0
0 0 0 V3 —Ha — V4 0 0
0 0 0 0 V4 —ps—7v 0
0 - —p2—" 0 0 Y5 —fim

It can be shown that the pair (A, C) is detectable (see appendix) and hence there exists a column
matrix L = (I1,ls,...,l7)" € R7 such that the matrix A — LC is Hurwitz, i.e., all its eigenvalues
are with negative real part. We can now give our main result.

Now we have all the ingredients to derive a method to dynamically estimate the state z(t) of
our system.

Theorem 2.1 An exponential observer for system (6) is given by

{w_ (A= LCyw + {(L + (A — LC)E} Y + Aey -

z= w+EY
This observer is inspired from [11]. One can remark that the computation of the estimates 2(t)
does not depend on the parameter 3.

proof We prove that the estimation error e(t) = 2(t) — z(¢) converges exponentially towards
zero. Indeed, we have

e = Z2—2%

= W+EY—A2—EY — Aey

N
\
h
Q
o
[
&
s
-+
=
h
-+
=
\
h
2
S|
—
<
\
B
183

This shows that [le(t)|| — 0 with exponential convergence rate since all the eigenvalues of the
matrix A — LC are with negative real part.

Remark 2.1 The estimation method proposed in Theorem 2.1 is valid for arbitrary number n
of age-classes.

Inria
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For our model with n = 5, we have

—Hg —H1— i —pa =2 — 1 0 0 0 0
0 —v1 =1y pat+ve—1I 0 0 0 0
0 —ls —ps—v—Is 0 0 0 0
A—-LC = 0 —ly Yo — 4 —U3 — 3 0 0 0
0 =I5 —ls V3 —Ha — Y4 0 0
0 —lg —lg 0 V4 —ps—7 0
0 —pr—1Ily —pa—"2—1Iy 0 0 Y5 —m

The eigenvalues of A—LC are : —pu,, —(y1+y2+p2), —(#3+73), —(ta+ya), —(1475), —fim, and

—(l2+13). Therefore the matrix A— LC' is stable provided that I3 +3 > 0. Since the eigenvalues

of A— LC do not depend on I nor on l; for i = 4, ..7, we simply choose I, = I, =I5 = lg = l; = 0.
Therefore the dynamical estimator (7) for n =5 is given by

Wy = —pgwy — pwe — (p2 + 72) ws

Wy = (71 + la) wa + (2 4+ y2 — l2) ws

w3 = (n )w2_(/i2+72+53)w3

Wy = yows — (U3 + v3) Wy

Ws = Yyawa — (pa + va) ws

we = Yaws — (K5 + 75) We

Wy = —piwz — (f2 +72) W3 + 7 Y5We — fimWr
(8)

L= w—Y

o= we+)Y

23 = w3

Zp= wy

2 = Ws

2 = We

Zr= wr—=)Y

Thanks to this observer, one can compute easily w(t) and then 2(¢) which tends exponentially
5

fast to z(t). Therefore one can get an estimate of the total parasitical burden Z yi(t)
i=1

3 Estimation of the rate of infection

Let us consider the dynamic of y1, we have ¢; = Szm— (y1 +p1) y1. By the variation of constants
method, we can write:

t
y(t) = yl(to)e—(%-ﬂh)(t—to) + A3 x(s)m(s)e(“*”l) (s=1) gg
to

By replacing z(t), y1(¢) and m(¢) by their estimates states Z(¢), g1 and m(t), we have:
~ t
7 (t) = g}l(to)e’(%ﬂ‘l)(t*to) +5/ i(s)m(s)e('yﬁﬂl)(s*t)ds

RR n° 8178
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Then

t
gl(t)e(’71+ul)t _ yl(to)e(’YlJr#l)to = ﬁ/ i‘(s)m(s)e(’YlJr“l)sds (9)
to

If we discretize the segment [to,tfinqi] in segments [t;11,;], we will obtain:
_ ftiy
Gu(tiga)e T b — gy (¢;)eOr it = 5/ (s)m(s)er ) 5ds (10)
t;

For each 4, let U; = g}l(tiﬂ)e”l*“l)tiﬂ — gl(ti)e(vﬁm)ti and V; = ttf“ :%(s)m(s)e(71+”1)sds.
By numerical integration, we can compute, for each ¢, U; and V;. Thus, (10) can written as:

U=3V

where U and V are vectors of appropriate dimension with U; and V; as components of U and V
respectively. B
Hence, by a linear regression, we can obtain 8 which is a §’s estimation.

4 Application 1

In this section we show how our method to estimate the total parasitaemia from the peripheral
infected cells that are measured can apply. By parasitaemia, we refer the density of parasites
in the blood. The measured parasitaemia are from data collected when malaria was used as
therapy from neurosyphilis by the US Public Health Service at the National Institutes of Health
laboratories in Columbia, South Carolina and Milledgeville, Georgia [2]. Patients were inoculated
through mosquito bite or infected blood [2, 3]. Those data have been successfully used by many
authors [2, 3, 7, 17] for different purposes concerning the parasite Plasmodium falciparum.

To apply our total parasitaemia estimation method, we choose data of four patients. These
patients have been studied in [3] for the following reasons.

These reasons are the fact that these patients do not have any of the following features:
(i) treatment with drugs reported to affect gametocytes (chlorguanide, pyri- methamine, pri-
maquine) or unknown drugs;

(ii) super-inoculation with any malaria parasite in the course of the infection;

(iii) parasitological status on the day before onset of curative treatment positive or uncertain;
(iv) gametocyte counts never exceeding 100 pl(otherwise a reliable estimation of parameters
would have been impossible);

(iv) inoculation of a rarely used strain.

Those particular patients are relevant to our study because those patients did not have taken
treatment with drugs reported to affect gametocytes [3] and then correspond with the choice of
a low mortality rates of PRBC we have chosen here and in [1]. It remains to pick the different
value of parameters. Among parameters in (3), some of them known or at least widely accepted.
First, the infection rate 8 is unknown or hardly known, so our method here allows us to study
the system without explicit using of 5. With many classes, the most difficult task is how to
choose the transition rates [4, 6] with the condition the sum of them (life-span of PRBCs) is 2
days. So, in this paper we use the transition and death rates from [4] for patients without fever,

Inria
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i.e: at 37°C. Then we have:

’ 7 H Transition v;  Death rate p; H
1 1.96 0
2 3.78 1.86
3 2.85 0
4 1.76 0.1
5 3.26 0
5
With these parameters, we will obtain Z i 1.9101065 days, which is close to 2 days.
— Vi T O
i=1
In this paper, the unit of concentration is micro-liter (ul) and the unit of time is day. The
life span of healthy erythrocytes is 120 days [1, 7], so p, = ﬁ day—!.
For the constant recruitment, we proceed as in [15], where the authors fixed the constant rate of
5x10°

erythrocytes’ production at 2355 cells wl~'day~'. This quantity is obtained from the parasite-
free equilibrium state: 0 = A — u o where zq is the fixed concentration of RBC in adult males
(absence of parasites!?) which is around 5 x 10 RBCs per pl.

1
Merozoite’s life-span (—) is, according to [1], about 20 minutes, so p,, = 72 day~!.

m
The number of merozoites released in the blood is between 8-32. So, we take here r = 16.
With these values, the choice I and/or I3 positive make the the matrix A—LC asymptotically
stable. More precisely, with these values, the eigenvalues of the matrix A — LC:

SP(A — LC) = {—ly — I3; —ia; —fm; =5 — V55 —Ha — Ya; —H3 — 35 —71 — P2 — Y2} }

For the simulations we take I = [3 = 5. Here are different figures obtained through calcula-
tions:

Following the section 2 and by implementing the equation (9) on Maple, we obtain the following
estimated values of 8 for different patients :

# Patient || 5 (x107°) |

51204 0.44905
51050 0.72557
G221 2.29484
G54 1.18315

5 Application 2

The exact number of classes in the circulating or sequestered phases of parasites is not completely
known. We divide the the dynamics of parasite into two main classes, viz circulating parasites and
sequestered parasites. Gravenor et al. [6] had considered that decomposition as well, but they
consider only the dynamics of the infected cells. The figure 3 illustrate this decomposition. Hence,

RR n° 8178
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Figure 1: (a), Patient G54: Measures of total parasitaemia (red) and the measure of parasitaemia
(data) and estimated peripheral parasitaemia (blue and red). (b) Patient S1204. The unit of
time day represented by the x-axis while the y-axis represent parasitaemia per micro-liter.

40000
12000
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30000
8000 A
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4000 A

10000
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Figure 2: (a) Patient S1050: Measures of total parasitaemia (red) and the measure of para-
sitaemia (data) and estimated peripheral parasitaemia (blue and red). (b) Patient G221
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Figure 3: Decomposition of Plasmodium falciparum cycle into two classes.

two variables y; et yo describe the circulating parasites which are measured and sequestered
parasites respectively. We obtain then the model:

T=A—pzx— Bxm
91 = Brm — (p +71)y (11)

Y2 = 1191 — (p2 + 72)y2
m = rv%ys — mm — frm

In the control control framework, the system (11) could be written as:

= Az + Ed+ Aeg (12a)
= Cz (12b)
where:
—pz 0 0 0 -1
_ 0 —a; O 0 _ 1 _
A= 0 v —as 0 JE = 0 and C =(0,1,0,0).
0 0 Y2 —Hm -1

The same observer (7) is valid. For the choice of parameter is a bit easier in this case. If
we consider patients are not taking drugs, the mortality of parasite is very low [1]. Hence,
we can consider, Ay = 1.03, Ao = 0.74 and p; = 0.42, pus = 0.08 . Their unit remain days.
We choose these parameter on the basis of the precedent application. The same constraint
Z?zl )\i = 1.9101065 days is satisfied. The other parameters are standards and are the same as

the above application. With the choice L = (0,5,0,0)%, we have successively:

—pz  —Y1— M1 0 0 —Hz =YL~ M1 0 0
- 0 0 0 0 - 0 -5 0 0
A= A-LC =
0 7 —Y2—p2 0 0 n 22 0
0 -m—-m T2 —lm 0 —m—m T2 —lm

RR n° 8178
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And
—Hg —Y1— M1 0 0 -1 Mo — Y1 — M1
- 0 -5 0 0 1 -5
( ) 0 ol —Y2 — [2 0 0 ol
0 —m—-m T2 —m -1 -1 — 1+
and
Mz — Y1 — M1
L+(A-LCO)E = 0
71
—Y1 — M1+

Hence, for this model, the observer is given by:

—le  —7Y1 — M1 0 0 He — Y1 — 41
0 -5 0 0 0
z = z+ + Ae; (13a
0 7 —ve—p2 0 7 4 1 (132)
0 —m—m T2 —Hm 71— B
z = z+PFEy (13b)

With this observer decoupled to 3, we can estimate all vector states and then the total parasite
load y; + yo. Following (9), we use symbolic software Maple to implement the observer and then
estimate 5. We found the following estimations of 8 for different patients :

[ # Patient || B (x10°5) |

51204 0.49172
51050 0.69842
G221 2.36547
G54 1.10660

It is worth to compare those results with some others in the literature. Hetzel and Anderson [9]
found, for rodents, 3 between 1.872 x 10~ (cells/ul) " day " and 7.329 x 10~6(cells/uul) ~! day .
Gravenor et al. in [7] consider the model (1) and with a quasi steady-state assumption and by
using clinical data, estimated 3 = 3.4833 x 10~ (cells/ul) ! day™'. However as stated by the au-
thors, those assumptions are simplifying. By exploiting clinical data of parasitaemia used in [7] in
our method, we find 8 = 6.2734 x 10~6(cells/ul) ~* day~*. According to [7], in order for the model
to predict standard clinical parasitaemia, 8 would have to be less than 10~%(cells/ul) " day
(In fact B/pm < 1073 in their units). Our results suit their claiming. Stating which of those
different values of [ are better estimation than another is a very difficult task. However our
method is easy to handle and can be used for any set of data. Our aim here is also to show how
techniques from control theory are useful to estimate parameter of epidemic models.

6 Conclusion and discussions

A method to estimate the total parasitaemia within a malaria patient and the infection rate /3
has been given. This method is independent of any set of data.

Inria
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