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Abstract—This paper focuses on a spectrum-sharing based
cognitive radio fading broadcast channel (BC) with a single-
antenna secondary base station (SBS) and M secondary receivers
(SRs) concurrently utilizing the same spectrum band with one
delay-sensitive primary user (PU). The quality-of-service require-
ment in the primary network is given by the primary user’s
outage probability constraint (POC). We address the optimal
power allocation problem for the ergodic sum capacity (ESC)
maximization in the secondary BC network subject to a POC
and an average transmit power constraint at SBS. Optimality
conditions reveal that in each fading block SBS will choose only
one SR with the highest channel power gain and allocate the block
to that user. Furthermore, if PU’s power strategy is assumed
to be ON-OFF with constant power when ON, the secondary
network throughput scaling for large M in Rayleigh fading is also
investigated. It is shown that the secondary sum throughput in
Rayleigh fading BC scales like O(log(log M )). Numerical results
support the theoretical results derived in the paper.

I. INTRODUCTION

Spectrum scarcity is quickly becoming one of the main
concerns in wireless communications technology as most
of the exclusively allocated spectrum is underutilized by
licensed/primary users (PUs) [1]. This inspired the concept
of cognitive radio (CR) technology, originally proposed in
[2]. The rationale is that unlicensed/secondary users (SUs)
are allowed to use the same spectrum with PUs as long as
the quality-of-service (QoS) of the primary transmission is
protected. This paper focuses on the underlay paradigm where
SUs can share the spectrum regardless of the ON/OFF status of
the primary network, provided that the QoS of the primary link
is still guaranteed. To protect the service quality in primary
transmission, several types of constraints have been proposed
in literature including peak/average interference power con-
straint (PIPC/PAPC), primary capacity loss constraint, and
primary outage probability constraint (POC) (see [3] and
references therein). In this paper, we focus on a single-input
single-output (SISO) fading cognitive broadcast channel which
co-exists with a delay-sensitive primary link under an average
transmit power constraint. The service quality in PU’s link
is protected by POC. Similar results for peak SU transmit
power constraint have been derived but not included in this
submission due to space constraints.

For a SISO block-fading non-cognitive BC, information
theoretic capacity was investigated in, e.g. [4], [5]. In [4],
the authors showed that the base station allocates a given
fading block to the user with the strongest reception so as
to maximize the total throughput, showing that dynamic time-
division-multiple-access (D-TDMA) is the optimal scheme. In
[6], the authors investigated the optimal power control for ESC
maximization in the SISO fading cognitive MAC (C-MAC)
and cognitive BC (C-BC) under both average/peak transmit
power constraint and PIPC/PAPC, proving that D-TDMA is
the optimal scheme for achieving the ESC in C-BC, reflecting
the opportunistic scheduling type of results.

Opportunistic user selection strategy motivates researchers
to analyze how the sum capacity scales as the number of
users M increases. The analysis on throughput scaling in
non-cognitive multiple-input multiple-output (MIMO) BC is
provided in [7]. In an underlay cognitive radio network, there
are a number of papers studying multiuser diversity (MUD) for
secondary sum rate (See [8] and [9] and references therein).
In [8], the MUD is examined for three types of cognitive
networks, including C-MAC, C-BC, and cognitive parallel
access channel (C-PAC), under peak transmit power and peak
interference power constraints. Recently, [9] considers the
MUD gain due to the optimal power control in C-MAC under
average transmit and average interference power constraints
with various types of fading channels. Different from [8] and
[9], this paper study the MUD gain under optimal power
control due to the effect of a ‘probabilistic’ constraint as a
QoS metric in the PU’s link, i.e. POC.

In this paper, we first study the ESC maximization problem
in a SISO C-BC under a POC. Description of the system
model is provided in Section II. Under the assumption of
full channel side information at SBS and PU’s power strategy
being known to SBS, we derive the optimal power control
for the problem with average transmit power constraint in
Section III, by using a rigorous probabilistic power allocation
technique [10] [11] [12]. The optimal solutions show that D-
TDMA is the optimal strategy when continuous fading channel
state is considered. In Section IV, we present the analysis on
SU sum throughput scaling according to the optimal power
strategy under Rayleigh fading scenario, showing that the
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secondary throughput grows as log(log M). The extended
results on peak SU power constraint when PU adopts ON-OFF
policy. Numerical results supporting the theoretical findings
are presented in Section VI prior to concluding remarks in
Section VII.

List of notations : E[.] denotes expectation. Pr{.} repre-
sents probability. The cumulative density function (CDF) of
a random variable Z is given by Fz(z) whereas Fz(z|Y)
expresses CDF of Z given Y. Let X, be a Bernoulli w random
variable such that X,, = 1 with probability w and X,, = 0
with probability 1 —w. 6630;/* denotes the partial derivative of y
with respect to z, evaluated at z = z*. p” represents transpose
of vector p. S§¢ represents the compliment of the set S.

II. SYSTEM MODEL

We consider a cognitive broadcast channel with one SBS
and M secondary receivers (SRs), sharing the same spectrum
as a primary transmitter-receiver pair (PT-PR). All terminals
involved are equipped with a single antenna. The delay-
sensitive primary network needs to meet a primary outage
probability constraint (POC) with a service rate 7’2 and an
outage probability threshold ¢,. All channels involved in this
cognitive radio network are assumed to be independent block
fading additive white Gaussian noise (BF-AWGN) channels
[10] and have continuous CDF. Let the channel gain from
SBS to the i-th SR, PT to PR, PT to ¢-th SR, and SBS
to PT are denoted by h;, g, «;, and [, respectively. Let
x represent the combined channel state vector, i.e. x =
lg,8,h1,...,har, 1, .., ap]. With SBS’s transmit power
policy given by P(x) = [Pi(x),-..,Pu(x)], the instanta-
neous rate expression can be written as follows

rp(x, P(x)) = log | 1+ MgPp(g)

(BZPi(x)) +No (D

M

nOePO0) = tog (14 X i P
where 7,(-) and r,(-) denote the PU’s rate and the SBS’s sum
rate, respectively. Note that we drop the constant % in the
instantaneous rate expressions above and use natural logarithm
for simplicity. In this problem, we aim to maximize downlink
ESC from the base station to the SUs subject to a POC and
a SBS long-term power budget. Generally, PU has its own
power control strategy only based on the direct gain g between
PT and PR regardless the interference from the secondary
network. We assume that SBS has perfect CSI on x and PU’s
power policy, so that SBS also knows PU’s power for every
realization . In this work, PT is assumed to use an ON - OFF
power strategy with constant power P, : P,(g) = P. when

g>gr = %& and P,(g) = 0 otherwise. Obviously, it
implies that PU turns off when P, is not enough to support
the target rate rg. So, when the secondary network does not
exist, PU faces an outage with probability Pr {rp < rg} = eg.
This work thus focuses on the case that eg < €y, such that the

additional outage caused by SBS is already included in PU’s
maximum outage probability.

III. PROBLEM FORMULATION AND THE OPTIMAL POWER
POLICY

The ESC maximization problem from SBS to SUs with a
POC and a long-term transmit power constraint (LTPC), (P1),
is defined as follows.

max C(s,LT =F [Ts(Xv P(X))]
P(x)>=0
s.t. @ Pr{r(¢PX) <} < &, ?)
M
(b) E |:221P’L(X):| S me

By applying the same technique in [10] [11] [12],
we can prove that the optimal power control for (P1)
is randomized between two deterministic schemes, i.e.
pix) = E[PX)|rkpkXx)=r] and py(x) =
E[P(x)| rp(x;p(x)) < 5], with the probability indicated
by the weighting function w(x) which can be expressed as
w(x) = Pr{r,(x,P(x)) > 5| x}-

Lemma 3.1: The optimal solution to Problems (P1) can be

expressed as P*(x) = (0P (x) + (1= w(x))pa (x). where

Efw(x)] 2 1-¢. E | 3 P/ (x)| and rp(x, p1(x)) = 7} for
i=1
all x. &
Proof of Lemma 3.1 is provided in Appendix A. For conve-

gf:(ﬂ) A

Then, reformulating (P1) by Lemma 3.1, we obtain

nience, we further define &2, = Z,(g9) =

Ew(x)rs(x, p1(x))

+ (1 = w(x))rs(x, P2(x))]
st. (@ E[17(wh)p1(x) + (1 — w(x))p2(x))] < Pav,
(b) Efw(x)] >1—¢p,
(© w(x) [#p — B1Tp1(x)] = 0.

max
Pr(x)=0, 0<w(x)<1

3)
Alluding to [11] and [12], the objective function can be
proved to be concave while the other constraints are linear.
Hence, we can solve the problem by using the necessary and
sufficient Karush-Kuhn-Tucker (KKT) optimality conditions.
For convenience, define z; = m for all ¢, pjy, F,i(X) =

Ty

(&= — 2)" and pjp(x) = % Apply KKT conditions and
the fact that channel state is continuous, the optimal power
policy can be summarized in Theorem 1

Theorem 1: The optimal power control for (P1) is P* =

Xw x)PT(x)+(1— Xy~ (x))P3(x), where \* and S* are the
M

solutions to E [Z P (x)} = P,y and E[w*(x)] > 1 — ¢,
i=1

392



and pj(x), p5(x) and w*(x) are defined as follows

Pivri-(X) (W (x) =1),
pxﬁvF’i* (x) < pPrp(X),
1" = arg max 2z,
meT
p1i(x) =19 Prr(X) s (wr(x) = 1), 4)
Pwri(X) > Prp(X);
1" = arg max 2,
meT
0 , otherwise
p*WF,i*(X) ,(UJ*(X) = 0),
pix) = " —argmax s (5)
0 , otherwise
X 1, 22, > ,93
woo={ o o ©
where %fx =7rs(x,Pi(x)) — A*1Tpi(x) + S* and L@QBTX =

IV. THROUGHPUT SCALING IN BC WITH OPTIMAL POWER
CONTROL

By the assumption that all the channel power gains are
exponentially distributed and PU’s power control is ON-OFF,
we can analyze the throughput scaling according to the derived
optimal power control policy. From the optimal solution in
LTPC, we can divide ) into four possible cases as summarized
in Table L.

TABLE I
FOUR POSSIBLE CASES FOR THE FADING CHANNEL STATE x WITH LTPC

Case Properties Power control ~ Outage at PU
1 g<gr Py Fix Yes
(PU turns OFF)
2 g2y, Py ix No
Pwr+ < Prp
3 g=2gr, Dy i Yes
Pl pix > PRrps
BE, < BE,
4 g 2 gr, Prp No

* *
pvxjng,i* > gRP’
‘%}10( = ‘%)20(

If S* = 0, SBS can transmit with pjy ;. in LTPC case
without making POC active, as if the PU never existed. It
was shown in [7] that the SBS sum throughput in this case
scales like O(log(log M)). Hence, this work will focus only
on the case when S* > 0. Let § = 229 The CDF of ¢
given g > gr, Fyp(0 | SY), can be expressed as 1 —
exp(r )—1

_1
1+c,0
where ¢, = = gTO Also, we can find the cumulative
density functlon (CDF) of z; when g < g and g > gr.

With zpax = maxz; and 6, we can re-characterize S; to

Sy corresponding to Table. 1

S ={g <gr}

82 = {g > 9T Zmax < A*}
U{ngTvzmaxZA*,Al* — 1{ SQSOO}

83 = g>gTaZmax_k 70<9S/Ii*—zn}ax}

54 = ngT;Zmax_A*aﬁfzmlxSegﬁfziax}
(7

where k, is the solution to log (k,) — k, + S* +1=0.

Therefore, the sum throughput C} =
be computed as follows

Elrs(x, P*(x))] can

max

cr = zi:PT(Sk)

S

E [log(%#=) Lizpuzary S (g

k=1

+Pr(Si)E [log(l + ezmaX)]{zmasz*} |S4]
ObViously, cx is upper-bounded by
Z Pr(Si)E [log(22=)1;,. >a-y | Skl which is

[log(z““")I{Zmdx>A*}]. In Appendix B1, we will prove
that lim A%,
M—o00
When ¢, > eg,
follows

C: > E[log(&pe=)1,, . >a-y] + Pr {S4}log(ko)

we can find the lower-bound of C7 as

Zimax . ©)
> B [log(235) 1., >a0)) +log(2 - 125-)
—60 . . .
where 7. = Elp 60" > 0. Note that the second inequality is

from the fact that ko > £ . lj‘ , which the coresponding
proof can be found in Appendlx B2

When €, = €), we can show that if A* > ¢,, E[C} | Sf] >
E [log(%2%) 1,200y | ST] + g log £ If A < ¢,
E [C;« | Slc] E [log(Z(x)ax)J{zln,lx>Cn} | S¢ :| + — co log
The proof of these results can be found in Append1x B3.

Further, we show that both Fz(z |S;) and Fz(z|SY)

belong to the domain of attraction of the Gumbel
distribution [13] as it satisfies the Von Mises condi-

tions. The proofs are provided in Appendix B4. Thus,
. [log( z"’"‘x)l{zmasz*}lg<gT] B
1\411_I)noo log(log M) =1 and
. E|log(Zmax )1, * > . ..
N}lm [os(22 ligélo“;ﬁ)A ozor] _ 1. Finally, it is not
— 00
o
hal‘d to ShOW that Jvhm W > 1 and hm w

1 leading to the result that C¥ scales like log(log M).

V. EXTENDED RESULTS IN THROUGHPUT SCALING

If all channel power gains are exponentially distributed
with ON-OFF power policy at PU, the MUD analysis under
peak SU power constraints can be investigated in similar
manner. The result suggests that SU throughput also scales
like O(log(log M)).

VI. NUMERICAL RESULTS

In this section, some numerical results on the performance
of the proposed power policies are illustrated for the capacity
maximization problem with POC and an average transmit
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P,=15dB.,1) = 15,6, = 0.1, LTPC
T T T
351 ~eErgodic sum capaity with POC (M = 4)
-a-Ergodic sum capacity with POC (M = 16)

—+Ergodic sum capacity with POC (M = 256)

~6-Ergodic sum capacity w/o POC (M = )
8-Ergodic sum capacity w/o POC (M = 16)

5 2
~+Ergodic sum capacity /o POC (M = 26) S /
[
2 A

sum capacity
'S

capacity

i :
kN " «#Exgodlic sun capacity /o POC: Pyy = 3 dB.
e Ergodic sun capacity /o POC: Py =15 B,
, -+~Ergodic sum capacity with POC: Py =3 4B, ¢ =01

~e~Ergodic sum capacity with POC: P, =15 dB., ¢, =01
dic sum capacity with POC: P, =15 dB., ¢, = zg
-*-log(log M)

Ergodic sum

ok -o-Erg

1000 00 1400 T

200 400 600 800
Number of SRs (M)

(b)

Fig. 1. Numerical results when rf, =1.25,¢, =0.1, and P. =15
dB. with LTPC

power constraint at the SBS. We consider a symmetric network
where all channel gains involved are assumed to be Rayleigh
fading and their channel power gains are thus exponentially
distributed, assumed to have a unit mean without loss of
generality. Noises at PR and all SRs are presumed to be
AWGN with unit variance, i.e. Nyg = 1. P. = 15 dB when
PU is ON with target rate is rg = 1.25 nats/sec and the
outage probability threshold €, = 0.1. The simulation results
are based on a Monte-Carlo method averaged over 10° channel
realizations.

Fig.1(a) shows that with an increment in average power
budget (P,,), the downlink capacity is duly increases for both
with POC and without POC. However, the effect of POC
becomes more dominant as F,, becomes higher, making the
rate of increase in downlink throughput significantly drop
compared to that of without POC. The implication is that
when POC becomes active, SBS must be aware of the QoS
of primary user, thereby being forced to transmit by the
highest possible power that still guarantee PU’s service rate,
i.e. pip, in some channel realizations. Nevertheless, the SBS
is allowed to transmit when PU link encounters an outage in
two scenarios. In the first scenario, PU faces an outage by
itself when PU is OFF. In the second scenario, the benefit of
PU being outage is greater than that of satisfying PU’s target

rate, i.e. SBS decides the strategy based on w*(x) in Theorem
1. Fig.1(a) shows the benefit of multiuser diversity. As the
number of SRs M increases, the SBS downlink throughput
is enhanced as SBS statistically has higher opportunity to
obtain direct channel gains zy,.x. In Fig. 1(b), it illustrates how
the number of SRs, M, affects the growth of SBS downlink
capacity when the proposed optimal power is applied under
the fixed power budget P,,. It shows that the growth rate is
the same as log(log M), no matter whether €, > €) (when
the secondary network can cause additional outage to primary
user) or €, = eg ( when the secondary network is not allowed
to cause more outage to PU). The results in Fig. 1(b) thus
confirm our theoretical findings in Section V.

VII. CONCLUSION

In this paper, we have investigated the optimal power alloca-
tion strategy to maximize a SU downlink ergodic sum capacity
subject to a long-term transmit power constraint at the SBS
and an outage probability constraint at PU using a probabilistic
power allocation technique. We have also analyzed how the
secondary sum-throughput scales as the number of secondary
receivers increases when the optimal power policy is applied
in Rayleigh fading channel and an ON-OFF power strategy
for PU is assumed. Our results show that the ergodic sum
throughput scales like O(log(log M)) as M — oo.

APPENDIX

A. Proof of Lemma 3.1

For an arbitrary feasible probabilistic power scheme P(x)
with conditional PDF fp|, (P(X) | X).another feasible scheme
P/ (x)., which is randomised between two deterministic
power schemes with time-sharing factors w(x), can achieve
higher SU average rate. The feasibility of P(x) implies that

M

E[3 Pi0x)] < Poy and Pr {ro(00), P(x) <713} < &.
Since p; is feasible, we know that r,(x,pi(x)) >

Elry(x; Ps(x)) | 75(x; P(x)) > 77, x]. Therefore, all of pos-
sible p(x) such that r,(x,p(x)) > r) lie in the halfspace
+

defined by p”(x)B < (g%’(g) — N0> . Thus, p;(x) must

e'P—1

also be in that halfspace, i.e. p7 (x)8 < % - Ny

e P

Construct the new probabilistic scheme P’ such that P’ =
p1(x) with probability w(x) and P’ = po(x) with probability
1 —w(x), where w(x) = Pr{r,(x,P(x)) >r%| x}.

For the PU’s outage probability based on the policy P’,
we can show that Pr{r,(x,P’(x)) > | x} = w(x), so
Elw(x)] = 1-¢.

Average power of the new power control is %pressed by
B[ £ om0+ (1 - wl)pa(0)] = £ |2 Po0| =
Paul, so the new power control P’(x) satisfies the power
constraint.
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Finally, we can show that average SU rate by P’(x),

Elrs(x,P'(x))]
= Ew)rs(x, p1(x))
> Ers(x,P(x))]

+ (1= w(x))rs(x, P2(x))]

(10)
by the aid of Jensen’s inequality for concave function.

B. Throughput scaling for LTPC

1) A*:

First,we will investigate the bound of A*. As the average
power constraint is always met, we have

3 +
=3 Pr(S,)E {(Al - 1) |S,€}
k=1 N
+Pr(S))E [(A*H}*(XW — #) |84} (11)

4
< & kZIPT(Sk) =&

PCLU

0. For ¢ > 0, there exists M,
)"z

For M is large enough, — converges to 0
max L

in

Suppose that ]V}im Ay =
— 00
such that, for M > M,, A%, <e. Therefore (-
Lo Ly max
in problgilaxlhty, implying that,(* — —)*’ converges to ¢
probability. Finally, it means that (4= 1 L)t > 1 with
high probability. So, with an arbitrary Small e, SU will v1olate
the power constraint with high probability if A}lm Ay

Consequently, N}im Ay, > 0.
— 00
Now, we are sure that A}, will not converge to zero. Next,
we will show that when M is large enough, A}, is lower-

Zmax

Py ZPT(Sk) {(A _ 1

o]

1 +
+Pr(S)E (W - K) | Sa -
+
> Pr(S))E {(Alw - ) |51}
+
_ 1
= egE [( - zmax> |81]
Since
+
. 1 1
Jm 7 (2 - 2k) 'Sl}
_ N 1 M A%
= A;;u FY Ay ] 81)) .
— f o dFZ (Zmax| 81)‘|
ZmaxAly

1
A

It is because, as M is large enough, F}/(A%,|S;) and

J

Zmax=N},

M (Zmax | S1) approach zero. Finally, we

€0

have lim A}, > &2
M —oco

Pav‘
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2) Lower bound on k, when €, > 62.’
Since Pr{S1} = €3, Pr{Ss} = €, — ) and we have

€p— €)=
ko 1
o0 A* Zmax o0
J dFe(.)-dF}'()- [ dFs(g)
Zmax=4—  0=0 g=gr
N e — V(1 —
Ve = = =(ep —€,)/(1 —¢€p)
f dFc(g)
9=g1
ko 1
&) A* Zmax
= f f dFe (0| SY) dFé\/I(ZmaX|Slc)
— 6=0

Zmax

i (1 - 1+co(f\311—1)> AF} (zmax | ST)

ko
1
< (- )
(14)
We finally have k, > ‘2—* 11; .
3) Lower bound on E [C% | 8] when €, = €):
E[C?] S1
= f f log(l + zmaxp*) : dF@<9 | Sf))
Zmax=A* =0
dF}! (2max | SF)
= J | log(%ex)dFe()dFy ()
omax=AT o= L
oo A%_ Zmlax
+ [ 10g(1 4 zmaxf)dFe()dF ()
Zmax=A\* 6=0
= | log(3e) (1 Foli - ) dFy()
Zmax:[;o X o
= og(3e) (1- Folk - ) dF3 ()
Zmax=A*
+z { Zmza:ca—xco IOg( 1+Co(/%**_ﬁ) )ng/I()
= . f:A* znziajcu log( T+c (i*_ - )AF}! (Zmax | SF)
= J = log(2u2x)dF}! (2max | SF)
+ Zmax g Co dFM Zmax S¢
L e el ey (| 1)

5)

The lower bound for F [C| Sf] is split in to two cases in

(16) for ¢, < A* and (17) for ¢, > A*

E[C?] S7
%)
= [ z‘j:ffco log(%)dFéu (#max | 9 = g7)
Zmax=A
+ 7‘0 Zmax log( Co )dFM
A e e Dl

(Zmax | g Z gT)

(16)



oo

>

IOg(zl:%)dFéw(zmax | SY)

Zmax =A%
+ omex— Jog( e (i‘! T ))ng/[(zmax | SF)

Zmax=A* ° Zmax
= f IOg(ZK%)ng{(Zmax | ST)

Zmax=A*
- f log( )dFZ (#max | ST)

Zmax=A*

Zmax Co M c

T g ey Y (e | D)
> [ log(%2=)dF} (2max | SF)

Zmax=A*
—lo%( 2) [1 —igj(zmax = A*| Sf)]
o [1— F7 (2max = A*| S7)]
= f IOg(zmdx)dFZ (#max | '51)

Zmax=A*
+ [1 = F} (2max = A*| )] 2= co log £2
> f IOg(ZZ’%)dFéW(ZmaX | Sl) 1?}% log IC\(i

Zmax =A%

E [log(%22) Iz, >a0y | ST] + 125 log §
Zmax

For (16), the first inequality is from _Zmax—log(Zmax) >
log(#=2x). The second inequality is from the lower bound
of Q(zmax) E— log(HCD(Aé"_zrnlax)) which is
= (Zmax) 1s increasing function and
always negative but bounded over the range /}* < Zmax < 00.
Thus, = CO log f& < Q(Zmax) < log(%) < 0. The

Zmax

i* co
last 1nequa11ty is from ﬁlog—

Zmax, While [1 — FY (2pax = A*| 9= > gr)] < 1. Further, as

< 0 and increasing in

¢o < A* < g, the minimum of oo log £ s ~-L
ElC:] S
oo
J e log (s )dFY (smax | SF)
Zmax=A*
(o)
Zmax Co M ¢
o et oy MRS (o 1)

_ Zmax ]Og( Zmax. )dF]v (Zmax | 51)

Zmax —Co

Co
+ f anar::i(co 1og(zmdx )dFZ (Zmax | 81)
Zmax=A
RN 1og(1+c (io_ I ))dFé\/[(Zmax| St)
Zmax=A o p—
00
> [ log(2ue)dFY! (2max | SF)
Zmax=—Co
Co
+ [ Eme—log(Z2e=)dFY (2max | SF)
Zmax;/\ AI
ZITIEI,X co
T, s ol ey ME (e | 1)

o0

>/

Zmax=Co

IOg(sz%)dFy(zmax ‘ Slc>

log(%) ¥ dFM SC
T J 7 (2max | S7)
Zmax=A*
oo
1_1% f ng/I(zmax | S7)
Zmax =A%

oo

-]

Zmax=Co

> ]

Zmax=Co

= B log(25) I, 50,1 | SE| +

z ey lo
log(Zmax )dFY () + [L — FY (c, | S§)) 242

c

log(£%)

4

log(£%)

C
-2

log(Z222)dF'(.) +

Zmax

For (17), the first inequality is from _Zmax—]og(Zmex) >
log(#max). The second inequality is due to the minimum of

omax— Jog(#max) over A* < z < ¢ is A* log( ) and
the lower bound of Q(Zmax) Which is 1o log . The last

A*
inequality is because of 0 < [1—F} (¢, | g> gT)] < 1, while

kﬁ( ‘é:) < 0. Also note that, as 0 < A* < ¢,,, ligf will not
20 10 — B
El0g(2masx) 1 {zinax>a*y IST] _ o
4) JVI—>oo log(log M) =1
We know that Fz(z|Sf) = 1 — % while
Fz(2|8) = 1 — exp(—Noz). Hence, we will prove
. B[log(zmax) I {zmax >} IST]
]\4hi>noo [ Tog(log M) _] 1 only, whereas the proof
. E|log(zmax) I {zpax>a*} [S1] o . . ..
of Mhinoo Tog(log M) =1 is obviously similar.

The normalizing constants ap; and by; for Type-I conver-
gence can be determined by solving for F(by;) =1 — - and
aprr = ¥ (bar), where 1) is the reciprocal hazard function, i.e.
P(2) = (1= Fz(2))/ f2(2).

Afterwards, we can apply recursive method to find by, and
aps as follows.

b Ni [log M — log(1 + P.bys)]
= NilogM - ilog(l + ﬁ [log M —log(1 + P.bar)])
= NilogM log( ~ log M)
1 _ lOg(l—‘rPCb]u)
Nolog 1+§—glogM %logM :l
= N%}logM— N%)logg)% log M)
1 ~° log M
% log 7 log ]V[+01—log(1+Pch)
= N%]lOgM — N%) log (ﬁ; logM) + O (71050{;%}4)
(18)
_ 1-Fx(bar)
am = fx)(chlgl
exp(—Nobar) exp(—Nobnr) P.
I1)+PC£MM )/( l1)+PCI?MM [1+Pch +N0D
Py +1
T NoP,by+No+Pe
No No+P.+NoP.byr
— L (1 E
~ No 13
_ 1 1
— No 1_O(logM)>
(19

(I7)  where £ = Ng+ P.+ NyP. [N%, log M — Niolog (% logM)

396



loglog M
+o (Uit |

log(log M
S0, bar = 7 log M — 3 log (4 1og M) +0 (55570 )

log M .
Follow the same procedure as shown in [14], we can

first show that, for given g > gr, % converges in

probability to 1. Then, define the event A.

andaM:NiO(l—O< L

A =
{log M — A*O(log(log M)) < zmax <log M — A*O(1)}
(20)
For M is large enough, we can then show that
liminfa; oo B0 (zmax) Lzmax 243 151] > 1 as follows.

log(log M)

E [log(zmax)l{zmxzm} |Sf] > E[log(zmax) 14 | S¢]

> log(log M) + O(1)

E[108(2masx) ! {zxmax> A%} S5 < Ellog(2max) L4 |S5]
log(log M) = log(log M)

=1+o0(1)

E[Zmax |S1C]
log M
procedure from the proof of Lemma 2 in [14]. Finally,
E[log(2max) I {zmax >4} |S5]
log(log M)

1)

Then, we can prove that lim = 1, by similar

< 1 can be shown as

limsupy;_, o
follows

E [log(1 4 zmax) | S5 < Elog(1 4 zmax) | S5

(a)
< log(1+ E [zmax | S{])
=log(log M) + O(1)

Bllog(smax) L {zmax 27y IS7] - _ +0(1)

log(log M)

(22)
Note that (a) in (22) follows from Jensen’s inequality and the

P . Elzmax [ST] _
equality is due to A}gnoo T]\/fl = 1. By (21) and (22), we

E[log(Zmax)l{zmaxZA*} |Slr] . 1
log(log M) -

finally have lim
M

— 00
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