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Abstra
t: Quasi-velo
ities 
omputed with the kineti
 metri
 of a lagrangian system are intro-du
ed, and the quasi-Lagrange equations are derived with and without fri
tion. This is shownto be very well suited to systems subje
t to unilateral 
onstraints (hen
e varying topology) andimpa
ts. Energeti
al 
onsisten
y of a generalized kinemati
 impa
t law is 
arefully studied, bothin the fri
tionless and the fri
tional 
ases. Some results 
on
erning the existen
e and uniquenessof solutions to the so-
alled 
onta
t linear 
omplementarity problem, when fri
tion is present, areprovided.Key-words: bilateral holonomi
 
onstraints; unilateral 
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onditions;Coulomb fri
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Quasi-vitesses généralisées 
inétiques pour les systèmeslagragiens ave
 
ontraintes unilatérales, impa
ts et frottementRésumé : Les quasi-vitesses introduites à partir de la métrique 
inétique sont présentées, anisi queles quasi-équations de Lagrange qui en dé
oulent, ave
 et sans frottement de Coulomb. On montre que
es vitesses sont très pratiques pour analyser les systèmes ave
 
ontraintes unilatérales (don
 à topologievariable) et les 
ollisions. Le 
omportement énergétique d'une loi d'impa
t généralisée est analysé, dansles deux 
as (ave
 et sans frottement). Quelques résultats sur l'existen
e et l'uni
ité de solutions duproblème de 
omplémentarité linéaire de 
onta
t, ave
 frottement de Coulomb, sont donnés.Mots-
lés : 
ontraintes bilatérales holonomes, 
ontraintes unilatérales,
onditions de 
omplémentarité,frottement de Coulomb, restitution tangentiele, paradoxe de Painlevé, quasi-vitesses, quasi-dynamiquede Lagrange, loi d'impa
t 
inématique, loi d'impa
t de Moreau, angles 
inétiques, métrique 
inétique.



Kineti
 quasi velo
ities 31 Introdu
tionFinite-dimensional Lagrangian me
hani
al systems subje
t to bilateral, or unilateral 
onstraints with orwithout Coulomb's fri
tion, have re
eived a 
onsiderable attention. It is known that the 
hoi
e of thegeneralized 
oordinates may be a 
ru
ial step for either feedba
k 
ontrol design, or numeri
al simulation.Many di�erent ways of transforming the Lagrange dynami
s into more suitable �
anoni
al� forms havebeen proposed. Among these some are based on quantities known as quasi-velo
ities (or non-holonomi
velo
ities, or generalized velo
ities, or generalized speeds, or pseudo-velo
ities, or kinemati
 
hara
ter-isti
s) [30, 36, 44, 45, 47, 56, 57, 67℄. Others use generalized 
oordinate transformations [60℄. The
oordinate partitioning methods have almost always been introdu
ed for systems with a set of bilateral(holonomi
 or non-holonomi
) 
onstraints. The 
ase of unilateral 
onstraints and impa
ts deserves, as isshown in this paper, a spe
i�
 analysis be
ause of the varying set of a
tive 
onstraints.The issues related to impa
ts in multibody systems 
onstitute an important �eld of resear
h be
ause ofthe many appli
ations and 
hallenges, see [46℄ and [17, Chapters 4, 5, 6℄ for reviews of single and multiple
ollisions modeling approa
hes. Among these, so-
alled multiple impa
ts are parti
ularly tough to model.Frémond [27℄ brie�y analyzed the ro
king blo
k and pointed out the ne
essity of �distan
e e�e
ts� inmultiple impa
ts, dealing later on with 
hains of balls [23, 25℄. The kineti
 quasi-velo
ity 
hange ofvariables des
ribed in this paper was introdu
ed in [15℄, inspired by ideas in [39, 40, 48℄. A generalizedimpa
t kinemati
 impa
t law based on this parti
ular state spa
e transformation was also pointed out in[15, Equation (6.86)℄, see also [17, Equation (6.96)℄. Glo
ker [33℄ later interpreted Frémond's idea as arestitution matrix, re
overing (as far as 
hains of balls are 
on
erned) the normal part of the generalizedlaw presented in the sequel of this paper: this restitution matrix should not in general be diagonal, butshould 
ontain o�-diagonal entries representing the �distan
e e�e
ts�. More re
ently it has been shownthat even more may sometimes be needed [20℄, be
ause the normal part of the restitution law may notbe su�
ient to des
ribe some motions like perfe
t ro
king of a planar blo
k. Re
ent results on multipleimpa
ts with or without fri
tion have also been obtained in [12, 52, 61, 62, 70, 75, 76, 77, 82℄.In this paper it is shown that the kineti
 quasi-velo
ity 
hange of variables is very well suited forunilaterally 
onstrained lagrangian systems, and allows one to analyse these systems as a generalizedmulti-
onstrained parti
le with whi
h two Riemannian metri
s are asso
iated: one in a normal spa
eand one in a tangent spa
e. In the fri
tionless 
ase the analogy with a parti
le is 
lear, see (10) and(38) below. In the 
ase with fri
tion the analogy is less obvious be
ause of normal/tangential 
ouplingterms (see (24) and (53) below). It is nevertheless still possible to derive a general 
riterion for energy
onsisten
y at impa
ts, involving �small 
ouplings� and �small fri
tion�. This 
riterion (see Theorem 2below) is not just an existen
e result but is a 
onstru
tive result sin
e all the bounds 
an be 
omputedfor a given system.The paper is organized as follows: Se
tion 2 presents the quasi-lagrangian dynami
s in the fri
tionless(se
tion 2.1) and fri
tional (se
tion 2.2) 
ases, and ends with several examples in se
tion 2.3. Se
tion 3 isdedi
ated to the analysis of kinemati
 impa
t laws, in the fri
tionless (se
tion 3.1) and fri
tional (se
tion3.2) 
ases. Issues of energeti
al 
onsisten
y, uniqueness of 
oe�
ients of restitution, link with Moreau'simpa
t law, tangential restitution and Coulomb's fri
tion at impa
ts are analysed. In passing we providea 
orre
t version of a result stated in [20℄, where some 
ru
ial assumptions are missing. Also a generaland 
onstru
tive 
riterion for the energeti
al 
onsisten
y when normal restitution and Coulomb's fri
tionare used, is proposed. In Se
tion 4 the 
onta
t LCP well-posedness is studied. Con
lusions end the paperin Se
tion 5, and some useful mathemati
al results are re
alled in the Appendix.Notation and de�nitions: [8, 26, 49, 73℄ I generi
ally denotes the identity matrix of appropriatedimension. A real matrix A ∈ IRn×n is positive de�nite if xTAx > 0 for all x 6= 0, it is non-negativeif all its entries are non-negative, its Moore-Penrose pseudo-inverse is denoted as A†, it is a P-matrixif all its prin
ipal minors are positive, it is a Z-matrix if its o�-diagonal entries are all non-positive, itis a K-matrix if it is a Z-matrix and also a P-matrix. It is a 
opositive matrix if xTAx > 0 for all
x ∈ IRn

+, and a stri
tly 
opositive matrix if xTAx > 0 for all x ∈ IRn
+, x 6= 0. Let A ∈ IRn×m be a realmatrix, then its eu
lidean norm is ||A||2 = (

∑n
i=1

∑m
j=1 A

2
ij)

1
2 . Let A ∈ IRn×n be a real matrix, thenRR n° 8158



4 Bernard Brogliato
QA

∆
= {z ∈ IRn|0 6 z ⊥ Az > 0}. Its dual is Q∗

A = {z ∈ IRn|zTx > 0 for all x ∈ QA}. Eigenvaluesare denotes as λi(A). The smallest eigenvalue of A is denoted λmin(A), the largest one as λmax(A),whereas σmax(A) is its largest singular value (σ2
i (A) = λi(AA

T ) = λi(A
TA)). The multivalued signfun
tion IR → [−1, 1] is de�ned as sgn(x) = 1 if x > 0, sgn(x) = −1 if x < 0, sgn(0) = [−1, 1]. Let

IRn×n ∋ M = MT > 0, then ||x||M ∆
=

√
xTMx, and 〈x, y〉M = xTMy, for all x, y ∈ IRn. [aij ] denotesthe matrix with entries aij . R(A) = {z|∃ y su
h that z = Ay} is the range of the matrix A. For a given
onvex, non empty set K ⊆ IRn, and a matrix M = MT > 0, its normal 
one at x in the metri
 de�nedby M is denoted NM

K (x) = {w ∈ IRn|〈w, z − x〉M 6 0 for all z ∈ K}. If the metri
 is the eu
lidean one(i.e. M = I) then we denote the normal 
one as NK(·), and NM
K (·) = M−1NK(·).2 The kineti
 quasi-velo
itiesLet us 
onsider a Lagrangian system with n degrees of freedom, 
on�guration spa
e C, n-dimensionalgeneralized 
oordinate ve
tor q with independent 
oordinates qi, i ∈ {1, n}, inertia matrix M(q) =

MT (q) > 0, and potential energy U(q). The tangent spa
e to C at q is denoted as TqC ∋ q̇, its dualspa
e is denoted as T ∗
q C ∋ F , where F are the for
es that work on q̇dt. In this paper two kinds oftime-independent 
onstraints are 
onsidered: holonomi
 bilateral 
onstraints, and unilateral 
onstraints.The �rst take the form f(q) = 0, f : C 7→ IRm, while the se
ond take the form h(q) > 0, h : C 7→ IRp. Itis understood that the 
oordinates qi are independent when the system is un
onstrained, i.e. the systemmay be treated as a generalized parti
le, evolving freely on the 
on�guration manifold C. Obviouslythe addition of bilateral holonomi
 
onstraints may add some dependen
y between some 
oordinates.Generally speaking, quasi-velo
ities v are de�ned as:

v = A(q)q̇ (1)where v has dimension n, and A(q) is invertible but not ne
essarily integrable. In other words, there doesnot ne
essarily exist any quasi-position q̄ = g(q) su
h that dq̄
dt

= ∂g
∂q

(q)q̇, so that A(q) is not the Ja
obianof any mapping g(q). It is 
lear that v may 
orrespond to some non-holonomi
 
onstraints, hen
e thename non-holonomi
 velo
ities that is sometimes given to quasi-velo
ities. A very generi
 form of theun
onstrained dynami
s follows [10, 11℄:
q̇ = A−1(q)v

M̄(q)v̇ = H(q, v, t)
(2)whereH(q, v, t) gathers inertial for
es (
entrifugal, Coriolis), torques that derive from the potential energy(gravity, elasti
ity), and external torques (
ontrol inputs, disturban
es). Noti
e that the mas matrix M̄(q)in (2) is not ne
essarily equal to M(q). This is the 
ase for instan
e if (2) represents the Newton-Eulerdynami
s of an un
onstrained 3-dimensional rigid body with rotation parameterization using Euler angles.In other 
ases M̄ may be the identity, showing in passing that in general the dynami
s in (2) is not in theLagrange formalism. Quasi-velo
ities may also be de�ned as the proje
tion of the instantaneous angularand gravity 
enter velo
ities on the axes of some suitable frame [45℄. Usually quasi-velo
ities are appliedto de
ouple and simplify, in a way, the dynami
s, with diagonalized Lagrangian dynami
s and simpli�edkineti
 energy form [22, 36℄. This is also the 
ase, as shown below, of the quasi-velo
ity that is analyzedin this paper. Clearly one does not have in general v ∈ Tq̄C for some generalized 
oordinate q̄, ex
ept if

A(q) is a Ja
obian in whi
h 
ase v = ˙̄q.The basi
 idea for de�ning the kineti
 quasi-velo
ities as introdu
ed in [15, 17℄ for the 
ase m = 0 and
p = 1, is �rst to embedd the 
on�guration manifold C with the kineti
 metri
, that is the metri
 de�nedwith the inertia matrixM(q): given two ve
tors x and y in IRn, their inner produ
t is 〈x, y〉q = xTM(q)y.Thus equipped the 
on�guration spa
e is a Riemannian manifold. This idea is quite natural sin
e thekineti
 energy is, together with C and U(q), a fundamental ingredient of the Lagrange dynami
s understudy [53℄, so that M(q) appears as the metri
 of the system. It has been used in several analysisInria



Kineti
 quasi velo
ities 5[10, 11, 13, 22, 50, 54, 61℄. This is not to be 
onfused with so-
alled inertial quasi-velo
ities de�ned fromsome fa
torization of M(q) = m(q)mT (q) and A(q) = mT (q) in (1), or variants of this [36, 42℄.The kineti
 quasi-velo
ities are designed as follows. To simplify the notation and without loss ofgenerality, we assume that the m bilateral 
onstraints are denoted as fi(q)
∆
= hi(q) = 0 for i ∈ {1, ...,m},and the p unilateral 
onstraints are hi(q) > 0 for i ∈ {m+1, ...,m+ p}, with m+ p 6 n. We also assumethat all the 
onstraints hi(q) are fun
tionally independent at any q ∈ C, that is the (m+ p)× n gradientmatrix ∇h(q) has full 
olumn rank m + p. This in parti
ular pre
ludes that the gradients vanish in thedomain of interest on C. The m+ p normal unitary ve
tors to the 
o-dimension 1 
onstraints manifolds

Σi = {q ∈ C|hi(q) = 0} equipped with the kineti
 metri
 are de�ned as :
nq,i =

M−1(q)∇hi(q)
√

∇hT
i (q)M−1(q)∇hi(q)

. (3)Clearly the normal ve
tors nq,i are independent. If m + p < n we have to 
omplete the set
(nq,m+1, ...,nq,m+p) by n−m−p mutually independent ve
tors tq,i in order to make a basis. The tq,i ve
-tors are 
hosen su
h that 〈tq,i,nq,j〉M = t

T
q,iM(q)nq,j = 0 for all i ∈ {1, ..., n−m− p}, j ∈ {1, ...,m+ p}.We noti
e that t

T
q,iM(q)nq,j =

t
T
q,i∇hi(q)√

∇hT
i (q)M−1(q)∇hi(q)

so that the ve
tors t
T
q,i are orthogonal to the kineti
gradients nq,j in the kineti
 metri
, and orthogonal to the eu
lidean gradients ∇hi(q) in the eu
lideanmetri
. One may 
hoose unitary ve
tors tq,i, i.e. t

T
q,iM(q)tq,i = 1. Therefore the ve
tors tq,i span TqCwhereas the ve
tors nq,i span the normal 
one NΦ(q) to the admissible domain Φ of C. This admissi-ble domain for q is de�ned as follows: Φ

∆
= Φb × Φu with Φb = {q ∈ C|hi(q) = 0, i ∈ {1, ...,m}} and

Φu = {q ∈ C|hi(q) > 0, i ∈ {m + 1, ...,m + p}}. Thus Φb is the bilateral holonomi
 
onstraints mani-fold with 
o-dimension m, Φb = ∩m
i=1Σi, whereas Φu is the admissible domain de�ned by the unilateral
onstraints, Φu = ∩m+p

i=m+1Φu,i, with Φu,i = {q ∈ C|hi(q) > 0, i ∈ {m + 1, ...,m + p}}. For obviousreasons we assume that Φu 
ontains a ball of radius > 0. One has NΦ(q) = NΦb
(q) × NΦu

(q), where
NΦb

(q) = {w ∈ IRn|w =
∑m

i=1 αinq,i, αi ∈ IR}. It is in fa
t possible to use more geometri
al argumentsto 
hara
terize the bilateral 
onstraints following e.g. the developments for passive de
omposition in [50,Equ. (10) (11)℄, see also [54℄ and [11℄. Con
erning the geometri
al interpretation in 
ase of unilateral
onstraints see [33℄.Let us now de�ne the set of a
tive unilateral 
onstraints as Ia(q) = {i ∈ {m+1, ...,m+p}|hi(q) = 0}.Then the normal 
one to Φu at q in the kineti
 metri
 is given by1:
NM

Φu
(q) = {w ∈ IRn|〈w, q′ − q〉M 6 0 for all q′ ∈ Φu}

= {w ∈ IRn|w =
∑

i∈Ia(q) −αinq,i, αi > 0}
(4)If Ia(q) = ∅ (the system evolves stri
tly inside Φu) then following [65℄ we adopt the 
onvention that

NM
Φu

(q) = {0}. The minus sign pre-multiplying αi 
omes from the fa
t that one 
onsiders the outwardsnormal 
one, whi
h is generated by the ve
tors −nq,i. In (4) the dual spa
e T ∗
q C is identi�ed with

IRn. The expression in (4) holds when Φu is for instan
e a prox-regular set (in
luding 
onvex sets), and
onstraints are independent at all q ∈ Φ, see Theorem 6.14 in [74℄. This in turn is 
losely related to theso-
alled Clarke or tangential regularity of Φu whi
h implies the absen
e of re-intrant 
orners [74, �6.B℄.One 
lassi
ally de�nes the polar 
one to NM
Φu

(q) whi
h is the tangent 
one de�ned as [65℄:
TΦu

(q) = {w ∈ IRn|〈w,nq,i〉M =
1

||hi(q)||M−1

wT∇hi(q) > 0, for all i ∈ Ia(q)} (5)where this time TqC is identi�ed with IRn, and ||∇hi(q)||M−1 =
√

∇hT
i (q)M−1(q)∇hi(q). Thus NM

Φu
(q) ⊂

T ∗
q C while TΦu

(q) ⊂ TqC. A
tually TΦu
(q) is generated by p ve
tors tq,i su
h that 〈tq,i,nq,i〉M = 0. Thenormal and tangent 
ones repla
e, for unilaterally 
onstrained systems, the 
lassi
al 
onstraint subspa
eand its orthogonal subspa
e. They are both polyhedral 
ones [65℄.1This is the set denoted T ⊥

C
in [33, Equ. (5.11)℄.RR n° 8158



6 Bernard BrogliatoLet us de�ne the n×nmatrix Ξ(q) =

(
n

T
q

t
T
q

), where nq = (nq,m+1, ...,nq,m+p) and tq = (tq,1, ..., tq,m).The kineti
 quasi-velo
ities are de�ned as :
v

∆
=

(
q̇norm

q̇tan

)

= Ξ(q)M(q)q̇ (6)where the notation norm and tan 
ome from the fa
t that v in (6) is the Eu
lidean proje
tion of thegeneralized momentum p = M(q)q̇ on the basis nq and tq (equivalently the proje
tion of q̇ on nq and tq inthe kineti
 metri
). One 
ould therefore 
all the kineti
 quasi-velo
ities, the mass-proje
ted momentum.From (6) one has q̇norm = n
T
q M(q)q̇ has dimension m+ p and q̇tan = t

T
q M(q)q̇ has dimension n−m− p.Noti
e that the (m + p) × n matrix n

T
q M(q) has rows ∇hT

i (q)
||∇hi(q)||M−1

. Thus q̇norm,i =
∇hT

i (q)q̇
||∇hi(q)||M−1

, and
nq = M−1(q)∇h(q)diag(

1
||∇hi(q)||M−1

).Remark 1 The use of the kineti
 metri
 for the study of multiple impa
ts was perhaps �rst advo
atedin [39℄. It is also impli
itly present in Moreau's works [64, 65℄ where the tangent and normal 
ones arede�ned in a generi
 way, independently of the metri
, see also [33, �4℄ for a detailed analysis. It is 
learthat as far as one analyses the system at a �xed q (like for impa
ts), then M(q) is 
onstant and the metri
is Eu
lidean.2.1 Fri
tionless Lagrangian systemsThe fri
tionless Lagrange dynami
s is given by :
M(q)q̈ + F (q, q̇, t) = ∇h(q)λn =

m∑

i=1

∇hi(q)λn,i +

m+p
∑

i=m+1

∇hi(q)λn,i (7)where other ingredients like 
omplementarity 
onditions and impa
t law are disregarded for the moment,and we re
all that hi(q) = 0 for all i ∈ {1, ...,m}. The m + p ve
tor λn groups Lagrange multipliersasso
iated with the 
onstraints. Let us denote Fu(q) =
∑m+p

i=m+1 ∇hi(q)λn,i the generalized 
onta
t for
easso
iated with the unilateral 
onstraints. Noti
e that for a given q one has Fu(q) ∈ −M(q)NM
Φu

(q) =
NΦu

(q) due to the non-negativity of the multipliers, in parti
ular Fu(q) = 0 if q is in the interior of Φu.Let us now perform the kineti
 quasi-velo
ities transformation of the Lagrange dynami
s (7). First noti
ethat:
(
q̈norm

q̈tan

)

= Ξ(q)M(q)q̈ +
d

dt
(Ξ(q)M(q))q̇ (8)Pre-multipyling both sides of (7) by Ξ(q) one obtains:

(
q̈norm

q̈tan

)

+ Ξ(q)F (q, q̇, t) − d

dt
(Ξ(q)M(q))q̇ =

(
n

T
q ∇h(q)λn

t
T
q ∇h(q)λn

) (9)Let us de�ne λ̄n su
h that λ̄n,i
∆
= ||∇hi(q)||M−1λn,i, i.e. λ̄n = diag(||∇hi(q)||M−1 )λn

2. From thede�nition of tq,i it follows that t
T
q ∇h(q)λn = 0, therefore (9) be
omes:

q̈norm + Fnorm(q, q̇norm, q̇tan, t) = n
T
q M(q)nqλ̄n

q̈tan + Ftan(q, q̇norm, q̇tan, t) = 0
(10)with obvious de�nitions for Fnorm(q, q̇norm, q̇tan, t) and Ftan(q, q̇norm, q̇tan, t). The terms indexed by

tan are not a�e
ted by the 
onta
t for
e and may be thought of as some kind of tangential dynami
s.2Noti
e that the assumption that the 
onstraints are fun
tionally independent, guarantees that the norms ||∇hi(q)||M−1never vanish, so diag(||∇hi(q)||M−1 ) is positive de�nite. Inria



Kineti
 quasi velo
ities 7We may 
hoose to 
all the �rst line of (10) the quasi-normal dynami
s and the se
ond line the quasi-tangential dynami
s. The dynami
s in (6) (10) is 
onsequently a parti
ular 
ase of (2). It is 
lear that(10) usually is not a Lagrange dynami
s sin
e M̄ is 
onstant (the identity) whereas nonlinear inertialtorques do not vanish (su
h dynami
s are sometimes 
alled Lagrange's equations in quasi-velo
ities, orBoltzmann-Hamel equations [11℄). The so-
alled Delassus' matrix de�ned when m = 0 (only unilateral
onstraints) is equal to ∇hT (q)M−1(q)∇h(q) [1℄. The matrix n
T
q M(q)nq may be seen as a normalizedDelassus' matrix3, whose diagonal entries ar equal to 1. It is positive de�nite if and only if nq has fullrank m + p. Noti
e that we 
an split q̇norm as q̇norm =

(
q̇b
norm

q̇u
norm

) with q̇b
norm ∈ IRm 
orresponds tobilateral 
onstraints, and q̇u

norm ∈ IRp 
orresponds to unilateral 
onstraints. Similarly one has
n

T
q M(q)nq =





n
b,T
q M(q)nb

q n
b,T
q M(q)nu

q

n
u,T
q M(q)nb

q n
u,T
q M(q)nu

q



 (11)Thus the �rst line in (10) 
an be rewritten as:
q̈b
norm + F b

norm(q, q̇norm, q̇tan, t) = n
b,T
q M(q)nb

qλ̄
b
n + n

b,T
q M(q)nu

q λ̄
u
n

q̈u
norm + Fu

norm(q, q̇norm, q̇tan, t) = n
u,T
q M(q)nb

qλ̄
b
n + n

u,T
q M(q)nu

q λ̄
u
n

(12)where λ̄b
n 
olle
ts the �rst m multipliers λ̄n,i and λ̄u

n 
olle
ts the last p multipliers λ̄n,i. Sin
e q̇b
norm = 0 atall times be
ause the system evolves on the 
o-dimension m manifold {q ∈ C|hi(q) = 0,∇hT

i (q)q̇ = 0, i ∈
{1, ...,m}}, the �rst equation in (12) is equal to F b

norm(q, q̇u
norm, q̇tan, t) = n

b,T
q M(q)nb

qλ̄
b
n +n

b,T
q M(q)nu

q λ̄
u
n.If the m×m matrix n

b,T
q M(q)nb

q is invertible one may obtain λb
n from this equation and insert it into these
ond equation in (12) to obtain a dynami
s that no longer depends on λ̄b

n. This modi�es the unilateralpart of the dynami
s (and in parti
ular one obtains a new Delassus' matrix in (17)), see [21℄ for detailedanalysis on the 
ouplings between unilateral and bilateral 
onstraints.2.1.1 The kineti
 energyThe kineti
 energy of our system is T (q, q̇) = 1
2 q̇

TM(q)q̇. Clearly q̇b
norm does not play any role in thekineti
 energy, being zero. We will see later that the same applies to q̇tan when one 
onsiders the kineti
energy variation at an impa
t. Let us assume that Ξ(q) has full rank n. One has:

Ξ(q)M(q)ΞT (q) =

(
n

T
q

t
T
q

)

M(q)(nq tq)

=





n
T
q M(q)nq 0

0 t
T
q M(q)tq





(13)from whi
h one dedu
es the inverse matrix:
Ξ−T (q)M−1(q)Ξ−1(q) =





(nT
q M(q)nq)

−1 0

0 (tT
q M(q)tq)

−1



 (14)3The Delassus' operator is sometimes 
alled the fundamental matrix [13℄.RR n° 8158



8 Bernard Brogliatowhi
h holds provided the normalized Delassus' matrix has full rank n. Now we have:
T (q, q̇) = 1

2 q̇
TM(q)q̇

= 1
2 q̇

TM(q)ΞT (q)Ξ−T (q)M−1(q)Ξ−1(q)Ξ(q)M(q)q̇

= 1
2v

T





(nT
q M(q)nq)

−1 0

0 (tT
q M(q)tq)

−1



 v

= 1
2 q̇

T
norm(nT

q M(q)nq)
−1q̇norm + 1

2 q̇
T
tan(tT

q M(q)tq)
−1q̇tan

(15)
Now one may use (11) and the S
hur 
omplement [19, �A.5℄ to dedu
e:

T (q, q̇) = 1
2 q̇

u,T
normG

−1(q)q̇u
norm + 1

2 q̇
T
tan(tT

q M(q)tq)
−1q̇tan (16)with:

G(q) = n
u,T
q M(q)nu

q − n
u,T
q M(q)nb

q(n
b,T
q M(q)nb

q)
−1

n
b,T
q M(q)nu

q (17)If m = 0 (no bilateral 
onstraints) and p = 1, then q̇u
norm = q̇norm and one re
overs the result in [17, Equ.(6.11)℄ that T (q, q̇) = 1

2 q̇
2
norm + 1

2 q̇
T
tan(tT

q M(q)tq)
−1q̇tan.It is noteworthy that the basis (nq, tq) is not orthonormal, be
ause the ve
tors nq,i, i ∈ {1, ...,m+p},and tq,i, i ∈ {1, ..., n−m− p} are not ne
essarily orthogonal one to ea
h other (ex
ept if the 
onstraintsare orthogonal). Thus, despite the quasi-mass matrix M̄(q) in (10) is the identity, the kineti
 energy in(16) does not have the simple form 2T (q, v) = vT v as is for instan
e the 
ase in [11, Equ. (20)℄.Remark 2 Let hu(q) = (hm+1(q), ..., hm+p(q))

T . The multiplier ve
tor λu
n satis�es the 
omplementarity
onditions λu

n > 0, hu(q) > 0, (λu
n)Thu(q) = 0, written 
ompa
tly as 0 6 λu

n ⊥ hu(q) > 0. If q̇norm isintegrable, i.e. there exists qnorm su
h that d
dt
qnorm = q̇norm, then the 
omplementarity 
onditions 
an bewritten as 0 6 qnorm ⊥ λu

n > 0. It is however always true that on a 
onta
t time interval where hi(q) = 0persistently, then q̇norm,i(t
+) > 0 and q̈norm,i(t

+) > 0, where we impli
itly suppose that velo
ities anda

elerations are right-
ontinuous fun
tions of time. This will allow us to 
onstru
t the so-
alled 
onta
tlinear 
omplementarity problem (
onta
t LCP) to 
al
ulate λu
n.2.1.2 The normal 
onta
t for
es powerLet us denote Fc(q) = ∇h(q)λn. Let us investigate now the power performed by the generalized 
onta
ttorque: Pn = FT

c (q)q̇ where q̇ is assumed to be 
ompatible with the bilateral and the unilateral 
onstraints(i.e. we 
onsider virtual velo
ities q̇ su
h that the virtual displa
ement δq = q̇dt is 
ompatible with the
onstraints and su
h that the virtual work is Wn = Pndt). Then from the above developments we obtain:
Pn = FT

c (q)q̇ = λT
n∇hT (q)q̇ = λT

ndiag(||∇hi(q)||M−1)nT
q M(q)q̇

= λ̄T
nn

T
q M(q)q̇ = λ̄T

n q̇norm = λ̄u,T
n q̇u

norm

(18)where we used that q̇b
norm = 0 always. Now one has 0 6 λu

n ⊥ hu(q) > 0, therefore if the system lies inthe interior of the admissible domain Φu one has λu
n = 0 and Pn = 0. If the system evolves smoothly on apart of the boundary bd(Φu) that is �nitely represented by the a
tive 
onstraints indexed in Ia, one has

0 6 q̇norm,i ⊥ λu
n,i > 0 for all i ∈ Ia. Consequently in this 
ase also Pn = 0. Sin
e the 
onstraints are allperfe
t, the power developed by the 
onta
t for
es outside possible impa
ts is always zero, as expe
ted.The interest of (18) is to highlight the fa
t that the �for
es� that perform work on the quasi-velo
ities

q̇u
norm are the multipliers λ̄u

n. This may be useful when dealing with impa
ts where the work done by thenormal for
e during the 
ollision has to be 
al
ulated (
ompare (18) and (46)). Inria



Kineti
 quasi velo
ities 9Let us denote F c
norm(q)

∆
= n

T
q M(q)nqλ̄n and Dn(q) = (nT

q M(q)nq)
−1. Then from (18) one gets:

Pn = λ̄T
n q̇norm = 〈F c

norm(q), q̇norm〉Dn (19)Let us also denote Dt(q) = (tT
q M(q)tq)

−1 4. As a result one �nds that the fri
tionless Lagrangiansystem (7) with a set of holonomi
 bilateral and unilateral 
onstraints is equivalently represented as ageneralized parti
le with dynami
s :
q̈norm + Fnorm(q, q̇norm, q̇tan, t) = F c

norm(q)

q̈tan + Ftan(q, q̇norm, q̇tan, t) = 0
(20)and the kineti
 metri
 D(q) =diag(Dn(q), Dt(q)) (see (15)), while q̇normdt performs work on F c

norm(q) inthe metri
 of Dn(q).2.1.3 The kineti
 anglesThe kineti
 angles play a 
ru
ial role in systems with multiple unilateral 
onstraints [1, 7, 29, 69℄. Thekineti
 angle between two a
tive 
onstraints i and j at q is given by:
θij(q) = π − arccos

∇fi(q)
TM−1(q)∇fj(q)

√

∇fi(q)TM−1(q)∇fi(q)
√

∇fj(q)TM−1(q)∇fj(q)
. (21)Kineti
 angles are quantities that re�e
t the 
ouplings between the inertial properties and the geo-metri
al properties of the system with unilateral 
onstraints. It readily follows that:

n
T
q M(q)nq = [cos(π − θij)] = −[cos(θij)] (22)In parti
ular the diagonal entries are − cos(θii) = 1. One sees from (10) (11) that the normal part ofthe dynami
s is strongly in�uen
ed by the kineti
 angles matrix. This is known to play a 
ru
ial rolein existen
e and uniqueness of solutions [7℄, 
ontinuous dependen
e on initial data [1, 29, 69℄, 
ouplingsbetween unilateral and bilateral 
onstraints [21℄, and dynami
s at impa
ts [20℄.2.2 Systems with Coulomb's fri
tionTo simplify the analysis from now on we assume that m = 0, that is there are no bilateral 
onstraints,and all the unilateral 
onstraints are rough with Coulomb's fri
tional e�e
ts. The Lagrange dynami
swith tangential e�e
ts at the 
onta
ts have the generi
 form:

M(q)q̈ + F (q, q̇, t) = ∇hu(q)λu
n +HT(q)λt (23)where ∇hu(q)λu

n =
∑p

i=1 ∇hi(q)λn,i, λt 
olle
ts the p multipliers that represent tangential 
onta
t for
es,and HT(q) is an n× p transformation matrix from the lo
al frames at the 
onta
t points to the 
on�gu-ration spa
e [1, Chap.3℄ [32, 52, 72℄. Pre-multipyling both sides of (23) by Ξ(q) one obtains:
q̈norm − d

dt
(nT

q M(q))q̇ + n
T
q F (q, q̇, t) = n

T
q M(q)nqλ̄

u
n + n

T
q HT(q)λt

q̈tan − d
dt

(tT
q M(q))q̇ + t

T
q F (q, q̇, t) = t

T
q HT(q)λt

(24)It is remarkable in (24) that there is no reason in general that n
T
q HT(q) = 0, i.e. nq is not in generalan anihilator of HT(q). This means that the quasi-tangential dynami
s may in�uen
e the quasi-normaldynami
s, but the reverse never holds sin
e by 
onstru
tion of the basis (nq, tq) one has t

T
q ∇h(q) = 0.We will see later that this explains some of the di�
ulties en
ountered when fa
ing Painlevé paradoxes.4Clearly if the ve
tors tq,i are 
hosen mutually orthogonal then Dt(q) = I.RR n° 8158



10 Bernard Brogliato2.2.1 The 
onta
t LCPLet us 
onstru
t the 
onta
t 
omplementarity problem for (24). This is done using the 
omplementarity
onditions: 0 6 λu
n ⊥ q̈norm > 0 on phases of persistent 
onta
t with hu(q) = 0 and q̇norm = 0:

0 6 λ̄u
n ⊥ n

T
q M(q)nqλ̄

u
n + n

T
q HT(q)λt +

d

dt
(nT

q M(q))q̇ − n
T
q F (q, q̇, t) > 0 (25)Inserting Coulomb's model λt,i ∈ −µi λn,i sgn(vt,i), where vt,i = HT

T,i(q)q̇ is the relative tangentialvelo
ity at the 
onta
t point i, one obtains a 
omplementarity problem with unknown λ̄n. Here HT,i isthe ith 
olumn of HT and sgn is the multivalued sign fun
tion. To obtain (25) we also used the fa
t thatsin
e λu
n and λ̄u

n are related with a diagonal positive de�nite matrix, stating the orthogonality and thenon-negativity 
onditions with one or the other ve
tor is equivalent. We may rewrite the 
onta
t LCPwith Coulomb's fri
tion as:
0 6 λ̄u

n ⊥
(

n
T
q M(q)nq − n

T
q HT(q)diag(

µiξi
||∇hi(q)||M−1

))

λ̄u
n +

d

dt
(nT

q M(q))q̇ − n
T
q F (q, q̇, t) > 0 (26)with ξi ∈ sgn(vt,i). The existen
e and uniqueness of solutions to this problem depends on the matrix

D(q, µ, vt)
∆
=

(

n
T
q M(q)nq − n

T
q HT(q)diag(

µiξi

||∇hi(q)||M−1

)) being or not a P-matrix. In the following weshall denote b(q, q̇, t) ∆
= d

dt
(nT

q M(q))q̇ − n
T
q F (q, q̇, t).Remark 3 One has q̇tan = t

T
q M(q)q̇ and vt = HT

T (q)q̇. As alluded to above, tq spans TqC so that q̇tanis a proje
tion of the generalized momentum on TqC. The ve
tor vt 
olle
ts the tangential velo
ities inlo
al Eu
lidean frames at the 
onta
t points. There is in general no reason that q̇tan and vt have thesame physi
al units. There are even examples where only normal lo
al velo
ities are de�ned, while thequasi-tangent dynami
s exists (see the aligned 
hain of balls example below).2.2.2 The tangential 
onta
t for
es powerLet us 
ompute the virtual power developed by the tangential for
es. Let us denote F t(q) = Ξ(q)HT(q)λt =
(
F t

norm(q)
F t

tan(q)

). Then:
Pt = q̇THT(q)λt = vT Ξ−T (q)M−1(q)Ξ−1(q)Ξ(q)HT(q)λt

= 〈v, F t(q)〉D = 〈q̇norm, F
t
norm(q)〉Dn

+ 〈q̇tan, F t
tan(q)〉Dt

(27)Thus the total virtual power of the 
onta
t for
es of the dynami
s in (24) is equal to:
P = 〈F c

norm(q), q̇norm〉Dn + 〈q̇norm, F
t
norm(q)〉Dn + 〈q̇tan, F t

tan(q)〉Dt (28)The postive de�nite matri
esDn(q) andDt(q) de�ne natural metri
s for the system analysed in kineti
quasi-velo
ities. The 
oupling between normal and tangential dire
tions appears in the se
ond term in(28). There is no orthogonality of the quasi-generalized 
onta
t for
es (
F t

norm(q)
F t

tan(q)

) and (
F c

norm(q)
0

)in the inner produ
t de�ned by the metri
 D(q). This is in 
ontrast with what happens at the lo
alkinemati
s level [1℄ at the p 
onta
t points. Let us denote the orthonormal lo
al frame at 
onta
t point
i as (ni, ti,1, ti,2), with ni ∈ IR3, ti,j ∈ IR3. One has 〈ni, ti,j〉 = 0 in the Eu
lidean metri
. Ea
h 
onta
tfor
e 
an be denoted as F c

i = F c
i,n + F c

i,t with F c
i,n = fi,nni and F c

i,t = fi,t,1ti,1 + fi,t,2ti,2. The pCoulomb's 
ones are denoted as Ci, with F c
i ∈ Ci. Let Ui ∈ IR3 be the lo
al velo
ity, de
omposednaturally as Ui = Ui,n + Ui,t = ui,nni + ui,t,1ti,1 + ui,t,2ti,2. We may thus de�ne virtual lo
al velo
itiesInria
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 quasi velo
ities 11that are 
ompatible with the 
onstraints, and the virtual power at 
onta
t i is given by Pi = 〈Ui, F
c
i 〉 =

〈Ui,n, F
c
i,n〉 + 〈Ui,t, F

c
i,t〉, while

P =

p
∑

i=1

Pi,n + Pi,t = Pn + Pt (29)Thus in the lo
al kinemati
s there is a de
oupling between tangential and normal virtual powers, whi
hdoes not transport very well into generalized frameworks, be
ause of the term n
T
q HT(q) in (24). Noti
ethat if ui,n = ∇hT

i (q)q̇, then the multipliers λn in (7) satisfy λn,i = fi,n, and thus Pn in (18) and Pn in(29) are the same.2.3 ExamplesIn this se
tion several simple systems are presented and re
ast into the kineti
 quasi-velo
ity framework.2.3.1 Chains of ballsLet us 
onsider a 
hain of N aligned balls with masses mi, radii R and positions qi. There are
N − 1 unilateral 
onstraints hi(q) = qi+1 − qi − 2R > 0. Thus ∇hi(q) = (0 . . . 0 − 1 1 0 . . . 0)T ,where the −1 is at the ith pla
e and the 1 is at the (i + 1) pla
e, √

∇hT
i M

−1∇hi =
√

mi+mi+1

mimi+1
,

nq,i =
√

mimi+1

mi+mi+1
(0 . . . 0 −1

mi

1
mi+1

0 . . . 0)T , tq = 1√
P

N
i=1 m2

i

(m1 m2 . . .mN )T . One �nds q̇norm,i =
√

mimi+1

mi+mi+1
(q̇i+1 − q̇i), and q̇tan = 1√

P

N
i=1 m2

i

∑N
i=1miq̇i. The normalized Delassus matrix has entries

(i, i+ 1) and (i+ 1, i) given by n
T
q,iMnq,i+1 = −1

mi

√

mim
2
i+1mi+2

(mi+mi+1)(mi+1+mi+2)
, with diagonal entries equal to1, and other entries zero.2.3.2 Ro
king blo
kLet us 
onsider the planar system in �gure 1 (a). The blo
k as a three degrees of freedom planarhomogeneous solid, with generalized 
oordinates q = (x y θ)T , where x and y and the horizontal andverti
al positions of the 
enter of gravity G, θ is the angular position. When tangential e�e
ts a
t at the
onta
t points the dynami
s is [20℄:

mẍ(t) = λt,1(t) + λt,2(t)
mÿ(t) = λn,1(t) + λn,2(t) −mg

IGθ̈(t) = λn,1(t)
(

l
2 sin(θ(t)) + L

2 cos(θ(t))
)

+ λn,2(t)
(

l
2 sin(θ(t)) − L

2 cos(θ(t))
)

+
(

l
2 cos(θ) − L

2 sin(θ)
)
λt,1 +

(
l
2 cos(θ) + L

2 sin(θ)
)
λt,2

(30)There are two unilateral 
onstraints:
h1(q) = y − l

2 cos(θ) + L
2 sin(θ) > 0

h2(q) = y − l
2 cos(θ) − L

2 sin(θ) > 0
(31)One 
omputes :

q̇norm,1 =
ẏ+( l

2 sin(θ)+ L
2 cos(θ))θ̇

q

1
m

+ 1
4IG

(l sin(θ)+L cos(θ))2
q̇norm,2 =

ẏ+( l
2 sin(θ)−L

2 cos(θ))θ̇
q

1
m

+ 1
4IG

(l sin(θ)+L cos(θ))2
q̇tan =

√
mẋ (32)The 
al
ulation of the dynami
s in (24) is lengthy, however we are not interested in the expli
it 
al
ulationof the non-linear terms but rather of the right-hand-side. To simplify the presentation we adopt theRR n° 8158
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A

B

L

y g

θ

x

G

α

l

h2(q)

h1(q)

(a) Planar blo
k. (b) Rod on a plane.

(
) Blo
k on an in
lined plane. h(q)

m

y

x(d) Disk on a plane.
m

h2(q)

h1(q)

x

y (e) Disk in an angle.
h1(q) = 0

h2(q) = 0

q1

q2

nq,1

nq,2

q̇(t−)

tq(f) Parti
le in an angle.Figure 1: Various systems.
Inria
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 quasi velo
ities 13notation cθ for cos(θ) and sθ for sin(θ), and f(θ) = 1
m

+ 1
4IG

(l sin(θ) + L cos(θ))2. We obtain :
q̈norm,1 + Fnorm,1 = 1√

f(θ)

(

1 +
(

l
2sθ + L

2 cθ
)2

1 + l2

4 s
2θ − L2

4 c
2θ

)

λn

+ 1√
f(θ)

(
1
4 (l2 − L2)cθsθ + lL

4 (c2θ − s2θ) 1
4 (l2 − L2)cθsθ + lL

4

)
λt

q̈norm,2 + Fnorm,2 = 1√
f(θ)

(

1 + l2

4 s
2θ − L2

4 c
2θ 1 +

(
l
2sθ − L

2 cθ
)2

)

λn

+ 1√
f(θ)

(
1
4 (l2 + L2)sθcθ − lL

4
1
4 (l2 − L2)cθsθ + lL

4 (s2θ − c2θ)
)
λt

q̈tan =
√
m(λt,1 + λt,1)

(33)
The various terms appearing in the right-hand-side of (24) 
an be easily identi�ed from (33).2.3.3 Rod on a planeWe now deal with the system depi
ted in �gure 1 (b). It has three degres of freedom and q = (x y θ)T ,with x andy the 
oordinate of the gravity 
enter. Its dynami
s is given by:

mẍ = λt

mÿ = −mg + λn

Iθ̈ = −l cos(θ)λn + l sin(θ)λt

(34)The unilateral 
onstraint is the signed distan
e between the tip A and the x-axis: h(q) = y− l sin(θ) > 0.One obtains:
q̇norm = m

1+3 cos2(θ)(ẏ − l cos(θ)θ̇) q̇tan,1 =
√
mẋ q̇tan,2 = 1√

I+ml2 cos2(θ)
(l cos(θ)ẏ + θ̇) (35)Also HT = (1 0 l sin(θ))T .2.3.4 Planar box over an in
lined planeLet us 
onsider the system depi
ted in �gure 1 (
). One has q = (x y ϕ)T , h(q) = y−l cos(ϕ)−r sin(ϕ) > 0,so that ∇h(q) = (0 1 − l sin(ϕ) − r cos(ϕ))T . The mass matrix is M =diag(m,m, J) with J = k2m,where k is the radius of gyration of the blo
k. One has

nq =
1

√

1
m

+ (l sin(ϕ)+r cos[ϕ))2

J

(0
1

m

−l sin(ϕ) − r cos(ϕ)

J
)T ,

tq,1 = 1√
m

(1 0 0)T , tq,2 = 1√
J+m(l sin(ϕ)+r cos(ϕ))2

(0 l sin(ϕ)+ r cos(ϕ) 1)T , q̇norm = ẏ−l sin(ϕ)−r cos(ϕ)
q

1
m

+ (l sin(ϕ)+r cos[ϕ))2

J

,
q̇tan,1 =

√
mẋ, q̇tan,2 = 1√

J+m(l sin(ϕ)+r cos(ϕ))2
(m(l sin(ϕ) + r cos(ϕ))ẏ + ϕ̇). Also HT(q) = (x 0 − l)T .2.3.5 Disk over a planelet us 
onsider a planar system made of a disk 
onstrained as in �gure 1 (d). The disk has mass m,moment of inertia I, radius R > 0, and q = (x y θ)T . The unilateral 
onstraint is h(q) = y − R > 0.One has nq = 1√

m
(0 1 0)T , tq,1 = 1√

m
(1 0 0)T , tq,2 = 1√

I
(0 0 1)T . Thus q̇norm =

√
mẏ, q̇tan,1 =

√
mẋ,

q̇tan,2 =
√
Iθ̇. The dynami
s is given by :

q̈norm = 1√
m
λn

q̈tan,1 = 1√
m
λt

q̈tan,2 = R√
I
λt.

(36)RR n° 8158



14 Bernard BrogliatoThe tangential relative velo
ity at the 
onta
t point is vt = ẋ+Rθ̇ = 1√
m
q̇tan,1 + R√

I
q̇tan,2.2.3.6 Disk in an angleLet us 
onsider the system depi
ted in �gure 1 (e). The disk has mass m, moment of inertia I, radius

R > 0, and q = (x y θ)T . The two unilateral 
onstraints are h1(q) = y − R > 0 and h2(q) = x − R > 0.One has n
T
q,1 = (0 1√

m
0), n

T
q,2 = ( 1√

m
0 0), and t

T
q = (0 0 1√

I
), and HT =





1 0
0 1
R R



. Thus
q̇norm,1 =

√
mẏ, q̇norm,2 =

√
mẋ, q̇tan =

√
Iθ̇. The dynami
s (24) is :

q̈norm,1 = 1√
m

(λn,1 + λt,2)

q̈norm,2 = 1√
m

(λn,2 + λt,1)

q̈tan = 1√
I
R(λt,1 + λt,2)

(37)2.4 Dis
ussion and 
omparison with other transformationsMost of the works reviewed below deal with the bilateral (holonomi
 or non-holonomi
) 
onstraints only.This makes a big di�eren
e sin
e the normal 
one in (4), whi
h a

ounts for unilateral 
onstraints andhen
e topology 
hanges, does not appear. The 
onstraint manifold is therefore always 
onstant of 
o-dimension m.Comparing (16) with the kineti
 energy expressions when inertial quasi-velo
ities analysed in [3, 36,42, 43℄ are used shows that they are not equivalent to the kineti
 quasi-velo
ities be
ause they all yield
T (q, q̇) = 1

2v
T v. It is known also that Kane's generalized speeds are only fun
tions of q, q̇ and time(like proje
tions of instantaneous angular velo
ities on some frame axes), whereas the inertial and kineti
quasi-velo
ities also depend on the dynami
al parameters of the system. It is also noteworthy that thekineti
 quasi-velo
ities are fundamentally generalized quantities sin
e they are de�ned from any set ofgeneralized 
oordinates and velo
ities. Due to this it is not possible in general to assign physi
al units tothe kineti
 quasi-velo
ities, whi
h have to be understood from a geometri
al point of view.Various methods to a
hieve 
oordinate partitioning, whi
h roughly speaking allows one to split thedynami
s into a part that depends on the 
onta
t for
e (a �normal� part) and one part that does not (a�tangential� part), have been proposed. The transformation proposed in [60℄ de
ouples the system withholonomi
 bilateral 
onstraints. This is a quite 
onvenient framework for 
ontrol purposes [63℄. Howeverit is a generalized 
oordinate transformation (hen
e it preserves the Lagrange stru
ture of the dynami
s),usually de�ned only lo
ally on C, and whose velo
ity splitting is di�erent from the one in (6): indeed the�tangential� velo
ity may jump at impa
ts be
ause of 
ouplings with the �normal� dynami
s [16, Equ.(63)℄, whi
h is not the 
ase for the quantity q̇tan.There also exists many te
hniques using dire
t proje
tions of the Lagrange dynami
s (7) on TqCbased on annihilation matri
es, or null spa
e matri
es [2, 4, 9, 11, 56, 81℄. It 
onsists of �ndinga matrix P (q) (the annilihator) su
h that P (q)∇h(q) = 0 for all q ∈ C in the bilateral manifold

{q|hi(q) = 0, i ∈ {1, ...,m}}. P (q) is 
onstru
ted from a basis of TqC [9℄, just as tq is. Other meth-ods [2, 4℄ use the proje
tor I − (
∂h(q)

∂q

)†
∂h(q)

∂q
to obtain dynami
s independent of the 
onta
t for
e. Thismay be seen as a parti
ular 
ase of more general proje
tors as de�ned in [13, Equ. (31) (32)℄, whoproposes to use proje
tions in the kineti
 metri
 for the analysis of systems with bilateral 
onstraints.It 
an be veri�ed that the 
onstrained velo
ity uβ in [13, Equ. (27)℄ (
alled Hcq̇ in [61, 62℄) is equalto nqdiag(||∇hi(q)||M−1)(∇hT (q)M−1(q)∇h(q))−1diag(||∇hi(q)||M−1 )q̇norm. Hen
e it 
oin
ides with ourkineti
 quasi-velo
ity q̇norm if there is a single 
onstraint (i.e. uβ = q̇normnq) or if the 
onstraints are mu-tually orthogonal in the kineti
 metri
 so that the matrix (∇hT (q)M−1(q)∇h(q))−1 is diagonal. Similararguments and proje
tors are used in [14, 61, 62℄, see also [55℄. A
tually these papers 
onsider orthogonal(in the kineti
 metri
) proje
tions onto the 
o-dimension m 
onstrained manifold, whereas we rather
onsider proje
tions on ea
h ve
tor of the basis (nq, tq). In [61, �5℄ the same proje
tion of the generalizedInria
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ities 15momentum as in (6) is used (without normalization of nq,i). It is pointed out the advantage of su
h aproje
tion over the orthogonal proje
tion used in [61, �2, 3℄ or [13℄ for impa
t modeling. As 
lari�ed herethe key is the existen
e of the normal 
one in (4) for unilaterally 
onstrained Lagrangian systems.3 Appli
ation to kinemati
 impa
t law design and analysisLet us assume for simpli
ity that there are no bilateral 
onstraints (i.e. m = 0). Thus G(q) = D−1
n (q)and in the sequel we shall use both notations equally. It is nevertheless possible to 
onsider m > 0,using the matrix G(q) in (17) and assuming that it is positive de�nite. We also assume that q̇normis 
onstru
ted from the a
tive 
onstraints at the impa
t time t, i.e. with the 
onstraints whose indexbelongs to Ia(q(t)). We denote p′ = 
ard(Ia(q(t)) 5. From 
lassi
al arguments in fri
tionless nonsmoothme
hani
s, the impa
t dynami
s at an instant t su
h that there is at least one i ∈ {1, ..., p′} su
h that

q̇norm,i(t
−) < 0 and hi(q(t)) = 06 is given by (using (10)):

q̇norm(t+) − q̇norm(t−) = n
T
q M(q)nq p̄n(t)

q̇tan(t+) − q̇tan(t−) = 0
(38)where p̄n,i(t) = ||∇hi(q)||M−1pn,i(t), i.e. p̄n(t) = diag(||∇hi(q)||M−1 )pn(t), and pn,i(t) is the impulseof the 
onta
t for
e multiplier λn,i at the impa
t instant. More rigorously λn,i is a measure at t and

pn,i(t) is its density with respe
t to the Dira
 measure at the atom t. The role played by the proje
tion ofthe generalized momentum on the basis tq 
learly appears in (38): the quasi-velo
ities q̇tan are 
onservedat the impa
ts when fri
tion is absent (the 
onstraints are said perfe
t). It is important to noti
e thatdespite there may be q̇norm,i(t
−) = 0 for some i ∈ Ia(q(t)), all the terms q̇norm,i, i ∈ {1, ...,m} mayundergo a jump be
ause of the inertial 
ouplings between the 
onstraints, as re�e
ted by the normalizedDelassus' matrix n

T
q M(q)nq whi
h is not diagonal in general. This is for instan
e the 
ase for 
hains ofballs, or the planar ro
king blo
k (see [20℄ for detailed analysis of these two 
ases).It readily follows from the impa
t dynami
s in (38) and (16) that the kineti
 energy loss TL(t)

∆
=

T (q, q̇(t+)) − T (q, q̇(t−)) at a time t of impa
t is given by:
TL(t) =

1

2
q̇u,T
norm(t+)G−1(q)q̇u

norm(t+) − 1

2
q̇u,T
norm(t−)G−1(q)q̇u

norm(t−) (39)where q denotes q(t), and due to the absen
e of bilateral 
onstraints G(q) = n
u,T
q M(q)nu

q . From now onwe will drop the uppers
ript u sin
e there are no bilateral 
onstraints. The framework in (38) is suitableto formulate a kinemati
 impa
t law as [15, 17, 20℄:
v(t+) =





q̇norm(t+)

q̇tan(t+)



 = −E





q̇norm(t−)

q̇tan(t−)



 (40)where E is a generalized n×n restitution matrix. Its entries will be named the 
oe�
ients of restitution.Let us de
ompose it as:
E =





Enn Ent

Etn Ett



 (41)with obvious dimensions of the four submatri
es: Enn ∈ IRp′×p′ , Ett ∈ IR(n−p′)×(n−p′). In the fri
tionless
ase one has q̇tan(t+) = q̇tan(t−) for any pre-impa
t velo
ity q̇norm(t−), so ne
essarily Etn = 0 and
Ett = −I. The restitution law in (40) is very general as the next result shows:5For simpli
ity of notation the dependen
e of p′ on q is not re
alled.6This is equivalently stated as q̇(t−) ∈ −TΦu (q(t)) [65℄.RR n° 8158



16 Bernard BrogliatoProposition 1 Suppose that at least one 
omponent of q̇norm(t−) or of q̇tan(t−) is non-zero. Then givenany post-impa
t kineti
 quasi-velo
ity, there exists a value of E su
h that (40) is satis�ed. If at least one
omponent of q̇norm(t−) is negative, then there exists a value of Enn su
h that q̇norm(t+) = −Ennq̇norm(t−).Proof: Without loss of generality suppose that v1(t−) 6= 0 while vi(t
−) = 0 for all i > 2. Then it su�
esto 
hoose ǫi1 = − vi(t

+)
v1(t−) . �Remark 4 The fa
t that the quantity q̇tan is 
ontinuous at impa
ts was �rst noti
ed, in the 
ase when asingle 
onstraint is given by q1 > 0, in [6℄ and in a more general setting in [78℄.Remark 5 Usually the unilateral 
onstraints are 
onstru
ted from the gap fun
tions at the 
onta
t points,yielding the so-
alled lo
al kinemati
s [1, �3.3℄. In su
h a 
ase the quantities ∇hT

i (q)q̇ are the gap fun
tionstime-derivatives. Hen
e setting Enn =diag(en,i) boils down to applying a Newton's restitution law at ea
himpa
t point.3.1 Fri
tionless systemsIn the following we examine the relation with Moreau's impa
t law, the dissipativity 
onditions, and theissue related to the uniqueness of the restitution 
oe�
ients.3.1.1 Moreau's impa
t lawThis impa
t law has been proposed in [65℄, and is used in granular matter simulation [66℄. It has deeplyanalyzed in [33℄. This law 
an be written as [58℄:
q̇(t+) = q̇(t−) − (1 + e)proj[NM

Φu
(q); q̇(t−)] (42)where the proje
tion is understood here as the Eu
lidean orthogonal proje
tion in view of the de�nitionof the normal 
one in (4). The 
oe�
ient e is a global restitution 
oe�
ient. Let us write (42) in termsof the ve
tors nq,i. For this let us use Moreau's Lemma of the two 
ones in the kineti
 metri
. Anyve
tor z ∈ IRn 
an be de
omposed uniquely as z = x + y with x = proj[NM

Φu
(q); q̇(t−)] ∈ NM

Φu
(q) and

y = proj[TΦu
(q); q̇(t−)] ∈ TΦu

(q), with xTM(q)y = 0 [38, Theorem 3.2.5℄. The velo
ity q̇(t−) may bede
omposed this way with y = q̇(t+)+eq̇(t−)
1+e

and x = q̇(t−)−q̇(t+)
1+e

, so that q̇(t+) satis�es (42) [58℄. Letus de�ne the index set I ′
a(q) ⊆ Ia(q) su
h that proj[NM

Φu
(q); q̇(t−)] =

∑

i∈I′

a(q) αinq,i, αi > 0. Bythe two 
ones lemma I ′
a(q) is uniquely de�ned. Using the se
ond line of (5) and Moreau's viabilitylemma [17, Proposition 5.1℄ whi
h states that q̇(t−) ∈ −TΦu

(q), one dedu
es that the index set I ′
a(q)
an also be 
omputed from the signs of the proje
tions of q̇(t−) on the ve
tors nq,i. For instan
e let

e = 0. If q̇(t−) ∈ NM
Φu

(q) then I ′
a(q) = Ia(q). If q̇(t−) 6∈ NM

Φu
(q) then I ′

a(q) ⊂ Ia(q). Next we de�ne
q̇
′,T
norm = [q̇norm,i] for i ∈ I′

a(q). The new ve
tor q̇′tan is de�ned a

ordingly. Moreau's law in (42) isequivalently written as:
q̇′norm(t+) = −Ennq̇

′
norm(t−), Enn = diag(e)

q̇′tan(t+) = q̇′tan(t−)
(43)Moreau's law is always kineti
ally and kinemati
ally 
onsistent, and energeti
ally 
onsistent whenever

e ∈ [0, 1] [33, �5℄. It is 
lear that the impa
t law in (40) signi�
antly enlarges the s
ope of Moreau's lawwhi
h spans only a half-line of the admissible post-impa
t velo
ities subspa
e. Chains of aligned balls areanalysed in [20℄ (the 4-ball 
hain is treated but the analysis easily generalized to n-ball 
hains). In su
hsystems one always has q̇tan that is 
ontinuous at the impa
t be
ause of linear momentum 
onservation.Depending on the 
onta
t properties (sti�ness ratio, elasti
ity 
oe�
ient � linear or non-linear elasti
ity�)the out
ome may be quite di�erent from what is predi
ted by Moreau's law. Extensions of Moreau's lawInria
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ities 17are analysed in [33, 52℄. In the 
ase of no tangential e�e
ts, the law in [52℄ allows for di�erent 
oe�
ientsat ea
h 
onta
t, i.e. Enn = diag(ei) in (43) (see Equ. (5.103) in [52℄), see also [39, Equ. (1.3)℄ for the sameidea. The above proof that (43) holds, is equivalent to Proposition 5.6 in [33℄. Filling-in the restitutionmatrix in (40) also generalizes Frémond's idea of introdu
ing �distan
e e�e
ts� in multibody systems[27, 25℄, whi
h led Glo
ker to introdu
e what he named Frémond matri
es. It is however noteworthythat the restitution matrix de�ned in [33, Equ. (5.36)℄ 
orresponds to the normal part Enn only (ex
eptfor the normalization terms, see (45)), whi
h is not su�
ient to model the ro
king blo
k for whi
h aquasi-tangential restitution Ett is ne
essary, as shown in [20℄ (the ro
king blo
k is in fa
t the exampletreated in [27℄, and the ne
essity to introdu
e a tangential 
oe�i
ent was also pointed out in [66℄). In
ase of a single 
onta
t (42) is equivalently rewritten as q̇(t+) = q̇(t−)− (1+ e)q̇T (t−)M(q)nqnq, that is :
q̇(t+) =

(

I − (1 + e)
M−1(q)∇h(q)∇hT (q)

∇hT (q)M−1(q)∇h(q)

)

q̇(t−) (44)In a more general setting, sin
e the normal 
one is 
losed 
onvex, the proje
tion in (42) belongs tothe fa
e of NM
Φu

(q) exposed by q̇(t−) − proj[NM
Φu

(q); q̇(t−)] [38, p.50℄. The expression in (44) is used in[76, 77℄ with e = 1, who study a kind of binary 
ollisions operator asso
iating ea
h 
onstraint with su
ha linear mapping between post and pre-impa
t velo
ities.Example 1 Let us 
onsider a 
hain of three aligned balls with masses m1, m2 and m3, radius R > 0,
oordinates q1, q2 and q3. The initial velo
ities are q̇1(t−) = 1 m/s, q̇2(t−) = q̇3(t
−) = 0 m/s. Thetwo unilateral 
onstraints are h1(q) = q2 − q1 + 2R > 0, h2(q) = q3 − q2 + 2R > 0. Initially thethree balls are in 
onta
t so that Ia(q(t)) = {1, 2}. One 
al
ulates that q̇norm,1 = 1
q

1
m1

+ 1
m2

(q̇2 − q̇1),
q̇norm,2 = 1

q

1
m2

+ 1
m3

(q̇3 − q̇2). The quasi-tangent ve
tor 
an be 
hosen as t
T
q =

√
1

m1
+ 1

m2
+ 1

m3
(1 1 1),so that q̇tan =

√
1

m1
+ 1

m2
+ 1

m3
(m1q̇1 +m2q̇2 +m3q̇3). One has also −n

T
q,1q̇(t

−) =
√

1
m1

+ 1
m2

( 1
m1

) > 0and −n
T
q,2q̇(t

−) = 0, 
onsequently I ′
a = Ia = {1, 2}. Thus applying (43) yields q̇2(t+) − q̇1(t

+) =
−e(q̇2(t−) − q̇1(t

−)), q̇3(t+) − q̇2(t
+) = −e(q̇3(t−) − q̇2(t

−)), and m1q̇1(t
+) + m2q̇2(t

+) + m3q̇3(t
+) =

m1q̇1(t
−) + m2q̇2(t

−) + m3q̇3(t
−), the linear momentum 
onservation. Let e = 1 and m1 = m2 = m3,then q̇1(t+) = − 1

3 m/s, q̇2(t+) = q̇3(t
+) = 2

3 m/s. One 
he
ks that energy is 
onserved. This solution isthe one given by Moreau's law, see [17, Example 5.7℄. Similarly e = 0 yields q̇1(t+) = q̇2(t
+) = q̇3(t

+) = 1
3m/s, and one 
he
ks again that this is Moreau's law solution [17, example 5.7℄. Moreau's law is unableto make balls 2 and 3 separate, as it spans only a small portion of the post-impa
t velo
ities subspa
e[33℄. From Proposition 1 we infer that given the above pre-impa
t velo
ity one 
an �nd Enn su
h thatany post-impa
t q̇norm(t+) 
an be rea
hed, by adding if ne
essary o�-diagonal 
oe�
ients of restitution.This is 
losely linked with �distan
e e�e
ts� whi
h are due to waves travelling inside the 
hains duringthe impa
t, and responsible for the dispersion of energy.Example 2 Let us now 
onsider a parti
le in the plane with m = 1, with two unilateral 
onstraints asdepi
ted in �gure 1 (f). At the impa
t time whi
h o

urs at the 
orner one has Ia(q) = {1, 2}. Letus 
onsider the pre-impa
t velo
ity q̇(t−) = (−1 1

2 )T . One has −n
T
q,2q̇(t

−) > 0 and −n
T
q,1q̇(t

−) < 0.Therefore I ′
a(q) = {2}. We 
an simply de�ne tq as a ve
tor orthogonal to nq,2 as shown on the �gure.Then Moreau's law states q̇norm,2(t

+) = −eq̇norm,2(t
−) = e while q̇tan(t+) = q̇tan(t−). If e = 0 the parti
leslides on the boundary de�ned by h2(q) = 0.Finally let us noti
e that the restitution matrix introdu
ed in [33, Equation (5.36)℄ (and named thereinthe Frémond matrix) is designed from the unnormalized normal ve
tors ∇hi(q). Let us denote its entries

ǫij , while the entries of Enn are en,ij. Then ǫii = en,ii (diagonal elements are the same), but
ǫij =

||∇hi(q)||M−1

||∇hj(q)||M−1

en,ij (45)This 
an be shown from the equalities q̇norm,i(t
+) = −∑p

j=1 en,ijq̇norm,i(t
−), and∇hT

i (q)q̇(t+) = −∑p
j=1 ǫij∇hT

i (q)q̇(t−).RR n° 8158



18 Bernard Brogliato3.1.2 Energy loss at impa
tsThere are various equivalent ways to express the quantity TL(t), using (38) and (39):
TL(t) =

1

2
(q̇norm(t+) + q̇norm(t−))T p̄n (46)whi
h we may de�ne as being the Thomson and Tait formula [17℄, or:

TL(t) =
1

2
q̇T
norm(t−)(Enn − I)TG−1(q)(Enn + I)q̇norm(t−) (47)or, using the symmetry of G(q) [20℄ 7:

TL(t) =
1

2
q̇T
norm(t−)(ET

nnG
−1(q)Enn −G−1(q))q̇norm(t−) (48)or, following [34℄ and with ξ = q̇norm(t+) + Ennq̇norm(t−):

TL(t) =
1

2
p̄T

n (2ξ − (I − Enn)G(q)p̄n) (49)A �rst general result may be stated.Proposition 2 Suppose that −(Enn − I)TG−1(q)(Enn + I) or −(ET
nnG

−1(q)Enn −G−1(q)) are 
opositivematri
es. Then TL(t) 6 0. If they are stri
tly 
opositive then TL(t) < 0 for any non-zero pre-impa
tvelo
ity.Proof: Due to the impa
t 
onditions one has q̇norm(t−) 6 0, in other words the p dimensional ve
tor
−q̇norm(t−) belongs to the �rst orthant of IRp. From the de�nition of 
opositivity the results follow. �Noti
e that in view of the de�nition of 
opositivity, the 
onditions of the proposition are ne
essary andsu�
ient. The major issue with Proposition 2 is that it is rather di�
ult in general to 
hara
terize the
opositivity of a matrix [37℄. Moreover the 
opositivity 
onditions imply some dependen
e of Enn on G(q),i.e. the restitution 
oe�
ients are not a priori independent on the system's 
on�guration. Independen
eholds only if the 
onstraints are orthogonal one to ea
h other, in whi
h 
ase G(q) = I. Expli
it 
riteriaexist for symmetri
 matri
es and p 6 4, or when the matri
es have spe
ial stru
tures.Proposition 3 Suppose that all the unilateral 
onstraints are orthogonal one to ea
h other, in the kineti
metri
, and that Enn =diag(e). Then e2 = T (t+)

T (t−) .Proof: under the stated 
onditions one has G(q) = I, using (48) the result follows. �This result is obvious in the 
ase p = 1 (a single 
onstraint) using Equ.(6.11) in [17℄, see [62℄ for someexperimental validation. Let us now state various 
hara
terizations of the kineti
 energy loss.Proposition 4 Suppose that ET
nnG

−1(q)Enn = ǫA(q) for some matrix A(q) = AT (q) and real ǫ. Thenthere exists ǫ∗ su
h that ET
nnG

−1(q)Enn −G−1(q) < 0 for all ǫ ∈ [0, ǫ∗).Proof: The identity matrix perturbed by a small enough symmetri
 matrix is still positive de�nite [49,Exer
ise 8, p.218℄. One has for any x ∈ IRp: xT (−ET
nnG

−1(q)Enn+G−1(q))x = zT (I+ǫG− 1
2 (q)A(q)G− 1

2 (q))zwith z = G
1
2 (q)x, where G 1

2 (q) is the symmetri
 square root of G(q). Thus the result follows. �Proposition 5 Suppose that Enn = G(q)ET
nnG

−1(q) and G(q) is positive de�nite. Then a ne
essary andsu�
ient 
ondition for TL(t) 6 0 for any ve
tor q̇norm(t−) is that |λmax(En)| 6 1.7xT ET
nnG−1(q)x = xT (ET

nnG−1(q))T x = xT G−1(q)Ennx for any ve
tor x ∈ IRp. Inria



Kineti
 quasi velo
ities 19Proof: From (48) we have TL(t) 6 0 for any q̇norm(t−) if and only if ET
nnG

−1(q)Enn 6 G−1(q). Let G 1
2 (q)be the symmetri
 positive de�nite square root ofG(q). This inequality is equivalent toG 1

2 (q)ET
nnG

−1(q)EnnG
1
2 (q) 6

I, using Proposition 8.1.2 xi) and xiii) in [8℄. Let us denote B(q) = G
1
2 (q)ET

nnG
− 1

2 (q). By the as-sumption of the proposition we have G− 1
2 (q)EnnG

1
2 (q) = G

1
2 (q)ET

nnG
− 1

2 (q) so B(q) = BT (q), and sin
e
BT (q) = G− 1

2 (q)EnnG
1
2 (q) we obtain B2(q) 6 I. Using [8, Lemma 8.4.1℄ it follows that equivalently

λmax(B
2(q)) 6 1, be
ause B2(q) = B(q)BT (q) is positive semi de�nite and symmetri
. Now we have that

B2(q) = G
1
2 (q)(ET

nn)2G− 1
2 (q), and sin
e it is a symmetri
 matrix one obtains B2(q) = G− 1

2 (q)E2
nnG

1
2 (q).Therefore B2(q) and E2

nn are similar matri
es so they have the same eigenvalues [49, Proposition 1, p.152℄.Therefore λmax(E2
nn(q)) 6 1. Sin
e the eigenvalues of E2

nn are the squares of those of Enn the result follows.
�Proposition 6 Let G(q) > 0. Then TL(t) 6 0 if σmax(Enn) 6 1√

λmax(G(q))λmax(G−1(q))
, whi
h impliesthat σmax(Enn) 6 1.Proof: The proof begins similarly to the proof of Proposition 5, and we obtain that TL(t) 6 0 ⇔

B(q)BT (q) 6 I with B(q) = G
1
2 (q)ET

nnG
− 1

2 (q). By [8, Lemma 8.4.1℄ one has equivalently λmax(B(q)BT (q)) =

σ2
max(B(q)) 6 1. From [8, Corollary 9.6.5℄ one has σmax(B(q)) 6 σmax(G

1
2 (q))σmax(G

− 1
2 (q))σmax(Enn).Therefore σmax(G

1
2 (q))σmax(G

− 1
2 (q))σmax(Enn) 6 1 implies that σ2

max(B(q)) 6 1. From the symmetryand positive de�niteness of G(q) and of its square root, one has σmax(G
1
2 (q)) =

√

λmax(G(q)), so theresult follows. For the last statement noti
e that I = G− 1
2 (q)G

1
2 (q) so again from [8, Corollary 9.6.5℄

1 6 σmax(G
1
2 (q))σmax(G

− 1
2 (q)) =

√

λmax(G(q))λmax(G−1(q)). �If Enn is symmetri
 one has σi(Enn) = |λi(Enn)|, 1 6 i 6 p′. Thus σmax(Enn) = sprad(Enn), wheresprad is the spe
tral radius, i.e. the largest |λi(Enn)|, 1 6 i 6 p′. One 
an therefore repla
e σmax(Enn)by sprad(Enn) in Proposition 6. If Enn has only non-negative eigenvalues then sprad(Enn) = λmax(Enn).The 
ondition imposed in Proposition 5 holds if for instan
e Enn =diag(e). In fa
t Enn = G(q)ET
nnG

−1(q)is equivalent to G−1(q)Enn = ET
nnG

−1(q), whi
h allows us to rewrite (48) as :
TL(t) =

1

2
q̇T
norm(t−)[(ET

nnEnn − I)G−1(q)]q̇norm(t−) (50)This shows 
learly that the kineti
 angles play a 
ru
ial role in the multiple impa
t energeti
al be-havior. The expression in (50) is very similar to the 
lassi
al energy loss expression for two fri
tionlessparti
les that undergo a single impa
t (see for instan
e [17, Equ.(4.44)℄. We may therefore see (38) and(50) as the true generalization of the simple fri
tionless sho
k between two parti
les, to multi-
onstraintfri
tionless Lagrange systems 
onsidered as a point moving on C. The kineti
 angles matrix G(q) is ameasure of the distortion due not only to the inertia matrix M(q) but also to the unilateral 
onstraints.Another 
hara
terization of energy loss is as follows, whi
h starts from (48).Proposition 7 Assume that G(q) is positive de�nite. If ||Enn||2 < 1√
||G−1(q)||2||G(q)||2

, then the matrix
G−1(q) − ET

nnG
−1(q)Enn is positive de�nite, and TL(t) 6 0 in (48).Proof: Using [24, Theorem 2.11℄ (see Theorem 3 in the appendix) with A

∆
= G−1(q) − ET

nnG
−1(q)Ennand M

∆
= G−1(q) one obtains that M − A = ET

nnG
−1(q)Enn, from whi
h it follows that provided

||G(q)||2||ET
nnG

−1(q)Enn||2 < 1 then A is positive de�nite. From [8, Proposition 9.3.5℄ one has ||ET
nnG

−1(q)Enn||2 6

||Enn||22||G−1(q)||2. So the 
ondition ||G(q)||2||Enn||22||G−1(q)||2 < 1 guarantees that A is positive de�nite.
� Obviously in Proposition 4 the value ǫ∗ may be linked with the entries of Enn. Roughly it says thatif the restitution 
oe�
ients are small enough the energy loss is guaranteed. When all 
onstraints areorthogonal one to ea
h other (G(q) = I) and 
hoosing E =diag(en,i) then one �nds from Proposition7 that ∑p

i=1 e
2
n,i 6 p′. If all 
oe�
ients are equal one to ea
h other then it follows that |en| 6 1. Theinterest of Propositions 6 and 7 is that they 
learly link the restitution matrix to the kineti
 angles, i.e. tothe inertial/geometri
al 
ouplings that exist in the system, with 
omputable upper-bounds. PropositionsRR n° 8158



20 Bernard Brogliato5 and 6 state in a 
orre
t way Proposition 1 in [20℄, whi
h wrongly asserts that |λmax(Enn)| 6 1 isa su�
ient 
ondition for TL(t) 6 0 under symmetry of Enn. The energy 
onsisten
y of an extendedfri
tionless Moreau's law with Enn =diag(ei) is analysed in [52, �7.1℄ [34℄, starting from the Thomson andTait formula (46), or from (47), or from (49). A
tually one may use Propositions 7.1 and 7.2 in [52℄ toanalyse (50). The 
ondition of Proposition 5 is quite 
lose to the 
ommuting 
onditions of [52, p.159℄.The 
onditions of Proposition 7 may be 
onservative as shown in remark 6. Finally let us remind thatin the 
ase Poisson 
oe�
ients are used (kineti
 impa
t law) one obtains similar expressions for the lossof kineti
 energy (see Equ.(43) in [35℄). The quadrati
 forms in (47)�(49) therefore possess a generalinterest for both kinemati
 and kineti
 impa
t laws.Remark 6 Let us 
ompare the 
riteria obtained in Propositions 2 and 7, when p = 2. We denote G(q) =
(

1 a
a 1

), hen
e G−1(q) = 1
1−a2

(
1 −a
−a 1

), and |a| < 1. Proposition 7 yields ||Enn||2 < 1−a2

2+a2 6 1
2 .The 
opositivity 
onditions of Proposition 2 for 2 × 2 matri
es and diagonal Enn yield8 |en,1| 6 1,

|en,2| 6 1, and −aen,1en,2 + a+
√

(e2n,1 − 1)(e2n,2 − 1) > 0 whi
h is equivalent to (1− a2)e2n,1e
2
n,2 − e2n,1 −

e2n,2 + 2a2en,1en,2 + 1− a2 > 0. Suppose that a = 0. Clearly the se
ond 
riterion holds for any |en,1| 6 1,
|en,2| 6 1 and is less 
onservative than the �rst one whi
h implies that e2n,1 + e2n,2 6 1

4 , whi
h in turnimplies that en,1 6 1
2 and en,2 6 1

2 . Proposition 7 however proposes a 
riterion that is easy to 
he
k,whereas as alluded to above, 
opositivity is in general hard to 
he
k.3.1.3 Uniqueness of the 
oe�
ients or restitutionAs shown in [20, �7℄ on a 4-ball 
hain, a major dis
repan
y betwwen single and multiple impa
ts, is thatfor the latter the kinemati
, kineti
 and energeti
 
onsisten
y 
onstraints do not yield a unique set of
oe�
ients of restitution for given pre-impa
t velo
ity.Proposition 8 Let a fri
tionless impa
t o

ur at t. It is ne
essary and su�
ient that:� (i) Enn is non-negative (kinemati
 
onsisten
y),� (ii) G−1(q)(I + Enn) is non-negative (kineti
 
onsisten
y),� (iii) G−1(q) − ET
nnG

−1(q)Enn is 
opositive (energeti
 
onsisten
y),for Enn to be an admissible restitution matrix for any pre-impa
t velo
ity q̇norm(t−).Proof: (i) assures that q̇norm(t+) > 0 for any q̇norm(t−) 6 0 (kinemati
 
onsisten
y), (ii) guarantees that
p̄n > 0 (kineti
 
onsisten
y), and (iii) is the energeti
al 
onstraint. �Let us note that similar 
onditions have been stated in [71, �3.3℄ and [20℄. Clearly if G−1(q) isitself non-negative, then (i) satis�ed implies that (ii) is satis�ed (kinemati
 
onsisten
y implies kineti

onsisten
y). This is the 
ase for a 
hain of three aligned balls, for instan
e.Corollary 1 Suppose that the system is 
onservative. Then it is ne
essary and su�
ient that:� (i) Enn is non-negative (kinemati
 
onsisten
y),� (ii) ET

nnG
−1(q)Enn(I + Enn) is non-negative (kineti
 
onsisten
y),� (iii) G−1(q) = ET

nnG
−1(q)Enn (energeti
 
onsisten
y),for Enn to be an admissible restitution matrix for any pre-impa
t velo
ity q̇norm(t−). Then the eigenvaluesof Enn have modulus equal to one.8Ne
essary and su�
ient 
onditions for 
opositivity of A = AT are a11 > 0, a22 > 0, a12 +

√
a11a22 > 0 [37℄. Inria



Kineti
 quasi velo
ities 21Proof: The proof of (i) and (ii) is a dire
t 
onsequen
e of Proposition 8. (iii) Let B(q) = G
1
2 (q)EnnG

− 1
2 (q). One has BT (q)B(q) = I. Being a unitary (orthogonal) matrix B(q) has its eigenvalues on the unit 
ir
le[8, proposition 5.5.25℄. Sin
e B(q) and Enn are similar they have the same eigenvalues [49, Proposition1℄. �If Enn has real eigenvalues then they are equal to one. The 
onditions (i) (ii) (iii) of Corollary 1 make anonlinear equation for Enn. There are p′2 unknowns (the restitution 
oe�
ients), with p′(p′+1)

2 equalitiesfrom (iii) and 2p′2 inequalities from (i) and (ii). Sin
e p′2 − p′(p′+1)
2 > 0 for all p′ > 2 there are moreunknowns than equalities: the problem of 
al
ulating the 
oe�
ients of restitution (the entries of Enn)from Corollary 1 seems to be underdetermined, 
onsequently the uniqueness of the 
oe�
ients may nothold. Suppose that (i) is satis�ed. From (22) if all the kineti
 angles satisfy θij > π

2 then (ii) is satis�ed.When p′ = 1 (single impa
t) then (i) en > 0, (ii) e2n(1 + en) > 0, (iii) e2n = 1, so that en = 1 is the onlysolution (the same holds if the 
onstraints are orthogonal so that G(q) = I whi
h implies that en,i = 1for all ∈ {1, ..., p′}).Proposition 8 and Corollary 1 are stated for all admissible pre-impa
t velo
ities. However there aretypi
al problems (
hains of balls, ro
king blo
k) for whi
h some 
omponents q̇norm,i(t
−) = 0. As alludedto in [20℄ this may expli
itly yield non-uniqueness of the 
oe�
ients of restitution. To illustrate this pointlet us 
onsider 
hains of balls (se
tion 2.3.1) with N = 3, q̇1(t−) = 1 m/s, q̇2(t−) = q̇3(t

−) = 0 m/s, andequal masses m. One has:
q̇norm,1 =

√
m
2 (q̇2 − q̇1) q̇norm,2 =

√
m
2 (q̇3 − q̇2) q̇tan = 1√

3
(q̇1 + q̇2 + q̇3)

G(q) =

(
1 − 1

2
− 1

2 1

)

λ̄n = 4
3

(
1 1

2
1
2 1

) (
en,1 + 1
en,21

) (51)It is noteworthy that q̇norm(t+) =

(
en,1

en,21

), i.e. en,2 and en,12 do not play any role in this 
ollision.The kinemati
 and kineti
 
onstraints are satis�ed for any non-negative 
oe�
ients. The 
onservation ofkineti
 energy yields that the two 
oe�
ients lie on the ellipse:
e2n,1 + e2n,21 − en,1en,21 = 1 (52)The non-negativity implies that the portion of this ellipse in the �rst orthant of IR2 
ontains all (anin�nity) the admissible restitution law parameters. It is therefore a pe
uliarity of multiple impa
ts thatthe kinemati
, kineti
 and energeti
 
onsisten
ies do not allow one to always uniquely determine therestitution 
oe�
ients. This, in passing, raises the following question: what is the me
hani
al meaningof su
h 
oe�
ients ? Su
h uniqueness issues stem from the fa
t that multiple impa
ts intrinsi
ally area multis
ale phenomenon, where the elasti
ity properties at ea
h 
onta
t strongly in�uen
e the impa
tout
ome [15, 17, 40℄. For a �xed energeti
al behaviour (e.g. 
onservative systems) varying the sti�nessesratios and the elasti
ity 
oe�
ient (linear, Hertz elast
i
ity, or else) may indu
e drasti
 
hanges of thepost-impa
t velo
ity. Kinemati
 impa
t laws do not 
onvey enough information on the 
onta
t pro
essto a priori dete
t whi
h one of the out
omes is the right one. Some parameter-�tting pro
ess seemsunavoidable.This analysis motivates the next de�nition.De�nition 1 One says that the system has the U-property if the set of 
onditions (i) (ii) (iii) in Corollary1 yields a unique restitution matrix Enn (equivalently a unique set of restitution 
oe�
ients).The orthogonality 
onditions n

T
q,iM(q)nq,j = 0 for all i 6= j (equivalently G(q) = I) guarantee the U-property. It would be quite interesting to link the U-property with dis
ontinuity of the traje
tories withrespe
t to initial 
onditions and the study of limits of 
ompliant models as the sti�nesses diverge toin�nity. In other words are the following equivalen
es true ?U-property ⇔ 
ontinuity w.r.t. initial data ⇔ uniqueness of limit for in�nite sti�nessesRR n° 8158



22 Bernard BrogliatoElements of answers may exist in the literature, using the results about a parti
le hitting a 
orner[40, 48, 79℄, where expli
it formulas giving the parti
le evolution when it 
ollides the angle are provided.These analysis however qui
kly be
ome quite 
umbersome and seem to be limited to simple dynami
swith p = 2. A general 
hara
terization of 
ontinuity w.r.t. initial data is made in [69℄. Continuity holdswhen the kineti
 angles between the p 
onstraints are all 6 π
2 and the 
oe�
ients of restitution withea
h 
onstraint are zero, or if the 
onstraints are all pairwise orthogonal (in the kineti
 metri
). In su
h
ases the �rst equivalen
e holds. Indeed by 
ontinuation from the neighborhood of the singularities ofthe boundary of the admissible domain Φ = {q ∈ C|h(q) > 0}, one may to de�ne a unique post-impa
tvelo
ity for any pre-impa
t data. Therefore Enn is unique.One may think that (10) straightforwardly shows that a fri
tionless Lagrangian system is equivalent,via the kineti
 quasi-velo
ities transformation, to a parti
le. Even if we disregard the nonlinear termsin the left-hand-side in (10), the above shows that inertial 
ouplings between the 
onstraints render theimpa
t problem quite di�erent from the single 
ollision 
ase.3.2 Systems with tangential e�e
tsSome systems like 
hains of balls possess an intrinsin
 �invarian
e at impa
ts� of the quasi-tangentialvelo
ity q̇tan (in this 
ase the total linear momentum of the 
hain). However in general some tangentiale�e
ts exist at the 
onta
t points, in the lo
ally tangent planes spanned by (ti,1, ti,2) (see se
tion 2.2.2for the notations).3.2.1 Tangential restitutionThe relation between lo
al tangential 
oe�
ients of restitution and Coulomb's fri
tion at the impulselevel is dis
ussed in [34, �4.5℄. It is pointed out that despite some few experimental 
ases show thene
essity of introdu
ing tangential restitution 
oe�
ients, in general tangential e�e
ts are primarily due toCoulomb's fri
tion. The relation between lo
al tangential and quasi-tangential 
oe�
ients of restitution,is established for the planar ro
king blo
k when there is perfe
t sti
king at the two impa
t points,in [20, �6℄. In fa
t sti
king imposes some 
onstraints on the tangential velo
ities, and the tangential
oe�
ients (lo
al and quasi) impose also some 
onstraints on tangential velo
ities. The mixture of allthose 
onstraints 
reate the relations between the various 
oe�
ients.The starting point is to 
onsider the lo
al kinemati
s at the 
onta
t points [1, �3.3℄, whi
h di
tatesthe form of HT(q) in (23) and (24). When the lo
al frames 
onsist of a single normal ve
tor, like inaligned 
hains of balls, then HT(q) = 0 and there are no tangential e�e
ts. Otherwise HT(q) 6= 0. It isnoteworthy that sin
e q̇tan is an n−p′ ve
tor, and sin
e pt is a p′ ve
tor (if all the 
onta
t points are rough,otherwise it has dimension less than p′), in general the tangent quasi-velo
ity and the lo
al-kinemati
stangent velo
ity do not have a 
lear, one-to-one, 
orrespondan
e.A �rst 
ondition is the 
onsisten
y of the impa
t law (40) (41) and of the sho
k dynami
s

q̇norm(t+) − q̇norm(t−) = n
T
q M(q)nq p̄n(t) + n

T
q HT(q)pt

q̇tan(t+) − q̇tan(t−) = t
T
q HT(q)pt

(53)Inserting (40) into (49) one obtains:
−





I + Enn Ent

Etn I + Ett





︸ ︷︷ ︸

=Ē





q̇norm(t−)

q̇tan(t−)



 =





G(q) n
T
q HT(q)

0 t
T
q HT(q)





︸ ︷︷ ︸

=Ḡ(q)





p̄n

pt



 (54)In the fri
tionless 
ase, p̄n 
an always be 
al
ulated (independently of its sign) as p̄n = −G−1(q)(I +
Enn)q̇norm(t−), for any value of q̇norm(t−), be
ause G(q) has full rank. We re
all that Ē is n × n, whileInria
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Ḡ(q) is n×2p′ sin
e we suppose that fri
tion a
ts at all the 
onta
ts. The equation in (54) has a solutionfor the impulse if and only if:

Ē q̇norm(t−) ∈ R(Ḡ(q)) (55)A su�
ient 
ondition is that R(Ē) ⊆ R(Ḡ(q)). Taking into a

ount that the dimensions of pt and of q̇tanusually are di�erent, there is no systemati
 way to translate this range 
ondition into 
onditions on Eand the impa
t geometry in Ḡ(q). Case by 
ase analysis seem unavoidable.Impli
itly de�ned restitution operator: Inspired by Moreau [58, 65℄ and others later [27, 28, 34, 52℄we may impose p̄n ∈ −NVn(q)(Γn(q̇norm(t+)+Λnq̇norm(t−))) and pt ∈ −NVt(q)
(Γt(q̇tan(t+)+Λtq̇tan(t−))),for some matri
es Λn, Λt, Γn, Γt, and 
onvex sets Vn(q) and Vt(q). Inserting this into (53) one obtainsthe generalized equation :

v(t+) − v(t−) ∈ −Ḡ(q)





NVn(q)(Γn(q̇norm(t+) + Λnq̇norm(t−)))

NVt(q)
(Γt(q̇tan(t+) + Λtq̇tan(t−)))



 (56)De�ning the 
onvex set W (q)
∆
= Vn(q) × Vt(q) and Λ =diag(Λn,Λt), Γ =diag(Γn,Γt), we get :

v(t+) − v(t−) ∈ −Ḡ(q) NW (q)(Γ(v(t+) + Λv(t−))) (57)The existen
e and uniqueness of a solution v(t+) to the generalized equation in (57) depend on thematri
es Ḡ(q), Γ, Λ, and on the 
onvex sets Vn(q) and Vt(q). Suppose for instan
e that there exists asymmetri
 positive de�nite matrix P su
h that PḠ(q) = ΓT , and let us denote R its symmetri
 squareroot: R2 = P 9. Then using the 
hain rule from 
onvex analysis [73℄ one obtains that (57) is equivalentto :
z −Rv(t−) ∈ −NW̄(q)(z +RΛv(t−)) (58)where z = Rv(t+) is the unknown10, and W̄ (q) = {x|ḠTRx ∈ W (q)} is a 
onvex set (whi
h we assumeto be non-empty, whi
h is equivalent to R(Ḡ(q)) ∩W (q) 6= ∅). Then by 
lassi
al arguments from 
onvexanalysis one infers that the unique solution of the generalized equation (57) is given by:

v(t+) = −Λv(t−) +R−1proj[W̄ (q);R(Λ + I)v(t−)]

= −Λv(t−) +R−1z∗with z∗ = argminz∈W̄ (q)
1
2 (z −R(Λ + I)v(t−))T (z −R(Λ + I)v(t−))

(59)where proj denotes the orthogonal proje
tion in the Eu
lidean metri
. The proof for (58) and (59) isgiven in Appendix D. Sin
e Γ is free to the designer, ful�lling the above 
onditions is always possible.However it is another, mu
h more di�
ult matter to design an impa
t law whi
h possesses a me
hani
almeaning. Depending on W̄ (q), Γ, P and v(t−), (59) impli
itly de�nes a restitution operator of the sametype as (42).3.2.2 Energeti
 
onsisten
y (restitution matrix)The minimum requirement one may impose on an impa
t law like the one in (40) (41) is that it satis�esthe three fundamental 
onsisten
ies: kinemati
, kineti
 and energeti
. The energeti
 
onsisten
y may be
he
ked using (15) and (53). Indeed one has three basi
 ingredients:
T (q, q̇) = 1

2v
TD(q)v, v(t+) = −Ev(t−), v(t+) − v(t−) = Ḡ(q)p̄ (60)9Re
all that q is a 
onstant during the sho
k, so that all the matri
es that depend on q only are also 
onstant. Thus Pand H may depend on q as well.10The idea of doing su
h a 
hange of 
oordinates was �rst introdu
ed in [18℄ in the 
ontext of maximal monotonedi�erential in
lusions.RR n° 8158



24 Bernard Brogliatowith p̄ =

(
p̄n

pt

) and D(q) =diag(Dn(q), Dt(q)). The main dis
repan
y between the fri
tionless 
aseand the 
ase with tangential e�e
ts, is that Ḡ(q) may not be positive de�nite, even if the 
onstraintsare independent. A
tually G(q) is always at least positive semi de�nite, but Ḡ(q) may be inde�nite, ornegative de�nite. Similarly to the fri
tionless 
ase in (46)�(49) several expressions of the kineti
 energyloss may be written:
TL(t) =

1

2
p̄T ḠT (q)(I − E)v(t−) (61)or:

TL(t) =
1

2
vT (t−)(I + E)TD(q)(E − I)v(t−) (62)or:

TL(t) =
1

2
vT (t−)(ETD(q)E −D(q))v(t−) (63)Deriving a similar proposition as Proposition 4 it follows that small enough restitution 
oe�
ients guar-antee energeti
 
onsisten
y. The extension of Proposition 7 is as follows.Proposition 9 Assume that D(q) is positive de�nite. If ||E||2 < 1√

||D−1(q)||2||D(q)||2
, then the matrix

D(q) − ETD(q)E is positive de�nite, and TL(t) 6 0 in (63).One 
an use the blo
k-diagonal form ofD(q) to re�ne the result sin
e one has ||D(q)||2 =
√

||Dn(q)||22 + ||Dt(q)||22and ||D−1(q)||2 =
√

||D−1
n (q)||22 + ||D−1

t (q)||22. Modeling tangential e�e
ts with 
onstant tangential resti-tution 
oe�
ients is in most of the 
ases a very 
rude approximation of the real me
hani
al phenomenon.3.2.3 Energeti
 
onsisten
y (impli
it restitution operator)Starting from TL(t) = 1
2 (v(t+) + v(t−))TD(q)(v(t+)− v(t−)), a natural way to deal with its dissipativityis to for
e the operator de�ned in (56) to be maximal monotone. Using (58) one obtains:

TL(t) ∈ −1

2
(z(t+) + z(t−))TR−1D(q)R NW̄ (q)(z(t

+) +RΛR−1z(t−)) (64)At this stage we are left with the analysis of the monotoni
ity of y 7→ R−1D(q)R NW̄ (q)(y + (RΛR−1 −
I)z(t−)). Noti
e that another path that 
onsists in using (59) 
an be followed. Let Λ = ΛT . If one assumesthat 0 ∈ W̄ (q), then the proje
tion is 
ontra
tive be
ause W̄ (q) is 
onvex, so that proj[W̄ (q);R(Λ +
I)v(t−)] 6 ||R(Λ + I)v(t−)||, and one obtains:

TL(t) = 1
2v

T (t−)[ΛDΛ −D]v(t−)

+ 1
2projT [W̄ (q);R(Λ + I)v(t−)]R−1DR−1proj[W̄ (q);R(Λ + I)v(t−)]

−vT (t−)ΛDR−1proj[W̄ (q);R(Λ + I)v(t−)]

6 − 1
2λmin(D − ΛDΛ)||v(t−)||2

+ 1
2 (λmax(R

−1DR−1)||R(Λ + I)||2 + 2||R−1DΛ||2)||R(Λ + I)||2)||v(t−)||2

(65)It appears that Λ play the role of a restitution matrix that should be small enough. We do notinvestigate further impli
itly de�ned kinemati
 restitution operators, be
ause this has been throughlyanalysed by Moreau, Frémond and others, while su
h type of formulations is not the main topi
 of thispaper.Remark 7 (Ne
essity of Ett 6= −I) The ro
king blo
k of se
tion 2.3.2 has been analysed in [20℄ withthe above generalized kinemati
 law. It has been shown that Coulomb fri
tion is unable to model somero
king motions, whi
h ne
essitate the introdu
tion of a quasi-tangential restitution 
oe�
ient that makes
q̇tan jump. The obtained impa
t law is in turn equivalent to the angular velo
ity restitution that is widelyused in Earthquake Engineering. Inria
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 quasi velo
ities 253.2.4 Coulomb's fri
tion at 
onta
t pointsA 
ondition for the tangent quasi-velo
ities q̇tan,i to be able to 
orre
tly represent the lo
al tangentiale�e
ts is that their number, whi
h is always n − p′, is larger or equal to the number of independentlo
al tangent velo
ities, at impa
t times. To illustrate this we may 
onsider the disk in an angle andthe ro
king blo
k examples in se
tion 2.3. For the disk system, n = 3, p′ = 2, there are two tangentialvelo
ities vt,1 and vt,2, whi
h may be zero (sti
k) or non-zero (slip) independently. For the blo
k system,
n = 3, p′ = 2, one always has vt,1 = vt,2 when the two 
orners are in 
onta
t. One expe
t that restitutionapplied on q̇tan will be a 
rude approximation of Coulomb's fri
tion for the disk, whereas it may be abetter model for the blo
k. Let us 
onsider the disk example of se
tion 2.3.5 with n = 3, p = 1. As shownby several authors a 
orre
t model for the tangential velo
ity restitution is to apply vt(t+) = −etvt(t−),where the tangential restitution 
oe�
ient is related to Coulomb's fri
tion in a 
ertain manner (see [17,p.133-134℄ for a short review and referen
es). Let us 
hoose Ett =diag(et) and E =diag(Enn, Ett). Thenthe me
hani
al meaning of the restitution law (40) is 
lear. Noti
e from (36) that one has n

T
q HT = 0whi
h means that the normal and the tangential quasi-dynami
s are de
oupled. This is not the 
ase inneither (33) nor (37).We may assume in a rather 
lassi
al way that at ea
h 
onta
t point one has

pt,i ∈ −µipn,i sgn(vt,i(t+) + et,ivt,i(t
−)) (66)for some 
oe�
ient et,i, whi
h is a way to write the Coulomb's model, at the impulse level. Adopting thenormal restitution rule q̇norm(t+) = −Ennq̇norm(t−), we obtain the following in
lusions :

−(I + Enn)q̇norm(t−) ∈ G(q)p̄n − n
T
q HT(q)[µ̄][p̄n]Sgn(vt(t+) + Ettvt(t

−))

q̇tan(t+) − q̇tan(t−) ∈ −t
T
q HT(q)[µ̄][p̄n]Sgn(vt(t+) + Ettvt(t

−))
(67)with:

[µ̄] =diag( µi

||∇hi(q)||M−1

)

∈ IRp′×p′ , [p̄n] =diag(p̄n,i), Ett =diag(et,i), vt = HT
T (q)ΞT (q)v (v is in (6)),Sgn(vt(t

+) + Ettvt(t
−)) = (sgn(vt,1(t

+) + et,1vt,1(t
−)), ..., sgn(vt,p(t+) + et,pvt,p(t−)))T .The unknowns of the generalized equation (67) are the p′ impulses p̄n,i, and the n−p′ quasi-velo
ities

q̇tan(t+). The generalized equation in (67) is quite 
omplex, in part be
ause it is non-asso
iated (i.e.the multivalued part is not the subdi�erential of a 
onvex non-smooth potential fun
tion). It may beanalyzed as follows. Suppose that all 
omponents vt,i(t+)+ et,ivt,i(t
−) > 0, i.e. the 
onta
t points are allin the same sliding status. In order to verify if su
h a mode is the mode of the system, one 
onstru
tsthe following system:

(a) − (I + Enn)q̇norm(t−) = (G(q) − n
T
q HT(q)[µ̄])p̄n

(b) q̇tan(t+) − q̇tan(t−) = −t
T
q HT(q)[µ̄]p̄n

(c) HT
T (q)ΞT (q)

(
−Ennq̇norm(t−)

q̇tan(t+)

)

+ EttH
T
T (q)ΞT (q)

(
q̇norm(t−)
q̇tan(t−)

)

> 0

(d) p̄n > 0

(68)
If the system in (68) has a unique solution for p̄n and q̇tan(t+), then the impa
t is in this �all-sliding�mode. Suppose that one has p̄n = −(G(q) − n

T
q HT(q)[µ̄])−1(I + Enn)q̇norm(t−) > 0. If this is the 
ase,then (68) boils down to �nding q̇tan(t+) su
h that:

q̇tan(t+) = q̇tan(t−) + t
T
q HT(q)[µ̄](G(q) − n

T
q HT(q)[µ̄])−1(I + Enn)q̇norm(t−)

HT
T (q)ΞT (q)

(
−Ennq̇norm(t−)

q̇tan(t+)

)

+ EttH
T
T (q)ΞT (q)

(
q̇norm(t−)
q̇tan(t−)

)

> 0
(69)RR n° 8158



26 Bernard BrogliatoThis leads us to the following result.Proposition 10 Assume that (i) Enn is non-negative, (ii) G(q) − n
T
q HT(q)[µ̄] is full-rank, (iii) (G(q) −

n
T
q HT(q)[µ̄])−1 is non-negative. Then the mode 
orresponding to vt,i(t+) + et,ivt,i(t

−) > 0 at ea
h im-pa
ting point exists if and only if the inequality :
HT

T (q)ΞT (q)

(
−Ennq̇norm(t−)

q̇tan(t−) + t
T
q HT(q)[µ̄](G(q) − n

T
q HT(q)[µ̄])−1(I + Enn)q̇norm(t−)

)

> −EttH
T
T (q)ΞT (q)

(
q̇norm(t−)
q̇tan(t−)

)
(70)is satis�ed.If et,i = 0 for all i, then the mode 
orresponds to a sliding mode. Let us re
all that all fun
tionsare 
omputed at q whi
h is the impa
t position. Suppose that µi = µ for all 1 6 i 6 p′, G(q) > 0and that n

T
q HT(q) is a symmetri
 matrix. Then for µ small enough the matrix G(q) − n

T
q HT(q)[µ̄] issymmetri
 positive de�nite (see the proof of Proposition 4) so (ii) is satis�ed. If in addition it is a Zand a K-matrix11, then (iii) of the proposition is satis�ed by [26, Theorem 3.11.10℄. Su
h propertiesusually yield quite stringent 
onditions on the me
hani
al system under study. In fa
t they may beover-
onservative: examples show that solutions may exist even with relatively large µ. Another pointis that not all the elements q̇norm,i(t

−) may be < 0, some of them may be equal to zero. Therefore thenon-negativity 
ondition (iii) for kineti
 
onsisten
y may also be too 
onservative. This is the 
ase forthe ro
king blo
k as Example 3 shows.A similar system as (69) 
an be 
onstru
ted and examined for ea
h mode. In pra
ti
e su
h anenumerative pro
edure is quite time-
onsuming and almost impossible for more than few impa
t points.For a single 
onta
t like a falling rod in se
tion 2.3.3 one 
an derive the 
onditions of existen
e of ea
hmode [70℄. What is more reasonable is therefore to prove that the generalized equation in (67) possessesat least one solution, and then to use a numeri
al method to 
al
ulate it.Example 3 Let us 
onsider the system in se
tion 2.3.2, with µ1 = µ2 = µ. Starting from (33) one 
an
ompute that at a double impa
t with θ = 0 (noti
ing that ||∇hi(q)||q =
√

f(0) for i = 1, 2):
G(q) + n

T
q HT(q)µ = 1

4f(0)





4 + L2 + µlL 4 − L2 + µlL

4 − L2 − µlL 4 + L2 − µlL





= 1
4f(0)





4 + L2 + µlL 4 − L2

4 − L2 4 + L2 − µlL



 + µlL
4f(0)





0 1

−1 0





(71)The se
ond matrix in the se
ond line in (71) is skew-symmetri
. It is 
he
ked that the �rst matrix ispositive de�nite if and only if 0 6 µ < 4
L
, whi
h implies that the whole matrix is also positive de�nite.The inverse matrix is given by :

(G(q) + n
T
q HT(q)µ)−1 = 4f(0) 1

16L2





4 + L2 − µlL −4 + L2 − µlL

−4 + L2 + µlL 4 + L2 + µlL



 (72)This matrix is non-negative if and only if µ > 4−L2

lL
and µ 6 L2−4

lL
, whi
h implies that L = 2 and µ = 0:the fri
tionless 
ase. Thus the 
riterion (iii) of Proposition 10 does not hold. Let us however fo
us onthe ro
king motion, whi
h implies that q̇norm,2(t

−) = 0 (the 
orner A is in 
onta
t at the 
ollision instant11Also 
alled an M-matrix [26, p.222℄. Inria
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ities 27at B). Suppose also that we model plasti
 impa
ts so that Enn = 0. Then q̇norm(t−) =

(
q̇norm,1(t

−)
0

).Thus only the �rst 
olumn of (G(q) + n
T
q HT(q)µ)−1 plays a role and the non-negativity 
ondition yields

4 + L2 − µlL > 0 and L2 + µlL > 0, that is 4−L2

lL
6 µ 6 4+L2

lL
. So 
onditions (i), (ii) and (iii) of theproposition 
an be ful�lled for some values of the fri
tion 
oe�
ient 0 6 µ < min(4

l
, 4+L2

lL
).Another sour
e of 
onservativeness of the 
onditions of Proposition 10 
omes from the fa
t that (iii)may not be satis�ed, however there exists some pre-impa
t velo
ities su
h that p̄n > 0, anyway. The nextexample illustrates this point.Example 4 Consider now the system in se
tion 2.3.6, with µ1 = µ2 = µ. One 
al
ulates that :

(G(q) + n
T
q HT(q)µ)−1 =

√
m(1 − µ2)





1 −µ

−µ 1



 (73)so that the non-negativity 
ondition (iii) 
annot hold if µ > 0. This means that the analysed mode doesnot exist for arbitrary pre-impa
t 
ondition. However one has
p̄n = m(1 − µ2)





(1 + en,1)ẏ(t
−) − µ(1 + en,2)ẋ(t

−)

−µ(1 + en,1)ẏ(t
−) + (1 + en,2)ẋ(t

−)



 (74)The kineti
 
onsisten
y holds if µ > max
(

(1+en,1)ẏ(t−)
(1+en,2)ẋ(t−) ,

(1+en,2)ẋ(t−)
(1+en,1)ẏ(t−)

).Motivated by these examples we 
an thus reformulate the problem of existen
e of this mode by statingthat it exists only if this 
ondition on the fri
tion and the pre-impa
t velo
ity holds true.Proposition 11 Let S− denote the largest set of pre-impa
t velo
ities su
h that p̄n = −(G(q)−n
T
q HT(q)[µ̄])†(I+

Enn)q̇norm(t−) is 
omponentwise non-negative and solves (68) (a) (d). Then the mode 
orresponding to
vt,i(t

+) + et,ivt,i(t
−) > 0 at ea
h impa
ting point exists for pre-impa
t velo
ities in S− if and only if theinequality :

HT
T (q)ΞT (q)

(
−Ennq̇norm(t−)

q̇tan(t−) + t
T
q HT(q)[µ̄](G(q) − n

T
q HT(q)[µ̄])†(I + Enn)q̇norm(t−)

)

> −EttH
T
T (q)ΞT (q)

(
q̇norm(t−)
q̇tan(t−)

)
(75)is satis�ed.3.2.5 Energeti
 
onsisten
y (Coulomb's fri
tion)Besides the existen
e of solution to systems like in (67) or (68) it is ne
essary to examine the energeti

onsisten
y of the law that 
ouples normal impa
t restitution with Coulomb's fri
tion at the impulse level.It is known sin
e the 
elebrated Kane's 
ounter-example that su
h models may violate the dissipativity[34℄. It is therefore of utmost importan
e to provide some 
onditions on the parameters that guaranteeRR n° 8158



28 Bernard Brogliatothe dissipativity. The kineti
 energy loss is expressed as follows at a time t of impa
t:
TL(t) = 1

2 q̇
T
norm(t+)Dn(q)q̇norm(t+) − 1

2 q̇
T
norm(t−)Dn(q)q̇norm(t−)

+ 1
2 q̇

T
tan(t+)Dt(q)q̇tan(t+) − 1

2 q̇
T
tan(t

−)Dt(q)q̇tan(t−)

= 1
2 (q̇norm(t+) + q̇norm(t−))TDn(q)(q̇norm(t+) − q̇norm(t−))

+ 1
2 (q̇tan(t+) + q̇tan(t−))TDt(q)(q̇tan(t+) − q̇tan(t−))

= 1
2 (q̇norm(t+) + q̇norm(t−))T p̄n + 1

2 (q̇norm(t+) + q̇norm(t−))TG(q)nT
q HT(q)pt

+ 1
2 (q̇tan(t+) + q̇tan(t−))TDt(q)t

T
q HT(q)pt.

(76)
Let us fo
us on the mode of Proposition 11. Let us denote E(q)

∆
= (G(q)−n

T
q HT(q)[µ̄])†, and M(q, µ)

∆
=

E(q) −G(q)nT
q HT(q)[µ̄]E(q).Lemma 1 Assume that G(q) is positive de�nite. Then:� (i) If ||G−1(q)||2||nT

q HT(q)||2||[µ̄]||2 < 1, one has E(q) > 0.� (ii) Let the 
onditions in (i) hold. If ||E−1(q)||2||E(q)||2||G(q)||2||nT
q HT(q)||2||[µ̄]||2 < 1, then

M(q, µ) > 0.Proof: (i) G(q) is symmetri
 positive de�nite. Applying Theorem 3 with M = G(q) and A = G(q) −
n

T
q HT(q)[µ̄] one �nds that the inequality in (i) guarantees that G(q) − n

T
q HT(q)[µ̄] is positive de�nite.Then this matrix has a positive de�nite inverse whi
h is E(q). (ii) The proof follows from Corollary3, with M = E(q), B = I − G(q)nT

q HT(q)[µ̄] and A = M(q, µ). Applying Proposition 9.3.5 in [8℄ toupper-bound ||G(q)nT
q HT(q)[µ̄]||2 by the produ
t of norms the result follows. �Given the Delassus matrix, the 
onditions of (i) 
an be 
omputed as restri
tions on both the nor-mal/tangential 
ouplings and the fri
tion 
oe�
ients. On
e these 
onditions hold, the 
onditions of (ii)
an be 
al
ulated.We now suppose that (i) of Lemma 1 holds and that p̄n 
an be 
al
ulated 
onsistently from the �rstequation in (67), i.e. p̄n = −E−1(q)(I + Enn)q̇norm(t−)) > 0. Therefore pt = −[µ̄]p̄n in the 
onsideredmode. After some manipulations TL(t) in (76) 
an be split into three parts (using in parti
ular the se
ondequation in (67) to obtain q̇tan(t+) + 1

2 q̇tan(t−)):
TL(t) = − 1

2 q̇
T
norm(t−)(I − Enn)TM(q, µ)(I + Enn)q̇norm(t−)

+ 1
2 q̇

T
norm(t−)(I + Enn)

TET (q)[µ̄]HT
T (q)tqDt(q)t

T
q HT(q)[µ̄]E(q)(I + Enn)q̇norm(t−)

+q̇T
tan(t−)Dt(q)t

T
q HT(q)[µ̄]E(q)(I + Enn)q̇norm(t−)

(77)The matrix in the se
ond term is always positive semi-de�nite, so this term is always > 0. Noti
ethat one 
annot transform the �rst quadrati
 term as was done to pass from (47) to (48) be
auseM(q, µ)may not be symmetri
.Lemma 2 Suppose that the 
onditions of Lemma 1 all hold. Then:
||Enn||2(1 + 2||Enn||2) < 1

||M(q,µ)||2
1

˛

˛

˛

˛

˛

˛

˛

˛

“

M(q,µ)+MT (q,µ)
2

”

−1
˛

˛

˛

˛

˛

˛

˛

˛

2

⇒ (I − Enn)
TM(q, µ)(I + Enn) > 0

(78)
Inria



Kineti
 quasi velo
ities 29Proof: One has (I−Enn)TM(q, µ)(I+Enn) = M(q, µ)+H(q, µ, en,i), withH(q, µ, en,i) = −ET
nnM(q, µ)Enn−

ET
nnM(q, µ)+M(q, µ)Enn. Consider Theorem 3, withM = M(q, µ) and A = M(q, µ)+H(q, µ, en,i). UsingProposition 9.3.5 in [8℄ and the triangular inequality of norms one �nds ||H(q, µ, en,i)||2 6 ||Enn||22||M(q, µ)||2+

2||Enn||2||M(q, µ)||2. Thus it su�
es that
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

(
M(q, µ) +MT (q, µ)

2

)−1
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
2

(||Enn||22||M(q, µ)||2 + 2||Enn||2||M(q, µ)||2) < 1and the result follows. �Assume that the 
onditions of Lemmas 1 and 2 hold, and let us denote M̄(q, µ, en,i)
∆
= (I−Enn)TM(q, µ)(I+

Enn) > 0 but not ne
essarily symmetri
, and
K(q, µ, en,i)

∆
= (I + Enn)

TET (q)[µ̄]HT
T (q)tqDt(q)t

T
q HT(q)[µ̄]E(q)(I + Enn). (79)Noti
e that obviously Enn = I implies that M̄(q, µ, en,i) = 0. One has:

TL(t) 6 − 1
2 q̇

T
norm(t−)M̄(q, µ, en,i)q̇norm(t−)

+ 1
2 q̇

T
norm(t−)K(q, µi, en,i)q̇norm(t−)

+q̇T
tan(t

−)Dt(q)t
T
q HT(q)[µ̄]E(q)(I + Enn)q̇norm(t−)

(80)Theorem 1 Assume that the 
onditions of Lemmas 1 and 2 hold. If ||q̇norm(t−)|| > ǫ for some ǫ > 0,then there exist δ1 > 0, δ2 > 0, δ3 > 0, δ4 > 0 su
h that if ||I + Enn||2 6 δ1, ||q̇tan(t−)|| 6 δ2,
||Dt(q)t

T
q HT(q)||2 6 δ3, ||[µ̄]||2 6 δ4, then TL(t) 6 0.Proof: From (80) one has

TL(t) 6 − 1
2λmin(M̄(q, µ, en,i))||q̇norm(t−)||2

+ 1
2λmax(K(q, µi, en,i))||q̇norm(t−)||2

+||Dt(q)t
T
q HT(q)||2||[µ̄]||2||I + Enn||2||q̇norm(t−)|| ||q̇tan(t−)||

(81)Eigenvalues are 
ontinuous fun
tions of the matrix entries. Choosing [µ] = 0 yields K(q, 0, en,i) = 0.Therefore λmax(K(q, µ, en,i)) 
an be made as small as desired by de
reasing the 
oe�
ients µi. On theother hand in view of the de�nitions of both E(q) and M(q, µ), λmin(M̄(q, µ, en,i)) 
an be made as 
loseas possible to λmin(G
−1(q)) > 0 that does not depend on µi. The result follows. �Roughly speaking, Theorem 1 says that if the fri
tional e�e
ts are small enough, then the impa
tunder the 
onsidered mode is energeti
ally 
onsistent provided that the quasi-normal pre-impa
t velo
ityis su�
iently large while the quasi-tangential pre-impa
t velo
ity is su�
iently small. In other words,the impa
t, viewed in a generalized spa
e, should be 
lose to a �normal� 
ollision. It is noteworthy thatthis is true even if the normal/tangential 
oupling term n

T
q HT(q) vanishes. The interest of Theorem 1is that the various bounds 
an be 
al
ulated for a system with a given Delassus' matrix. This result ishowever 
onservative be
ause it does not take into a

ount the sign of the last term in (77), but only itsnorm. It is also noteworthy that even if the 
oupling term n

T
q HT(q) vanishes, the energeti
 
onsisten
yis not guaranteed be
ause of the quadrati
 term with K(q, µi, en,i)) > 0. This is nevertheless the 
aseeven in the simplest 
ase of a parti
le hitting a rough plane, see Example 5. Another way to formulateTheorem 1 is as follows:Theorem 2 Assume that the 
onditions of Lemmas 1 and 2 hold. Then provided that

(i) λmin(M̄(q, µ, en,i)) > λmax(K(q, µi, en,i))

(ii) ||q̇norm(t−)||
||q̇tan(t−)|| > 2

||Dt(q)t
T
q HT(q)||2||[µ̄]||2||I+Enn||2

λmin(M̄(q,µ,en,i))−λmax(K(q,µi,en,i))

(82)RR n° 8158



30 Bernard Brogliatoone has TL(t) 6 0.Proof: Follows dire
tly from (81). �Remark 8 It is 
lear that one 
an repla
e [µ̄] in (67) by the matrix [ ¯̄µ] =diag(µi
ξi

||∇hi(q)||M−1

), where
ξi ∈ sgn(vt,i(t

+) + et,ivt,i(t
−)). The analysis of Theorem 1 remains valid, sin
e ||[ ¯̄µ]||2 6 ||[µ̄]||2. Thismeans that the energeti
 
onsisten
y 
riterion is valid for all the modes (whereas existen
e still has to be
he
ked by a generalized equation like (67)), and this explains its 
onservativeness.Example 5 Let us illustrate the above developments on the simplest 
ase of a planar parti
le hitting aline. The horizontal position is x, the verti
al one (normal to the line) is y. One has q̇norm =

√
mẏ,

q̇tan =
√
mẋ, p̄n = 1√

m
pn, E(q) = 1, M(q, µ) = 1, M̄(q, µ, en) = 1 − e2n, K(q, µi, en,i) = µ2(1 + en)

2,
Dt = 1, t

T
q Dttq = 1

m
, t

T
q HT(q) = 1√

m
, G(q) = 1, p̄n = −(1 + en)q̇norm(t−), q̈norm = p̄n, q̈tan = 1√

m
pt,

q̇tan(t+) − q̇tan(t−) = 1√
m

(1 + en)q̇norm(t−)µ̄ξ, with ξ ∈ sgn(ẋ(t+) + etẋ(t
−)). The 
onditions of theTheorems imply that en 6 1, while the kinemati
 admissibility implies that en > 0. The dire
t appli
ationof Theorem 2 gives:

(i) 1 − en > µ2(1 + en)

(ii) |ẏ(t−)|
|ẋ(t−)| >

2µ
1−en−µ2(1+en) .

(83)Noti
e that 
ondition (i) implies that en < 1. If en = 0 then µ < 1 and |ẏ(t−)|
|ẋ(t−)| >

2µ
1−µ2 . If en = 1 only thefri
tionless 
ase is admitted, be
ause as noted above in that 
ase M̄(q, µ, en) = 0, and we have ex
ludedthis 
ase from the beginning. For this system the energy loss is 
al
ulated to be:

TL(t) =
1

2
m(1 + en)[((en − 1) + µ2ξ2(1 + en))ẏ(t

−) + 2µξẋ(t−)]ẏ(t−) (84)The 
ollision is dissipative if and only if ((en − 1) + µ2ξ2(1 + en))ẏ(t
−) + 2µξẋ(t−) > 0. Supposethat et = 0, ẋ(t−) 6= 0, and the 
ollision does not reverse the tangential velo
ity, so that |ξ| = 1 and

ξẋ(t−) = |ẋ(t−)| > 0. We 
an rewrite the dissipativity 
ondition as ((1 − en)− µ2(1 + en)) |ẏ(t−)|
|ẋ(t−)| > −2µ.Then two 
ases arise: (a) if 1 − en − µ2(1 + en) > 0 then the inequality is always satis�ed; (b) if

1 − en − µ2(1 + en) < 0 then |ẏ(t−)|
|ẋ(t−)| <

2µ
en−1+µ2(1+en) . Case (a) stri
tly 
ontains (83), be
ause the sign ofthe third term in (80) has been taken into a

ount.Glo
ker [34℄ analyses the energeti
 
onsisten
y of su
h kinemati
 impa
t laws for various tangentialmodels (isotropi
 and orthotropi
 Coulomb fri
tion) in parti
ular 
ases: orthogonal 
onstraints (all 
on-ta
ts de
oupled), restri
ted 
oe�
ients of restitution (small, elasti
 impa
ts, plasti
 impa
ts). Leine andvan de Wouw [52℄ also derive general 
riteria, starting from an in
lusions formalism for both the normaland the fri
tional parts.4 Analysis of the 
onta
t LCP (26)In this se
tion it is assumed that p > 1 
onta
ts are lasting and are either sti
king or sliding. Painlevéparadoxes o

ur in 
onstrained systems with Coulomb's fri
tion [17℄. They represent some kind of singu-larities in the dynami
s, whi
h yield phenomena like non-uniqueness, non-existen
e, or unboundedness ofthe 
onta
t for
e [31℄. The 
entral tool for the analysis of the Painlevé paradoxes is the 
omplementarityproblem (26). One noti
es that the matrix of the LCP in (26) is the same as the matrix that appears inthe �rst line of (67). The main properties for the analysis of the LCP are the P-property, and 
opositivity.Another major di�eren
e between Painlevé issues and the impa
t issues, is that q varies in the former,so that the LCP matrix may have 
hanging properties along the system's traje
tory. In this se
tion wejust point out some preliminary results that may be used to extend the �rst step of the analysis made inInria



Kineti
 quasi velo
ities 31[31℄ about the 
hara
terization of the LCP matrix. Contrarily to some previous results whi
h state thewell-posedness of the 
onta
t LCP showing only the existen
e of small enough fri
tion [59, 80℄ or for theall-sti
king mode only [68℄, here 
riteria with expli
it bounds are given for general tangential behavioursin the multi-
onta
t 
ase. To the best of the author's knowledge, only [41℄ has proposed expli
it 
riteriato test the existen
e and uniqueness of solutions to the 
onta
t LCP when p = 2, with detailed 
onditionsthat guarantee that the 
onta
t LCP matrix is a P-matrix.4.1 Single-
onta
t systemsThe analysis starts from the properties of the LCP in (26) to determine the normal multiplier. Itessentially relies on the properties of the matrix (here a s
alar)
1 − n

T
q HT(q)

µ

||∇h(q)||M−1

sgn(HT
T (q)q̇) (85)be
ause G(q) = 1 when p = 1. For instan
e in the 
ase of the rod of se
tion 2.3.3 this s
alar is equal to

[1 + 3
1+3 cos2(θ)µ cos(θ) sin(θ)sgn(HT

T (q)q̇)]. The di�erent modes of the LCP for the sliding rod are easyto obtain in the s
alar 
ase, however the subsequent analysis of the dynami
s is rather intri
ate [31℄.Indeed even if the rod is initialized in a well-posed mode, it may evolve towards regions of the (θ, θ̇) planewhere singularities (non-uniqueness or unboundedness of the 
onta
t for
e) o

ur. This is in 
ontrastwith the analysis of impa
t 
onditions where q is 
onsidered as being 
onstant. A 
entral question insu
h analysis is: does there exist a 
riti
al value µc > 0 su
h that no singulartiy o

urs for all 0 < µ < µc? This is the 
ase for the system of se
tion 2.3.3 where µc(θ) = 1+3 cos2(θ)
3 sin(θ) cos(θ) > 4

3 [51℄. But this is notthe 
ase for the system of se
tion 2.3.4, as shown in [51, Appendix A℄. The fri
tional impa
t os
illatorshown in [51, Figure 4.1℄ and analysed therein, also has µc = tan(θ) + m1

m2

1
tan(θ) with minimum value atthe 
on�guration θ = arctan(

√

m1/m2) given by 2
√

m1

m2
. It is thus possible to design these systems in away su
h that singularities o

ur for arbitrarily small µ > 0 by properly 
hosing the masses m1 and m2.In the s
alar 
ase one nevertheless has the following result:Proposition 12 Let p = 1. Suppose that n

T
q HT(q) 1

||∇h(q)||
M−1

is a bounded quantity and that G(q) >

Gmin > 0 for any q in the admissible domain of C. Then there exists µc > 0 su
h that for all 0 6 µ < µcthe LCP in (26) has a unique bounded solution for any tangential relative velo
ity vt = HT
T (q)q̇.Proposition 12 applies to the 
lassi
al Painlevé example of a rod sliding on a rough surfa
e. Then

µc = 4
3 [31℄. Let us examine the system in se
tion 2.3.4. Then we obtain n

T
q HT(q) 1

||∇h(q)||
M−1

=

l l sin(ϕ)+r cos(ϕ)
k2+(l sin(ϕ)+r cos(ϕ))2 . This quantity is bounded for any k > 0 as long as ϕ ∈ [0, π

2 ]. One �nds when k = 0that (85) vanishes for µc = sin(ϕ) + r
l
cos(ϕ) if sgn(HT

T (q)q̇) = +1 (in [51, Appendix A℄ the value r
l
isfound be
ause the system is analysed at ϕ = 0), and that µ < µc guarantees the positivity of (85).4.2 Multi-
onta
t systemsThings 
ompli
ate in the multi-
onta
t 
ase (i.e. p > 2) for the simple reason that the LCP modes aremu
h less easy to enumerate (we let apart the subsequent 
omplex analysis of the system's traje
tories).Roughly speaking the term −n

T
q HT(q)diag(

µiξi

||∇hi(q)||M−1

) in (26) should be a �ni
e� perturbation of
IRp×p ∋ G(q) > 0, so that the LCP matrix is a P-matrix (the LCP (26) has a unique solution for any
b(q, q̇, t)), or at least a stri
tly 
opositive matrix (the LCP has at least a solution for any b(q, q̇, t) [26,Theorems 3.3.7 and 3.8.5℄).Example 6 Consider the system of se
tion 2.3.6. One has −n

T
q HT(q)diag (

µiξi

||∇hi(q)||M−1

)

= −
(

0 µ2sgn(vt,2)
µ1sgn(vt,1) 0

)and G(q) = I. Noti
e that the perturbation needs not be symmetri
, ex
ept if µ1 = µ2 and vt,1 = vt,2,RR n° 8158



32 Bernard Brogliatowhi
h o

urs if ẋ = ẏ. A 
hara
terization of a P-matrix is that it has all its prin
ipal minors positive[26, de�nition 3.3.1℄. The matrix of interest here is (
1 −µ2sgn(vt,2)

−µ1sgn(vt,1) 1

). Its �rst prin
ipalminor is 1, the se
ond one is 1 − µ1µ2sgn(vt,2)sgn(vt,1). So if the two tangential velo
ities have reversedsigns, the matrix is always a P-matrix whatever the fri
tion. If the tangential velo
ities have the samesigns, then it is a P-matrix if and only if µ1µ2 < 1 (the stri
t inequality is important sin
e otherwise oneobtains a P0-matrix). This allows for a high fri
tion at one 
onta
t, provided the other 
onta
t has lowfri
tion.Apart from the basi
 result that if the LCP matrix is a P-matrix then the LCP always has a uniquesolution, some re�ned results may be stated, taking into a

ount that G(q) = n
T
q M(q)nq is symmetri
positive de�nite. Let us denote the perturbation matrix as

P (q, µ, vt)
∆
= −n

T
q HT(q)diag(

µiξi
||∇hi(q)||M−1

)

, ξi ∈ sgn(vt,i). (86)Proposition 13 Suppose that G(q) > 0 and P (q, µ, vt) = ǫA(q) with A(q) symmetri
, ǫ real. Then thereexists ǫ∗ su
h that for all |ǫ| < ǫ∗ the LCP matrix D(q, µ, vt) is positive de�nite, and the LCP in (26)has a unique solution for any b(q, q̇, t).Proof: as for Proposition 4, the result follows from [49, Exer
ise 8, p.218℄. �The smallness of ǫ may be a 
onsequen
e of either small fri
tion, or of small 
ouplings between normaland tangential dire
tions, that is the matrix n
T
q HT(q) may have small entries. One di�
ulty with theanalysis of this problem is that in general, the LCP matrix is not symmetri
. Perturbations that preservethe positive de�niteness 
an also be 
hara
terized as follows:Proposition 14 Let G(q) > 0. Suppose that ||nT

q HT(q)||2
(
∑p

i=1
µ2

i ξ2
i

||∇hi(q)||2
M−1

) 1
2

< 1
||G−1(q)||2 . Then theLCP matrix D(q, µ, vt) = G(q)+P (q, µ, vt) is positive de�nite, and the LCP in (26) has a unique solutionfor any b(q, q̇, t).Proof: Let M = G(q), A = G(q) + P (q, µ, vt) = D(q, µ, vt), so that M − A = −P (q, µ, vt). From[24, Theorem 2.11℄ (see Theorem 3 in the appendix) the 
ondition ||G−1(q)||2||P (q, µ, vt)||2 < 1 guaranteesthatD(q, µ, vt) > 0. Now from Proposition 9.3.5 in [8℄ one has ||P (q, µ, vt)||2 6 ||nT

q HT(q)||2
∣
∣
∣

∣
∣
∣diag(

µiξi

||∇hi(q)||M−1

)∣
∣
∣

∣
∣
∣
2
,the result follows. �Again the interest of Proposition 14 is that it provides expli
it upperbounds on both the fr
ition andnormal/tangential 
ouplings, as a fun
tion of the kineti
 angles. Another result using the 
opositivenessis as follows :Proposition 15 Let G(q) + P (q, µ, vt) be 
opositive. If b(q, q̇, t) ∈ Q∗

G+P then the LCP in (26) has asolution.Proof: Dire
tly from [26, Theorem 3.8.6℄. �In small dimensions (say, no more than 3 or 4 
onta
t points) the 
opositivity may be 
he
ked [37℄.Further ne
essary 
onditions may be derived from the fa
t that G(q) has diagonal entries equal to unity,but are not dis
ussed here for the sake of briefness of the paper. The 
riteria derived in Propositions 6,7, 9, 14, Lemmas 1, 2, Theorem 2, 
an be re�ned when dealing with parti
ular systems.5 Con
lusionsIn this paper it is shown that a spe
i�
 state-spa
e transformation of the Lagrange dynami
s withunilateral 
onstraints and impa
ts, yields a suitable framework for the analysis of kinemati
 impa
t laws,and of the 
onta
t Linear Complementarity Problem (
losely related to the o

urren
e of the PainlevéInria



Kineti
 quasi velo
ities 33paradoxes). The transformed velo
ity may also be seen as a quasi-velo
ity, 
onstru
ted from proje
tionsin the kineti
 metri
. Kinemati
 impa
t laws with and without fri
tion are analysed, in parti
ular theenergeti
al 
onsisten
y is 
arefully studied in all 
ases. Expli
it, 
omputable bounds on the fri
tion
oe�
ients and on the inertial 
ouplings that guarantee the 
onsisten
y are provided. Preliminary resultson the well-posedness of the 
onta
t LCP in the multi-
onta
t 
ase are also given. Examples illustratethe developments.A Theorem 2.11 in [24℄We give here just an ex
erpt of this result, and two easy 
orollaries of it.Theorem 3 Let M ∈ IRn×n be a positive de�nite matrix. Then every matrix
A ∈ {A |

˛

˛

˛

˛

˛

˛

˛

˛

“

M+MT

2

”−1
˛

˛

˛

˛

˛

˛

˛

˛

2

||M −A||2 < 1}is positive de�nite.Corollary 2 Let D = P +N , where D, P and N are n × n real matri
es, and P > 0, not ne
essarilysymmetri
. If
||N ||2 <

1

‖
(

P+P T

2

)−1

‖2

(87)then D > 0.Proof: Follows from Theorem 3 with A ∆
= D and M ∆

= P . �Corollary 3 Let M ∈ IRn×n be a symmetri
 positive de�nite matrix. Let A = BM for some matrix B.If
||M−1||2||M ||2||I −B||2 < 1then A is positive de�nite.Proof: Sin
e M = MT applying Theorem 3 gives that ||M−1||2||M −BM ||2 < 1 guarantees that A > 0.Now from [8, Proposition 9.3.5℄ one has ||M −BM ||2 6 ||M ||2||I −B||2: the result follows. �B Theorem 3.8.6 in [26℄Theorem 4 Let M ∈ IRn×n be a 
opositive matrix, and let q ∈ IRn be given. If the impli
ation

[v > 0,Mv > 0, vTMv = 0] ⇒ [vT q > 0]is valid, then the LCP: 0 6 λ ⊥Mλ+ q > 0 has a solution.The impli
ation is equivalently rewritten as q ∈ Q∗
M .C Propositions 8.1.2 and 9.3.5 in [8℄Proposition 16 Let A and B be n× n symmetri
 real matri
es, and S be an m× n real matrix. Then:xi) if A 6 B then SAST 6 SBST ; xiii) if SAST 6 SBST and rank(S) = n, then A 6 B.Proposition 17 Let A be an n×m and B an m× l matri
es. If p ∈ [1, 2] then ‖AB‖p 6 ‖A‖p‖B‖p.RR n° 8158



34 Bernard BrogliatoD Proof of (58)Let us start from (57). Sin
e R has full rank and using PḠ(q) = ΓT (⇔ ΓR−1 = ḠTR) this is equivalentto:
z −Rv(t−) ∈ −R−1ΓTNW (q)(ΓR

−1(z +RΛv(t−)). (88)Let y = z + RΛv(t−). In view of the de�nition of W̄ (q), and sin
e NW̄ (q)(·) = ∂ψW̄ (q)(·), one has
NW̄ (q)(y) = ∂ψW̄ (q)(y) = (ΓR−1))T ∂ψW (q)(ΓR

−1y), where the 
hain rule of 
onvex analysis has beenused. The expression in (59) is then a 
onsequen
e of the fa
t that x − y ∈ −NK(x) ⇔ x = proj[K; y]for any ve
tors x, y, and 
onvex set K of appropriate dimensions.Referen
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